
Chapter 2 

Functionals Bounded 
Below 

If a functional has the same infimum on two bahs Br C BR, we estabhsh the 
existence result of a bounded (PS)-sequence. On the other hand, we give a 
new proof for classical results on functionals bounded below. 

2.1 Pseudo-Gradients 

The existence of a pseudo-gradient vector field is a foundation stone for some 
variational problems. 

Lemma 2.1. Let P be a continuous mapping from a Banach space E to its 
dual E', and let E := {u e E : P{u) ^ 0}. For any a G (0,1), there exists 
a locally Lipschitz continuous mapping (i.e., pseudo-gradient vector field) V : 
E ^ E such that 

\\V{w)\\ < 1, a\\P{w)\\ < {P{w),V{w)), \/weE. 

Proof. Take ai G {a, 1). For any u e E, there exists an element (j) = (j){u) G 
E such that 

mu)\\ = 1, ai | |P(u) | | < {P{u),cf>{u)),ue E. 

The continuity of P{u) implies that there exists an open neighborhood U{u) 
of u such that 

a\\P{w)\\ < {P{w),(l){u)), w e U{u). 

Then we get an open covering {U{u)} oi E. By Proposition 1.3, there is a 
locally finite refinement {Vi\i^j and a locally Lipschitz continuous partition 
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of unity {Xi}iej subordinate to this refinement. For each i e J, Vi C U{ui) 
for some ui. Define 

Then V : E ^ E is locahy Lipschitz continuous. By Proposition 1.3, 

\\V{w)\\<Y,X,{w) = l. 
ieJ 

Moreover, 

{Piw),Viw))>aJ2Mw)\\Piw)\\=a\\Piw)\\. 
ieJ 

D 
Notes and Comments. Many books and papers have addressed the exis­
tence of the pseudo-gradient vector field which was apphed directly to prove 
miscellaneous deformation theorems. For examples, see P. Bartolo-V. Benci-
D. Fortunato [28], V. Benci-P. H. Rabinowitz [55], K. C. Chang [95, 96] (on 
a Finsler manifold), Y. Du [143], M. R. Grossinho-S. A. Tersian [176], J. 
Mawhin-M. Willem [252], L. Nirenberg [265], P. Rabinowitz [293], M. Ramos-
C. Rebelo [298], M. Schechter [310], M. Struwe [352] and M. Willem [376, 377]. 

2.2 Bounded Minimizing Sequences 

Let {E, II • II) be a Banach space and / G C^(^,R). 

Theorem 2.2. Assume that there exist R > r > 0 such that 

m := inf / = inf / > —oo, 
BR B, 

where BR := {U ^ E : \\U\\ < R}. Then there exists {un} C BR such that 

I{un) -^ m, I'{un) ^ 0 as n ^ oo. 

Proof. Let D{R,e) = {u e BR : I(u) < m + e}. Then inf | | / ' (^)| | = 0 

for all £ > 0. Otherwise, there would exist an SQ > 0 such that ||/^(i^)|| > 
£o/{R-r) wheni^ G D{R, SQ). Let u G D(r,£o/2)(^ 0). By Lemma 2.1, there 
is a V{u) : E :={ue E : r{u) ^ 0} ^ ^ such that 

11̂ (̂ )11 < 1 , {V{u)J'{u))>\\\I'{u)l yueE. 
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Moreover, y is a locally Lipschitz continuous map. Let a{t,u) be the solution 
of the Cauchy initial value problem 

a{0,u) =ue D{r, So/2). 

Then 

||cr(t,i^)-1^11 < / \\a\s,u)\\ds<t. 
Jo 

Hence, ||cr(t,i^)|| < ||i^|| -^t<RfoTue D(r, So/2),t G [0,R-r]. Therefore, 

= -{l'{a),V{a)) 

<-^\\I'(a{t,um 

, 3 

for u G D(r, £o/2), and therefore, a{t,u) G D{R, SQ) for t e [0, i? — r] and 
u e D{r, £o/2). Furthermore, 

3 1 3 1 
l(cr{R - r, u)) < I{u) - -£o < m + -£o - jSo = m - -£o, 

a contradiction. D 

Consider a family of C^{E, R)-functionals of the form 

Ix{u) := -\H{u) - J{u), XeA.ueE, 

where A C (0, oo) is an open interval; H{u) > 0 for all u e E. Assume that 
one of the following conditions holds. 

