Solutions for Chapter 2

Exercise 2.1.
(i) Jacobian determinant:

1/4 0 0
al‘i
det(a ):det 0 el4+et et—et| =1
o
‘ 0 et—et et+et

Inverse transformation:
a; = 4(E1
as = wo(e’ +e7 ) /4 — x3(e’ —e) /4
az = z3(e' +e7 ") /4 —za(ef —e7") /4

(ii) Eulerian displacements:

uy (21, 2, 23) = =311
ua(w1, 29, 73) = 19 — To(e’ + 7)) /4 — 23(e" —e7")/4
uz (w1, 29, 73) = 23 — v3(e" + 7)) /4 — 20(e" —7") /4

Lagrangian displacements:

ul(al,ag,ag) = 73@1/4
us(ay,az,az) = az(e’ +e ) +az(e —e ") —ay

us(ay, az,a3) = az(e’ +e ") +az(e’ —e™) — a3
Eulerian velocity components:

v1(21, 2, 3) =0
Vo (w1, T2, 3) = wa(e! —e ) /4 — x3(et + ) /4
v3(w1, T2, 3) = w3(e’ — 1) /4 — zo(e’ + ) /4

Lagrangian velocity components:

'Ul(Cll,ClQ,a3) = O
vo(ay, az,az) = az(e! —e ') +az(e’ +e7t)
=a

vs(a1, az,as) s(e —e ) +ag(e! +e7t)
(iii) Green-Lagrange strain tensor:

[~/ 0 0
Gij = 5 0 et +e 241 (el —e ) (1+eh)
0 (el—e)(1+et) eXre 241
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Linear Green—Cauchy strain tensor:

~3/2 0 0
€ij = 5 0 2(e+et) 2(et —et)
0 2(et—e7t) 2(et +e7)

Exercise 2.2.

Balance of moment of momentum:

D
Dt (priviein)dV = /(Pﬂﬁifj*fijk)dv+/(ijlinz€ijk)d5
7

14 S

For first term:

D D
Dy [ (privicijn) AV = [ (zivjein) 7 (pdV) + /(pijfijk)d‘/ +
\% 1%
Duv;
(pxiﬁaijk) dv

Duv;
(pxiﬁsijk) dv

S S S

D
because Ft(pdV) = 0 (mass conservation) and v;vje;;, = 0.
For third term:
oT;
/(ijlmlsijk)dS = /(Z‘iaTZZEijk + Tjigiji) AV
s v

Thus, the balance of moment of momentum becomes:

Duv; aTd
/xi(pD—tJ — o2, — pfj)é'ijk + Tjié‘ijk dV = /TjiEijk dV =0
1% 14

Dv;, 9T;
using the balance of momentum pﬁ? — ax’;

Thus, Tj;e;j, = 0 which means T;; = T;.

—pfj =0.

Exercise 2.3.

Not available



Exercise 2.4.

Partial integration gives:
3
/(3v' + 20" — sinz)pdz = (20'(3) + 1)¢(3)
1
using ¢(1) = 0.

Differential equation: 3v' 4+ 2v” = sinx

Boundary conditions: v(1) =4 and v'(3) = —1/2
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Solutions for Chapter 3

Exercise 3.1.

(i) Coordinate transformation:

2 2
x(fﬂ?):§<1+g—%> and y({,n):g<1_g+£)

(ii) Jacobian determinant:

J = det | TET | Z ey | VA3 E/8 /16
Ye Yn —3n/16 +3¢n/32  1/4 —3£/16 + 3¢2 /64

= (256 — 192¢ + 128n + 48¢> — 32° — 24&%n — 24&n* + 18¢°n?) /4096

Evaluation gives J = 0 for some (£, 7):

\
L 2 .

Mapping is not unique, grid lines intersect:

n=4

n=3

(iii) Stretching function:

(2/3)'7" -1

= sy

for i=0,...,4



Thus: sg =0, s = 8/65, so = 4/13, s3 =38/65, 54 = 1

(iv) Transformation formula:

Guw + yy = (adee — 2bdeyn + oy + dpe + edn) /J2
with
J = Teyn — TnYe
_ 2 2
a =T, + Yn

b= xexy, + yeyy
= oE + U

e}

e

= axge — 2bxey + cyy
B = ayee — 2byen + cymy
d = (xyf = yy) /J
e = (yeoo —xef) /J

Exercise 3.2.

