2
Regularity of probability laws

In this chapter we apply the techniques of the Malliavin calculus to study
the regularity of the probability law of a random vector defined on a
Gaussian probability space. We establish some general criteria for the ab-
solute continuity and regularity of the density of such a vector. These gen-
eral criteria will be applied to the solutions of stochastic differential equa-
tions and stochastic partial differential equations driven by a space-time
white noise.

2.1 Regularity of densities and related topics

This section is devoted to study the regularity of the law of a random vector
F = (F',...,F™), which is measurable with respect to an underlying
isonormal Gaussian process {W(h),h € H}. Using the duality between the
operators D and § we first derive an explicit formula for the density of
a one-dimensional random variable and we deduce some estimates. Then
we establish a criterion for absolute continuity for a random vector under
the assumption that its Malliavin matrix is invertible a.s. An alternative
approach, due to Bouleau and Hirsch, is presented in the third part of this
section. This approach is based on a criterion for absolute continuity in
finite dimension and it then uses a limit argument. The criterion obtained
in this way is stronger than that obtained by integration by parts, in that
it requires weaker regularity hypotheses on the random vector.
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We later introduce the notion of smooth and nondegenerate random vec-
tor by the condition that the inverse of the determinant of the Malliavin
matrix has moments of all orders. We show that smooth and nondegen-
erate random vectors have infinitely differentiable densities. Two different
proofs of this result are given. First we show by a direct argument the local
smoothness of the density under more general hypotheses. Secondly, we de-
rive the smoothness of the density from the properties of the composition
of a Schwartz tempered distribution with a smooth and nondegenerated
random vector.

We also study some properties of the topological support of the law of a
random vector. The last part of this section is devoted to the regularity of
the law of the supremum of a continuous process.

2.1.1 Computation and estimation of probability densities

As in the previous chapter, let W = {W(h),h € H} be an isonormal
Gaussian process associated to a separable Hilbert space H and defined on
a complete probability space (€2, F, P). Assume also that F is generated
by W.

The integration-by-parts formula leads to the following explicit expres-
sion for the density of a one-dimensional random variable.

Proposition 2.1.1 Let F be a random variable in the space DV2. Suppose

that ﬁ belongs to the domain of the operator & in L?(2). Then the law
H

of F' has a continuous and bounded density given by

o1 = [t (125 )]. o

Proof:  Let 1y be a nonnegative smooth function with compact support,
and set ¢(y) = [’ _(z)dz. We know that ¢(F) belongs to D2, and
making the scalar product of its derivative with DF obtains

(D(p(F)), DF)y = ¢(F)| DF|)%.

Using the duality relationship between the operators D and § (see (1.42)),
we obtain

B[(F)] = E [<D(@(F % %M

— B [(r (%)} . (2.2)
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By an approximation argument, Equation (2.2) holds for ¥ (y) = 1144 (y),
where a < b. As a consequence, we apply Fubini’s theorem to get

(/ v dx) (|DF||H>
:/a 1o () 2

which implies the desired result. 0
\DFH? € Dom ¢ are that F' is in

D?>* and that E(|DF|;®) < co (see Exercise 2.1.1). On the other hand,
Equation (2.1) still holds under the hypotheses F' € DY? and €

Pla<F <b)

We note that sufficient conditions for |

HDF 1%
DY?' (H) for some p,p’ > 1. We will see later that the property | DF ||z > 0
a.s. (assuming that F is in Dloc) is sufficient for the existence of a density.

From expression (2.1) we can deduce estimates for the density. Fix p and
q such that % + % = 1. By Holder’s inequality we obtain

(IDFH>H

In the same way, taking into account the relation E[§(DF/|DF|%)] = 0

we can deduce the inequality
DF
()
IDEE /1],

5( DF )
EGEYAR

for all z € R. Now using the L?(Q) estimate of the operator ¢ established
in Proposition 1.5.8 we obtain

pla) < (P(F > z))"/?||s

plz) < (P(F < z))"/*

As a consequence, we obtain

pla) < (P(IF| > |z))"/* (2.3)

b (wrm)l, = = ()L~ | (o)
IDF|F /), — " IDF|% IDENY ) | poomrem )
(2.4)
We have
D( DF )_ D2F _2<D2F,DF®DF>H®H
IDF|% IDF||% IDF || 7
and, hence,

(), oo
IDFWe /e~ IPFIG
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Finally, from the inequalities (2.3), (2.4) and (2.5) we deduce the following
estimate.

Proposition 2.1.2 Let q, a, 3 be three positive real numbers such that
% + é + % = 1. Let F be a random variable in the space D>, such that

E(HDFH;%) < 00. Then the density p(x) of F can be estimated as follows
1
Pr) < cqas (PF] > Jal)

x (E<|DF||H1> + 1D e s HHDF;Hﬁ) . (26)

Let us apply the preceding proposition to a Brownian martingale.

Proposition 2.1.3 Let W = {W(t),t € [0,T]} be a Brownian motion
and let u = {u(t),t € [0,T)} be an adapted process verifying the following
hypotheses:

(i) E (fOT u(t)zdt) < 00, u(t) belongs to the space D*2 for eacht € [0,T),
and

T
A:= sup E(|Ds;uP)+ sup E((/ |D? Sut|pdt)g) < 00,
5,t€[0,T] r,s€[0,T) 0 ’

for some p > 3.

(i) |u(t)] > p > 0 for some constant p.

Set My = fot u(s)dWs, and denote by pi(x) the probability density of M.
Then for any t > 0 we have

pi(r) < ﬁp(lMtl > |af)s, (2.7)

where q > p%} and the constant ¢ depends on X\, p and p.

Proof: ~ Fix t € (0,T]. We will apply Proposition 2.1.2 to the random
variable M;. We claim that M, € D?2. In fact, note first that by Lemma
1.3.4 M, € D2 and for s < ¢

t
DM, = u, +/ Dy, dW,. (2.8)

For almost all s, the process {Dsu,,r € [0,T]} is adapted and belongs to
L2, Hence, by Lemma 1.3.4 fst Dgu,.dW, belongs to D'? and

t t
Dy ( / DsurdWT> = Dyug + / Do DyurdW,. (2.9)
s sV
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From (2.8) and (2.9) we deduce for any 6,s < ¢
¢
DoD M; = Dous + Dsug -‘r/ DyDgu,.dW,. (210)
sVo

We will take a@ = p in Proposition 2.1.2. Using Hélder’s and Burkholder’s
inequalities we obtain from (2.10)

E(||[D*Mi|[ o) < cot? .

Set
2

t t
o(t) == \|DMt||§,=/ (u+/ DsurdWr> ds.
0 s

We have the following estimates for any h <1

t t 2
o(t) > / <us+/ DsurdWT> ds
t(1—h) s
t u2 t t 2
> / —Sds—/ (/ DsurdWT) ds
t(1—h) 2 t(1—h) \Js

thp?
o~ In(t),

V

Y

where
2

t t
I, (t) 2/ (/ Dsu,.dWr> ds.
t(1—h) s

Choose h = ﬁ, and notice that A < 1 provided y > a := t’%. ‘We have

Pt} <p(nm=1) <siinwt. @)

Using Burkholder’ inequality for square integrable martingales we get the

following estimate
. t t 5
cp(th)ifl/ E <(/ (Dyuy,)? dr) ) ds
t(1—h) s

¢, sup E(|Dsu|?)(th)”, (2.12)

s,7€[0,t]

E(|In(1)|%)

IN

IN
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Consequently, for 0 <y < & we obtain, using (2.11) and (2.12),
Elo(t)™) = / W TP (o(t) T > y) dy
0
e 1
< a +7/ Y IP(o(t) < ) dy
Y

4 Y o)
< () +7/4 B(|Iy(t)| )y dy
tp2

tp?

oo

c (t_"Y —l—/ y”‘l_gdy> < (t_7 +t%_”) . (213)
4
02

tp

IN

Substituting (2.13) in Equation (2.6) with o = p, # < &, and with v = %
and v = 3, we get the desired estimate. |

Applying Tchebychev and Burkholder’s inequalities, from (2.7) we de-
duce the following inequality for any 6 > 1

pior= 425 (o ([ 0 ))

Corollary 2.1.1 Under the conditions of Proposition 2.1.3, if the process
u satisfies |us| < M for some constant M, then

2
pe(z) < ieXp — ] .
Vit qM?3t

Proof: Tt suffices to apply the martingale exponential inequality (A.5). O

2.1.2 A criterion for absolute continuity
based on the integration-by-parts formula

We recall that Cg°(R™) denotes the class of functions f : R™ — R that

are bounded and possess bounded derivatives of all orders, and we write

0; = 82 . We start with the following lemma of real analysis (cf. Malliavin

[207]).

Lemma 2.1.1 Let u be a finite measure on R™. Assume that for all ¢ €
C°(R™) the following inequality holds:

'/ &cpdu’ <cillplloos  1<i<m, (2.14)
Rm,

where the constants ¢; do not depend on p. Then p is absolutely continuous
with respect to the Lebesgue measure.
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Proof: ~ If m = 1 there is a simple proof of this result. Fix a < b, and
consider the function ¢ defined by

0 if z<a
plx)y=4¢ =5 if a<z<b
1 if x>0

Although this function is not infinitely differentiable, we can approximate
it by functions of C;°(R) in such a way that Eq. (2.14) still holds. In this
form we get p([a,b]) < c¢1(b — a), which implies the absolute continuity of
1.
For an arbitrary value of m, Malliavin [207] gives a proof of this lemma
that uses techniques of harmonic analysis. Following a remark in Malliavin’s
paper, we are going to give a different proof and show that the density of
1 belongs to L=-T if m > 1. Consider an approximation of the identity
{t.,e > 0} on R™. Take, for instance,

|z

blz) = (2me) % exp(~ 2]

).

Let cpr(x), M > 1, be a sequence of functions of the space C5°(R™) such
that 0 < c¢p <1 and

() = 1 if |o| <M
MITT= 0 i o] > M+1.

We assume that the partial derivatives of c¢p; of all orders are bounded
uniformly with respect to M. Then the functions

ex (@), w)(w) = en(e) | (e~ y)n(ay)

belong to C§°(R™).
The Gagliardo-Nirenberg inequality says that for any function f in the
space C§°(R™) one has

1/m
AN, e < [T 001
=1

An elementary proof of this inequality can be found in Stein [317, p. 129].
Applying this inequality to the functions cps (), * 1), we obtain

1

. (2.15)

llen (¥ * )

L=t < H Hal(cM(we * :U))

i=1

Equation (2.14) implies that the mapping ¢ — me O0;p dp, defined on
C§°(R™), is a signed measure, which will be denoted by v;, 1 < i < m.
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Then we have

oente il < [ en@)| [ owda—utd)| o
+ /m |Oicr (x))| (/Rm belw — y)u(dy)) dz
< [ | vde—wmta)as
s [ el ([ oo utan) do < i

where K is a constant not depending on M and e. Consequently, the family
of functions {cps (¢, * p), M > 1,€ > 0} is bounded in L=-T. We use the
weak compactness of the unit ball of L=-1 to deduce the desired result. [J

Suppose that F' = (F',..., F™) is a random vector whose components
belong to the space DL, We associate to F the following random symmetric

loc*
nonnegative definite matrix:

vp = ((DF',DF7)g)1<i j<m-

This matrix will be called the Malliavin matriz of the random vector F.
The basic condition for the absolute continuity of the law of F' will be that
the matrix v is invertible a.s. The first result in this direction follows.

Theorem 2.1.1 Let F = (F!,... F™) be a random vector verifying the
following conditions:

(i) Ft e D*? for alli,j=1,...,m, for somep > 1.

loc

(i) The matriz v is invertible a.s.

Then the law of F is absolutely continuous with respect to the Lebesgue
measure on R™.

Proof: ~ We will assume that F* € D?P? for each i. Fix a test function
€ Cg°(R™). From Proposition 1.2.3, we know that ¢(F) belongs to the
space DVP and that

D(p(F)) = Zai@(F)DFi-

Hence,
(D(F)), DF )t = Y 0 (F )
therefore, )
0:¢(F) = 3 (D(e(F)), DF) (5 V" (2.16)

j=1
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The inverse of vr may not have moments, and for this reason we need a
localizing argument.

For any integer N > 1 we consider a function U € C§°(R™ @ R™) such
that Uy > 0 and

(a) \I/N(U) =1 ifoe Ky,

(b) Un(o)=0 ifo ¢ Kni1, where

y 1
Ky={ceR"@R™:|c”| <N forall i,j, and \deta|zﬁ}.

Note that Ky is a compact subset of GL(m) C R™ ® R™. Multiplying
(2.16) by ¥n(vp) yields

m

E[UN(vp)0p(F)] =Y E[¥n(vp)(D(p(F)), DF7)  (vp')7).
j=1

Condition (i) implies that ¥ (yx)(y5")?* DF7 belongs to D' (H). Conse-
quently, we use the continuity of the operator § from D'?(H) into LP(Q)
(Proposition 1.5.4) and the duality relationship (1.42) to obtain

Blentooem)| = |E[er) Y s(vnteez o)

Jj=1

£ (1S 5(watr067 D) || ol

j=1

IN

Therefore, by Lemma 2.1.1 the measure [¥x(v) - P] o F~! is absolutely
continuous with respect to the Lebesgue measure on R™. Thus, for any
Borel set A C R™ with zero Lebesgue measure we have

/ Un(vp)dP = 0.
F=1(A)

Letting N tend to infinity and using hypothesis (ii), we obtain the equality
P(F~1(A)) = 0, thereby proving that the probability Po F'~! is absolutely
continuous with respect to the Lebesgue measure on R™. O

Notice that if we only assume condition (i) in Theorem 2.1.1 and if no
nondegeneracy condition on the Malliavin matrix is made, then we deduce
that the measure (det(yy)- P)o F~! is absolutely continuous with respect
to the Lebesgue measure on R™. In other words, the random vector F' has
an absolutely continuous law conditioned by the set {det(vp) > 0}; that
is,

P{F € B,det(yp) >0} =0

for any Borel subset B of R™ of zero Lebesgue measure.
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2.1.8  Absolute continuity using Bouleau and Hirsch’s
approach

In this section we will present the criterion for absolute continuity obtained
by Bouleau and Hirsch [46]. First we introduce some results in finite di-
mension, and we refer to Federer [96, pp. 241-245] for the proof of these
results. We denote by A" the Lebesgue measure on R™.

Let ¢ be a measurable function from R to R. Then ¢ is said to be
approximately differentiable at a € R, with an approximate derivative equal
to b, if

1
lir%ﬁ)\l{x Ela—mn,a+n]:|p(x) —pla) — (x —a)b| > ¢elz—a|} =0
n—

for all e > 0. We will write b = ap¢’(a). The following property is an
immediate consequence of the above definition.

(a) If ¢ = @ a.e. and ¢ is differentiable a.e., then @ is approximately
differentiable a.e. and ap @’ = ¢’ a.e.

If ¢ is a measurable function from R™ to R, we will denote by ap 0;p the
approximate partial derivative of ¢ with respect to the ith coordinate. We
will also denote by

ap Vo = (ap d1¢, ..., ap On )
the approximate gradient of ¢. Then we have the following result:

Lemma 2.1.2 Let ¢ : R® — R™ be a measurable function, with m < n,
such that the approximate derivatives ap 0;p;, 1 <i<m, 1 < j < n, exist
for almost every x € R™ with respect to the Lebesgue measure on R™. Then
we have

/ det[{(ap Vip;,ap Vi) 1 <jk<md\" =0 (2.17)
e~ 1(B)

for any Borel set B C R™ with zero Lebesque measure.
Notice that the conclusion of Lemma 2.1.2 is equivalent to saying that
(det[{ap Vo, ap Vipp,)] - A™) 0 07! <A™,

We will also make use of linear transformations of the underlying Gaussian
process {W(h),h € H}. Fix an element g € H and consider the translated
Gaussian process {W9(h),h € H} defined by W9(h) = W(h) + (h,9)n.

Lemma 2.1.3 The process W9 has the same law (that is, the same finite
dimensional distributions) as W under a probability Q) equivalent to P given

by
dQ

— 1 2
75 = exp(-W(9) = 5lgli).
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Proof:  Let f:R™ — R be a bounded Borel function, and let eq,...,e,
be orthonormal elements of H. Then we have

B 10v2(en).ee W) exo( <o) - Sl )|

- E[f(Wg(el)’-~-ng(e"))

X exp <—Z<€i79>HW(ei) - ;Z@i’gﬁ{) }

i=1 i=1

o f(x1+<g761>H,-~~7xn+<g,€n>H)

1 n
X exp (‘2 Z |z; + <9,€i>H|2> dx
i=1

E[f(W(el)7 LR} W(en))]

O

Now consider a random variable F' € L%(Q2). We can write F' = ¢ o
W, where 1 is a measurable mapping from R¥ to R that is uniquely
determined except on a set of measure zero for Po W', By the preceding
lemma on the equivalence between the laws of W and W9, we can define
the shifted random variable F'Y = ¢ poW9. Then the following result holds.

Lemma 2.1.4 Let F be a random variable in the space DVP, p > 1.
Fiz two elements h,g € H. Then there exists a version of the process
{(DF, h)‘;?ﬂJ, s € R} such that for all a < b we have

b
Fbhtg _ pohty — / (DF, h)3!t9ds (2.18)

a.s. Consequently, there exists a version of the process {F*"*+9 t € R} that
has absolutely continuous paths with respect to the Lebesgue measure on R,
and its derivative is equal to (DF, h)g”?

Proof:  The proof will be done in two steps.

Step 1:  First we will show that F*"*9 € L4(Q) for all ¢ € [1,p) with an
L4 norm uniformly bounded with respect to t if ¢ varies in some bounded
interval. In fact, let us compute

B(F) = 5 (1Fexo { VD) + W) - S+ ol | )

IN

e (5 oo {525 v e win ] )
% e~ 3llth+gll%

= (E(|FP)> exp( llth + glfLI) < 0. (2.19)

q
2(p —q)
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Step 2:  Suppose first that F' is a smooth functional of the form F =

F(W(hy),...,W(h)). In this case the mapping t — F"*9 is continuously
differentiable and

d

k
S F) =y 0 f (W (ha) + (s ha) i + (g, h)
i=1

o Wk + b by i+ (g, haea) (B by = (DFR) 9.

Now suppose that F is an arbitrary element in D7, and let {Fy,k > 1}
be a sequence of smooth functionals such that as k tends to infinity Fy
converges to F'in L?(Q) and DF}, converges to DF in L?(Q); H). By taking
suitable subsequences, we can also assume that these convergences hold
almost everywhere. We know that for any k£ and any a < b we have

b
Yo gttt — / (DFy, hY5r9ds. (2.20)
a

For any ¢ € R the random variables F}"*9 converge almost surely to F*"+9

as k tends to infinity. On the other hand, the sequence of random variables
f;(DFk,h>§f+gds converges in L'(f) to f;(DF, hYs9ds as k tends to
infinity. In fact, using Eq. (2.19) with ¢ = 1, we obtain

b b

E< / (DFy, hY39ds — / (DF, h)3't9ds
a a

b

E /|<DFk,h>§}+g—<DF,h>§}+9|ds

IN

(E(ID"F, — D"FI"))* (b - a)

IA

1
X sup exp| —=|[th+g 2).
t€la,b] (2(17_ 1)” I
In conclusion, by taking the limit of both sides of Eq. (2.20) as k tends to
infinity, we obtain (2.18). This completes the proof. |

Here is a useful consequence of Lemma 2.1.4.