(A) For any /3 > 0, sup {H'ull :ue E with H{u) < (3} < +oo. 

(B) For any /3 > 0, sup {H'ull :ue E with J{u) < (3} < +oo. 

Theorem 2.3. Assume that either (A) or (B) holds and that Ix is bounded 
below for each A G A. Then for each X e A, there exists a sequence {un} such 
that 

s u p ||l^n|| < oo, Ix{Un) ^ Mx '•= i n f / A , Ixi^n) ^ 0 , aS Tl ^ OO. 
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Proof. We only prove the first case. Note that the mapping X ^ Mx is 
concave with respect to A G A. Therefore, it is Lipschitz continuous on each 
closed subinterval of A. For A G A, we choose a closed subinterval AA C A 
containing A as an interior point. Then, there exists a constant Ai^ > 0 
depending on A such that 

\Mx-My\<M'^\X-X'\, VA'eA^. 

Choose A„ e (A, 2A) n AA,A„ -^ A as n ^ oo. Then l - ^ - - - ^ - ' < 
An — A 

A^A f̂^ 1̂1 ^- We claim that there exists a sequence {u^} C E such that 
ll'̂ nll < ^o(A) := ko and 

Mx < Ix{un) < hA^n) < Mx^ + (A, - A) < A^A + {M'x + l){Xn - A). 

In fact, by the definition of AIA^, there exists a Un such that Ix^{un) < 
Mx^ + (An - A). Evidently, Mx < h{un) < h^i^n) and 

Hiu^) = 2 ( ^ A . . K ) - ^ A K ) ) < 2M', + 4; 
An — A 

J{un) = ^^"^-^ 7—^—- < -Mx + Mx + 1. 
An — A 

Therefore, by (A), there exists a /CQ = ko{X) > 0 such that ||i^n|| < ^o- Define 

I^,(A) :={ueE: \\u\\ <ko^3,Mx< Ix{u) < Mx ^ £}• 

Then, for any £ > 0, there exists an n large enough such that Un G ^^^(A). 
Now we claim that inf{||/A(i^)|| : u G ^^^(A)} = 0 for ah e > 0. If not, there 
exists an £o > 0 such that ||/^(i^)|| > SQ for u G Ds^{X). By Lemma 2.1, there 
is a locally Lipschitz continuous map VA • ^ •= {'̂  ^ ^ • ^A('^) T̂  ^} ^ ^ ^^^^ 
that \\Vx{u)\\ < 1 and {rAu),Vx{u)) > ^ | | / ; H | | for ah u e E. Therefore, for 

any u G DSQ{X), we have that ||VA('^)|| ^ - and (/^(i^), VA('^)) ^ ^^o- Define 

A:={u: \\u\\ >ko^2}U{u: Ix{u) > At A + ^o/3}, 

5 := {^ : ll̂ ll < A:o + 1, A^A < h{u) <Mx^ £o/4}. 

Then, An B = 9. Moreover, if u ^ A then î  G l^£o(A)- In particular, 5 C 
D^^X). Define 

^(^) := dist(^,A) _ e(^)yAH. 
^^ ^ dist(^,5) + dist(^,A)' ^^ ^ '̂ v ; Av ; 
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Then it is easy to check tha t (/^(i^), ^ A * ( ^ ) ) ^ ^ ^^^ ||y^*|| < 1 for ah u e E. 

Furthermore, for u e B C DSQ{X), C{^) = 1 ^^^ II^A('^)II — ^o, we have 

{I',{U),V^{U))=^{U){I'^{U),VX{U)) > 1\\I',{U)\\ > ^£0. 

dfi (t u) 
Now we consider the initial value problem — - ^ — = —Vx{r]) with ?^(0, u) = u 

for each u ^ E (note tha t ^ vanishes on an open set containing the points 
where /^ = 0)- It is well known tha t there exists a unique solution r]{t,u) for 
t >0. Moreover, 

Mx < Ix{v{t.un)) < lx{r]{0,un)) < IxA^n) < Mx^ + (A - A,) < A^A + ^ 

for n large enough. Consequently, 

\\r]{t,un)-uj = \\ [ dr]{s,Un)\\< [ \\V^{r]{s,Unmds<t. 
Jo Jo 

It follows tha t \\r]{t,Un)\\ < ||t^n||+^ < A:o + l for t < 1. Therefore, r]{t,Un) G B 
for ah t e [0,1]. Moreover, 

