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This paper presents a novel method for constructing cdetsdor a class of single-
input multiple-output (SIMO) linear parameter varying {)Psystems. This class of
systems encompasses many physical systems, in partigatanss where individual
components vary with time, and is therefore of significargctical relevance to
control designers. The control design presented in thigiplaas the properties that
the system matrix of the closed loop is multi-affine in theimas scalar parameters,
and that the resulting controller ensures a certain dedgretability for the closed
loop even when the parameters are varying, with the degrestability related
directly to a bound on the average rate of allowable parametéations. Thus,
if knowledge of the parameter variations is available, thaservativeness of the
design can be kept at a minimum. The construction of the obetris formulated
as a standard linear time-invariant (LTI) design combineathva set of linear
matrix inequalities, which can be solved efficiently witHtaa@re tools. The design
procedure is illustrated by a numerical example.

1 Introduction

Many nonlinear systems can be formulated within the framrkwblinear parameter
varying (LPV) systems and, as a consequence, LPV systengsrkeaeived much
attention in the control research community within the tast decades.

In general, LPV systems are systems that can be describeiddar transfer
functions or state space realizations, but where certa@npeters in the description
are non-constant. Obviously, such a description is quiteegs,; it captures, for
instance, many nonlinear systems that can be modeled us#agited dynamics, but
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Fig. 1. Perturbed plant represented using coprime factorizations

where the parameters vary as the operating point changes; &@mples of such
systems can be found in the literature; [1] describes a nadfitroformulating LPV

models of propagation phenomena and shows two examplelyimydemperature
control for a plate cooled by convection and mass flow rateletigpn in a pneumatic
network. [2] contains an example of gain schedutéd control design for the pitch
axis of a (simplified) LPV model of a missile. [3] shows how toiter the Van der
Pol equation in LPV form; and so forth.

Due to the close relation to LTI plants, it is natural to wantise gain scheduling
techniques to control LPV plants. Care must be exercisageher, when designing
gain scheduled controllers that do not explicitly take stoount the rate of parameter
variations for LPV plants, since a gain scheduled closeq-leystem can become
unstable unless the scheduling happens “sufficiently glojl. It is thus desirable
to take knowledge of the rate of parameter variations intoaot in the design, since
otherwise one may be forced to introduce conservativengsditowing arbitrarily
fast variations. [5] provides a general survey of gain salied techniques and also
lists references to various applications.

1.1 Systems of Interest

In this paper, we are interested in LPV plants where the par@ntdependence can
be written using a matrix fractional description, and wheeeparameter dependence
terms are affine or in fachulti-affinein the parameters.

Specifically, we look at SIMO plants that permit a descriptid the form

P(A,s) = (N(s) + Na()A)(M(s) + Ma(s)4)~" (1)

whereN (s), N4(s), M(s) andM 4(s) are appropriately chosen stable transfer function
matrices andN (s), M (s) are coprime factors oveRH., of P(0,s), andA is a
vector multi-linear in some scalas;, thus

A=A A2 A A A2, A1 A A A AT

with A = A, 07 € dpox = {=N < N < N\iyi = 1,...,r}. The term

multi-affine allows products of different;, but no powers. The vector describes
the variation from a specific 'central’ or 'nominal’ value tife LPV system. This
configuration is illustrated in Figure 1, from which it is atethat withA = 0, the

system is described by the 'nominal’ plaft0, s) = N(s)M(s) .
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Reference [6] pointed out that many physical linear systesitis variations in
individual physical parameters could be modelled in thiy,vessentially, the only
restriction is that the varying components must not allosssrcouplings of energy
storage. Examples of systems with multi-affine dependemc@arameters thus
include electric circuits where individual componentstsas resistors, capacitors
and inductors vary, corresponding mechanical systemss@safiction coefficients,
inertias etc.), thermo-dynamical systems (fluid storagkes etc.), and so forth

Such systems often arise as a selection of linearizatiomsrainlinear plant in
various operating points, but may also appear from apdicabf system identification
or from first-principles modeling (see e.g. [7]). Note albattparameter variations
in physical systems may not be symmetrical about a centhaé\af zero in the way
implied by the definition of\pox above; however, it is always possible, through a
simple variable substitution, to rewrite the system suett the parameter variation
becomes symmetrical.

We are going to embed the problem of designing controllessabilise the plant
set of (1) within the problem of designing controllers tdxliae a larger set of plants.
Denote the” corners 0f\pox bY Acor. TAUSA € Acorif and only if \; = +); for each
i. Call the set of such valuesicori, i € {1,...,2"}. Each corner value of gives
rise to a plantP(Acori, $). It is not hard to see, and indeed argued in [8], that for a
generic value ofl generated by a generice A, there exists a set of nonnegative
weightsd; summing tol such that

-
N(s) + Na(s)A =D 6i[N(s) + Na(s)Acori] (2)
1=1
Indeed, we review this below, where it is also pointed out tha same set of;
yield

or
M(s) + Ma(s)A =Y 8[M(s) + Ma(s)Acori] (3)
1=1
[Here, A.,-; denotes the value of corresponding to\.,-;]. So we cover all plants
of the set (1) by considering all plants of the form

P(d,s) = {Z Gi[N(s) + NA(S)Acm]}{Z 0i[M (s) + Ma(s) Acori]}

5;>0 Y =1 (4)

Call the set (1)S, and call the set just defineg}. There holdsS, C S;. We will
actually explain how to design controllers for the Sgt

