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Relative Entropy and Subfactors

Conditional entropy is, as we saw in Chap. 1, an important concept in the
classical theory. In the noncommutative case it was introduced under the name
of relative entropy as a tool to take care of approximation of entropy. We
shall in the present chapter develop the theory of relative entropy and show
its relationship to subfactors of II;-factors. Then we shall show a formula
analogous to the classical formula h(T) = H(£|€7). Finally we shall give
applications to the canonical shift on the tower of relative commutants defined
by an inclusion of II;-factors and for shifts on the Jones projections.

10.1 Relative Entropy

Let M be a von Neumann algebra, ¢ a normal state on M, P and @ von
Neumann subalgebras of M.

Definition 10.1.1. The relative entropy of P and @ with respect to ¢ is

Hw(P|Q) = sup Z(S(%|P,<P|P) - S(%|Q>¢\Q)),

where the supremum is taken over all finite decompositions ¢ = Y, p; of ¢
into a sum of positive linear functionals.

Note that if ¢ = 7 is a trace, which is the case we are mainly interested
in, any ¢ < 7 has the form 1) = 7(-z). Hence by Theorem 2.3.1(x) the relative
entropy can be written as

H-(P|Q) —Supz n(Eq(z:))) — 7(n(Ep(z:)))), (10.1)

where the supremum is taken over all finite partitions of unity 1 = >, z; in M,
and Ep and Eg are the 7-preserving conditional expectations on P and @),
respectively. One often suppresses 7 in the notation for relative entropy.

The main properties of relative entropy are as follows.
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Theorem 10.1.2. We have:

(i) Hy(P|Q) >0, and if ¢ is a faithful tracial state then H,(P|Q) = 0 if and
only if P C Q;

(i) Hy(P|R) < Ho(P|Q) + Hp(Q[R);

(ili) H,(P|Q) is increasing in P and decreasing in Q;

(iv) if Q@ C P and there is a p-preserving faithful normal conditional expecta-
tion E: P — Q, then

H,(P|Q) = SUPZS(VJHPMM oK),

where the supremum is taken over all finite decompositions ¢ =Y. ;.

Proof. Taking the trivial decomposition ¢ = ¢ we see that H,(P|Q) > 0.
If P C @ then H,(P|Q) = 0 by monotonicity of relative entropy S, Theo-
rem 2.3.1(vi). Let now ¢ = 7 be a faithful tracial state. If P is not a subset
of @, there exists a projection e € P such that e ¢ Q. Then by (10.1)

H-(P|Q) = T(n(Eq(e))) + T(n(Eq(1 = €))).

The element Eg(e) is not a projection (this follows e.g. by A.13, as if Eg(e)
is a projection then e < s(Eg(e)) = Eg(e), where s(a) is the support of a
self-adjoint element a, and hence e = Eg(e) by faithfulness of Eq). Therefore
T(n(Eg(e))) > 0 and similarly 7(n(Eg(1 —e))) > 0. This completes the proof
of (i).

Part (ii) is immediate from the definition of H,(P|Q). Part (iii) follows
from monotonicity of relative entropy S, while part (iv) follows from Theo-
rem 2.3.1(vii). O

Let us show next that relative entropy coincides with conditional entropy
in the abelian case. So let M = L*°(X, u), € and ¢ be measurable partitions
of X such that ¢ is finite, P = L*°(X/£) and @ = L*°(X/({). We want to show
that

H-(P|Q) = Hu(&[¢).
If p1,...,pn are the atoms of P, by (10.1) we have

P|Q>Z Esz

The latter expression is exactly H,,(£]¢). Thus H, (P|Q) > H,(§[¢). It suffices
to prove the opposite inequality for finite (. Indeed, if {Cn}n is an increasing
sequence of finite measurable partitions such that Vv,,(, = ¢ then

Hp(PIL™(X/Cn)) = He(P|Q) = Hyu(€]C),

and H,(£|¢,) \ Hu(&]¢) by the martingale convergence theorem. Thus if
Ho(P|L*>(X/Cn)) = Hyu(€]Gn), we conclude that H(P|Q) = H,(&|C).
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So assume ( is finite. Then

H:(P|Q) < H-(PVQ|Q) and H,(£[C) = HpL(EV C[C).

It follows that to prove the inequality H,(P|Q) < H,({|¢) we may assume
that ¢ < &, so @ C P. In this case it is enough to consider partitions of unity
in P. Then part (iv) of Theorem 10.1.2 and convexity of relative entropy of
positive functionals, Corollary 2.3.2, show that it suffices to consider partitions
1 =77, x; such that each z; is a scalar multiple of a minimal projection in P.
Since S\, Ap) = AS(¢, p), we then see that this is the same as to consider
one partition 1 = ). p;, where pi,...,p, are the minimal projections in P.
But then clearly H.(P|Q) = H,(§|().

Next we want to show that in some cases the computation of relative
entropy can be reduced to the finite dimensional case. For this we need the
following notion. If P, (), R are von Neumann subalgebras of a von Neumann
algebra M, and Ep:M — P, Eg:M — @, Er: M — R are conditional
expectations, then we say that

P Cc M
U U
R C Q@

is a commuting square if Er = FgoEp = EpoFEq. Equivalently, R = PNQ
and EQ(P) C R, EP(Q) C R.

Remark that if the conditional expectations preserve a faithful normal
state , then is suffices to check that, say, Er = EgoEp. Indeed, it M C B(H)
and the state ¢ is defined by a cyclic and separating vector £ € H, then
Er(z)¢ = epa€ for x € M, where eg € B(H) is the projection onto RE.
Then Er = Eg o Ep implies that egp = egep. But then eg = epeg, and so
Er = EpoEg.

Proposition 10.1.3. Let M be a von Neumann algebra with a faithful nor-
mal state ¢, N a von Neumann subalgebra. Suppose {My},, and {N,}, are
increasing sequences of von Neumann subalgebras of M such that N, C M,,
M = (U, M,)" and N = (U,N,)". Suppose there exist p-preserving condi-
tional expectations Eyy, : M — M, and En, : M — N, such that

M, C Mn+1
U U
Nn C Nn+1

is a commuting square for every n. Then H,(M|N) = lim,, H,(M,|Ny).

Proof. If b < ¢ then S(W|um,,¢la,,) / S, ) by Corollary 2.3.5, and a
similar convergence holds for N,, and N. This implies that

H,(M|N) < liminf H,(M,|N,).
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Since En, ., o By, = By, for all n, we have

n+41

En

n4k-41

o Enm, = EN ° B,

o Ey, = En

ntk Ol;ﬂﬂn

ntk+1

so by induction Ey;, ., oEyy, = En, for all k € N. Next note that {Ex,, },, con-
verges in the pointwise strong operator topology to a ¢-preserving conditional
expectation En: M — N. It follows that for any n

M, C M
U U
N, C N

is a commuting square. In other words, En|y, = En,|m,. Hence for any
positive linear functional ¢ we have

S, Yo EN) > SW|m,, v o En|m,) =S|m,, o En,|um,)-

By Theorem 10.1.2(iv) it follows that H,(M|N) > H,(My|N,), which com-
pletes the proof. O

From now onwards we shall only consider tracial states, and our next
goal is to compute the relative entropy H.(M|N) when N C M are finite
dimensional (and 7 is a trace on M).