/A(^( l , ^n) ) -h{Un) 

'^ dIx{r]{s,Un))_^^ 

0 ds 

10 
1 

[I'xivis^ Un))^ Vxivis, Un))j ds 

It follows tha t 

Mx < Ix{r](l,un)) 

< h{Un) - -So 

< AiA + (A^l + 2 ) ( A ^ - A ) - i £ o 

< Mx- -£o-

This is a contradiction. Thus, we know tha t there exists a sequence {un{X)} 
such tha t 

sup ||i^n(A)|| < oo, /A(^^n(A)) ^ A^A, Ix{unW) ^ 0 as n ^ oo. 
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If H^ is invertible and J^ is compact, by standard arguments, there exists a 
ux such that Ix{ux) = Mx and /^(I^A) = 0-

D 

We therefore have 

Theorem 2.4. Assume that Ix is bounded below for each A G A and that any 
bounded (PS)-sequence o 

is a critical value of Ix. 

bounded (PS)-sequence of Ix is precompact. Then for each A G A, Mx = inf/A 
E 

Theorem 2.3 can be easily generahzed to a manifold (see R. Palais [269, 
270, 271] for the definition of a Finsler manifold). Let M be a complete Finsler 
manifold with Finsler structure || • || and / G C^(M, R). Let dl{u) denote the 
differential of / at u. Define 

\\dI{u)\\M := sup{|a/(^)(/)| : (/) G T^{M), UW < 1}, 

where Tu{M) denotes the tangent space of M at u. Let T{M) = UueMTu{M) 
and M = {u ^ M : | | ^ / ( I^ ) | |M T̂  0}. Then we have the following theorem. 

Theorem 2.5. Let M ^ 9 be a complete Finsler manifold with Finsler struc­
ture II • II and let Ix G C^(M, R) be bounded below for all A > 0. Assume that 
either (A) or (B) holds with E replaced by M. Then for each A G A, there 
exists a Palais-Smale sequence {un} C M such that 

SUpll'Unll < OO, Ix{Un) ^ MX'=^^fI\, ||^^A('?^n) | | M ^ 0 aS U ^ OO. 

Proof. For any 0 G (0,1), there exists a mapping Y{u) : M -^ T{S) which is 
locally Lipschitz continuous and satisfies 

\\Y{u)\\ < 1, e\\dIx{u)\\M < {dh{u),Y{u)), ueM. 

This is a generalization of Lemma 2.1 (see also K. C. Chang [96, Lemma 3.1]). 
In fact, choose 0 < 0' < 1. For u G M, there exists an h{u) G Tu{M) such 
that 

\\h{u)\\ = 1, e'\\dix{u)\\M < {dh{u),h{u)). 

By the continuity of dlx{u), for each u G M, there is a neighborhood N{u) 
such that 6'||a/A(^)||M < {dlx{v),h{u)) for v G N{u). Then {N{u) : u e M} 
is an open covering of M. Since M is a metric space, we may find a locally 
finite refinement {iV -̂}. Let {V r̂} be a locally Lipschitz continuous partition 
of unity subordinate to this refinement. For each r, let u^- be an element for 
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which Nr C N{ur). Let Y{v) = '^iljr{v)h{ur). Then Y{v) is what we want. 
Similar to the proof of Theorem 2.3, we can prove that 

ini{\\dh{u)\\M : \\u\\ <ko + S,Mx< h{u) <Mx+s} = 0 

for ah £ > 0 smah enough. It is sufficient to know that the flow r]{t, u) stifl 
exists on the manifold. D 

Notes and Comments. By I. Ekeland's variational principle (cf. [145]), if 
/ is bounded from below, then there exists a minimizing sequence {un} for / 
such that 

I{un) -^ inf/, I'{un) ^ 0 as n ^ oo. 
E 

It is worth noting that if / satisfles the (PS) condition and maps bounded 
sets into bounded sets, then 

inf/ > —oo <^ I{u) -^ +00 as ||i^|| -^ +oo, 
E 

that is, / is coercive. This was proved in L. Caklovic-S. Li-W. Willem [77] 
using gradient flow (see also S. Li [211] and M. Willem [377]) and in D. G. 
Costa-E. A. B. Silva [114] by Ekeland's variational principle. Other properties 
for functionals bounded below (combining other assumptions) can be seen in 
H. Brezis-L. Nirenberg [70] (with local linking and without symmetry), in D. 
C. Clark [102] and in S. Li-Z. Q. Wang [217] (with locations of the critical 
points) for even functionals bounded below. Theorems 2.2-2.5 were obtained 
in M. Schechter-W. Zou [326]. 