Lemma 2.1.5 Let F be a random variable in the space DVP for some
p>1. Fix h € H. Then, a.s. we have

€

lim = [ (F* — F)dt = (DF, h) . (2.21)

e—0 € 0

Proof: By Lemma 2.1.4, for almost all (w,z) € Q x R we have

xr+e
im 2t [ (FY"(w) - F(w))dy = (DF(w), hY:. (2.22)

e—0€ J,
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Hence, there exists an x € R for which (2.22) holds a.s. Finally, if we
consider the probability @ defined by

dQ z2
op = exp(=aW(h) - 5 Inll%)
we obtain that (2.21) holds @ a.s. This completes the proof. O

Now we can state the main result of this section.

Theorem 2.1.2 Let F = (F',...,F™) be a random vector satisfying the
following conditions:

(i) F' belongs to the space DIP p>1, forali=1,...,m.

loc”

(i) The matriz v = ((DF*, DF7))1<; j<m is invertible a.s.

Then the law of F is absolutely continuous with respect to the Lebesgue
measure on R™.

Proof: ~ We may assume by a localization argument that F* belongs to
DY for k = 1,...,m. Fix a complete orthonormal system {e;,i > 1} in
the Hilbert space H. For any natural number n > 1 we define

@n,k(tl ce tn) = (Fk)t1€1+...+tnen

for 1 < k < m. By Lemma 2.1.4, if we fix the coordinates t¢1,...,t;_1,
tit1,.--,tn, the process {¢™*(t1,... t,),t; € R} has a version with ab-
solutely continuous paths. So, for almost all ¢ the function ™% (ty,... t,)
has an approximate partial derivative with respect to the ith coordinate,
and moreover,

apdipF (t) = (DFF, ;) lyertinen,
Consequently, we have

n

(apVp™*, apVpmd) = (Z(DF’“,ei>H<DFj,ei>H)t1€1+"'+t"e". (2.23)
i=1

Let B be a Borel subset of R™ of zero Lebesgue measure. Then, Lemma
2.1.2 applied to the function o™ = (™!, ... ©™™) yields, for almost all w,
assuming n > m

/ det[(apV™* apVp™)]dt; ... dt, = 0.
(™) ~1(B)
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Set G = {t € R" : Fhiest+inen(y) € B}. Taking expectations in the
above expression and using (2.23), we deduce

n tier+-+tnen
0 = E/ (detZDFk m(DF? e)\n )) dty---dt,
1=1
/ {det > (DF*,e))u(DF’ ;) )1p-1 ()
=1

X exp(i(tiW(ei) - ;tf))} dty -+~ dt,,

i=1
Consequently,

n

1p1(p)det(Y (DF* e)u(DF’ e)u) =0

i=1
almost surely, and letting n tend to infinity yields
1p-1(p)ydet((DF*DF7)y) = 0,

almost surely. Therefore, P(F~1(B)) = 0, and the proof of the theorem is
complete. 0

As in the remark after the proof of Theorem 2.1.1, if we only assume
condition (i) in Theorem 2.1.2, then the measure (det((DF* DF7)g)-P)o
F~1is absolutely continuous with respect to the Lebesgue measure on R™.

The following result is a version of Theorem 2.1.2 for one-dimensional
random variables. The proof we present here, which has been taken from
[266], is much shorter than the proof of Theorem 2.1.2. It even works for

p=1.

Theorem 2.1.3 Let F' be a random variable of the space ID)IOC, and suppose
that ||DF|lg > 0 a.s. Then the law of F is absolutely continuous with
respect to the Lebesgue measure on R.

Proof: ~ By the standard localization argument we may assume that F
belongs to the space D!, Also, we can assume that |F| < 1. We have
to show that for any measurable function g : (—1,1) — [0,1] such that
f_ll g(y)dy = 0 we have E(g(F)) = 0. We can find a sequence of continu-
ously differentiable functions with bounded derivatives ¢g" : (=1,1) — [0, 1]
such that as n tends to infinity ¢™(y) converges to g(y) for almost all y
with respect to the measure P o F~1 + A'. Set

Y™ (y) = /1,1 g"(z)dx



2.1 Regularity of densities and related topics 99

and

By the chain rule, 9" (F') belongs to the space D! and we have D[¢" (F)] =
g"(F)DF. We have that ¢" (F') converges to ¢(F) a.s. as n tends to infinity,
because g™ converges to g a.e. with respect to the Lebesgue measure. This
convergence also holds in L'(f2) by dominated convergence. On the other
hand, Dy™ (F) converges a.s. to g(F) DF because g™ converges to g a.e. with
respect to the law of F'. Again by dominated convergence, this convergence
holds in L*(92; H). Observe that ¢(F) = 0 a.s. Now we use the property
that the operator D is closed to deduce that g(F)DF = 0 a.s. Consequently,
g(F) = 0 a.s., which completes the proof of the theorem. a

As in the case of Theorems 2.1.1 and 2.1.2, the proof of Theorem 2.1.3
yields the following result:

Corollary 2.1.2 Let F' be a random wvariable in ]D)llc;(lj. Then the measure
(|DF || - P) o F~t is absolutely continuous with respect to the Lebesgue
measure.

This is equivalent to saying that the random variable F' has an absolutely
continuous law conditioned by the set {||DF|| gz > 0}; this means that

P{F € B,|DF|g >0}=0

for any Borel subset of R of zero Lebesgue measure.

2.1.4 Smoothness of densities

In order to derive the smoothness of the density of a random vector we will
impose the nondegeneracy condition given in the following definition.

Definition 2.1.1 We will say that a random vector F = (F1,... F™)
whose components are in D*° is nondegenerate if the Malliavin matriz v
is invertible a.s. and

(detyp) " € Ny LP(Q).

We aim to cover some examples of random vectors whose components are
not in D> and satisfy a local nondegenerary condition. In these examples,
the density of the random vector will be smooth only on an open subset of
R™. To handle these example we introduce the following definition.

Definition 2.1.2 We will say that a random vector F = (F1, ... F™)
whose components are in D1,24 is locally nondegenerate in an open set A C
R™ if there exist elements u)y € D>*(H), j = 1,...,m and an m x m
random matriz v, = (v'1) such that v'] € D>, |dety,|~' € LP(Q) for all
p>1, and (DF', W\)y =71 on {F € A} foranyi,j=1,...,m.



100 2. Regularity of probability laws

Clearly, a nondegenerate random vector is also locally nondegenerate in
R™, and we can take u},, = DF7, and v, = vp.
We need the following preliminary lemma.

Lemma 2.1.6 Suppose that v is an mxm random matriz that is invertible
a.s. and such that |dety|~! € Lr(Q) for allp > 1. Suppose that the entries

~9 of v are in D>®. Then (7_1)1j belongs to D> for all 7,7, and

D ('y_l)ij _ Z (7_1)ik (7_1)” D’ykl. (2.24)
k=1

Proof:  First notice that {dety > 0} has probability zero or one (see
Exercise 1.3.4). We will assume that dety > 0 a.s. For any € > 0 define

ATl = det y A1
€ dety+e

Note that (dety + ¢)~! belongs to D> because it can be expressed as the
composition of dety with a function in Cp°(R). Therefore, the entries of

v belong to D*°. Furthermore, for any i, j, (’y;l)ij converges in LP(£2) to

('yfl)ij as € tends to zero. Then, in order to check that the entries of 4!

belong to D, it suffices to show ‘(taking into account Lemma 1.5.3) that

the iterated derivatives of (y7!)"” are bounded in LP(Q), uniformly with
respect to ¢, for any p > 1. This boundedness in LP(2) holds, from the
Leibnitz rule for the operator D¥ (see Exercise 1.2.13), because (det~)y ™!
belongs to D°°, and on the other hand, (det~y + €)~! has bounded || - [|x,,
norms for all k&, p, due to our hypotheses.

Finally, from the expression 71y = 9% T we deduce Eq. (2.24) by

det v+e
first applying the derivative operator D and then letting € tend to zero. [

For a locally nondegenerate random vector the following integration-by-
parts formula plays a basic role. For any multiindex o € {1,...,m}* k > 1

k

we will denote by 9, the partial derivative ;- 9 T
oy 0Tay,

Proposition 2.1.4 Let F = (F*,..., F™) be a locally nondegenerate ran-
dom wvector in an open set A C R™ in the sense of Definition 2.1.2. Let
G € D* and let ¢ be a function in the space C;°(R™). Suppose that G =0
on the set {F ¢ A}. Then for any multiindex o € {1,...,m}*, k> 1, there
exists an element H, € D> such that

E [0a0(F)G] = E[o(F)H). (2.25)
Moreover, the elements H, are recursively given by
Hy = Y 6(6(ah7wh), (2.26)
j=1

Ha = Hak (H(oq,...,ozk_l))a (227)
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and for 1 < p < q < oo we have
-1 k
HHaHp < Cpg H'YA u||k,2’€—1r ||G||k,qv (2.28)
1_1,1
where =51

Proof: By the chain rule (Proposition 1.2.3) we have on {F € A}

(D(p(F)), uh) s = 0o(FUDF )i =Y 0ip(F)v4,
i=1 i=1
and, consequently,
0up(F) = > (D(e(F) b (03"

Taking into account that G vanishes on the set {F ¢ A}, we obtain

m

Goip(F) =) G(D(o(F)), uy)m(v5)".

Jj=1

Finally, taking expectations and using the duality relationship between the
derivative and the divergence operators we get

E[0ip(F)G] = E [p(F)H)

where H;y equals to the right-hand side of Equation (2.26). Equation (2.27)
follows by recurrence.

Using the continuity of the operator § from DY?(H) into LP(Q2) and the
Hélder inequality for the ||-||, , norms (Proposition 1.5.6) we obtain

m ) .

HHOth < Cp H(ozl,...,ozk,l) Z (Vzl)akj u’
i=1 -
< ¢ HH(QI,..‘,ak_l)HLq (v u)™ .

This implies (2.28) for £ = 1, and the general case follows by recurrence.l]

If F' is nondegenerate then Equation (2.25) holds for any G € D>, and
we replace in this equation v, and v’y by v» and DF7, respectively. In
that case, the element H, depends only on F' and G and we denote it by
H,(F,G). Then, formulas (2.25) to (2.28) are tranformed into

E[0ap(F)G] = E[p(F)Ha(F, G)], (2.29)
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where
Hiy(F,.G) = Z(s( o) ”DFJ) (2.30)
Jj=1
Ha(FaG) = Hak(H(al, SO — 1)(F G)) (2~31)
and .
[ Ha(F,G)ll,, < cpq |77 DE [y, 1Gllj - (2.32)

As a consequence, there exists constants 3, v > 1 and integers n, m such
that
— m
1Ha(F.G)ll,, < cpq [[det vzt |5 IDFIE L NG, -

Now we can state the local criterion for smoothness of densities which
allows us to show the smoothness of the density for random variables that
are not necessarily in the space D*°.

Theorem 2.1.4 Let F = (F',... F™) be a locally nondegenerate random
vector in an open set A C R™ in the sense of Definition 2.1.2. Then F
possesses an infinitely differentiable density on the open set A.

Proof: Fix xy € A, and consider an open ball Bs(zg) of radius § <
1d(z, A%). Let § < §' < d(xo, A°). Consider a function ¢ € C°°(R™) such
that 0 < ¢(x) <1, ¥(x) = 1 on Bs(zg), and ¥(x) = 0 on the complement
of By (o). Equahty (2.25) applied to the multiindex a = (1,2,...,m) and
to the random variable G = ¢(F) yields, for any function ¢ in CZ‘,’o (R™)

E[)(F)ap(F)] = Elp(F)Hal.

F! F™
_ / / Dato(a)da

Hence, by Fubini’s theorem we can write

Notice that

EW(F0ap(F) = [ 0ap(a)E [Lpo Bl do. (233)

We can take as 9, any function in C§°(R™). Then Equation (2.33) implies
that on the ball Bs(x) the random vector F' has a density given by

p(x) = E [1ipsayHa .
Moreover, for any multiindex 8 we have
E[Y(F)0s0ap(F)] = (F)Hﬁ(H )]
/ 804‘)0 1{F>x}H5(H )] dz.
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Hence, for any & € C§°(Bs(x0))

- & (x)p(x)dr = - §(x)E [LpsoyHp(Hy)] da.

Therefore p(x) is infinitely differentiable in the ball Bs(xg), and for any
multiindex 3 we have

Opp(z) = (~1)VIE [1(psay Ha(Hy)) -

(]

We denote by S(R™) the space of all infinitely differentiable functions f :

R™ — R such that for any k& > 1, and for any multiindex 3 € {1,...,m}J
one has sup, cgm |2|¥|95 f(z)| < oo (Schwartz space).

Proposition 2.1.5 Let F = (F!,... F™) be a nondegenerate random vec-
tor in the sense of Definition 2.1.1. Then the density of F belongs to the
space S(R™), and

p(x) = E[1psaHao, . m)(F,1)]. (2.34)
Proof: ~ The proof of Theorem 2.1.4 implies, taking G = 1, that F pos-

sesses an infinitely differentiable density and (2.34) holds. Moreover, for
any multiindex (3

9p(z) = (—1)PI B [1{psmy Hg(H1 2, m)(F,1))] .

In order to show that the density belongs to S(R™) we have to prove that
for any multiindex 3 and for any £ > 1 and for all j =1,...,m

sup :C?k|E (LypsayHa(Hi g, m) (F,1))] | < o0.

rER™

If x; > 0 we have

903k|E (LirsayHa(Hio, ) (F,1)] |
< E[|FIPYHg(H o, my(F,1))|] < 0.

If 2; < 0 then we use the alternative expression for the density
pa) = E |[[1@w<rliwsryHaz,.mE 1)
i#]

and we deduce a similar estimate. O
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2.1.5 Composition of tempered distributions with
nondegenerate random vectors

Let F' be an m-dimensional random vector. The probability density of F at
x € R™ can be formally defined as the generalized expectation E(d,(F)),
where d, denotes the Dirac function at z. The expression F(d,(F)) can be
interpreted as the coupling (0, (F), 1), provided we show that 0, (F) is an
element of D~°°. The Dirac function §,, is a measure, and more generally we
will see that we can define the composition T'(F) of a Schwartz distribution
T € §'(R™) with a nondegenerate random vector, and the composition will
belong to D~°°. Furthermore, the diferentiability of the mapping x — §,(F)
from R™ into some Sobolev space D™*P provides an alternative proof of
the smoothness of the density of F.
Consider the following sequence of seminorms in the space S(R™):

[llar = [|(1+[af* = Aol . ¢ € SR™), (2.35)

for k € Z. Let Sax, k € Z, be the completion of S(R™) by the seminorm
|-l Then we have

Sok42 C S T CS CSHCS 2C--C8 95 TS _2p—2,

~

and Sy = C(R™) is the space of continuous functions on R™ which vanish
at infinity. Moreover, Ng>1S2, = S(R™) and Ug>1S_or = S’ (R™).

Proposition 2.1.6 Let F = (F',... F™) be a nondegenerate random vec-
tor in the sense of Definition 2.1.1. For any k € N and p > 1, there exists
a constant c(p, k, F) such that for any ¢ € S(R™) we have

[6(F)| _ar,p < (o, ks F) [|0l] o -

Proof:  Let ¢ = (1+|z|> — A)~*¢ € S(R™). By Proposition 2.1.4 for any
G € D there exists Rz (G) € D> such that

E[¢(F)G] = B [(1+|z> = A)*(F)G] = E [(F)Rai(G)] -
Therefore, using (2.35) and (2.28) with ¢ such that - 4 & = 1, yields
[E[¢(F)G]| < [[¢]loo B[R (G)] < clp, b F) 10l _gr G llag,q -
Finally, it suffices to use the fact that
HOEI st = 5up {|E [6(F)G]],G € D*, |G, <1}
|

Corollary 2.1.3 Let F' be a nondegenerate random vector. For any k € N
and p > 1 we can uniquely extend the mapping ¢ — ¢(F) to a continuous
linear mapping from S_op, into D™2kP,
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As a consequence of the above Corollary, we can define the composition
of a Schwartz distribution T € S’'(R™) with the nondegenerate random
vector F', as a generalized random variable T'(F') € D~°°. Actually,

T(F) € U3, Npsy D72FP,

For k = 0, ¢(F) coincides with the usual composition of the continuous
function ¢ € Sy = C(R™) and the random vector F.

For any x € R™, the Dirac function d, belongs to S_o, where k =
[%] + 1, and the mapping x — §, is 2j continuously differentiable from
R™ to S_ok—2j, for any j € N. Therefore, for any nondegenerate random
vector I, the composition &, (F) belongs to D~2%? for any p > 1, and the
mapping x — &, (F) is 2j continuously differentiable from R™ to D~2k=27:»
for any j € N. This implies that for any G € D?**2/P the mapping = —
(6.(F),G) belongs to C%(R™).

Lemma 2.1.7 Let k = [%] +1andp > 1. If f € Co(R™), then for any
G € D%

Proof: ~ We have
f= f(x)ddx,
R’HL

where the integral is S_si-valued and in the sense of Bochner. Thus, ap-
proximating the integral by Riemann sums we obtain

f(F)= | f(2)b.(F)dz,

Rm™

in D~2%P. Finally, multiplying by G and taking expectations we get the
result. ]

This lemma and previous remarks imply that for any G € D?**2P_ the
measure

[LG(B) =F [l{FEB}G] , Be B(Rm)

has a density pg(z) = (6.(F),G) € C?(R™). In particular, (6,(F),1) is
the density of F' and it will be infinitely differentiable.

2.1.6 Properties of the support of the law

Given a random vector F' : 2 — R™, the topological support of the law
of F' is defined as the set of points € R™ such that P(|lx — F| <¢) >0
for all € > 0. The following result asserts the connectivity property of the
support of a smooth random vector.
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Proposition 2.1.7 Let F = (F*,..., F™) be a random vector whose com-
ponents belong to DVP for some p > 1. Then, the topological support of the
law of F is a closed connected subset of R™.

Proof:  If the support of F' is not connected, it can be decomposed as the
union of two nonempty disjoint closed sets A and B.

For each integer M > 2 let 9, : R™ — R be an infinitely differentiable
function such that 0 < ¢, < 1, ¥p,(x) = 0if |z| > M, ¢ (z) = 1 if
|z] < M — 1, and sup, 5 |V (2)] < oo.

Set Apr = An{|z| < M} and By = BN{|z| < M}. For M large enough
we have Aps # () and Bys # (0, and there exists an infinitely differentiable
function fp; such that 0 < fy; <1, far = 1 in a neighborhood of A, and
far = 0 in a neighborhood of B),.