Let Z(M) and Z(N) be the centers of M and N, respectively,

M:%Mla NZE%N]@)
=1 k=1

where M; = Mat,,,(C) and Ny = Mat,, (C). Let w; and z; be the central
projections in M and N such that M; = Mw; and Ny = Nz. Let ay; be the
multiplicity of Nyw; in M;. Thus if ¢; denotes the trace of a minimal projection
in M; and sj that of a minimal projection in N,

T(’wl) =myt; = anakltl and T(Zk) = NESE = anakgtl.
k l

Theorem 10.1.4. With the above notation the relative entropy H.(M|N) is

(2H, (M) — H (Z(M))) — (2H,(N) — H.(Z(N))) + > _ niapt; log cx,
k,l

. ng
where cp; = min {, 1}.
Akl

In particular, if M is abelian we have
H.(M|N)=H.(M)— H.(N),

which we already know, and if M = Mat,,(C) and N = Mat,,(C) then
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. [n? : m
H,(M|N) =2logm — 2logn + logmin{ —,1 » = min {logm,2log —} .
m n

A straightforward computation of the formula in the theorem shows that
it is equivalent to the formula

H.(M|N) = Z myt;logt; + Z myt; logm; + Z Ny Sk 1og sg,

—ansk log ng, + anakltl log cp;. (10.2)
K,

Note that if 7 = 3, Aip; is a decomposition of 7 into a convex combination
of states, then

ZS()\MZ»,T) = 9(r) — Z AiS(pi) — Zn(/\

and we have a similar expression for ), S(X\ig;|n, 7|n). It follows that

HT(M|N)_sup{HT(M +Z>\ (il v) — (%))}’ (10.3)

where the supremum is taken over all decompositions 7 =), A;p; of 7 into a
convex combination of states. This is the expression we shall use in the proof
of the theorem. Note also that instead of finite convex decompositions we can
use integral decompositions of 7.

Proof of Theorem 10.1.4. We first show that the left side is majorized by
the right side in equation (10.2). Consider an integral decomposition 7 =
Jx ©2dp(z). By (10.3) we have to estimate

H, (M) — H,(N) + /X (S(aln) — S(r))du(z). (10.4)
By Theorem 2.2.2(ii) we have

S01|N ZS SorlNzk Z §0z|Nzkwl

k,l

For fixed k and [ consider the state 1 = o, (zpw;) tp, on zpMuw;z. By
Theorem 2.2.2(i) we have

S(¢|Nzsz) - S(¢) < S(¢‘Nzkwl) < IOgnk-

On the other hand, since zp Mw; 2, = N zw;®Mat,,, (C), by Theorem 2.2.2(vi)
we have

S(wlNkal) - S(’(/J) < logakl-
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Using S(AY) = AS(¢) + n(A) with A = ¢, (25w;), we therefore get
S(PalNzpw) = S(PulzpMwiz) < pa(ziwr) logmin{ng, ax}.

Finally, from Lemma 2.2.4 applied to the state ¢, (w;) =y, on Mw;, we obtain

ZS(QOAZ’CM“”Z’“) - S(@ff‘]wwz) < @m(wl) Zn <W> :
F k

@z (wr)

Thus, since Y, S(0z|rw,) = S(¢z), the integral in (10.4) is estimated from
above by

Z/ vz (zpw;) log(min{ng, ap })dp(z +Z/ 0u(w)n (som(?kw;))du(x).

Since fx prdu(x) =7 and T(zpw;) = ngagt;, the first summand in the above
expression is equal to

Z ngagt; logmin{ng, ag }.
kil

On the other hand, using concavity of n and that 7(w;) = myt;, we can
estimate the second summand by

- /X soz(w»n(som(zsz)) dule) < matay < /X wz<wl>%<zwﬂdu(@>

myt; @z (wr) mit; o (wy)

<nkakltl>
= mtin
myt;

NEagl

= ftlnkakl log

Thus we estimate (10.4) by

H, (M) — H. (N) + Z NnEakt; log(min{akl, le} Z nragt; log
k.l k.l

Nkl

=H,(M)—-H.(N)+ Z niagt; log cr + Z niagt;log ag
k,l k.l

- Z niapit;(log ay + logny —logmy)
Kl

= H,;(M) - H(N) + anakm log ¢y
k.l

— Z NSk log ng + Z myt; 10g my,
k l

where we used that s, = ), awt; and m; = ), nypay. Since
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H, (M) = _Zmltl logt; and H,(N)= ansk log sy,
1 k

we have shown that the left side of equation (10.2) is majorized by the right
side.

In order to prove the opposite inequality choose a pure state ¢; of Muwy;
such that
NEakl

oi(zrwy) = ot

Ot Nz, 18 a trace if ng < agy,

O1l(N' () M)z, 18 @ trace if ng > ap.

Explicitly ¢; can be constructed as follows. Identify 5" with @ (€5* @ €5*'),
and let {e;};en denote the standard basis in £5. Put

N Qg
=D -
mln{nk, akl}ml

k

1/2 min{ng,ari}
) e; X e;.

i=1

Then let ¢; = wg, be the vector state defined by &;.

Let K denote the subalgebra of ® 2z Mw;zi C Mw; consisting of elements
®rxy, such that x; € Nzpw; if ng < ag, and zp € (N' N M)zpw; if ng > agy.
Then ¢; is a pure state on Mw; such that its restriction to K; coincides with
the restriction of the unique tracial state 7, on Mw; to K;. Furthermore, the
map F;: Mw; — K defined by

Ei(z) = / (Ad w)(2)dpu(u),
U(K!NMuw;)

where (i is the normalized Haar measure on the unitary group U(K] N Muwy)
of K]/ N Muwy, is a 7-preserving conditional expectation. It follows that

szltl/U( o1 o Adudpy(u).
[

K{NMuw;)
Thus by (10.3)

H(M|N) = H; (M) — H-(N) + Zmltls(‘Pl‘Nkaz)~ (10.5)
k,l

The restricition of ¢; to zxMw;zy is a scalar multiple of a pure state. Hence
by Lemma 2.2.3(i)

my my .
5( ‘Pl|Nzsz> = 5( - (Pl(N’ﬁM)zkwl> = log min{ny, ax},

Ngag] nga

whence
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Nkag NEag] NEagl
log .

my

S(1|Nzpw) = (log cp + log ag) —

Thus the right side of (10.5) equals

Nk Akl
H.(M)-H , _
(M) (V) + z nragti(log cry + log ax) Z niakt; log —
k1 k1
which is exactly what we need. O

10.2 Index of Subfactors

Our goal in this section is to show that relative entropy is related to index of
subfactors. We shall briefly recall some basic facts of the latter theory referring
the reader to [214, Chapter XIX] for more details.