2.3 An Application 

We just give a simple example. We study the following elliptic eigenvalue 
problem: 

(P/3) —Au = (3g{x,u) in O; î  = 0 on ^O, 

where O is a bounded smooth domain in R ^ and g{x, t) is a Caratheodory 
function such that ^(x,0) G 1/^(0). Let 0 < Ai < A2 < • • • < Â  < • • • be 
the sequence of eigenvalues of —A with Dirichlet zero boundary condition. 
Assume that there exists a constant a such that 

^^^ ^^ ^ g{x,t)-g{x,s) ^ ^ ^ ^^^^ ^̂ ^ ^̂ ^ ^ ^ ^ ^^^ ^ ̂  ^̂  
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Theorem 2.6. Assume that (C) holds. Then for each (3 G (1, - ^ ) ; problem 
(PIS) has a solution Uf^. That is, the eigenvalue problem (P/3) has infinitely 
many solutions. 

However, we would like to show it by using Theorem 2.4. We need the 
following lemma. 

Lemma 2.7. Let Ei fz = 1, 2) be two closed subspaces of a real Hilbert space 
E with an inner product (•, •) and the corresponding norm \\ • \\ such that 
E = El® E2. Let I G C^(^,R). / / there exists an increasing function h : 
R+ -^ R+ such that h{s) -^ +00 as s ^ +00 and that 

(2.1) {I\u^v)-I\u^w),v-w) > \\v - w\\h{\\v - w\\) 

for all u G Ei^v^w G ̂ 2 , then we have the following results. 

(1) There exists a continuous function (j) : Ei ^ E2 such that 

I{u -\- (j){u)) = min I{u + v). 
veE2 

Moreover, (j){u) is the unique member of E2 such that 

{I'{u^(j){u)),v) = 0 , \JveE2. 

(2) The functional J : Ei ^ H defined by J{u) = I{u-\- (j){u)) is of class C^ 
and 

{J\u),v) = {I\u^d^{u)),v), yu.veEi. 

(3) An element u e Ei is a critical point of J if and only if u -\- (j){u) is a 
critical point of L 

Proof. (1) For each u G ^ 1 , define H^ : E2 ^ K by Hu{v) = I{u + v). By 
the assumption (2.1), Hu is of Ĉ  and has at most one critical point. We claim 
that Hu is coercive. Note that 

Hu{v) 

= Hu{0)^ [ {Hu{sv),v)ds 
Jo 

>H^{0)-\\H:,m\\v\\+ f\\\v\M\sv\\)ds. 
Jo 

By the hypotheses on /i, we may choose R large enough such that 

h{\\sv\\) > 8||i:f;(0)|| uniformly for \\v\\ >R,se [1/2,1]. 
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Hence, 
Hu{v)>Hu{0)^\\vl 

which imphes that Hu{v) ^ oo as Ĥ ;!! ^ oo. Next, we show that Hu is convex. 
For given v^w G ̂ 2 , define 

C{s) = Hu{v^s{w-v)). 

For 0 < a < f3 < 1, by (2.1), it is easy to show that 

r(/3)-e'(«)>0. 
This means that ^ is convex in 5, and consequently, H^ is convex in v. Com­
bining the above arguments, we see that Hu has a unique minimizer (l){u) G E2 
with Hu{(j){u)) = min{/(i^ -^ v) : v ^ E2]. Therefore, we have 

(2.2) {I'{u^(l){u)),w)={), \IweE2. 

To show that (j){u) is continuous in u^ we assume on the contrary, that there 
are £0 > 0 and Uk ^ u SiS k ^ 00 such that 

\\(l){uk) -(/>(^)|| >£o. 