The sequence (fare)y,)(F) converges a.s. and in LP(Q2) to 1ipeay as M
tends to infinity. On the other hand, we have

D[(futr)(E)] = > [(n0ifar) (F)DF' + (far0¢p ) (F)DF']

&
Il
—

(fmOitop)(F)DF".

I
s

K3

Hence,

sup [ D {(faran) ()]l < ZS}\I}) 10 asllo, [|DF? ||y € LP(9Q).

i=1

By Lemma 1.5.3 we get that 1;pc 4y belongs to D'P, and by Proposition
1.2.6 this is contradictory because 0 < P(F € A) < 1. O

As a consequence, the support of the law of a random variable F' € D'?,
p > 11is a closed interval. The next result provides sufficient conditions for
the density of F' to be nonzero in the interior of the support.

Proposition 2.1.8 Let F € D'?, p > 2, and suppose that F possesses a
density p(x) which is locally Lipschitz in the interior of the support of the
law of F. Let a be a point in the interior of the support of the law of F.
Then p(a) > 0.

Proof: Suppose p(a) = 0. Set r = 1% > 1. From Proposition 1.2.6 we
know that 1;psq) & DV because 0 < P(F > a) < 1. Fix € > 0 and set

1
(pe(l‘) = / 71[a—e,a+e] (y)dy

oo 2€

Then ¢, (F) converges to 1{psqy in L"(Q2) as € | 0. Moreover, ¢ (F) € D"

and
1
2¢

D(@e(F)) = 1[a—e,a+e](F)DF'
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We have

9 a-te p%
B (1Dt < EADFIE ™ (o [ alaias)

a—e€

The local Lipschitz property of p implies that p(x) < K|z — al, and we
obtain , .
E (ID(e(F)7) < (E(|DF ()72 27" Kwe.

By Lemma 1.5.3 this implies 1;psq) € DU7, resulting in a contradiction.
|

Sufficient conditions for the density of F' to be continuously differentiable
are given in Exercise 2.1.8.

The following example shows that, unlike the one-dimensional case, in
dimension m > 1 the density of a nondegenerate random vector may vanish
in the interior of the support.

Example 2.1.1 Let hy and hy be two orthonormal elements of H. Define
X = (X4, X3), where

X1 = arctanW(hy),
Xo = arctan W(hg).

Then, X; € D*° and
DX; = (1+W(hi)*) *h,
fori=1,2, and

det vy = [(1+W(h1)2)(1+W(h)®)] >

The support of the law of the random vector X is the rectangle [—g, g]Q,
and the density of X is strictly positive in the interior of the support. Now
consider the vector Y = (Y1,Y2) given by

3
Yi = (Xi+ g) cos(2Xs + 1),
}/2 = (Xl +3§)Sln(2X2+ﬂ')

We have that Y; € D> fori=1,2, and

ety = 40X, + 2002 [(14 W () (1 + W (2)?)] .

This implies that Y is a nondegenerate random vector. Its support is the
set {(z,y) : 7 < 22 + y? < 472}, and the density of Y wvanishes on the
points (x,y) in the support such that m < y < 2w and x = 0.
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For a nondegenerate random vector when the density vanishes, then all
its partial derivatives also vanish.

Proposition 2.1.9 Let F = (F!,... F™) be a nondegenerate random vec-
tor in the sense of Definition 2.1.1 and denote its density by p(x). Then
p(x) = 0 implies op(x) = 0 for any multiindex .

Proof: Suppose that p(z) = 0. For any nonnegative random variable
G € D>, (§,(F),G) > 0 because this is the density of the measure p(B) =
E [1{repyG]|, B € B(R™). Fix a complete orthonormal system {e;,i > 1}
in H. For each n > 1 the function ¢ : R® — C given by

<p(t):<(5z(F),exp ithW(ej) >

Jj=1

is nonnegative definite and continuous. Thus, there exists a measure v, on
R™ such that

o(t) = /n et dy, (x).

Note that v, (R™) = (§,(F), 1) = p(z) = 0. So, this measure is zero and we
get that (3, (F),G) = 0 for any polynomial random variable G € P. This
implies that §,(F) = 0 as an element of D~°°.

For any multiindex o we have

9ap(z) = 0 (6(F), 1) = ((0abs) (F),1).
Hence, it suffices to show that (0,0,) (F) vanishes. Suppose first that a =
{i}. We can write

=1

as elements of D™°° which implies

(9:02) (F) = Y (D (6:(F)), DF’) (75"} =0
j=1
because D (0, (F)) = 0. The general case follows by recurrence. O

2.1.7 Regularity of the law of the mazimum
of continuous processes
In this section we present the application of the Malliavin calculus to the

absolute continuity and smoothness of the density for the supremum of
a continuous process. We assume that the o-algebra of the underlying
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probability space (€2, F, P) is generated by an isonormal Gaussian process
W = {W(h),h € H}. Our first result provides sufficient conditions for the
differentiability of the supremum of a continuous process.

Proposition 2.1.10 Let X = {X (t),t € S} be a continuous process parame-
trized by a compact metric space S. Suppose that

(i) E(sup,eg X (t)?) < oo;

(ii) for any t € S, X(t) € DY2, the H-valued process {DX(t),t € S}
possesses a continuous version, and E(sup,cg [|DX (1)]|%) < oo.

Then the random variable M = sup,cg X (t) belongs to D'2.

Proof: ~ Consider a countable and dense subset Sy = {t,,n > 1} in S.
Define M,, = sup{X(t1),...,X(t,)}. The function ¢, : R® — R defined
by ¢, (z1,...,2,) = max{xy,...,z,} is Lipschitz. Therefore, from Propo-
sition 1.2.4 we deduce that M,, belongs to D':2. The sequence M,, converges
in L?(Q) to M. Thus, by Lemma 1.2.3 it suffices to see that the sequence
DM, is bounded in L?(Q; H). In order to evaluate the derivative of M,,,
we introduce the following sets:

Ay ={M, = X(t1)},

Ap ={Mn # X(t1), ..., Mp # X(tp—1), Mn = X(tx)}, 2<k<n.

By the local property of the operator D, on the set Ay the derivatives of
the random variables M,, and X (¢)) coincide. Hence, we can write

n
DM,, = Z 14, DX (ty,).
k=1

Consequently,
E(IDM %) < E (i;‘sp |DX<t)||%1) < oo,

and the proof is complete. O

We can now establish the following general criterion of absolute continu-
ity.

Proposition 2.1.11 Let X = {X(¢),t € S} be a continuous process parame-
trized by a compact metric space S verifying the hypotheses of Proposition
2.1.10. Suppose that |DX(t)||r # 0 on the set {t : X(t) = M}. Then
the law of M = sup,cg X(t) is absolutely continuous with respect to the
Lebesgue measure.
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Proof: ~ By Theorem 2.1.3 it suffices to show that a.s. DM = DX (¢) on
the set {¢t : X(t) = M}. Thus, if we define the set

G = {there exists t € S : DX (t) # DM, and X(t) = M},

then P(G) = 0. Let Sy = {tn,n > 1} be a countable and dense subset of
S. Let Hy be a countable and dense subset of the unit ball of H. We can
write

G C U Gs,r,k,h7

s€Sp,reQ,r>0,k>1,h€Hy

where

1
Gsrn = {{(DX(t) — DM, h)g > %for all te B.(s)}n{ sup X, =M}.
teB,(s)

Here B,.(s) denotes the open ball with center s and radius r. Because it is a
countable union, it suffices to check that P(Gs,rn) = 0 for fixed s, 7, k, h.
Set M' = sup{X(t),t € By(s)} and M) = sup{X(#;),1 < i < n,t; €
B.(s)}. By Lemma 1.2.3, DM/ converges to DM’ in the weak topology of
L?(Q; H) as n tends to infinity, but on the set Gy k. we have

(DM! — DM’ h) g >

T =

for all n > 1. This implies that P(Gs k) = 0. O

Consider the case of a continuous Gaussian process X = {X(¢),t € S}
with covariance function K (s,t), and suppose that the Gaussian space Hj
is the closed span of the random variables X (¢). We can choose as Hilbert
space H the closed span of the functions {K(¢,-),t € S} with the scalar
product

<K(ta ')7 K(57 )>H = K(t’ S)a

that is, H is the reproducing kernel Hilbert space (RKHS) (see [13]) as-
sociated with the process X. The space H contains all functions of the
form ¢(t) = E(YX(t)), where Y € H;. Then, DX(t) = K(t,-) and
|IDX(t)|| ; = K(t,t). As a consequence, the criterion of the above propo-
sition reduces to K(t,t) # 0 on the set {t : X(t) = M}.

Let us now discuss the differentiability of the density of M = sup,cq X (¢).
If S = [0,1] and the process X is a Brownian motion, then the law of M
has the density

p(zr) = \/7276 2 10,00 ().

Indeed, the reflection principle (see [292, Proposition II1.3.7]) implies that
P{supyc(o,1) X(t) > a} = 2P{X(1) > a} for all a > 0. Note that p(x) is
infinitely differentiable in (0, +00).
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Consider now the case of a two-parameter Wiener process on the unit
square W = {W(z),z € [0,1]?}. That is, S = T = [0,1]? and pu is the
Lebesgue measure. Set M = sup,cp 12 W(z). The explicit form of the
density of M is unknown. We will show that the density of M is infinitely
differentiable in (0, +00), but first we will show some preliminary results.

Lemma 2.1.8 With probability one the Wiener sheet W attains its maxi-
mum on [0,1]? on a unique random point (S, T).

Proof: ~ We want to show that the set

G= {w : sup W(z) =W(z)=W(z) for some z; # 22}
z€10,1]2

has probability zero. For each n > 1 we denote by R, the class of dyadic
rectangles of the form [(j — 1)27",527"] x [(k — 1)27",k27"], with 1 <
4,k < 2™ The set G is included in the countable union

U U { sup W(z) = sup W(z)} .

n>1 Ry,R2€R,,R1NR2=0 z€R z€R,

Finally, it suffices to check that for each n > 1 and for any couple of dis-
joint rectangles Ry, Ry with sides parallel to the axes, P{sup,cz, W(z) =
sup,cp, W(z)} = 0 (see Exercise 2.1.7). O

Lemma 2.1.9 The random variable M = sup,¢( 12 W (2) belongs to D'?
and D, M = 1y )x0,1)(2), where (S,T) is the point where the maximum
is attained.

Proof: ~ We introduce the approximation of M defined by
M, = sup{W(z1),...,W(zn)},
where {2,,n > 1} is a countable and dense subset of [0, 1]2. It holds that

D. M, =1,s,1x[0,1,] (%)

where (S,,,T},) is the point where M, = W(S,,T,). We know that the
sequence of derivatives DM,, converges to DM in the weak topology of
L?([0,1]* x Q). On the other hand, (S,,T},) converges to (S,T) almost
surely. This implies the result. |

As an application of Theorem 2.1.4 we can prove the regularity of the
density of M.

Proposition 2.1.12 The random variable M = sup,¢jq 12 W (z) possesses
an infinitely differentiable density on (0, +00).
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Proof:  Fix a > 0 and set A = (a,+00). By Theorem 2.1.4 it suffices to
show that M is locally nondegenerate in A in the sense of Definition 2.1.2.
Define the following random variables:

T, = inf{t: sup W(z,y) > a}

and
Se = inf{s: sup W(z,y) > a}.
{0<e<s,0<y<1}

We recall that S, and T, are stopping times with respect to the one-
parameter filtrations F! = o{W(z,y) : 0 < 2z < 5,0 < y < 1} and
Fr=oc{W(z,y):0<2<1,0<y <t}

Note that (S,,T,) < (5,T) on the set {M > a}. Hence, by Lemma 2.1.9
it holds that D, M (w) = 1 for almost all (z,w) such that z < (S, (w), Ty (w))
and M(w) > a.

For every 0 < v < % and p > 2 such that ﬁ <y < %—%, we define the
Holder seminorm on Cy([0, 1]),

i@ -t )P
o= ([, 0 )

We denote by H,, ~ the Banach space of continuous functions on [0, 1] van-
ishing at zero and having a finite (p,~y) norm.
We define two families of random variables:

Wi(s,:) = W(s,)||?
Vo= [ W60 =W
[0,0]2 |s — s'|t+2Py

and

HW(at) - W(atl)||21,a
Y3(1) = / e dtdt
[0,7]2 It =

where o, 7 € [0,1]. Set Y(o,7) = Y(0) + Y2(7).
We claim that there exists a constant R, depending on a, p, and ~, such
that

Y(o,7) <R implies sup W, <a. (2.36)
2€[0,0]%[0,1]U[0,1] x[0,7]

In order to show this property, we first apply Garsia, Rodemich, and Rum-
sey’s lemma (see Appendix, Lemma A.3.1) to the H,, ,-valued function
s < W(s,-). From this lemma, and assuming Y*(0) < R, we deduce

W (s,) = W(s', )72 < eprRls — '[P

Py —
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for all s, s’ € [0,0]. Hence,
W (s, )3, < cpy R

for all s € [0,0]. Applying the same lemma to the real-valued function
t — W(s,t) (s is now fixed), we obtain

w w 2 2 2py—1
| (Svt) - (Svt/)‘ P < Cp,'yR|t - t/| P
for all t,t" € [0, 1]. Hence,

sup |[W (s, t)| < c;{,fR%.
0<s<0,0<t<L1

Similarly, we can prove that

sup |[W (s,t)| < czlj,/é’Rﬁ,
0<s<1,0<t<r

and it suffices to choose R in such a way that 01177/511%ﬁ <a.

Now we introduce the stochastic process u (s, t) and the random variable
v 4 that will verify the conditions of Definition 2.1.2.

Let ¢ : Ry — Ry be an infinitely differentiable function such that ¢ (z) =
0Oifz >R, ¢(z)=1if 2 < £, and 0 < ¢(z) < 1. Then we define

ua(s,t) = (Y (s,t))
and

va= | V(s t))dsdt.
[0,1]2

On the set {M > a} we have
(1) ¥(Y(s,t)) = 0 if (s,t) € [0,5,] x [0,T,]. Indeed, if (Y (s,t)) # O,
then Y'(s,t) < R (by definition of ¥) and by (2.36) this would imply

SupZE[O,S]X[O,l]U[O,l]X[O,t] WZ < a, and, hence, s < Sa7 t < Ta, which is
contradictory.

(2) Ds M =11if (s,t) € ]0,54] x [0,Tg], as we have proven before.

Consequently, on {M > a} we obtain

(DM, ua) g Dy :My(Y (s,t))dsdt

[0,1]?

-/ Y (s, 0)dsdt = 7.
[0,54]x[0,T,]
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We have v, € D* and uy € D*°(H) because the variables Y!(s) and Y?2(t)
are in D> (see Exercise 1.5.4 and [3]). So it remains to prove that v,* has
moments of all orders. We have

O(Y (5, 8))dsdt > /[0 PRI

[0,1]2
= XN{(s,t) €[0,1)?: Y (s)+Y2()<§}
> Mse 1] Vi) < 0
x At € [0,1] : Y2(t

= (V)TN

}

M:U

) <
R
1)

Here we have used the fact that the stochastic processes Y! and Y2 are
continuous and increasing. Finally for any € we can write

R

R
PY) () <0 = P <¥e)
W (s,-) = W(s', )2 R
< P P dsds’
= (/[076]2 |S _ s/‘1+2p7 > — 1
4 (W (s, ) = W(s', )17
_~\P b,y
S (R) E / ‘8— /|1+2p'y ds d
[0,¢]
< O
for some constant C' > 0. This completes the proof of the theorem. O
Ezxercises

2.1.1 Show that if F is a random variable in D?* such that E(|DF|~8) <
oo, then > € Dom § and

HDFH
5( DF ) ___LF 72<DF®DF,D2F>H®H
IDF|I% IDF|I% IDF|%
Hint: Show first that ﬁ belongs to Dom ¢ for any € > 0 using

Proposition 1.3.3, and then let € tend to zero.

2.1.2 Let u = {uy,t € [0,1]} be an adapted continuous process belonging
to L* and such that sup; ,c(,1] E[|Dsut|?] < oo. Show that if u; # 0 a.s.,

then the random variable F' = fol usdWy has an absolutely continuous law.

2.1.3 Suppose that F is a random variable in D'2, and let h be an element
of H such that (DF,h)y # 0 a.s. and ﬁ belongs to the domain of ¢.
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Show that F' possesses a continuous and bounded density given by

fl@)=E (1{F>w}5 (Whhm)> '

2.1.4 Let F be a random variable in D''2 such that Gkﬁ belongs to
H

Dom§ for any k£ =0,...,n, where Gp = 1 and

DF
6= (G )

if 1 <k < n+ 1. Show that F has a density of class C™ and

f®(@) = (~D*E [Lgpsa)Grn]
0<k<n

2.1.5 Let F > 0 be a random variable in DY2 such that % € Dom .
H
Show that the density f of F' verifies

191 < 19 (e ) IaCEGED?

for any p > 1, where ¢ is the conjugate of p.

2.1.6 Let W = {W;,t > 0} be a standard Brownian motion, and consider
a random variable F in D'2. Show that for all + > 0, except for a countable
set of times, the random variable F'+ W, has an absolutely continuous law
(see [218]).

2.1.7Let W = {W (s, 1), (s,t) € [0,1]?} be a two-parameter Wiener process.
Show that for any pair of disjoint rectangles R;, Ry with sides parallel to
the axes we have

P{sup W(z) = sup W(z)} =0.
zE€Ry zER2

Hint: Fix a rectangle [a,b] C [0,1]2. Show that the law of the random
variable sup,¢(, y W (2) conditioned by the o-field generated by the family
{W(s,t),s < a1} is absolutely continuous.

2.1.8 Let F' € D*, o > 4, be a random variable such that E(|DF|| ;") <
oo for all p > 2. Show that the density p(x) of F' is continuously differen-
tiable, and compute p’(x).

2.1.9 Let F = (F*,..., F™) be a random vector whose components belong
to the space D*. We denote by v the Malliavin matrix of F. Suppose
that det yx > 0 a.s. Show that the density of F' is lower semicontinuous.
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Hint: The density of F' is the nondecreasing limit as N tends to infinity
of the densities of the measures [¥ () P]o F~! introduced in the proof
of Theorem 2.1.1.

2.1.10 Let F' = (W (hy) + W(hg))e*W(hQ)a where hj, hy are orthonormal
elements of H. Show that F' € D>, |DF||g > 0 a.s., and the density of F'
has a lower semicontinuous version satisfying p(0) = 400 (see [197]).

2.1.11 Show that the random variable F' = fol t? arctan(W;)dt, where W
is a Brownian motion, has a C'°° density.

2.1.212 Let W = {W(s,t),(s,t) € [0,1]?} be a two-parameter Wiener
process. Show that the density of sup, ;)cjo,12 W (s,t) is strictly positive
in (0, +00).

Hint: Apply Proposition 2.1.8.