Let M be a II;-factor with trace 7. If M acts on a Hilbert space H then H
can be embedded into L?(M)® K for a sufficiently large Hilbert space K. Let
p€ (M ®Cl)Y = M'®B(K) be the projection onto H. Then the dimension
of H relative to M is defined by

dimy (H) = (7' @ Tr)(p),

where 7/ is the unique tracial state on M’ C B(L*(M)) and Tr is the canonical
trace on B(K). The dimension can take any value in (0,+oc], and if H is
countably generated in the sense that it is a direct sum of at most countably
many cyclic subspaces for M, then dimy,(H) is a complete invariant of the
unitary equivalence class of the representation M — B(H).

The dimension dimys(H) is finite if and only if the commutant M’ of M
in B(H) is a II;-factor. In the latter case

, T([M'€])
dimps(H) (0] (10.6)

where £ € H is any nonzero vector, 7’ is the unique tracial state on M’ C
B(H), and [M¢] denotes the projection onto the subspace ME.

If N is a subfactor of M, the index of N in M is

[M: N] = dimy (L*(M)).

If M acts on H then dimy(H) = [M: N]dimy (H). It follows that if N C
M C L then [L: N] = [L: M][M: N]. It follows also that if [M: N] < co and N
is represented on H then this representation extends to a representation of M
on H. Indeed, decomposing H into a direct sum of cyclic subspaces we may as-
sume that dimy (H) < 1. Choose a representation of M on a Hilbert space H’
such that dimp/(H') = [M:N]"'dimy(H). Then dimy(H') = dimy(H).
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Hence the representations of N on H and H' are equivalent. Since the rep-
resentation of N on H’ extends to a representation of M, the same is true
for H.

Using Proposition 10.1.3 and Theorem 10.1.4 it is easy to check that if R
is the hyperfinite II;-factor then

H.(R® Mat,(C)|R®1) = 2logn.

On the other hand, [R ® Mat,(C): R ® 1] = n?. So we see that in this case
the relative entropy is the logarithm of the index. This is a particular case of
a far more general result. For simplicity of the presentation we stick to the
irreducible case, that is, when N’ N M = C1.

Theorem 10.2.1. Let N C M be I -factors such that [M:N] < oo and
N'NnM =Cl1. Then
H,(M|N) = log[M: N].

To prove this theorem we need two properties of finite index subfactors.
The first one is the Pimsner-Popa inequality stating that

En(z) > [M:N]™'x for any z € M,,

where Eny: M — N is the trace preserving conditional expectation, see [214,
Theorem XIX.4.14].

Proposition 10.2.2. If N C M is a finite index subfactor, then
H,(M|N) <log[M:N].

Proof. Let A = [M: N]~!. Then by the Pimsner-Popa inequality ¢ o Ex > Ap
for any positive linear functional ¢ on M. Since the relative entropy S is
decreasing in the second variable, Theorem 2.3.1(iii), we then have

S(e,po En) < S(p, Ap) = —p(1) log A.
By Theorem 10.1.2(iv) it follows that H,(M|N) < —log A =log[M: N]. O
The second property of subfactors which we need, is existence of special

projections.

Lemma 10.2.3. If N C M is a finite index subfactor then there exists a pro-
jection ¢ € M such that Ex(q) = [M: N]~'1. Moreover, any other projection
with this property is of the form vqu*, where v is a unitary in N.

Proof. See [214, Theorem XIX.4.12]. The existence will also essentially be

shown in Lemma 10.4.1 below. O

Proof of Theorem 10.2.1. Let A = [M:N]~! and ¢ be the projection from
Lemma 10.2.3. The idea of the proof is to consider the state ¢ = A717(-q)
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and the decomposition 7 = fU( Ny PO Adwdu, which formally holds because

of Ennam(q) = Al. For II;-factors the above decomposition does not make
sense, but it is still possible to get an approximate version of it.
Let z = ¢ — Al. Then 7(x) = 0. Let

K, = conv{vazv*:v € U(N)},

where the closure is in the weak operator topology. Then K, is a convex w-
compact set in M, and 7(y) = 0 for all y € K. The weak operator closure of
a bounded convex set coincides with the closure with respect to the L?-norm.
Thus there exists a unique yg € K, such that

lyolle = inf{|lyll2:y € Kz}

But vypv* € K, for all v € U(N), and |[vyev*||2 = ||yo]|2, so that vyev* = yo,
ie., yo € N'NM. Since N'N M = C1, it follows that yq is a scalar, so yo = 0.
Hence for any fixed € > 0 there are unitaries vy,...,v, € N such that

1 & .
— g viqu; — Al
n-

=1

Let y = (An)™' 3", viquv;. Then 0 <y < A7'1 and

< 2.

2

ly =12 < €.

Let p be the spectral projection of y corresponding to the interval [0,1 + ¢].
Set
z; = (14 &) ) tuiqul Ap.

Then Y, z; < ((L+¢e)An)~t Y, puiguip = (1 4+ ) typ < 1. Hence
Ho(M|N) =) 7(n(En(z:)=n(z:)) = (1+)An) " Y 7(n(En (vigof Ap))).-
Using operator monotonicity of log as in the proof of Theorem 2.2.2(ii), we
get 7(n(e + f)) < 7(n(e)) + 7(n(f)) for any positive e and f. Hence

T((En(viqu; Ap))) = T(n(En(vigvy))) — 7(n(EN (viqui — viqui Ap)))

= 1(A) = n(7(viqu] — vigvj Ap)),

where in the second inequality we used that En(g) = Al and that nor > 7on
by concavity of n. Thus

H,(M|N) > —(14¢) tlog A—((14+€)An) ! Zn(r(viqv;‘—viqvf/\p)). (10.7)

(2

Now recall that 7(e V f) — 7(f) = 7(e) — 7(e A f) for any projections e
and f. Hence
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7(viquy —viquy Ap) <1 —7(p).
Since y(1 — p) > (14 ¢)(1 — p), we have

ly = 1013 > 7((y = 1)*(1 = p)) = (1 — p),
so that 1 — 7(p) < e 2|ly — 1|3 < &2. Thus
T(viqu] — viquy Ap) < 2.
Since 7 is increasing on [0,e~!], for ¢ small enough we obtain
n(r(viqui — viqui Ap)) < n(e?).
From (10.7) we then get
H.(M|N) > —(1+¢)"tlog A — ((1+e)\) " tn(e?).

Letting ¢ — 0 we conclude that H.(M|N) > —log A = log[M: N]. The oppo-
site inequality follows from Proposition 10.2.2. a

Remark 10.2.4. What we actually used in the proof is not the irreducibility
N'NM = C1, but that En/~pr(q) is a scalar. Subfactors satisfying the latter
condition are called extremal, and in fact the equality H,(M|N) = log[M: N]
holds if and only if N C M is extremal [162, Corollary 4.5].

Note that if [M:N] < 4 then automatically N’ N M = ClI, see [214,
Corollary XIX.2.10]. Recall also that the possible values of the index is the
set {4cos® /n|n > 3} U[4, +oo], see [214, Theorem XIX.2.22].

Finally note that with some extra work the above theorem can be extended
to arbitrary subfactors [162, Theorem 4.5]. In that case H,(M|N) = oo when-
ever N’ N M has a diffuse part. If NN M is atomic, and {fx}, are minimal
projections in N’ N M with sum 1, then

H (MIN) =2 n(r(fr) + > 7(fx) log[fiM fi: feN fi].
k k

10.3 Generators and Relative Entropy

In this section we shall prove an analogue of the formula h(T) = H(£|€7),
see (1.3) and Theorem 1.1.4.

