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Collective Instabilities

2.1 Overview

Charged beam particles in a storage ring interact with the surrounding walls
of the vacuum chamber and create electromagnetic fields that can act back on
the particles themselves. These fields disturb their intended longitudinal and
transverse position given by the magnetic guide fields and the electromagnetic
radio-frequency (rf) fields. If, in turn, the disturbed particles create fields
that tend to enhance the disturbed motion, a “collective instability” occurs.
This must not be confused with disturbed particle trajectories due to optical
resonances or nonlinear components of the guide field, which are not of a
collective nature.

Collective instabilities show up as longitudinal or transverse beam exci-
tations, where individual bunches or parts of bunches oscillate against each
other. These oscillations may remain limited in amplitude, they may rise and
collapse irregularly or periodically (sometimes in a sawtooth fashion), or they
may increase in amplitude until the beam is lost.

Beam instabilities impair the quality of synchrotron radiation. One impor-
tant figure of merit is the brilliance or spectral brightness' B:

B N, ( photons s™1 ) 2.1)
420,040, 0y dE/E, \ mm?2 mrad® 0.1% bandwidth /’ '

where 0, 0y, 0, and o, are standard deviations of the horizontal and vertical
spatial and angular distributions, respectively. By convention, the photon flux
N, is integrated over a photon energy range (“bandwidth”) of dE/E., = 0.001
or 0.1%. Instabilities limit the brilliance in different ways:

! The term “brilliance” tends to be more popular in Europe. Depending on the
author, “brightness” may denote the photon flux per bandwidth and solid angle,
or the photon flux per area and solid angle; whereas “spectral brightness” is
synonymous with brilliance. To increase the confusion, these quantities may or
may not be normalized to the electron beam current.
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— A transverse oscillation of electron bunches increases the time-averaged
size and angular divergence of the radiation source.

— An oscillation in longitudinal phase space implies an oscillation of the
electron energy E, which increases the time-averaged spread of photon en-
ergies in the undulator line spectrum, since the photon energy of undulator
radiation is proportional to EZ2.

— Instabilities can be a serious limitation of the storable beam current I and
consequently of the photon flux NW ~ 1.

It is instructive and for many applications sufficient to describe the longitu-
dinal or transverse motion as a harmonic oscillation

A(t) = Asexp(—i[2+ AQ|t) . (2.2)

The frequency shift Af2 is a complex number. Its real part describes a mod-
ification of the oscillation frequency, whereas its imaginary part denotes the
rate of change of the oscillation amplitude. The signature of an instability is
an increasing amplitude, the imaginary part of A2 being positive.

For electrons travelling nearly at the speed of light, the electromagnetic
fields created by the interaction with the surrounding walls act almost ex-
clusively on trailing electrons, and they are figuratively called wake fields. In
a storage ring, however, an electron can be influenced by the wake field of
trailing particles from previous revolutions.

Instead of fully characterizing the wake field created by a given charge
at each point in space and time, it is usually sufficient to specify the volt-
age experienced by a trailing “test” charge as function of its distance to the
leading charge, integrated over a certain period of time (e.g. the time it takes
to traverse significant structures like rf cavities). The Fourier transform of
this (real) wake function is a complex function of frequency. This function is
called impedance. In principle, impedance and wake function are equivalent
descriptions of the same reality, one given in the frequency domain, the other
in the time domain. Their usage, however, depends on the respective appli-
cation. The wake function, for example, is better suited for time-dependent
simulations, whereas analytical calculations are often simpler in the frequency
domain since the beam motion is periodic and certain parameters (like the
skin depth in the wall of a vacuum chamber) depend on frequency.

Impedance, wake function and the beam instabilities caused by them can
be classified according to the following criteria:

—  Longitudinal wake fields influence the energy of beam particles and their
spatial distribution along the beam axis. Transverse wake fields deflect
beam particles perpendicular to the beam axis in horizontal or vertical
direction. Consequently, there are longitudinal and transverse wake func-
tions, impedances and instabilities.
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— Long-range wake fields decay slowly enough to act on trailing particle
bunches. They correspond to narrow-band impedances in the frequency
domain. They may decay over many revolution times of the storage ring
causing multi-bunch instabilities where all bunches act like an ensemble of
coupled pendula.

Short-range wake fields correspond to broad-band impedances and are, by
definition, only significant within a particle bunch. Oscillations within a
bunch are called single-bunch instabilities.

— There are distinct differences between beam instabilities in linear accel-
erators and storage rings as well as between oscillations of a continuous
beam (also called coasting beamn) and a bunched beam.