3 Note that sometimes the entry corresponding to an individuanay correspond to the
inverse of a physical component value rather than the coemovelue itself; this is of
course not relevant in terms of stability etc., since elg,lehavior of an electric circuit
may be equally well described by a resistor's conductand®y &s resistance.
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The construction of thé, from a particular\ can be made independent of
Na(s), Ma(s) etc, as indicated in the following argument, referred to9h fhich
is a minor development of [8]. Let(A1, Ao, . .., A.) be any multi-affine function of
the \;, with —1 < \; < 1.Then successive use of the multi-affine property yields:

gL, A2, A) = (1/2)(A4A1)g(1, Aoy, M) +H(1/2)(1=A1)g(=1, A2y .. A)
(5)

(1/2)(T 4+ A)[(1/2(1 + A2)g(1,1, Az, .., Ar)
+ (1/2)(1 = A2)g(1, =1, A3, ..., Ap)]
+(1/2)(1 = A)[(1/2(1 4 A2)g(—1,1, A, ..., Ar)
+ (1/2)(1 = A2)g(—1, =1, A3, ..., \p)]

Yo @20+ (DAL (-1)= ]

i;€1,2,5=1,...,r
I EDT A0 (D), (<)) (8)

Thed; are evidently the quantiti€d /27)[1 + (—1) A\][1 + (—=1)%2\5]
...[1 + (=1)"),]. We shall describe this decomposition as ttendard convex
representation

Now, in order to treat the controller synthesis problem amthiermore be able
to handle time-varying parameter values without losingifitg guarantees, we will
appeal to two different (though somewhat related) appresédr dealing with LPV
systems. The first approach relates directly to affine patemuependencies, but
does not consider time variation. This idea was develop¢8]jrwhich considered
strict positive realness of families of transfer functiomtnices and [10], which
provided a convex parameterization of &ked controllers that simultaneously
stabilise a parameter-dependent system for any pernesfitdd values of the
parameters. The second idea was developed in [11] andg¢teteate of parameter
variation for time varying systems to degree of stabilitye Will briefly review the
latter ideas in the following section.

1.2 Robust Stability Results for LPV Systems

Reference [10] addressed the synthesis of robust consddielinear time-invariant
systems. The uncertain real parameters were assumed tardipparly in the closed
loop characteristic polynomial, and the parameters weserasd to lie in a bounded
set, i.e., a description that matched the setup in (1). Tipempproceeded to give
a convex parameterization of all controllers that stadifiy ), s) for fixed frozen
values of\. The stability proof, which was directly inspired by [9])iezl on showing
the equivalence between the stability of a certain tranfiection involving the



Title Suppressed Due to Excessive Length 5

parameters in an affine way and the existence of a frequespgrdient (stable,
positive-real) multiplierr such that the inverse of the transfer function multiplied
by 7 has positive real part for all frequencies. lfraan be found, it is then possible
to compute a controller that is independeniaind that stabilise® for any value of

A. However, no stability guarantees were given if the paramsetre allowed to vary.

In the method presented here, the controller is allowed {rede on the time
varying parameters; in fact, some of the parameters in theater will be tracking
the parameters in the plant directly. This offers the prospébetter performance,
or ability to deal with a larger uncertainty set.

A significant contribution of this paper is to give a thecoratijustification for
being able to tolerate time varying parameters in a setupesdmat similar to the
one given in [10]. To this end, we will appeal to the second-aaph to dealing with
systems that are affine in the parameters mentioned in thi@psesubsection.

Recall that an unforced linear time varying (LTV) system

X(t) = AA®)x () (7)

wherexy € R" is the state vector and € \y,ox C R" is a parameter vector
describing the variation in the system parameters attjnsesaid to bexponentially
asymptotically stable with degree of stability> 0 if there exist real scalars o > 0
such that for ally () andt > t,, we have

IX(®)le719) < el (to) e t—1o)

Reference [11] dealt with systems of this form for which tilxéstence can be
demonstrated of a quadratic Lyapunov functighP(\)x with P(\) = PT()\)
positive definite, multi-affine ir\, and such that

ANTPN) 4+ P(A)AN) < —20P()) (8)
[Existence of suchP()) is demonstrated in [11] for the case whedé\) =
A+h(N)g" with h()\) € R™ affine in the elements of;, we will however not appeal
to this part of reference [11]]. Equation (8) ensures thatafoy frozen value of,
the eigenvalues afA()\) lie to the left of Re[s] = —o. Propositions 5.1 and 5.2
of reference [11] proceed to quantify the stability of theteyn (7) in terms of the
permissible rate of change of parameter variation.

Theorem 1.For A € Aoz, let A(N) be a set ofr x n matrices such that there exists
a positive definite symmetrie(\), multi-affine in), satisfying(8) for somes > 0.
Then the time-varying systef®) is exponentially asymptotically stable with degree
of stabilityy € [0, o) if there existI’ > 0 andey;, €2; > 0,7 = 1,...,r such that for
alli=1,...,randallt > 0 we have

i(t) € [=Ni + €10, A — €2] 9)

and -
Ai(T)+Xi

t+T T dln
su g — = ldr < 4(c — 10
t>g/t i=1 | dr | ( ’Y) ( )
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Proof. See [11].

This theorem implies that if it is possible to synthesisetalers for an LPV
plant such that the closed loop ésHurwitz for all (frozen) values of\, and an
associated quadratic Lyapunov function can be found withirafiine dependence
on A, then we will have stability guarantees for the time-vagyifosed-loop system
provided known bounds on the average rate of variation afre observed. It is
important to note here that (10) is a bound onakieragerate of parameter variation,
and that abrupt parameter variations such as steps aresdll@s long as they occur
sufficiently infrequently.