Before we state the main result we introduce some notation. Let (M, 7, «)
be a W*-dynamical system, where 7 is a faithful normal trace. Let {4, }22,
be an increasing sequence of finite dimensional C*-subalgebras of M.

We say that {A,}52, is a generating sequence for « if
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(1) a(An) CAnt1,nEN;
(ii) the von Neumann subalgebra generated by a*(A,), k € Z, n € N, coin-
cides with M;

1
(ili) hr (@) = lim —H,(A,).
n—oo n
We say {4, }, satisfies the commuting square condition if

Any1 C Apgo
U U
Oé(An) C a(An+1)

is a commuting square with respect to the 7-preserving conditional expecta-
tions for every n € N. Remark that if M is abelian and A, = V}Zja*(A;),
then this condition is satisfied if and only if A; corresponds to the generating
partition of a Markov process.

Write A,, in the form

A, = & M],
leK,

~

where M = Mat,,» (C). Let (af)ker, ,ick, be the inclusion matrix for
a(A,—1) C A,. Denote by Z(A,,) the center of A,,.

Theorem 10.3.1. Let (M, 7, &) be a W*-dynamical system, where T is a faith-
ful normal trace and M is of type II;. Suppose {A,}S, is a generating se-
quence for a satisfying the commuting square condition. Assume also that

an
h-(a) < oo and sup —F < oo.
n,k,l My

1
Then the limit lim —H (Z(A,,)) exists, and with R = (U, A,)" we have

n—oo n

1 1 1
hr(a) = iHT(R|a(R)) + 3 lim EHT(Z(A,I)).
If we combine this theorem with Theorem 10.2.1, we immediately obtain
the following corollary.

Corollary 10.3.2. If we in the above theorem add the assumptions that
a(R)' N R =Cl1 and lim, + H-(Z(A,)) =0, then h,(a) = $1og[R: a(R)]. O

n
To prove the theorem we need some preparation.
Lemma 10.3.3. Fiz r > 0. Let f, be the central projection in A, such that

Anfn = ®mp<r M. Then {fn}n is a decreasing sequence converging strongly
to zero.
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Proof. First note that R = (U, A,,)" is of type II;. Indeed, let z be the central
projection in R corresponding to the sum of the type I, components of R with
k <r, and assume z # 0. Since a(R) C R, and type II and type I algebras
can not be embedded into a type I; algebra with [ < k, we have z < a(z). As
7 is a-invariant and faithful, it follows that z = «(z). The maximal number of
mutually equivalent orthogonal projections in Rz is not larger than r. By the
definition of a generating sequence, the sequence {a~"(R)}$%, is increasing
with union dense in M. Since z = a~"(z) is central in each a~"(R), the
projection z is central in M, and the maximal number of mutually equivalent
orthogonal projections in Mz is not larger than r. In other words, M z is a sum
of type Iy algebras with k < r. But this contradicts our assumption on M.

Since a type I algebra can not be embedded into a type I; algebra with
I < k, it is clear that {f,}, is a decreasing sequence. Let f be its strong
limit. Since f,, is central in A,,, the projection f is central in R. Then Rf =
(Un A, f)”, which by the same argument as above contradicts the fact that R
is of type II; unless f = 0. a

Denote by ¢} the trace of a minimal projection in M} C A,. Since
H, (An,-1) = Hr(a(An—1)) and H, (Z(An-1)) = H (Z(a(An-1))), by The-
orem 10.1.4 we have

HT(An|a(An,—1)) = (2HT(A’H) - HT(Z(ATL))) - (2HT(An—1) - HT(Z(An—l)))
+ Z mZﬁla}glt? log i, (10.8)

where ¢}, = min{m} ' /a?,, 1}.
Lemma 10.3.4. Suppose

N
1 —1
C = Sl]\l[p i E E my agt; logay; < 0.

n=2 k,l

Then

]\;E}noo N z;;mk akltl log Ckl =0.

Proof. Since by assumption of the theorem there is ¢ > 0 such that ¢ < ¢j; <1
for all k, [ and n, it suffices to prove that

hm— mr et = 0.
Z Yo mp e

n= 2klau>mn 1

Fix r > 0. Let f,, be as in Lemma 10.3.3. Then

N

N N
%Z Z mytapty = Z Z mp iy = %ZT(fn,l),

n=2 k,l:mg_lgr n:2 k:mz_lgr n=2
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and the latter expression tends to zero by Lemma 10.3.3. On the other hand,

N
%Z Z mytaptl < (logr) 1—ZZm Lam ™ log al,

n=2 kl:al,>m ™ Tsp n=2 k,l
< C(logr)™".
Since we can take an arbitrary large r, this proves the lemma. O

Proof of Theorem 10.3.1. Let us check that the assumption of the previous

lemma is satisfied. Since >, my ™ 'a, = m}* and 3", a7 = 7", we have

mn
ka apty logag; < Zm” Laptn log

= meﬂ" logm; — Zm Yt logmy
1
= HT(An) - HT(Z(An)) - HT(An—l) + HT(Z(An—l))~
Hence, with Ay = C1,
1 1 1 1
N;;mﬁlagzt? log ay; < NHT(AN) - NHT(Z(AN)) < NHT(AN)~

Since the sequence {1 H(An)}n is bounded by assumption of the theorem,
it follows that the assumption of Lemma 10.3.4 is satisfied. Hence if we put
Cn =4, my " tap i log ¢y, we get

| XN
— C,—0
V2

By equation (10.8) we have

1 & 2 1 1 &
v ;HT(An|a(An_1)) = NHT(AN) - NHT(Z(AN)) + % ;cn.

Since {A,,}, satisfies the commuting square condition, by Proposition 10.1.3
H:(Apla(Ap-1)) — Hr (R|la(R)).

Since 4+ H,(An) — h-(a) by assumption, it follows that limy % H,(Z(An))
exists and

H.(Rla(R)) = 2h-(0) ~ lin - H-(Z(Ax)).

Thus

he(0) = 3 Ho(Rla(R) + 3 lim - H-(Z(Ax)).
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10.4 The Canonical Shift

In the present section we shall apply the results of the preceding sections to
an interesting automorphism, called the canonical shift, defined on the tower
of relative commutants associated with an inclusion N C M of II;-factors of
finite index.