Concentrating on synchrotron radiation sources, this book is restricted to
instabilities of bunched beams in storage rings. Under ordinary circumstances,
only two types of instabilities are significant:

“Robinson”-type instabilities are predominantly multi-bunch oscillations.
The forces resulting from long-range wake fields create an imaginary fre-
quency shift that is proportional to the beam current. This kind of instabil-
ity exists at all values of beam current without any threshold. In practice,
however, a threshold is given by the current above which the rise time
of the instability is shorter than the damping time of stabilizing mecha-
nisms (see Sect.2.5). This instability type can essentially be understood
using a one-particle model where each bunch is represented by a “macro
particles”.

—  Mode-coupling instabilities are single-bunch phenomena. Their model de-
scription requires to split a bunch into two or more macro particles, or
to treat it as a continuous charge distribution. At low bunch current, the
wake fields cause a current-dependent shift of the real frequency of each
mode of oscillation. A non-zero imaginary frequency shift, that describes
an instability, occurs only above a certain threshold current at which the
real frequencies of two modes merge.

An example of a phenomenon that does not quite fit into these two categories
is the “fast” ion instability, which is addressed in Appendix G. So far, it was
only unambiguously observed in experiments where the residual gas pressure
was intentionally increased.

Viewed in the frequency domain, instabilities can occur when the im-
pedance is non-zero at a frequency that corresponds to a possible oscillation
mode of the electron beam. Therefore, the frequency spectrum of a beam is
described next. What follows is an introduction to wake functions and im-
pedances, and how to predict them. Subsequently, different instability models
with increasing degree of complexity are discussed, followed by a description of
“natural” damping mechanisms. Finally, methods to measure the impedance
at storage rings are addressed. The active control of collective instabilities
using feedback systems is the topic of a later chapter.
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2.2 The Frequency Spectrum of a Stored Beam

The beam spectrum, i.e. the beam current as function of frequency is deduced
from the current as function of time, detected at a fixed position of the storage
ring. This is analogous to the impedance, which is usually linked to geometrical
or electrical properties at a fixed position of the vacuum vessel. Oscillations
of the electron bunches create additional lines in the beam spectrum. Their
frequencies depend not only on the oscillation frequency but also on the phase
differences between subsequent bunches. Excitation of a particular oscillation
requires an impedance component at its frequency to be present.

The beam spectrum J(w) and the beam current as function of time j(t)
are connected via Fourier transform:

J(w) = /00 dt j(t) exp(—iwt),

— 00

Jt) = % /_OO dw J(w) exp(iwt) . (2.3)

The notion of a negative frequency? should not create any conceptual difficulty
considering that only the real part of the oscillation is measurable:

Reexp(—iwt) = Reexp(iwt) = cos(wt) . (2.4)

Thus, a measuring apparatus (e.g. a spectrum analyzer) does not distinguish
between negative and positive frequencies. The negative part of a spectrum
may be thought of as being “flipped over” to the positive side of the frequency
axis.

A measured spectrum also depends on the frequency characteristics of
the detector and electronic circuitry. In the following description of idealized
spectra, technical issues of this kind are ignored. A more detailed discussion
of beam spectra is given e.g. in [2], instruments like spectrum analyzers and
network analyzers are explained in [3].

2.2.1 Pointlike Electron Bunches

As a starting point, consider a beam of pointlike electron bunches without
any longitudinal or transverse oscillation (see Fig.2.1).

Case 1a. Let a pointlike electron bunch make a single passage past a (likewise
pointlike) detector. The current signal (in arbitrary units) can be described
using Dirac’s §-function

j(t) = o(t) - (2.5)

2 Throughout this book, f denotes the frequency in terms of cycles per time unit,
whereas w = 2nf is the angular frequency, i.e. phase angle per time unit. For
simplicity, the word “frequency” is used for both.
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Fig. 2.1. Detected current signal caused by pointlike electron bunches as function
of time (left) and frequency (right). (a) Single passage and (b) multiple passages of
a single bunch with revolution time T5, (¢) multiple passages of T, /Ty+ equidistant
bunches. Slight differences in bunch charge cause spurious revolution harmonics
between the dominant rf harmonics

Fourier transformation results in an infinitely broad spectrum:

J(w) = /OO dt §(t) exp(—iwt) = 1. (2.6)

