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Extremal Principle in Variational Analysis

It is well known that the convex separation principle plays a fundamental role
in many aspects of nonlinear analysis, optimization, and their applications.
Actually the whole convex analysis revolves around using separation theorems
for convex sets. In problems with nonconvex data separation theorems are ap-
plied to convex approximations. This is a conventional way to derive necessary
optimality conditions in constrained optimization: first build tangential con-
vex approximations of the problem data around an optimal solution in primal
spaces and then apply convex separation theorems to get supporting elements
in dual spaces (Lagrange multipliers, adjoint arcs, prices, etc.). For problems
of nonsmooth optimization this approach inevitably leads to the usage of con-
vex sets of normals and subgradients, whose calculus is also based on convex
separation theorems.

This chapter is devoted to another principle in variational analysis, called
the extremal principle, which can be viewed as a variational counterpart of
the convex separation principle in nonconvex settings. The extremal principle
provides necessary conditions for local extremal points of set systems in terms
of generalized normals to nonconvex sets with no use of tangential approxi-
mations and convex separation. It is the base for subsequent applications in
this book to nonconvex calculus, optimization, and related topics.

We mainly consider three versions of the extremal principle in Banach
spaces formulated, respectively, in terms of e-normals, Fréchet normals, and
basic normals from Chap. 1. It will be shown, by direct variational arguments
and the method of separable reduction, that the class of Asplund spaces is the
most suitable framework for the validity and applications of these results. We
also establish relationships between the extremal principle and other basic
results in variational analysis, obtain a number of variational characteriza-
tions of Asplund spaces in terms of the normal and subgradient constructions
studied above, and derive their simplified representations important in what
follows. Finally, we discuss some abstract versions of the extremal principle
in terms of axiomatically defined normal and subdifferential structures in ap-
propriate Banach spaces.
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172 2 Extremal Principle in Variational Analysis
2.1 Set Extremality and Nonconvex Separation

In this section we introduce a general concept of set extremality and study
its relationships with conventional notions of optimal solutions in constrained
optimization and separation of sets. We formulate three basic versions of the
extremal principle and prove the strongest one in finite-dimensional spaces.
As usual, our standard framework is Banach spaces unless otherwise stated.

2.1.1 Extremal Systems of Sets

We start with the definition of extremal systems of sets that may belong to
linear topological spaces.

Definition 2.1 (local extremality of set systems). Let §2,...,£2, be
nonempty subsets of a space X for n > 2, and let x be a common point of
these sets. We say that X is a LOCAL EXTREMAL POINT of the set system
{81, ..., 82,} if there are sequences {ay} C X, i =1,...,n, and a neighbor-
hood U of x such that a;; — 0 as k — oo and

ﬁ (.Qi —a,-k) NU =10 for all large k € IN .
i=1

In this case {21, ..., §2,,x} is said to be an EXTREMAL SYSTEM in X.

Loosely speaking, the local extremality of sets at a common point means
that they can be locally “pushed apart” by a small perturbation (translation)
of even one of them. For n = 2 the local extremality of {£21, £22, X} can be
equivalently described as follows: there exists a neighborhood U of x such that
for any & > 0 there is a € B with (221 +a) N 22 NU = (). Note that the
condition £21 N 22 = {X} doesn’t necessary imply that ¥ is a local extremal
point of {£21, £25}. A simple example is given by §2; := {(v,v)| v € R} and
25 :={(v, —v)| v € R}.

It is clear that every boundary point x of a closed set £2 is a local extremal
point of the pair {2, x}. In general, this geometric concept of extremality
covers conventional notions of optimal solutions to various problems of scalar
and vector optimization. In particular, let X be a local solution to the following
problem of constrained optimization:

minimize @(x) subject to x € 2 C X .

Then one can easily check that (x, ¢(x)) is a local extremal point of the set
system {£21, 25} in X x IR with £ = epig and 29 = 2 x {¢(x)}. Indeed,
we satisfy the requirements of Definition 2.1 with ay, = (0, vi), ag = 0, and
U = O x IR, where v; T 0 and where O is a neighborhood of the local minimizer
X. In the subsequent parts of the book the reader will find many other examples
of extremal systems in problems related to optimization, variational principles,
generalized differential calculus, and applications to welfare economics.
The next simple property of extremal systems is useful in what follows.
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Proposition 2.2 (interiors of sets in extremal systems). For every ex-
tremal system {§21,...,82,,X} in X one has

(int2)N...N(nt L2, 1)NL,NU=0, (2.1)
where U is a neighborhood of the local extremal point x.

Proof. Assuming the contrary, pick any point x from the intersection in (2.1)

and take arbitrary sequences a;; — 0,7 =1,...,n,in X. Since x € int 2; NU
fori =1,...,n—1,wehave x—a,; € U and x+a;;—a,, € 2; fori =1,...,n—1
and k € IN large enough. Thus x —ay; € (2; —ay)NU foralli =1,...,n
and large k, which contradicts the set extremality. A

Now we establish relationships between the concept of set extremality from
Definition 2.1 and the conventional separation property for a finite number of
sets that may be nonconvex. Recall that sets £2; C X,i =1, ..., n, are said to
be separated if there exist vectors x € X*, not equal to zero simultaneously,
and numbers «; such that

(x,x) <o forall xe2;, i=1,...,n,

Xf++)€::0, Ol1+-.-+an§0-

Note that if the sets §2; are separated and have a common point, then the last
condition must hold as equality.

Proposition 2.3 (extremality and separation). Let £21,..., £, (n > 2)
be subsets of X that have at least one common point. The following hold:

(1) If these sets are separated, then the system {$21, ..., §2,, X} is extremal
for every common point X of these sets.

(ii) The converse is true if all §2; are conver and int 2; # O fori =
1,...,n—1.

Proof. Assume that £2; are separated with x;7 # 0, which doesn’t restrict the
generality. Pick any a € X with (x},a) > 0 and put a4 := a/k for all k € IN.
Let us show that

Qlﬁ...ﬁﬂn_lﬂ(ﬂn—ak)zw, ke N,

which obviously implies the extremality of {£21, ..., £2,, x} for every common
point Xx. Assuming the contrary and taking any x from the latter intersection,
one has by the separation property that

(x'x)<oa, i=1,...,n—1, and {(x;,x+a) <o, keN.

Summing up, we arrive at a3 + ... + o, > %(x;,a) > 0, a contradiction.

Thus (i) holds. The converse assertion (ii) follows from Proposition 2.2 and
the separation theorem for convex sets. A
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Note that, for convez sets in finite dimensions, Proposition 2.3(ii) holds
with no interiority assumption on £2;, i = 1,...,n — 1. This follows from the
extremal principle established below in Theorem 2.8. Hence for dim X < oo
the extremality and separation of conver sets are unconditionally equivalent.
One will also see that the extremal principle allows us to relax interiority
assumptions on convex sets §2;, i = 1,...,n — 1, ensuring the validity of
Proposition 2.3(ii) in infinite dimensions.

Corollary 2.4 (extremality criterion for convex sets). Let £2;, i =
1,...,n, be convex sets in X having at least one point in common. Assume
that int $2; # 0 fori = 1,...,n — 1. Then condition (2.1) with U = X 1is
necessary and sufficient for extremality of the system {821, ..., §2,, X}, where
X is any common point of these sets.

Proof. Follows from Propositions 2.2 and 2.3(i), since condition (2.1) en-
sures the separation (and hence extremality) property of n convex sets with
nonempty interiors of all but one of them. A

Note that the convexity of £2; is essential for the extremality criterion in
Corollary 2.4. A counterexample is provided by the sets

27 = Riuﬂ?%, 29 1= {(xl,x2)| x1 <0, x9 > O}U{(xl,x2)| x120,x2 < 0} .

2.1.2 Versions of the Extremal Principle
and Supporting Properties

In this subsection we define three basic versions of the extremal principle in
Banach spaces and show that they can be treated as a kind of local separation
of nonconvex sets around extremal points. We also discuss their relationships
with supporting properties of nonconvex sets expressed in terms of generalized
normals from Definition 1.1.

Definition 2.5 (versions of the extremal principle). Let {$24, ..., £2,, X}
be an extremal system in X. We say that:

(1) {£21, ..., 2, x} satisfies the e-EXTREMAL PRINCIPLE if for every e > 0
there are x; € $2; N (X + ¢IB) and x € X* such that

x* e N(xi:82), i=1,....n, (2.2)
P+ +xr =0, |x+...Flxi =1 (2.3)
(ii) {£21,..., $2,, X} satisfies the APPROXIMATE EXTREMAL PRINCIPLE if

for every e > 0 there are x; € £2; N (x + ¢IB) and
x € N(xi; Q) +eB*, i=1,....n, (2.4)

such that (2.3) holds.
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(iii) {£21,..., $2,, x} satisfies the EXACT EXTREMAL PRINCIPLE if there
are basic normals
x'€N(x;82), i=1...,n, (2.5)

such that (2.3) holds.

We say that the corresponding version of the extremal principle holds IN the
space X if it holds for every extremal system {$21,...,82,,x} in X, where all
the sets §2; are (locally) closed around x.

It is clear that the number 1 in the nontriviality condition of (2.3) can
be replaced with any other positive number, which should be independent
of & in versions (i) and (ii). Note that & in “s-extremal principle” is just
a part of the notation (and not a subject to change unlike anywhere else),
which emphasizes the difference between (2.2) and (2.4). Since one always
has N(x; ) + eB* C N,(x;), the s-extremal principle follows from the
approximate extremal principle for any extremal system in a Banach space X.
We’ll see below that these two versions of the extremal principle are actually
equivalent if they apply to every extremal system in X.

Thus the relations of the extremal principle provide necessary conditions
for local extremal points of set systems and can be viewed as generalized Euler
equations in an abstract geometric setting. They also can be treated as proper
variational counterparts of local separation for nonconvex sets. To see this, we
first consider the exact extremal principle for two sets. Then (2.3) and (2.5)
reduce to: there is x* € X* with

0#x* GN(X;.Ql)O(—N()?;.Qg)) . (2.6)
When both §£2; and §2 are convez, (2.6) means
(x*,u1) < {x*,ug) forall u; € 2, and us € 29,

which is exactly the classical separation property for two convex sets. Simi-
larly, relations (2.3) and (2.5) for n convex sets (n > 2) give the conventional
separation property considered in the preceding subsection.

Note that, in contrast to the classical separation, the extremal principle
applies only to local extremal points of set systems. As shown in Proposi-
tion 2.3, it is always the case for every common point of sets separated in
the classical sense. Therefore, any sufficient condition for convex separation
implies set extremality. The above discussion allows us to view the extremal
principle as a local variational extension of the classical separation to non-
convex sets. It is important to emphasize that in many situations occurring
in applications, even in the case of convex sets, the local extremality of points
in question can be checked automatically from the problem statement, and
we don’t need to care about any interiority-like conditions, etc. This supports
a variational approach to such problems (which may be not of a variational
nature) based on the extremal principle; see below.
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Considering “fuzzy” versions (i) and (ii) of the extremal principle for sys-
tems of two sets, we reduce them to the following relations: for every ¢ > 0
there are x; € 2, N (X +eB), i = 1,2, and x* € X* with ||x*|| = 1 such that,
respectively, R

&

x*e I\A/€(x1;[21) N (= Ne(x2;22)) .
x*e (1/\7()61;91) +8B*) n ( - ]/\}(XQ;QQ) +8B*) .

For convex sets they coincide, due to Proposition 1.3, and provide an approz-
imate separation of 21 and §23 near x. Likewise, relations (2.2)—(2.4) of the
extremal principle in the general case under consideration can be viewed as a
local variational counterpart of the approximate local separation for noncon-
vex sets.

Next let us consider a special case of extremal systems generated by bound-
ary points x of locally closed sets 2 C X, i.e., extremal systems of the type
{£2,{x},x} in the notation of Definition 2.1. Then the exact extremal prin-
ciple gives the nontriviality property for the basic normal cone:

N(x;2) # {0} if and only if ¥ € bd 2 . (2.7)

Note that the “only if” part follows immediately from Definition 1.1 for any
closed set 2 C X, and the “if” part is an easy consequence of the exact
extremal principle whenever it holds in X. When £2 is convex, condition (2.7)
reduces to the classical supporting hyperplane theorem; so in general (2.7) can
be viewed as a local extension of this result to nonconvex sets. Applying the
other versions of the extremal principle, we get some approximate supporting
properties of nonconvex sets in terms of e-normals and Fréchet normals at
points near x.

Proposition 2.6 (approximate supporting properties of nonconvex
sets). Given a proper closed set 2 C X and a point X € bd §2, one has the
following:

(i) If the e-extremal principle holds for {$2,{x},x}, then whenever & > 0
and M > & there is x € B.(x) Nbd 2 such that N,(x; )\ MIB* # ().

(ii) If the approximate extremal principle holds for {.Q, {i},f}, then for
every & > 0 there is x € B.(X) Nbd 2 such that N(x;$2) # {0}.

Therefore, the validity of the approximate extremal principle (the e-extremal
principle) in X implies, respectively, the density of the set

{x c bd.Q‘ N(x; 2) # {0}} (2.8)
for every proper closed subset 2 C X, and the set
{x de.Q’ Ne(x; @)\ MIB" # 0} (2.9)

for every proper closed subset 2 C X, every ¢ > 0, and every M > ¢.
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Proof. Assertion (i) for 0 < M < 1/2 follows immediately from Defini-
tion 2.5(1) with n = 2, 2, = 2, and £, = {x}. Let us prove it for any
M > ¢. Fix arbitrary ¢ > 0 and M > 1/2 and employ the relations of the
g-extremal principle to {£2, {x}, ¥} with & := ¢/(2M +1). We find x € £2 and
X* € X* satisfying

lx — x| <& <e, & € No(x;2), and ||*] =1/2,

which implies that x € bd §2. Then putting x* := (2M + 1)i* and using the
definition of e-normals (1.2), we get

* _ Xt —
lim sup Fhu—x) = (2M + 1)lirnsupM <@2M+1E=¢,
W B [Ju — x| W B [Ju — x|

ie., x* € No(x; ) with |[x*|| = (2M +1)/2 > M. This gives (i).

To prove (ii), we use the approximate extremal principle for {.Q, {x},x }
with & € (0,1/2). In this way we find x € B,(x) N £2 and x* € N(x; 2) +¢B*
with [x*|| = 1/2. The latter yields x € bd £ and N(x; 2) # {0}. A

If 22 is convez, then (2.8) describes the set of support points to 2. Hence
the approximate extremal principle in a Banach space X implies the density
of support points to every closed convex subset of X, which is the contents of
the celebrated Bishop-Phelps theorem (see Theorem 3.18 in Phelps [1073]).

A natural question arises about the reverse implications in Proposition 2.6,
i.e., about the possibility to derive relations of the approximate extremal prin-
ciple (resp. the e-extremal principle) from the density of sets (2.8) and (2.9)
for every proper closed subset of X. To explore this way, let us fix an extremal
system {21, §£29, X} and observe that the local extremality of X € £2; N £29
implies that 0 € bd (£2; — £22). Hence one can apply the mentioned density
results to the set 21 — £25 around the origin if £21 — 25 is assumed to be closed.
For simplicity let us consider the case of (2.8) and find x; € £2;, i = 1, 2, such
that

~

N()C1 —)CQ;.Ql — .QQ) 75 {0} and ||X1 —)CQ” S e .
Taking x* € N(x; — xo; 21 — £25) with [x*|| = 1/2, we have from (1.2) that

lim sup o u— (= %))

-9 [l = (x1 = x2)|
u — X1—Xx2

<0.

Now putting u = v — x9, v € £ and then u = x; — v, v € £29, one gets
x* € N(x1 : £21) and —x* € N(x2;£2,). In this way we arrive at all the rela-
tions of the approximate extremal principle except that x; € x +e¢IB*,i =1, 2.
Thus we cannot obtain the reverse statements in Proposition 2.6 using the
reduction of local extremal points to the boundary of £2; — §£25. Moreover, the
above arguments actually provide characterizations of the supporting proper-
ties N (x; 2)\ MIB* # () and N(x; 2) # {0} in terms of relations (2.2)~(2.4),
which don’t involve extremal points and their small perturbations.
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Proposition 2.7 (characterizations of supporting properties). Given
a Banach space X and numbers e > 0 and M > ¢, the following properties are
equivalent:

(a) For every proper closed set 2 C X there exists x € bd 2 satisfying
Ne(x; 2) \ MIB* # (), which corresponds to N(x;2) # {0} if & = 0.

(b) Let £21 and 25 be arbitrary subsets of X such that 21 — §25 is proper
and closed around the origin. Then there are x1 € §21 and xo € §25 satisfying

0 € (Ne(x1;21) \ MIB*) + Ne(x2; 22) .

Proof. To establish (a)=(b), we take 2 := £2; — £, in (a) and use the
above arguments for x; — xo € 21 — 25 and x* € ]Vs(xl — Xo; £21 — £25) with
|x*|] > M > & > 0. Implication (b)=-(a) is proved similarly to Proposition 2.6
putting £2; := £ and §2 := {x}, where x is a fixed boundary point of 2. A

2.1.3 Extremal Principle in Finite Dimensions

In this subsection we give a direct proof of the exact extremal principle in
finite-dimensional spaces. The proof is based on the method of metric approz-
imations, which provides an efficient approximation of extremal set systems
by families of smooth problems of unconstrained optimization. Without loss of
generality we use the Euclidean norm on X.

Theorem 2.8 (exact extremal principle in finite dimensions). The
exact extremal principle holds in any space X with dim X < oo.

Proof. Let x be a local extremal point of the set system {£21, ..., §2,}, where
all the sets £2; are closed around x. Take sequences {a;;} and a neighborhood
U from Definition 2.1 and assume without loss of generality that U = X.
For each k = 1,2,... we consider the following problem of unconstrained
minimization:
" 1/2
minimize di(x) = [ZdistQ(x + ajx; $2;) +lx — x|, xeX. (2.10)
i=1

Since the function dj is continuous and its level sets are bounded, there is an
optimal solution x; to (2.10) by the classical Weierstrass theorem. Due to the
local extremality of x one has

; 1/2
o = [ZdistQ(xk + aj; 9,)1 >0.
i=1

Taking into account that x; is an optimal solution to (2.10), we get
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u 1/2
di(xx) = o + [k — x> < [Zdiklﬂ 10,
i=1

which implies that x; — x and «; | 0 as k — oo.

Now let us arbitrarily pick wix € IT(xg + ai; §2;) for i =1, ..., n (the best
approximations to x; + a;; in the closed set £2;) and consider the problem:
1/2

+ |lx — x2 (2.11)

n
minimize pg(x) := [Z l[x + an — wie]|?
i=1

that obviously has the same optimal solution x; as (2.10). Since o > 0 and
the norm | - || is Euclidean, px(x) is continuously differentiable around x;.
Thus (2.11) is a smooth problem of unconstrained minimization. Employing
the classical Fermat rule in (2.11), we get

Vou(x) = xj+2(x — %) =0, (2.12)
i=1

where x/, = (x¢ +aiw — wi)/ax, i = 1,...,n, with
el 4o ol =1

Taking into account the compactness of the unit sphere in finite dimen-
sions, we find vectors x/ € X = X*,i =1, ..., n, satisfying the normalization
condition in (2.3) and such that x/, — x as k — oo. Passing to the limit
in (2.12), one gets the first condition in (2.3) as well. It follows from rep-
resentation (1.9) of basic normals in Theorem 1.6 that x/ € N(x;$2;) for
alli = 1,...,n. This completes the proof of the exact extremal principle in
finite-dimensional spaces. A

Corollary 2.9 (nontriviality of basic normals in finite dimensions).
Let dim X < oco. Then the nontriviality property (2.7) holds for basic normals
to every proper closed set 2 C X.

Proof. Follows from the extremal principle as discussed above. It can also be
proved directly by using the definition of boundary points and representation
(1.9) in Theorem 1.6. A

The proof of the exact extremal principle given in Theorem 2.8 is es-
sentially based on the geometry of finite-dimensional spaces. Namely, it uses
the compactness of the closed unit ball and the unit sphere as well as varia-
tional properties of the Fuclidean norm that have been also exploited above
for representation (1.9) of the basic normal cone. An important feature of
finite-dimensional spaces is that they always admit a smooth renorm (by the
Euclidean norm) differentiable away from the origin.
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In the next section we justify, based on wvariational arguments, all the
three versions of the extremal principle formulated above for a broad class of
infinite-dimensional spaces that possess remarkable geometric properties not
related to the Euclidean norm.

2.2 Extremal Principle in Asplund Spaces

The results of this section play a crucial role for the whole subsequent mate-
rial of the book. We start with a direct variational proof of the approximate
extremal principle in spaces admitting a Fréchet smooth renorm, which form a
special subclass of Asplund spaces. Then we develop the method of separable
reduction for Fréchet-like normals and subgradients that allows us to reduce
certain problems involving such constructions in nonseparable Banach spaces
to separable ones. This method is particularly helpful for the class of Asplund
spaces, where every separable subspace admits a Fréchet smooth renorm. In
such a way we prove the extremal principle in Asplund spaces (in both ap-
proximate and exact forms) and then establish variational characterizations
of this class of Banach spaces.

2.2.1 Approximate Extremal Principle in Smooth Banach Spaces

In this subsection we pay the main attention to the proof of the approximate
extremal principle in Banach spaces that admit Fréchet smooth renorming,
i.e., an equivalent norm Fréchet differentiable at any nonzero point. It is well
known that this class includes every reflexive Banach space; see, e.g., Diestel
[332]. Since the prenormal cone N is invariant with respect to equivalent norms
on X, we don’t restrict the generality by assuming that || - || is such a smooth
norm on X.

Theorem 2.10 (approximate extremal principle in Fréchet smooth
spaces). The approzimate extremal principle holds in any space X admitting
a Fréchet smooth renorm.

Proof. We first prove the theorem for the case of two sets and then obtain
the general statement by induction. Let X € §£21 N §25 be a local extremal point
of some sets §2; closed around xX. We have a neighborhood U of x such that
for any & > 0 there is a € X with [ja|| < &*/2 and (21 +a) N2, NU = ).
Assume for simplicity that U = X and also that ¢ < 1/2. Then considering
the function

©(z) = ||lx1 —x2+a| for z=(x1,x) € X x X,

we conclude that ¢(z) > 0 on §£21 X £25, and hence ¢ is Fréchet differentiable
at any point z € §£2; X £22. In what follows we use the product norm ||z| :=
(Jlx1|I*+]x2[|?)1/2 that is obviously Fréchet differentiable away from the origin
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in X x X. Observe the link between the above function ¢ and the distance
function (2.10) used in the proof of the extremal principle in finite dimensions.
In contrast to the finite-dimensional proof of Theorem 2.8, now we cannot use
the compactness of the unit ball and the Weierstrass existence theorem, which
are replaced below by variational arguments based on the completeness of X
and then on the smoothness of the norm.

To proceed, we take zg := (X, X) and form the set

W(z0) = {z € 21 x 22| 9(2) +ellz — 20/*/2 < 0(20) }
that is nonempty and closed. Moreover, for each z € W(zp) one has
I = %[* + [lx2 — %|1* < 20(z0) /e = 2lla| /e < &

which implies that W(zg) C Be(X) x B¢(X). Next let us inductively define
sequences of vectors z; € £21 X 25 and nonempty closed sets W(z;), k € IN,
as follows. Given z; and W(zx), k =0, 1, ..., we select zx11 € W(zx) satisfying

leers —2l> lz—zl* |, &
¢(2kt1) +82 9 +1 <z€1é}(fa) +SZ 21+1 23k+2'

Then we form the set

k+1 2

Z—3Zj
W (zk41) := {z € £y x 92‘ p(z) +e E ”2,74-{”
j=0

||Zk+1 —Zj ||
¢(zk41) + € Z 5771 R

It is easy to check that {W(zx)} is a nested sequence of nonempty closed
subsets of 21 x £25. Let us show that diam W(z;) == sup {||z — w]| | z,w €
W(zx)} — 0 as k — co. Indeed, for each z € W(zx+1) and k € IN we have

ellz — 2k ? llzies — 2% llz —z;11?
kT2 ¢ (21 +£Z i+ +SZ 9j+1

o —zl> . Iz = z;l? g
0(zg41) + € Z s - ZEIV{’l(ka) )te Z BYES] < 93Ktz

which implies that diam W(z;) < £/2¥~' — 0. Thus (due to the completeness
of X) N2 W(z) = {z} with zp — 7 = (x1,X%2) € 21 X §£29 as k — oo. By
Z € W(zo) one has Z € B,(x) x B:(x). Let us show that z is a minimum point

of the function
llz = z?
¢(2): E 571
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over the set £27 X £25. Indeed, taking 7 # z € £2; x §£25 and using the construc-
tion of W(zx), we find k € IN such that

k—
llz —z|* llze =z
Z 2j+1 Z 2j+1 : (2'13)
j=0

This implies that z is a minimum point of ¢ over §£21 X £25, since the sequence
on the right-hand side of (2.13) is nonincreasing as k — oo. Therefore the
function ¥ (z) := ¢(z) + 8(z; £21 X £22) achieves at Z its minimum over X x X.
Thus 0 € 0v(Z) by the gencralized Fermat rule of Proposition 1.114. Note
that ¢ is Fréchet differentiable at z due to ¢(z) # 0 and the smoothness of
| - |>. Now applying the sum rule of Proposition 1.107(i) and then (1.50) as
& = 0 and the product formula of Proposition 1.2, we get

—V(f)(Z) S 1/\}(2;91 X .QQ) = ﬁ(}fl;gl) X ﬁ(fg;gg) .

It follows from the construction of ¢ that V¢ (z) = (uf, u3) € X* x X*, where

u*—x*+a§:w* %1 — x4 u*__x*+8§:w* [[%2 — x|
R 2
=

Wlth (.x1j,x2j) = Zj, )C* = V(H . ||)()?1 7)?2 +a), and
V(-G = xi) if Xi —xi; # 0,
0 otherwise

for j =0,1,... and i = 1,2. One clearly has 372 [l - % — x;[|/2/ <1,
i = 1,2, and ||x*|| = 1. Thus putting x; := %; and x} := (—1)'x*/2 fori = 1, 2,
we arrive at relations (2.3) and (2.4) of the approximate extremal principle in
the case of two sets.