In order to introduce it we need a few more facts from index theory, again
see [214, Chapter XIX] for more details. Let 7 be the trace on M, ¢ € L?(M)
the cyclic vector defining 7. Denote by ey the projection onto N¢&, and by
M; = (M, ey) the von Neumann subalgebra of B(L?(M)) generated by M
and ey. Since eyxey = En(z)ey = eyEn(x) for x € M, we have {ex}' N
M = N. In other words, N’ is generated by M’ and ey. So if we denote by J
the modular conjugation defined by 7, Jx& = z*&, so that JMJ = M’ and
JenJ = ey, then JM,J = N'. It follows that M is a II;-factor and

1 1

dimay, (L3(M)) = dimy (L(M)) = G 3y = LN

where the second equality follows from (10.6). Hence [Mj: M| = [M:N].
Furthermore, by (10.6) the unique tracial state 7/ on N’ has the property
7'(en) = [M: N]~1. The unique tracial state on M;, which we again denote
by 7, is such that 7(z) = 7/(Jx*J). Hence 7(en) = [M: N]~!. Since N is a
factor, 7(ab) = 7(a)7(b) for a € N and b € N' N M;. Hence, for z € M,

T(zEym(en)) = T(zen) = 7(En(2)en) = 7(En(z))7(en) = [M: N]"'7(2),

so we also have Ej(en) = [M:N]7'1, where Ep;: My — M is the trace
preserving conditional expectation.

Thus starting with a finite index inclusion N C M we construct a II;-
factor M7 and a projection ey € M; such that [My: M] = [M:N], M; =
(M,en), N ={en} NM and Ej(ey) = [M: N]~11. This is called the basic
construction. Iterating it we get the Jones tower of II;-factors

M i=NCMy=MCM, C...CM,C...

and projections ey € My such that My = (Mg, er), k>0, eg = en.
There is also a downward construction. So there exists a projection e_;
and a subfactor N_; C N such that

N_iCNcC(Nye_1)=M

is the basic construction. Since En(e_1) = [M: N]~!1, by Lemma 10.2.3 the
projection e_; is defined up to conjugation by a unitary in N. Since N_; =
{e_1} N N, the subfactor N_; is also defined up to conjugation by a unitary
in N. Denoting N_; by M_» and iterating the downward construction we get
a tunnel

L..CM_,C...CM_yCM,
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and projections e_p € M_py1, k> 1.
Using that egzer = exEn,_, () = Ep,,_, (2)eg, for € My, and Ey, (e) =
[M : N]~'1 one then checks that the projections ey, k € Z, satisfy the relations

exepsrer = [M:N) ley, erej =ejer if |k—j| > 2.

Since [Mgy1: Mg] = [M: N] < oo, by the discussion at the beginning of
Sect. 10.2 we can inductively construct a representation of UMy, on L?(M)
extending the representation of M;. This representation is not unique, but as
soon as we fix a tunnel there exists a canonical one.

Lemma 10.4.1. With the above notation there exists a unique extension of
the representation of My on L?>(M) to a representation of U3 My, on L*(M)
such that e, = Je_pJ for k > 1. In this representation JM|J = M_j, for
every k € Z.

Proof. Since My11 = (My, ex), the condition e, = Je_iJ completely deter-
mines the representation. We therefore only have to prove its existence. We
shall do this by constructing the required representation of M} by induction
on k. For k = 1 we have a representation by definition, and M; = JM’ ,.J. So
assume the representation is well-defined for some k, and M; = JM’ ;J for
j=1,...,k, where we identify M; with its image under the representation.
Since [Mg41: Mg] < oo, the identity map My — M, C B(L?*(M)) extends
to a representation 7: My — B(L?(M)). Let f = Jm(ex)J. Denote [M: N|~!
by A. We assert that f € M_j11 and Ep_, (f) = Al. Indeed, since e €
M, N M1, we have w(ex) € Mj,_,, so that f € JM|_,J = M_j11. Then

Ey_ (fle—it+1 = e—pr1fe—is1 = Jep_1JJIm(er)J Jep_1J
= Jﬂ(ek,lekek,l)J = )\Jekflj = )\6,k+1,

so that Ep_, (f) = Al. But then by Lemma 10.2.3 there exists a unitary u €
M_y, such that e_ = ufu* = J(JuJn(ex)Ju*J)J. Since JuJ € JM_,J =
Mj,, we thus see that x — JuJnw(xz)Ju*J is a representation of My, which
coincides with m on M}, and maps e; onto Je_jJ. Therefore it is the required
representation of My 1.

Since M_;_1 = {e_} N M_j, we have

JMikflj = <JML;€J, JG,kJ> = <Mk,€k> = Mk+17

which completes the proof of the induction step. ]

Since JM',J = M,, it follows that M_,, C My C M, is the basic con-
struction for each n € N. Hence, more generally, My_,, C My C My, is the
basic construction for any k € Z and n € N.

Consider now the AF-algebra A, obtained by taking the inductive limit
of the algebras M| N M; as k — —oo and | — 400 (note that M] N M is
finite dimensional by [214, Corollary XIX.2.9]). By the above lemma we get
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a mirroring 7o, the involutive anti-automorphism of A, defined by vy (x) =
Ja*J for x € Uy (M, N M;). It has the properties vo(M, N M;) = M' ,NM_j,
and yo(ex) = e_g.

On the other hand, we can consider

. C M C Mgy C...

as the tower and the tunnel associated with the inclusion My C My, and get
an anti-automorphism v, of A, such that vy (M N M;) = M’ o N M_j2
and v1(ex) = e_g12. The canonical shift for the inclusion N C M is the
automorphism I" = 1 o yg of A,,. It has the properties

F(M;c ﬁMl) = M];Jrz N M2 and F(ek) = €k+2.

Since each algebra M}, has a unique trace, the C*-algebra A, has a canon-
ical tracial state, which we continue to denote by 7. Our next goal is to show
that I" is 7-preserving. By [214, Proposition XIX.4.19] in the finite depth case,
which we shall consider below, the trace 7 is the unique tracial state on A..
Hence in that case it is y9- and v;-invariant. However, this is not true in gen-
eral. To prove that nevertheless the trace is I'-invariant we need to compare
the constructed representations of Uy My, on L?(My) and L?(M;y). To simplify
the notation we consider Uy M}, as a subalgebra of B(L?(M;)), and denote
by 7 the representation of Uy My on L?(M).

Lemma 10.4.2. If we identify L*(My) with e;L?(My), then the representa-
tion T satisfies

m(x) = N Fey . epzeniien...eq for xe My, k>1,
where A = [M: N|~1.
Proof. Using the relations e;e;_1e; = Ae;, i =1,..., &k, we get
€kt1€k - €161 ... CLELt1 = /\kekH.

Since eg 12 = xegyq for x € My, it follows that the expression in the formula-
tion of the lemma defines a homomorphism. For € M, we have w(z) = ze;.
Since My, is generated by My and eg, ..., ex_1, all that remains to show is that
the equality in the formulation holds for x = eg, ..., ex_1. In other words,

m(ex—1) = egp1e1 for k>2, and w(ey) = A lejepeser.

Denote by J; and Jy the modular conjugations on L?(M;) and L?(M,),
respectively. Since Jo = Jile,z2(ar,), for k > 2 we have

m(er—1) = Jom(e—k+1)Jo = Jie—pr1e1J1 = exq1€1,

proving the first identity. To prove the second note that if £; is the cyclic trace
vector in L?(M;), then
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(A teregenerés, &) = A Heabt, eo1) = A (Jreo i, eofh)
= A""(eok1,e0&1) = A '7(e0) = 1.