1.3 Contribution of This Paper

The contribution of this paper is thus to provide a method@arstructing controllers
for such systems with the property that thematrix of the closed loop has the crucial
property set out in Theorem 1. The construction of theserobets is formulated
by means of a set of linear matrix inequalities, which candieesl efficiently with
readily available software tools. If these matrix ineqtirdi are feasible, the resulting
controller ensures a certain degree of stability for theetbloop with any allowed
constant parameter vector, and we can then quantify thetathich the parameter
variations are allowed to occur if certain extra conditiame satisfied, and build
this knowledge into the controller. This provides a potantdr less conservative
design than other LFT-based methods in the sense that thiémgsyain scheduled
controller does not have to take unreasonably fast parawetations into account.

1.4 Notation

Throughout the papefy and I indicate zero and identity elements of appropriate
vector spaces (of compatible dimensioRJHEX™ denotes the space of all proper,
real rational stable transfer matrices mappingdimensional input signals tp-
dimensional output signals. A systefi{s) is o-Hurwitz if P(s — o) € RHEX™.

We will also use the notion of a Laguerre basis (see e.g.).[1Ph transfer
function matrixP(s) with m inputs andp outputs can be written as

P(s) = PBY(s) (11)
where
P=[B b - B] eRpxkihm
k(. 2_g 2_s 2 2-s b !
BE(jw) = [Im (22) I (522) Im - (522) Im} :

for somer € R, andk € Z,, thenP(s) obviously belongs taR H2X™. Finally,
Co{-} denotes the convex hull ¢f).
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1.5 Outline of paper

The outline of the rest of this paper is as follows. In the daling section we
provide an overview of the systems we are considering amdisiéshow to handle the
parameter dependencies in a matrix fractional descrigtidime plant and controller.
Then, in Section 3, we formulate a finite set of linear matnequalities, which, if
feasible, provides a controller that not only stabilises pant under consideration
for all possible parameter values, but also preserves tipeoppate parameter
dependency for the closed loop characteristic polynoniialving application of
Theorem 1. In Section 4 we provide an explicit implementatd our proposed
design procedure. Finally, we present a numerical exartipstrating the method in
Section 5 and make some closing remarks in Section 6.

2 LPV Framework

As stated in the introduction, we will employ a matrix fractal description of the
plant with parameter variations and demonstrate the eistef a set of synthesis
LMIs which, if feasible, will provide a controller that stiibes the LPV system for
all permissible values of, and which allows\ to vary with time. As will be shown,
the controller constructed in this way depends\and the closed-loop characteristic
polynomial of the controller-plant interconnection wihve multi-affine dependency
onA.

2.1 Plant and Controller fractional descriptions

Let P be a SIMO plant of the form (1), i.e., mapping a single inpgnsi to
p > 1 output signals; we assume the parameter dependence albws find
stable transfer functiond' (s) € RHEXY, Na(s) € RHEX!, M(s) € RHIX! and
My (s) € RHIX! such that

P(A,5) = (N(s) + Na(s)A) (M (s) + Ma(s) )~ (12)

where
A=A A2 A A A, A1 A A A AT

with A = A1, ..., A7 € dbox = {=Xi < A\ < N\i,i = 1,...,7}. One can check
that! = 2" — 1. This configuration is illustrated in Figure 1, from whichstclear
that with A = 0 we have the nominal LTI plan®(0, s) = N(s)M(s)~ 1.
Specifically, N (s) and M (s) are chosen to be right coprime factorizations of

P(0, s), while N (s) andM 4 (s) are chosen such that(s) + N, (s)A andM (s) +
M, (s)A represent a right coprime factorization®t )\, s) overRH., for almost all

A € Apox- There is a nontrivial assumption buried here. Note thohgha continuity
argument shows that the coprimeness existing-at0 persists for sufficiently small
values of\. So the assumption is harmless in a suitably small regiosn Ah case

p > 1, one could argue generically that the zeros of the scalasrdarator are never
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P(),s)

C(\, s)

Fig. 2. Closed loop of plant and controller.

likely to be simultaneously zeros of all entries of the vectomerator in (12), even
if as A\ varies, these zeros may move backwards and forwards alengah axis in
the complex plane.

We shall further assume thaf, and M, are strictly proper; if the form of
P(\, s) arises as described in Section 1.1 or reference [6], thisosgur. Using
this matrix fractional description, we define the followimgnsfer function

G\ s) = {ﬁgi%(g)ﬁ] e R, (13)

We now postulate a controller of basically the same strecasrthe plant, i.e.,
C(\,5) = (V(s) + ATVA(s) "1 (U(s) + ATUA(s)) (14)

wherelU(s) € RHIXP, V(s) € RHIXY, Ua(s) € RHZXP andVy(s) € RHIX!
are chosen such that(s), V(s) are left coprime factors ové® H., of the nominal
controller C(0,s) and U(s) + ATUx(s) and V(s) + ATV(s) represent a left
coprime factorization ofC(\,s) over RH, for almost allA € Apos. In fact,
C(0,s) = V(s)~1U(s) should be designed (using any standard method) to stabilise
the nominal plantP(0,s) = N(s)M(s)~! and indeed achieve other specified
performance objective€)(0, s) might for instance be designed to provide certain
stability margins etc.

Analogously withGG, we introduce the transfer function

K(\,s) = [~U(s) = ATU(s) V(s) + ATVa(s)] € RHZPFD (15)

corresponding to the controll€( )\, s).

2.2 Internal Stability and Multi-affine Parameter Dependernce

The controller is placed in closed loop with the plant as diegi in Figure 2.
The internal stability of the closed loop can then be deteethiby examining the
collection of transfer functiorts

4 Note that, actuallyf (P, C) is the transfer function frorfi-w2, w1]” to [y, u]”.
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P(\, s)
I

= G(KG)'K (16)

H(P,C) = [ } (I—C(\s)P(\ ) [-C(A,s) I]

Inserting the plant and controller factorizations in thipeession yields

N+ NA 71f<
M+ MaA

e ((VM — UN) + AT(VAM — UAN) + (VM4 — UNA)A

H(P,C) =G <[_U —ATU, V + ATV, ] [

~ ~ -1 .
AT (VM — UANA)A) K (17)

where the dependencies erhave been suppressed in the notation for the sake of
brevity.