—0o0

Case 1b. Let a pointlike electron bunch circulate in a storage ring with rev-
olution time T, and revolution frequency w, = 2n/T,. The beam current as
function of time corresponds to a sequence of equidistant J-functions:

jt)y= > 6(t—nT.). (2.7)

n=-—oo
Its Fourier transform is
J(w) = Z exp(—iwnTs) = wo Z d(w — pws) , (2.8)
n=—o0 p=—00

where Poisson’s sum rule for Fourier pairs [f(¢), F(w)] (e.g. [4])
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was applied with f = exp(—iwnT,) and a = T,. The electron bunch in the
storage ring creates a spectrum of lines at integer multiples of the revolution
frequency. These lines may be called “revolution harmonics”. In order to un-
derstand this result qualitatively, consider (2.7) to represent periodic samples
of a sinewave. These samples are consistent with an oscillation of frequency
wo, but any integer multiple frequency would yield the same sample values.
This frequency ambiguity is called “aliasing”.

Case 1c. With wys = hw, being the rf frequency, h electron bunches corre-
spond to a complete fill of the storage ring in the sense that each rf potential
well (also called “bucket”) is occupied, and h is called the harmonic number
of the storage ring. The current given by pointlike bunches with a temporal
spacing of Tyr = T, /h is

Jj(t) = i 6(t = nTh) . (2.10)

n=-—oo

In analogy to (2.8), the beam spectrum is given by

J(w) = hw, Z O(w — puwrt) , (2.11)

p=—00

In this case, the lines of the spectrum are at integer multiples of the rf fre-
quency and may be called “rf harmonics”. In real storage rings, however,
small inhomogeneities in the fill pattern create spurious lines at multiples of
the revolution frequency w, as well.

2.2.2 Extended Electron Bunches

The unphysical result of a spectrum extending to infinite frequency is a conse-
quence of the assumption of pointlike bunches. As a more realistic approach,
let the longitudinal charge density of each electron bunch be a Gaussian with
standard deviation o, in units of time (see Fig.2.2).

Case 2a. A bunch with Gaussian charge distribution that passes the detector
only once creates a current signal (in arbitrary units) of

1) = <o exp(—1*/20) (2.12)

and its spectrum is given by

J(w) = exp(—w?02/2) . (2.13)
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Fig. 2.2. Detected current signal caused by longitudinally extended bunches as
function of time (left) and frequency (right). (a) Single passage and (b) multiple
passages of a single bunch with revolution time T, (c) multiple passages of To /Ty
equidistant bunches

Case 2b. For a Gaussian bunch in a storage ring with revolution time T,
and revolution frequency w, = 2n/T,, the beam current is a convolution
of the previously assumed sequence of d-functions and the charge density
distribution:

i(t) = 1 i /00 dt' 6(t' — nTy) exp(—[t —t']*/202)

J \/ﬁa'-,- i o p T
o0
> exp(—[t — nT.]*/202) . (2.14)

=—00

1
B V2rno, n

According to the convolution theorem, its Fourier transform is simply given
by the product of the Fourier transforms of the convoluted functions:

oo
J(w) = wo exp(—w?0?/2) Z O(w — pws) . (2.15)
p=—00

The finite extension of the electron bunches defines the envelope of the line
spectrum: the shorter the bunches, the broader the spectrum. The line width
in the spectrum, on the other hand, is determined by the envelope of the
distribution in time: the longer the measurement time (here assumed to be
infinite), the smaller the line width.
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Fig. 2.3. Detected current signal as function of time (left) and frequency (right)
caused by pointlike bunches that oscillate longitudinally with a synchrotron fre-
quency ws. (a) Single bunch with small oscillation amplitude and (b) with larger

oscillation amplitude, (¢) h = To/Ty+ equidistant bunches oscillating with small
amplitude. The symbol p labels a mode with an upper sideband at pwo + ws

Case 2c. Filling the storage ring with h Gaussian bunches in analogy to case
1lc creates a line spectrum consisting of rf harmonics with an envelope given
by the Fourier transform of the charge density distribution of the individual
bunches. Again, slight variations of the bunch charge cause spurious revolution
harmonics, as shown in Fig. 2.2.

2.2.3 Longitudinal Bunch Oscillations

So far, the spacing between electron bunch signals was considered to be equal
and time independent. Longitudinal oscillations (“synchrotron oscillations”)
modulate the arrival time of the bunches at the detector (see Fig. 2.3).