Since A “lejepese; is a projection, we conclude that & = A lejegeseré.
Since ejegese; € M’ , it follows that the projection [M_1&] is majorized
by A lejegeser. On the other hand, since M, is generated by M, and ey, we
have 60M160 = EOM_l. Hence

[M_1&1] = [M_1eiezepe1&1] = [ereaeoM_1&1] = [ereaeq Miegéy].
Since eq€y = JiegJ1&1 = epéy and es € My, the above projection equals
[616260M162§1] = [616260M1§1] = [816260L2(M1)] Z /\7161606261.

By definition of ey = en we get m(eg) = [M_1£&1] = A lejepeser, completing
the proof of the lemma. O

Proposition 10.4.3. The canonical shift I' is trace preserving.

Proof. We use the same notation as in the proof of the previous lemma. Since
r = y(n{(x)), oy = Jor(-)*Jo and Jo = Jile,22(ar,), for any z € A
we have

#(2) = Jim (o (D() .

If v € M N M; with k < —1 and [ > 1, then v, (I'(2)) = yo(x) € M’ ;N M_y.
Using Lemma 10.4.2 and that Jye;J; = e_;42, we conclude that the above
expression equals

NeJier ... e_x il (x)1e_gyie_k...exJy = Neeyeg ... eprol(x)epyr ... eoer.
Thus
MNereo...eppol(x)epsr...e0e1 = m(x) = A ler ... eqqzeryr ... er. (10.9)

Applying the trace to the left side and using that e;e;11e; = Ae; and I'(z) €
M,’H_2 N Mo we get

MNer(D(z)epgr ... eoereq. .. epi1) = T(I(x)ersr) = M (I (z)).

Similarly applying 7 to the right side of (10.9) we get A7(x), so that 7(I'(z)) =
7(x). O

Remark 10.4.4. If x € M, N M; then multiplying (10.9) by ex1 ...eo from
the left and by eg .. .eg4+1 from the right, we conclude that I'(z) is an element
in My, N M2 such that

k—1
I'z)egr1 = A" 'epq1 ... 1T€41 - . . €11
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Since Mj_, C B(L*(My)) is a factor and egy1 € Mo, the homomorphism
M 5 > a + aepy is faithful. Hence I'(x) is uniquely determined by the
above identity. In particular, the restriction of I" to Up>o(N' N M,) C A is
independent of the choice of the tunnel. Often it is this restriction which is
called the canonical shift.

It follows also that if for some n € Z we consider

. C My C Mgy C...

as the tower and the tunnel for M,, C M, ; and define the corresponding
mirrorings v, and y,+1, then I' = v, 41 0 p. ¢

To compute the entropy of I' we shall use Theorem 10.3.1. We have to
check that its assumptions are satisfied.

To show that {M’' N Ms,}, is a generating sequence for I" we prove the
next general proposition.

Proposition 10.4.5. Let (P,7,0) be a W*-dynamical system, where T is a
normal tracial state. Let { P}, be an increasing sequence of finite dimensional
C*-subalgebras such that o(P,) C P,.1 and P is generated by o*(P,), k € Z,
n € N. Assume there exists a sequence {kn}n of natural numbers such that

K,
(i) ——1asn— oo;
n
(ii) the algebras o™~ (P,), m € N, are mutually T-independent.

Then { P}, is a generating sequence for o.

Recall that we say that Aj,..., A, are 7-independent if they mutually
commute, and
T(a1...an) =7(a1)...7(ay)

for a; € A;.
Proof of Proposition 10.4.5. Since o*(P) ¢ o~ "3(P,) for —[n/2] < k <
[n/2] —1, the algebra U,,c~["/2I(P,) is dense in P. Hence, by the Kolmogorov-
Sinai type theorem, Theorem 3.2.3,

hr(0) = lim h,(P,;0).

Since 0¢(Py) C Py, for any n € N we have
Hy (Py,0(Pg),...,0"(Pr)) < Hr (Pr),

whence 1
hr(Pg; o) <liminf —H,(P,).

n—oo N

On the other hand, since the algebras %~ (P,), m € Z, are independent,
we have
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hy(Py;ofn) = H.(P,).

Hence

kn,
Since — — 1, it follows that
n

1
hr(o) > limsup —H,(P,).

n—oo T

1
Thus the limit lim —H,(P,,) exists and equals h. (o), that is, {P,}, is a gen-
non

erating sequence. O

The proposition implies that {M’ N My, }, is a generating sequence for
the canonical shift I". Indeed, since I"™" (M’ N May) = My, N Ma(pi1)n, We
see that I'"™"(M' N Ma,,) commutes with M’ N My, for any m > 1. Moreover,
since Ma,, is a factor, we have 7(zy) = 7(x)7(y) for any x € M, and y €
Ug (M3,,NMap 4k ). Thus the algebras I'""™(M'NMas,,), m € N, are independent,
and we can apply the previous proposition with k, = n.

Next note that the von Neumann algebra generated by U, (M’ N Ma,) in
the GNS-representation of A, defined by 7 has type Ilj, since already the
von Neumann algebra generated by the projections e,, n > 1, is a II;-factor
by [214, Theorem XIX.3.1].

The generating sequence {M' N Ma,},, satisfies the commuting square
condition, that is,
M' N My, C M/mMQnJ,_Q
U U
MQ/ NnMsy, C Mé N Moy 42

is a commuting square for any n € N. Indeed, the trace preserving conditional
expectation M’ N Moy, 1o — M’ N My, is the restriction of the conditional
expectation Fpp, : Mapio — Ma,. But then we obviously have Eyp, (M5 N
M2n+2) - Mé N M2n-

Next we check that the entropy is finite.
Proposition 10.4.6. We have
h(I") < ht(I') < log[M: NJ.

Proof. If 2 is a finite subset of M'N My, then I'™(£2) C M’ N Map1 k- It follows
that

1
ht(£2; ") < limsup — logrank M’ N Ms,,.
n—oo N

By [214, Proposition XIX.2.8] if p1,...,pn are projections in M’ N My,, with
sum 1, then
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Hence Y, 7(p;) ™' < [Ma,,: M], so by the Cauchy-Schwarz inequality
m:ZT 1/2 12 < [Mgn:M}l/Q.
i=1

Therefore rank M’ N Ma,, < [Ma,: M]'/? = [M:N]", and the proof of the
proposition is complete. a

Finally, the multiplicities for the inclusion M’ N M,,_; C M’ N M, are
bounded by [M: N] (in fact, by [M: N]*/?). To see this let p be a minimal
projection in M'N M, _;. Then g = pe,, is a minimal projection in M’ N M, 11.
Indeed, since e, My 116, = M,,_1€,, we have

en(M'NMy41)en, = (Mey) Neny My 16, = (Men) MM, 16, = (M'NM,,_1)en,

so that (M’ N My41)g = p(M' N M, _1)pe, = Cq. Furthermore, if f is a
projection in M’ N M,, and f < p, then qfq = e fe, = En,_,(f)en # 0.
Therefore if p majorizes a minimal projection f € M’ N M,, then the central
support of f in M’ N M,11 majorizes ¢. In other words, if (a;;); ; and (bjx);k
are the inclusion matrices for M’ N M,,_1 C M’ N M,, and M' N M, C M’ N
M, 41, respectively, ig corresponds p and kg corresponds to g, then b, # 0
as soon as a;,; 7# 0. If {zx}; is the set of minimal central projections in
M’ N M, 1, then denoting by s, the trace of a minimal projection majorized
by 2, we get

7(p) = Y tigbjksk > aig;bine(q) = [M: N aig b, 7(p)-
3.k
It follows that a;,; < [M:N] (in fact, it is known that a;,; = bjk,, so that
Aijgj S [M: N]l/Q).