Now let us consider the general case of n sets {§21,...,$2,} in X and
prove the approximate extremal principle by induction when n > 2. It is easy
to see that if X is a local extremal point of {£21,..., £2,}, then the point
z=(x,...,X) € X"~ is locally extremal for the system of two sets

Ay =821 X ... X 2,1 and Ag = {(x,...,x)GX"71|x€.Qn},

which are closed around z if all £2; are assumed to be closed around x. It
is obvious that X"~! admits a Fréchet smooth renorm if X does. Hence we
can employ the previous consideration with n = 2 and get the approximate
extremal principle for {A1, Az, z}. In this way, taking into account Proposi-
tion 1.2 and the representation

Nz A2) = {(x], oo x)_) € (X)) af +. 420 € N(F:; 2,))

we finish the proof of the theorem. A
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Remark 2.11 (bornologically smooth spaces). The arguments used in
the proof of Theorem 2.10 for n = 2 are now typical in the area of variational
principles; cf. Li and Shi [785] and discussions in the next section. In particu-
lar, they can be modified to prove the smooth variational principle of Borwein
and Preiss [154] in spaces admitting a smooth renorm with respect to any
given bornology on X. Recall that a bornology B on X is a family of bounded
and centrally symmetric subsets of X whose union is X, which is closed under
multiplication by positive numbers and such that the union of any two mem-
bers of 8 is contained in some member of 8. The Fréchet bornology considered
above is the strongest one, where B consists of all bounded symmetric sub-
sets of X. The weakest one is the Gateaux bornology, where f consists of all
finite subsets of X. It is well known that every separable Banach space admits
a Gateaux smooth renorm. There are useful bornologies in-between; partic-
ularly the Hadamard bornology, where B consists of all compact symmetric
subsets of X.

One can check that the way of proving Theorem 2.10 allows us to justify the
approximate extremal principle (under a suitable modification of generalized
normals to nonconvex sets) in Banach spaces admitting a smooth renorm
of any kind. Actually the corresponding versions of the approximate extremal
principle and the smooth variational principle are equivalent in Banach spaces
with smooth renorms; see Borwein, Mordukhovich and Shao [151] for more
details. It will be shown in Section 2.3 that a smoothness of the space in
question is not only sufficient and but also necessary for the validity of smooth
variational principles. On the other hand, the version of the extremal principle
in Definition 2.5 will be justified in arbitrary Asplund spaces, which may
not admit even a Gateaux smooth renorm. This is due to the possibility of
separable reduction for Fréchet-like normals and subgradients considered next.

2.2.2 Separable Reduction

In this subsection we develop the method of separable reduction that allows
us to reduce certain problems involving Fréchet-like constructions from an
arbitrary Banach space to the case of separable subspaces. The main goal is
to obtain separable reduction results valuable for applications to the extremal
principle in the approximate form of Definition 2.5(ii). A suitable assertion
for this purpose can be formulated as follows.

Given proper functions fi:X — IR, i =1,..., N, a separable subspace Y,
of X, and a number M > 0, there is a closed separable subspace Y of X such
that Yo C Y and

0€ (3fi(x1) \ MB*) +d fo(x2) + ...+ fi(xn) (2.14)

whenever x1,Xs, ..., Xy € Y and
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0 € (f1y(x1) \ MIB*) + 3 fay (x2) + ...+ 0 fupr (xn) . (2.15)

where fy denotes the restriction of f to Y and where IB* = IBx~.

This result, being applied to the indicator functions f;(x) := 8(x; £2;),
i =1,...,n, with f,11(x) := ¢||x||, ensures the desired separable reduction
of the approximate extremal principle for n sets from a nonseparable space X
to its separable subspace Y, provided that the initial subspace Y, is properly
selected; see below. Note that it is crucial to have M > 0 in (2.14) and (2.15)
independently from the other data; otherwise we don’t get the nontriviality
condition in the extremal principle.

To justify the desired separable reduction, we have to overcome essential
technical difficulties in constructing a separable subspace Yy C Y C X for the
given data. This requires working only with elements of the primal Banach
space X. However, formulations of the extremal principle and the assertion
needed for its separable reduction involve elements of the dual space X*. Thus
an important part of the separable reduction procedure is to translate the re-
quired assertion into the language of the space X only. We'll do it first for
convex functions, based on the fundamental duality in convex analysis, and
then apply to general extended-real-valued functions using some convexifica-
tion via infimal convolution, which is possible due to the very definition of
Fréchet subgradients.

Lemma 2.12 (primal characterization of convex subgradients). Let
©: X — IR be a proper convex function with 0 € domg. Then for any given
M > 0 one has

3p(0)\ MIB* # 0 (2.16)

if and only if there are ¢ > 0, y > 0, and a nonempty open set U C X such
that the following properties hold:

(a) ¢(h) = ¢(0) —cllh|| for all h € X;

(b) ¢(th) > ¢(0) + (M + y)t||h|| whenever h € U and t € [0, 1].
In this case for every 0 # h € U there is x* € 3¢ (0) with (x*, h) > M||h||.

Proof. To prove the necessity, we pick any x* € d¢(0) \ MIB* and observe
that (a) holds with ¢ = ||x*||. Then choose y > 0 with ||x*|| > M +y and find
a nonempty open set U C X such that (x*, h) > (M + y)||h|| for every h € U.
This implies (b).

Let us prove the sufficiency, which includes the last statement of the
lemma. Take (c, y, U) satistying (a) and (b) and then fix 0 # h € U. By
(b) we find nonempty open convex sets Uy C U and U; C IR such that
0¢ Uy, h € Uy, 0 ¢ Uy, and

M < t/|ul| < M +y whenever (u,7)€ Uy x Uy .

Since ¢ is convex, we get from (b) that ¢’ (0)(u) > (M + y)||u|| whenever
u € Uy. Consider the nonempty convex sets
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Cri={(u.t) € X x R| p(u) <1}, Cy:= AUy x Uy)
A>0

and observe that C; N Cy = . Indeed, if A(u, 7) € C; N Cy for some A > 0,
then one has

At > (M) > ¢y (0)(hu) = 2¢y (0)u > (M + y)A|Jul| > At

due to the choice of 7, a contradiction. Since C5 is open, we apply the classical
separation theorem and find (0, 0) # (x*, V) € (X x IR)* = X* X IR such that

| = inf((f*,i), C1> > sup<(f*,§), C2> =r.

Note that I <0 due to (0,0) € C; and that r > 0 due to the structure of Cs.
Thus I =r =0, and we have

inf {(x*, u) +Vt| (u,1) € X x R, o(u) < ¢(0)+1}
(2.17)
= sup {A(X*, u) + AtV| (u,7) €Uy x Uy, L >0} =0.

Since vt = (x*,0) + vt > 0 for all + > 0, we get v > 0. To proceed, we first
assume that v > 0. Then putting r = ¢(u) in (2.17), we have (—x*/v, u) <
o(u) =¢(u) —¢(0) if u € dom¢. This also obviously holds if ¢(u) = oo, and
so we conclude that —x*/v € 3¢(0).

On the other hand, it follows from (2.17) for t € U; and u = h that
(x*, h) + v < 0, and hence

| =X /vl > (=x/v, h/Ir]) > /|h]| > M
due to the choice of t. Thus we obtain
(=x*/v,h) > M||h|| and —X*/v € 3¢(0)\ MIB*,

which justifies (2.16) in the case of v > 0. We haven’t used (a) so far.

Next let us consider the remaining case of v = 0 in (2.17) and justify (2.16)
using (a). In this case we necessarily have x* # 0 and get from (2.17) that
(x*,u) > 0 for all u € domg and (x*,u) < 0 for all u € Uy. Since Uy is a
neighborhood of &, the latter yields (x*, k) < 0. Form the closed convex set

Cs:={(u,1) € X x HQ‘ t < —cllu||}

and observe that C; N C3 = @ due to (a). Employing again the separation
theorem, we find (0, 0) # (x*,V) € X* x IR such that

| = inf<()?*,ﬁ), C1> > sup<()?*,ﬁ), C3> =:r.

It is easy to check that / = r = 0, and thus
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inf {(x*, u) +Vt| (u,1) € X x R, ¢(u) < p(0)+1}
(2.18)
=sup {(x*,u) +Vt| (u,1) € X x R, t < —cllul|} =0,

which implies that ¥ > 0. In fact we have V > 0, since otherwise (2.18) yields
(x*,u) < 0 whenever u € X, which contradicts the nontriviality of (x*, D).
Thus (2.18) gives —x*/V € d¢(0) similarly to the case of (2.17). Now put

o M||h|| + (x*/v, h
x* =X/ — Kx* with K >max{0, - I <x Al >} (2.19)

S

and observe that, by the definition of d¢(0) and the condition (x*, u) > 0 for
all u € dom ¢, we have

pu) = (0) = (=x"/V,u) > (x*,u) if u€domg;
so x* € 3¢(0). Moreover, using (2.19) and (x*, h) < 0, we conclude that
(", b = (=2 /D, h) — K (%, h) > M|
which yields ||x*|| > M and hence (2.16). A

The next lemma provides a primal characterization of subdifferential sums
for convex functions with a nontriviality condition crucial for subsequent ap-
plications to the extremal principle.

Lemma 2.13 (primal characterization of subdifferential sums for
convex functions). Let ¢;: X — IR, j =1,..., N, be proper convex functions
with 0 € dom¢y N...Ndomey and N > 1. Given any M > 0, one has

0 € (0¢1(0) \ MBB*) 4+ 9¢2(0) + ... + dpn(0) (2.20)

if and only if there are ¢ > 0, y > 0 and a nonempty open set U C X such
that the following hold:
N N .
(a) 351 9i(hj) = 3251 ¢;(0) —c max {[lh; —hil | j =2..... N} for all
hl,...,hNNEX,' N
(b) S27o1 @i(thy) = 325 0;(0)+(M+y)rmax {[lhj—hil| [ j=2..... N}
forallhy,...,hy € X withh; —hy € U, j=2,...,N, and for allt € [0, 1].

Proof. Assume that (2.20) holds and find x} € d¢;(0), j =1,..., N, such
that ||x|| > M and x7 + ...+ x} = 0. Then

N

Z‘pj(hj) - Z‘PJ(O) 2 Z(x;‘,h,-) = Z<x;k hj —hi)

i= j=1 j=2

j=1
N

> =S|l max {|h; — || | j=2....,N}
j=2
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for all hy, ..., hy € X, which gives (a) with ¢ := Z?/:z [x7]. To justify (b),
we take y > 0 and an open set ) # U C X such that
N
Z —(x7,h) > (M +y)|h| forall heU.
j=2

By diminishing U if necessary, we may assume that

Z@;,h ) > (M +y)max{|[h]| | j=2.....N}

j=2
whenever ho, ..., hy € UN71. Then
N N N
wr(thi) + o Z > 1y (xj.hj—hi)
) =1 )

> (M +y)tmax {|[h; —hi| | j=2,....,N}

whenever hy, ..., hy € X withh; —hy €U, j=2,...,N,and t € [0, 1]. This
gives (b) and proves the necessity in the lemma.

To prove the sufficiency, we assume that ¢, y, and U are such that (a)
and (b) hold. Define the inf-convolution

@(ha, ..., hy) = inf{(pl(x) +Z¢j(x +hj)| x € X}

for (ha,...,hy) € X¥~1 and observe that ¢ is a proper convex function on
XN=1 with 0 € domg. It is easy to check that properties (a) and (b) of
this lemma implies that ¢ satisfies properties (a) and (b) of Lemma 2.12 on
the product space XV~! with the norm ||(ha, ..., hy)|| = max {[|h;| | j =

., N}. Thus for fixed 0 # h € U we find z* := (x3,...,x}) € (XV 1)~
such that z* € 3¢(0,...,0) and (z*, (h, ..., h)) > Mmax {||h||,....[|r]|}, ie.,

<Zx;f,h> > M|h| . (2.21)

Since z* € d¢(0), the definition of ¢ gives

e1(x)+> _¢j(x+h;) Z z,hz,...,hN)>:ij(0)+z<xj,hj)

for all x € X and all (ha,...,hy) € XVN=1 If we fix here one j and put
hi = x = 0 for all i # j, we get x7 € 9¢;(0), j = 2,...,N. If we put
hj=-x, j=2,...,N, weget x* :=—(x3 +...+x%) € 3¢1(0). Hence
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0€d¢p1(0)+...+3¢pn(0) and x™ € d¢p1(0)\M Bx-~

due to (2.21), which completes the proof of the lemma. A

Now let us consider a general proper function f:X — IR, a point x €
dom f and associated with them two convez functions of the inf-convolution
type. First, given positive numbers § and €, we define ¢z, 5. : X — [—00, o0]
by

i=1

Prxselh lnf{za,[ X+ h;) + €l|lh; ||Hm€IN h; e X,

(2.22)

|nill <8, a; >0, i=1,...,m, Zaizl, Zaihih}
i=1 i=1

if |2]] < & and @,x s.(h) := oo otherwise. Then, given a sequence A := (8;)72;
with §; > 82 > --- > 0 and §; | 0, we define ¢, 2: X — IR by

@fx.a(h) = inf { Zaiﬁl)f,x,a,-,ui(hi)

i=1

diZO, iil,...,m, io{iil, iaihih},
i=1 i=1

where each ¢, 5,1/i, i € IN, is constructed in (2.22). It follows from the
definitions that both functions (2.22) and (2.23) are convex and not greater
than f(x) at h = 0. Moreover, the Fréchet subdifferential of f at x is closely
related to the subdifferential of @f, 4 at zero. One can easily check that if
0f(x) # 0, then @r A(0) = f(x) and 3f(x) D d¢@sy.4(0) # O for some A.
On the other hand, if 3¢/, 4(0) # 0 for some A and ¢, A(0) = f(x), then
3¢ sx.4(0) CDf(x) as well.

The following corollary of Lemma 2.13 provides an equivalent translation
of the basic assertion (2.14) into the language of the primal space X.

Corollary 2.14 (primal characterization for sums of Fréchet subdif-
ferentials). Let f;: X — IR be arbitrary proper functions, let x; € dom f; as
=1,....,N and N > 1. Then for any given M > 0 one has (2.14) if and only
if there are ¢ > 0, y > 0, a sequence A = (8;)72, C (0, 00) with §; 1 0, and a
nonempty open set U C X such that the following hold:

(a) S0 @alhy) > S0, filx)) —emax {[lh; — k| | j =2,...,N}
forallhy,...,hy € X;

(b) 00 @sm.a(thy) = 3200, f3(6) + (M + y)tmax {|[h; = | | j =
2,...,N} forallhy,...,hy € X withh; —hy €U, j=2,...,N, and for all
numbers t € [0, 1].
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Proof. If (2.14) holds, then 5fj(xj) # 0, and hence ¢f, A(0) = fj(x;),
j=1,..., N, for some sequence A. Then conditions (a) and (b) of the corol-
lary immediately follow from the corresponding conditions of Lemma 2.13.
In the other direction, if conditions (a) and (b) of the corollary hold, then
¢f,.x,.4(0) = fi(x;) by (a), and so (2.14) follows from the sufficiency in
Lemma 2.13 for the convex functions ¢; = ¢y, :, 4, j = 1,..., N, and the
mentioned relationships between 3 f(x) and d¢ rx,4(0). A

Next we establish the basic separable reduction result for assertion (2.14)
that lies at the ground of the whole separable reduction technique for the
extremal principle.

Theorem 2.15 (basic separable reduction). Let fi,..., fv: X — IR,
N > 1, be proper functions bounded from below, and let Yy be a separable sub-
space of X. Then there is a closed separable subspace Y C X such that Yo C Y
and, given any M > 0, assertion (2.14) holds whenever x1, x2, ..., xy € Y and
one has (2.15).

Proof. Our strategy is to build Y inductively starting with Yy and then to
derive (2.14) from (2.15) and (x1,...,xy) € YV based on the primal charac-
terization of (2.14) in Corollary 2.14.

Let A be the countable set of all matrices (o/| i € IN, j =1,...N) with
rational nonnegative entries such that oz' > 0 only for finitely many pairs
(i,j) € N x {1,...,N} and that 37° o/ = 1forall j = 1,...,N. Let B
be the countable set of all matrices (ﬂil| i,leIN, j=1,...N) Wlth rational
nonnegative entries such that ﬂi’} > 0 only for finitely many triples (i,1, j) €
IN? x {1,...,N} and that >;° B} = Lforalli € N and j = 1,...,N.
Let D be the countable set of all sequences (8;);°, with rational entries for
which 0 < §; >85> --->0and §; =0 if i € IV is sufficiently large. Given
j=1,...,N and x € dom f;, let ;(x) > 0 be such that f; is bounded from
below on the ball around x with radius n;(x).

For ¥ := (x1,...,xy) € XV for a = (a]) € A, for b := (B)) € B,
for 7 := (ro,...,ry) € (0,00)V=1 for A := (§;) € D satisfying §; > 0
whenever max{ail,..., lN} >0 and 8 < min{nl(xl),...,nN(xN)}, and

for k € IN we find uijl(f,a,b,F,A,k) eX,i,leN, j=1,...,N, such that
lul,(x,a,b,7, A k)| <& if 8§ > 0 and u)(...) =0if §; =0 for all i,/ € IN
and j =1,..., N, that

Zoz Z,Bllull X,a,b, 7, Ak) Za Zﬂllu,,
i=1 i=1

and that

<rj, j=2,...,N,




190 2 Extremal Principle in Variational Analysis

N oo o]
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whenever b/, € X, ||h}|| < 8 if 8 > 0 and h!, = 0 if §; = 0, and

ZO[ Z'Bt]lhlll ZO{ Z:Btl il
i=1 i=1

Further, for X,a,b,7, A,k as above and for h € X with ||| < 8 we find
g (x, h,a,b,7,Ak)e X, i,le N, j=1,...,N,such that

<rj, j=2,.

g} (%, h,a,b,F, A k)| <8 if & >0 and g/(...)=0if & =0,

o0 oo

Z Zﬁllgll X, h’a’b7F’A’k)7Za112ﬂzl ll
i=1 i=1 =1

if j=2,..., N, and that

j=1li=1 1

<I‘j

Mg

Bl 13 + g% o, b, T, A K) + Hlgh(F. hua, b7, ALK

l
—

oo

<—+ZZa,’Zﬁ [5Gy + 1) + Himh ]

j=1li=1 =

whenever b/, € X, ||h}|| < 8 if 8 > 0 and h!, = 0 if §; = 0, and

oo o0 o0

J inl 1 171

i Zlgilhil - Zai Zﬁilhil —h
=1 i=1  1=1

Now we are ready to construct the required separable subspace ¥ C X.
By induction we build separable subspaces Yy C Y7 C ... C X as follows.
If Y, was already constructed for some n € IN U {0} (Yo is given), take any
countable subset C,, C Y,, dense in Y,,. Then let ¥, 11 be the closed linear span
of Y, and the points

<rj, j=2...,N.

wl (%,a,b,7, A k), g)(x h,abTF, Ak),

where X = (x1,...,xy) € CY, h € C,, || < 81, 7 € (0, 0)" =1 with rational
entries, A = (§;) € D with & < min{nl(xl),...,r;N(xN)}, a € A be
B, j=1,...,N, and i,l,k € IN. Denoting Y := cl[U{Yn‘ ne W}] and
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C = U{Cn‘ n € IN}, we see that c1C =Y and Y is a separable subspace of
X containing Yj.

Fix any M > 0. We need to prove that for every given X = (x1,...,xy) €
YV satisfying (2.15) one has (2.14). According to Corollary 2.14 the latter is
equivalent to the fulfillment of conditions (a) and (b) therein. Using (2.15), we
find x7 € 5(fj|y)(xj), j=1,...,N,suchthat |x}|| > M and x +...+x} = 0.
Due to the definition of Fréchet subgradients there is a sequence of rational
numbers 81 > 89 > ... > 0 with

fi(xj +h)+ H|hll > fi(x;) 4 (x}. h) whenever h €Y, |h]| <25 . (2.24)

i € IN,and j = 1,..., N. We always take §; < min{nl(x1), ...,nN(xN)}
and show that conditions (a) and (b) of Corollary 2.14 hold along the chosen
sequence A = {81,82,...}. Since ¥ € YV foranyn € N and j =1,...,N
we find x,{ € C, C Y and rational numbers )/,lj satisfying

lxj =il < vl < 2llx; = x]l| and Jlx; = x][| =0 as n — o0

First we verify condition (a) of Corollary 2.14 with ¢ := Z;V:z [x7 ] Fix any
hi,...,hy € X and assume without loss of generality that ||A;|| < §; for all
j=1,...,N. Consider any a = (otij) €A, any b = ( l’Z) € B, any hfl € X with
(|, H<8,,ll€ﬂ\/ j=1,..., N, such that

> ol > Bihl =hj forall j=1,....N. (2.25)
i=1 =1

Find iy € IN so large that a[j =0foralli >ipand j =1,..., N. Then we put
hl, = 0 whenever i > iy. Taking any rational numbers r; > [|h; — hy|, j =
2,..., N, we observe that

W+ <8, i<io. lEN, j=1,....N,

| (2.26)
and ||h; —hil|+ v +yi<rj, j=2,...,N
for all n € IN sufficiently large. Denote X, := (x!,...,xY), n € IN, and
R =hl 4 x;—xi, i l€EN, j=1,...,N. (2.27)

Finally, putting A := (8,82, ...,8;,,0,0,...) and using the u{,-part in the
construction of Y, we get the followmg chaln of inequalities valid for all large
numbers n € IN:

oo oo

00 N oo
Za,’Zﬂ,’,[f, (xj )+ ] = DS al SB[ £kl + i)

N
i1 j=li=1 =1

J
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N oo oo N
L] = 30D ol S B Al ni + k] = 2
j:li:l =1 j=1
N e}

>___Zyn/+ Zal/Zﬂ [f]xf—|—u (X,,a,b,7, A, n)

j=1li=1

+%Hu{1(---)ll] (as 1" < Wl + v < 80, 3 i <o, and

ﬁ,’,h ia} iﬂ}lhif"

<y =il + v + vt <)

i= 11 . 1;:100 1:1OO
277223/,,%22%’2/3 [fj Xj+ X = x;
j=1 j=li=1 =1

il (T @, b, A ) + ] =g ()]

>___22yn+2fj‘xj +Z<x x]_
+ial]i llull X,,a,b, 7, A, n)>

i=1 =1

(as x)—xj+ul () ey and ||xf —x; +ul ()| <yl +8 < 28,-)

:———22)/,{4—2]‘, X; +Zx x] —
N

+Z<x1,2a Zﬂ uly(Xp,a,b,7, A, n) Za Zﬂl,u,, >
j=2

(asxik+xék+--~+x;\k1:0>
1 N N N
> =23yl 3 fi00) = Y I I
j=1 j=1 j=1
—lex I
1 . S
>0 23+ 3 ) - S - S il
j=1 j=1 j=1 j=2

i=1 i=1 =1

o0
= 1 1,1
Jul)( (Xm.a,b, T, A, n) — E o; E ,Bilul-,(...)H

Letting n — oo, we get the estimate

=

o0

N oo N
> o Zﬂ [+ hpp) + RG] = fila) = D x5l -
j=2

j=li=1 I=1 j=1
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Then letting r; — 7; := ||h; — hy|| for j =2,..., N, we arrive at

N oo e}

ZZ@ Zﬂfl{fj xj+h, )—I— ||, ] ij xj)—cemax {F;| j=2,...,N},
j=li=1 I=1 j=1

which ensures condition (a) of Corollary 2.14 with ¢ := Z;V:Q [[x7]| due to the
definition of ¢, ., 4 in (2.23) along the sequence A selected in (2.24).

To complete the proof of the theorem, it remains to verify condition (b)
in Corollary 2.14 along the sequence A, some number y > 0, and an open set
U C X. Since ||x}|| > M, we find y € Y with |y|| <381 and y € (0, 1) so that

— (1, y) > (M +3y) Iyl - (2.28)

Choose a number ¢ satisfying

0 < ¢ <min{8 — ||y, y|y|(i i) vl )]} (229)

j=1

and put U := {h € X| |[h —y|| < ¢}. Now fix any ¢ € (0,1] and any
hi,....,hy € X with hj —hy € U; then ||hj —hy|| <8, j=2,...,N. We may
assume without loss of generality that |[th;|| < & for all j =1,..., N. Since
|lhj —h1—yl|l < ¢, there is a rational number n with |[th; —th, —ty| <n < ¢
for all j =2,..., N. This allows us to find kg € C such that

thj —thy —ho” <n, ] =2,...,N, and ||h0 —ly|| <t . (230)

As in the proof of the first part of the theorem we pick any a = (o 'i) € A, any
b= () € B, and any ), € X, with ||h}|| < &, i, leN, j=1,...,N, and
such that (2.25) holds. Find iy € IN so large that o/ =0 whenever i >igand
j=1,...,N. We may choose hijl = 0 whenever i > iy. Thus we have (2.26)
for all large n € IN. Take A = (81, 82, ..., 8, 0,0, ...), define X, and h{l‘" as in
(2.27), and put 7, ;== (n+y2 + ¥t ....n+yN +yl). Now using the gijz'part
in the construction of Y, we perform the following chain of inequalities for all
n € IN sufficiently large:

S o

1li=

Mz
Mg

Bi| £ixi + ) + L]

=1

~.
I

o0

zfjfjaz A£G+ )+ g - Zyn

j=li=1 I=1

—

oo

> _;—zy,, +zza32ﬁ Vil + & (T o, @, b, 7, B, m)

j=1li=1 =1

—_
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o0 o0

>l iy

+Hlght- ] ( IR < WA+ v < 1 <o, and
i=1

oo oo
1 1.1,n
*E o; E Bithy™ — ho
i=1 =1

<\lth; —thy —hol| + v/ + v, <n+v) +Vn1>

1 N ) N oo oo ) .
Zan;Vr{JF;;“!;ﬂiJl{fj(ijrxr{ =X

8/ ho.a. b, T Aim)) + ] —x; + gh(.. )]
1 NN
>_— 92 ri] + (x
. Ezjy ;m )
N [e%s} [e%e)
Jrz <x],x,{ —xj+ Zaij Z,Bljlgfl(ﬁ, ho,a, b, 7, A, n)>
=1

i=1 =1

(as xj—xj+gh(..)eyY and ||x/ —x;+ ()| <yl +8 < 28,-)

:———2Zy,,+§:f, (x +Zx xj —x;) — (x}. ho)
+Z<x7,z jZﬁl,gl, X, ho, a, b, Ty, A, n)

= i=1
—Zcx Z/sﬂg,, > (asx1*+x§+...+x,*vzo)
2—%—2Zy,{+2fj( Zuxnyn (x1. o)
—ZHX I

Z(X Zﬁlgtl x"’hOvavbsﬁ,Z,H)
i=1

N N N
1 4 L
72 Z:legll hO 27;7223/1{+Zf](x])7z‘|x]”ynj
i=1 j=1 Jj=1 j=1
N
—(xtsho) = Y il + vl + 7)) -
Jj=2

Letting n — oo, we get

N oo oo N
DI Z,I[f,xﬁh) L] > z ) —
j=1li=1 =1 j=1
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Now using (2.28)—(2.30), we finally have

o0

N oo N
>3 el 3o [+ ) + il = S £i(xy)
> -

j=1i=1 =

N
—(x1, ho) lex lee > = oy) — Il - lley — holl = D Il lleg
j=2
N
> (M +3y) eyl =Y Ixfllee > (M +2y)lley]| > (M + y)(|lhol| - 1¢)
j=1
+yillyl > (M +y)(tllhj = hall = 2t8) + yellyl > (M +y)t|h; — bl

for all j =2,...,N and t € [0, 1]. Due to the definition of ¢y, , o in (2.23)
we get condition (b) in Corollary 2.14 and end the proof of the theorem. A

Note that the boundedness from below assumption on the functions
fi,.-., fv in Theorem 2.15 can be dropped by an additional separable re-
duction. As a consequence of Theorem 2.15, we arrive at the following result
needed for the separable reduction of the extremal principle.