Let P be the projection from E to ^2- By (2.2), we see that \\Pr{uk + 
(/>('̂ ))|| ^ h{£o/2) if A: large enough. Therefore, 

h{eo)muk) - c^{u)\\ 

< {I\uk + (/)(̂ fe)) - I\uk + (/)(^)), (/)(̂ fe) - 0(^)) 

< (-r(^fe + H^)), (i){uk) - (i){u)) 
<\\PI'{uk^cj,{u))\\U{uk)-cj,{u)\\ 

<h{e^/2)U{uk)-ci){u)l 

a contradiction. Hence, (j){u) is continuous in u. 

To show (2)-(3), it suffices to prove that 

(2.3) {J'{u),w) = {I'(u^(t){u)),w), w G El. 

Indeed, for 5 > 0, 

J{u + sw) — J{u) 
s 

I{u -\- sw -\- (j){u -\- sw)) — J{u -\- (j){u)) 

< 

s 
I{U + 51(7 + (l){u)) - J{U + (l){u)) 

s 

(2.4) = / {r{u^(l){u)^rsw),w)dr. 
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Similarly, we have 

/ ^ ^ N J (U -\- SW) — J (U) f^ ,-rf, , / N N X , 

(2.5) ^ ^ ^ {r{u^(t){u^sw)^TSw),w)dT. 
^ Jo 

Summing up (2.4)-(2.5), we get (2.3). D 

Let E := HQ{Q) be with the usual norm induced by the inner product 

{u, v) = \/u ' \jvdx. We denote by E{\i) the eigenspace corresponding to 
Jn 

Xi. Set E- = E{Xi)QE{X2)Q- • -©^(Afe-i), E^ = E{Xk) and E^ = ^(A^+i)© 
^(Afe+2) © • • • . Then ^ = ^ - © ^^ © ^ + . Solutions of (Pp) correspond to 
the critical points of the C^-functional 

h{u) = ^\\uf- J G{x,u)d: \x, \/ u e E, 

where A = —, G{x,u) = / g{x,s)ds. 

Proof of Theorem 2.6. Choose A = ( v ^ , !)• Then for A G A and u G 

E^ ®E-,w,v e ^ + , by (C), we have that 

(Ixiu^v) - Ix(u^w),v -w) 

= X\\v — w\\^ — I (g{x,u-\-v)—g{x,u-\-w)]{v — w)dx 
J S2 

> X\\v — w\\'^ — / a{v — w)'^dx 
JQ 

>{X-T^)\\v-Wf. 

By Lemma 2.7, there exists a mapping 6x : E^ ^ E- ^ E+ such that 

Ix{u^ ^u-^(t)x{u^ ^u-))= min /A(^^ + ^ " + ^ ^ ) . 

Moreover, (t)\{u^ ^u~) is the unique member of E^ such that 

for ah V e E^. Define a functional JA : ^^ © ^ ~ ^ R by 

Jxiu"" + U-) = Ixiu"" + ^ - + (/)A(^^ + u-)). 
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Then J is of class C^ and 

for all u^ -\-u~,z e E^ ^E~. Moreover, u^ -^u~ is a critical point of J if and 
only if u^ ^ u~ ^ (l)\{u^ -^ u~) is a critical point of I\. Next, we claim that 
—I\ is bounded below on E~ ® E^. In fact, by condition (C) we see that 
Afê ^ < t{g{x,t) - ^ (x ,0 ) ) < at^. Then 

G{x,t)= / 5^(x,5)—>-Afet2 + t^(x,0). 
Jo 5 ^ 

Therefore, 

Ix{u) < \{\ - l)\\uf - I ug{x,0)dx ^ -oo 
Jn 2 

as 111̂11 -^ oo. Hence, —Ix and —Jx are bounded below. Evidently, —Jx satisfies 
the other assumptions of Theorem 2.3. Therefore, for all A G A, there exists 
a ux such that —J^^{ux) = 0. This completes the proof of the theorem. D 

Notes and Comments. Lemma 2.7 was established in A. Castro [81]. Some 
applications of it can be found in A. Castro-J. Cossio [82] and M. Schechter 
[315]. Theorem 2.6 was given in M. Schechter-W. Zou [326]. Possibly, it can be 
proved by other methods such as the degree theory or the contraction mapping 
principle. We believe that Theorem 2.4 has far more extended applications. 
We would like to leave them to the readers. 
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