Since ... C Map_o C My, C ... can be considered as the tower and the
tunnel associated with M_o,, C M_3,42, we conclude that the multiplicities
for the inclusion M’,, N M_s C M’',, N M are bounded by [M: N]?. Since
70(M£ N M2n> = ML2n N M,Q and ’)/Q(M/ N Mgn) = MLZn n M, it follows
that the multiplicities for the inclusion I'(M’ N Ma,_o) C M' N My, are also
bounded by [M: N]2.

We have thus checked that all the assumptions of Theorem 10.3.1 are
satisfied, so we get our first and most general result on the entropy of I'.

Theorem 10.4.7. Let I' be the canonical shift for the inclusion N C M of
I, -factors of finite index. Let R = 7, (US (M’ N May,))”. Then

ho(D) = Tim S Ho (MO May) = %HT(R\F(R))—i- lim —— H, (Z(M' O May,)).

n—oo 7 n—oo 21

O
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Combining this theorem and Proposition 10.4.6 we obtain the following
estimates.

Corollary 10.4.8. We have

%HT(R\F(R)) < b (I') < ht(I") < log[M: N].

O

In particular, if H,(R|I'(R)) = 2log[M: N], then both the topological en-
tropy and the dynamical entropy of I" with respect to 7 are equal to log[M: N].
By [169, Theorem 5.3.1] the condition H,(R|I'(R)) = 2log[M: N] is one of
several equivalent characterizations of extremality of N C M and strong
amenability of the standard invariant of the inclusion. The simplest case when
this condition is satisfied, is that of finite depth inclusions.

A finite index inclusion N C M of II;-factors is said to have finite depth if

supdim Z(M' N M,,) < oco.

Then, by the discussion prior to [214, Proposition XIX.4.19], there exists ng
such that if G denotes the matrix of the inclusion M’ N Ma,, C M’ N Moy, 41,
then the inclusions M’ N Ms,, C M’ N Ma,, 11 and M’ N Moy, 11 C M/ N Moo
are given by the matrices G and G?, respectively, for any n > ng. Moreover,
the matrix GG! is primitive, and if s denotes the vector formed by the values
of the trace on minimal projections in M’ N Ma,,,, then GG's = [M: N]s. We
shall now show that this allows us to compute the entropy without relying on
the deep results of Popa [169].

Recall that a matrix B € Mat,.(R) with nonnegative coefficients is called
primitive if there exists m € N such that B™ has only positive entries. By the
Perron-Frobenius theorem, see e.g. [193, Section 1.1], the spectral radius
of B is an eigenvalue of B, called the Perron-Frobenius eigenvalue, and the
following conditions are satisfied:

(i) there is an eigenvector £ of B with eigenvalue 8 whose coordinates are
all positive; similarly, there is an eigenvector ¢ of B* with eigenvalue 8 and
positive coordinates;

(ii) if ¢ is normalized such that (£,{) = 1 then §7"B™ — P as n — +o0,
where P = (-, ()¢ is the projection onto R¢ along (.

These properties imply NpenB™ (R} ) = Ri&. Indeed, assume 9, € R,
n > 0, are such that ¢g = 87" B™,. Since ( has positive coordinates, there
exists € > 0 such that ||Pd| = (9,¢)[]| = e[| for ¥ € R’,. Then if &’ < ¢
and n is such that |[f7"B™ — P|| < &/, we get [|[67"B"Y| > (¢ — &")||V]]. It
follows that the sequence {9}, is bounded. But then the vectors =" B"4,
become arbitrarily close to Pv,, as n — oco. Hence ¥y € R E£.

Tt follows that & is the unique (up to a scalar factor) eigenvector of B with

nonnegative coordinates. In particular, if B = GG? corresponds to a finite
depth inclusion N C M, then the Perron-Frobenius eigenvalue is [M: NJ.
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Proposition 10.4.9. Let A =1lim A,, be an AF-algebra such that for every n

the inclusion A, C An11 is defined by a fized primitive matriz B. Then there
exists a unique tracial state T on A, and

lim lHT(A,L) = log g,

n—oo n
where (B is the Perron-Frobenius eigenvalue of B.

Proof. Let A, = @j_;Mat,,»(C). A tracial state 7 on A is defined by a
sequence of vectors s € R, n € N, such that Y, simj = 1 and s" = Bs" 1,
Let & be the Perron-Frobenius eigenvector of B normalized by the condition
>k &kmy, = 1. Then we can take s™ = B~"T1¢ and obtain a tracial state on A.
Conversely, given a tracial state 7 on A, we have s" € N, B™ (R’ ). Hence by
the discussion before the formulation of the proposition the vector s” is a
scalar multiple of £ for any n, and the scalar is completely determined by the
condition 7(1) = 1.
Then we have

H.(A)

—kask log sy = kask log(B~"1¢)

(n—1)logf — ZstZ log .-

k=1
Since ), m}sp = 1, dividing by n and letting n — oo we get the result. O

Applying this proposition to A, = M’ N M, for a finite depth inclusion,
we then get

1
lim —H,(M'N Ms,) = log[M: NJ.

n—oo N

We also obviously have

1
lim —H,(Z(M' N May,)) = 0.

n—oo n

Thus combining Proposition 10.4.6 and Theorem 10.4.7 we obtain the follow-
ing result.

Theorem 10.4.10. Let N C M be an inclusion of 11 -factors of finite index
and finite depth. Let R = m. (U (M' N M,,))". Then

SH(R|IT(R)) = ho(I') = ht(I") = log[M: N].

O

Remark that by [214, Corollary XIX.4.9] any inclusion of index < 4 has
finite depth.
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10.5 Shifts on Temperley-Lieb Algebras

Let X be a real number such that A™! € {4 cos® 75 |n > 3}U[4, 00). Consider
the universal C*-algebra A generated by a sequence of projections {e}rez
such that

erepti1er = Aeg, epe; = ejer if |k —j| > 2.

As we saw in the previous section, a representation of this algebra arises
naturally from an inclusion of II;-factors with index A~!. We also saw that
there exists a trace 7 on A such that

T(weg) = At(w) (10.10)

for any k € Z and any w in the algebra generated by projections e; with j < k.
For n > 2 denote by A, the C*-algebra generated by ei,...,e,_1, and set
Ay = A; = Cl1. An easy induction argument shows that

An = Anfl + AnflenflAnfla n > 2.

In particular, the trace is completely determined by (10.10).

The dimension and the trace vectors m™ and s™ of the algebras A,,, n € N,
are described as follows, see §3 of Chapter XIX in [214] for a proof.

If A=1 > 4 then

~ [n/2] n n n n k

where {P,}52 is the sequence of polynomials such that Py = P, = 1,
Pot1(t) = Po(t) —tP,_1(t), n>1.