Corollary 2.16 (separable reduction for the extremal principle). Let
Yo be a separable subspace of a (nonseparable) Banach space X, and let ¢ > 0.
Given nonempty subsets $21,...,82, of X, n > 2, there is a closed separable
subspace Y C X such that Yo C Y and, for any fived M > 0, one has

0€ (N(xi;21) \ MBx-) + N(x2; 25) + ...+ N(x,; 2,) + By~ (2.31)
whenever x1,Xa, ..., xy € Y and
0€ (N(x1;92:NY)\ MBx-) + N(x2; 22N Y) + ...+ N(x,;2,NY) + eBy- .
Proof. This follows from Theorem 2.15 applied to n + 1 functions
fi(x) ==68(x;82:), i=1,....n, and fiy1(x) = ¢|x]

with x1,...,x, € Y and x,41 = 0. A

2.2.3 Extremal Characterizations of Asplund Spaces

In this subsection we consider a general class of Banach spaces, called Asplund
spaces, which plays a prominent role in the subsequent variational analysis.
We show, based on separable reduction, that the approximate extremal prin-
ciple unconditionally holds in Asplund spaces, is equivalent to the version of
the extremal principle in terms of e-normals, and provides a characterization
of this class of Banach spaces. Furthermore, we justify the validity of the exact
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extremal principle in Asplund spaces under the sequential normal compact-
ness condition imposed on all but one of the sets involved in the extremal
system. We also obtain related characterizations of Asplund spaces in terms
of supporting properties of Fréchet normals and e-normals at boundary points
of closed sets.

Definition 2.17 (Asplund spaces). A Banach space X is ASPLUND, or it
has the ASPLUND PROPERTY, if every convexr continuous function ¢:U — IR
defined on an open convex subset U of X is Fréchet differentiable on a dense
subset of U.

Note that Definition 2.17 is equivalent to the standard definition of As-
plund spaces, which requires the generic Fréchet differentiability of ¢ on U,
i.e., its Fréchet differentiability on a dense G subset of U. This follows from
the well-known fact that the collection of points where a convex continuous
function is Fréchet differentiable is automatically a G set. For simplicity we
always put U = X in Definition 2.17 that doesn’t restrict the generality.

The class of Asplund spaces is well investigated in the geometric theory
of Banach spaces. We refer the reader to the books of Deville, Godefroy and
Zizler [331], Fabian [416], Phelps [1073], and to the survey paper of Yost
[1348] for various characterizations, classifications, properties, and examples
of Asplund spaces. Note that this class includes all Banach spaces having
Fréchet smooth bump functions (in particular, spaces with Fréchet smooth
renorms, hence every reflexive space); spaces with separable duals; spaces of
continuous functions C(K) on a scattered compact Hausdorff space K (i.e.,
such that every subset of K has an isolated point); the classical space of
sequences ¢o with the supremum norm and its generalization c¢o(I") to an
arbitrary set I', etc. Although Asplund spaces are generally related to the
Fréchet type of differentiability and subdifferentiability, they may fail to have
even an equivalent norm Gateaux differentiable off the origin.

Asplund spaces possess many useful properties some of them are employed
in what follows. Let us mention that every closed subspace of an Asplund
space is Asplund itself; moreover, every separable Asplund space admits a
Fréchet differentiable renorm, which is especially important for the method of
separable reduction. It is also important that the class of Asplund spaces is
stable under Cartesian products and linear isomorphisms. A crucial topologi-
cal property of duals to Asplund spaces is that the dual unit ball IB* is weak*
sequentially compact.

There is a number of nice geometric characterizations of Asplund spaces.
One of the most striking characterizations is that X is Asplund if and
only if every separable closed subspace of X has a separable dual. In the
sequel we often use another characterization of Banach spaces not hav-
ing the Asplund property: they admit a “rough” equivalent norm nowhere
Fréchet differentiable. The exact formulation is as follows.
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Proposition 2.18 (Banach spaces with no Asplund property). Let X

be a Banach space with the norm || - ||. Then X is not Asplund if and only
if there exist a number & > 0 and an equivalent norm | -| on X satisfying
[ <[ and
h —h|—2
lim sup b+ Al + I — = 2)x] >0 forall xe€X. (2.32)
70 (17l

Proof. It is not difficult to show (cf. Proposition 1.23 in Phelps [1073])
that condition (2.32) implies that the convex function ¢(x) = |x| is nowhere
Fréchet differentiable on X. Thus (2.32) doesn’t hold if X is Asplund.

To prove the converse statement, we recall that a weak® slice of A C X*
is a set of the form

S(x, A, a) = {x* c A‘ (x*,x) > oa(x) —Ot} ,

where x € X, a > 0, and o4 (x) := sup {(x*, x)| x* € A}. Assuming that X is
not Asplund and applying Theorem 2.32 from Phelps [1073], we find a convex
symmetric subset A C IB* with nonempty interior in X* and a number ¢ > 0
such that A doesn’t admit a weak® slice of diameter less than 2¢. Observe
that |x| := 04 (x) defines an equivalent norm on X with || < ||-||. For any fixed
0 # x € X we take an arbitrary small # > 0 and select x}, x5 € S(x, A, t9/2)
such that ||x;7—x3|| > 20. Then we find h € X, ||| = 1, with (x]—x3, h) > 20.
This yields the estimates

|x +zh| + |x — th| — 2|x| S (x3,x +th) + (x5, x — th) — 2|x|
l2h]| - t

+{xf=x3,h) > -9 +20 =20

L [NIELANN LA TN
>—||x|— —+ x| ——=— —2|x
t 2 2

and implies the required inequality (2.32). A

Based on Proposition 2.18, we now construct an important example show-
ing that in any non-Asplund space there are simple sets with pathological
behavior of normals to every boundary point.

Example 2.19 (degeneracy of normals in non-Asplund spaces). Let
X be a Banach space with no Asplund property. Then there exists a closed
epi-Lipschitzian set 2 C X for which the following hold:

(a) There is K > 1 such that

|x*|| < Ke for all x* € N,(x;82), all x €bd2, and all £¢>0.

(b) £ is normally regular at every boundary point with

N(x:2)=N(x;2) = {0} forall xcbds .
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Proof. Take an arbitrary non-Asplund space X and represent it in the form
X = Z x IR with the norm ||(z, @)| := ||z|]| + || for (z,«) € X. Then Z is
non-Asplund as well, since the opposite implies the Asplund property of X.
By Proposition 2.18 we find a number ¥ > 0 and a norm |- | on Z, which is
equivalent to the original norm || - ||, so that |- | < || - || and one has (2.32)
with X = Z and x = z. Based on the norm |- |, we construct a set £2 C X in
the epigraphical form

2= {(z,ot)GX|oz2<p(z)} with ¢ := —|-| and bd £ =gphe . (2.33)

Since ¢ in (2.33) is Lipschitz continuous on X, the set §2 is epi-Lipschitzian
at every boundary point. To justify (a), we need to find a constant K > 1
providing the estimate

I(z5,2)]| < Ke if (z5,4) € Ne((z,9(2)); 2), z€ Z, £ >0, (2.34)

where [|(z*, 1)|| := max {||z*|, [A|} is the dual norm to ||(z, @)| = ||z + |e|-
Fix arbitrary z € Z and (z*, 1) € N¢((Z, ¢(2)); £2). It follows directly from the
definition of N, that

(% z2=2) + e —9) <2e(|z — zll + e — ¢(2)])

for all (z,) € epig around (z, ¢(z)). Putting here z = z, one gets A < 2¢.
Since |- | < || - |l and |¢(z) — ¢(Z)] < |z — z|, we conclude that

(% 2-2) + Mo(z) — 0(z)) < 4efz - 2|
and further that
(zz2—-2) < (de+ DIz — 2]l
for all z around z. The latter gives
J*|l < 4e+ ]3] forany (7. 2) € Ne((z.9(2)):2) . (235)

Let us show that (2.35) ensures (2.34) with K := max {6,4 + 8/9 }. Indeed,
for A > 0 we get from (2.35) that ||(z*, A)|| < 6¢ and arrive at (2.34) with
K = 6. For » < 0 we have from the above definition of N,((z, ¢(z2)); 2 with
¢ = —| - | that

_ z* - 4e -
_ (L, < |y —
|z =[] <x 2 Z> < =l =z

for all z around z. Putting there 27 — z instead of z, we get
z* 4e

SN A S TR

2z —z| — |z] + i) s )\Ilz Z||

Adding the two previous inequalities together, we arrive at
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_ _ _ _ _ 8¢ N
2+ @ =D+ - (2 -2)| =20z = =z —zl|.

The latter implies, according to Proposition 2.18 with x =7 and h = z — 7,
that |A| < 8¢/, where ¥ is the fixed positive number from (2.32). Thus (2.35)
gives ||z*|| < 4e + (8¢/¥) for A < 0, and we arrive at (2.34) with K = 4+ 8/9,
which justifies (a).

Property (b) follows from (a) due to Definitions 1.1 and 1.4 by passing to
the limit as ¢ | 0 and x — Xx. A

Now we are ready to establish the main result of this section ensuring that
the first two versions of the extremal principle in Definition 2.5, being applied
to every extremal system in a Banach space X, are equivalent to the Asplund
property of X.

Theorem 2.20 (extremal characterizations of Asplund spaces). Let
X be a Banach space. The following are equivalent:

(a) X is Asplund.

(b) The approzimate extremal principle holds in X.

(c) The e-extremal principle holds in X.

Proof. First we prove (a)=-(b). Let X be an Asplund space, and let x be a local
extremal point of some sets §21, ..., §2, closed around x. By Definition 2.1 we
take sequences {a;x} C X,i =1, ..., n, and then consider a separable subspace
Yo of X defined as

Yo ::span{i,aik|i:1,...,n, keﬂ\’}.

Applying the separable reduction result of Corollary 2.16, for every fixed & > 0
we find a closed separable subspace Yy C Y C X that ensures the fulfillment
of (2.31) under the conditions imposed in the corollary. Observe that

{21nY,...,2,nY x} (2.36)

is an extremal system in the space Y. Indeed, x is obviously a common point
of the sets 2, NY,i =1,...,n, since X € Yy C Y. On the other hand, these
sets shifted by the corresponding sequences a;;, i = 1,...,n, don’t have any
common points in the neighborhood UNY of x in Y for all large k € IN. Since
ajx € Yo C Y, this means that x is a local extremal point of the set system
{£2:NY,...,2,NY} in the space Y.

Since Y is a separable Asplund space, it admits an equivalent Fréchet
smooth (re)norm denoted again by || - ||. Thus one can apply Theorem 2.10
ensuring the fulfillment of the approximate extremal principle for the extremal
system (2.36) in Y. Without loss of generality we assume that ¢ < 1/4 and
use relations (2.3) and (2.4) of the extremal principle with ¢/n. In this way
we find x; € £2; N ()E + (8/n)By) and

yi* S ﬁ(x,-;.Q,- n Y) + (E/H)By*
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satisfying (2.3) for y}. Hence ||y}|| > 1/2n for at least one i € {1,...,n}; let
it hold for i = 1. Thus we have y; = y + u} with y* € N(x;;8; NY) and
luf|| <e/nfori=1,...,n and with

1-—2¢ 1
> .
2n 4n

e
| > *|| _ <
Iyl =yl = - >

This implies the relation

0€ (N(xi;21NY)\ £ Bx) + N(x2; 22N Y) + ...+ N(x,32, N Y) + By~ .

Due to Corollary 2.16 we get (2.31) with M = 1/4n. The latter means that
there are x;* € N(x;;82;),i =1,...,n, and v* € X* with |[v*|| < ¢ satisfying

[IX5|| > 1/4n and X7 + ... + X + v* = 0. Now denoting x/ := X for i =
1,...,n—1 and x} := X + v*, we have all the relations in (2.3) and (2.4)
except the normalization condition ||x|| + ...+ [|x}]| = 1. Since y := ||x7| +

..+ 1%l > 1/4n independently of &, we can easily obtain the normalization
condition for x;/y by adjusting ¢ in (2.4). This gives (a)=-(b).

As mentioned above, (b)=(c) always holds. It remains to justify (c)=-(a).
Assuming that X is not Asplund, we have the closed set £2 from Example 2.19.
Then the g-extremal principle is not valid for {.Q, {x}, )E} with any X € bd £2,
since the opposite contradicts Proposition 2.6(i) with M = K¢ > e. A

As a consequence of the results obtained, we arrive at the following charac-
terizations of Asplund spaces via supporting properties of closed sets expressed
in terms of Fréchet normals and e-normals at boundary points.

Corollary 2.21 (boundary characterizations of Asplund spaces). Let
X be a Banach space. The following are equivalent:

(a) X is Asplund.

(b) For every proper closed subset §2 of X the set of points x € bd 2 with
N(x;2) # {0} is dense in the boundary of £2.

(c) For every proper closed subset 2 of X there is x € bd 2 such that
N(x; £2) # {0}

(d) For every proper closed subset 2 of X, every e > 0, and every M > ¢
the set of points x € bd £ with N,(x; 2)\ MIB* # () is dense in the boundary
of 2.

(e) For every proper closed subset 2 of X, every e > 0, and every M > ¢
there is x € bd 2 such that Ne(x; 2)\ MIB* # (.

Proof. Implication (a)=-(b) follows from Theorem 2.20 and Proposition 2.6(ii).
Implications (b)=(c)=-(e) and (b)=-(d)=-(e) are trivial. Implication (e)=-(a)
follows from Example 2.19; see the end of the proof of Theorem 2.20. A

As follows from the above proof, an arbitrary number M > ¢ in (d) and
(e) can be equivalently replaced with Ke, K > 1. Related characterizations
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of Asplund spaces in terms of e-normals can be written in the form: for every
proper closed subset 2 C X there is . > 0 such that for each ¢ > 0 the set

{xevde|3v e N(xi2) with x| =5}

is dense in the boundary of §2, or is just nonempty; see Mordukhovich and B.
Wang [960] for the proof and discussions.

We can see from the above results that the supporting properties (b)—
(e) in Corollary 2.21 applied to every closed subset of X are equivalent to
the “fuzzy” versions of the extremal principle in Theorem 2.20, since each
of them characterizes Asplund spaces. This is essentially based on properties
of Fréchet normals and e-normals in Asplund spaces: cf. the related discus-
sions in Subsect. 2.1.2. It follows from the proofs that for the equivalencies in
Corollary 2.21 one can consider only epigraphical sets of type (2.33).

Next let us obtain conditions ensuring the fulfillment of the ezact extremal
principle in Definition 2.5(iii). For this purpose we employ the sequential nor-
mal compactness (SNC) property of sets introduced in Subsect. 1.1.3.

Theorem 2.22 (exact extremal principle in Asplund spaces).

(i) Let X be an Asplund space, and let {$21,...,82,,X} be an extremal
system in X such that all $2; are locally closed around x and all but one of
£2; are sequentially normally compact at x. Then the exact extremal principle
holds for {§21, ..., §2,,X}.

(ii) Conversely, let the exact extremal principle hold for every extremal
system {§21, §22,x} in X, where both sets §2; are closed and one of them is
sequentially normally compact at x. Then X is Asplund.

Proof. To justify (i), we use the e-extremal principle that holds in any As-
plund space by Theorem 2.20. Take a sequence of ¢ | 0 as k — oo and
consider the corresponding sequence of x;; and xj;, i = 1,...,n, satisfying
(2.2) and (2.3) with & = &. Then x; — X for all i = 1, ..., n. Since the se-
quences {x}} are bounded in X* and since bounded sets in duals to Asplund

spaces are weak® sequentially compact, we find x € X* such that x}; =t x;
for i = 1,...,n. Passing to the limit in (2.2) as k — oo and using the defini-
tion of basic normals, we get (2.5). Also one obviously has x¥ + ...+ x; = 0.
It remains to show that (x{,...,x,) # 0 under the SNC assumptions of the
theorem. On the contrary, assume that x; = 0 while £2; are SNC at x for
i = 1,...,n — 1. By Definition 1.20 the latter implies that |x}|| — 0 as
k—oofori=1,...,n—1. Hence

el < Nl + -+ [l = 0 as k= o0,

which contradicts the nontriviality condition [|xj,|| + ...+ |[x} || = 1 for all
k € IN and ends the proof of (i).

To prove (ii), we assume that X is not an Asplund space and represent
it as X = Z x IR, where Z must be non-Asplund as well. Then consider



202 2 Extremal Principle in Variational Analysis

§27 := {0} x (—00,0] € Z x IR and £2; := §2 defined in (2.33). One can eas-
ily check that x = (0,0) is a local extremal point of these closed sets in X.
Since £25 is epi-Lipschitzian at X, it is SNC at this point due to Theorem 1.26.
However, the exact extremal principle doesn’t hold for {£21, 25, x}. Indeed,
we have N((0,0);£22) = {(0,0)} from property (b) in Example 2.19, while
N((0,0);821) = Z* x [0,00). That is, N(¥;£21) N ( — N(x;822)) = {(0,0)},
which justifies (ii) and ends the proof of the theorem. A

Let us show that the SNC assumption in Theorem 2.22 is essential for the
fulfillment of the exact extremal principle in infinite-dimensional spaces.

Example 2.23 (violation of the exact extremal principle in the ab-
sence of SNC). Every infinite-dimensional separable Banach space contains
an extremal system {§21, 22, X} that doesn’t satisfy the relations of the exact
extremal principle.

Proof. Let X be a separable Banach space, and let {¢; }° be unit independent
vectors that densely span X. Consider the sets

£21 := clco {e—n, _on

2]‘1 2n

and £2o = {0}, which are convex and compact in the norm topology of X. Note
that £21 and £29 are not SNC unless X is finite-dimensional; see Theorem 1.21.
Let us check that 0 € £2; N 25 is a local extremal point of the set system

{21, £25}. Indeed, taking

neﬂ\/},

we observe that for any sequence of v | 0 one has
£21 N (vka + .Qg) =21 N {vka} =0.

It follows from the structure of §2; that N(0; £21) = {0}, and thus {21, £22, 0}
doesn’t satisfy the exact extremal principle. A

Next we consider some properties of the basic normal cone N(-;$2) on
boundaries of closed sets. It immediately follows from Corollary 2.21 that in
Asplund spaces the sets of point x € bd 2 with N(x;2) # {0} is dense in
the boundary of any proper closed subset £2 C X. Moreover, Example 2.19
shows that even nonemptiness of this set for any £ of type (2.33) implies that
X in Asplund. Theorem 2.22 gives conditions under which this nontriviality
property of basic normals holds at every boundary point of closed sets.

Corollary 2.24 (nontriviality of basic normals in Asplund spaces).
Let X be an Asplund space, and let §2 be a proper closed subset of X. Then
N(x;£2) # {0} at every point X € bd 2 where the set 2 is sequentially nor-
mally compact.
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Proof. Follows from Theorem 2.22 applied to the system {.Q {x}, X}. A

Note that the result of Corollary 2.24 gives a new condition for the sup-
porting hyperplane property even for closed conver cones in Asplund spaces,
where the SNC assumption may be strictly weaker than the CEL one; see
Remark 1.27 with its references and Example 3.6 in Subsect. 3.1.1.

In conclusion of this section we present a consequence of the results above
that characterizes Asplund spaces via the existence of basic subgradients for
every locally Lipschitzian function.

Corollary 2.25 (subdifferentiability of Lipschitzian functions on As-
plund spaces). Let X be a Banach space. Then d¢(x) # 0 for every function
©: X — IR locally Lipschitzian around X if and only if X is Asplund.

Proof. Consider any function ¢ on an Asplund space X that is Lipschitz con-
tinuous around X. Then N((¥, ¢(X));epig) # {(0,0)} due to Corollary 2.24.
By Corollary 1.81 we have d¢(x) # 0. Conversely, if X is not Asplund, then
d¢(x) = () on X for the Lipschitz continuous function ¢ in (2.33). A

2.3 Relations with Variational Principles

By wvariational principles, in the conventional terminology of variational anal-
ysis, one means a group of results stating that for any lower semicontinuous
(ls.c.) and bounded from below function ¢: X — IR and a point xq close
to its minimum there is an arbitrary small perturbation 6(-) such that the
resulting function ¢ + 6 achieves its minimum at some point X near xg. A
variational principle is said to be smooth when the perturbation function may
be chosen as smooth in some sense. The first general variational principle was
established by Ekeland [396, 397] in complete metric spaces. Among smooth
variational principles the most powerful are those by Borwein and Preiss [154]
in Banach spaces with smooth renorms and by Deville, Godefroy and Zizler
[331] in Banach spaces with smooth bump functions. Variational principles
play a prominent role in many aspects of nonlinear analysis, optimization,
and numerous applications.

For dim X < oo such principles easily follow from the classical Weierstrass
existence theorem and the compactness of the unit ball B C X. In the case of
infinite-dimensional spaces they ensure the existence of optimal solutions to
perturbed problems and hence lead, by employing some calculus, to “almost”
minimal points of the original function ¢ that “almost” satisfy necessary op-
timality conditions in terms of corresponding subgradients of ¢. If X admits
a smooth variational principle, such conditions can be obtained in terms of
Fréchet subgradients by using the simple rule of Proposition 1.107(i). How-
ever, as we'll see below, smooth variational principles may be applied only
if X has some smoothness properties, while the required subgradient condi-
tions can be derived from the approximate extremal principle in any Asplund
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space. In this way we establish relationships between the extremal principle
and appropriate versions of variational principles in X and obtain variational
characterizations of Asplund spaces in terms of Fréchet subgradients and e-
subgradients of lower semicontinuous functions.

2.3.1 Ekeland Variational Principle

Let us start with the fundamental variational principle of Ekeland that turns
out to be a characterization of complete metric spaces (X, d).

Theorem 2.26 (Ekeland’s variational principle). Let (X, d) be a metric
space. The following hold:

(i) Assume that X is complete and that ¢: X — IR is a proper l.s.c. function
bounded from below. Let ¢ > 0 and xg € X be given such that ¢(xg) < infyx ¢+
e. Then for any A > 0 there is x € X satisfying

(a) ¢(¥) < ¢(x),
(b) d(%,x0) < A,

(c) o(x)+ (g/X)d(x,x) > @(x) for all x # X.

(ii) Conversely, X is complete if for every Lipschitz continuous function
¢: X — IR bounded from below and every ¢ > 0 there is X € X satisfying

(a') ¢(x) <infy ¢ + ¢ and property (c) above with } = 1.

Proof. Let us justify (i) observing that it is sufficient to consider the case of
¢ = A = 1. Indeed, the general case in (i) can be easily reduced to this special
case applied to the function ¢(x) := e 1p(x) on the metric space (X, d) with
d(x,y) := A~'d(x, y). Putting ¢ = A = 1 in what follows, we first prove that
there always exists X € X satisfying (c) under the assumptions in (i). Define
a mapping 7: X = X by

T(x):={ueX|ow)+dxu)<p()}.

Starting with an arbitrary point x; € dom ¢, we inductively construct a se-
quence {x;}, k € IN, as follows. Assume that x; is known and select the next
iteration xyy1 so that

1
Xet1 € T(xx) and @(xp41) < inf @(x)+ -, keN.
XGT(JCk) k

Observe that all T'(x;) are nonempty and closed. Moreover, T (xxy1) C T (x¢)
due to the triangle inequality. This gives

_ 1
du, xe+1) < @(xrg1) —@(u) < inf o(x)+ - —o(u)
x€T (xx) k

XET (Xe41)

| =

1
< inf  @(x)+ - pu) <
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for all u € T(x¢41), k € IN. Therefore

diam T (x;) := sup d(x,u)—>0 as k —o0.
x,u€T (x)

Due to the completeness of X we conclude that the sets T (x;) shrink to a
single point:

ﬂ T (x¢) = {x} for some ¥ € domg .
k=1

The latter implies (¢) by the construction of T (x).
Now given xg € X with ¢(xp) < infy ¢ + 1, we consider the space

Xo = {x € X| o(x) < ¢(x0) —d(x,x0)}

with the metric induced by d. Obviously (X, d) is complete. Applying (c) on
this space, we find ¥ € X such that

¢(x) > @(x) —d(x,x) forall x e Xo\ {x}.