Note that the inverted term in the above expression is a rstatation of the
entries of A and thus of); this term (without the inverse) plays the role of the
characteristic polynomial of the closed loop transfer iraif the controlled system
including the \-dependence. Since both and K are stable transfer functions,
the zeros of this “characteristic polynomial” determine #tability of the closed
loop, as any unstable poles must occur here. In order to yielddesired multi-
affine dependence o of the closed-loop characteristic polynomial, this scalar
denominator must be affine iti(cf. [6]), which is equivalent to enforcinig, (s)Mu(s)—
Ux(s)Na(s) to be skew-symmetric. Sincd4(s) and M ,(s) are given from the
plant description, it is clear that we must chodggs) andV,(s) to achieve this.

Towards this end, let

F = mﬂ e RHEp+Ox! (18)
and suppose the normal rank®fs p. Whenp < p+1, F has a nontrivial left kernel
of dimensiong = p + 1 — p. We pick a basis for this kernd*+ € RHLZ P*Y that
has full row normal rank and satisfiés" (s) F(s) = 0 Vs € C (such anF'* always
exists whenp < p + 1 and this is easily seen via a McMillan decomposition of
F). We shall further require that is strictly proper. This is a mild restriction, but
appears necessary for the results to follow. The pasep + 1 is guaranteed to arise
when! < p + 1, a situation which corresponds to having at least as mamyutsit
as scalar parameters. The case may arise eveh ip + 1, but it is not generic. If

p = 1, i.e. we are working with SISO systems; ther= 1 when there is one scalar
parameter only. Whep = p + 1, there is of course no nontrivial left kernel fér,

for consistency of notation however, we let= 1 and setF+ = 0 € RHL (1),
Then a simple choice

[=Ua(s) Va(s)] = a(s)F(s) + F7(s)5(s) (19)

with an arbitrarya € RHL9 and an arbitrarys € RHE™ ) that satisfies
B = —pA7T (i.e. is skew-symmetric) does the job, sifcg(s) M (s)—Ua(s)Na(s) is
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clearly skew-symmetric and hendé (V4 (s)M(s) — Ua(s)N4(s))A = 0Vs € C.
Moreover, some lines of linear algebra shows that (19) oheduall possible choices
which ensure the quadratic form is zero. Notice for futufenence that/, (s) and
VA(s) are necessarily strictly proper.

For notational convenience, we define

D(s) =V (s)Ma(s) —U(s)Na(s) (20)

Inserting this expression in equation (17), we arrive at

H(P,C) = G(\,9)|[V ()M (s) = U(s)N(s)] + &(s5)A

—1 _

+ AT[a(s)FL(s) + FT(5)8(5)]G(0, s)] K\ s).

Note that there is no loss of generality in forcing the norhgmtroller coprime
factorsV andU to satisfy the Bezout identity (s)M (s) —U(s)N(s) = 1, as can be
seen from the following argument. Considéfs)M (s) — U(s)N(s) = Z(s) # 1,
whereZ(s), Z(s)~! € RHo since the nominal controller is assumed to stabilise
the nominal plant. Then it will be possible to extract a comifaxtorZ(s)~! on the
right of (K'G)~', which cancels the common factd(s) that can be extracted on
the left of K'(\, ).

3 Controller Synthesis

We are now ready to state our main results. We first presenhtiatier synthesis

result, and then show that the corresponding controll@ngphterconnection has an
appropriate multi-affine parameter dependence that alie® invoke Theorem 1
in order to deal with time variations.

3.1 Parameter-dependent controller construction

The synthesis result presented in the following theoremteslthe existence of a
parameter-dependent controller to the feasibility of aékhear matrix inequalities.

Theorem 2.Consider the planP (), s) given in (12) where
A=A, A2 A A e, A A A e AT =2 — 1

and the parameter vectox belongs to the polytop&yex = {A € R" : -\ <

i < Ai,i=1,...,r}, and assume that the fractional description in (12) is coi
for all A € Apos, With N4 (s) and M4 (s) strictly proper. Assume furthermore that
a nominal LTI controllerC(0, s) that stabilisesP(0, s) has been found and let
C(0,5) = V=1(s)U(s) be a left coprime factorisation ové®H., such thatl/, V
satisfy the Bezout identity(s) M (s) — U(s)N(s) = 1.
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Then there exists a controller()\, s) of the form (14), wheré&/,(s) and V4 (s)
are chosen in accordance with (18), (19) and the associagathrks, that stabilises
P(), s) for all (frozen)\ € Aboz if there exist mteger.%\fl, Ns, N3 € Z,, constants
7,72, 73 € R, and matricesl] € RN+l [ e RixaWotl) = — _ 2T ¢

RP+UX(+D) for i € {0,1,..., N3} that satlsfy

Re{[1 + @(jw) AT B (jew) + AT [P B (ju) F* (ju)
+FT(jw) [5y E1 . En) BN (@)]G(0,5w) | >0 (22)
forall w € RU{oco} and all A = Acqri, WhereAqi denotes the value assumed.by

when\ € Ao, i.€. A assumes a value at a corner &fox, and whereGG, F, F- &
are all defined in Section 2.

Proof. We shall first establish that (21) is a necessary and sufficamdition for the
stability of a closed loop formed from one of the set of plafifsand an associated
controller. The sef, of plants (12) is a subset &%, and thus establishing the claim
for Ss will yield the result forS). To establish the claim in relation 8, we shall
link a series of equivalent statements.