Triangulation with advancing front method:




006
A A
eeé
eeé




Insertion of point by Bowyer-Watson method:







Solutions for Chapter 4

Exercise 4.1.

Midpoint rule:

/d)dx ~ (we - xw)¢P

Taylor:

Te B 2

/ [fbp + (z — xp)dp + (&= zp)” ;P) b+ Tyl de

3
Te — Ty

= (xe_xw)d)l:"i‘ % i:/""TH

Error: 5
7= (e 1;“’) b+ Ty

Trapezoidal rule:

Taylor:

Error:

Exercise 4.2.
Discrete equation for a CV:

—3(de — d) — 26, — 6,) = (e — 2 )2 cos(rap)
CV1: 11¢1 — 11¢3 = 36

CV2: —2¢1 + 17¢2 =0
Solution: ¢; = 204/55 and ¢o = 24/55
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Exercise 4.3.

a) Non-equidistant grid
For CV1:
5 —T T, —T
- (M) (yn—ys)—A< ’ 1) (e — @)

ITE — Zp YN — Yp

Ty —1Ts
Yp — Us

wa%ya+x( )@e<m>«%xw@n%>

= 1077 — 315 — 315 = 99.2656

For CV2:
Ty —T: Ty — T
—A(—‘* 2)<yn—ys)—A<—N 2><xc—xw)

TE — Tp YN —YpP
T, — Ty

— 25 (yn — ¥s) + A (yp —

) (Te — Tw) = q(Te — T ) (Yn — ¥s)

= =311 4+ 1615 — Ty = 93.4844

For CV3:
Ty — T
- (24ye—2y3><yn—ys)—x< . 3) (ze — Tw)
YN —yp
T3—T1> (Tg—TS)
+ A — n_s+>\ - Te — Tw) = q(Te — Tw n — Ys
(DY o0 +3 (22 o= ) = = )0~ )

= =37y +167T5/3 — Ty = 58.4010

For CV4:
T — T
- (24ye—2y§)(yn—ys)—k< a 4) (Te — Tw)
YN —Yp
T4—T2> (T4—T3>
+ N —= n—s+)\ Te = Tw) = (4(Te — Tw n — Us
(=) 00+ (22 o - ) =l = )0 — )

= =Ty —T3+4 6Ty = 52.5156

Equation system:

10 -3 -3 0] [N 99.2656
-3 16 0 —1||T»| |93.4844
-3 0 16/3 —1| [Ty | |58.4010

0 -1 -1 6 Ty 52.5156



Solution:

T T 75 Ty
Numerical 20.74 10.65 25.38 14.76
Analytic 18.88 10.59 22.16 13.88
Rel. error [%] 9.9 0.6 145 6.3

b) Solution for equidistant grid:

T Ty T3 Ty
Numerical 20.35 15.40 21.90 17.35
Analytic 19.50 14.00 21.00 15.50
Rel. error [%] 4.4 4.3 10.0 11.9

Exercise 4.4.

Not available

Exercise 4.5.

Not available

Exercise 4.6.

(i) Taylor series expansion:

0
= 6(3,0) Ay + (v — @)y 5 (3,0) + T
Leading error term:
(e — )2y 22 3,0)
Ye Yy y

First order for a # yo = 2, second order for a = y, = 2
(ii) Analytically: I = 6534/5 = 1306.8

Numerically: I ~ 864

Exercise 4.7.

(i) Simpson rule:
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2 2 2 2
I= 7/(COS my)dy + /(2 cosy)dy — /(14)dx+ /(2x4)dx
1 1 1 1
1

Q

6(_ cosm — 4 cos3m/2 — cos2m) +

2
E(COSW +4cosy3m/2 + cos2m) +

%(—1 —4(3/2)* —2%) + %(1 +4(3/2)* + 29

149/24 ~ 6.2083

Q

(ii) Gauf} integral theorem:

I= /(coswy+x4)dV
1%

Midpoint rule:

~ cos3m/2 + (3/2)* = 81/16 = 5.0625



Solutions for Chapter 5

Exercise 5.1.