Let us show that the point x satisfies all the conditions (a)—(c) in (i) with
¢ = 1 = 1. Indeed, (a) and (b) follow directly from x¥ € X, i.e., from ¢(x) +
d(x, x0) < @(xg) and ¢(xo) < infx ¢+ 1. It remains to prove (c¢) for x € X\ Xo.
Taking x ¢ X, one has by the above construction that

¢(x) > ¢(x0) —d(x, x0) > ¢(x) +d(X, x0) — d(x, x0)

> p(x) —d(x,x),

which ends the proof of (i).
To prove the converse statement (ii), let us consider an arbitrary Cauchy
sequence {x;} in X and define the function

p(x) = klirélod(xk,x) for all x € X,
where the limit exists due to
|d(xk, x) — d(xp, x)| < d(xg,x,) =0 as k,n — o0
by the triangle inequality. This also gives
|d(xk, x) —d(xp,u)] <d(x,u) forall x,ueX, ke,

which implies the Lipschitz continuity of ¢ on X. Since {x;} is a Cauchy
sequence, for every ¢ > 0 we find k(¢) € IN such that d(x;, x,) < & whenever
k,n > k(g). Thus

o(x,) = klir&d(xk,xn) <e if n>k(e),
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and hence ¢ is bounded from below with infx ¢ = 0. To prove the completeness
of X, we need to find X € X such that ¢(x) = 0.

Choose ¢ € (0, 1) and take X € X satisfying (a') and (c) with A = 1. Then
@(x) < & due to (a') and infy ¢ = 0. Now pick an arbitrary small y > 0 and
put x = x, in (c) with n € IN. From the definition of ¢ and the fact that {x;}
is a Cauchy sequence, we get d(x,,x) < & + y when n is sufficiently large.
This gives ¢(x) < &2 by passing to the limit in (c¢) with x = x, as n — co and
v J 0. Repeating this procedure m times, one has ¢(x) < &" for any m € N.
Thus ¢(x) = 0, which justifies the completeness of X. A

Condition (c¢) in Theorem 2.26 means that the perturbed function ¢(x) +
(e/A)d(x, x) achieves at x its strict global minimum over X. It has many
important consequences. Let us present one, which is of special interest for
subsequent discussions.

Corollary 2.27 (e-stationary condition). Let ¢: X — IR be a proper l.s.c.
function bounded from below on a Banach space X. Given e, A > 0 and xg € X
with ¢(xo) < infx ¢ + &, we assume that ¢ is Fréchet differentiable on a
neighborhood U of xo containing By (xo). Then there is x € X with ||x —xo]| < A
such that 9(X) < @(xo) and ||Ve(x)|| < &/A.

Proof. Since x is a minimum point of the sum ¢(x) + ¢ (x) with ¢ (x) :=
(e/X)||x — X||, we have 0 € 9(¢ + ¥)(x) by Proposition 1.114. Now applying
Proposition 1.107(i) and taking into account that 5(“ -—x|)(x) = B* for the
norm function in Banach spaces, we get all the conclusions of the corollary
from Theorem 2.26(i). A

Note that, since the initial e-optimal point xy always exists, Corollary 2.27
ensures that every Fréchet differentiable and bounded from below function ¢
on a Banach space X admits an e-optimal point x satisfying the e-stationary
condition ||[Ve(X)|| < & for an arbitrary small ¢ > 0. As shown in the orig-
inal paper of Ekeland [397], this result holds also for Gateaux differentiable
functions, which is a direct consequence of his variational principle.

What happens when ¢ is nonsmooth? This is considered next.

2.3.2 Subdifferential Variational Principles

In this subsection we first obtain a lower subdifferential counterpart of the
e-stationary result of Corollary 2.27 to the case of arbitrary ls.c. func-
tions bounded from below. We’ll see that such an extension derived by us-
ing the extremal principle turns out to be a characterization of Asplund
spaces. It actually plays a role of a (local) variational principle in Asplund
spaces and has many important consequences, including density results for
Fréchet subgradients as well as conventional forms of smooth variational prin-
ciples under appropriate smoothness assumptions on Banach spaces. Finally,
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we derive an upper version of the subdifferential variational principle that
holds in general Banach spaces and involves every upper Fréchet subgradient
(provided that they exist) instead of some lower subgradient as in the previous
lower subdifferential counterpart.

Theorem 2.28 (lower subdifferential variational principle). Let X be
a Banach space. The following are equivalent:

(a) The approzimate extremal principle holds in X .

(b) For every proper l.s.c. function ¢: X — IR bounded from below, every
e > 0,1 >0, and xo € X with ¢(x9) < infx ¢ + & there are x € X and
x* € 0¢(x) such that | — xo|| < A, ¢(X) < infx ¢ + ¢, and ||x*|| < &/A.

(c) X is Asplund.

Proof. Implication (c)=-(a) is established in Theorem 2.20. Let us justify the
other implications. We begin with (b)=(c) and then derive (a)=-(b), which is
the main part of the theorem.

(b)=-(c). Take an arbitrary convex continuous function ¢: X — IR. Then
g(p(x) agrees with the subdifferential of convex analysis and is nonempty at
every x € X. To establish the Asplund property of X, it is sufficient to show
that there is a dense subset S C X such that 3(—¢)(x) # 0 for every x € S.
Indeed, in this case ¢ is Fréchet differentiable on S due to Proposition 1.87.

Fix xo € X and ¢ > 0. Since ¥(x) := —¢(x) is continuous, there is a
positive number v < ¢ such that ¥ (x) > ¥ (x9) — ¢ for all x € xg + vIB. Thus
we have ¢(xg) < infx ¢ + 2¢, where the function

o(x):=¢(x)+3(x;x0+vB), x€X,

is obviously lower semicontinuous on X. Applying (b) to the latter function,
we find ¥ € X with ||¥ — xo|| < v such that d¢(x) # @. This clearly implies
that 9y (x) # 0, i.e., the set of points x € X with 3(—¢)(x) # 0 is dense in X.
Hence X must be Asplund.

(a)=(b). First let us choose 0 < & < & with ¢(xg) < infx¢ + (¢ — &)
and put A := (2¢)~'(2e — &)A < A. Applying Theorem 2.26(i), we find ¥ € X
satisfying |¥ — xo| < 4, (%) < infx ¢ + (¢ — &), and

(%) < p(x)+ 17 e —&)|x — %|| forall x € X\{X}. (2.37)
Define two closed subsets of X x IR by
21 :=epip, £25:={(x,a) € X x R|a < ¢(x) 2 He—8)|x - x|} .

It is easy to conclude from (2.37) that (X, ¢(X)) is a local extremal point of the
set system {£21, £22}; so we can use the extremal principle.

Consider the norm ||(x, @) := ||x]| + || on X x IR with the corresponding
dual norm ||(x*, §)|| = max{||x*||, ||} on X* x IR. Applying the approximate
extremal principle to the above system, for any & > 0 we find (x;, ;) € £2;
and (x7, &) € N((xi,a); 2;), i = 1,2, satisfying
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llxi = %[ + i —@(X)| < &,

—é<max{|x/|. &} <1+, (2.38)

D=

max {[|lx} + x5 61+ &2} < .

Observe that (x3,&) # 0 when & is sufficiently small. It follows from the
structure of 25 that ay = ¢(%) — A~ (e — &)||x2 — X||, which yields & > 0 and
thus implies

x3/62 € (A7 Me =) - %I (x2) and |x3]/62 <37 (e~ ) .
Taking (2.38) into account, the latter gives the estimate

(1-28)% 1

Ezzmin{z(g—_g), 3 s} , (2.39)

which ensures by (2.38) that & < 0 when & is sufficiently small. This allows
us to show that a3 = ¢(x1), since the 0pp081te implies & = 0 due to (xl &) €
N((x1,01);epig) and the definition of N. Consequently —x7 /& € d¢(x1).

Tt follows from (2.39) that £/& — 0 as & | 0. Putting all the above together,

we have

Uil Bsilee (bl £y /£y ¢

&1 §r—¢ £ & &2 A
when & is sufficiently small. On the other hand, it follows from (2.38) and the
choice of A that

lx1 —xo0|| < A+ & and @(x1) =a; <ir}}f<p+s—§+é.

Finally, letting X := x1 and x* := —xJ /&1, we arrive at all the conclusions in
(b) and finish the proof of the theorem. A

One can see that the major difference between the results of Theo-
rem 2.26(i) and Theorem 2.28(b) is that, instead of the minimization condition
(¢) in the first theorem, we have the “almost stationary” lower subdifferential
condition in the second one with the same type of estimates. The latter subd-
ifferential condition carries essential information for local variational analysis
and applications, which allows us to treat assertion (b) of Theorem 2.28 as
a proper variational principle in Asplund spaces and call it the (lower) sub-
differential variational principle. Moreover, we’ll see in the next subsection
that this result implies smooth variational principles in the conventional min-
imization/support form under additional smoothness assumptions on Asplund
spaces that are necessary for the fulfillment of smooth variational principles
but are not needed in Theorem 2.28.

The subdifferential variational principle of Theorem 2.28 easily implies
the dense Fréchet subdifferentiability and related properties of 1.s.c. functions
that also turn out to be characterizations of Asplund spaces.
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Corollary 2.29 (Fréchet subdifferentiability of l.s.c. functions). Let
A be a class of all proper Ls.c. functions ¢: X — IR on a Banach space X.
The following properties are equivalent:

(a) X is Asplund.

(b) For every ¢ € A the set of points {(x,¢(x)) € X x IR| g (x) # 0} is
dense in the graph of ¢. R

(c) For every ¢ € A there is x € dom ¢ with dp(x) # (.

(d) For every ¢ € A and every e > 0 there is x € dom ¢ with 5g5g0(x) £ (.

(e) For every ¢ € A and every ¢ > 0 there is x € dom ¢ with 5a£¢(x) # 0.

Proof. By Theorem 2.28 the smooth variational principle holds in any As-
plund space. Take arbitrary ¢ € A, xg € domg, and ¢ > 0. Following the
proof of (b)=(c) in the above theorem, we find x € X such that ||x —x¢| < ¢,
lo(x) — @(x0)| < 2¢, and dp(x) # 0. This justifies (a)=-(b) in the corollary.
Implications (b)=-(c)=-(d) are obvious, and (d)=-(e) easily follows from The-
orem 1.86. To justify the concluding implication (e)=-(a), it is sufficient to
observe that the concave continuous function ¢ := —|-| from Proposition 2.18
violates (e) for every ¢ < ¥/2. A

It follows from the proof of Corollary 2.29 that all the equivalences therein
keep holding if the class A is replaced by more narrow classes of l.s.c. functions.
In particular, one can consider only concave continuous functions ¢: X — IR,
or proper ls.c. functions ¢: X — IR bounded from below. The latter follows
from the fact that implication (e)=-(a) can be verified for the function ¢ =
1/] - |, where | - | is taken from Proposition 2.18. Note also that the list of
equivalences in Corollary 2.29 can be supplemented by counterparts of (b)
and (c) in terms of basic subgradients. It immediately follows from the limiting
representations (1.55) in Theorem 1.89.

Finally in this subsection, we establish another version of the subdiffer-
ential variational principle whose difference from that in Theorem 2.28 con-
sists of using upper Fréchet subgradients instead of lower ones as above. The
new version, which holds in arbitrary Banach spaces, involves every upper
subgradient of the function in question, while it generally doesn’t guarantee
the existence of such subgradients. However, this result has certain essen-
tial advantages in comparison with its lower subdifferential counterpart being
useful in some applications (particularly for deriving suboptimality conditions
in constrained minimization) for important classes of functions that admit
nonempty Fréchet upper subdifferential at reference points; see Chap. 5 for
various results, discussions, and references.

Theorem 2.30 (upper subdifferential variational principle). Let X be
a Banach space, and let ¢: X — IR be a l.s.c. function bounded from below.
Then for every ¢ > 0, A > 0, and xo € X with ¢(xg) < infx ¢ + & there is
X € X with ||Xx — xol] < A and ¢(x) < infy ¢ + & such that

x*|| < &/A whenever x* € 9tp(x) .
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Proof. Given arbitrary numbers ¢ > 0 and A > 0 and applying Ekeland’s
variational principle to the function ¢ and the point xg under consideration,
we find X € X satisfying ||xg — X|| < A, ¢(¥) < infy ¢(x) + ¢, and

o(x) <p(x)+ %Hx — x| forall xe X.

Taking now any x* € 0T ¢(x) = —3(—¢)(x) and using the smooth variational
description of Fréchet subgradients from Theorem 1.88(i) held in arbitrary
Banach spaces, we find a function s: X — IR Fréchet differentiable at x and
such that

s(X) =@(x), Vs(x)=x" and s(x) > ¢(x) whenever x € X .

Combining this with the above global minimization property for the perturba-
tion of ¢ at x, conclude that the function ¢(x) := s(x) + (¢/1)||x — x|| attains
its global minimum at x. Then it follows from the generalized Fermat rule of
Proposition 1.114, the sum rule of Proposition 1.107(i), and subdifferentiating
the norm function at zero that

0€3¢(x) = Vs(¥) +3 (] - %[ ) () € x" + S B" .
This gives ||x*|| < ¢/A and completes the proof of the theorem. A

2.3.3 Smooth Variational Principles

The crucial condition (¢) in Theorem 2.26 can be interpreted as follows: for
every proper lLs.c. function ¢: X — IR bounded from below (i.e., such that
inf ¢ > —00) there exist a point x € dom ¢ and a function s: X — IR satisfying

p(x) =s(x) and @(x) >s(x) forall x € X . (2.40)

The latter means that s(-) “supports ¢ from below.” Such a function s(-)
is usually called a supporting function belonging to some class S. In these
words condition(2.40), with s(-) € S for every ls.c. function ¢ bounded from
below, postulates that the S-variational principle holds in X. Thus Ekeland’s
theorem ensures that, for the class of

S:={-¢|-—x|+c|e>0 ceR}

with arbitrary small positive numbers ¢, the S-variational principle holds in
any Banach space. A notable limitation on applications of this result is that
the supporting functions are not smooth.

If all s(+) € S are required to be smooth (in some sense), we speak about a
smooth variational principle in a Banach space X. An S-variational principle
is called concave if S consists of concave functions. The afore-mentioned result
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of Borwein and Preiss establishes a concave smooth variational principle pro-
vided that X admits a smooth renorm with respect to some bornology. The
corresponding result of Deville, Godefroy and Zizler ensures a smooth (but
not concave) variational principle when the smooth renorming assumption is
weaken to the existence of a smooth Lipschitzian bump function on X.

In the following theorem we consider variational principles for the three
classes of S-smooth functions on X: Fréchet differentiable (S = F), Lip-
schitzian and Fréchet differentiable (S = LF), and Lipschitzian and con-
tinuously differentiable (S = L£C!). Applying the lower subdifferential vari-
ational principle of Theorem 2.28 and then the variational descriptions of
Fréchet subgradients established above, we derive S-smooth variational prin-
ciples in some enhanced forms under the corresponding smoothness assump-
tions on the Banach space in question, which inevitably imply the Asplund
property of this space. Moreover, we show that the smoothness assumptions
on X are not only sufficient but also necessary for the fulfillment of these
smooth (resp. concave and smooth) variational principles in Asplund spaces.

Theorem 2.31 (smooth variational principles in Asplund spaces).
Let X be a Banach space, and let A stand for the class of all proper ls.c.
functions ¢: X — IR bounded from below. Given arbitrary ¢ > 0 and A > 0,
one has the following assertions:

(1) If X admits a Fréchet smooth renorm, then for every ¢ € A and xg € X
with ¢(xo) < infx ¢ + & there exist x € X and a concave Fréchet differentiable
function s: X — IR such that

Ix —xoll <A, @(X) < igfgo +e, (2.41)

[Vs(x)|| <e&/x, and
p(X) =s(x), @(x)>s(x)+||x —x||* forall x€X.

(ii) Let X admit an S-smooth bump function, where S stands for either F,
LF, or LCL. Then for every ¢ € A and xo € X with ¢(xo) < infx ¢ + & there
exist X € X satisfying (2.41), an S-smooth bump b: X — IR, and a constant
¢ € R such that ||Vb(X)|| < e/A and

p(x)=b(x)+c, @x)>bx)+c forall xeX.

Moreover, in this case we can find S-smooth functions s: X — IR and 6: X —
[0, 00) such that |[Vs(x)|| < &/A, 8(x) = 0 only for x = 0, 6(x) < ||x||* if
x € B, and

o(x)=s(x), @x)>s(x)+0(x—x) forall xeX.

(iii) Conwersely, the concave F-smooth variational principle holds in X
only if X admits a Fréchet smooth renorm, and the S-smooth variational
principle holds in X only if X admits an S-smooth bump function for the
corresponding classes S listed above.
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Proof. Assertions (i) and (ii) follow directly from the lower subdifferential
variational principle in Theorem 2.28(b) due to the variational descriptions of
Fréchet subgradients in Theorem 1.88. Let us justify the converse statements
formulated in (iii).

First we prove that the concave F-smooth variational principle in X implies
that X admits a Fréchet smooth renorm. Applying (2.40) to the function
o(x) = 1/||x||, we find 0 # v € X and a concave Fréchet differentiable
function s: X — IR such that

s(x) <o(x) =1/xll < 1/@fvll) if ]} > 2[v

with s(v) = 1/||v||. Putting
p(x):=—s(x+v)+1/|v|, x € X,

we conclude that p is convex and Fréchet differentiable on X due to the
corresponding properties of s. Thus p is C'-smooth on X. Moreover, one has
p(0) =0 and

p(x) > =1/Q[[}) + 1/l[vll = 1/[vl) if [lx] > 3[v]l,
since ||x 4+ v|| > 2||v||. Now let us consider the Minkowski gauge functional
g(x) ::inf{k>0|x€)».{2}, xeX,

of the set 2 = {x € X} p(x) < 1/2|lv|)}. It is easy to see that £ is
convex, closed, and bounded with 0 € int £. In this case the Minkowski
gauge is a continuous sublinear functional with g(x) > 0 for all x # 0 and
2 = {x € X| g(x) <1}. This ensures the existence of M > 0 such that

x[|/(B]v]]) < g(x) < M|x|| forall x € X .
Now considering the function
n(x):=g(x)+g(-x), x € X,

we conclude that it defines a norm on X equivalent to the original one || - ||.
To complete the proof of the first statement in (iii), it remains to justify that
g is Fréchet differentiable on X \ {0}. The crucial step for this is to show the
Gateaux differentiability of g at every nonzero point of X. Since g is convex,
the latter is equivalent to the fact that its subdifferential dg(x) is a singleton
for each x € X \ {0}.

To proceed, we fix an arbitrary x € X with g(x) = 1 and pick x* € ag(x).
It can be easily derived from the definitions that

p(x) =1/2|vl)) and (7, x) =g(x).

Now taking any ¢t > 0 and h € X with (x*, h) = 0, one has
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glx+th)>gx)+ (x*,th) =1, gla(x—+th))=agx+th)>1if a>1,

and hence a(x +th) ¢ 2. Thus p(a(x +th)) > 1/(2||v||) for all @ > 1 and all
t > 0. Passing to the limit as o | 1, we get p(x +th) > 1/(2||v]|) (= p(x)) for
all > 0. Since p is Gateaux differentiable at x with the derivative p’(x), this
implies that

(p(x), h) =lim plx +th) — p(x)

>0 forall he X with (x*,h)=0.
t10 t

The latter gives (p’(x), h) = 0 for all such i, and so x* = Ap’(x) for some
A € IR. Therefore

L=g(x) = (" x) =2{p'(x), x) ,

which uniquely determines x* € dg(x) as x* = p’(x)/(p’(x), x). This means
that g is Gateaux differentiable at x and g’(x) = x* when g(x) = 1. Consid-
ering an arbitrary nonzero x € X and taking into account that g is positively
homogeneous and g(x) # 0, we get the following formula for the Gateaux
derivative of g at x:

g'(x) = <p’(ﬁ), $> p’(ﬁ) :

Since p is Ct-smooth, this formula implies that g’ is norm-to-norm continuous.
Thus g is Fréchet differentiable at every nonzero point of X, which justifies
the first part of (iii).

Next we prove the second part of (iii) simultaneously for each listed S.
Again pick the function ¢ = 1/ - || and apply to it the supporting condition
(2.40) with some v = X and S-smooth function s : X — IR. Then consider an
arbitrary C?-smooth function t : IR — [0, 1] satisfying

(t)=11if + > 1/||v]| and z(r) =0 if r < 1/(2|v]]).

One can easily check that b := 7t os is an S-smooth bump function on X,
which justifies (iii). A

Note that the supporting conditions in assertions (i) and (ii) of Theo-
rem 2.31 carry more information in comparison with the basic supporting
condition (2.40) used in the proof of assertion (iii). Observe also that the
proof of Theorem 2.31(iii) holds true when the Fréchet smoothness is replaced
by the Gateaux smoothness or, generally, by any B-smoothness with respect
to an arbitrary bornology 8 on X; cf. Remark 2.11. This implies that any
smooth (resp. concave smooth) variational principle with the supporting con-
dition (2.40) necessarily requires the corresponding smooth renorming/bump
function assumption on the underlying Banach space X.
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2.4 Representations and Characterizations
in Asplund Spaces

In this section we apply the above extremal and variational principles to obtain
efficient representations of the generalized differential constructions of Chap. 1
in the case of Asplund spaces. Most of these representations turn out to be
characterizations of Asplund spaces. We begin with a subgradient description
of the approximate extremal principle, which plays an essential role in the
subsequent material. Then we derive characterizations of Asplund spaces in
terms of special subdifferential sum rules involving Lipschitzian functions.
This leads to simplified representations of basic subgradients, normals, and
coderivatives in Asplund spaces similar to those in finite dimensions. In the
last subsection we derive convenient representations of singular subgradients of
extended-real-valued l.s.c. functions and related results for horizontal normals
to graphs of continuous functions on Asplund spaces.

2.4.1 Subgradients, Normals, and Coderivatives in Asplund Spaces

Let SL£(x) denote the class of pairs (¢;, ¢2) with proper functions ¢;: X — IR
such that ¢; is Lipschitz continuous around x € domg; N domgs and ¢
is L.s.c. around this point. For brevity we say that the sum ¢; + @2 is semi-
Lipschitzian at x if (¢1, 2) € SL(X). The next result provides an equivalent
description of the approximate extremal principle in terms of a “fuzzy” sub-
gradient condition for minimum points of semi-Lipschitzian sums.

Lemma 2.32 (subgradient description of the extremal principle).
Given a Banach space X, one has the following:

(1) Let the approximate extremal principle hold for every extremal system
of two closed sets in X x IR. Assume that (g1, p2) € SL(X) with ¢;: X — R
and that the sum @1 + @2 attains a local minimum at x. Then for any n > 0
there are x; € X + nIB with |@; (x;) — ¢:(X)| <n, i =1,2, such that

0 € d¢1(x1) + dga(x2) + nIB* . (2.42)

(ii) Conwversely, let for any (@1, ¢2) € SL(X) with ¢;: X — IR and for any
n > 0 there exist x; € X + nIB with |¢;(x;) — ¢;(X)| < n, i = 1,2, such that
(2.42) is fulfilled provided that @1 + @2 attains a local minimum at x. Then the
approximate extremal principle holds for every extremal system of two closed
sets in X.

Proof. To justify (i), we consider (g1, ¢2) € SL(X) and assume without loss
of generality that x = 0 € X is a local minimizer for ¢; + @2 with ¢1(0) =
©2(0) = 0, that ¢, is Lipschitz continuous on nIB with modulus £ > 0, and
that ¢9 is l.s.c. on nIB for the fixed n > 0. Consider the sets

21 :=epip; and 25 := {(x,a) € X x H?| pa(x) < fa} ,
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which are obviously closed around (0,0) € X x IR. It is easy to check that
(0,0) is a local extremal point of the sets {£21, 22}, since ¥ = 0 is a local
minimizer for ¢1 + ¢2. Applying the approximate extremal principle to the
system {91,92, (0, 0)}, for any ¢ > 0 we find (x;, ;) € £2; and (x*, 4;) €
X* x IR, i =1, 2, such that

(xF,=A1) € N((x1,1); 1), (—=x3,h2) € N((x2, @2); 23) (2.43)
()| <&, 3—e<[(x M) <5+e i=1,2, (2.44)
167, —A1) + (=x3.22)[[ < e (2.45)

It follows from (2.43) that A; > 0 fori = 1, 2. Our goal is to show that choosing
¢ to be sufficiently small, we get A; > 0 and can equivalently transformed
(2.43) to subgradient relations with the required estimates. For these purposes
it is convenient to define the corresponding norms on X x IR and X* x IR by

1Cxs @)} += max {||x[|. e[} and [[Gx*, A)] = [lx™]| +[A] -

Then choose ¢ in (2.43)—(2.45) satisfying

, 1 n
0= <mm{4(2+z)’ 4(1+z)2}‘

Since ¢ is Lipschitz continuous on nIB, we get from (x}, —A1) € N((x1, @1); £21)
with max{||x1], |e1]} < & < 5 that ||x}|] < €A1; see Proposition 1.85(ii). Tt
gives by (2.44) and (2.45) that

1

& 240 1
2(1+¢) 1+¢

2(11+e) _5(1+z> Y

A > >0 and Ay >

by the choice of e. This implies by (2.43) that a1 = ¢1(x1), 02 = —@a(x2),
and hence

X o= xi/a € dgi(x1), X o= —x3/ha € ga(xa) -
By (2.44) we have
lxi|l < e <n and |g;j(xi)|=ei| <e<np, i=1,2.

To justify (2.42), it remains to show that ||x7 + x5|| < 5. This follows from

Hx_l_x_z :Hxi*(kz—h) Xy —x3 <IIxTII(Ikz—MI>+Hxi‘—xé‘ll
M A Ao N IS Ay Ay Ay
& & &
<L —:—(1 0) < 4e(1 + £)2
,)\2+)\2 " +0) <4e(14+0)* <

due to the choice of ¢ and the estimates above.
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Next let us prove the converse assertion (ii). Take an extremal system
{£21, 25, x} in X and find a neighborhood U of ¥ such that, given an arbitrary
e > 0, there is @ € X with ||la| < &2/2 and (21 +a)N22NU =0. Put U = X
for simplicity and define the function ¢: X x X — IR by

o(u,v)=iu—v+al, (uv)eXx*. (2.46)

It follows from the local extremality of X that ¢(x,X) < (¢/2)? and that
o(u,v) >0 for all u € £2; and v € £25.