Consider the plant set introduced in Section 1 defined by

5 S - {Zé +NA com }{25 +M/1( )ACOM‘]}il
5;>0 Y =1 (22

Consider also a corresponding set of controllers:

{26 +AZOTZ 1{25 +AZOTZ ( )]}
520 > di=1 (23

where[—U,(s) Va(s)] is chosen as described in the Theorem hypothesis.
We assert now the equivalence of the following statements.

(a) there exists a controllgF(d, s) of the form (23), wherd/,(s) and V,(s) are
chosen in accordance with (18), (19) and the associatedrkepthat stabilises
P(6,5) in (22) for all (frozen)s; with §, > 0 and>_ 6; = 1.

(b) Ja € RHX7 andp € RHET™* P that satisfies = — 37 such that
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H(P,C) = G(\,s) [14—45 (Z(SAmn)

-1

<Z 5 Am) F(s)+ F"(s)B(s)IG(0, s)} K(X,s) € RHoo
V6 >0, 6 =1,

whereg, G, K, F, F+, @ are all defined in Section 2. This is merely a restatement

of (a) above and the algebra for massagdihi@, C') into the form given here was
discussed in Section 2.
(€) Ja € RHYX andB € RHETD*PTY that satisfies = — 7 such that

[1+q5 <Z 8 Acor.> <Z 8 Am> FL(s)+FT(s)B(s)]G(0, S)] -1
€ RMoo ¥6; >0, 6 =1.

Sufficiency is obvious sinag(, s), K (), s) € RH... Necessity follows via the
following argument: Since coprimeness of the fractionabdiptions of P(), s)
andC(), s) means tha€()\, s) and K (), s) have full column and full row rank
respectively at als € C,, then there exist left and right stable inverses for
G()\, s) andK (), s) respectively.

d) 3 € RHX o € RHX9 andB € RHET™ P that satisfiess = —37
such that

Re{ [1+ () <Z5 Acon)

<Z J A) )P (o) + FF )]G 0, )] (i) } > 0
Vw € RU{oo}, A € A.

This equivalence is via [9].
(€) Ir € RHLXL, a € RHX4 andB € RHETD* P that satisfiesd = — 37
such that

5 Notice that if the fractional description of the plaR(), s) (resp. the controlle€' (), s))
is not coprime for somé € 4, thenG (), s) (resp.K (), s)) will drop in rank for some
so € C4 and for), and the interconnection of pla(), s) and controllerC(, s) will
not be internally stable. Thus the presumption that therobiet C(\, s) stabilisesP (], s)
automatically requires coprimeness of the fractional deson for all \ of interest.
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+ ALyfa) o) + 7 ()86, 56| ) | > 0
VweRU{oo},i=1,...,2",

Necessity is obvious since if condition (d) holds for&I> 0, " d, = 1, then it
is also satisfied for the corner points. On the other handicgricy follows by
taking a positive linear combination of the inequalitiesohdition (e).

3r € RHIX!, v € RHX ande € RHET*PHD that satisfieg = —¢7 such
that

Re{ [1 + @(jw)/lcori]ﬂ(jw)

AT ) P () + FT (jw)é(jw)]G(O,m} >0
VweRU{oo},i=1,...,2".

Necessity is easy via a relablingef= ar and¢ = gr. Sufficiency follows via
the following argument: Summing up thé inequalities above yields

2"Re{r(jw)} >0 VYw e RU{oco}

since all the other terms disappear due to the symmetry aberat of the
polytope considered. Consequenttyis stable and strictly positive real, which
implies it must be a unit iMRH'x!. Hence, given anyy € RHX? and
any ¢ € RHEZT*PHD that satisfiess = —¢7, it is possible to construct
a=~v/m € RHXI andB = ¢/ € RHETD*PTD that satisfies = — 7.
there exist integerd/;, No, N3 € Z,, constantsy, 72, 73 € Ry and matrices
II € RNt e RixaNetl) =0 — _ 2T ¢ REHDX®HD) for 4 ¢
{0,1,..., N3} that satisfy

Re{[1+ @(jw) AT BN (jw) + AT [ BY (ju) F* (jw)
+ FT(jw) [Zo 21 ... En,] Bigﬁ(jw)]G(o,jw)} >0

forallw € RU {oo} and allA = Acori. Here, BYi(s) (i € {1,2,3}) denotes
Laguerre basis matrices as defined in (11). The index (11) takes the values
1, g andp + 1 respectively. y

%ufﬁmency is trivially easy via ? Iaubelllngu = IIBN'(s) € RH})O?l, v 1:
I'BN:(s) € RHX9 and¢ = [5, 2, ... Zx,] BYs(s) € RH%’Q* )x(p+1)
and noting that the constructedalso satisfies = —¢7 since =; is skew-
symmetric for alli € {0,1,..., N3}. Necessity on the other hand follows
via the following argument: Since Laguerre parametrisegiprovide a uniform
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approximation of objects iRH., and furthermore since the inequalities in (f)
are strict inequalities, it follows that there always exwstifficiently largeV; and
sufficiently smallr; (i € {1,2,3}) to ensure that the truncation error does not
alter the sign of the inequalities.

At this point, we have a necessary and sufficient conditiothfe controllers (23)
to stabilise the corresponding plant in the Sgtsee (22). Now recall from Section
1 that for anyA generated by a generice )\, there exists a set of nonnegative
weightsé; summing tol such that

or
N(s)+ Na(s)A = > 6;[N(s) + Na(s) Acors] (24)
i=1
This is the standard convex representation and there are fimilar equations
for M (s) + M (s)A and the two fractional components of the controller. Realath
that the injective mapping from to thed; is independent oV, (s) etc. It follows
that the set of plant® (), s) and controllersl'(\,s), A € Aoy, are respectively
subsets of the set of planiy(§, s) and controllers’ (4, s). Hence condition (g) is a
sufficient condition guaranteeing tlig ), s) stabilise the correspondirfg(), s).