Case 3a. Consider a pointlike electron bunch circulating in a storage ring
with mean revolution frequency w,. In the case of a longitudinal motion with
frequency ws and amplitude 7, the current signal is (in arbitrary units)

Jjit) = i 0(t — nT, — 7 coslwsnTy]) , (2.16)

where an arbitrary initial phase of the oscillation was suppressed. For small
amplitudes, the spectrum can be expanded:
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J(w) = Z exp(—iw{pTo + 7 cos[wspTs]})

p=—00

~ Z (1 — iwT cos|wspTy)]) exp(—iwpTs)
p=—o00

_ Z exp(—ipro) _ % [efipTo(cwHus) +efipTo(w7ws)}
p=—00

= W, p:Z_OO {5(w — pwo) — %(pwo — ws)d(w — pwo + ws)

iT

- E(pwo + ws)d(w — pwo — ws)} . (2.17)
In this approximation, each line at integer multiples of the revolution fre-
quency has a lower and an upper sideband at pw, £ ws. Including one more
term into the expansion creates additional small sidebands at pw, + 2ws.

Case 3b. Without restriction to small oscillation amplitudes, the spectrum is
given by

J(w) = wo Z Z i_ljl(f'{pwo +lws}) d(w — pwo — lws) ,  (2.18)

p=—00 l=—00

where J; are Bessel functions of order {. This result can be obtained from
(2.16) using (2.9) and the relation (e.g. [5])

exp(iz cos a) = Z i' 7 () exp(ila). (2.19)

l=—00

Each line at pw, is now accompanied by a series of sidebands at distance [ wy
with [ = 41, £2, and so on. The Bessel function of zeroth order constitutes a
finite envelope of the revolution harmonics even if the bunches are assumed
to be pointlike. The Bessel functions of order ! act as envelopes for the re-
spective sidebands. For small oscillation amplitudes 7, expression (2.17) can
be recovered from (2.18).

Case 3c. A system of h = T, /Ty equidistant electron bunches has h eigen-
modes 4 = 0...h — 1 characterized by a phase difference Ay between the
oscillation of successive bunches®. With just two oscillators, the eigenmodes
with Ap = 0 and 7 are well known from many examples in physics, e.g. two
coupled pendula. For the general case of h oscillators, the phase difference for
eigenmode p is

3 As an intuitive definition, an eigenmode of a system of coupled oscillators is a
mode of oscillation that, once excited, continues without beating, i.e. without
energy exchange between the oscillators [6].
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Fig. 2.4. Detected dipole moment as function of time (left) and frequency (right) for
pointlike electron bunches. (a) Single bunch performing transverse oscillations with
a betatron frequency wg, (b) with additional longitudinal oscillations, (¢) h = T /Ty¢
equidistant bunches performing transverse oscillations

_2mp
b
Thus, the revolution harmonic at which the sidebands occur is shifted by the
frequency

Ap (2.20)

Ap 2mp h

= _Z7P " 2.21

At hoT HWo ( )
since the time difference from bunch to bunch is At = T,/h. The sideband
frequencies are pwys & (1w + ws). All h modes are found within a frequency
range of w,/2, provided the frequency interval starts or ends at an integer

multiple of wys.

2.2.4 Transverse Bunch Oscillations

In the following discussion of transverse oscillations, u(t) is either the hor-
izontal or the vertical deviation of a bunch from its equilibrium orbit, and
quantities like tune, dispersion or chromaticity are understood to carry a sub-
script x or y.

A detector, which is sensitive to transverse beam motion (see Fig.2.4),
senses a dipole moment given by

m(t) = j(t)ult) , (2.22)
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where j(t) is the bunch current. Such a detector would also sense the longi-
tudinal motion of bunches due to the variation of their arrival times, whereas
a longitudinal detector is not necessarily sensitive to transverse motion.

Case 4a. Let a pointlike bunch in a storage ring perform transverse oscillations
(“betatron oscillations”) with amplitude ug and frequency

wg = Vgwo = (ng +qs) wo , (2.23)

where vg is the betatron tune, i.e. the number of oscillation periods during
one revolution. The integer part of the tune is ng, the fractional part is ¢g.
Adding a time-independent deviation u. by which the beam deviates from the
nominal orbit due to small errors of the guiding magnetic fields, the dipole
moment (in arbitrary units) as function of time is

m(t) = {uc + ugexp(iwgt)} Y 8t —nTy). (2.24)

n=—oo

In analogy to the previous examples, the Fourier spectrum is

Mw) = uewo Z d(w — pwo) + ug wo Z d(w — pwo —wg) . (2.25)

p=—00 p=—00

The time-independent deviation results in a spectrum of revolution harmon-
ics pw,, whereas the betatron motion creates new lines displaced by +wg
with respect to the revolution harmonics. In the measurable spectrum, i.e.
the combination of positive and negative frequencies, there are two betatron
lines between each pair of adjacent revolution harmonics. Their distance to
the closest revolution harmonic is :l:qéawo with q’ﬁ < 0.5. This observation is
ambiguous in two ways:

— The integer part of the tune cannot be deduced since the detector installed
at one position of the storage ring is insensitive to the integer number of
cycles between two observations (alias effect).