Now we apply Ekeland’s variational principle in Theorem 2.26(i) to the
function ¢ on the complete metric space £27 X £2o2 whose metric is induced by
the norm ||(u, v)| := ||lu|| + ||v|| on X2. This gives points (it, V) € £2; x 29
such that ||z — X|| < ¢&/2, ||v — X|| < &/2, and

(i, 5) < p(u, v) + g(uu — il + v — a||) for all (u,v) € 21 X 25 .
The latter means that the sum of the functions
€ _ _
o1(u,v) == ¢(u, v)—l—§ (Hu — ||+ Hv—v||) and @a(u, v) :=8((u, v); 21 X 22)

attains at (i, v) its minimum over X?2. Observe that ¢; is Lipschitz continuous
and convex and that ¢, is proper and Ls.c. on X2. By the assumptions in (ii)
we find (y1,y2) € X2 and (x1,x2) € £2; X §22 such that ||x; — ul| < /2,
[[x2 = vl < &/2, p(y1, y2) > 0, and

Y a & * *
0 € 31 (y1, y2) + dga(x1, x2) + 5(09 « IB ) .

Note that 5<p2(x1,x2) = ]V((xl,xg);.Ql X 29) = ]V(xl;.Ql) X ﬁ(xg;.Qg) due
to Proposition 1.2. Now using the well-known subdifferential formula for the
norm function (2.46) at nonzero points, we conclude that

3<P1(Y1,YQ)=§(X,—X)+§(B XB)
with some x* € X* of the unit norm. Finally, putting x; = —x*/2 and
x5 = x*/2, we get x € N(x;;82;)+¢eB* with x{+x3 = 0 and ||x7||+|lx3] =1,
which justifies (ii). A

Next we obtain two subdifferential sum rules in the semi-Lipschitzian case:
the fuzzy rule for Fréchet subgradients and e-subgradients and the exzact one
for basic subgradients. Each of these rules applied to all semi-Lipschitzian
sums is proved to be a characterization of Asplund spaces.

Theorem 2.33 (semi-Lipschitzian sum rules). Let X be a Banach space
with x € X. The following properties are equivalent:
(a) X is Asplund.
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(b) For any (@1, ¢2) € SL(X), for any ¢ > 0, and for any y > 0 one has

B (91 + 92) (%) C U {5§01(x1) +5g02(x2)’ xi€xX+vyB,

0i(x) =i (D) Sy, i =12} + (e +y)B" .
(c) For any (@1, ¢2) € SL(X) one has

(@1 + ¢2)(X) C g1 (X) + dg2(X)

Proof. First we prove (a)=-(b). Observe that if X is Asplund, then X x IR is
Asplund as well. By Theorem 2.20 the approximate extremal principle holds in
X x IR. Hence we have property (2.42) in Lemma 2.32 for any (¢1, ¢2) € SL(X).
Let us derive (b) from this property and from the variational description
of analytic e-subgradients in Proposition 1.84. Fix (g, y) in (b) and find n
satisfying the relations

0<n <min{y/4, ﬁ}, where 7%+ (2+¢&)j—y =0.

Then pick an arbitrary x* € 9.(¢1 + ¢2)(X) and conclude by Proposi-
tion 1.84(ii) that the sum

(016) = (" x = %)+ (o + )l = [ ) + 2(x)

attains a local minimum at x. Applying (2.42) with the chosen 5 to the above
sum and then using the elementary sum rule in Proposition 1.107(i), we find
xi €X+nlB and x/ € X*,i =1, 2, such that

o1(x1) + (e +m)ln = F = 91(0)| <0 leaxa) = (D) <,

st €d(gr+ e+l —21)n), x5 € dpalra)
and x* — xi — x5 € nIB*. This implies that
lo1(x1) — @1 (%) <ne+n+1).

Now employing Proposition 1.84(ii) in the case of the Fréchet subgradient xj,
we conclude that the sum ¢; + ¢ with

¥(x) == (e +n)llx — x[| = (¢, x —x1) +nllx — x4
attains a local minimum at x;. Observe that v is convex and continuous on
X with 9y (x) C —x§ + (¢ +2n)B* for any x € X. Applying (2.42) to ¢1 + ¢,
we find X1 € x1 + nIB such that

lp1(F1) —@1(x1)| < and x7 € g1 (F1) + (e +3n)B* .
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We finally have
x* €391 (X1) + dgp2(x2) + (¢ + 4n)B”

with [|x1 — X|| <25 and |¢1(x1) — ¢1(X)] < n(e +n+2). This gives (b) by the
choice of 7.

Next let us prove that (b) and the Asplund property of X implies (c). Take
an arbitrary x* € 3(¢1 + ¢2)(x) and by representation (1.55) in Theorem 1.89
find sequences & | 0, x; — X with ¢1(xx) + @2(xx) — ¢1(%) + ¢2(%), and
x; “5 x* such that x; € e, (91 + @2)(xx) as k — co. Then employing (b) with
Yk = &, we get sequences x;; — X with ¢;(xi) — ¢;(¥) and xj;, € 5<p,- (xix),
i =1,2, such that

[lxg — xix — x5¢]| < 2¢ forall ke IN. (2.47)

Since x; — x*, this sequence is bounded in X* due to the uniform bounded-
ness principle. The sequence {xj,} is also bounded by modulus ¢ due to the
Lipschitz continuity of ¢; around X; see Proposition 1.85(ii). Hence {x3,} is
bounded as well. Using the weak™ sequential compactness of bounded sets in
duals to Asplund spaces, we find x € X* such that x}; LN x/,i=1,2, along
a subsequence of k — co. Again employing Theorem 1.89, we get x;* € dg; (X)
for i =1, 2. Moreover, (2.47) implies that x* = x} + x3, which gives (c).

It remains to show that each of the properties (b) and (c) implies that X
is Asplund. Indeed, according to Proposition 2.18 and Example 2.19 for any
non-Asplund space X there is an equivalent norm |- | on X such that

-~

dp(x) = 0¢(x) =0 whenever x € X

for ¢ := —| - |. Now we can see that both properties (b) and (c) are violated
for the sum ¢ + @2 with @1 := || and @3 := —| - |. A

The next theorem contains subdifferential characterizations of Asplund
spaces via a simplified limiting representation of basic subgradients (like in
finite-dimensions) and a related expansion formula for the so-called limiting
e-subdifferential of ¢: X — IR at X € X with |p(x)| < oo defined by

9:¢(x) := Limsup 0 (x) . (2.48)

P —
X—X

Theorem 2.34 (subdifferential representations in Asplund spaces).
Let X be a Banach space, x € X, and A(X) be the class of proper functions
¢: X = IR ls.c. around X € dom¢. The following properties are equivalent:
(a) X is Asplund.
(b) For every x € X and every ¢ € A(xX) one has

d¢(x) = Limsup dp(x) .

P —
X—X
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(c) For every x € X, every ¢ € A(X), and every ¢ > 0 one has
0:0(X) = 3¢(x) + eB* .

Proof. To justify (a)=-(b), we use the fuzzy sum rule in Theorem 2.33(b)
with ¢; = 0 and @2 = ¢. This gives

B0 < J{Bo(n)| x €5+ vIB. lp(x) = p(®) <y} + (e +y)B (249)

for any ¢ > 0 and y > 0. Passing there to the limit as ¢ = y | 0, we arrive at
the subdifferential representation (b).

To prove (a)=-(c), observe that the inclusion “D” in (c) is trivial, and
we need to show that the opposite inclusion holds in Asplund spaces. Pick
x* € 3.¢(%) and find by (2.48) sequences x; - X and x; Y, x* such that
x; € 58<p(xk) for all k € IN. Taking any y; | 0 and using (2.49) with y = y,
one gets uy € x; + v B satisfying |¢(ux) — ¢ (x¢)| < v and

xi € 0p(ux) + (e + w)B*, kelN.

This allows us to find u} € d¢(u;) and v} € (e +y)B* such that x; = u] + v}
for all k € IN. By the weak™ sequential compactness of IB* and the weak*
lower semicontinuity of || - || on X* we have v* € X* satisfying

vf " as koo with (o] < liminf vf]| <
k—o00

along a subsequence of {k}. This implies the existence of u* € d¢(x) such that

ug 25 u* and hence x* = u* + v* € d¢(x) + eB*, which gives (c).
To justify the opposite inclusion (¢)=(a), one has to show that for any
non-Asplund space X there are x € X, ¢ € A(x), and £ > 0 such that the

representation in (c¢) doesn’t hold. Taking the equivalent norm |- | on X and
the number ¥ > 0 in Proposition 2.18, let us show that this representation is
violated for ¢ = —|-|, x = 0, and & = 1. Indeed, it follows from Proposition 2.18

and Definition 1.83(ii) that
ﬁggo(x) =@ forall xe X if 0<e < min{l, 19/2} ,

which gives 9¢(0) = 0. On the other hand, one can casily check that 9;¢(0) D
{0} # 0. Hence 91¢(0) # @ by (2.48), and thus (c¢) doesn’t hold. Note that
our proof actually shows more: if X is not Asplund, then for any given ¢ > 0
there is a function ¢ € A(0) such that the representation in (c) is violated.
Indeed, consider the function ¢ := —¢| - | in the above arguments.

To finish the proof of the theorem, it remains to justify (b)=-(a), i.e., to
show that the representation in (b) is violated for some x € X and some
¢ € A(x) in any non-Asplund space. Assuming that X is not Asplund, we
take the equivalent norm | - | in Proposition 2.18, x = 0, and let
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o(x) == =[x+ min {(u*, x), (", x)}, x€X, (2.50)

where u*, v* € X* with u* # v*. Consider a sequence {x;} C X such that
xr — 0 and (u*,x;) < (v*,x) for all k € IN. Denote ¥ (x) := —|x|? and
observe that

o(x) =Y (x)+ (u*,x) whenever x € Uy and k € IN

for some neighborhood Uy of x;. Since | - | < | - ||, we have
W (u) =y ()] = (Jul + [vl) - |l = [0])] < Bl - Ju — v

for all u, v € x + (||x¢]|/2) B. This means that the function ¥ is Lipschitzian
around x; with modulus 3|x| for any fixed k € IN. It easily follows from the
definitions that R

u* € 93y @(xx) forall k € IV,

where the analytic e-subdifferential is taken with respect to the norm | - |.
Passing to the limit as k — oo and taking into account that representation
(1.55) is invariant with respect to equivalent norms on X, we get u* € d¢(0).

Let us show that dg(x) = () for all x near the origin, which violates (b) in
the case of ¢ in (2.50) and ¥ = 0. First check that 3¢(0) = . Assuming the
contrary, we get x* € ggo(O) satisfying

hmlnf ||h|| — |h? —I—min{<u*,h>, <v*,h>} - <x*,h>} >0.

Since the norms | - | and | - || are equivalent on X, we conclude that
limy, 0 [2|%/||k]| = 0 and hence

—x*, h) > —x*,h)y>0.

hm 1nf 0, hm mf

i i

The latter is possible only when u* = x* = v*, which contradicts the initial

assumption that u* # v*; thus 5(/)(0) = 0.
Let us finally show that d¢(x) = 0 for any x # 0. If it is not the case, we
take x* € dp(x) and get from (2.50) that

hinl(r)lf ” ” — x4+ 2[* + |x|* + min {@*, x + ), (v*, x + )}
—

—min { (u*, x), (v, x)} — <x*,h>} >0.
Assume first that (u*, x) < (v*, x). Then

hmmf —\x+h|2—|—|x|2+<u*—x*,h>] >0,

IIfllll {
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which means that 5( —|-|?)(x) # 0. Since |- |? is convex and continuous, one
always has 9(| - [2)(x) # 0. By Proposition 1.87 the function | - |? is Fréchet
differentiable at x, which implies the Fréchet differentiability of | - | at x # 0.
The latter contradicts Proposition 2.18. The case of (u*, x) > (v*, x) can be
considered similarly. Thus d¢(x) = 0 for any x € X, which justifies (b)=(a)
and completes the proof of the theorem. A

The next result related to Theorem 2.34 gives an efficient representation
of basic normals to closed sets via weak™ sequential limits of Fréchet normals
at points nearby. It also happens to be a characterization of Asplund spaces.

Theorem 2.35 (basic normals in Asplund spaces). Let X be a Banach
space. The following properties are equivalent:

(a) X is Asplund.

(b) For every closed set 2 C X and every X € 2 one has the limiting
representation R

N(x;$2) = Limsup N(x; 2) .
X—X
Proof. Implication (a)=-(b) follows from (a)=(b) in Theorem 2.34 for the
case of set indicator functions ¢(x) = §(x; £2). It remains to prove that if X is
not Asplund, representation (b) of basic normals doesn’t hold for some closed
set 2 C X and x € £2.

Put X = Z x IR, where Z must be non-Asplund as well. Taking two distinct
elements u* and v* of Z*, define a Lipschitz function ¢: Z — IR by (2.50),
where | - | is the equivalent norm on Z from Proposition 2.18. We proved
in Theorem 2.34 that d¢(z) = () for every z € Z. Now let us consider the
epigraphical set £ := epig C X generated by this function and show that
N(x; ) = {0} for every x € £2.

It suffices to prove that N((z, ¢(z)); £2) = {(0,0)} for all z € Z. Assuming
the contrary and taking into account that ¢ is Lipschitzian, we find

(z*,2) € N((z, 9(z)); 2) with A <0

due to Proposition 1.85(ii) as ¢ = 0, which gives (—z*/A) € 9¢(z). This
contradicts the fact that d¢(z) = () proved in Theorem 2.34. Therefore
Limsup N(x; 2) = {0} whenever ¥ € 2

xX—X
for the set £2 under consideration. On the other hand, from the proof of
(b)=(a) in Theorem 2.34 we have z; € Z and & > 0 such that
u* e 5£k¢(zk) with ¢ 0 and zz -0 as k —>00.

It implies that (u*, —1) € ﬁgk((zk, ©(zx)); £2) due to Theorem 1.86 and hence
(u*, —1) € N((0,0); £2) by definition (1.3). Thus the basic normal representa-
tion in (b) is violated for the above set §2 at the point X = 0. A
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Note that, for any Asplund space X, the subdifferential representation in
Theorem 2.34(b) follows from the normal cone representation of Theorem 2.35
applied to epigraphical sets in the Asplund space X x IR. The latter one is
implied by the formula

N.(%: 2) CU{IV(x;Q)‘x egm(x+y13)}+(g+y)m* (2.51)

held for every ¢ > 0, y > 0, x € £, and every closed subset 2 C X of
an Asplund space. Formula (2.51) immediately follows from (2.49) with ¢ =
3(+; £2) and, given any x* € ﬁg(f; £2), it can also be obtained by the direct
application of the approximate extremal principle to the system of two closed
sets

2 :={(x,a) EXxR|x € R, a >0},

29 = {(x,a) e X ><H€|x €eX, a< <x*,x—i>—(£+y)||x—)?||}

for which (x, 0) is a local extremal point.

As a consequence of Theorem 2.35, we have the following simplified repre-
sentations (with ¢ = 0 in Definition 1.32) of both normal and mixed coderiva-
tives for closed-graph multifunctions between Asplund spaces.

Corollary 2.36 (coderivatives of mappings between Asplund spaces).
Let F: X = Y be a multifunction between Asplund spaces whose graph is closed
around (x,y) € gph F. Then

DyF(x,y)(y") = Limsup IA)*F(x, ), yerr,
(x,y)—(x,9)
e
Dy F(x,y)(y") = Limsup D*F(x,y)(y"), ¥y €Y".

(x.y)=(x.5)
y oy

Proof. Since both X and Y are Asplund, its product X x Y is Asplund
as well. Hence the representation for D F(x,y) follows immediately from
(1.26) and the normal cone representation of Theorem 2.35 applied to 2 =
gph F C X x Y. To prove the mixed coderivative representation, we pick
any x* € D}, F(x,y)(y*) and find, by Definition 1.32(iii), sequences g | 0,

(XK, Yis ¥E) — (X, 9, ¥%), and x; 3 ¥* with (xk, yx) € gph F and
(xf.—y;) € N ((x¢, vi); gph F) for all k € IN .

Now using formula (2.51) with e = y := g and £ = gph F, we get sequences
(%, Jx) € gph F and (X7, —3;) € N((Xx, 3x); gph F) such that

(%, i) = (i, yi) | < & and [[(3, 35) — Oefs vl < 26k -

This implies that x; “ % and that (Xes Yoo ¥¢) — (%, y,¥) in the norm
topology of X x Y x Y*, which justifies the representation for D}, F(x,y). A
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2.4.2 Representations of Singular Subgradients
and Horizontal Normals to Graphs and Epigraphs

In Subsect. 1.3.1 we defined singular subgradients of extended-real-valued
functions through horizontal normals to their epigraphs. For a number of
applications of singular subgradients it is important to obtain their efficient
representations via some limits of Fréchet subgradients and e-subgradients at
points nearby, similar to those available for basic subgradients. This issue is
related to the possibility of approximating horizontal normals by sequences
of sloping (non-horizontal) normals to epigraphs. In this subsection we con-
sider these questions (and related ones for the case of graphs of continuous
functions) in the framework of Asplund spaces.

Let us start with the basic lemma ensuring a strong approximation of
horizontal Fréchet normals to epigraphs of l.s.c. functions on Asplund spaces
by sequences of Fréchet subgradients.

Lemma 2.37 (horizontal Fréchet normals to epigraphs). Let X be As-
plund, and let ¢: X — IR be a proper_function l.s.c. around X € domg.
Then for every x* € X* with (x*,0) € N((X, ¢(X));epig) there are sequences
X 5%, M L0, and x; € Med@(xi) such that llxf —x*|| = 0 as k — oo.

Proof. Fix x* € X* satisfying (x*, 0) € N((%, ¢(¥));epig) and assume with-
out loss of generality that x = 0, ¢(x) = 0, and ||x*|| = 1. Take an arbitrary
¢ € (0,1) and choose n = n(e) J 0 as ¢ | 0 such that

¢(x) > —& on nB and

(x*,x) < e(|lx|| + [r]) if x € (nB)\ {0}, (x,1) € epig, A near 0. (2.52)
Form the closed convex set
2, = {x € X| (x*, x) > stH}
and observe that
o(x) >0 forall x € 2, NnB .

Indeed, otherwise one has (x,0) € epig, and hence (2.52) implies that
(x*, x) < ¢e||x||, which contradicts the fact of x € §2,. Next we show that

€
1+ 2¢

dist(x; £29.) > |x|| for any x € £2, . (2.53)

Assuming the opposite, we find x € 25, satisfying

)
1+ 2¢

lx — x| < [

The latter inequality implies that
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(7, x) = (" X = x) + (7 x) <] [l = xfl o+ (7 x)

<
x—x||+e|x 15928 x|| + ¢e|lx
< 2¢ ||x|| 1 828||x||} < 2£[||x|| — ||x —x||] < 28Hx ,

which contradicts the fact of X € §25.. Now given an arbitrary number k € IV,
define the function

Yre(x) = ep(x) + kdist(x; £22.) — (x*, x) + 2¢]|x||
that is l.s.c. and bounded from below on niB. Taking u; . € nIB with

Vi e (Ure) < xiEI}IfB Ve (X) + ¢

and applying the Ekeland variational principle (Theorem 2.26) to the function
Yr.e on the metric space nIB, we find u; . € nIB satisfying

Yie(lre) < Yre(x) + %Hx — Uye|| whenever x € niB .
Putting x = 0, we arrive at the useful upper estimate
Ve (ite) < tllitkell
which means, by the construction of ¥ ., that
eitp,e) + k dist(itg,e; 206) — (x*, itge) + 2¢|itge || < 7 litxell -

The latter clearly yields dist(iy ¢; £22:) — 0 as k — co.

Now we show that one can always find k = k(¢) € IN satisfying u, €
int (nIB) whenever ¢ > 0; note that n = 5(e) also depends on ¢ but we skip
this in notation for simplicity. Assume first that ity . € £2,, i.e.,

(% o) > € [|ie]] -
Employing (2.52), we have
e@(Upe) + € lJurel — (x*, uge) >0
with uy . chosen above, and hence
Ve (lp,e) > € |itge|| + k dist(itg o5 220) > & |ty -
Combining this with the preceding upper estimate for ¥ (i ), one gets
& litgell < tllitrell,  and thus i, =0

for all k € IN sufficiently large. If ;. ¢ §2., then (2.53) gives
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€
1+ 2¢

||I/7tk’8|| < dist(ﬁkqg; 925) —0 s

ie., Uy, — 0 as k — co. Thus there is a sequence of k = k, — oo as ¢ | 0 for
which ||ug .|| < n = n(e). Taking this into account and the fact that i, := iy, .
is a minimizer to the function Yy . + £||x — it;|| on nIB, one has

0€ (e + @) (i1c)

by the generalized Fermat rule, where
. X 1 _
@e(x) 1= kedist(x; §22.) — (x™, x) + 2¢ ||x]| + k—||x — i . (2.54)
&

Applying the subgradient description of Lemma 2.32 to the above sum, we
find elements v., we, v}, and w} satisfying

Jve —itel| <m, [lwe — el <,

o~

v €dp(ve), wfe 5908(11)8) ,

levy + wr|| <e forall e>0.

It follows from the structure of the convex continuous function ¢, in (2.54),

by basic convex analysis, that

1
wr € keodist(we; 29¢) — x* + (23 + k_)B* .

&

Hence there is w} € ddist(w,; £22,) such that

1
e v; + ke? — x| < 26+ = - (2.55)

&
To proceed, we consider the following two cases.
Case 1. Let w, € §£29.. Then, as well known from convex analysis,
ddist(we; £22:) = N(we; $29,) N B* = cone{ —x" + 2809*} N IB*

due to the structure of the set £25.; cf. Corollary 1.96. Hence

Sl

Y= (—x" + 2ee)) with ||w}]| <1 and |le)]| <1,

where «, > 0 are uniformly bounded due to ||x*|| = 1. By (2.55) one has

Hev: + ke (ot (—x* + 2e€))) — x*

<964 2
£ PR
>~ ks

which implies the estimate
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1
llevy — (keowe + 1)x™|| < 2eke0, + 26 + o
)

Let As := k., + 1 and observe that

1
< (2ekoo, +2 —)—>o 0.
S/Jrl(ssas—i_ 8+k£ as e |

& *
HN—U‘9 — X

Finally putting A, := S/L, we get
[AevF — x*|| = 0 with v} € dp(w,) and w, — 0
as ¢ | 0, which justifies the lemma in Case 1 considered.
Case 2. Let w, ¢ §25.. First note that Theorem 1.99 implies the inclusion
adist(x; ) ﬂU[ x;2) +vIB*| ||x — x| < dist(x;2) +v
>0

for any set £ C X in a Banach space and any out-of-set point x ¢ £2. Putting
X = w, and v := 1/k, therein, we find w, € 29, and W} € N(W,; 22.) =
N (w,; £22,) such that

Jw; —wg]] < -~ and

1

ke
- . 1 1

|we — we|| < dist(we; 292:) + — < JJwe|| + — — 0
ke ke

as € | 0. Then we have the representation

W = o, (—x" +2¢eel) with el € B,

&

where o, are uniformly bounded. Thus

1
llev + ko) — x*|| < 2e + o

&

~ 1 1
= |lev} +kew} — x*|| SE+28+ES/<_5+28

[\

2
= ”‘91): +k£(70l£) (*)C* + 286;) 7x*H < ; + 2¢

€

2
= [levy — (keote + 1)x”|| < Zkearee + 1 + 2
&€

3 " N 1
ﬁl}s — X |:k80188 + k_g

<ﬁ +8}—>0 as €/0.
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Finally, letting

R
" okea, + 1

&

as in Case 1, we justify the required relationships in Case 2 and thus complete
the proof of the lemma. A

Theorem 2.38 (singular subgradients in Asplund spaces). Let X be an
Asplund space. Assume that ¢: X — IR is a proper function l.s.c. around some
point x € dom¢. Then the singular subdifferential of ¢ admits the following
limiting representations:

3®p(x) = Limsup Ad¢(x) = Lim sup Ad,¢(x) .
x5 x5y
20 £,210
Proof. The equality

Lim sup 20¢(x) = Lim sup 20,¢(x)
x5x x 5%
210 2210
for any l.s.c. function on Asplund spaces follows from formula (2.49) justified
above. It remains to prove the inclusion

3%p(x) C Limsup Ad¢(x)

x5x

20
since the opposite one is easily implied by the definitions. To proceed, we take
an arbitrary x* € 9*°¢(x) for which (x*,0) € N((x, ¢(x));epig) by Defini-
tion 1.77(ii). Employing Theorem 2.35, we find sequences (x, o) — (¥, (X))
and (xf, ve) % (x*, 0) such that ax > ¢(x¢) and (x7, —v¢) € N((xx, o ); epi @),
k € IN. The latter implies that v > 0 for all k. Thus one has two possibilities
for the sequence {(x{, v)}: either

(a) there is a subsequence of {v;} consisting of positive numbers, or
(b) v = 0 for all k sufficiently large.

In case (a) we assume without loss of generality that v, > 0 for all k € IV,
which implies that o = @(x¢) and x; /v € d¢(xx), k € IN. Letting Ax 1= v
and X := xj /v, we get A% > x* and g | 0 as k — oo.

In case (b) one has (x;, 0) € N((xx, ¢(xx)); epig) if xf # 0, which we may
always assume. Now employing Lemma 2.37 and the standard diagonal pro-
cess, we get sequences Xy —» X, Ax | 0, and %% x* such that X € kkgrp(ik)
for large k. This completes the proof. A
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Note that analytic e-subgradients in the second representation of Theo-
rem 2.38 can be replaced with e-geometric subgradients due to Theorem 1.86.

We'll see further in the book many applications of both Lemma 2.37 and
Theorem 2.38 to various aspects of analysis and optimization in Asplund
spaces. Right now let us present a consequence of Lemma 2.37 providing a
convenient subdifferential description of the SNEC property for extended-real-
valued functions on Asplund spaces; cf. Definition 1.116.