3.2 Incorporating a degree of stability in the frozen parameer design

As pointed out in the Introduction, Theorem 1 relates a aedagree of stability of
a collection of frozen parameter systems to the degree bilisgaof a time-variable
parameter system given a bound on the average rate of chatigegarameters. In
order to allow a reasonable amount of time-variation in thaemeter\, we have to
ensure that the closed loop with frozen parameter valuea dagree of stability of
o and that this property is expressible with a particular luyragpr function. We shall
deal with the Lyapunov function in the next subsection, dreldegree of stability
issue here. The results of Subsection 3.1 only ensure tisedlimop is stable with
no extra degree of stability, i.e., that the closed-loopare only guaranteed to be
in the left half of the complex plane for al € A\ox. Fortunately, this difficulty is
straightforward to address. We will first shift the givenrglay an amount > 0 to
the right in the complex plane, work with thisshifted version of the plant, design
a controller for this shifted plant such that the plant/coliér interconnection is
stable for all permissible values af and then shift the controller back to obtain the
necessary degree of stabilyfor the closed-loop interconnection.

In more detail, assume the original given plant that we wishcontrol is
P()\,s) € RP*! and that the shifted plant, denoted By, s), is defined by

P\ s) = A()\,S—O') ) ) )
= (N(s—0)+ Na(s —0)A)(M(s — o) + Ma(s —a)A)~' (25)

where N(s — ) € RHEX, Ny(s — 0) € RHEX, M(s — 0) € RHY' and
Mu(s — o) € RHLX! ando > 0 is a real constant. Of course, (25) must be a
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coprime factorization for alk of interest, which is a stronger condition than requiring
(N(s) + Na(s)A)(M(s) + Mu(s)A)~" being a coprime realization aP(), s).
Design a controllelC(), s) for the shifted plantP(), s) according to the results
presented in the previous two subsections. This contrdligy, s) should then be
shifted back to get the correct controll@(/\ s) that will actually be implemented
in closed loop with the original given plait(), s). This controllerC (), s) is given
by
C\, s) :==C(\ s +0).

Note that thigr-shift does not ruin the multi-affine parameter dependeppgaring
in the fractional descriptions of the plant and controlleoy in the closed-loop
quantity required to have no zeros in the closed right halfiel

3.3 Securing a quadratic Lyapunov function with multi-affine parameter
dependence

Theorem 1 is the key result from which one can conclude rietent stability even
in the face of parameter variations. In this subsection waéx how the Lyapunov
equation (8) can be satisfied with a multi-affiRé\). The argument is akin to that in
[11]. With notation as arising in the proof of Theorem 2, defior: = 1,2,...,2"
strictly positive real functiong;(s) by

)

Zl(jw) = 1 + @(jw)/lcom‘
+ AL, [a(jw) F(jw) + FT (jw)B(jw)] G(0, jw) | 7(jw) (26)

where, without loss of generality, we assumig) has been normalised to satisfy
m(c0) = 1. Suppose that eacH;(jw) has a minimal state-variable realization
1+ cF'(sI — A)~'b. [Recall thatd(s) and a(s)F+(s) + FT(s)3(s) are strictly
proper; this ensureg(co) = 1]. We are implicitly ruling out the possibility of any
Acor; Deing non-generic in the sense of giving rise to a pole-zareellation, or
nonminimality for some of the state-variable realization. As recalled in [11] bg th
Kalman-Yakubovic Lemma, there exist positive definite sysime P; and@; with

—PA—ATP, —Q; Pib—¢;
(sz — Ci)T 2

Now we know that for any € )\, the transfer function

>0 (27)

Z(\, jw) = [1 + &(jw) A+ AT [a(jw) F-(jw) + FT (jw)B(jw)]G(0, jwnm& )
is expressible as a convex combination of #i€jw), and accordingly is also
strictly positive real. Moreover, the standard convex espntation in Section 1
implies the existence of a unique multi-affiRé\), Q(\) andc(\) (expressible with
the same weights as a convex linear combination of the régpaorner values as
for Z(), jw)) for which
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Z(\ jw) =1+ (N (jwl — A)~1b (29)

and

[_pmA — ATP()) = Q(\) P(\)b — CW] >0 (30)

(P(\)b — c(A)T 2

Of course P()), Q(A) andc(\) assume the valudy, Q; andc; at the corners of
Avoz- NOW When the shifting procedure of subsection 3.3 is ugeattually results
thatZ;(jw — o) andZ(\, jw — o) are strictly positive real, which means that

[_p()\)A — ATP(X) = Q(A\) —20P(\) P(A)b — C(/\)} >0 (31)

(P(A)b — c(A)” 2

Performing a congruence transformation

)

on inequality (31) yields inequality (32) below

—PN)[A = bcT(N)] = [A = b (V)T P(N) — Q(A) —20P(A) P(\)b+ ¢())
(P(A)b +c(A)T 2
(32)
which is associated Wit —*(s) = 1 — ¢?'(sI — A+ bcT)~1b being strictly positive
real, due taX (s) = 1 + ¢T'(sI — A)~1b being strictly positive real.
From inequality (32), it is immediate that

[A— b (N)]TPA) + P(V)[A — b (V)] < —20P(N) (33)

Now the frozen closed-loop characteristic polynomial asvee in the proof of
Theorem 2 is the numerator of

14+ ®(s)A+ AT[a(s)FL(s) + FT(s)3(s)]G(0, s) (34)

which is a factor of the numerator of

[1+®(s)A+ AT[a(s)FL(s) + FT(5)B(5)]G(0, s)]m(s) = 1+ cT(N)(sI —A)~'b
(35)
Thus the closed-loop characteristic polynomial is a factothe characteristic
polynomial of A — bc™'()\). Equation (33) above, Theorem 1 and the multi-affine
character ofP()\) then assure stability for time-varying as summarised in the
following theorem.