— The fractional part of the tune could be gz = gj or ¢z = 1 — gj5. This
ambiguity can be experimentally removed by increasing the field of a
focussing quadrupole magnet, which causes the tune to rise. If the distance
q’ﬁ increases, then ¢g = q%.

Case 4b. Let a pointlike, transversely oscillating bunch perform additional
longitudinal oscillations with synchrotron frequency ws. This modifies the
spectrum in several ways:

1. The arrival time of the bunch at the detector is modulated.
2. A longitudinal oscillation is also an oscillation in energy. If ég(¢) denotes
the relative deviation from the nominal beam energy, then
— the transverse bunch position changes according to D dg(t) in a region
with dispersion D # 0.
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— the betatron tune is modulated by the energy oscillation if the chro-
maticity { = dvg/ddg is non-zero.

Quantitatively, (A.32) and (A.33) show that an oscillation of the bunch ar-
rival time 7 = 7 cos(wst) corresponds to an energy oscillation dg(t) = 7/n =
—(ws7/n) sin(wst) with 7 being the momentum compaction factor. The dipole
moment is then

m(t) = {uc — Dw%% sin(wst) + ug exp(i(bg(t))}

X i 0(t — nT, — 7 coslwsnTs]) . (2.26)

n=—oo

Here, the betatron motion is expressed by its phase advance ¢g(t) with

gi)g(t) =wg + Awg(t) = wg + wo IR (t) = wg + wognr(t) ) (2.27)
Integration yields
d)g(t) = qbg(O) +wgt+ woi;—(t) = ¢5(0) +wgt+weT COS(wst) , (2.28)

where the so-called chromatic frequency we = wo§/n is introduced. The first
term of (2.26) leads to synchrotron sidebands as in (2.18). The second term,
which vanishes in dispersion-free regions, also creates sidebands at a distance
+lws from the revolution harmonics, but their envelopes differ from those of
the first term. The third term gives rise to new lines in the spectrum. Its
Fourier transform is given by [2]

Mw)=woug Y Y i Ji(#{pwo + wp + lws — we})

p=—00 l=—00

X 0(w — pwo —wg — lwg) . (2.29)

Thus, the energy dependence of the betatron frequency due to chromaticity
creates two new phenomena:

— Not only the revolution harmonics but also the betatron lines are accom-
panied by synchrotron sidebands.

— The envelope of these sidebands is shifted by the chromatic frequency
wg = wol /1.

Case 4c. For h = T, /T, equidistant electron bunches executing transverse os-
cillations, there are h eigenmodes labeled g = 0...h—1. As in the longitudinal
case, they are characterized by a phase difference

_2mp

A
¥® n

(2.30)
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between successive bunches and the frequencies of the betatron sidebands are
w = pwyt + fwo + wg. As in the longitudinal case, a measuring apparatus
that does not distinguish between positive and negative frequencies, and all
h transverse modes are found within a frequency interval of wy¢/2, provided
it starts or ends at an integer multiple of wys.

Since bunches were treated as pointlike or at least rigid objects without
inner degrees of freedom, the results obtained here reappear in the context of
one-particle models for multi-bunch instabilities.

Figure 2.5 shows examples of beam spectra recorded at the storage ring
BESSY II using a spectrum analyzer. The central frequency was kept fixed at
twice the rf frequency while the frequency span was reduced by a zoom factor
of 250 from one spectrum to the next.
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Fig. 2.5. Spectra of an unstable electron beam in BESSY II. In each case, the central
frequency coincides with 999.3 MHz, which is twice the rf frequency frr. At a GHz
span (a) groups of lines between the integer multiples of f;+ indicate the presence
of instabilities; on a MHz scale (b) betatron sidebands between integer multiples of
the revolution frequency fo, are visible, on the kHz scale (¢) synchrotron sidebands
are resolved
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In order to decide whether the beam is stable or not, the span of the
spectrum analyzer must cover all possible mode frequencies, i.e. at least half
the rf frequency. Whether a line in the spectrum corresponds to a longitudinal
or transverse oscillation is determined by measuring its frequency difference
to an adjacent revolution harmonic, which either matches the synchrotron
frequency or the product of fractional betatron tune and revolution frequency.
For a storage ring filled with many bunches, the revolution harmonics may
not even be visible (spurious revolution harmonics are more pronounced in
the vicinity of rf harmonics) and its frequency must be carefully calculated
from the known rf frequency — for kHz accuracy of the result, even the 1-Hz
digit of the rf frequency should be included.