Corollary 2.39 (subdifferential description of sequential normal epi-
compactness). Let X be Asplund, and let ¢: X — IR be a proper function
l.s.c. around X € dom . Then ¢ is SNEC at X if and only if for any sequences
Xk 2 X, A 10, and x; € Ak/a\gp(xk) one has

[x,fw—;O]ﬁHx,fH—)O as k — oo .

Proof. Assume that ¢ is SNEC at x. Take any sequences x; — %, A 4. 0, and
X € Mdg(x;) with x; % 0 as k — oo. Then

(xf, —hi) € ﬁ((xk, @(x));epig) forall k€ N,

and the SNEC property of ¢ at X implies that ||x}|| — 0 as k — oo.
To prove the converse application, pick arbitrary sequences

(xk, ax) € epig and (xf, =) € ]\Af((xk, ak);epigo)

with (xg, ax) = (X, ¢(X)), Ax — 0, and x} 5 0. We need to show [lxZ]] — 0 as
k — o005 in fact it is sufficient to justify the latter holds along a subsequence.
Since Ay > 0 for all k € IN, there are the following two cases to consider:

(a) Ax > 0 along a subsequence of k € IN;
(b) A = 0 for all large k € IN.

Case (a) is simple. Indeed, we easily have ax = ¢(x;), and hence

(i—i, - ) € N((x, o(xx));epie), ie., xi € Adep(xy) .
Then [|xf]| — 0 by the assumption made, which yields that ¢ is SNEC at .

Case (b) is more involved requiring the usage of Lemma 2.37. To proceed,
we suppose without lost of generality that Ay = 0 and a; = ¢(x;) for all
k € IN. Thus (x/,0) € ]V((xk, o(xe)); epigo). Applying Lemma 2.37 for each k,
we select subsequences Ay, X, and X7 so that

9

| =

o oG — o)l <

| =

1 ~
0< )\nk < Z’ ||xnk _xk” <

1 . o~
H'xnk _ka < %’ and 'xnk € )"nkaw(x"k> .
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One clearly has X; = 0 due to the construction of X, and the assumption

on x; “5 0. Then |lx; || = 0 and hence ||x; || — 0, which implies the SNEC
property and completes the proof of the corollary. A

The concluding result of this section gives an efficient representation of hor-
izontal Fréchet normals to graphs of continuous functions in Asplund spaces
and provides a refinement of coderivative-subdifferential relations considered
in Theorem 1.80.

Theorem 2.40 (horizontal normals to graphs of continuous func-
tions). Let X be an Asplund space, and let p: X — IR be finite and continuous
around some point x € X. The following hold:

(i) If (x*,0) € N((x,9(x));gph¢), then there exist sequences xy — X,
A 4 0, and x{ — x* such that

x; € 5(Akg0)(xk) U/B\( — &) (xx) for all k€ IN .

(i) D*p(x)(0) = 9%¢(xX) U 3> (—¢)(X).

Proof. To justify (i), we proceed similarly to the proof of Lemma 2.37 with
a certain modification in constructions and estimates due to the continuity of
@, which makes it possible to derive two-sided formulas. For brevity we skip
some details using slightly different notation.

Assume that x = 0, ¢(x) = 0 and pick an arbitrary x* € B* C X* with
(x*,0) € N((0,0); gph ). For each & > 0 we find n = n(¢) | 0 as & | 0 such
that ¢ is bounded on nIB and

(x*,x) < e(|lx|| + |e(x)|) forall x €nB\{0}. (2.56)
Form the set §2, as in the proof of Lemma 2.37 and observe that either

(a) ¢(x) >0 for all x € 2, N (IB), or
(b) ¢(x) <0 for all x € 22, N (nB).

Indeed, if there are x1,x2 € §2, N (nBB) with ¢(x1) > 0 and ¢(x2) < 0,
then both x; and x5 are nonzero and, by the continuity of ¢, there is x :=
ax1 + (1 —a)xy € 2. N (nIB) \ {0} with « € (0,1) and ¢(x) = 0. This clearly
contradicts (2.56).

For each k € IN define the function

ep(x) + kdist(x; £29.) — (x*, x) + 2¢||x|| if (a) holds ,

1zﬁk,s(x) =
—ep(x) + k dist(x; £22,) — (x*, x) + 2¢]|x|| if (b) holds

and apply the Ekeland variational principle to this function on the metric
space niB. In this way we find x; . € nIB that minimizes the function ¥ . (x) +
2|lx = x¢e|| on niB. In particular,
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Ve (Xke) < Vie(0) = 7 llxiel and dist(xge; 22) — 0 (2.57)

as k — oo. Let us further choose k, — oo as ¢ | 0 similarly to the proof of
Lemma 2.37. If x4 . € §2, then it follows from (2.56) and (2.57) that x;, =0
for k > 1/e. If xx, ¢ $2¢, then ||x; .|| — 0 as k — oo by (2.55) and (2.57).
Thus for every ¢ > 0 there are k = k. and x, := x, . such that k, — oo as
e 10, that ||x.|| < n/2, and that

0€d(ve+ gl —xl)x).

where ¥, (x) := ¥y, .(x). Applying Lemma 2.32 and taking into account the
structure of ¥, we find u, € nIB, v, € niB, ul € dp(u;) U d(—¢)(u), and
v} € adist(vg; §22.) with

vl <1 and [|eu® + kv? —x*|| < 2(e + 1/k) . (2.58)

Consider again the two possible cases: v, € £29, and v, ¢ £29.. In the first
case we employ the representation of ddist(v,; £22,) from convex analysis and
get @, > 0 and e* € IB* such that v} + a.x* = 2ea.e*. This implies that the
sequence {as} is bounded as ¢ | 0. From (2.58) one has the estimates

lleus — (kae + 1)x™|| < fleug + kvg — x7|| + kf|v + aex”|

< 2(e 4+ 1/k) + 2ka.e .

Dividing this by ka, + 1 and denoting A, := &/(kae + 1), x := Acu}, we obtain
xF € 9(heg) (e) UB( — Aew) (ue) with [x* — x*|| = 0 and A, } 0 as & . 0. In
the case of v. ¢ §22. we proceed similarly to the proof of Lemma 2.37 based
on the upper estimate of ddist(x; ) with x ¢ 2 from Theorem 1.99. This
completes the proof of assertion (i) in the theorem.

To justify the inclusion “C” in (ii), we argue as in the proof of Theo-
rem 2.38. The opposite inclusion follows from Theorem 1.80. AN

2.5 Versions of Extremal Principle in Banach Spaces

We have shown in the previous section that the above versions of the ex-
tremal principle and most of the related results are not only valid in Asplund
spaces but happen to provide characterizations for this general class of Ba-
nach spaces. To cover other classes of Banach spaces, one therefore needs to
employ different constructions of generalized normals involving in formula-
tions of the extremal principle. In this section we detect those properties of
axiomatically defined normal and subgradient structures that allow us to de-
rive approximate and exact versions of the abstract extremal principle valid
in appropriate classes of Banach spaces.
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2.5.1 Axiomatic Normal and Subdifferential Structures

First we define an abstract prenormal structure on a Banach space that sup-
ports an approximate version of the extremal principle.

Definition 2.41 (prenormal structures). Let X be a Banach space. We
say that N defines a PRENORMAL STRUCTURE on X if it associates, with
every nonempty set 2 C X, a set-valued mapping N'(+;2): X = X* such that
N(x:;2) =0 forx ¢ 2, N(x; 2) = N(x;2) when 2 and 2 are the same
near x € 2, and the following property holds:

(H) Given any smalle > 0, a € X with ||a|| < &, and closed sets §21, §29 C
X, assume that (X1, X2) € §21 X 29 is a local minimizer for the function

¥ (x1, x2) = |lx1 — x2 4 all + &(||x1 — Xy + [Jx2 — %2|) (2.59)

relative to the set §21 X 259 with X1 — xo +a # 0. Then there are x; € x; + ¢IB,
i=1,2, and x* € X* with |x*|| =1 such that

(—x*,x*) € N(%1; 1) x N (%2; 22) + y (B* x B*) forall y >¢. (2.60)

We can easily check by the results above that property (H) holds for
the prenormal (Fréchet normal) cone N in Asplund spaces; cf. the proof of
Lemma 2.32(ii). In general this property postulates the ability of the prenor-
mal structure A to describe first-order necessary optimality conditions for
minimizing functions of the norm type (2.59) over arbitrary sets. Note that
(2.60) provides a “fuzzy” optimality condition, since it involves points (X1, X2)
close to the given minimizer with y > ¢ in (2.60).

Let us show that property (H) always holds for subdifferentially generated
prenormal cones under a minimal amount of natural requirements in _the cor-
responding Banach spaces. Given a Banach space X, we say that D defines
an (abstract) presubdifferential on X x X if it associates, with every proper
function ¢: X x X — R, a set-valued mapping ﬁ(p: X XX = X* x X* such
that De(z) = 0 for z ¢ dom g, Dy(z) = D¢(z) if ¢ and ¢ coincide around z,
and one has the following:

(S1) Suppose that z provides a local minimum for the sum ¢; + ¢ of two
functions finite at z, where ¢ is a convex continuous function of type (2.59)
and where @5 is a L.s.c. function of the set indicator type. Then for any n > 0
there are u, v € Z + nIB such that ¢2(v) < ¢2(z) + n and

0 € Dg1 () + Dya(v) + 1 (IB* x B*) .

(S2) Dy(z) is contained in the subdifferential of convex analysis for convex
continuous function of type (2.59).

(S3) If ¢(x1, x2) = @1(x1) + @a(x2), then Do (&1, ¥2) C Doy (¥1) x Dea(X2)
for any x; € domg;, i =1, 2.
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Proposition 2.42 (prenormal cones from presubdifferentials). Given
a Banach space X, let D be an arbitrary presubdifferential on X x X. Then
/V(x; 2):= ﬁS(x; £2) is a cone for any closed set 2 C X x X and any x € $2,
and N defines a prenormal structure on X.

Proof. The set A(x; £2) is a cone, since a8(x; 2) = §(x; £2) for every o > 0.
Obviously N (x;82) =0 if x ¢ £2. We need to show that N satisfies property
(H) in Definition 2.41. To proceed, take 7 = (X1, X3) € §21 X §22 that provides
a local minimum for ¥ in (2.59) relative to §2; x 22 with given ¢ > 0 and
X1 — X2 +a # 0. Observe that 7 is a local minimizer for the function

@(x1, x2) ==Y (x1, x2) +8((x1,x2); 21 X §22), (x1,x2) € X x X,
with no additional constraints. Pick any y > ¢ and put
n:=y—¢e with n <min{e,v/2}, v:=|x —x +adl. (2.61)

Applying (S1) with ¢; = ¥ and @2 = 8(+; 21 X §22) and using the construction
of N, we find u = (x1,x}) € X? and v = (¥1, X2) € £21 X £25 such that

max {||x] — x|, [|x5 — Xo |, [|§1 — %1 |, [[X2 — %2} < < e, (2.62)

)

0 € Dy (xy, xb) + N ((F1, F2); 21 X 22) + n(B* x B*) .
Due to (2.61) and (2.62) we get
X1 = x3)l > %1 — %2 +al| = (lx] — %1l + [lxy — %af}) =v— 20> 0.
Observe also that (S3) yields
N (G, %2); 21 % 25) C N (%15 21) x N (%25 23) .

By (S2) and the subdifferential formulas of convex analysis for function (2.59)
one has the inclusion

Dy (x}, xb) C (x*, —x*) + &(B* x B*) with [|x*[|=1. (2.63)

Putting the above together and taking into account that y = ¢ + n, we arrive
at (2.60) and finish the proof. A

The result obtained describes an important class of prenormal structures
given by subdifferentially generated conic sets. Observe that condition (2.60)
with ||x*|| = 1 doesn’t necessarily require that A/(x;£2) are cones or even
unbounded sets. Note also that a prenormal structure N doesn’t need to be
subdifferentially generated.

Let us describe another class of prenormal structures on X involving
bounded sets N (x; §2) associated with presubdifferentials of distance functions
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under minimal requirements. Fix an arbitrary number ¢ > 0 and consider the
class of Lipschitz continuous functions ¢: X x X — IR with modulus £. We
say that Dg(-) defines an £-presubdifferential on this class of functions if it
satisfies the above presubdifferential assumptions, where (S1) and (S3) are
required to hold, respectively, for functions @2 and ¢;, i = 1, 2, of this class.
Then we define A/ on X by

~ D(edist(x; 2)) ifx € 2,
N(x;2):= (2.64)
0 otherwise

for every closed set 2 C X, where YS(E dist(x; £2)) == YS(Z dist(-; £2)) (x).

Proposition 2.43 (prenormal structures from {-presubdifferentials).
Let D be an £-presubdifferential with some £ > 1. Then (2.64) defines a prenor-
mal structure on a Banach space X.

Proof. Let us prove that property (H) holds for (2.64) if ¢ > 0 is sufficiently
small. Fix £ > 1 and take 0 < & < (£—1)/2. Since (x1, X2) is a local minimizer
of the function ¥ in (2.59) over the set £21 x 22, we find neighborhoods U; of x;
and Us of x5 such that ¢ attains its global minimum over (§2:NU;) x (§22NU3)
at (X1, X2). One can easily see that v is Lipschitz continuous on X? with
modulus 1 + 2¢ < £. It is well known that the function

(p(xl, )CQ) = I//()Cl,)CQ) —i—ﬂdist((xl,xg); (.Ql N U1> X (.QQ N UQ)) (265)

attains its minimum over the whole space X2 at (1, X2); see Proposition 2.4.3
from Clarke [255]. Observe that

dist((xl, )CQ); (.(21 N U1) X (.QQ n UQ)) = dist(xl; 21N U1) + diSt()Cg; 29N U2)

due to ||(x1, x2)]] = [|x1]| + ||x2]|. Similarly to the proof of Proposition 2.42
we pick y > 0 and take positive numbers n and v satisfying (2.61). By the
above property (S1) for the £-presubdifferential D of the sum in (2.65) we find
points u = (x1,x5) € X% and v = (X1, ¥2) € X? satisfying (2.62) so that

0 € Dy (x], xb) + D(€dist(¥1; 21 N Uy) + € dist(F2; 2o N Uz)) + n(B* x B*) .
If ¢ is sufficiently small, one has
dist(x; 2, N U;) = dist(x;82;), i=1,2,
for all x in some neighborhoods of X; and Xz, respectively. Thus
0 € Dy (x}, x5) + N (F1;21) x N(%2; 2) + (v — &) (B” x BB”)

by (2.64) and (S3). Using (S2) and (2.63), we arrive at (2.60). A
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As we mentioned above, the basic property (H) of prenormal structures
reflects the ability of N to describe “fuzzy” necessary optimality conditions in
constrained optimization. To get “exact” conditions corresponding to X; = X;,
i =1,2, and y = ¢ in (2.60), one needs to employ more robust normal con-
structions. The latter can be obtained by using limiting procedures based on
prenormals. Let us consider two kinds of such limiting constructions involv-
ing the sequential Painlevé-Kuratowski upper limit described in (1.1) and its
topological closure.

Definition 2.44 (sequential and topological normal structures). Let
N be an arbitrary prenormal structure on a Banach space X. We say that N
defines a SEQUENTIAL NORMAL STRUCTURE on X generated by N if

N(%; 2) = Limsup N (x; 2) (2.66)

xX—X

for any nonempty set 2 C X and any X € X. If (2.66) is replaced with

=

(x;82) :cl*{Limsup./V(x;.Q)} , (2.67)

X—X
then N defines the corresponding TOPOLOGICAL NORMAL STRUCTURE on X.

It immediately follows from the definitions that N'(x; ) = N(x;2) = ()
for ¥ ¢ £ and, moreover, one may consider only x € £2 in (2.66) and (2.67).
Obviously N'(x;$2) C N (x; ). However, sequential normal structures are
mostly useful in Banach spaces X whose unit dual balls IB* C X* are weak*
sequentially compact, while topological normal structures don’t need such an
assumption; see, e.g., Subsect. 2.5.3.

Similarly we can define sequential and topological subdifferential construc-
tions generated by presubdifferentials. It follows from Proposition 1.31 that
our basic normal cone (1.3) is smaller than any other sequential (and hence
topological) normal structure in Banach spaces under natural requirements.
The next proposition gives a counterpart of this minimality result for the basic
subdifferential in Definition 1.77(i).

Proposition 2.45 (minimality of the basic subdifferential). Let X be
a Banach space, and let ﬁ(p: X = X* satisfy the following properties on the
class of proper l.s.c. functions ¢: X — R:

(M1) D¢ (u) = Do(x +u) for ¢p(u) = @(x +u) and x,u € X.

(M2) ﬁgo(x) 1s contained in the subdifferential of convex analysis for con-
vex continuous functions in the form

px) =" x)+elx]], x*€X", e>0. (2.68)

(M3) For any n > 0 and any functions ¢;, i = 1,2, such that @1 is convex
of type (2.68) and the sum @1 + @o attains a local minimum at x = 0 there are
X1, X3 € nIB with |p2(x2) — ¢2(0)| < n and
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0 € D1(x1) + Dya(x2) + nIB* .
Then for every x € dom ¢ one has the inclusion

d¢(x) C Limsup Do(x) .

[
X—X

Proof. Take x* € d¢(x) and by Theorem 1.89 find & | 0, x; > X%, and

xg LN satisfying x{ € @kgo(xk) for all k € IN. Thus there are neighborhoods
Uy of x; such that

o(x) — @) — (X, x —xx) > —2e¢]|x —x¢|| forall x €Uy, keN.
The latter means that for any fixed k the function
Y (x) == @(xx +x) — (x5, x) + 2¢;||x]|

attains a local minimum at x = 0. Denoting ¢;(x) := ¢(xx + x) and ¢a(x) :=
—(x}, x) + 2&¢||x||, we represent ¥y as the sum of two functions satisfying the
assumptions in (M3). Employ (M3) with n = & and then (M1) and (M2).
This gives u; € X such that ||ug| < e, |@(xx + ur) — @(x1)| < &, and

x; € Do(xi +ux) +3B*, ke N .
Passing to the limit as k — oo, we arrive at the desired conclusion. A

It follows from the above proof that D may be an £-presubdifferential on
the class of Lipschitz continuous function ¢: X — IR with modulus ¢ > 0 if
property (M3) is required to hold only for such functions. When ¢ = §(-; £2),
the minimality property in Proposition 2.45 corresponds to the result of
Proposition 1.31 for the case of subdifferentially generated normal structures,
while the latter result ensures the minimality of the basic normal cone without
such an assumption.

2.5.2 Specific Normal and Subdifferential Structures

As proved in Subsect. 2.4.1, our basic normal cone and subdifferential provide
a constructively defined class of sequential normal and subdifferential struc-
tures generated by Fréchet normals and subgradients in arbitrary Asplund
spaces. Let us discuss some other remarkable classes of generalized normals
and subgradients that satisfy the above requirements to abstract (pre)normal
and (pre)subdifferential structures on appropriate Banach space.

A. Convex-Valued Constructions by Clarke. We start with Clarke’s
constructions of generalized normals to sets and subgradients of extended-real-
valued functions that produce topological normal and subdifferential structures
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on arbitrary Banach spaces by the following four-step procedure; see Clarke
[255] for more details and proofs. First let ¢ be Lipschitz continuous around
X € X with modulus £. The generalized directional derivative of ¢ at x in the

direction # is
t —_
¢°(xX;v) := limsup plx+ vt) v (x) .
X—X

t}0

(2.69)

The function ¢°(x;-): X — IR happens to be convex for any Lipschitzian ¢;
moreover, (2.69) is upper semicontinuous in both variables with ¢°(x; —v) =
(—¢)°(x;v) and |@°(x;v)| < £||v|| for all v € X. Then the generalized gradient
of a locally Lipschitzian function is defined by

dep(x) == {x* € X*| (x*,v) < ¢°(¥;v) forany v e X} . (2.70)

It follows from (2.70) and the properties of ¢° that dce(x) is a nonempty,
weak® compact, convex subset of X* with ||x*|] < £ for all x* € dcep(x) and
the classical plus-minus symmetry

dc(—¢)(X) = —09cep(x) for Lipschitzian ¢ . (2.71)
The next step is to define the Clarke normal cone to 2 C X by
Ne(%: Q) = cl*{ | Rdedist(x; Q)}, ieq, (2.72)
A>0

through the generalized gradient of the Lipschitzian distance function, with
NC(X;QL:Z () for x ¢ £2. Finally, the Clarke subdifferential of a function
¢: X — IR is defined by

dcp(x | (6", =1) € Ne((%, o(x)); epig) } (2.73)

if |p(X)| < oo and dce(x) := 0 if |p(X)| = oco. Clearly the sets (2.72) and (2.73)
are convex and weak* closed in X*. The two basic facts ensuring that (2.72)
¥ $2)

defines a topological normal structure on X generated by |J,_, Adcdist(X; £2
are the following: the sum rule

dc (@1 + ¢2) (X) C dc@1(X) + dcpa(X) (2.74)

if @1 is locally Lipschitzian and ¢o is l.s.c. around X, and that the graph
of dce(+) is closed in the normxweak* topology of X x X* if ¢ is Lipschitz
continuous. Moreover, these facts imply by Proposition 2.43 that for any fixed
A > 0 the sets Adcdist(x; §2) define a topological normal structure on X. Note
however that there are generally strict inclusions

Nc(x;82) C Limsup Nc(x;82) C Cl*{ Lim sup N¢(x; .Q)} ,

X—X X—X

where the first one may be strict even in finite dimensions unless §2 is epi-
Lipschitzian at x; see Rockafellar [1146]. Note also that the Clarke normal
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cone may be too large, especially for graphs of Lipschitzian functions when it
is actually a linear subspace; see the proof of Theorem 1.46 and its infinite-
dimensional generalizations in Subsect. 3.2.4. In particular, for £2 = gph |x| C
IR? one has

NC(O,.Q) = Rz, while N(O,Q) = {(vl, 1)2)| V2 § f\v1|}U{(v1, v2)| Vg = vl}
for the basic normal cone N. It follows from Proposition 2.45 that
dp(x) C dce(x) and N(x;2) C Nc(x; )

in general Banach spaces. More precise relationships between these objects
will be obtained in Subsect. 3.2.3 in the Asplund space setting.

B. Approximate Normals and Subgradients. Another type of topo-
logical normal and subdifferential structures was developed by loffe, under
the name of “approximate normals and subgradients,” as an extension of
Mordukhovich’s construction to arbitrary Banach spaces; see remarks and
references in Subsect. 1.4.7 and the corresponding results of Subsect. 3.2.3 on
close connections with our basic constructions in the Asplund space setting.
It doesn’t seem that the adjective “approximate” reflects the essence of these
constructions, while its usage in this context clearly contradicts the regular
use of this word in the book; see Subsect. 1.4.7 and also remarks in Rock-
afellar and Wets [1165, p. 347] for motivations of the word “approximate”
appearing in this setting. On the other hand, it has been widely spread in
nonsmooth analysis. In what follows we put quotation marks when referring
to “approximate” normals and subdifferentials in this context.

Let us describe the multistep procedure for these constructions from the
paper of Ioffe [599], where the reader can find proofs, more discussions, and
references. Given ¢: X — IR finite at X, the constructions

d”¢(x;v) := liminf el +12) —¢¥) ,

v
t}0 !

9, p(x) == {x* € X*

(x*,v) <d o(x;v) +¢lv] }

are called the lower Dini (or Dini-Hadamard) directional derivative and the
Dini e-subdifferential of ¢ at X, respectively. As usual, we put 9 ¢(x) := 0
if |p(x)] = oo. Note that the sets 9, ¢(x) are always convex, while the
function d~¢(x;-) is not. One can check that 3, ¢(x) reduces to the ana-
lytic e-subdifferential from Definition 1.83(ii) if dim X < oo. In general, the
A-subdifferential of ¢ at x is defined via topological limits involving finite-
dimensional reductions of e-subgradients as

ap(x) := ﬂ Limsup 9; (¢ +8(-; L)) (x) (2.75)
LeLl x—wn?
e>0
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where L is the collection of all finite-dimensional subspaces of X and where
Lim sup stands for the topological counterpart of the Painlevé-Kuratowski up-
per limit (1.1) with sequences replaced by nets. Further, the G-normal cone
Ng¢ and its nucleus IVG to £2 at x € 2 are defined by

NG (¥; 2) := cI*Ng(¥; 2) and Ng(¥; 2) := | J Adadist(x;2) . (2.76)
r>0

respectively, with Ng(¥;82) = Ng(¥;2) = 0 if ¥ ¢ . Finally, the G-
subdifferential of ¢ at x is defined geometrically as

(x*, —1) € No((x, ¢(x));epig)} | (2.77)

while its G-nucleus dg@(X) corresponds to (2.77) with Ng replaced by Ng.
One always has

dop(x) == {x* € X*

I6p(X) C dp(X) C dap(x) ,
where equalities hold if ¢ is locally Lipschitzian around x. For closed sets
§2 the graph of Ng(+;£2) is closed in the normxweak* topology of X x X*.
Moreover, both dg¢ and 5G<p satisfy the sum rule in form (2.74) if ¢ is
locally Lipschitzian and @5 is 1.s.c. around x. Hence Ng(+; £2) and Ad,dist(+; £2)
provide topological normal structures on X and

dp(x) C dgp(X), N(¥;82) C Ng(x; 2)

by Proposition 2.45. Note that the latter inclusions may be strict, even in the
case of Lipschitz continuous functions on spaces with Fréchet smooth renormes;
see Example 3.61. In Subsect. 3.2.3 we obtain more precise relationships be-
tween these constructions in the general case of Asplund spaces.

C. Viscosity Subdifferentials. Next we consider normal and subgradi-
ent constructions related to the so-called wviscosity subdifferentials that gener-
ally make sense in smooth Banach spaces admitting smooth renorms (or bump
functions) with respect to some bornology; see Remark 2.11. The following
description is based on the paper by Borwein, Mordukhovich and Shao [151],
where one can find more details and references on the genesis and applications
of such constructions; see also the book by Borwein and Zhu [164].