Theorem 3.Consider a plant” (), s) and the associated-shifted plantP(), s) as
given in(25). Assume that a controller of the forfh4) that satisfies the suppositions
of Theorem 2 has been synthesised fordhghifted plantP(}, s). Further, define
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C(A,s) == C(\,s + o) as the controller that is actually implemented with the
original plant P(), s). Then the closed-loop interconnectionfof, s) andC' (A, s)
is exponentially asymptotically stable with degree of #itgby € [0, o] for all time-

varyingA(t) € Ay, that satisfy condition§9) and (10) of Theorem 1.

4 Design Procedure

We will now provide an explicit procedure that can be follalwe order to construct
the LPV controller proposed above. We will assume that argegm of the plant
]5()\, s) with multi-affine parameter dependence of the form (1) islake. If the

plant is described in state space, it can be rewritten instemrmatrix form by
following the procedure in [6].

1. Rescale, if necessary, the polytopg, so that it is symmetric around= 0 and
obtainP(}, s) by shiﬂingﬁ()\, s) by o > 0 as detailed in (25).

2. Design a nominal controlle?'(0, s) for the nominal shifted planP(0, s) and
calculate coprime factor§ (s) and V (s) satisfying a Bezout identity with the
nominal plant coprime facto® (s) andM (s).

3. DefineG()\, s) as in (13),F(s) as in (18) and construdi(s) as described
immediately after (18) ensuring~ (s) is strictly proper. Define(s) as in (20)
andBYi(s) fori € {1,2,3} asin (11), withm = 1, ¢, (p + 1) respectively.

4. Set up the” linear matrix inequalities (21) corresponding to everyteerin
Abox @nd specify an appropriate-grid in order to obtain a finite-dimensional
problem (a set of LMIs). Attempt to solve (as is standard,[$8p these LMIs
for matricesl] € RV*(Vi+1) [ g RIxa(Nat1) =5 — _ =T ¢ R+ +1) for
i €{0,1,..., N3}: startwith small integerd/;, N», N5 and larger;, 72, 73 > 0,
yielding a crude Laguerre parametrisation, and if infdasigradually increase
N1, Ny, N3 and decrease;, 72, 73 > 0 until the LMIs can be solved.

5. Once matricedl € R *(Ni+1) [ ¢ Rixa(Nat1) = — _ =T ¢ R+ x(p+1)
fori € {0,1,..., N3} have been found, construet= 11BN (s) € RHL,
v =TBN2(s) e RHL Tande = [Z, 5, ... Zy,] BNs(s) € RHETD*PHD,

6. Definea = /7 € RH X7 andp = ¢/n € RHET*EHD "and model reduce
if necessary (one should check that the reduced quantitiesasisfy the LMIS).

7. Compute

[~0a(s) Va(s)] = a(s)F*(s) + FT(s)8(s)
as described in (19) and constrdét), s) as given in (14).

8. Shift the controller by to obtain the final controlle€’(), s) = C(\,s + o).
The closed loop involving’(\, s) andP(), s) will then have degree of stability
o > 0 for all (frozen)A € Apox, and will also be guaranteed to be exponentially
asymptotically stable with degree of stability € [0,0) for all time-varying
A(t) € Apox that satisfy conditions (9) and (10) in Theorem 1.

For a given (fixed)o > 0, we can attempt to maximisg;, without really
worrying about the possible isolated points where we migise | coprimeness,
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as the existence of a solution to the LMIs is still sufficieat # (P, C) to be
stable. Maximization over each separateat a time (or all together, assuming
A = X = --- = );) is a generalised eigenvalue (i.e., quasi-convex) proplem
which can be easily solved using commercially availabldévearfe. Consequently,
one strategy is to first set the same value for)alland optimise this value until
the largest hyper-cube of feasible parameters is founda,Theis fixed for somei

and the optimization is repeated for a hyper-cube of loweretision, and so forth.
By this strategy, eventually, a large polytope symmetrimuad A = 0 for which

the LMIs are satisfied will be found, allowing for correspargly large parameter
variations.

To find a good trade-off between and )\, a bisection algorithm may be run
for different values ofs, where the quasi-convex optimization strategy outlined
above can be carried out for each chosen value @ne has to employ a bisection
algorithm (or similar technique) to optimisebecauser enters the expressions for
&(s), F(s), F+(s),G(0,s),... ina highly nonlinear fashion.

5 Numerical Example

Here, we will illustrate the procedure outlined in the poms Section with a
numerical example. Consider the unshifted LPV plBfd, s) given by

n(s)
m(s) + A1 (s) + Aafia(s) + A1 Aefiia(s)

P(\s) =

where the nominal part is given as

(s) 1

(s) s34+ 1.5s2+2.55—0.1

P(0,s) =

§> >

and the system variations are givenjby(s) = 0.65s + 0.4225, ji2(s) = 0.405s +
0.5265s — 1.079 andji12(s) = 0.75s + 0.9875. The parameters = [\; \o]T are
allowed to vary withim\pox = [—1 ; 1]2.