2.2 Stochastic differential equations

In this section we discuss the existence, uniqueness, and smoothness of so-
lutions to stochastic differential equations. Suppose that (Q, F, P) is the
canonical probability space associated with a d-dimensional Brownian mo-
tion {W¥(t),t € [0,T], 1 < i < d} on a finite interval [0, T]. This means
Q = Co([0,T);RY), P is the d-dimensional Wiener measure, and F is the
completion of the Borel o-field of Q with respect to P. The underlying
Hilbert space here is H = L2(]0, T]; R?).

Let A;,B : [0,T] x R™ — R™, 1 < j < d, be measurable functions
satisfying the following globally Lipschitz and boundedness conditions:

(h1) Y7, [A;(t,x) — A;(t,y)| + |B(t,z) — B(t,y)| < K|z —y|, for any
x,y e R™, t €[0,T];

(h2) t — A;(t,0) and t — B(t,0) are bounded on [0, T].

We denote by X = {X(¢t), t € [0,T]} the solution of the following m-
dimensional stochastic differential equation:

d t ) t
X0 = w0+ /0 Ay (s, X ())dW7 + /O B(s, X(s))ds,  (2.37)

where xg € R™ is the initial value of the process X. We will show that
there is a unique continuous solution to this equation, such that for all
t € [0,T] and for all i = 1,...,m the random variable X*(t) belongs to
the space D'P for all p > 2. Furthermore, if the coefficients are infinitely
differentiable in the space variable and their partial derivatives of all orders
are uniformly bounded, then X(¢) belongs to D>°.

From now on we will use the convention of summation over repeated
indices.
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2.2.1 FEzistence and uniqueness of solutions

Here we will establish an existence and uniqueness result for equations
that are generalizations of (2.37). This more general type of equation will
be satisfied by the iterated derivatives of the process X.

Let V ={V(t),0 <t < T} be a continuous and adapted M-dimensional
stochastic process such that

B, = sup E(|[V(t)|") < oo
0<t<T

for all p > 2. Suppose that
o:RMxR™ - R™®R? and  b:RM xR™ - R™

are measurable functions satisfying the following conditions, for a positive
constant K:

(h3) |o(x,y)—o(z, )|+ |b(z,y) —b(z,y')| < Kly—y/|, for any x € RM,
Y,y € R™;

(h4) the functions x — o(z,0) and  — b(z,0) have at most polynomial
growth order (i.e., |o(x,0)| + |b(z,0)| < K(1+ |z|") for some integer
v >0).

With these assumptions, we have the next result.

Lemma 2.2.1 Consider a continuous and adapted m-dimensional process
a ={at),0 <t < T} such that d, = E(supg<,<rp |a(t)?) < oo for all
p > 2. Then there exists a unique continuous and adapted m-dimensional
process Y = {Y(t),0 < t < T} satisfying the stochastic differential equation

Y(t) = a(t) + /O o (V(5),Y (s))dW? + /O b(V(s),Y(s))ds.  (2.38)

Moreover,

B (s V0P <

0<t<T

for any p > 2, where Cy is a positive constant depending on p, T, K, 3,,,m,
and dp.

Proof:  Using Picard’s iteration scheme, we introduce the processes Yy (t) =
a(t) and

Yoi1(¢) :a(t)+/0 Uj(V(s),Yn(s))de—i—/o b(V(s),Yn(s))ds (2.39)
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if n > 0. By a recursive argument one can show that Y,, is a continuous
and adapted process such that

E( sup |Yn(t)|p> < oo (2.40)
0<t<T

for any p > 2. Indeed, applying Doob’s maximal inequality (A.2) and Burk-
holder’s inequality (A.4) for m-dimensional martingales, and making use
of hypotheses (h3) and (h4), we obtain

£ (s o)

0<t<T
T p
< ¢ dp+E</ 05(V(5), Yo(s))dW? )
B ((/0 |b(V(s),Yn(s))|ds> )]
< o dp+C;Kpr_1/O (1+E(|V(8)|"p)+E(|Yn(8)|p))dé’]
<

¢ [dp + ¢, KPT? (1 + By + sup E(IYn(t)Ip))] )

where ¢, and c; are constants depending only on p. Thus, Eq. (2.40) holds.
Again applying Doob’s maximal inequality, Burkholder’s inequality, and

condition (h3), we obtain, for any p > 2,

T
E( sup [Yosa () —mnf’) < k0T [T B(Ya(s) = Va9 ds.
0<t<T 0

It follows inductively that the preceding expression is bounded by

1
(e EPTP=H sup B([Yi(s)[7).

0<s<T

Consequently, we have

ZE ( sup |Yni1(t) — Yn(t)p> < 00,
= \o<i<r

which implies the existence of a continuous process Y satisfying (2.38) and
such that E(supg<,<7 |Y(t)[?) < Cy for all p > 2. The uniqueness of the
solution is derived by means of a similar method. (]

As a consequence, taking V(t) = t in the Lemma 2.2.1 produces the
following result.
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Corollary 2.2.1 Assume that the coefficients A; and B of Eq. (2.37) are
globally Lipschitz and have linear growth (conditions (h1) and (h2)). Then
there exists a unique continuous solution X = {X(t),t € [0,T]} to Fq.
(2.37). Moreover,
E( sup |X(t)|p> <
0<i<T

for any p > 2, where Cy is a positive constant depending on p, T, K,v, and
Zo-

2.2.2 Weak differentiability of the solution

We will first consider the case where the coefficients A; and B of the sto-
chastic differential equation (2.37) are globally Lipschitz functions and have
linear growth. Our aim is to show that the coordinates of the solution at
each time t € [0, 7] belong to the space D> = N, D"?. To show this re-
sult we will make use of an extension of the chain rule to Lipschitz functions
established in Proposition 1.2.4.

We denote by DI (F), t €[0,T],j=1,...,d, the derivative of a random
variable F as an element of L*([0,7] x (;R?) ~ L?(Q; H). Similarly we
denote by Dj}» /¥ (F) the Nth derivative of F.

Using Proposition 1.2.4, we can show the following result.

Theorem 2.2.1 Let X = {X(¢),t € [0,T)} be the solution to Eq. (2.37),
where the coefficients are supposed to be globally Lipschitz functions with
linear growth (hypotheses (h1) and (h2)). Then X'(t) belongs to D> for
any t € [0,T] andi=1,...,m. Moreover,

sup E( sup |DZXi(s)|p) < 00,
0<r<t r<s<T

and the derivative DI X' (t) satisfies the following linear equation:
t
DIX(®) = A(nX(r) + [ Tuals) DIXH()dV

t
+/ Bi(s)DIX"(s)ds (2.41)
forr <t a.e., and _
DIX(t) =0

forr >t a.e., where Ay o(s) and By(s) are uniformly bounded and adapted
m-dimensional processes.

Proof:  Consider the Picard approximations given by

Xo(t) = Xo,

20+ /O Ay (s, X ())dWI + /0 B(s, X,,(s))ds (2.42)

Xn-i-l (t)
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if n > 0. We will prove the following property by induction on n:

(P) Xi(t) e Db foralli =1,...,m, n >0, and t € [0, T]; further-
more, for all p > 1 we have

Y, (t):= sup F ( sup |D,,Xn(5)|p> < o0 (2.43)
0<r<t s€(r,t]
and .
1[)n+1(t) <c+ 02/ ¢n(8)ds, (2.44)
0

for some constants ¢y, co.

Clearly, (P) holds for n = 0. Suppose it is true for n. Applying Proposi-
tion 1.2.4 to the random vector X,,(s) and to the functions A; and B?, we
deduce that the random variables A’(s, X, (s)) and B'(s, X, (s)) belong

to D2 and that there exist m-dimensional adapted processes A, (s) =
(Z:’f(s), e ,Z;L;(s)) and B""(s) = (B"'(s),...,B.."(s)), uniformly boun-
ded by K, such that

D, [Ai(s, Xu(5)] = A 4(5)D(XE(9)1 (<) (2.45)
and
D [B(s, Xu(s)] = By (s)Dp(X}(5) Lz (2.46)

In fact, these processes are obtained as the weak limit of the sequences
{Ok[AL x am](s, X (s)), m > 1} and {9k [B" % cu](s, X, (s)), m > 1}, where
Q. denotes an approximation of the identity, and it is easy to check the
adaptability of the limit. From Proposition 1.5.5 we deduce that the random
variables A’ (s, X,,(s)) and B'(s, X,,(s)) belong to D",

Thus the processes { DL[A%(s, X,,(s))], s > r} and {DL[B'(s, X, (s))],s >
r} are square integrable and adapted, and from (2.45) and (2.46) we get

D, [A5 (s, X ()]l < K|Dr X (s),  |De[B' (5, Xn(s))]| < K|Dr X (s)]-

(2.47)
Using Lemma 1.3.4 we deduce that the Ito integral fot Al (s, X, (s))dW]
belongs to the space D"2, and for r < t we have

D! / Al(s, Xp(5))dWI] = Aj(r, Xn( / DL[AL(s, Xn(s))]dW7.
(2.48)
On the other hand, fot Bi(s, X,,(s))ds € D2, and for r <t we have

Di[/o Bi(s,Xn(s))ds]:/ D![B(s, Xn(s))]ds. (2.49)
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From these equalities and Eq. (2.42) we see that X/, (t) € D" for all
t € [0, 7], and we obtain

t
E ( sup |Dan+1(s)|p) < ¢ [’yp Jer—le/ E (|D£Xn(s)\p) ds|,

r<s<t
(2.50)
where
vp =sup E( sup [A4;(t, Xn(¢))[") < co.
n,j 0<t<T

So (2.43) and (2.44) hold for n 4 1. From Lemma 2.2.1 we know that

B (sup X,) - X)) 0

s<T

as n tends to infinity. By Gronwall’s lemma applied to (2.50) we deduce
that derivatives of the sequence X} (t) are bounded in L?(Q; H) uniformly
in n for all p > 2. Therefore, from Proposition 1.5.5 we deduce that the
random variables X*(¢) belong to D**°. Finally, applying the operator D
to Eq. (2.37) and using Proposition 1.2.4, we deduce the linear stochastic
differential equation (2.41) for the derivative of X(t). O

If the coefficients of Eq. (2.37) are continuously differentiable, then we
can write

Ai(s) = (0eA])(5, X (5))

and _
By(s) = (9uB')(s, X ().

In order to prove the existence of higher-order derivatives, we will need
the following technical lemma.

Consider adapted and continuous processes a = {«a(r,t),t € [r,T|} and
V={V;(t),0<t<T,j=0,...,d} such that « is m-dimensional and Vj is
uniformly bounded and takes values on the set of matrices of order m x m.
Suppose that the random variables of(r,t) and V}'(t) belong to D'>° for
any ¢, j, k, [, and satisfy the following estimates:

sup E( sup |a(r,t)p) < 00,

0<r<T r<t<T
sup E(Sup |D5Vj(t)p) < 00,
0<s<T s<t<T
sup E( sup |D5a(r,t)P) < 00,
0<s,r<T rVs<t<T

for any p > 2 and any j =0,...,d.
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Lemma 2.2.2 Let Y = {Y(¢),r <t < T} be the solution of the linear
stochastic differential equation

Y(t) = a(r,t) +/ V}(s)Y(s)dWﬁ +/ Vo(s)Y (s)ds. (2.51)

Then {Y'(t)} belongs to D> for any i = 1,...,m, and the derivative
DY (t) verifies the following linear equation, for s < t:

DIY(t) = Dia(rt)+V(s)Y(s) 1<z

+ [ D2y @ + ViwDiv !
+ / t[DgZVO(u)Y(u) + Vo(u)DIY (u)]du. (2.52)

Proof: ~ The proof can be done using the same technique as the proof of
Theorem 2.2.1, and so we will omit the details. The main idea is to observe
that Eq. (2.51) is a particular case of (2.38) when the coefficients ¢; and
b are linear. Consider the Picard approximations defined by the recursive
equations (2.39). Then we can show by induction that the variables Y, (t)
belong to D> and satisfy the equation

DiYoia(t) = Dia(rt) + Vi(s)Yn(s) <<y

+ [ DY) + Vi) DIV ]
+ [ IDIVo(w)Ya () + Vo) DAY, ()

Finally, we conclude our proof as we did in the proof of Theorem 2.2.1. OJ

Note that under the assumptions of Lemma 2.2.2 the solution Y of Eq.
(2.51) satisfies the estimates

B (s VOr) <

0<t<T

sup E( sup |DSY(t)|p> < oo,

0<s<t r<t<T
for all p > 2.

Theorem 2.2.2 Let X be the solution of the stochastic differential equa-
tion (2.37), and suppose that the coefficients A; and B? are infinitely dif-
ferentiable functions in x with bounded derivatives of all orders greater than
or equal to one and that the functions A;-(t,()) and B(t,0) are bounded.
Then X(t) belongs to D> for allt € [0,T), and i =1,...,m.
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Proof: We know from Theorem 2.2.1 that for any ¢ = 1,...,m and
any t € [0,7T], the random variable X(¢) belongs to D' for all p > 2.
Furthermore, the derivative DJX*(t) verifies the following linear stochastic
differential equation:

DIX'(t) = Al(r, X,) + /t(akAf)(s,X(s))DZX’“(s)dWSl

+ /t(akB)(s,X(s))Dg;X’“(s)ds. (2.53)

Now we will recursively apply Lemma 2.2.2 to this linear equation. We
will denote by Dj1>-I~ (X (t)) the iterated derivative of order N. We have to
introduce some notation. For any subset K = {e; < --- < ¢} of {1,..., N},
we put j(K) = je,, .-+, Je, and 7(K) = re,,...,7¢,. Define

af g (s ry) = Z(akl'“ak:uA?)(S»X(s))
< DX ()] DY) X (o)

r(I1) v
and
52‘1,”.,” (8,71,...,7N) = Z((‘?kl <O, BY) (s, X (5))
(1 ) (L )
<D (XM ()] -~ DI (XM (3),
where the sums are extended to the set of all partitions {1,...,N} =

LU---UI,. We also set a(s) = A%(s, X(s)). With these notations we will
recursively show the following properties for any integer N > 1:

(P1) Foranyt € [0,T],p>2,andi=1,...,m, X(t) belongs to DV-P,
and

sup FE ( sup | Dy oo (X(t)>|p) < 0.

T],A..,TNE[(),T] r1V--Vry <t<T

(P2) The Nth derivative satisfies the following linear equation:

N
D'Ij"ii:g“% (Xl(t)) = Z aée,jl ..... Je—1,Jet1s--2JN (7"5, T1yee s Te—1,Tet1y -+, TN)
e=1
t .
—I—/ [a}jjhm,jN(s,rl,...,rN)dW£
r1V---Vryn
+ﬁ§1w’jN(s7r1,...,rN)ds (2.54)

ift>r V- Vry,and DIV (X(8) =0if t <7 Ve-- V.

TN
We know that these properties hold for N = 1 because of Theorem 2.2.1.
Suppose that the above properties hold up to the index N. Observe that

i .
Ay gy w8715, TN) I8 equal to

(OrAD) (5, X (5)) DI (XM(s))

T1y--sTN
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(this term corresponds to v = 1) plus a polynomial function on the deriv-

atives (Ok, - - - Ok, Al)(s, X (s)) with v > 2, and the processes DZER(Xk(s))7
with card(l) < N — 1. Therefore, we can apply Lemma 2.2.2 to r =

r1 V---Vry, and the processes

Y(t) = Diboin(X(t), t>r,
VikEt) = (0kAD(s,X(s), 1<ik<m, j=1,....d

and a(r,t) is equal to the sum of the remaining terms in the right-hand
side of Eq. (2.54).
Notice that with the above notations we have
DZ [a;,jl,m:jzv (t’ [AERER ’TN)} = Oé;,jl,nwjzv,j(t? TN, T)

and o _
Di [ﬁ;l,m’j]\](t/rl? .. 'arN>:| = ﬂ}huij’j(t,ﬁ, e ,TN7T).

Using these relations and computing the derivative of (2.54) by means
of Lemma 2.2.2, we obtain

DD} (X 1)

T1y.-sTN
N
:Eo/-4 S o (re,r r r TN,T)
Jerdirsde—tsfertsemin,g \T€ Tl Te=TrTetly oo TN,
e=1
i
05 gy (BT TN)
t
i l
+/ [alﬁjl,_wm’j(s,rl,...,rN,r)dWS
riV---Vry

+B5ing (ST ,TN,T)dS},

which implies that property (P2) holds for N+1. The estimates of property
(P1) are also easily derived. The proof of the theorem is now complete. O

FEzxercises

2.2.1 Let ¢ and b be continuously differentiable functions on R with boun-
ded derivatives. Consider the solution X = {X;,t € [0,T]} of the stochastic
differential equation

t t
Xt = To +/ U(Xs)dWS +/ b(XS)dS
0 0

Show that for s <t we have

D,X; = o(X,)exp (/Ot o' (Xs)dWs + /Ot[b' - ;(U')Q](Xs)ds) .
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2.2.2 (Doss [84]) Suppose that o is a function of class C?(R) with bounded
first and second partial derivatives and that b is Lipschitz continuous. Show
that the one-dimensional stochastic differential equation

t t
1
X, = 20 +/ o (X,)dW, +/ b+ 500" |(X.)ds (2.55)
0 0

has a solution that can be written in the form X; = u(W;,Y:), where

(i) u(wx,y) is the solution of the ordinary differential equation
0
8% =ow), w0,y =y;
(ii) for each w € €, {Y;(w),t > 0} is the solution of the ordinary differ-
ential equation

Y/(w) = f(Wi(w), Yi(w)),  Yo(w) =0,

where f(z,y) = blu(z,)) (%) = bu(e,y)) exp(~ [ o (u(z, )dz).

Using the above representation of the solution to Eq. (2.55), show that
X; belongs to D'? for all p > 2 and compute the derivative D, X;.

2.3 Hypoellipticity and Hormander’s theorem

In this section we introduce nondegeneracy conditions on the coefficients of
Eq. (2.37) and show that under these conditions the solution X (¢) at any
time ¢ € (0,7] has a (smooth) density. Clearly, if the subspace spanned
by {A4;(t,y),B(t,y);1 < j < d,t € [0,T],y € R™} has dimension strictly
smaller than m, then the law of X (t), for all ¢ > 0, will be singular with
respect to the Lebesgue measure. We thus need some kind of nondegeneracy
assumption.

2.8.1 Absolute continuity in the case of Lipschitz coefficients

Let {X(t),t € [0,T]} be the solution of the stochastic differential equation
(2.37), where the coefficients are supposed to be globally Lipschitz functions
with linear growth. In Theorem 2.2.1 we proved that X*(¢) belongs to D>
foralli=1,...,m and t € [0,T], and we found that the derivative DJ X}
satisfies the following linear stochastic differential equation:

t . )
Mﬁ=4mx&+&/£MWMMM

t .
+ / By (s)DI Xk ds. (2.56)
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We are going to deduce a simpler expression for the derivative DX}.
Consider the m x m matrix-valued process defined by

Yi(t) =6\ + / t A a(s)Y ()aW! + By ()Y} (s)ds] (2.57)
0

i,j = 1,...,m. If the coefficients of Eq. (2.37) are of class C'*% o > 0
(see Kunita [173]), then there is a version of the solution X (¢, xg) to this
equation that is continuously differentiable in z¢, and Y'(¢) is the Jacobian
matrix g—ﬁ)(t,xo).