Not available

Exercise 5.2.

a) Biquadratic parallelogram element:

Ni = (1 =81 —n)én/4

N§ = —(1-&)n(1—n)/2

N3 = =1+ —n)én/4

Ni =—-(1-8&1—n%)/2

Ny =(1-€)(1-n?)
(1-

N§ = (1L+8)¢(1 —n°)/2
N7 =—(1=81 +n)n/4
Ng = (1—=¢)n(1+n)/2
Ng = (1+&)(1+n)én/4

b) Cubic triangular element:

Not available

Exercise 5.4.

Element matrices and element load vectors (for i = 1,...,4):

N R e
2 -1 1] 241 2 0

Global system (without boundary conditions):

—14 11 0 0 0] [¢
LB 410 0 e
si| 0-13 4 11 0] os| =
0 0-13 —4 11| | ¢s
0 0 0-13 10| | o5

o O O O O

Global system after consideration of boundary condition ¢; = ¢(0) = 1:
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—4 11 0 0] [¢o 13
1 |-13 —4 11 0f |¢s 110

24 0-13 —4 11 on 2410
0 0-13 10 o5 0

Solution (analytic solution: ¢(x) = €®):

b2 ®3 b4 ®s5
Numerical 1.242 1.633 2.062 2.680
Analytic 1.284 1.649 2.117 2.718
Rel. error 3.4 1.0 2.6 14

Exercise 5.5.
Bilinear ansatz:
o(z,y) = a1 + asx + azy + asxy

Inserting nodal variables gives:

ay = ¢1

as = ¢2 — ¢1

az = ¢3/2 — ¢1/2

ay = ¢a/2 — $2/2 + ¢1/2.
Thus:

oz, y) = (1 —x—y/2+2y/2)p1 + (x — 2y /2) P2 + (y/2) 3 + (2y/2)da

Shape functions:

Ni(z,y) =1—z—y/2+ay/2
No(2,y) =z — zy/2
N3 (ZL’, y) y/2
Na(z,y) = 2y/2.

Exercise 5.6.

(i) Coincidence matrix:

Local Element

nodal variable 1 2 3 4

1 510 9 7

2 3 8 7 5

3 4 1 8 6

4 6 2 10 8
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(ii) b3 = [ [ 2y(6 — 22 — 3y + zy)dzdy = 7/9

)—‘"‘N
N—w

(i) Ss7 = S} +S% and by = bl + b

Exercise 5.7.

Element stiffness matrices and element load vectors:

4 —-1-2-1 1
Se:l -1 4-1-2 be — 1
6 |-2-1 4-1|" 1
-1-2-1 4 1
Coincidence matrix:
Local Element
nodal variable 1 2 3 4
1 1245
2 2356
3 5689
4 4578
Global matrix (without boundary conditions):
ERE Sk St ]
S31]852+571[ST2|  S3a S3s+ St 573
S| e %,
Si| Sia Sia+SH Siz+S%s S| St
S = | S31|S32+531(S32|S34+ 551 | Sas+ Sta+ 552+ 511 | Si3+ 512|954 | S35+ S1a| Sis
S5 |S3 S34+ 551 S35+ S5, S34 |S33
St Si Sii|  Sis
5% S32+Sh Sty |S34[S33+S14|Sis
I S31 S3a S3i |93 |

Load vector (without boundary conditions):
b = [bf, by + b7, b3, bi +bY, by +b] + b3 +bi, b3 + b3, b3, b3 + b, b3]"

Inserting values:
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0 -1 -2 0

8§ -1 -2 -2 -2

-1

4
-1

0
0
0 -1 -2

4 0 -2 -1
0

-1
-1 -2

0

-2
-2 -2 -2 -2 16 -2 -2 -2 -2

8

0 -2 -1

4
0 -2 =2 -2 -1

0

0 -2 8
0-1-2 0

0 -2 -1

0
0

-1

8
-1

0

0 -2 -1

1
6

S:

Boundary shape functions:

11—y

L) =
) =y

() =

5 (y) =

ty)=2-y

4
2

P(y) =

(y)

5(y) =

Boundary coincidence matrix:

Element

Local

1234
1346
4679

nodal variable

Boundary integral contributions:



0
2
/(12y —y* )Nz (y) dy
L 1
Modified load vector:
F1T F 1T
2 0
1 39
2 30
bir=|4|+—]0 =2
20 20
2 210
1 49
2 0
| 1] | 151 |

21
40
59
70
80
250
69
40

| 171

17

Considering the Dirichlet conditions Ty = T, = T3 = 20, 17 = 12, Ty = 6,

Ty = 12 gives:
82 0| | T4
-2 16 -2 Ts | =
0-2 8| |Ts

Solution: T, = 17.625, T, = 18, T, = 24.375

105
204
159
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Comparison:

Ty T5 Ts Relative error
Triangles 18.750 18.000 23.250 0.028
Quadrilaterals 17.625 18.000 24.375 0.014
Analytic 18.000 18.000 24.000

Exercise 5.9.

Residual:
R=5

2 2
Zci¢;($)‘| - [Z cwé’(w)} —da

Galerkin method:

1 2 2
/ [5 (Z cz-so;@c)) - (Z cm;’(m) —44 o5(@) do =0,
0 i=1

i=1

Weak form:
1 9 1 1
5Zci/<p2</>jdx+2q/<p2<p}dx—4/mwjdx=—%(0)
=1 =1 3

Equation system:

*901 - 402 =2

—201 — Cy = 0

Solution: ¢; = —2, ¢3 = 4. Thus: ¢(v) ~ 42? — 22 — 2
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Solutions for Chapter 6

Exercise 6.1.

Not available

Exercise 6.2.

Ansatz:

o(aist) = 3 or(H)Nela2)

k
Residual:
9Py, ON, 92N,
R = Z Nk+z¢k<ﬂvz ‘_aa—xg>_f

Z

Galerkin method:

Zwk / pN;.N; dV+ > o ( 8Nk o Ik ON; ) av
~=)

8331 ox;

k vv bV
—_———
¢ M S

:/fNj dV—|—/’yNj ds
\4

S

b
= M¢p+Sp=">
f-method:

M + (1 — 0)AtS]¢" ! = (M — 0ALS)p™ + (1 — )b" ! 4 ob™

Exercise 6.3.

Not available

Exercise 6.4.

Not available
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Exercise 6.5.

(i) Discrete system:

n+1 n+1 n+1
1-2At0 0 o2 e At sin(mt)
—tAtO 1 —\/tAtO oy At/t
1424t -204¢ 0 "o, ”+(1_@) Atsin(rt) |
AL —tALO 1+ VAL — VEALO by A/t

(ii) For ¢1 = ¢1(At) (not ¢2(At) as written in book!) with At = 2:
2sin(2m)
&)

25sin(0) ]

1-40 0 P
—46 1-2V260 | | ¢}

[ﬂ +(1-0)

5-40 0
0 1

0

Thus: ¢ = (10 — 80)/(1 — 40)



Solutions for Chapter 7

Exercise 7.1.

(i) GauB} elimination gives:

1 -1/4 0 b1 1/4
0 1 —4/15| |¢o| = |11/5
0o 0 1 b3 1

Backward substitution gives the solution: ¢1 = ¢ = ¢p3 =1

(ii) Eigenvalues of system matrix:

A =40 = Amax =4+ V2, A3 = Anin =4 — V2
Condition number: £ = Anax/Amin = (9 + 4v/2)/7
Jacobi method:

1 010
C=4(101], Amax = V2/4
010
GauB-Seidel method:
0 —1/4 0
C=10 1/16 1/4 | , Amax=1/8
0 1/64 1/16
SOR method with wepy = 16 — 41/14:
0 1/4 0
C= 1/4 0 1/4 5 Amale_wopt—’_wgpt/lG
0 1/4 0

(iif) Jacobi method: ¢* = [1/4,11/5,1]7, ...
GauB-Seidel method: ¢' = [3/4,11/32,107/128]T, ...
CG method: ¢ = [33/32,11/16,33/32]7, ...

Exercise 7.2.

(¢1,05) = (14/15,11/15), ¢} = 14/15,
(02, 93) = (224/225,221/225), 3 = 896/900, ...

21
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Exercise 7.3.