The plant is now shifted by = 0.65 to

1

P(\,s) =
(A 8) = 04557 T 18175 1,366 £ i () = dapia(s) T Aharina(s)

where the new parameter variations are foundit@) = 0.65s, pa(s) = 0.405s% —

1.25 and u12(s) = 0.75s 4+ 0.5. Using standard methods, an observer-based state
space compensat6r(0, s) is designed for the nominal systeR{0, s) to place the
closed-loop poles i = —0.7, s = —1 ands = —1.2 for the controller part
ands = —1.6, s = —2.0 ands = —2.4 for the observer. The nominal controller
stabilises the nominal plant as required in Theorem 2, bes dot stabilise the plant
for all values of\ € Apox, @s can be seen from Figure 3 (note that the figure shows
the closed loop of?()\, s) andC(0, s), i.e., shifted back by). In other words, a
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Fig. 3. Simulation of P(\,s) interconnected with the nominal controll€¥(0, s); top:
reference and output, bottom: control signal. The parasetee fixed tox = [0,0]” (full
line), \ = [0.4,0.5]7 (dashed line) and = [—0.4,0.5]" (dash-dotted line). For the latter
value of)\, the nominal controller fails to stabilise the system evecase of fixed parameters.

parameter-dependent controlé(/\, s) is indeed required to stabilise the system for

some values ok € \yox, €ven in case of fixed parameters.
We thus definel = [A\; X2 A )o]T and factorise the nominal plant and

controller to satisfy the Bezout identity(s)M (s) — U(s)N(s) = 1 as follows:
1

NG) = 57202 72745 7084
M{(s) = s3 —0.45s%2 + 1.817s — 1.366
$3 42952 +2.745s 4+ 0.84
O(s) = —36.67s% 4 29.54s — 87.22
s34+ 652 4+ 11.84s5+ 7.68
() = s34+ 9.355% + 34.37s + 59.13

53 + 652 +11.845 + 7.68

Using this factorization we obtain

F(s) = | V()
MA(S)
0 0 0
= 0.65s 0.4055%—1.25 0.75s+0.5
$3+2.95242.74510.84 $3+2.952+2.745+0.84 $53+2.952+2.745+0.84

It is straightforward to find an annihilator for this systefor instanceF*(s) =
1
(551 0]
s+1
We then computeb(jw) and define a grid over thgw axis (in this case,
equidistant in the interval from = 107%rad/s to w = 10°rad/s, along with
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ref
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Time [s]
Fig. 4. Simulation of P(), s) interconnected with the LPV controllét(), s); top: reference
and output, bottom: control signal. The parameters are fteed = [1,1]7 (full line),
X\ = [1, —1]" (dashed line) and = [—0.4,0.5]7 (dash-dotted line). The closed-loop system
remains stable.

infinity) and set up the synthesis LMIs (21) using Matlab’s ILMB toolbox. In

this example, the LMIs were found to be feasible f/éy = 2, No = N3 = 1 and

71 = 72 = 13 = 0.05. We were able to compute the parameter-dependent factors in
the controller as

306.55°4+1.243x10% 52468775
_ 5% +75.1857 1185055 +494852+45485+1376
[74 — |191s*+77465°43695s>—2.391x10%s—1.322x10*
A s5+75.185% + 185055 + 494852+ 45485+ 1376
353.65°4+1.458 x 10% 52 +1.75x 10% s+5290
5% +75.1857 1185055 +494852+45485+1376

Vy=0

This controller is then shifted back hy, yielding C(/\, s), which is implemented
in closed loop withP(/\7 s). The parameter-dependent controller is indeed able to
stabilise the system for any fixed value ot \,.; Figure 4 shows a few examples
hereof. Note the significant variations in closed-loop bédracaused by the different
values of\.

Furthermore, when is allowed to vary with time, for instance as
sin wt
cos J)t}

/\:)\(t):[

the parameter-varying controller is able to stabilise ty®esn for slow parameter
variations ¢ < 0.6), as can be seen from Figure 5. As can also be seen from the
figure, the closed loop becomes unstable when the paramati@tions become
faster, which is to be expected when the frequency of vanatiecomes large in
comparison with the degree of stability of the frozen-pagtennominal closed-loop
system.
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Fig. 5. Simulation of P(), s) interconnected with the LPV controllét(), s); top: reference

and output, bottom: control signal. The parameters vargratiog to\(t) = [sin &t, cos t] 7,

with& = 0.1 (full line), © = 0.5 (dashed line) an@ = 0.75 (dash-dotted line). The closed-
loop system is unstable for fast parameter variations,dmgains stable for slow variations.

6 Discussion

In this paper we presented a novel procedure for design afraters for LPV
systems whose transfer functions display multi-affine peter dependence. This
class of systems encompasses many physical systems, aeddfote of significant
practical relevance to control designers. The controlteicture was chosen to reflect
the structure of the plant, and the terms associated withnpeter dependencies
in the controller were chosen to remove terms that are noti4affine in the
parameters. The idea was to obtain a multi-affine dependiendbe parameters
of the closed loopA-matrix, and thus allow the designer to obtain guaranteg¢hen
extent of time variation in the parameters that can be alibbwe

The problem of finding the controller parameter dependaivess cast as a finite-
dimensional LMI problem. We outlined the procedure in a ¢tatsive manner for
a particular choice of controllers and illustrated the ileidiy of the method with
a numerical example. With parameters, we actually ha2é different frequency
domain conditions which have to be fulfilled.

As it stands, the method is limited to apply to single-inguit(possibly multi-
output) plants. This is due to the fact that some of the maaijmns of (K G) ! rely
on this quantity being scalar. This is a weakness of the ntidesign and should be
alleviated in future research if possible.

Finally, it should be noted that all the results presentesl déth stability, not
performance, i.e., we are not able to quantify loss of perforce compared to the
nominal designs, either due to time variations or due to thestained way of
handling the parameter dependence in the controller. Thiddvbe interesting to
deal with in the future.
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