Now consider the m x m matrix-valued process Z(t) solution to the

system

t

Zi) = @f/zuﬂﬁmmm

k —«

- /0 Zi(s) [By(s) - AL ()& ()] ds. (258)

By means of It6’s formula, one can check that Z,;Y; = Y;Z;, = I. In fact,
ZOVE(0) = 5+ [ Zy(6) B ol ()0

t .

[
0

t .

_ / Zi
0

t .

_ / Zi
0

and similarly for Y;Z;. As a consequence, for any ¢t > 0 the matrix Y; is
invertible and Y;~! = Z,. Then it holds that

l

‘7@%@@—AZWM@@W@WW

—l —

(s)B1(5)
(5) [B)(5) = Ao (5) A7) | ¥ (s)ds
()2, ()

)AL o(s)Y (s)ds = 6,

DIX} = Vi ()Y " (kAL (r, X,). (2.59)

Indeed, it is enough to verify that the process {Y;'(t)Y = (r)} A% (r, X,), ¢ >
r} satisfies Eq. (2.56):

A0 X) [ Tl {YEOY 05N X aw'(s)

+ [ B ey msale.x) fas
= A (r, X))+ [Y(1) = Y (r)] Y (r)pAf(r, X,)
YO AR ).
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We will denote by
Y = (DX!,DX]\y = Z/ D! X;DLXdr
=170
the Malliavin matrix of the vector X (t). Equation (2.59) allows us to write
the following expression for this matrix:

Qi =YY", (2.60)

where
.. d t . .
=3 / Y1 (s)i Ak (s, X, )Y 1 (s)], AF (s, X, )ds. (2.61)
1=170
Define both the time-dependent m x m diffusion matrix
o (t, ) =Y Ayt x)Af(t, @)
k=1
and the stopping time

t
S = inf{t >0: / 1{deto’(s,Xs)7£0}d8 > 0} ANT.
0

The following absolute continuity result has been established by Bouleau
and Hirsch in [46].

Theorem 2.3.1 Let {X(t),t € [0,T]} be the solution of the stochastic dif-
ferential equation (2.37), where the coefficients are globally Lipschitz func-
tions and of at most linear growth. Then for any 0 < t < T the law of
X(t) conditioned by {t > S} is absolutely continuous with respect to the
Lebesgue measure on R™.

Proof:  Taking into account Theorem 2.2.1 and Corollary 2.1.2, it suffices
to show that det Q; > 0 a.s. on the set {t > S}. In view of expression (2.60)
it is sufficient to prove that det Cy > 0 a.s. on this set. Suppose ¢ > S. Then
there exists a set G C [0, ] of positive Lebesgue measure such that for any
s € G and v € R™ we have

vlo(s, Xs)v = A(s)|v],
where A(s) > 0. Taking v = (Y;"!)Tu and integrating over [0,¢] N G, we
obtain
t
ul' Cyu = / ul'Y (s) Yo (s, Xs) (Y (s) ") T uds > k|ul?,
0

where & = fg 1g(3)%d8. Consequently, if ¢ > S, the matrix C; is
invertible and the result is proved. O
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2.3.2  Absolute continuity under Hormander’s conditions

In this section we assume that the coefficients of Eq. (2.37) are infinitely
differentiable with bounded derivatives of all orders and do not depend
on the time. Let us denote by X = {X(¢),t > 0} the solution of this
equation on [0,00). We have seen in Theorem 2.2.2 that in such a case the
random variables X*(¢) belong to the space D>. We are going to impose
nondegeneracy conditions on the coefficients in such a way that the solution
has a smooth density. To introduce these conditions, consider the following
vector fields on R™ associated with the coefficients of Eq. (2.37):

N

AJ = A](x)ax? ]:17"'7d7
i 0

B = B(x)ﬁxi'

The covariant derivative of Ay, in the direction of A; is defined as the vector

field Aijk = Aé. 8“428%%’ and the Lie bracket between the vector fields A;

and Ay is defined by
[Aj, Ax] = AY Ay — AY A;.
Set

0
3%—

Ao = B - g0 A0)

d
1
B— §;AIVA1.

The vector field Ay appears when we write the stochastic differential equa-
tion (2.37) in terms of the Stratonovich integral instead of the It6 integral:

t t
X =xp +/ A (Xs) ode +/ Ao (Xs)ds.
0 0
Hormander’s condition can be stated as follows:

(H) The vector space spanned by the vector fields
A, Agy [ALA]L0<i,5<d, [A[A;, AR 0<4,5,k<d,...
at point zg is R™.

For instance, if m = d = 1, A}(z) = a(z), and A}(x) = b(z), then
Hormander’s condition means that a(zg) # 0 or a™(z)b(zg) # 0 for some
n > 1. In this situation we have the following result.

Theorem 2.3.2 Assume that Hormander’s condition (H) holds. Then for
any t > 0 the random vector X (t) has a probability distribution that is
absolutely continuous with respect to the Lebesgue measure.
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We will see in the next section that the density of the law of X; is infi-
nitely differentiable on R™. This result can be considered as a probabilistic
version of Hormander’s theorem on the hypoellipticity of second-order dif-
ferential operators. Let us discuss this point with some detail. We recall
that a differential operator .4 on an open set G of R™ with smooth (i.e.,
infinitely differentiable) coefficients is called hypoelliptic if, whenever u is
a distribution on G, u is a smooth function on any open set G’ C G on
which Aw is smooth.

Consider the second-order differential operator

d
A= % > (A2 + Ag. (2.62)

i=1

Hormander’s theorem [138] states that if the Lie algebra generated by the
vector fields Ag, A1, ..., Aq has full rank at each point of R™, then the
operator £ is hypoelliptic. Notice that this assumtion is stronger than (H).

A straightforward proof of this result using the calculus of pseudo-diffe-
rential operators can be found in Khon [170]. On the other hand, Oleinik
and Radkevi¢ [277] have made generalizations of Héormander’s theorem to
include operators £, which cannot be written in Hérmander’s form (as a
sum of squares).

In order to relate the hypoellipticity property with the smoothness of
the density of X, let us consider an infinitely differentiable function f
with compact support on (0,00) x R™. By means of 1t6’s formula we can
write for t large enough

to
0= BI7(t, X0 - B0, X0)] = £ | [ (5 + )5, X))
0 S
where ,
B 1 m . 9 m . 9
g o 5 ijz:l(AA ) ’ 81‘2837] + i—1 B 8331

Notice that G — B = L — Ay, where L is defined in (2.62). Denote by p:(dy)
the probability distribution of X;. We have

0=F [ | e g)f(s,Xads} [ [ s ans

This means that p;(dy) satisfies the forward Fokker-Planck equation (—%4—
G*)p = 0 (where G* denotes the adjoint of the operator G) in the distribu-
tion sense. Therefore, the fact that p;(dy) has a C*° density in the variable
y is implied by the hypoelliptic character of the operator % —G*. Increasing
the dimension by one and applying Hormander’s theorem to the operator
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—G*, one can deduce its hypoellipticity assuming hypothesis (H) at each
point g in R™. We refer to Williams [350] for a more detailed discussion
of this subject.

Let us turn to the proof of Theorem 2.3.2. First we carry out some
preliminary computations that will explain the role played by the nonde-
generacy condition (H). Suppose that V(x) = Vi(z )7 is a C* vector
field on R™. The Lie brackets appear when we apply Ito’s formula to the
process Y; 'V(X;), where the process Y;~! has been defined in (2.58). I
fact, we have

Y;ilV(Xt) 370 / Y Ak:7 (XS)dWsk
1 d
+/0 {AO, +§;Ak, [Ag, V }( Yds. (2.63)

We recall that from (2.58) we have

d t
vl o= 1_2/ Y 10A,(X,)dWE
ke 0

t
yia
where 0Aj and 0B respectively denote the Jacobian matrices (@A};) and

((%—Bi), i,7 = 1,...,m. In order to show Eq. (2.63), we first use Ito’s
formula:

Z OAR(X)OAL(X )] ds,

t d
Y, WXy = Vi(ze) + /n—lz(aVAk—aAkV) (X)dwP
0

t
+ / Y, 1 (0VB — 0BV) (X,)ds
0

t d
+ / Y (0AR0AV)(X.)ds (2.64)
0 k=1
4 / LS 00,V(X0) S ALK, ALK, )ds
7,j=1 k=1

t
- / vy, ! Z(aAkaX/Ak)(Xs)ds
0 k=1

Notice that

8VAk — 8AkV = [Ak, V], and
OVB - 9BV = [B,V].
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Additionally, we can write

d
[A0,V] 4 5 3[4 (46, V]) - [B,V]
1k:1 1
= —*I;AZA]“V +§;[Aka[Ak7VH

{—(AV AR)YV + VYV (AY A) + AV (AYV)

I
DO |
M=

k=1
—AY (VY AR) — (AVV)V A + (VI AR Y ALY
d
- 9 Z { - Aiaz'AZalV + VZ@A%&ZA,C + VlAéaialAk
k=1

+A§;81A§€81V + A;AZ&@ZV - AL@iVlalAk
CALVI9,0,A, — ALOV'O Ay, + ViBiAﬁcalAk}

d
. 1 . .
-y {VzaiA;alAk + 5 ALALDOY — A;aivlalAk}.
k=1

Finally expression (2.63) follows easily from the previous computations.

Proof of Theorem 2.3.2: Fix t > 0. Using Theorem 2.1.2 (or Theorem
2.1.1) it suffices to show that the matrix C; given by (2.61) is invertible
with probability one. Suppose that P{det C; = 0} > 0. We want to show
that under this assumption condition (H) cannot be satisfied. Let K, be
the random subspace of R™ spanned by {Y; '4x(X,);0 < o < s,k =
1,...,d}. The family of vector spaces {Kj, s > 0} is increasing. Set Ky+ =
Ns>0Ks. By the Blumenthal zero-one law for the Brownian motion (see
Revuz and Yor [292, Theorem I11.2.15]), K+ is a deterministic space with
probability one. Define the increasing adapted process {dim K, s > 0} and
the stopping time

7 =1inf{s > 0: dim K > dim K+ }.

Notice that P{r > 0} = 1. For any vector v € R™ of norm one we have

d t
T Cpv = Z/ WYL AR(X)|2ds.
k=170

As a consequence, by continuity v7Cyv = 0 implies v Y, 1A (X,) = 0
for any s € [0,t] and any k = 1,...,d. Therefore, Ko+ # R™, otherwise
K, = R™ for any s > 0 and any vector v verifying v7 Cyv = 0 would be
equal to zero, which implies that C; is invertible a.s., in contradiction with
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our hypothesis. Let v be a fixed nonzero vector orthogonal to Ky+. Observe
that v LK, if s < 7, that is,

vITY A(X,) =0, fork=1,...,d ands<T. (2.65)

We introduce the following sets of vector fields:

Yo = {Ala"'aAd}7
Sy = {[AnVk=1,....,dVeS, 1} ifn>1,
Y o= U 2.,
and
26 = 3,
E{n = {[Alﬂ ]7k dVEEn 13
1 d
[Ao, V +§Z H[A, VL Ve, |} ifn>1,
j=1
o= U X

We denote by 3, (z) (resp. X/, (z)) the subset of R™ obtained by freezing
the variable z in the vector fields of ¥, (resp. X7,). Clearly, the vector spaces
spanned by X(z) or by X'(z) coincide, and under Hérmander’s condition
this vector space is R™. We will show that for all n > 0 the vector v is or-
thogonal to X! (xg), which is in contradiction with Hérmander’s condition.
This claim will follow from the following stronger orthogonality property:

vTYW (X)) =0, foralls<7,VeEX, n>0. (2.66)

Indeed, for s = 0 we have Y; 'V(Xo) = V(z¢). Property (2.66) can be
proved by induction on n. For n = 0 it reduces to (2.65). Suppose that it
holds for n — 1, and let V € X! _;. Using formula (2.63) and the induction
hypothesis, we obtain

0 = / vTY, AR, V(X)) dWE
0

d
s 1
+/ vTY S [Ag, V] = Z Ay, [A, V)] ¢ (X)) du
0 2 k=1

for s < 7. If a continuous semimartingale vanishes in a random interval
[0,7), where T is a stopping time, then the quadratic variation of the mar-
tingale part and the bounded variation part of the semimartingale must be
zero on this interval. As a consequence we obtain

~AR V(X)) =0
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and
L
oYt { [Ag, V] + 3 kZ:l [Ak, [Ag, V } (X,) =0,

for any s < 7. Therefore (2.66) is true for n, and the proof of the theorem
is complete. O

2.3.83 Smoothness of the density
under Hormander’s condition

In this section we will show the following result.

Theorem 2.3.3 Assume that {X(t),t > 0} is the solution to Eq. (2.37),
where the coefficients do not depent on the time. Suppose that the coeffi-
cients Aj, 1 < j < d, B are infinitely differentiable with bounded partial
derivatives of all orders and that Hérmander’s condition (H) holds. Then
for any t > 0 the random vector X (t) has an infinitely differentiable den-
sity.

From the previous results it suffices to show that (det C;)~! has moments
of all orders. We need the following preliminary lemmas.

Lemma 2.3.1 Let C' be a symmetric nonnegative definite m x m random
matriz. Assume that the entries C have moments of all orders and that
for any p > 2 there exists eo(p) such that for all € < eq(p)

sup P{vTCv <e} <€
|v]=1

Then (det Cy)~t € LP(Q) for all p.
Proof:  Let A = inf},—; vTCv be the smallest eigenvalue of C. We know
that \™ < det C. Thus, it suffices to show that E(A™?) < oo for all p > 2.

Set |C| = [Z” 1(0”)2} : Fix € > 0, and let vq,...,vy be a finite set of
unit vectors such that the balls with their center in these points and radius

% cover the unit sphere S 1. Then we have

P{A<e} = P{lvi‘n:fl v Cv < €}
1 1
< P{lil‘nflvTCv <elCl <=} +P{C|> =} (2.67)
v|= € €

Assume that [C| < 1 and v] Cvy, > 2¢ for any k =1,..., N. For any unit

2
vector v there exists a vy such that |[v —vx| < & and we can deduce the
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following inequalities:

el vl Cuy, — 0T Cv — v Cuy,|
2¢ — [[v" Cv — v Cog| + [v" Cvy, — v Cuy|]

2¢ — 2|C|lv — vg| > €.

IV IV IV

As a consequence, (2.67) is bounded by

N

P (U {of Cui < 2e}> T+ P{IC] > 1} < N@eyam 4+ o B((CP)

€
k=1

if e < %eo(p + 2m). The number N depends on e but is bounded by a
constant times e~2™. Therefore, we obtain P{\ < €} < const.e” for all
€ < €1(p) and for all p > 2. Clearly, this implies that A~! has moments of
all orders. ]

The next lemma has been proved by Norris in [239], following the ideas of
Stroock [320], and is the basic ingredient in the proof of Theorem 2.3.3. The
heuristic interpretation of this lemma is as follows: It is well known that if
the quadratic variation and the bounded variation component of a contin-
uous semimartingale vanish in some time interval, then the semimartingale
vanishes in this interval. (Equation (2.69) provides a quantitative version
of this result.) That is, when the quadratic variation or the bounded varia-
tion part of a continuous semimartingale is large, then the semimartingale
is small with an exponentially small probability.

Lemma 2.3.2 Let a,y € R. Suppose that B(t), v(t) = (v1(t),-..,7v4(t)),
and u(t) = (u1(t), ..., uq(t)) are adapted processes. Set

o) = at [ Bt [ om:
Y = y+ / a(s)ds + / u(s)dw,

and assume that there exists tg > 0 and p > 2 such that

c=FE < sup (|B(8)] + |v(@)] + a(t)] + IU(t)I)p) < 0. (2.68)

0<t<tg

Then, for any q > 8 and for any r,v > 0 such that 18r + 9v < q — 8, there
exists €g = €o(to, q,r, V) such that for all € < ¢

to tO
P {/ Y2dt < eq,/ (Ja(®)® + [u(t)[?)dt > e} <P e . (2.69)
0

0
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Proof:  Set 0, = |B(t)| + |v()| + |a(t)] + |u(t)]. Fix ¢ > 8 and r, v such
that 187 + 9v < g — 8. Suppose that v/ < v also satisfies 187 + 90" < ¢ — 8
Then we define the bounded stopping time

T:inf{s>0: sup 6, >e_r}/\t0.

0<u<s

We have
to to
P {/ Y2dt < eq,/ (Ja(®)2 + [u(t)2)dt > e} < Ay + Ay,
0 0

with A = P{T < to} and

to tO
Ay =P {/ Y2dt < eq,/ (Ja(®))? + |u(®)|?)dt > e, T = to} .
0

0

By the definition of T" and condition (2.68), we obtain

A < P{ sup 0s > e_r} <ePE [ sup 9’8’] < ce'P.
0<s<to 0<s<to

Let us introduce the following notation:
t t _
A = / a(s)ds, M, = / u;(s)dWy,
0 0

t t
Ne= [ Yulawi @i= [ A
0 0
Define for any p; >0, 6, > 0,7 =1,2,3,

By = {<N>T < py, sup |Ns| > 51},
0<s<T

By = {<M>T < py, sup |Mg| > 52}’
0<s<T

Bs = {<Q>T < p3, sup Q| > 53}-

0<s<T

By the exponential martingale inequality (cf. (A.5)),

2
P(B) < 2exp(— "), (2.70)

)

for i = 1,2,3. Our aim is to prove the following inclusion:

{ / Cypdr< e, / "l + )Py > e, T = to}
0 0

C B1UB2U Bs, (2.71)
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for the particular choices of p, and d;:
b=, Bimen a=d-r-4.
Py =22+ 1)2e 2% §y =2, g=9_5_5
pg = 3622424 S3=€B, qz= 42 _ %

From the inequality (2.70) and the inclusion (2.71) we get

o7 55 3
Ay < 2 exp(—ﬁ)—l—exp(—ﬁ)—kexp(—?)

IN

1 /
2 <exp(—26” ) + exp(—
< exp(—€e)

for € < ¢g, because

21 +2r—q = -V,
q1 ’

2qo + 21 — 5 = 7V
2q3+2r —2¢; = -V,

which allows us to complete the proof of the lemma. It remains only to
check the inclusion (2.71).