Given a bornology B on a Banach space X, we denote by Xj the dual
space X* endowed with the topology of uniform convergence on B-sets. The
latter convergence agrees with the norm convergence in X* when B is the
(strongest) Fréchet bornology, and with the weak* convergence in X* when B
is the (weakest) Gateaux bornology. A function 8: X — IR is B-differentiable
at X with B-derivative V40(x) € X* provided that

1 (9(x +1v) — 0(F) — 1{V0(%), v)) -0

as t — 0 uniformly in v € V for every V € B. This function is said to be
B-smooth around Xx if it is B-differentiable at each point of a neighborhood U
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of X and Vg6: X — X} is continuous on U. The latter requirement is essential;
in the case of B8 = F, the Fréchet bornology on X, it means that V6: X — X*
is norm-to-norm continuous around x. Note that in the Fréchet case the §-
smoothness of 6 implies its Lipschitz continuity around x, which may not
happen for weaker bornologies 8 < F.

Now, given ¢: X — IR finite at X, its viscosity B-subdifferential of rank
A > 0 at x is the set 82(/)(}?) of all x* € X* with the following properties: there
are a neighborhood U of ¥ and a B-smooth function 6: U — IR such that 0 is
Lipschitz continuous on U with modulus A, V0(X) = x*, and ¢ — 6 attains a
local minimum at x. The corresponding set of 8-normals of rank A to 2 C X
at x € £2 is defined by Nj(x;£2) := 9;8(x; £2). The unions

dpe(x) = do(x). Np(x;):=|JNj(x (2.78)
A>0 A>0

are called the wviscosity B-subdifferential of ¢ at x and the viscosity B-normal
cone of £ at x, respectively. Note that 6(-) in the above definition can be
equivalently chosen to be concave if X admits a B-smooth renorm.

Employing the variational descriptions of Fréchet normals and subgradi-
ents in Theorems 1.30 and 1.88, we conclude that

drp(¥) = dp(x) and Nr(x) = N(¥;£2)

if X admits an F-smooth bump function. These constructions may be different
in more general settings of Banach and Asplund spaces. Note that, in contrast
to d¢(-) and N(-; £2), the viscosity constructions (2.78) don’t reveal useful
properties without smoothness assumptions on the space in question.

It follows from the results of the afore-mentioned paper [151] that d¢(:)
defines a presubdifferential structure on a B-smooth space X for any A > 1.
Hence Ng(-; §2) defines the corresponding prenormal structure under these
conditions. By Proposition 2.45 we have

d¢(x) C Limsup dge(x), N(X;$2) C Limsup Ng(x; $2)) (2.79)

x5x xjii
in B-smooth spaces. It doesn’t seem to be true that viscosity subdifferentials
(2.78) and their sequential limits in (2.79) enjoy the semi-Lipschitzian sum

rules of the corresponding types (b) and (c) in Proposition 2.33 on B-smooth
spaces with 8 < F. On the other hand,

8G<p Ucl {hmsup 8ﬂ<p} dap(x) = lesup dpp(x)

A>0 x5

for the nucleus of the G-subdifferential (2.77) and for the A-subdifferential
(2.75) of any l.s.c. function on an arbitrary B-smooth Banach space; cf. Bor-
wein and Ioffe [147, Theorem 2] and Mordukhovich, Shao and Zhu [954, The-
orem 6.1], respectively.

x~>x
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D. Proximal Constructions. Let us consider the Hilbert space setting
that is the closest to finite dimensions and allows one to construct prenormal
and presubdifferential structures defined through the Euclidean metric. Given
a closed subset £2 C X of a Hilbert space and the Euclidean projector IT(+; £2),
the conic set

Np(¥;£2) == cone [T~ (x; 2) — x| (2.80)

is the proximal normal cone to 2 at x € 2. It follows from the Euclidean
norm properties (cf. the proof of Theorem 1.6 above) that x* € Np(x;$2) if
and only if there is @ > 0 such that

(x*,x —X) < a|x —x|]* forall xc 2.

This obviously implies that Np(; £2) is a convex subcone of N (x; £2). In con-
trast to the latter one, Np(X; £2) may not be closed even in finite dimensions;

moreover, its closure may be different from N (x;£2). A simple example is
provided by the epigraph of a smooth function:

Q2 =epip C R* with ¢(x)=—|x*? at ¥ = (0,0),

where Np(X;2) = {(0, 0)} and IV()?;SZ) = {(U1, v9)|v1 =0, ve < 0}.
A functional counterpart of the proximal normal cone (2.70) is the prozimal
subdifferential of a proper l.s.c. function ¢: X — IR at x € dom ¢ defined as

g £ — 9F) = (%, x = )
o Ix =<

App(x) = {x* ex”

> —oo} . (2.81)

which is a convex subset of the Fréchet subdifferential ¢ () and can be equiv-
alently described by (x*, —1) € Np((X, ¢(x));epi¢). Note that the proximal
subdifferential may be empty even for smooth functions as in the above ex-
ample, where dpp(0) = 0 while dp(0) = {0}. Nevertheless, for every proper
l.s.c. function ¢ finite at ¥ the following holds: given any x* € d¢(x), there
are sequences x; — % and x; € dpg(x;) such that |x; — x*|| = 0 as k — oo;
see Loewen [802, Theorem 5.5]. Therefore

d¢(x) = Limsup dpp(x) and N(X;$2) = Limsup Np(x; £2) .

[ 2
X=X X—X

A crucial fact ensuring that (2.81) defines a presubdifferential structure on
a Hilbert space X (hence Np(+; £2) defines the corresponding prenormal struc-
ture) follows from the fuzzy sum rule for dp¢(-) proved in Ioffe and Rockafellar
[616, Theorem 2] and in Clarke et al. [265, Theorem 1.8.3].

E. Derivate Sets. In conclusion of this subsection we compare our subd-
ifferential constructions with generalized derivatives based on the idea of uni-
formly approximating nonsmooth functions by smooth (finitely differentiable)
functions. Recall that a mapping f: X — Y between Banach spaces is finitely
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differentiable at x with the derivative V f(x) if for every finite-dimensional
subspace X C X the mappingz — f(x +z): Z — Y is differentiable at the
origin and its derivative agrees with the restriction of V f(x) to Z.

Given ¢: X — IR on a Banach space X and a point ¥ € X with |¢(¥)| < oo,
we denote by Ag(x) a subset of X* with the following properties: for any
e, > 0 there are y € (0, @] and a continuously finitely differentiable function
¥: X — IR such that

lp(x) — ¥ (x)] <ey and Vy(x) € Ap(x) forall xex+yB.

The derivate set Ap(X) is a derivative-like object, which is not uniquely
defined. If ¢ is continuous around X and can be represented as the uniform
limit of a sequence of continuously finitely differentiable functions ¢;, i € IN,
then for any y > 0 and j € IN one can take

Apx)= |J {Va)}.
||XT§|}§V

The following result shows that for every function ¢ the Fréchet subdiffer-
ential of ¢ at X is contained in the norm closure of any derivate set Ag(X)
obtained via a uniform approximation by finitely smooth functions.

Theorem 2.46 (derivate sets and Fréchet subgradients). Let X be a
Banach space, and let Ap(x) be a derivate set of ¢: X — IR finite at x. Then

9(X) C cl Ap(x) if Ap(x)£0.
Proof. Let x* ¢ cl Ap(x). Then there is n > 0 such that
|x* = x*|| > n for all x* € Ap(x) . (2.82)

Put & := n/4 and for each k € IN select a number y; and a function ¥y
according to the definition of the derivate set Ap(x) with e = /4 and o = 1/k.

Next we define, for some positive integer N, a finite set of points x; € X,
i=0,1,..., Ng, from the following conditions:

(a) X0 =X, Xi+1 :x;—i-hzi, iZO,l,...,Nk—].;

®) llzill=1,i =0,1,..., Ny — 1;

(c) h = v/ (2Ny);

(d) (x* = Vy(xi),zi) >n,i=0,1,..., Ny — 1.

Note that it is possible to find z; satisfying (d) because ¥ is finitely dif-
ferentiable at x; with V = ¥ (x;) € Agp(x), (2.82) holds, and

|xi — %[| < Neh = /2 for i=1,..., N, (2.83)

due to (a), (b), and (c). When N is sufficiently large, one has
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Vi (xn,) — Y (xX) — (X7, xn, — X)

Ni—1 h

= Z (/ <V1//k(xi +lZi),Zi>dtfh<)?*,zi>>
i=0 0

<hzk:<1ﬁk(x,)—x ,z,>—|—nTyk

This implies, by (d) and (c), that
Vi (xn,) — Y (%) — (X%, xn, — X) < —ny/2 =&y - (2.84)
Now recall that 1 approximates the original function ¢ by
lp(x) — Y (x)] < Eyx/4 whenever x € X + y, 1B .
Combining this with (2.83) and (2.84), we finally get
o(xn, — o(X) — (¥, xy, — %) < ey /2 < —&lxn, — || -

Since xy, — X as k — oo, the latter means that x* ¢ 5@(}?), which ends the
proof of the theorem. AN

Theorem 2.46 concerns relationships between Fréchet subgradients and
derivate sets of real-valued functions that can be approximated by smooth
functions near the point under consideration. It easily implies correspond-
ing results for mappings f:X — Y involving their scalarization. In par-
ticular, we deduce from Theorem 2.46 the following relationship between
Fréchet subgradients and screens introduced by Halkin [544] for mappings
between finite-dimensional spaces.

Recall that, given f:U — IR™ defined on an open subset U C IR", a
nonempty set U C IR™ is called a screen of f at x € U if for every ¢, > 0
there exist y > 0 and a C' mapping g: Bj(x) — IR™ such that Bj(x) C U,

[ f(x)—gx)|| <ey, and Vg(x) €U +eB™ forall x € B)(x),
where B (X) := X + y Bg: and IB™" stands for the closed unit ball in R™".

Corollary 2.47 (relationship between Fréchet subgradients and
screens). Let U C IR™ be a screen of a mapping f:U — R™ atx € U C IR".
Then

(", f)(x) C cl{ATy”

Proof. Given y* € IR™ and a screen U of f at x, it is not hard to check that
the set {A*y*| A € U} satisfies all the above properties of the derivate set
Ag(x) for the scalarized function ¢(x) := (y*, f)(x) at x. A

AEL{} for all y* € R™.



2.5 Versions of Extremal Principle in Banach Spaces 243

A screen of a mapping is not uniquely defined. Particular examples of
screens are given by derivate containers of Warga [1316], which include
Clarke’s generalized Jacobian for locally Lipschitzian mappings between finite-
dimensional spaces. Warga [1319] also introduced the concept of directional
derivate containers for mappings between infinite-dimensional spaces. Theo-
rem 2.46 allows us to obtain the following relationships between the latter
construction for mappings (see the afore-mentioned papers by Warga for the
exact definition) and Fréchet subgradients of their scalarizations.

Corollary 2.48 (relationship between Fréchet subgradients and deri-
vate containers). Consider a directional derivate container { A® f(x)| & > 0}
of a mapping f:2 — Y at x € int 2, where 2 C X is a convex compact set,
and where the spaces X and Y are Banach. Then for any y* € Y*, ¢ > 0, and
n > 0 there is y > 0 such that

Ay, f)(x) c {A%y*

Note that the assumption X € int 2 is essential for the validity of the
latter result. Indeed, for the function f:[0,1] — IR with f = 0 extended by
oo outside of [0, 1], we clearly have 9 f(1) = [0, c0), while the singleton {0} is
a directional derivate container of f at x = 1.

Observe that the derivative-like constructions in Theorem 2.46 and Corol-
laries 2.47 and 2.48 are generally related to presubdifferential structures, which
lead to robust subdifferentials and corresponding generalized derivatives of
mappings via some regularization procedure. To this end let us recall the def-
inition of the minimal derivate container by Warga

A f(x): = Lim sup {Vfi(x)}

k—o00

=ﬁﬂcl U (v}

j=1y>0  |lx—x||<y
i>j

A€ Agf(f)} + nIB* whenever x € x+yIB .

for a continuous mapping f: X — Y between finite-dimensional spaces that
admits a uniform approximation by a sequence of C' mappings f;. It follows
from the results obtained that

Ay*, f)(x) C {A*y*| A€ Aof(i)} for all y* Y™,
which gives the inclusion
3% (x) == dp(x) UdTp(x) C A%(x) (2.85)

for the two-sided/symmetric generalized differential (1.46) of a real-valued
function ¢ continuous around x. The following example illustrates (2.85) and
other relationships between various subgradients studied above.
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Example 2.49 (computing subgradients of Lipschitzian functions).
Consider the function

, x = (x1,x2) € R?,

o(x) = | |x1] + x2

which is Lipschitz continuous on IR?. Based on representation (1.51), we com-
pute Fréchet subgradients of ¢ at every point x € IR? as follows:

(1,1) ifxy >0, x1+x0 >0,
(-1,-1) ifx3 >0, x1+x2<0,
(-1,1) ifx; <0, x1 —x2 <0,
(1,-1) ifx; <0, x{ —x2 >0,

dp(x) =< {(v,1)] —1<v<1}  ifx3 =0, x20>0,
{(v,v)] =1 <v<1} ifxg>0 x4+x=0,
{(v,=v)] —1<v<1} ifx3 <0, x1 —x2=0,

{(v1, v2)| Jv1] S w2 <1} ifx; =0, x2=0,

0 ifx; =0, x0 <0.

Similarly, based on representation (1.52), we compute Fréchet upper subgra-
dients of the above function by

(1,1) ifxy >0, x1 +x0 >0,
(-1,-1) ifx; >0, x1+x2<0,

5+(p(x) _ (-1,1) ifx; <0, x1 —x0 <0,
(1,-1) ifx; <0, x1 —x0>0,
{(v,=-1)] —1<v<1} ifx; =0, x; —x2 <0,
) otherwise .

Now using the limiting representation (1.56) of the basic subdifferential in
Theorem 1.89 and the symmetric representation of upper subgradients, we
arrive at the subgradient sets
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dp(0) = {(vl, v2)| [v1] < vy < 1} U {(vl, v2)| Vg = , —1 <y < 1} ,

3te(0) ={(v.-1)| —1<v<1}U{(1l,-1), (11)},

3%(0) = dp(0) U {(v,—-1)] —1<v<1}.
Warga’s minimal derivate container for this function is the nonconvex set
A0<p(0) = {ot(v, 1)‘ a,v € [-1, 1}} ,

which is the union of two triangles with vertices at (0,0), (1,1), (—=1,1) and
(0,0), (1, —1), (=1, 1), respectively. Clarke’s generalized gradient is the whole
unit square [—1, 1] x [-1, 1].

2.5.3 Abstract Versions of Extremal Principle

In the conclusion of this section we establish approximate and exact versions
of the extremal principle valid, respectively, for abstract prenormal and nor-
mal structures considered in Subsect. 2.5.1. They hold, in particular, for the
specific classes of generalized normals in appropriate Banach spaces described
in Subsect. 2.5.2.

We'll see that an approximate version of the extremal principle doesn’t im-
pose any requirements on abstract prenormal structures in addition to those
formulated in Definition 2.41. In contrast to Theorem 2.22, we obtain the
exact extremal principle in Banach spaces in two limiting forms—sequential
and topological-involving sequential and topological normal structures, re-
spectively. Note that both limiting forms hold under the following sequen-
tial normal compactness condition formulated in terms of the corresponding
prenormal structure similarly to Definition 1.20.

Definition 2.50 (abstract sequential normal compactness). Let N de-
fine_a prenormal structure on a Banach space X. We say that 2 C X
is N-SEQUENTIALLY NORMALLY COMPACT alt ¥ € £2 if for any sequence
(xk, xF) € X x X* satisfying

xp eNx:R2), x—x x50
one has ||xf|| = 0 as k — oo.

This property obviously holds in finite-dimensional spaces for any prenor—
mal structure A’. When N/ = N, the prenormal cone of Definition 1.1(i), w
studied the SNC property and its modification in Subsect. 1.1.3 for arb1trary
Banach spaces. In particular, we established the relationships with the com-
pactly epi-Lipschitzian (CEL) property of sets. In addition to Remark 1.27, let
us mention that, for any closed set £2 in a Banach space X, the CEL property
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is equivalent to the topological counterpart of the SNC property in Defini-
tion 2.50, where sequences (xx, x;7) are replaced with bounded nets and the
prenormal structure Nis given by the nucleus of the G-normal cone in (2.76).
It is proved by Ioffe [607, Theorem 3] and holds also for prenormal structures
defined by the viscosity S-normal cones (2.78) on Banach spaces admitting
a Lipschitzian g-smooth bump function. Let us call the net counterpart of
the SNC property in Definition 2.50 by the topological normal compactness
(TNC) of £2 at x with respect to N” and observe that CELATNC for the case
of Clarke’s normal cone (2.72), as follows from Example 4.1 in Borwein [138]
for X = £°°. R

Obviously TNC=SNC for any AN. It is proved by Fabian and Mor-
dukhovich [422] that these properties coincide on Banach spaces X that are
weakly compactly generated (WCG), i.e., X = cl(spanK) for some weakly
compact set K C X. This class includes all reflexive spaces as well as all sep-
arable Banach spaces. On the other hand, the SNC property may be strictly
weaker than its TNC counterpart in general Banach (and Asplund) space
settings, even for the case of convex sets; see examples in [422].

Theorem 2.51 (abstract versions of the extremal principle). Let
{821, 22, x} be an extremal system of closed sets in a Banach space X, and
let N define a prenormal structure on X. The following hold:

(1) For every ¢ > 0 there are x; € 2, N (x +¢eB), i = 1,2, and x* € X*
with ||x*|| = 1 such that

x* € (N(x1;21) + eB*) N (= N(xa; 25) + ¢B*) . (2.86)

(ii) Assume that one of the sets §2;, i = 1,2, is ﬁ—sequentially normally
compact at X. Then there is x* € IB*\ {0} such that

x*eN(x; 1) N (= N(x;22)) . (2.87)

where N stands for the topological normal structure (2.67) generated by N. If
in addition the dual ball IB* C X* is weak* sequentially compact, then

x e N(x;821) N (= N(¥;22)) (2.88)

for some x* € IB*\{0}, where N stands the sequential normal structure (2.66)
generated by N

Proof. First justify (i) following basically the procedure in the proof of
Lemma 2.32(ii). Fix an arbitrary ¢ > 0. Given a local extremal point x of
the set system {21, £25}, we find a neighborhood U of x and a € X such that
la]] < € := ¢/2 and (21 +a) N 22 N U = . One can always assume that
X +¢€lB C U. Form the function

@(x1, x2) = ||x; — x2 +a|| for (x1,x9) € X?
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and observe that ¢(x,x) = |la]| < € and
@(x1,x2) >0 if (x1,x3) € Z:=[21N (X +€B)] x [22N (X +€B)] .

We see that Z is a complete metric space with the metric induced by the sum
norm on X2, and that ¢ is continuous on Z. Applying Ekeland’s variational
principle in Theorem 2.26(i) to ¢ on Z, we find (X1, X2) € Z such that

(X1, X2) < @(x1, x2) + 6(||x1 — X1 + ||x2 — )?2||) for all (x1,x2) € Z .
The latter implies that (X1, X2) € £21 X §23 is a local minimizer of the function
¥ (x1, x9) := [lx1 = xo +al| + €((lxr = F1 | + [Jx2 — F2])

relative to the set €21 x 29 with x; — X2 + a # 0. Now applying property
(H) of the prenormal structure A in Definition 2.41 with y := & > €, we find
X, €x+eB,i =12 and x* € X* with ||x*|| =1 such that

(=x*,x*) € N(%1; 1) x N (¥2; 22) +&(B* x BY) .

It follows from the constructions above that (X1,X2) € £2; X 22 and %; €
X+ ¢eB,i =1, 2. Thus we get all the relationships of the approximate extremal
principle in (i).

To prove (ii), we need to pass to the limit in (i) as & | 0. Let us first justify
the sequential version of the exact extremal principle in (ii) assuming that the
dual ball B* C X* is weak™ sequentially compact. Take a sequence & | 0 and
consider the corresponding sequences (x1g, Xor, X7 ) satisfying the conclusions
of (i). We have x1; — X and x9; — X as k — oo. Since B* is weak* sequentially
compact, we select a subsequence of {x;} (without relabeling) that converges
weak™ to some x* € IB*. By (2.86) there are x}}, € N (xix; 2;) and by € B¥,
i =1, 2, such that

xXg =xi +ebie, xp = —x5 + &by, forall ke IN. (2.89)

This implies that x/; Y5 x* and x3 % —x* as k — oo. The latter gives, due
to definition (2.66), that x* satisfies (2.88).

To justify (ii) in the sequential case, it remains to show that x* # 0 under
the SNC assumption imposed. On the contrary, assume that x* = 0, which
gives xj, 2 0 for the sequences X;j € J\Af(xik; £2;),i =1, 2. Since one of the sets
2; (say £21) is N-sequentially normally compact at X, we get |25 |l — 0. This
clearly implies that ||x;|| — 0, which contradicts the condition ||x}| = 1 for
all k € IN and ends the proof of (ii) in the sequential case.

Let us finally consider the case of general Banach spaces and justify the
topological version (2.87) of the exact extremal principle under the sequen-
tial normal compactness condition imposed. We follow the procedure in the
sequential case but now don’t assume anymore that IB* is weak* sequentially
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compact, using instead the well-known fact that B* is (topologically) weak*
compact in arbitrary Banach spaces. This allows us to conclude that the above
sequence {x;} has a weak* cluster point x* € cI"{x}| k € IN} N IB*. It follows
from representation (2.89) with x}, € J\A/'(xik; £2;),i =1,2, and from definition
(2.67) that x* satisfies (2.87), where A is the topological normal structure
generated by A. This holds for any cluster point x* € cl {xf| ke N}.

It remains to show that x* # 0 for some x* € clI*{x;| k € IN} if one of
the sets £2;, i = 1,2, is N -sequentially normally compact at x. Indeed, the
opposite means the x* = 0 is the only weak* cluster point of {x;}. The latter
yields that the whole sequence {x;} converges weak* to zero. Then it follows

from (2.89) that x% EN 0,i =1,2, as k — oo. Hence ||x};|| — 0 for either i =1
or i = 2, which is impossible due to ||x;|| = 1. This contradiction completes
the proof of the theorem. A

As an immediate corollary of Theorem 2.51 we derive the following gener-
alized versions of the Bishop-Phelps and supporting hyperplane theorems in
terms of abstract prenormal and normal structures on Banach spaces.

Corollary 2.52 (prenormal and normal structures at boun-
dary points). Let £2 be a proper closed subset of a Banach space X, and
let x be a boundary point of §2. Consider an arbitrary prenormal structure
N on X and the corresponding sequential normal structure N and topological
normal structure N generated by N'. Then one has: R

(i) Given any ¢ > 0, there is x € 2 N (x + eIB) such that N (x; 2) # {0}.

(ii) Assume that the set 2 is N -sequentially normally compact at %. Then
N (x;82) # {0}. If in addition the dual ball B* is weak* sequentially compact,
then N (x; £2) # {0}.

Proof. Follows from Theorem 2.51 with §2; := £ and 25 := {x}. A

By the results of Subsect. 2.5.1 the abstract versions of the extremal prin-
ciple in Theorem 2.51 and their corollaries hold for subdifferentially gener-
ated prenormal and normal structures under the mild requirements (S1)—(S3)
on the corresponding presubdifferentials. These requirements are used in the
proof of Lemma 2.32(ii) for the case of Fréchet normals and subgradients. As
follows from the proof of the other statement (i) in Lemma 2.32, it holds for
any presubdifferential ﬁgo() on the class of proper ls.c. functions ¢: X — IR
generated by a prenormal cone N on X x IR as

Dy(x) := {x* € X*| (x*, =1) € N((x, ¢(x));epi@) }, x € domg,

provided that A/(z; £2) C {0} if z € int £ and that ||x*| < £ for all x* € Dg(x)
if ¢ is locally Lipschitzian around x with modulus £. Thus both statements
in Lemma 2.32 are valid for general classes of normals and subgradients. It is
not the case for Theorem 2.33 and most of the other material in this chapter,
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where the specific structure of Fréchet-like subdifferential constructions and
geometric properties of Asplund spaces are essentially exploited. Note also
that the structural properties of our basic constructions are utilized in Chap. 1
to build the generalized differential theory in Banach spaces.

In the subsequent chapters of this book we apply basic principles and
results of the first two chapters to develop a comprehensive generalized differ-
ential calculus in Asplund spaces and give its applications to important prob-
lems in nonlinear analysis, optimization, and economics. Most of the results
are formulated in terms of Fréchet-like normals/subgradients/coderivatives
and their sequential limits, which is essential in the statements and proofs.
As follows from the proofs (and will be explicitly mentioned in some cases),
a part of the results obtained holds also for other normal and subgradient
structures by the above discussions.

2.6 Commentary to Chap. 2

2.6.1. The Origin of the Extremal Principle. The chapter col-
lects the fundamental material that is crucial for the subsequent parts of the
book, in both aspects of basic theory and applications of variational analysis.
Roughly speaking, all the essentials of variational analysis developed in this
book largely revolve around the extremal principle comprehensively studied in
Chap. 2. The extremal principle can be viewed as a local variational counter-
part of the classical separation in the case of nonconvex sets; it actually plays
the same role in variational analysis as separation theorems do in the presence
of convexity, i.e., in the framework of convex analysis and its applications.

The term “extremal principle” was coined by Mordukhovich [910], while its
first versions (in both approximate/fuzzy and exact/limiting forms of Defini-
tion 2.5) were established by Kruger and Mordukhovich [718] under the name
of “generalized Euler equations” for local extremal points of finitely many sets
in Fréchet smooth spaces. The essence of the exact extremal principle can be
traced to the early paper by Mordukhovich [887], where the key method of
metric approximations has been initiated in the framework of optimal control.

The properties of extremal systems and their connection with separation
properties of convex and nonconvex sets presented in Subsect. 2.1.1 can be
found in Kruger and Mordukhovich [719] and Mordukhovich [901]. The rela-
tionships between extremality and supporting properties from Subsect. 2.1.2
were fully investigated by Fabian and Mordukhovich [421]. To this end we
mention a remarkable study of boundary points for sums of sets undertaken
by Borwein and Jofré [148]. The latter boundary property of a set sum is
actually equivalent to the local extremality of another set system; see also the
recent paper by Kruger [715] for more details.