(i) LU decomposition:

1 0 0 0 0 0
-1/4 1 0 0 0 0
L_| 0 —4/15 1 0 0 0
0 0 —15/56 1 0 0
—1/4 —1/15 —1/56 —1/209 1 0
0 —4/15 —1/14 —4/209 —56/195 1 |
(4 -1 0 0 —1 0 ]
0 15/4 -1 0 —1/4 -1
U100 56/16 -1  —1/15  —4/15
0 0 0 209/56 —1/56 —1/14
0 0 0 0  780/109 —224/209
0 0 0 0 0 664/195 |

(ii) Not available

Exercise 7.4.

Not available
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Solutions for Chapter 8

Exercise 8.1.

Trucation error:

n __ 2¢n+1 + a¢n + b¢n71 o
= At _(d)) -
b
- “%W + (1= 0)(¢)" + [AH(L +b/2)](¢")" + O(AF)

Scheme is consistent if:

24+a+b=0
1-6=0

Thus: a = -3 and b=1
Leading term in truncation error in this case: 7" = 3At(¢")" /2.
Exercise 8.2.

Not available

Exercise 8.3.

All coefficients positive if —1 < « < 1, otherwise scheme might be unstable.

Exercise 8.4.

Not available

Exercise 8.5.

Not available

Exercise 8.6.

(i) CDS2/CDS2 approximation:

GOt =P Piv1 — 2¢i + dia
r 2Ax Ax?

Inserting ¢; = b’ yields:

b (b —1) [prAz(b+1) — 2a(b—1)] =0
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Non-trivial solution: b = (1 + 0)/(1 — o) with o = (pvAz)/(2a)
From Boundary conditions:

1
Cl = and 02 = —01

} 11 o\ N
1—0

) <1+0)i
(j).CDS: l1—0

(1 >N+1
17
l1—0c

Insbesondere bedeutet das, da’s fr « — 0 = Ax |

Solution:

1—(~1)
lim  ¢; = ﬁ = alternierend um 0

Ax=const.

UDS/CDS2 approximation:
i — Pi—1 a¢i+1 — 2¢; + ¢i—1

PO A Ax? =0
b=pvAz/a+1=20+1
1
C and Oy =-C;

T I-(1+20)NH

Solution:

T 1-(1+20)NH
Da o = pvAz/a im betrachteten Fall (u > 0) per Definition immer pos-
itiv ist, kommt es zu keinen Oszillationen von ¢;. Ein Alternieren ist nicht
m” oglich.
(ii) Analytic solution of continuous problem:

HUDS 1—(1+20)

1— epvw/a
o) = T gmia
¢SPS alternates if ¢ > 1, i.e., Ar > 2a/pv d.h. f'ur jedes Verh”altnis von
Konvektion zu Diffusion u/a mu”s Az so abgesch”atzt werden, da”s es nicht

zu gro”s wird.

Exercise 8.7.
Itis|—1+al=|1—q for all a.

Thus, sufficient condition for boundedness: |1 — 2a > |5a, i.e.,, 0 < a < 1/7



Exercise 8.8.

(i) Taylor series expansion:

= $(3,0)Ay + (o — a) Ay Z—j(s, o)+ Th

Leading error term:

9
Ay
First order for o # y. = 2, second order for @ = yo = 2

(ii) Analytically: I = 6534/5 = 1306.8

(e —a)Ay —-(3, @)
Numerically: I ~ 864

Exercise 8.9.

(i) Not conservative for a # 1+ 3
(i) Bounded for |a| > 5+ ||

Exercise 8.10.

Order: p p
op _ Ph T P20 e o oy
b2n — Pn P
Grid independent solution:
_ n — d2n _
b=0nt+ oy = ¢=276

Exercise 8.11.

For all grids:

¢ ¢ ¢ ¢ _
(a) 55, — <8> 55, + (ay) 55, — <8y>n55n _0

Grid 1: (

H
o
c ]

25
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System matrix and Gauf-Seidel iteration matrix:

97/12 —3/4 0 0 0.09278 0
A=|-3/4 65/6 —3/4| and C= |0 0.00642 0.06923
0 —3/4 97/12 0 0.00059 0.00642

Grid 2:

-

LI

System matrix and Gauf3-Seidel iteration matrix:

247/9 -9 0 0 0.32793 0
A= -9 166/9 -9 and C= |0 0.16001 0.48795
0 -9 247/9 0 0.00437 0.01333