Proof of (2.71): Suppose that w ¢ By UByUBs, T(w) = to, and fOT Y2dt <
€?. Then

T
<Nﬁ:/lﬁmﬁw<a“ﬂ:py
0

< 01 = €. Also

. tyr i i

Then since w ¢ By, SUpg< < ‘fo YouldW?
1
2

t T i
/ Y,asds| < (to / Yfafdt> <tZe TR
0 0
t
[ var.
0

By Ito’s formula Y2 = y? + 2 fot Y,dYs + (M), and therefore

T T T t
/ (M) dt / Y2dt — Ty? — 2/ </ YSdYS> dt
0 0 0 0

el + 2ty (\/ﬂef’dr% + e‘“) < (2tg + 1)e™,

sup
0<s<T

Thus,

sup < Ve TTE 4 en,

0<s<T

A



2.3 Hypoellipticity and Héormander’s theorem 137

for € < ¢y because ¢ > ¢1 and —r 4 2 > ¢;. Since (M); is an increasing
process, for any 0 < v < T we have

YM)p_y < (2tg + 1)e®,

and hence (M) < 4~ 1(2tg 4 1)e?* + ve2". Choosing v = (2tg 4+ 1)ze7,
we obtain (M)r < py, provided € < 1. Since w ¢ By we get

sup | M| < 02 = €.
0<s<T

Recall that fOT Y2dt < €9 so that, by Tchebychev’s inequality,
At € [0,T] : [Va(w)| > €8} < €,
and therefore
At €[0,T]: |y + Ay(w)] > ¥ + 2} <€,

We can assume that €3 < 2, provided e < €(tg). So for each t € [0,7],
there exists s € [0,7] such that |s — t| < €3 and |y + A,| < €3 + €%,
Consequently,

t
ly + Ad| < [y + As| + |/ apdr| < (1+€77)es 4 €,
In particular, |y| < (14 € ")e¥ + €%, and for all t € [0,T] we have
|As] < 2 ((1 +e"ed + 6‘12) < 6€%2,

because go < 4 — 7. This implies that
T
Q)1 = / AZ|y, Pdt < 36tpe*27% = p,.
0
So since w ¢ Bs, we have

< 53 =B,

T
Qﬂ—M;&%@Wﬂw

Finally, by It6’s formula we obtain

T T
/ (af + u[?)dt = / ardAy + (M)
0 0

T T
aw%—/’mmﬁ—/’mw@ﬂw+mwT
0 0
< (1+60)6e® ™ + B +2v/2 + 1e 25 < ¢

for € < €p, because g — r > q3, g3 > 1, and —2r + % > 1. O
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Now we can proceed to the proof of Theorem 2.3.3.

Proof of Theorem 2.5.5: Fix t > 0. We want to show that E[(det Cy)~P] <
oo for all p > 2. By Lemma 2.3.1 it suffices to see that for all p > 2 we have

sup P{UTCtU <e} <€
|[v]=1

for any € < eg(p). We recall the following expression for the quadratic form
associated to the matrix Cy:

d t
v Co = Z/ ’vTYS_lAj(XS)|2ds.
j=1"0

By Hoérmander’s condition, there exists an integer jo > 0 such that the
linear span of the set of vector fields ;020 ¥’ (x) at point xo has dimension
m. As a consequence there exist constants R > 0 and ¢ > 0 such that

S STV 2.

7=0 VeE}

for all v and y with [v| =1 and |y — | < R.
For any j = 0,1,...,50 we put m(j) = 2~% and we define the set

t
Bi=<¢ Y /0 (WY V(X)) ds < emO)

’
Vex;

Notice that {v?TCiv < €} = Ey because m(0) = 1. Consider the decompo-
sition
FEy C (EO ﬁEf) U (E1 QES) J---u (Ejofl ﬂE]C-O) UF,
where F' = Ey N Ey N --- N Ej,. Then for any unit vector v we have
Jo
P{u"Cpo < €} = P(Eo) < P(F) + > P(E; NES,,).
j=0
We are going to estimate each term of this sum. This will be done in two
steps.
Step 1:  Consider the following stopping time:
1
S=inf{c >0: sup |X,—ax9| >R or sup |[Y;'—1I|>-}AL
0<s<o 0<s<o 2

We can write

P(F) < P(Fn{S=>¢é}) +P{S < e,



2.3 Hypoellipticity and Héormander’s theorem 139

where 0 < 3 < m(jo). For € small enough, the intersection F'N{S > €} is
empty. In fact, if S > ?, we have

S5 [wrveven)ts

J=0Vvex;)
Jo T 1 2
YV (Xs) Ter 112 ceP
ZZ Z/O <W) v Y, Idszj, (2.72)
J=0 Ve,

because s < S implies [v7Y; 1| > 1 —[I — Y| > 5. On the other hand,

the left-hand side of (2.72) is bounded by (jo + 1) m(JO) on the set F', and
for € small enough we therefore obtain F' N {S > ¢} = ). Moreover, it
holds that

P{S <l < P{ sup XS—xO|ZR}

0<s<ef
- 1
+P< sup Y7 —1I>-
0<s<eh 2
< RUE| sup |Xs—axol?| +29E | sup |Vt I/
0<s<ef

0<s<eP

for any ¢ > 2. Now using Burkholder’s and Holder’s inequalities, we deduce
that P{S < %} < Ce¥ for any g > 2, which provides the desired estimate
for P(F).

Step 2:  For any j =0,...,jo we introduce the following probability:

P(E;NES,,) = P Z/ 7Y, V(X)) ds < em0),
VEZ’

t
> / (WY V(X)) ds > emUth
0

’
Vex;

t
{ [ v as<eo,
0

IN
Eivg
~

d t :
[ ey viee)* s+ | (“Tnl(uo,w
k=170 0
d 2
1 em+1)
= [A X
+ QZ ]7 ij ( s) ds > n(J) ,
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where n(j) denotes the cardinality of the set X’. Consider the continu-

ous semimartingale {v7Y, 1V (X,),s > 0}. From (2.63) we see that the
quadratic variation of this semimartingale is equal to

d s ,
> /0 (7Y, A V(X)) do,
k=1

and the bounded variation component is

d

/OSvTY;1 [AO,V]+%Z[AJ-,[AJ-,V]] (X,)do.

j=1

Taking into account that 8m(j + 1) < m(j), we get the desired estimate
from Lemma 2.3.2 applied to the semimartingale Y; = v7Y, 7'V (X,). The
proof of the theorem is now complete. O

Remarks:

1. Note that if the diffusion matrix o(z) = 2?21 Aj(x)AJT(:c) is elliptic at
the initial point (that is, o(z¢) > 0), then Hérmander’s condition (H) holds,
and for any ¢t > 0 the random variable X; has an infinitely differentiable
density. The interesting applications of Hérmander’s theorem appear when
o(xzg) is degenerate.

Consider the following elementary example. Let m = d = 2, Xg = 0,
B =0, and consider the vector fields

Al(m):[ L } and Aﬂ@:[smf@]

2$1 I

In this case the diffusion matrix

1 + sin? To x1(2 4+ sinxy
o(x) = [ x1(2 4 sinas) ( 5x3 ! }
degenerates along the line z; = 0. The Lie bracket [A1, As] is equal to
211 COS To
[ 1—2sinzo
R? and Hoérmander’s condition holds. So from Theorem 2.3.3 X(t) has a
C° density for any ¢t > 0.

} . Therefore, the vector fields A; and [A;, As] at x = 0 span

2. The following is a stronger version of Héormander’s condition:

(H1) The Lie algebra space spanned by the vector fields Aj,..., A4 at
point xq is R™.

The proof of Theorem 2.3.3 under this stronger hypothesis can be done
using the simpler version of Lemma 2.3.2 stated in Exercise 2.3.4.
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FEzxercises

2.3.1 Let W = {(W!,W?),t > 0} be a two-dimensional Brownian motion,
and consider the process X = {X;,t > 0} defined by

;Xig = LLQ}’

t
X} = / Wlaw?2.
0
Compute the Malliavin matrix v, of the vector X, and show that
t
dety, > t/ (Wh)ids.
0

Using Lemma 2.3.2 show that E| fOt(Wsl)st\*p] < oo for all p > 2, and
conclude that for all ¢ > 0 the random variable X; has an infinitely differ-
entiable density. Obtain the same result by applying Theorem 2.3.3 to a
stochastic differential equation satisfied by X (¢).

2.3.2 Let f(s,t) be a square integrable symmetric kernel on [0,1]. Set
F = I;(f). Show that the norm of the derivative of F' is given by

00
IDF(F = AW (en)?,
n=1

where {\,} and {e,} are the corresponding sequence of eigenvalues and
orthogonal eigenvectors of the operator associated with f. In the particular
case where )\, = (mn)~2, show that

1
P(IDF|l <€) < V2 exp(—55),

and conclude that F' has an infinitely differentiable density.
Hint: Use Tchebychev’s exponential inequality with the function e~
and then optimize over .

2.3.3 Let m =3, d =2, and Xy = 0, and consider the vector fields

A2y

1 0 0
Ai(z)=| 0 |, As(z) = | sinzy |, B(z) = | $sinzacoszs+1
0 T 1

Show that the solution to the stochastic differential equation X (t) associ-
ated to these coeflicients has a C°° density for any ¢ > 0.

2.3.4 Prove the following stronger version of Lemma 2.3.2: Let

Y(t) =y+/0 a(s)ds—i—/o ui(8)dWE ¢ €[0,to],
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be a continuous semimartingale such that y € R and a and w,; are adapted
processes verifying

c:=FE { sup (la¢| + |ut|)p] < 00.
0<t<to

Then for any ¢,r,v > 0 verifying ¢ > v 4+ 10r + 1 there exists ¢g =
eo(to, q,m,v) such that for € < ¢

to to —v
P {/ Y2dt < eq,/ lu(t)|?dt > e} <ceP4e €
0 0

2.3.5 (Elworthy formula [90]) Let X = {X(¢), t € [0,T]} be the solution
to the following d-dimensional stochastic differential equation:

d t ) t
X(t):xo+;/0 Aj(X(s))dwg+/o B(X(s))ds,

where the coefficients A; and B are of class C'*, a > 0, with bounded
derivatives. We also assume that the m x m matrix A is invertible and that
its inverse has polynomial growth. Show that for any function ¢ € C}! (R%)
and for any ¢t > 0 the following formula holds:

Blow (0] = 1B %) [ (Amhieegvieany] .

where Y'(s) denotes the Jacobian matrix ‘?)f: given by (2.57).
Hint: Use the decomposition DsX; = Y ()Y ~1(s)A(Xs) and the dual-
ity relationship between the derivative operator and the Skorohod (It6)

integral.

2.4 Stochastic partial differential equations

In this section we discuss the applications of the Malliavin calculus to estab-
lishing the existence and smoothness of densities for solutions to stochastic
partial differential equations. First we will treat the case of a hyperbolic
system of equations using the techniques of the two-parameter stochastic
calculus. Second we will prove a criterion for absolute continuity in the case
of the heat equation perturbed by a space-time white noise.

2.4.1 Stochastic integral equations on the plane

Suppose that W = {W, = (W},...,Wd),z € R%} is a d-dimensional,
two-parameter Wiener process. That is, W is a d-dimensional, zero-mean
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Gaussian process with a covariance function given by
E[Wi(sl, tl)Wj(SQ, tg)] = (Sij (81 A 82)(t1 A tg).

We will assume that this process is defined in the canonical probability
space (2, F, P), where  is the space of all continuous functions w : Ri —
R? vanishing on the axes, and endowed with the topology of the uniform
convergence on compact sets, P is the law of the process W (which is
called the two-parameter, d-dimensional Wiener measure), and F is the
completion of the Borel o-field of 2 with respect to P. We will denote
by {F.,z € R%} the increasing family of o-fields such that for any z,
F. is generated by the random variables {W(r),r < z} and the null sets
of F. Here r < z stands for ;1 < 21 and ro < z5. Given a rectangle
A = (51, 82] X (t1,t2], we will denote by W(A) the increment of W on A
defined by

W(A) = W(SQ,tQ) — W(827t1) — W(Sl,tg) + W(Sl,tl).

The Gaussian subspace of L%({), F, P) generated by W is isomorphic to
the Hilbert space H = L?(R%;R?). More precisely, to any element h € H
we associate the random variable W (h) = Z?:l Jr2 hi(2)dWi(z).

T

A stochastic process {Y(z),z € R2} is said to be adapted if Y (z) is

F.-measurable for any z € Ri. The Itd stochastic integral of adapted and

square integrable processes can be constructed as in the one-parameter case
and is a special case of the Skorohod integral:

Proposition 2.4.1 Let L?L(Ri x Q) be the space of square integrable and
adapted processes {Y (z),z € R1} such that fRi E(Y?(2))dz < oo. For any
j=1,....,d there is a linear isometry I : L2(R3 x Q) — L*(Q) such that

Ij<1(Z1,22}) = Wj((zh 2))

for any z1 < z5. Purthermore, L2(R% x Q; R?) C Dom 6, and 6 restricted to
LZ(R% x QO RY) coincides with the sum of the Ité integrals I7, in the sense
that for any d-dimensional process Y € L2(R3 x €; R%) we have

d ) ) d . )
5(Y) = ZIJ(YJ) = Z/R Y7 (2)dW(2).

Let A;,B : R™ — R™, 1 < j < d, be globally Lipschitz functions.
We denote by X = {X(z),z € R3} the m-dimensional, two-parameter,
continuous adapted process given by the following system of stochastic
integral equations on the plane:

d
X() =20+ Y / A (X)W + / B(X,)dr, (2.73)
=1 [0,2] [0,2]



144 2. Regularity of probability laws

where zg € R™ represents the constant value of the process X (z) on the
axes. As in the one-parameter case, we can prove that this system of sto-
chastic integral equations has a unique continuous solution:

Theorem 2.4.1 There is a wunique m-dimensional, continuous, and
adapted process X that satisfies the integral equation (2.73). Moreover,

E

sup |X,|P| < oo
rel0,z]

for any p > 2, and any z € R%r.

Proof:  Use the Picard iteration method and two-parameter martingale
inequalities (see (A.7) and (A.8)) in order to show the uniform convergence
of the approximating sequence. O

Equation (2.73) is the integral version of the following nonlinear hyper-
bolic stochastic partial differential equation:

2X (s d 2117 (s
62(87(8;) - ;AJ‘(X(SJ))W + B(X(s,1)).

Suppose that z = (s,t) is a fixed point in Ri not on the axes. Then
we may look for nondegeneracy conditions on the coefficients of Eq. (2.73)
so that the random vector X (z) = (X1(2),...,X™(z)) has an absolutely
continuous distribution with a smooth density.

We will assume that the coefficients A; and B are infinitely differentiable
functions with bounded partial derivatives of all orders. We can show as in
the one-parameter case that X*(z) € D> for all z € R and i =1,...,m.
Furthermore, the Malliavin matrix Q¥ = (DX!, DXJ)y is given by

d
QY=Y D! X!D! X7 dr, (2.74)
-1 [0,2]

where for any 7, the process {DfX;,r <z,1<i<m,1<k<d} satisfies
the following system of stochastic differential equations:

DIX: = Aj(X))+ [ }akAi(Xu)DindWi
+ OB (X,) DI X du. (2.75)
[r:2]
Moreover, we can write DIX! = ¢j(r,2)AL(X,), where for any r, the

process {5;(7", z),r < z,1 < 4,7 < m} is the solution to the following
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system of stochastic differential equations:

gi(r,z) = &+ O A} (X)X (r,u)dW],

! [r,2]

+ OB (X )&% (r, u)du. (2.76)

[r,2] ’

However, unlike the one-parameter case, the processes DI X! and f;-(r, 2)
cannot be factorized as the product of a function of z and a function of
r. Furthermore, these processes satisfy two-parameter linear stochastic dif-
ferential equations and the solution to such equations, even in the case of
constant coefficients, are not exponentials, and may take negative values.
As a consequence, we cannot estimate expectations such as E(|§; (r,2)|7P).
The behavior of solutions to two-parameter linear stochastic differential
equations is analyzed in the following proposition (cf. Nualart [243)).

Proposition 2.4.2 Let {X(z),z € R%} be the solution to the equation
X, =1 +/ aX,dW,, (2.77)
[0,]

where a € R and {W(z),z € R%} is a two-parameter, one-dimensional
Wiener process. Then,

(i) there exists an open set A C R such that

P{X, <0 foral ze€A}>0;
(ii) E(|X.|™') = oo for any z out of the axes.
Proof:  Let us first consider the deterministic version of Eq. (2.77):
s t
g(s,t) =1 —|—/ / ag(u, v)dudv. (2.78)
o Jo

The solution to this equation is g(s,t) = f(ast), where

f@) =3 (zv)?

n=0 :

In particular, for a > 0, g(s,t) = Ip(2vast), where I is the modified Bessel
function of order zero, and for a < 0, g(s,t) = Jo(24/]a|st), where Jy is

the Bessel function of order zero. Note that f(x) grows exponentially as
tends to infinity and that f(z) is equivalent to (m+/[z])~2 cos(2+/[z] — T

as z tends to —oo. Therefore, we can find an open interval I = (-3, —a)
with 0 < a < 8 such that f(x) < —§ <0 for all z € T.
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In order to show part (i) we may suppose by symmetry that a > 0. Fix
N >0and set A = {(s,t): & < st < %,0 < 8,t < N}. Then A is an open
set contained in the rectangle T = [0, N]? and such that f(—ast) < —§
for any (s,t) € A. For any € > 0 we will denote by X¢ the solution to the
equation

Xe=1+ / aeXEdW, .
0,71

By Lemma 2.1.3 the process W¢(s,t) = W (s,t) — ste~! has the law of
a two-parameter Wiener process on T = [0, N]? under the probability P,

defined by
dP.

dpP
Let Y be the solution to the equation

1
= exp<€1W(N, N) — 2€2N2) .

Yi=1 —|—/ aeY,dWS =1 —|—/ aeY, dW, — aYidr.  (2.79)
[0,2] [0,2] [0,2]

It is not difficult to check that

K = sup sup E(|Y{|?) < .
0<e<1 zeT

Then, for any € < 1, from Eqgs. (2.78) and (2.79) we deduce

E ( sup |Y(s,t) — f(ast)2>
(s,t)€T

<c ( [ B (o)~ (-aw)P)dsay + K)

for some constant C' > 0. Hence,

limE | sup |Y<(s,t) — f(—ast)]* | =0,
€l0 (s,t)ET

and therefore

P{YS <0 forall zeA} > P{ sup |Y(s,t) — f(—ast)| < 5}
(s,t)eA

(s,t)ET

> P{ sup |Y5(s,t)f(ast)|§5},

which converges to one as € tends to zero. So, there exists an ¢y > 0 such
that
P{Y; <0 forall z€A}>0
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for any € < €. Then
PAY; <0 forall zeA}>0

because the probabilities P. and P are equivalent, and this implies
P{X;<0 foral zeA}>0.

By the scaling property of the two-parameter Wiener process, the processes
X<(s,t) and X (es, et) have the same law. Therefore,

P{X(es,et) <0 forall (s,t)€ A} >0,

which gives the desired result with the open set €A for all € < ¢y. Note that
one can also take the open set {(e?s,t) : (s,t) € A}.