In Subsect. 2.1.3 we give a self-contained proof of the exact extremal prin-
ciple in finite-dimensional spaces based on the method of metric approrima-
tions. As mentioned, this method was originated by Mordukhovich [887] and
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then developed in [889, 892, 719, 901, 907] in several finite-dimensional set-
tings; see also the comments below for its infinite-dimensional counterparts
with significantly more involved variational arguments. Note that the method
of metric approximations contains a constructive procedure to study local ex-
tremal points of set systems (in particular, local solutions to various problems
of constrained optimization and equilibria) based on their symmetric approz-
imation by sequences of smooth problems of unconstrained minimization. The
realization of this procedure as in the proof of Theorem 2.8 has actually led us
to constructing the basic/limiting normal cone in order to describe the (exact)
generalized Euler equation. Observe that the latter appeared in the process of
passing to the limit after applying the classical Fermat stationary rule in the
sequence of approximating problems; cf. [887]. All this indicates close relation-
ships between classical and modern tools and concepts of variational analy-
sis: the novelty comes from applying appropriate approzimation/perturbation
techniques.

2.6.2. The Extremal Principle in Fréchet Smooth Spaces and
Separable Reduction. Although there are no crucial differences between
finite-dimensional and infinite-dimensional settings from conceptional view-
points, infinite-dimensional extensions of the above approach to the extremal
principle are technically much more involved requiring the usage of refined
variational arguments and delicate geometric properties of Banach spaces.
There are the following three most crucial features of finite dimensionality
significantly exploited in the construction and realization of the metric ap-
prozimation method employed to prove the exact extremal principle in Sub-
sect. 2.1.3:

(a) intrinsic variational properties of the Euclidean norm,

(b) the equivalence of any norm in finite dimensions to the Euclidean
norm, which is smooth away from the origin;

(c) compactness of the closed unit ball (as well as the unit sphere ), which
is a characterization of finite-dimensional spaces.

Appropriate counterparts of these properties in infinite dimensions, which
have nothing to do with the Euclidean norm, are among the key ingredients in
deriving both approximate and exact versions of the extremal principle in the
general framework of Asplund spaces presented in Sect. 2.2. To establish the
approximate extremal principle in Asplund spaces, we develop a two-step pro-
cedure therein: first giving a direct proof of the extremal principle in Banach
spaces admitting an equivalent Fréchet smooth norm (away from the origin),
and then “rising up” the result from Fréchet smooth spaces to the general
Asplund space setting by using the method of separable reduction.

The variational arguments employed in Subsect. 2.2.1 to justify the approx-
imate extremal principle in Banach spaces with smooth Fréchet renorms were
first developed, to the best of our knowledge, by Li and Shi [785] (preprint of
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1990) in their proof of variational principles of the Ekeland and Borwein-Preiss
types and then used, e.g., in [159, 265, 266, 688, 809] in parallel variational
settings. We combine these arguments with the device in Mordukhovich and
Shao [948] and with the subsequent induction. As mentioned in Remark 2.11,
a similar device can be employed to establish the approximate extremal prin-
ciple in Banach spaces admitting smooth renorms of any kind, with respect to
natural bornologies. We refer the reader to the survey paper by Averbukh and
Smolyanov [68] and to the book by Phelps [1073] for more information about
bornologies. Appropriate versions of the approximate extremal principle in
other (non-Fréchet) bornologically smooth spaces can be found in the paper
by Borwein, Mordukhovich and Shao [151].

The method of separable reduction developed in Subsect. 2.2.2 in order to
apply it to deriving the approximate extremal principle is probably the most
difficult device given in this book. It is taken from the paper by Fabian and
Mordukhovich [421], while its origin goes back to Preiss [1103] in the theory
of Fréchet differentiability. Then versions of separable reduction were used by
Fabian and Zhivkov [423], Fabian [413, 415], and Fabian and Mordukhovich
[420, 421] in applications to various aspects of nonlinear analysis and general-
ized differentiability. It seems that the Fréchet-type differentiability and sub-
differentiability is very essential in the theory and applications of this method.

2.6.3. Asplund spaces. The Asplund property of Banach spaces formu-
lated in Subsect. 2.2.3 plays a crucial role in the theory and applications of
variational analysis developed in this book. Although a number of impor-
tant results and applications presented in the book hold in arbitrary Banach
spaces, the most comprehensive theory of generalized differentiation, at the
same level of perfection as in finite dimensions, is given in the Asplund space
setting.

The remarkable class of Banach spaces, now called Asplund spaces, was in-
troduced by Asplund in his 1968 paper [43] as “strong differentiability spaces.”
The name “Asplund spaces” was coined by Namioka and Phelps [992] soon
after Asplund’s death (1974). The original Asplund definition was the same
one presented in Subsect. 2.2.3 with the only difference that the dense set of
Fréchet differentiability points was postulated to be Gs. The latter require-
ment can be equivalently omitted due to the fact that Fréchet differentiability
points always form a Gs set; see, e.g., Phelps [1073]. It is worth mentioning
that, although the main contents of the original Asplund’s paper [43] con-
cerned the geometric theory of Banach spaces, there were nice variational
applications therein establishing generic existence and unique theorems for
optimal solutions to some linearly perturbed variational problems particularly
related to Moreau’s prozimal mappings in Hilbert spaces [982].

Asplund spaces, which include all reflexive and many other remarkable
Banach spaces, have been comprehensively investigated in the geometric the-
ory of Banach spaces and its applications, with discovering a great number of
impressive characterizations and properties; the reader may find a partial list
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of them in the beginning of Subsect. 2.2.3 and in the references therein. Al-
though the Asplund property is generally related to Fréchet differentiability,
there are Asplund spaces that fail to have even a Gateauzr smooth renorm; see
striking examples in Haydon [553] and in Deville, Godefroy and Zizler [331].
Note that, in contrast to the class of Asplund spaces that is one of the most
beautiful objects in analysis and probably in all mathematics, weak Asplund
spaces similarly defined in [43] with the replacement of Fréchet differentiability
by Gateaux differentiability are too far from being beautiful admitting only
a modest number of satisfactory results; see the book by Fabian [416]. There
is an intermediate class of Asplund generated spaces, known also in the litera-
ture as Grothendieck-Smulian generated spaces, which particularly include all
weakly compactly generated (hence all separable) spaces, strongly studied geo-
metrically in the afore-mentioned Fabian’s book. An on-going research project
by Fabian, Loewen and Mordukhovich [418] is devoted to certain aspects of
generalized differentiation and variational analysis in the framework of As-
plund generated spaces; see Remark 3.103 for some results and discussions.

2.6.4. The Extremal Principle in Asplund Spaces. The extremal
characterizations of Asplund spaces in Theorem 2.20 via the two (equiva-
lent) versions of the approrimate extremal principle were established by Mor-
dukhovich and Shao [948], while the presented proof is taken from the later
papers by Fabian and Mordukhovich: from [421] for the sufficiency of the As-
plund property to ensure the extremal principle via separable reduction and
from [420], via Example 2.19 reproduced in Subsect. 2.2.3, for the necessity of
this property to have the extremal principle. Yet another proof (actually the
first one) of the validity of the approximate extremal principle in general As-
plund spaces can be found in Mordukhovich and Shao [949] via a coderivative
criterion for the covering property established in their previous paper [946].

The boundary characterizations of Asplund spaces from Corollary 2.21
were obtained by Fabian and Mordukhovich [420] via separable reduction,
with no appeal to the extremal principle. On the other hand, assertion (c)
of this corollary, which is a far-going nonconvex extension of the celebrated
Bishop-Phelps theorem [116] in the framework of Asplund spaces, was first
deduced by Mordukhovich and Shao [948] from the extremal principle; cf.
also Borwein and Stréjwas [156, 157] for other counterparts of the Bishop-
Phelps theorem in nonconvex settings with other proofs. In the paper by
Mordukhovich and B. Wang [960] the reader can find more variational char-
acterizations of Asplund spaces via Fréchet normals and e-normals, as well
as different proofs of those mentioned above. Various subdifferential charac-
terizations of Asplund spaces will be discussed below in the commentary to
this chapter. We also refer the reader to the recent paper by Wang [1304] who
derived some analogs of the afore-mentioned results and characterizations of
the reflezivity of locally uniformly convex Banach spaces with Fréchet differ-
entiable renorms via the approximate extremal principle involving prozximal
normals and subgradients.
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The validity of the exact extremal principle in Asplund spaces under the
sequential normal compactness conditions of Theorem 2.22 was established
by Mordukhovich and Shao [949] extending the result of Kruger and Mor-
dukhovich [718] obtained under the epi-Lipschitzian assumptions in Fréchet
smooth spaces; see also the subsequent publications [707, 901]. The converse
assertion of Theorem 2.22 was proved by Fabian and Mordukhovich [419].
Example 2.23 on the failure of the exact extremal principle in the absence
of normal compactness is taken from Borwein and Zhu [162]. The nontrivial-
ity results on basic normals and subgradients from Corollaries 2.24 and 2.25,
which immediately follow from the exact extremal principle, were first ob-
served by Mordukhovich and Shao [949].

2.6.5. The Ekeland Variational Principle. According to the conven-
tional terminology of modern nonlinear analysis, the expression “variational
principle” stands for an assertion ensuring that, given a lower semicontinuous
and bounded from below function ¢ and its arbitrary e-minimal point xg, there
is a small perturbation of ¢ such that the perturbed function attains its exact
minimum at some point close to xg. The first variational principle in this sense
was discovered by Ekeland in 1972 (see [396, 397, 399]) in general complete
metric spaces. The exact statement of Ekeland’s variational principle is pre-
sented in Theorem 2.26(i). Note that the original Ekeland’s proof [396, 397]
was rather complicated involving transfinite induction arguments via Zorn’s
lemma. It was largely similar to the proof of the Bishop-Phelps theorem [116]
mentioned above, which was called by Ekeland [399] “the grandfather of it
all.” The much simplified proof presented in Theorem 2.26 follows the lines of
Crandall’s arguments reproduced in Ekeland [399] as a personal communica-
tion. The converse statement of Theorem 2.26(ii) ensuring that the Ekeland
principle is actually a characterization of the completeness property of metric
spaces is due to Sullivan [1232]. There are so many applications of Ekeland’s
variational principle to various areas in mathematics and related disciplines
that it doesn’t seem to be possible of even mentioning a great part of them
in this book. The reader can find a partial list of the most important early
applications with their detailed analysis in the excellent survey by Ekeland
[399] of 1979.

It is worth emphasizing that among the main motivations for the Ekeland
original study was the result of Corollary 2.27, which ensures the fulfillment
of the “almost stationary” condition for “almost optimal” (suboptimal in our
terminology) solutions to a smooth unconstrained minimization problem. Re-
sults of this kind are especially important for optimization problems in infinite
dimensions, where optimal solutions may often not exist. Thus the principal
issue of both theoretical and practical importance is to derive necessary con-
ditions for suboptimal solutions, of about the same type as for optimal solu-
tions, that eventually lead to numerical algorithms for solving optimization
problems. From this viewpoint, necessary suboptimality conditions applied
to solutions that always exist are not worse than those for exact optimality,
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which may not be reachable. We pay a strong attention to this topic through-
out the book; see particularly Chaps. 5 and 6.

2.6.6. Subdifferential Variational Principles. The main result of
Subsect. 2.3.2 called the lower subdifferential variational principle (Theo-
rem 2.28) is a far-going development of Ekeland’s e-stationary condition in
Corollary 2.27 from smooth functions to extended-real-valued l.s.c. functions;
it can be applied therefore to problems of constrained optimization. This result
established by Mordukhovich and B. Wang [962] is different from conventional
variational principles in only one aspect: instead of a perturbed minimization
condition, it contains a (lower) subdifferential condition of the e-stationary
type, which is actually a necessary condition for suboptimal solutions. The
first result of this type for nonsmooth functions was obtained by Rockafellar
[1147] via Clarke subgradients in Banach spaces, while for convex functions
it actually goes back to the early work by Brgndsted and Rockafellar [179]
that preceded Ekeland’s variational principle; cf. also [154, 186, 501, 1165] for
related results and discussions. As proved in the afore-mentioned paper [962],
the subdifferential variational principle of Theorem 2.28 occurred to be an
equivalent analytic counterpart of the approximate extremal principle giving
hence yet another variational characterization of Asplund spaces.

The variational results of Theorem 2.28 easily imply the subdifferential
characterizations of Asplund spaces listed in Corollary 2.29. These character-
izations were first established via different devices by: Fabian [415] for (b),
Fabian and Mordukhovich [419] for (c), and Fabian and Zhivkov [423] for (e);
characterizations (d) follows from (e) due to Theorem 1.86. Note also that
implication (e)=(a) was proved earlier by Ioffe [593], while the related fact
that the density of the set x € dom¢ with 5a£(p(x) # () for any ls.c. func-
tion ¢: X — IR yields the Asplund property of X goes back to Ekeland and
Lebourg [400].

The upper subdifferential variational principle of Theorem 2.30 taken from
the paper by Mordukhovich, Nam and Yen [938] is substantially different from
the lower one being generally less powerful, since it applies only to special
classes of functions that admit upper Fréchet subgradients at the points in
question. However, for such classes of functions (which have been well rec-
ognized and investigated in nonsmooth analysis; see Chap. 5) the upper ver-
sion involving every upper subgradient, has certain significant advantages in
comparison with its lower counterpart from Theorem 2.28. It is particularly
useful in developing necessary suboptimality conditions for various classes of
constrained minimization problems; see Subsect. 5.1.4 for some results in this
direction.

2.6.7. Smooth Variational Principles. Concerning the conventional
line in developing variational principles, observe that the minimization con-
dition in Ekeland’s variational principle of Theorem 2.26 can be interpreted
as follows: for every Ls.c. function ¢: X — IR with inf ¢ > —oo there exists a
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function s: X — IR that supports ¢ from below at some point X € dom g, i.e.,
o(x) =s(x) and ¢(x) > s(x) whenever x € X .

Then Ekeland’s principle ensures, in the framework of arbitrary Banach
spaces, that the support s(-) can be chosen as a small perturbation by func-
tions of the morm type. A clear disadvantage of this results is the intrinsic
nonsmoothness of such perturbations, and so a natural question arises about
conditions ensuring smooth perturbations, i.e., about smooth variational prin-
ciples.

The first result of this type was obtained by Stegall in his 1978 paper [1224]
who showed that, for any l.s.c. function satisfying some growth condition as
||x|| = oo on a Banach space with the Radon-Nikodym property (in particular,
on a reflexive space), a supporting function s(-) could be chosen as a linear
functional with an arbitrarily small norm.

A more powerful smooth variational principle, in essentially more gen-
eral settings, was established in the 1987 paper by Borwein and Preiss [154]
who proved, assuming the existence of a bornologically smooth renorm on
the Banach space in question, that supporting functions could be chosen
as concave and smooth with respect to the same bornology. The Borwein-
Preiss smooth variational principle was extended in some directions by Dev-
ille, Godefroy and Zizler [330, 331] who showed, in particular, that supporting
functions could be chosen as bornologically smooth (but not concave any-
more) under the more general assumption on the existence of a smooth Lips-
chitzian bump function with respect to some bornology. We refer the reader to
[45, 70, 164, 265, 417, 419, 530, 531, 547, 619, 620, 785, 790, 809, 1243, 1350]
among other publications for additional information about variational princi-
ples, their recent developments, and applications.

The results of Subsect. 2.3.3 are taken from the paper by Fabian and
Mordukhovich [419]. Assertions (i) and (ii) of Theorem 2.31 establish enhanced
versions of the Borwein-Preiss and Deville-Godefroy-Zizler smooth variational
principles, respectively, with more information about supporting functions in
comparison with the original versions in [154, 330]. Observe that the proof
given in Theorem 2.31(3,ii) is essentially different from those of [154, 330]; it is
based on the lower subdifferential variational principle from Theorem 2.28 and
smooth variational descriptions of Fréchet subgradients from Theorem 1.88.

The converse assertion (iii) is indeed remarkable: it shows that the smooth
norm and smooth bump assumptions in smooth variational principles of the
Borwein-Preiss and Deville-Godefroy-Zizler types, respectively, are not only
sufficient but also necessary for the validity of such results. As discussed at
the end of Subsect. 2.3.3, the Fréchet smoothness is not essential for these
conclusions, which hold true for any bornology. Observe again in this respect
that no smoothness assumption is necessary for the fulfillment of the extremal
principle and of the lower subdifferential variational principle. Furthermore,
as proved in Borwein, Mordukhovich and Shao [151] (resp. in Mordukhovich
[919]), the approximate extremal principle is equivalent to certain localized
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versions of the Borwein-Preiss and Deville-Godefroy-Zizler variational prin-
ciples provided that the Banach space in question admits a Fréchet smooth
renorm (resp. a Fréchet smooth and Lipschitzian bump function).

2.6.8. Limiting Normal and Subgradient Representations in As-
plund Spaces. It has been mentioned above that the main results of varia-
tional analysis and its applications developed in this book are derived from
the extremal principle. Section 2.4 contains the first set of results in this di-
rection showing, in particular, that the usage of the approximate extremal
principle and its subgradient descriptions in Asplund spaces allows us to jus-
tify simplified and convenient representations of basic normals, subgradients,
and coderivatives in the general Asplund setting similar to those established
in finite dimensions on the base of specific properties of the Euclidean norm.
The power of the extremal principal and its equivalents make it possible to
replace the previous arguments without any appeal to either finite dimen-
sionality, or to the Euclidean norm, or even to smooth renorming. Moreover,
the Asplund space setting happens to be also necessary for such representa-
tions provided that they are required for all sets, functions, and set-valued
mappings belonging to reasonably broad families.

The subdifferential description of the approximate extremal principle given
in Lemma 2.32 plays a crucial role in establishing the main results of Sect. 4.
This lemma was established by Mordukhovich and Shao [948], while the
essence of assertion (i) can be traced to Ioffe [600]; cf. the proof of Step 2
in Lemma 2 therein.

Results of form (2.42) known as fuzzy sum rules (or “zero fuzzy sum rules,”
or “fuzzy principles”) were initiated by Ioffe [593, 594] for e-subdifferentials
(¢ > 0) of both Fréchet and Dini types. For the case of Fréchet subgradi-
ents (¢ = 0) on Asplund spaces, the semi-Lipschitzian result (2.42) was first
established by Fabian [415] based on the Borwein-Preiss smooth variational
principle and on separable reduction; cf. Toffe [599] for Fréchet smooth spaces.
There are several modifications of such fuzzy rules; all of them happens to
be equivalent. The latter was first proved by Zhu [1371] for the so-called B-
subdifferentials that are valuable on bornologically smooth spaces and then
by Ioffe [606] and Lassonde [747] in more general settings; see also the recent
book by Borwein and Zhu [164].

The full (not “zero”) semi-Lipschitzian fuzzy sum rule of Theorem 2.33(b)
was derived by Fabian first in [413] for ¢ > 0 and then in [415] for ¢ =
0 in the general Asplund space setting. Note that the structure of Fréchet
subgradients seems to be very essential for this full fuzzy rule, in contrast to
its zero counterpart (2.42). Some topological modifications of the full fuzzy sum
rule (with a weak* neighborhood of the origin in X* instead of a small dual
ball) were earlier considered by Ioffe [593] who introduced Banach spaces with
such properties as “trustworthy spaces” and proved that any space admitting a
Fréchet smooth bump function fell into the trustworthy category. Implication
(b)=(a) in Theorem 2.33 can be also deduced from [593]. We refer the reader
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to the afore-mentioned publications and also to [147, 151, 158, 160, 163, 164,
257,265, 329, 413, 414, 607, 614, 616, 622, 802, 952] for more results, equivalent
statements, and discussions in this direction.

The ezact/limiting semi-Lipschitzian sum rule of Theorem 2.33(c) as well
as the representations of basic subgradients and normals from Theorems 2.34
and 2.35 in Asplund spaces were established by Mordukhovich and Shao [949],
while the converse assertions therein are due to Fabian and Mordukhovich
[419]. Extended sum rules based on the extremal principle are presented in
Chap. 3, where the reader can find comprehensive calculus results with more
discussions.

The limiting e-subdifferential d,¢(X) in (2.48) for ¢ > 0 was defined by
Jofré, Luc and Théra [634] (preprint of 1995) motivated by applications to
e-monotonicity and related issues. As observed by Mordukhovich and Shao
[949, Proposition 2.11], this construction happened to be an e-enlargement of
our basic subdifferential (see Theorem 2.34) for any l.s.c. function on Asplund
spaces; moreover, such an enlargement representation of d.¢(x) characterizes
the class of Asplund spaces as proved by Fabian and Mordukhovich [419].

The singular subdifferential limiting representation

3 ¢(x) = Lim sup Ad¢(x) (2.90)
x5x
210
from Theorem 2.38 was first obtained by Rockafellar [1150] in finite dimen-
sions, with the prozimal subdifferential dpg(x) of (2.81) replacing d¢(x) in
(2.90). The latter representation was actually accepted in [1150] as the defi-
nition of 3¢ (x). Representation (2.90) was proved by Ioffe [600] for Fréchet
smooth Banach spaces, and then the full statement of Theorem 2.38 in As-
plund spaces was given by Mordukhovich and Shao [949] following the ap-
proach of [600]. The proof of the preceding Lemma 2.37 presented in the book
is a clarification of Toffe’s proof in [600, Theorem 4] being different from it in
several significant aspects.
Assertion (i) of Theorem 2.40 on horizontal normals to graphs and the
inclusion

D*¢(x)(0) C 9%¢(x) U™ (—¢)(x)

for continuous functions on Asplund spaces was established by Ngai and Théra
[1008]. The opposite inclusion to the latter one and hence the equality in the
coderivative representation of Theorem 2.40(ii) follow from Theorem 1.80. We
refer the reader to the recent papers by Zhu [1373] and Ivanov [622] (see also
the book by Borwein and Zhu [164]) for other proofs of the above results and
their counterparts involving B-subdifferentials in bornologically smooth Ba-
nach spaces.

2.6.9. Other Subdifferential Structures and Abstract Versions of
the Extremal Principle. Abstract normal and subdifferential structures of
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Subsect. 2.5.1 were defined and studied by Mordukhovich [920] motivated by
recognizing minimal normal and subdifferential properties needed for deriving
the extremal principle in general Banach spaces. Various axiomatic construc-
tions of this type, with generally different properties and applications, were
considered by Aussel, Corvellec and Lassonde [61], Correa, Jofré and Thibault
[292], Toffe [599, 606, 607], Ioffe and Penot [614], Lassonde [747], Mordukhovich
[901], Mordukhovich and Shao [949], Thibault and Zagrodny [1254], etc. The
minimality result for the basic subdifferential from Proposition 2.45 was ob-
served by Mordukhovich and Shao [949], while the essence of such theorems
(under less general assumptions) should be traced to the early work by Toffe
[596, 599] and Mordukhovich [894, 901]; see more discussions in [949, Sect. 9].
Note that Ioffe’s minimality result [599] doesn’t imply, as mistakenly stated in
[599, Proposition 8.2], that the nucleus 5g<p(i) of his G-subdifferential belongs
to our basic subdifferential d¢(x) for 1.s.c. functions on Fréchet smooth spaces.
The point is that the mapping d¢(-) may not be of closed-graph for Lipschitz
continuous functions as claimed in [599]. In fact, the opposite inclusion

99 () C dgp(x) (2.91)

is fulfilled for any l.s.c. function defined on an Asplund space, where equality
holds for locally Lipschitzian functions provided that the space X is weakly
compactly generated (and hence automatically Fréchet smooth); see Sub-
sect. 3.2.3 below and comments to it in Subsect. 3.4.7. Moreover, it follows
from examples by Borwein and Fitzpatrick [141] that the inclusion in (2.91)
may be strict even for concave Lipschitz continuous functions defined on some
special spaces admitting C*°-smooth renorms but not being weakly compactly
generated; cf. Example 3.61 below.

Subsection 2.5.2 presents an overview of some remarkable normal and sub-
differential structures important in the theory and applications of variational
analysis via generalized differentiation. The main attention is paid to gener-
alized normals and subgradients related to the basic constructions adopted
in this book. The descriptions in Subsect. 2.5.2 are self-contained with the
corresponding references to publications, where the reader can find more de-
tails and discussions; see also Commentary to Chap. 1. We just make some
comments to (the last) part E of this subsection regarding the concepts and
results formulated and proved therein.

The generalized differential construction Ag(x) labeled here as the “derivate
set” of ¢ at X is inspired by Warga’s derivate containers introduced in [1316)
and then developed in many publications; see, e.g., [1317, 1318, 1319, 1320,
1321, 1370] and the more recent papers by Ermoliev, Norkin and Wets [408]
and by Sussmann [1236, 1237, 1238] with the references and discussions
therein. Theorem 2.46 in the form presented in this book was established
by Kruger [713], while its essence and proof go back to the early work by
Kruger and Mordukhovich [719] showing that the Fréchet subdifferential (and
hence both lower and upper basic subdifferentials) is smaller than any Warga’s
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derivate container for continuous functions on finite-dimensional spaces; see
also [99, 304, 596, 646, 705, 901] for modifications, extensions, and applications
of the latter result and its variants.

Subsection 2.5.3 is based on the paper by Mordukhovich [920], where the
approximate and exact versions of the abstract extremal principle were de-
rived. Previous results on the fulfillment of the approzimate extremal prin-
ciple in non-Asplund (but mostly in bornologically smooth) spaces and on
its equivalence to some other basic rules of generalized differentiation were
obtained by Borwein, Mordukhovich and Shao [151], Borwein, Treiman and
Zhu [159], Ioffe [606], and Zhu [1371]; see also Borwein and Zhu [163, 164] for
more discussions.

Regarding the ezact version of the abstract extremal principle, observe
that both its sequential and topological modifications were established in [920]
under an abstract version of the sequential normal compactness condition. A
similar observation that just a sequential compactness property is sufficient
to deal with a limiting topological structure was made by Ioffe [607] in the
context of metric regularity.
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