L

System matrix and Gauf-Seidel iteration matrix:

XN

7 -1 0 0 0.14285 0
A=]-1 6 -1 and C= |0 0.02380 0.16666
0 -1 7 0 0.00340 0.02380

Eigenvalues of system matrix, condition number, and spectral radius of Gauf3-
Seidel iteration matrix:
A1 A2 A3 K Amax
Grid 1: 11.16 8.083 7.75 1.44 0.01156
Grid 2: 36.444 27.444 9.4444 3.859 0.32
Grid 3: 8 7 5 1.6 0.04762




Convergence of Gauf3-Seidel method:

Norm of qDexakt_q)iter

10

10

10

-10

-15

GO Grid1

| | |

|

Goei2 ——
&> Grid 3 D:D

| |

[
0 1 2 3 4 5 6 7 8
Number of Iteration

9

10 11

14

27
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Solutions for Chapter 9

Exercise 9.1.

Not available

Exercise 9.2.

Not available

Exercise 9.3.

N =(1-80 —n)(1—2§—2n)
N5 = —£(1—n)(1—2¢—2n)

N§ =¢&n(3 —2¢ —2n)

Ni = -—n(1—&(1—2§—2n)

NS =461 -1 —n)

N§ =4&n(1 —n)

N7 =48n(1-¢)

Ng =461 -¢&(1 —n)

Exercise 9.4.

Not available



Solutions for Chapter 10

Exercise 10.1.

Not available

Exercise 10.2.

Not available

29
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Solutions for Chapter 12

Exercise 12.1.

For all control volumes:

Wit — Ug U — Ui

Az Az

= fAx

Discrete system with 2 CVs (coarse grid):

AR

Discrete system with 4 CVs (fine grid):

3-1 0 0] [w -2
-1 2-1 0| |us| |-2
0-1 2-1| |us| |-2
0 0-1-1] |us 0

Damped Jacobi method:

uftl = o — 1AE,l (Auk — b)
2 S——

rk
On fine grid:
10 42 3 115
~10 —38 ~05 15
0 _ 0 _ 1_ 1_
h | ™ a2 T o5 Th ~15
~10 —20 0 —0.5

Coarse grid equation:
Aspesn, =1y, starting value: egh =0
Restriction:
(ron)y = (rflt)1 + (rill)l =-10
(ron)y = (r}z)g + (rllz)4 = —2
After one damped Jacobi smoothing iteration:

1 —1.6667
€ap = 1



Interpolation of corrections:

(€n), = 0.5 (e3), +0.5A (e}),), = —0.8333
(€n)y = 0.75 (G%h)l +0.25A (e%h)Q =15
(€n)3 = 0.25 (e3,), + 0.75A (e3;),, = —1.1667
(€n), = 0.5 (e3,), +0.5A (e3,), = —0.5

with boundary value (e%h)b =0
Correction on fine grid:
1 = 3 —0.8333= 2.1667

(u)
(u})y = —0.5 — 1.5= —2

(u}); = —0.5 — 1.6667= —1.6667
(up)

and so on.

Residuals for single grid and multigrid methods:

1

10

G—© SG - 1iteration
J+—+£1 SG - 5iterations
&—<> SG - 10 iterations

G—© MG - 1 iteration
G—+F] MG - 5 iterations
&—< MG - 10 iterations

100

Absolute residual

107

1 2 3 4
CV number

31
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Iteration numbers for different grid sizes with single grid and multigrid me-
thods with different numbers of grid levels:

N SG 2G 3G 4g 59 69 79 89 99 10g | FMG | MSG

2 105 105 105
4 480 87 74 435
8 2146 404 86 700 1877
16 9014 1744 392 88 61| 7588
32 36647 7208 1665 400 91 69 29620
64 || 146618 29078/ 6818 1670 411 95 69| 113477
128 | 581886 115887 27381 6765 1712 424 99 68| 429904
256 || >10E6 458988 108864 26952 6899 1761 436 102 66/ >10E4
512 || >10E6 >10E6| 430620 106586 27314/ 7095 1812 449 106 61| >10E6
1024 >10E6| >10E4 >10E6| 420219 107201| 28068 7304 1863 461 109 61 >10E4

Exercise 12.2.

Not available
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