To prove (ii) we fix (s,t) such that st # 0 and define T = inf{c > 0 :
X(o,t) = 0}. T is a stopping time with respect to the increasing family of
o-fields {F,+,0 > 0}. From part (i) we have P{T < s} > 0. Then, applying
1to’s formula in the first coordinate, we obtain for any € > 0

E[(X(s,t)2+€) 7] = E[(X(s AT, t)> + ¢) 2]
+%E U 2X (2, )2 — )(X(2,6)% + €) 3d(X (-, 1))s

AT

Finally, if € | 0, by monotone convergence we get

E(|X(s,t)] ") = leing[(X(s,t)Q +6)72] > 0coP{T < s} = o0.

O

In spite of the technical problems mentioned before, it is possible to show
the absolute continuity of the random vector X, solution of (2.73) under
some nondegeneracy conditions that differ from Hérmander’s hypothesis.

We introduce the following hypothesis on the coefficients A; and B, which
are assumed to be infinitely differentiable with bounded partial derivatives
of all orders:

(P) The vector space spanned by the vector fields A1,..., Aq, AYA;,
1<i,j<d, AY(AYAR), 1 < ik <d,..., A,(--(AY_Ai,)--),
1<i1,...,i, <d, at the point xg is R™.

Then we have the following result.
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Theorem 2.4.2 Assume that condition (P) holds. Then for any point z
out of the azes the random vector X (z) has an absolutely continuous prob-
ability distribution.

We remark that condition (P) and Hoérmander’s hypothesis (H) are not
comparable. Consider, for instance, the following simple example. Assume
that m > 2, d =1, 79 = 0, Ay(z) = (1,2',2%,...,2™7 1), and B(z) = 0.
This means that X, is the solution of the differential system

dx! = 4w,

X2 = Xldw.
dx: =  XZdw,
dXm =  Xmldw,,

and X, = 0 if z is on the axes. Then condition (P) holds and, as a con-
sequence, Theorem 2.4.2 implies that the joint distribution of the iter-
ated stochastic integrals W, f[o G WdW, .., f[o RICEE (JWaw)---)dW =

<<z, AW (21) -+ - dW (2 ) possesses a density on R™. However, Horman-

der’s hypothesis is not true in this case. Notice that in the one-parameter
case the joint distribution of the random variables W; and fot WedWs is

singular because It6’s formula implies that W7 — 2 fot WsdWs —t = 0.

Proof of Theorem 2.4.2: The first step will be to show that the process
53-(7’, z) given by system (2.76) has a version that is continuous in the vari-
able r € [0,z]. By means of Kolmogorov’s criterion (see the appendix,
Section A.3), it suffices to prove the following estimate:

B(E(r,2) =07, 2)") < Clp, 2)lr = '] (2:80)
for any r,7’ € [0, 2] and p > 4. One can show that
sup E [ sup [£(r,0)|P | < C(p,z), (2.81)
rel0,z] v€E[r,z]

where the constant C(p, z) depends on p, z and on the uniform bounds of
the derivatives OpB* and 0y A}. As a consequence, using Burkholder’s and
Holder’s inequalities, we can write
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E(|f(7", Z) - 5(7'/, Z)|p)
<cuadn (|3 ([, P - e

b

OB (X)(EL(rv) — €50, )] )

+E (Y ( / [0 A1(X0)€) (7, )W
ij=1 [r,z]—[r",z]

b

+ OpB(X,)€k (r,v)dv] )

m

+E||Y < / [0eA1(X)E ()W,
ij=1 [r",z]—[r,z]

p
2

+ BU(X,)EN(, v)dv} )

< C(p,2) <|r SR PR CCOR §<r’,v>|f’>dv) .

Using a two-parameter version of Gronwall’s lemma (see Exercise 2.4.3) we
deduce Eq. (2.80).

In order to prove the theorem, it is enough to show that det@, > 0
a.s., where z = (s,t) is a fixed point such that st # 0, and Q. is given
by (2.74). Suppose that P{det @, = 0} > 0. We want to show that under
this assumption condition (P) cannot be satisfied. For any o € (0, s] let K,
denote the vector subspace of R spanned by

{4;(Xe);0< €< 0,5 =1,...,d}.

Then {K,,0 < o < s} is an increasing family of subspaces. We set Ko+ =
Ny>0K 5. By the Blumenthal zero-one law, Ky+ is a deterministic subspace
with probability one. Define

= inf{o > 0: dim K, > dim Ky+ }.

Then p > 0 a.s., and p is a stopping time with respect to the increasing
family of o-fields {F,+,0 > 0}. For any vector v € R™ we have

T Qv = Z/o 0 (vi€}(r, 2) Al( ))2dr.
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Assume that v7Q,v = 0. Due to the continuity in r of 5;- (r,z), we de-
duce viff(r,z)Aé(Xr) = 0 for any r € [0,2] and for any j = 1,...,d. In
particular, for 7 = (0,t) we get vIA;(X,¢) = 0 for any o € [0,s]. As a
consequence, Ko+ # R™. Otherwise K, = R™ for all o € [0, s], and any
vector v verifying v7@Q.v = 0 would be equal to zero. So, Q. would be
invertible a.s., which contradicts our assumption. Let v be a fixed nonzero
vector orthogonal to Ky+. We remark that v is orthogonal to K, if o < p,
that is,

vI'Aj(Xpt) =0 forall o<p and j=1,....d. (2.82)

We introduce the following sets of vector fields:

Yo = {Alv-"vAd}a
o o= {AYV,ji=1,....dVeX, 1}, n>1,
Y o= UX X,

Under property (P), the vector space (3(z)) spanned by the vector fields of
3 at point xg has dimension m. We will show that the vector v is orthogonal
to (X, (xo)) for all n > 0, which contradicts property (P). Actually, we will
prove the following stronger orthogonality property:

vIV(Xp) =0 forall o<pVeR, and n>0. (2.83)

Assertion (2.83) is proved by induction on n. For n = 0 it reduces to
(2.82). Suppose that it holds for n — 1, and let V' € X, _1. The process
{vTV(X,¢),0 € [0,s]} is a continuous semimartingale with the following
integral representation:

UTV(XUt) = v on / / 6kV th)Af(ng)deT

+ 0T (0 V) (Xes) B¥ (X, )dédr
d
1 ,
+ 5vTa,Ca,C,V(X@) > A} (Xer) A} (Xer)dédr
=1

The quadratic variation of this semimartingale is equal to

Z/ / T(OkV)(Xer) A¥ (X)) dédr.

By the induction hypothesis, the semimartingale vanishes in the random
interval [0, p). As a consequence, its quadratic variation is also equal to
zero in this interval, and we have, in particular,



2.4 Stochastic partial differential equations 151

vV (AYV)(Xor) =0 forall o<p and j=1,....d
Thus, (2.83) holds for n. This achieves the proof of the theorem. O

It can be proved (cf. [256]) that under condition (P), the density of X, is
infinitely differentiable. Moreover, it is possible to show the smoothness of
the density of X, under assumptions that are weaker than condition (P).
In fact, one can consider the vector space spanned by the algebra generated
by Ai,...,As with respect to the operation YV, and we can also add other
generators formed with the vector field B. We refer to references [241] and
[257] for a discussion of these generalizations.

2.4.2  Absolute continuity for solutions
to the stochastic heat equation

Suppose that W = {W(t,z),t € [0,T],z € [0,1]} is a two-parameter
Wiener process defined on a complete probability space (€2, F, P). For each
t € [0,7] we will denote by F; the o-field generated by the random vari-
ables {W (s, ), (s,z) € [0,t] x [0,1]} and the P-null sets. We say that a
random field {u(t,z),¢ € [0,T],z € [0,1]} is adapted if for all (¢,z) the
random variable u(t, z) is F;-measurable.
Consider the following parabolic stochastic partial differential equation
on [0,7T] x [0,1]:
u 2u 2
O Ty bult, ) + olult ) T

with initial condition u(0,2) = wug(x), and Dirichlet boundary conditions
u(t,0) = u(t,1) = 0. We will assume that ug € C([0,1]) satisfies uo(0) =

It is well known that the associated homogeneous equation (i.e., when b =
0 and o = 0) has a unique solution given by v(t,z) = fol Gi(z,y)uo(y)dy,
where G¢(x, y) is the fundamental solution of the heat equation with Dirich-
let boundary conditions. The kernel G(z,y) has the following explicit for-

mula:

n=—oo

—exp<—@/+l“_%”2>}. (2.85)

(2.84)

4t

On the other hand, G¢(x,y) coincides with the probability density at point
y of a Brownian motion with variance /2t starting at = and killed if it
leaves the iterval [0, 1]. This implies that

Gt (xv y) S

1 x—yP>
e — . 2.86
En}w( n (2.86)
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Therefore, for any G > 0 we have

! s 8 [ sl 18
Gi(z,y)’dy < (dmt)"2 [ e @ dox=Cgt 2 . (2.87)
0 R

Note that the right-hand side of (2.87) is integrable in ¢ near the origin,
provided that G < 3.

Equation (2.84) is formal because the derivative g:TVZ does not exist, and
we will replace it by the following integral equation:

uta) = [ Glamwir+ [ [ Gt )dus
+/O /0 Gi_s(z,y)o(u(s,y))W(dy,ds) . (2.88)

One can define a solution to (2.84) in terms of distributions and then show
that such a solution exists if and only if (2.88) holds. We refer to Walsh
[342] for a detailed discussion of this topic. We can state the following result
on the integral equation (2.88).

Theorem 2.4.3 Suppose that the coefficients b and o are globally Lip-
schitz functions. Then there is a unique adapted process u = {u(t,z),t €
[0,T],z € [0,1]} such that

E (/OT /01 u(t,:n)Qd:Edt) < 00,

and satisfies (2.88). Moreover, the solution u satisfies

sup E(Ju(t, z)|P) < o0 (2.89)
(t,x)€[0,T]x[0,1]

for allp > 2.

Proof: ~ Consider the Picard iteration scheme defined by

un(t, ) = / Gl y)uo (y)dy
and
t 1
Unar(t7) = uolt,z)+ /0 /0 G (2, y)btn (5, 9))dyds

+/0 /0 Gi—s(x,y)o(un(s,y))W(dy,ds), (2.90)
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n > 0. Using the Lipschitz condition on b and ¢ and the isometry property
of the stochastic integral with respect to the two-parameter Wiener process
(see the Appendix, Section A.3), we obtain

E(lups1(t,2) = un(t,z)])

< 2E<<//Gtéxy)lun(sy)—unwyldyds )

+2E(/ / Gi_ Sxy) |un(s,y) — tn— 1sy|dyds>

< AT+ 1) / / Gr s, 9)2E (Jun(s,9) — ttn1(s,9)|?) dyds.

Now we apply (2.87) with 8 = 2, and we obtain

Hence,

IN

E(luns1(t, @) — un(t, 2)[?)

gcT/O /0 E(Jun(s,y) — tun_1(s,9)|?)(t — 8)~ 2 dyds.

E(Jun41(t,2) = un(t, o))

CT/ / / E(Jtun(r,2) — tn_1(r, 2)[*) (s — 1)~ %(t—s)_%dzdrds
C}/O /0 E(Jtn(r,2) — tn_1(r, 2)|*)dzdr.

Iterating this inequality yields

oo

1
sup / E(Juni1(t,2) — up(t,z)]*)dz < co.
n—o t€[0,T] JO

This implies that the sequence u,, (t, x) converges in L2([0, 1] x ), uniformly
in time, to a stochastic process u(t, x). The process u(t, z) is adapted and
satisfies (2.88). Uniqueness is proved by the same argument.

Let us now show (2.89). Fix p > 6. Applying Burkholder’s inequality for
stochastic integrals with respect to the Brownian sheet (see (A.8)) and the
boundedness of the function ug yields

E(June1(t,2)[") < cp(Jluolle

. <</°t /01 Gi—s(2,y) [b(un(s,y))l dyds> p)
h <(/Ot /01 Gt_s(m’y)QU(“n(S7y))2dyd8> g)) .
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Using the linear growth condition of b and ¢ we can write

B (uns1 (6 2)”) <Cyor <1+E<(/Ot /01 Gt_s(x,y)Qun(s,y)Qdyds)g)) .

Now we apply Holder’s inequality and (2.87) with § = ;%2 < 3, and we
obtain

p—2
Z

t 1 2p
E(juna (b)) < Cpr |14 ( [ Gtsm,y)wdyds)
0 0

<[ [ Bt yivas)

t 1
< G (14 [ [ Bluntsn)Pyiuas).

and we conclude using Gronwall’s lemma. O

The next proposition tells us that the trajectories of the solution to the
Equation (2.88) are a-Holder continuous for any a < %. For its proof we
need the following technical inequalities.

(a) Let B €(1,3). For any « € [0,1] and ¢,h € [0,T] we have
t 1 o
/ / Gain(z,y) — Gy(z,y)|Pdyds < Crgh"=", (2.91)
0 Jo
(b) Let 8 € (2,3). For any z,y € [0,1] and ¢ € [0,7T] we have
t ol
/ / |Gs(,2) — Gs(y, 2)|Pdzds < Cr gla — y[>77. (2.92)
o Jo

Proposition 2.4.3 Fiz a < %. Let ug be a 2a-Hélder continuous function
such that uo(0) = ug(1l) = 0. Then, the solution u to Equation (2.88) has
a version with a-Holder continuous paths.

Proof: We first check the regularity of the first term in (2.88). Set
Gi(z,up) == fol G(z,y)uo(y)dy. The semigroup property of G implies

1 1
Gilaua) = Gulosmn) = [ [ Gulan)Groa(w: () = wo(w)lddy,
0 0
Hence, using (2.86) we get

|Gt($, UO) — GS(IL‘, UQ)‘

IN

1 1
c / / Gl 9)Crs(y, 2)|2 — y[?*ddy
0 0

IA

1
c’/ Gyt — s|7dy < C'Jt — s
0
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On the other hand, from (2.85) we can write

Gt(z’y) = %(y - x) - wt(y + Z)’

where 1, (z) = \/ﬁ oo e @=2m/4 Notice that SUD ¢ [0,1] fol P, (2 —

z)dz < C. We can write

Gl o) — Gily,uo) = / ez — 2) — (= — )] uo(2)dz

1
- / a2 + 2) — bz + )] wo(2)dz
A1 + Bl.

It suffices to consider the term A;, because B; can be treated by a similar
method. Let 7 = y — 2 > 0. Then, using the Holder continuity of uy and
the fact that uo(0) = u1(0) = 1 we obtain

1-n
|41l < Yy (2 — ) Juo(2) — uo(z +n)| dz
0
1 n
H [ e l@lds+ [ - o) d:
1—n 0
1 n
< Cnm +C Y (z —x)(1 = z)zo‘dz + C’/ Y, (z — y)zzadz
1—n 0
S Clﬁ2a~
Set,

t 1
Ut z) = / / G (. y)o (u(s, )W (dy, ds).

E(Ut,2) = Ut y)l")

<C,E (/0 /0 G s(2,2) — Go_s(y, 2)lo(uls, 2))[2dzds

p—2

Applying Burkholder’s and Holder’s inequalities (see (A.8)), we have for
2

any p > 6
t ol o ==
<Cpr (/ / |Gi—s(x,2) — Gt—s(y,2)|l’—2dzds> ,
0 Jo

because fOT fol E(|lo(u(s, 2))|P)dzds < oco. From (2.92) with 8 = 1%’ we
know that this is bounded by Clx — y\pr6
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On the other hand, for t > s we can write

E(U(t,x) = U(s, )"

)
s 1 %
< Cp{E</ ‘the(xvy)_Gsfe(xvy)|2‘o—(u(07y))‘2dyd9 )
0 0
t 1 z
+E (/ / |Gi—o(@,y)?|o(u(8,y))|*dydo }
s 0
s 1 2p ;)2;2
< G| [ [ 160t - Gualir) 2 ayas
0 0

p—2
2

+

s 1 2p
/ / Gi—o(z,y) 722 dydb
0 0

Using (2.91) we can bound the first summand by C,|t — s|p776. From (2.87)
the second summand is bounded by

t—s 1 2p t—s P2
/ / Go(x,y)r—2dydd < C’p/ 0~ 22 df
0 0 0

= Cllt—s|Tm.

As a consequence,
p—6 p—6
B(\U(t,2) = U(s,9)l") < Cpr (lo /™= + |t =5 %) |

and we conclude using Kolmogorov’s continuity criterion. In a similar way
we can handle that the term

Vit z) = / / Gz, y)b(u(s, y))dyds.
O

In order to apply the criterion for absolute continuity, we will first show
that the random variable u(t, ) belongs to the space D':2.

Proposition 2.4.4 Let b and o be Lipschitz functions. Then u(t,x) €
D2, and the derivative Dy u(t,z) satisfies

Doyultit) = Gisle,y)o(u(s,y))

t 1
+/ / Gi—o(x,nm)Bo nDs yu(8,n)dndo
s JO

t 1
+ / / Gy o(2,1)Sp.Dayu(6, )W (d6, diy)
s 0

if s < t, and Dgyu(t,x) = 0 if s > t, where By, and So,, (0,1) €
[0,T] x [0,1], are adapted and bounded processes.
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Remarks: If the coefficients b and ¢ are functions of class C' with
bounded derivatives, then By, = b'(u(6,7)) and Sg,, = o’ (u(6,n)).

Proof:  Consider the Picard approximations u,, (¢, ) introduced in (2.90).
Suppose that u, (t,z) € D2 for all (t,2) € [0,T] x [0,1] and

t el
sup E (/ / |Ds}yun(t,m)|2dyds> < 0. (2.93)
(t,z)€[0,T]x[0,1] 0o Jo

Applying the operator D to Eq. (2.90), we obtain that u,(t,x) € D2
and that

Ds,yun+l(t; x) - Gt,s(x,y)a(un(s,y))

t 1
+ / / G0 1) By, Dy ytn (0, 7))
s 0

t el
+/ / Gi—o(2,1)Sg , Dsyun(0,m)W (dO, dn),
s JO

where By, and Sy, (6,7) € [0,T]x [0, 1], are adapted processes, uniformly
bounded by the Lipschitz constants of b and o, respectively. Note that

E ( / / Gt_s@,y)%(un(s,y>>2dyds>

< <1 + sup E(un(t,z)2)> < (s,

t€[0,7T],z€]0,1]

for some constants C7,Cy > 0. Hence

t 1
E(/ / |Dsyyun+1(t,x)|2dyds>
0 0
t 1 t 1
e (1+E( / / / / Gte<x7n>2Ds,yunw,n)l?dndedyds))

< Cy <1—|—/ sup // (t —0)"2E(|Ds yun(0,n)| )d@dyds).
0 n€lo,1]
Let
t 1
Vo(t)= sup E </ / |Ds7yun(t,x)|2dyd5).
z€[0,1] 0 Jo
Then
Voa(t) < C4 (1+/V )(t—0)" 1de)
< <1+// o (u)(t—0)77 (0 —u)” 2dud0>
0 Jo
<

Cs <1+/O an(u)du> < 00,
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due to (2.93). By iteration this implies that

sup Va(t) < C,
t€[0,T],z€[0,1]

where the constant C' does not depend on n. Taking into account that
up (t, ) converges to u(t, ) in LP(2) for all p > 1, we deduce that u(t, x) €
D2 and Duy,(t, z) converges to Du(t,z) in the weak topology of L?(Q; H)
(see Lemma 1.2.3). Finally, applying the operator D to both members of
Eq. (2.88), we deduce the desired result. O

The main result of this section is the following;

Theorem 2.4.4 Let b and o be globally Lipschitz functions. Assume that
o(ug(y)) # 0 for some y € (0,1). Then the law of u(t,x) is absolutely
continuous for any (t,x) € (0,T] x (0,1).