2.3 Wake Field and Impedance

In agreement with the majority of the literature (e.g. [7—11]), the following
terms are introduced:

—  Wake field is the electromagnetic field caused by an arbitrary charge dis-
tribution interacting with its surroundings.

—  Wake function is the integral over time of the force caused by a pointlike
unit charge and acting via wake fields on a pointlike trailing unit charge.

—  Wake potential is the integral over time of the force caused by an extended
unit charge and acting via wake fields on a pointlike trailing unit charge.

—  Impedance is the Fourier transform of the wake function.

2.3.1 Longitudinal and Transverse Wake Function

Consider the situation displayed in Fig. 2.6: Two charges travel at almost the
speed of light v & (0,0, ¢) in the vacuum chamber of a storage ring. Let the
coordinates of the leading charge ¢; and the trailing charge g2 at a given time
t be (r1,s1) and (72, s2), respectively. The interaction of the leading charge

q,

cT 1

Fig. 2.6. Two charges ¢1 and g2 with transverse position vectors 1 and r2, respec-
tively, travelling in a vacuum chamber. The distance between leading and trailing
charge, measured along the z-axis, is ¢T
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with the vacuum chamber causes an electromagnetic wake field that results
in a force

F(ry,s1,72,52,t) = @2 {E(r1,51,72,52,t) + v X B(71,51,72,52,t)} (2.31)

on the trailing charge. Assuming the force to be sufficiently weak, both charges
maintain a nearly uniform motion characterized by a constant distance ¢ =
51(t) — s2(t). In order to study the effect of a given structure (an rf cavity, for
example) on a particle beam, it is sufficient to specify the time integral of the
force, normalized to the values of both charges, as a function of the distance
between them:

W(r,ro,7) = —— [ dt {E(r1,r0,7,t) + v x B(r1,72,7,8)} . (2.32)
q1
This is the wake function, the longitudinal part of which corresponds to the
energy change AU experienced by the trailing charge under the influence of
the wake field, normalized to the charges:
AU ¢

Wi(ry,re,7) = —— = —— | dtE,(r1,72,7,1). 2.33
1(re, v, 7) 0 o (r1,72,7,1) (2.33)

The unit of W) is V/C. By convention, the minus sign makes the wake function
positive for negative energy changes, i.e. energy loss. In the longitudinal case,
there is no magnetic term, because v x B has no longitudinal component. The
transverse wake function is

WJ_(rlv"'QaT) = _q£ dt {EJ-(T17T277—7 t) + [’U X B(rlar%Tv t)]L} (234)
1

and with this particular definition, the unit of W is J C™2 or V C~1. In
the ultrarelativistic case considered here, the wake function is zero for nega-
tive values of 7 due to causality. In the literature, W may also be defined as
function of the distance d with W (d < 0) = 0 or as function of the coordi-
nate z in flight direction with the leading charge at z = 0, which implies W
(z>0)=0.

Sometimes, the transverse wake function is not normalized to the charge
g1 but to the dipole moment for a given horizontal or vertical offset of the
leading charge, while 5 = 0. In this case, its unit is VC™! m~!:

c

Wo (T) - q1u

/ {E,(u,0,7,t) + [v x B(u,0,7,t)], } , (2.35)
where u = x or u = y is the offset of ¢; and the subscript v = x or v = y indi-
cates the field component under consideration. Mixed terms with v = x and
v =y or u =y and v = x vanish if the vacuum chamber has rotational sym-
metry about the beam axis. If the vacuum chamber has no obvious symmetry,
the dipole moments are not meaningful and (2.34) should be used.
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In the case of rotational symmetry, a multipole expansion in cylindrical
coordinates with unit vectors 7,6 is advantageous. Defining 6 = 6, — 6, the
longitudinal and transverse wake functions are

(oo}
2 m,.m m
Wy (r1,72,0,7) = Z_:Oil o r'rh cosmf WH( )(7')
W, (r1,7e,0,7) = Z e [f cosmb — ésinm@} Wj_m)(r) . (2.36)
m=1

In this definition, the units of the longitudinal multipole components are
V C~! m~2?™ and the units of the transverse multipole components are V C~!
m~ 2™+ The transverse displacement r of a particle is often assumed to be
small compared to the chamber radius R, and, according to dimensionality ar-
guments, the higher orders decrease roughly like (r/R)?*™. Thus, for practical
purposes, only the lowest-order terms are of interest:

— Longitudinal wake function W) ~ W”(O) (V C’l)
— Transverse wake function W, ~ Wf) (V c-! m_l)

In the ultrarelativistic case, the longitudinal wake function is independent of
the transverse position 75 of a hypothetical test charge. This fact is used to
simplify the numerical determination of the wake potential (see Sect.2.3.5).

2.3.2 Extended Charge Distribution: Wake Potential

The consideration of extended charge distributions is motivated by the fact
that the size of real particle bunches usually cannot be neglected. Furthermore,
the time-domain simulation of wake fields on a spatial and temporal grid
requires the bunch charge to be distributed over several grid points. Such a
simulation cannot directly determine the wake function, which is defined for
point charges.

Starting from the longitudinal wake function W) (¢), the superposition prin-
ciple yields the wake potential for a longitudinally extended charge distribu-
tion j(7):

o0
Vi(r) = / At W (0)j(r — 1) . (2.37)
— 00
Assuming a transverse displacement u(7) with mean value (u), the transverse
wake potential is defined as

Vi(r) = <;/Z AW L (O u(r — 1) j(r — 1) . (2.38)

If the transverse displacement is constant along the bunch, the previous ex-
pression reduces to
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(oo}
Vi(r) = / AW (1) (T —1) . (2.39)
—00

Generally, a wake potential is obtained by a convolution of wake function
and charge distribution. Its Fourier transform is just the product of the
Fourier transforms of the convoluted functions. This can be used to recover

the wake function from the wake potential obtained by numerical simulations
(see Sect. 2.3.5).

2.3.3 Longitudinal and Transverse Impedance

The Fourier transform of the respective wake function

Z)(w) = /_OO dr W (1) exp(—iwT), (2.40)
Z(w) = i/jo dr W (1) exp(—iwT) (2.41)

is the longitudinal or transverse impedance (or “coupling impedance”). Fol-
lowing the usual convention, the definition of the transverse impedance
includes a phase factor i = exp(in/2), because the betatron oscillation trans-
forms the kick from a transverse force into a transverse displacement after a
phase advance of /2. The notion of impedance was introduced to accelerator
physics in the 1960s [12,13]. To illustrate the analogy to the impedance used
in electrical engineering, one may insert

jlr) = % /:X’ dw J(w) exp(iwT) (2.42)

into (2.37) expressing the longitudinal wake potential as

Vi(7) /OO dt W (t) % /_OO dw J(w) exp(iwt — iwt)

- % /Z dw Z)(w) J(w) exp(iwr) . (2.43)

On the other hand, the wake potential is the Fourier transform of VH (w)

27

Vi(r) = 1 /00 dw ‘7” (w) exp(iwT) . (2.44)

Comparison with (2.43) yields an expression that is analogous to Ohm’s law:

V() = Zy(w) J(w) . (2.45)

Thus, in the frequency domain the impedance connects a current distribu-
tion J(w) to the voltage V(w) induced by its wake field. On the other hand,
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one may use this as a definition of the impedance and show that it is the
Fourier transform of the wake function. Analogous impedance concepts ex-
ist for the description of mechanical and acoustic waves [4]. In either case,
the impedance is a complex function of frequency and its real part describes
dissipative effects:

— electrically through resistance according to Ohm’s law
— for mechanical systems through friction.

Its imaginary part is responsible for retarding effects or phase shifts:

— between an electric current and voltage via inductance and capacitance
— between a mechanical generator and an oscillator due to inertia.