Proof:  Fix (t,x) € (0,T] x (0,1). According to the general criterion for
absolute continuity (Theorem 2.1.3), we have to show that

t 1
/ / |Ds yu(t, z)|*dyds > 0 (2.94)
0 Jo

a.s. There exists an interval [a,b] C (0,1) and a stopping time 7 > 0 such
that o(u(s,y)) > ¢ > 0 for all y € [a,b] and 0 < s < 7. Then a sufficient
condition for (2.94) is

b
/ D, u(t,z)dy >0 foral 0<s<r, (2.95)

a.s. for some b > a. We will show (2.95) only for the case where s = 0. The
case where s > 0 can be treated by similar arguments, restricting the study
to the set {s < 7}. On the other hand, one can show using Kolmogorov’s
continuity criterion that the process {D;  u(t,z),s € [0,t],y € [0,1]} pos-
sesses a continuous version, and this implies that it suffices to consider the
case s = 0.

The process

b
U(t,x):/ Dy yu(t, x)dy

is the unique solution of the following linear stochastic parabolic equation:
b t ol
wta) = [ Glagotu@)ds+ [ [ Giule)Buyelspisdy
a 0 JO

+ / / Gis(,y)Sayo(s, )W (ds, dy). (2.96)

We are going to prove that the solution to this equation is strictly positive
at (t,x). By the comparison theorem for stochastic parabolic equations (see
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Exercise 2.4.5) it suffices to show the result when the initial condition is
01(qp], and by linearity we can take § = 1. Moreover, for any constant ¢ > 0
the process e“v(t, z) satisfies the same equation as v but with By, replaced
by B, + c. Hence, we can assume that B, , > 0, and by the comparison
theorem it suffices to prove the result with B = 0.

Suppose that a < 2 < 1 (the case where 0 < x < a would be treated by
similar arguments). Let d > 0 be such that 2 < b+ d < 1. We divide [0, ¢]
into m smaller intervals [%t, %], 1 < k < m. We also enlarge the interval
[a, b] at each stage k, until by stage k = m it covers [a, b + d]. Set

b 2

o= 1 inf inf inf G

= z)dz
2 m>11<k<m yela,bt 4] J, (v, 2)dz,

1
m

and note that o > 0. For k =1,2,...,m we define the set

kt
Ey = {U(m,y) > akl[a,b+%](y)»V?J € [o, 1}} :

We claim that for any § > 0 there exists mg > 1 such that if m > mg then

P(Egq|ExN---NEg) < (2.97)

9
m

for all 0 < k < m — 1. If this is true, then we obtain

P{v(t,z) >0} > P{o(t,y) > a™Lpra(y),Vy € [0,1]}
> P(Ep|Em_10--0E)
XP(Em_1|Em_2 N---N El) . P(El)
m

and since ¢ is arbitrary we get P{v(t,z) > 0} = 1. So it only remains to
check Eq. (2.97). We have for s € [£& 11

L kt
o(s,y) = / G (9, 2)o( L 2)dz
O m m

s 1
+ //Gs,g(y,z)Sg’zv(&z)W(d&dz).
+ Jo

Again by the comparison theorem (see Exercise 2.4.5) we deduce that on
the set E£1 N --- N Ey the following inequalities hold

v(s,y) > w(s,y) >0
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for all (s,y) € [, D] 5 [0,1], where w = {w(s, y), (s.y) € [, ]«

m m

[0,1]} is the solution to
1
w(s,y) = /G%(y,z)akl[a’wr%](z)dz
0
s 1
+ //Gs,g(y,z)Sg’zw(G,z)W(dQ,dz).
tk 0

Hence,

P(Egs1|E1N -0 Ey)

k4 1)t k+1)d
> p{u D ) > ety e o+ LD oy
On the set E}, and for y € [a,b+ (kﬂ)d] it holds that
b 2d
/ G+ (y,z)dz > 2a.
Thus, from (2.98) we obtain that
P(Eg+1|E1ﬂ~-~ﬂEk) <P sup |¢>k+1(y)|>a|E1ﬁ~-~ﬂEk

k d
y€[a b+ EEDI]

< aPE ( sup |Prr1(y)|P|E1N---N Ek> ,
y€(0,1]

for any p > 2, where

sl w(s,2)
(I)k+1(y): . o Gt(’“miJrl)_s(yvz)Ss,ZTW(d&dz)

Applying Burkholder’s inequality and taking into account that S; . is uni-
formly bounded we obtain

E(|Pry1(y1) = Prgr(y2)|P[EL N -+ N Ey)

<CE(‘/m/ s(y1,2) = Gs(y2, 2))%a 2"
(et e

Note that sup,., 2€[0,1], s€[2E, 10D | a2k E (w(s, 2)2E NN Ek) is
bounded by a constant not depending on m for all ¢ > 2. As a conse-

Elﬂ'-'ﬂEk->.
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quence, Holder’s inequality and Eq. (2.68) yield for p > 6

E(|Pr+1(y1) — Prra(y2)|P[EL N -+ N Ey)

£\ = z
¢ <> </ / |Gs(y1,2) = Gs (y2, Z)|3nd5dz>
m o Jo

p(1—n)

S Cm7%7|x—y\T,

where 2 Vv % < n < 1. Now from (A.11) we get

E| sup [Pri1(y)P|E1N---NE;| < Cmfi,
y€[0,1]

which concludes the proof of (2.97). O

FEzxercises

2.4.1 Prove Proposition 2.4.1.
Hint: Use the same method as in the proof of Proposition 1.3.11.

2.4.2Let {X,,z € Ri} be the two-parameter process solution to the linear
equation

X, =1 —|—/ aX,dW,.
[0,2]

Find the Wiener chaos expansion of X,.

2.4.3 Let o, 3 : Ri — R be two measurable and bounded functions. Let
[ :R% — R be the solution of the linear equation

f(z) = alz) + o ]ﬁ(r)f(r)dﬂ
Show that for any z = (s,t) we have

[f@)] < sup Ja(r)] Y (m)™2 sup |5(r)"(st)™.

re(0,z] m=0 re(0,z]

2.4.4 Prove Eqgs. (2.91) and (2.92).
1 lo—y|?

Hint: Tt suffices to consider the term 7t " in the series expansion
of G¢(x,y). Then, for the proof of (2.92) it is convenient to majorize by the
integral over [0,¢] x R and make the change of variables z = (z — y)¢,
s = (x —y)?n. For (2.91) use the change of variables s = hu and y = v/hz.

2.4.5 Consider the pair of parabolic stochastic partial differential equations

ot 9%l : i 0*W
5% = a2 + fi(u'(t,z))B(t,z) + g(u (t,x))G(t,x)m,

i=1,2,
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where f;, g are Lipschitz functions, and B and G are measurable, adapted,
and bounded random fields. The initial conditions are u'(0,z) = ¢,(x).
Then ¢, < ¢, (f1 < fo) implies u; < us.

Hint: Let {e;,i > 1} be a complete orthonormal system on L?([0,1]).
Projecting the above equations on the first IV vectors produces a stochastic
partial differential equation driven by the N independent Brownian motions
defined by

1
Wit) = / ei(x)W(t,dzx), i=1,...,N.
0
In this case we can use It6’s formula to get the inequality, and in the general

case one uses a limit argument (see Donati-Martin and Pardoux [83] for
the details).

2.4.6 Let u = {u(t,z),t € [0,T],z € [0,1]} be an adapted process such
that fOT fol E(u?,)dyds < co. Set

t 1
Zt,;c = / / Gt—s(l‘ay)us,ydWs,y
0 0

Show the following maximal inequality
E( sup |Zm|p)
0<t<T

T 1 t 1 5
< C’ZD,T/0 /0 E ((/0 /0 GtS(x,y)2(t—s)_2auiydyds> )dmdt,

1 3
Wher'e a < 1 and p > 5.
Hint: Write

sin

Zt,a: = =

o t 1 3
/ / Gia(,y)(t — 5)*~Ya ydyds,
0 0

where .
Yo = / / Gs—0(y,2)(s = 0) “ug,dWp,.,
o Jo

and apply Holder and Burholder’s inequalities.

Notes and comments

[2.1] The use of the integration-by-parts formula to deduce the exis-
tence and regularity of densities is one of the basic applications of the
Malliavin calculus, and it has been extensively developed in the litera-
ture. The starting point of these applications was the paper by Malliavin
[207] that exhibits a probabilistic proof of Hérmander’s theorem. Stroock
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[318], Bismut [38], Watanabe [343], and others, have further developed the
technique Malliavin introduced. The absolute continuity result stated in
Theorem 2.1.1 is based on Shigekawa’s paper [307].

Bouleau and Hirsch [46] introduced an alternative technique to deal with
the problem of the absolute continuity, and we described their approach
in Section 2.1.2. The method of Bouleau and Hirsch works in the more
general context of a Dirichlet form, and we refer to reference [47] for a
complete discussion of this generalization. The simple proof of Bouleau
and Hirsch criterion’s for absolute continuity in dimension one stated in
Theorem 2.1.3 is based on reference [266]. For another proof of a similar
criterion of absolute continuity, we refer to the note of Davydov [77].

The approach to the smoothness of the density based on the notion
of distribution on the Wiener space was developed by Watanabe [343] and
[144]. The main ingredient in this approach is the fact that the composition
of a Schwartz distribution with a nondegenerate random vector is well
defined as a distribution on the Wiener space (i.e., as an element of D).
Then we can interpret the density p(x) of a nondegenerate random vector
F as the expectation E[d,(F)], and from this representation we can deduce
that p(x) is infinitely differentiable.

The connected property of the topological support of the law of a smooth
random variable was first proved by Fang in [95]. For further works on the
properties on the positivity of the density of a random vector we refer to
[63]. On the other hand, general criterion on the positivity of the density
using technique of Malliavin calculus can be deduced (see [248]).

The fact that the supremum of a continuous process belongs to D2
(Proposition 2.1.10) has been proved in [261]. Another approach to the
differentiability of the supremum based on the derivative of Banach-valued
functionals is provided by Bouleau and Hirsch in [47]. The smoothness of
the density of the Wiener sheet’s supremum has been established in [107].
By a similar argument one can show that the supremum of the fractional
Brownian motion has a smooth density in (0, +00) (see [190]). In the case of
a Gaussian process parametrized by a compact metric space S, Ylvisaker
[352], [353] has proved by a direct argument that the supremum has a
bounded density provided the variance of the process is equal to 1. See also
[351, Theorem 2.1].

[2.2] The weak differentiabilility of solutions to stochastic differential
equations with smooth coeflicients can be proved by several arguments. In
[146] Tkeda and Watanabe use the approximation of the Wiener process by
means of polygonal paths. They obtain a sequence of finite-difference equa-
tions whose solutions are smooth functionals that converge to the diffusion
process in the topology of D*°. Stroock’s approach in [320] uses an iterative
family of Hilbert-valued stochastic differential equations. We have used the
Picard iteration scheme X, (¢). In order to show that the limit X (¢) be-
longs to the space D, it suffices to show the convergence in LP, for any
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p > 2, and the boundedness of the derivatives DV X,,(t) in LP(Q; H®V),
uniformly in n.

In the one-dimensional case, Doss [84] has proved that a stochastic differ-
ential equation can be solved path-wise — it can be reduced to an ordinary
differential equation (see Exercise 2.2.2). This implies that the solution in
this case is not only in the space DY'P but, assuming the coefficients are of
class C1(R), that it is Fréchet differentiable on the Wiener space Cy([0, 7).
In the multidimensional case the solution might not be a continuous func-
tional of the Wiener process. The simplest example of this situation is
Lévy’s area (cf. Watanabe [343]). However, it is possible to show, at least if
the coefficients have compact support (Ustiinel and Zakai [337]), that the
solution is H-continuously differentiable. The notion of H-continuous dif-
ferentiability will be introduced in Chapter 4 and it requires the existence
and continuity of the derivative along the directions of the Cameron-Martin
space.

[2.3] The proof of Hérmander’s theorem using probabilistic methods
was first done by Malliavin in [207]. Different approaches were developed
after Malliavin’s work. In [38] Bismut introduces a direct method for prov-
ing Hormander’s theorem, based on integration by parts on the Wiener
space. Stroock [319, 320] developed the Malliavin calculus in the context
of a symmetric diffusion semigroup, and a general criteria for regularity of
densities was provided by Tkeda and Watanabe [144, 343]. The proof we
present in this section has been inspired by the work of Norris [239]. The
main ingredient is an estimation for continuous semimartingales (Lemma
2.3.2), which was first proved by Stroock [320]. Ikeda and Watanabe [144]
prove Hormander’s theorem using the following estimate for the tail of the
variance of the Brownian motion:

P (/01 (Wt - /01 Wsds)2> dt < e) < \/iexp(—%e).

In [186] Kusuoka and Stroock derive Gaussian exponential bounds for
the density pt(zg,-) of the diffusion X;(xo) starting at 2o under hypoel-
lipticity conditions. In [166] Kohatsu-Higa introduced in the notion of
uniformly elliptic random vector and obtained Gaussian lower bound es-
timates for the density of a such a vector. The results are applied to the
solution to the stochastic heat equation. Further applications to the poten-
tial theory for two-parameter diffusions are given in [76].

Malliavin calculus can be applied to study the asymptotic behavior of the
fundamental solution to the heat equation (see Watanabe [344], Ben Arous,
Léandre [26], [27]). More generally, it can be used to analyze the asymptotic
behavior of the solution stochastic partial differential equations like the
stochastic heat equation (see [167]) and stochastic differential equations
with two parameters (see [168]).
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On the other hand, the stochastic calculus of variations can be used
to show hypoellipticity (existence of a smooth density) under conditions
that are strictly weaker than Hormander’s hypothesis. For instance, in [24]
the authors allow the Lie algebra condition to fail exponentially fast on a
submanifold of R™ of dimension less than m (see also [106]).

In addition to the case of a diffusion process, Malliavin calculus has been
applied to show the existence and smoothness of densities for different types
of Wiener functionals. In most of the cases analytical methods are not
available and the Malliavin calculus is a suitable approach. The following
are examples of this type of application:

(i) Bell and Mohammed [23] considered stochastic delay equations. The
asymptotic behaviour of the density of the solution when the variance
of the noise tends to zero is analized in [99].

(ii) Stochastic differential equations with coefficients depending on the
past of the solution have been analyzed by Kusuoka and Stroock
[187] and by Hirsch [134].

(iii) The smoothness of the density in a filtering problem has been dis-
cussed in Bismut and Michel [43], Chaleyat-Maurel and Michel [61],
and Kusuoka and Stroock [185]. The general problem of the exis-
tence and smoothness of conditional densities has been considered by
Nualart and Zakai [266].

(iv) The application of the Malliavin calculus to diffusion processes with
boundary conditions has been developed in the works of Bismut [40]
and Cattiaux [60].

(v) Existence and smoothness of the density for solutions to stochastic
differential equations, including a stochastic integral with respect to
a Poisson measure, have been considered by Bichteler and Jacod [36],
and by Bichteler et al. [35], among others.

(vi) Absolute continuity of probability laws in infinite-dimensional spaces
have been studied by Moulinier [232], Mazziotto and Millet [220], and
Ocone [271].

(vii) Stochastic Volterra equations have been considered by Rovira and
Sanz-Solé in [295].

Among other applications of the integration-by-parts formula on the
Wiener space, not related with smoothness of probability laws, we can
mention the following problems:

(i) time reversal of continuous stochastic processes (see Follmer [109],
Millet et al. [229], [230]),
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(ii) estimation of oscillatory integrals (see Ikeda and Shigekawa [143],
Moulinier [233], and Malliavin [209]),

(iii) approximation of local time of Brownian martingales by the normal-
ized number of crossings of the regularized process (see Nualart and
Wschebor [262]),

(iv) the relationship between the independence of two random variables
F and G on the Wiener space and the almost sure orthogonality of
their derivatives. This subject has been developed by Ustiinel and
Zakai [333], [334].

The Malliavin calculus leads to the development of the potential the-
ory on the Wiener space. The notion of ¢, , capacities and the associated
quasisure analysis were introduced by Malliavin in [208]. One of the basic
results of this theory is the regular disintegration of the Wiener measure
by means of the coarea measure on submanifolds of the Wiener space with
finite codimension (see Airault and Malliavin [3]). In [2] Airault studies
the differential geometry of the submanifold F' = ¢, where F' is a smooth
nondegenerate variable on the Wiener space.

[2.4] The Malliavin calculus is a helpful tool for analyzing the regularity
of probability distributions for solutions to stochastic integral equations
and stochastic partial differential equations. For instance, the case of the
solution {X(z),z € R2} of two-parameter stochastic differential equations
driven by the Brownian sheet, discussed in Section 2.4.1, has been studied
by Nualart and Sanz [256], [257]. Similar methods can be applied to the
analysis of the wave equation perturbed by a two-parameter white noise
(cf. Carmona and Nualart [59], and Léandre and Russo [194]).

The application of Malliavin calculus to the absolute continuity of the
solution to the heat equation perturbed by a space-time white noise has
been taken from Pardoux and Zhang [282]. The arguments used in the last
part of the proof of Theorem 2.4.4 are due to Mueller [234]. The smoothness
of the density in this example has been studied by Bally and Pardoux
[19]. As an application of the L? estimates of the density obtained by
means of Malliavin calculus (of the type exhibited in Exercise 2.1.5), Bally
et al. [18] prove the existence of a unique strong solution for the white
noise driven heat equation (2.84) when the coefficient b is measurable and
locally bounded, and satisfies a one-sided linear growth condition, while the
diffusion coefficient o does not vanish, has a locally Lipschitz derivative,
and satisfies a linear growth condition. Gyongy [130] has generalized this
result to the case where o is locally Lipschitz.

The smoothness of the density of the vector (u(t,z1), ..., u(t, x,)), where
u(t, x) is the solution of a two-dimensional non-linear stochastic wave equa-
tion driven by Gaussian noise that is white in time and correlated in the
space variable, has been derived in [231]. These equations were studied by
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Dalang and Frangos in [75]. The abolute continuity of the law and the
smoothness of the density for the three-dimensional non-linear stochastic
wave equation has been considered in [288] and [289], following an approach
to construct a solution for these equations developed by Dalang in [77].

The smoothness of the density of the projection onto a finite-dimensional
subspace of the solution at time ¢ > 0 of the two-dimensional Navier-
Stokes equation forced by a finite-dimensional Gaussian white noise has
been established by Mattingly and Pardoux in [219] (see also [132]).
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