2.3.4 Properties of Wake Function and Impedance
The Panofsky—Wenzel Theorem

There is a simple relationship between longitudinal and transverse wake func-
tion, known as the Panofsky—Wenzel theorem [14]:

*le(Tl,T)Z—VLW”(Tl,T) . (2.46)

The time-derivative of the transverse wake function can be calculated from the
transverse variation of the longitudinal wake function. In the frequency do-
main, the theorem also states that the transverse impedance can be calculated
from the longitudinal impedance:

ZL(’I"l,w) = 5Z‘|(’l"1,w) . (2.47)

Originally formulated for geometrical structures with rotational symmetry,
the Panofsky—Wenzel theorem is also valid for other geometries [15]. While the
Panofsky—Wenzel theorem applies to each multipole order m separately, there
is no simple connection between different multipole components. However,
the multipole orders of the impedance for a vacuum chamber of radius R can
be assumed to decrease roughly like

(m) 2 0
and applying the Panofsky—Wenzel theorem

Zm) o _2¢ 0

Here, a factor of two was inserted arbitrarily to be consistent with (2.57) and
(2.58) that hold for the resistive-wall impedance (see Sect.2.3.5).
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Narrow-Band Resonators

In analogy to an LRC resonator circuit, the impedance of cavity-like structures
is often assumed to be of the form

_ RS

O 1HiQ (wrfw — w/w)]

c Ry

wl4iQ (w/w—w/w)
In this case, the impedance is determined by the resonant frequency w;, the

shunt impedance R and the quality factor ). Fourier transform yields the
wake functions, given here in the approximation of a weakly damped resonator

@>1):

7, (w) = (2.51)

W) () = w By e /2@ cos(w, T) (r > 0), (2.52)
W, (r) =~ —%RS e /29 sin(w, 7) (r>0). (2.53)

Apparently, the derivative of the transverse wake function is proportional to
the longitudinal wake function. This can be shown to be generally true by
analyzing Maxwell’s equations for rotationally symmetric boundary condi-
tions [7].

Properties of the Wake Function

Some general properties of longitudinal wake functions W) (7) and transverse
wake functions W, (7) are summarized in the following and illustrated by
Fig. 2.7. See e.g. [7,8] for detailed derivations. The symbols 7 = 0" and 7 = 0~
represent infinitesimally small positive and negative time values.

(a) W)j(07) = 0 and W, (07) = O for ultrarelativistic particles. This property,
also referred to as “causality”, is due to the fact that electromagnetic
fields cannot propagate faster than a charge travelling approximately at
the speed of light.

b) b Vv" d) A Vvl
ol \ /\ /\
a) \\\ / - / \ -

Fig. 2.7. Schematic illustration of longitudinal (left) and transverse (right) wake
function versus time 7 indicating the properties (a)—(f) as discussed in the text
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(b) W};(0F) > 0. According to the definition (2.33), a positive value corre-
sponds to energy loss. A charged particle cannot gain energy from its own
field by traversing a passive structure.

(c) W (0) = 2W,(0T), often called the “fundamental theorem of beam load-
ing”, implies that a charge is retarded by its own wake field, but sees only
half of it (see also Appendix D).

(d) W) (0F) > [W) ()| In the limit W} (0) = [W(7)|, the maximum repeats
itself with a period 7, corresponding to the wake caused by a resonator
with infinitely large quality factor.

(e) W1 (0) = 0, a charge is not transversely displaced by its own wake field.
This and the following property can be shown from the longitudinal wake
function being proportional to the derivative of the transverse wake func-
tion.

(f) W, (0%) < 0. Furthermore, maxima of W, coincide with zero crossings of
W). In summary, one may say that the transverse wake function is sine-like
and the longitudinal wake function is cosine-like.

Properties of the Impedance

The fact that a wake function is real and vanishes for 7 < 0 imposes some
restrictions on its Fourier transform, the impedance (see Fig. 2.8).

(a) Zj(w) = Z)(-w) and Z7] (w) = —Z 1 (~w), where the asterisk indicates the
complex conjugate value. Furthermore, Z)(0) = 0 and ReZ, (0) = 0.

(b) ReZj(w) > 0 for all w, whereas ReZ, (w) > 0 for w > 0 and ReZ (w) <0
for w < 0.

(¢) The real and imaginary parts of the impedance are not independent from
each other, but are connected by a Hilbert transform [4]. For the resonator
impedance at w # 0, the peaks of the real part coincide with zero crossings
of the imaginary part.

(d) To calculate the wake function from the impedance, it is sufficient to know
its real or imaginary part, e.g.:

Fig. 2.8. Schematic illustration of longitudinal (left) and transverse (right) im-
pedance versus frequency w, where the solid line represents the real part and the
dashed line is the imaginary part of the complex impedance



2 Springer
http://www.springer.com/978-3-540-34312-7

Collective Phenomena in Synchrotron Radiation
sources

Prediction, Diagnostics, Countermeasures
Khan, S.

2006, ¥, 203 p., Hardcowver

ISEM: 978-3-540-34312-7