On the other hand, if A=! = 4 cos? nL_H with n > 3 then for any k£ > 0 the
embeddings A, y2k—1 — Apiokt+1 are given by a fixed primitive matrix with
the Perron-Frobenius eigenvalue A~!.

Denote by 6, the automorphism of A defined by 0 (ex) = ex41.

Theorem 10.5.1. We have:
1
(i) h-(0x) = —3 log \, if A= < 4;

1+v1-4

(ii) hr(0x) =n(a) + (1 — @), where o = 5 )\, if A7l >4,

Proof. The algebras 6" (A,,), m € Z, are mutually 7-independent. By Propo-
sition 10.4.5 it follows that {A,}, is a generating sequence, that is,

ho () = lim ~H,(Ay).

n—oo N

If A=! < 4, then by Proposition 10.4.9
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1
lim —H,(As,) = log A

n—oo N,
Hence h.(0)) = f% log A\. It remains to consider the case A1 > 4.
Assume first that A™! > 4. Set
14++v1—4X 1—+1—4X\
a=—""" and ﬁzl—a:f.

Then using that a8 = A we check that
+1 6n+1
a—038

Since 2" = MNPy, o (A) = A2 =2k (1 — (B/a)?" =2k +1) (1 — B/a) 7L, we see
that the difference

log 52" — log(A*a®"~2F) = log 52" — ((2n — k) log a + klog 3)

is uniformly bounded. Since

H;(As) = Z my"sy" log i and Z mitsit =
the limit of H,(As,)/2n coincides with the limit of

1 n
~% Z mi"si"((2n — k) log a + klog ) = — log a + log < ) Z mi”sin o
k=0
(10.11)
Since s2" = (afB)*(a?n=2k+1 — g2n=2k+1) /(o — ), we have

Zm%nsinQ o ﬁz 2n 2n k:ﬂk:k

k=0 k

n

k
2n k 2n—k
Ea v

Asa>ﬂ,m2"§(") and 4af =4\ < 1,

n n

> il 3 < (@30 () < any ~o.

k= k=0

On the other hand,
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since Yot (2 @21k gE < ol (aB) S0 (P) — 0. Similarly

n

n k " n E—1
li 2n—k pk v __ li 2n—k nk
ninéo];)<k_1>o‘ 5 o ngr;o; k1) e,

2n k 32
1 M 2n—k pk ——
nLH;an( ) o= a

Therefore, since m3" = (gn) - ( o )7

. k k
lim g minsit — = lim g mita’"" kﬂk
n—oo 2n o — ﬁ n—oo

Il
)
HE
<@
VR
=
|
Q\Qw
N—
Il
S

so that from (10.11) we get that

hy(6x) = — log @ + log (a) B = n(a) +n(B).

g

Finally consider the case A~! = 4. Then

n+1
P,(\) = ,
="
whence s3" = 272"(2n — 2k + 1), and
L, 1 & . . "L, onlog(2n — 2k +1)
o H,(As,) = 2—2 "s3" log 53 zlogZ—Zmﬁ 57 —
k=0 k=0
Letting n — oo we get h.(0,,4) = log 2. O

Denote by M the von Neumann subalgebra of m,(A)” generated by e,,
n < —1, and by R the von Neumann subalgebra generated by e,, n > 1.
By [214, Theorem XIX.3.1] both M and R are the hyperfinite IT;-factors, N =
05" (M) C M is a subfactor of index A%, and N C M C 0\(M) = (M, e) is
the basic construction. It follows that the automorphism 63 of 7. (A)"” is (the
extension to the weak operator closure of) the canonical shift associated with
the inclusion N C M.

It is clear that A, ¢ M’ N M, for any n > 0. It can be shown that if
A™! < 4 then A, = M’ N M,,. For A™! < 4 the inclusion N C M has finite
depth, and from Theorem 10.4.10 we again obtain

1 1 1
h(0)) = 5hT(oi) =5 log[M: N] = —5 log .
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On the other hand, if A=! > 4 then it can be shown that already M’'NMj is
different from A; = C1. It is not difficult to check that the generating sequence
{A,}, satisfies the commuting square condition. Hence by Theorem 10.3.1

1
hy(63) = 5 Hr (RIOA(R)).
Therefore H,(R|0x(R)) = 2(n(a) + n(8)). This equality, as well as the en-
tropy h,(6y), can also be obtained from the embedding A < Maty(C)®Z,

k

ex = (L= Nefy @ ebd + Aeby @ eff !t + VAL = N (el @ ebf! + ey @ el ),

where {e};}7,_, are the matrix units in the k-th factor Maty(C). It can be
shown, see [162], that in the GNS-representation of Maty(C)®% corresponding
to the product-state

b =%, sz(g g)

the weak operator closure of A coincides with the centralizer of the state.
Thus 0, is one of the Bernoulli shifts on the hyperfinite factor considered
in Example 3.2.6(ii). Moreover, the von Neumann algebra generated by the
projections e,,, n > 1, coincides with the centralizer of ¥ on 7y (Maty(C)®N)",
In particular, there exists a projection p € R which is mapped onto e}; under
the above embedding, and then

T(p) =a, peOxr(R)NR, pRp=0\(R)p, (1-p)R(1—p)=0x(R)(1-p).

It should be remarked that the projections e,, n < —1, do not generate
the centralizer of ¢ on my(®n<oMata(C))".

10.6 Notes

The notion of relative entropy for subalgebras of a von Neumann algebra
with a normal tracial state was introduced by Connes and Stgrmer [51], who
used it as a tool to prove continuity of mutual entropy. The definition was
extended to arbitrary states by Connes [49]. To see that relative entropy is
relevant for estimates of mutual entropy, observe that for finite dimensional
C*-subalgebras Pi,..., P, and @1,...,Q, of M we have

n

Hy(Pr,.. P) S Hy(Qr.. ., Qu) + > Hy(PLIQr).
k=1

It was Pimsner and Popa [162] who undertook a serious study of this notion
and discovered its connection with Jones’ index of IIi-factors. Sects. 10.1
and 10.2 are almost entirely based on their paper. For some examples of
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computations of relative entropy see [22], [103], [233]. The results of Pimsner
and Popa were extended to type III factors by Hiai [86].

Theorem 10.3.1 was proved by Stgrmer [210] extending results of Cho-
da [40] and Hiai [88]. See [81] for further discussion of generating sequences.

The canonical shift was introduced by Pimsner and Popa [162] and Oc-
neanu [146]. One usually defines the canonical shift a bit differently. As we
remarked after the proof of Lemma 10.4.1, for any n € N the algebras
M_; C M, C Ms,41 form a basic construction. Pimsner and Popa [163]
found an explicit formula for the corresponding Jones projection in Mo, 1.
In other words, they found an explicit representation of Mg, .1 on L?(M,,)
extending the representation of M,, ;1. Using this representation we can define
an antiautomorphism of M’ ; N Ma,, 11, which for the moment we denote by ~/,.
Then one checks that 7/, 507, and 7, 07, agreeon M_; C M,, C Moy 1,

so there exists a well-defined endomorphism of U, (M’ ; N May41). To see that
we get the same endomorphism as the one defined in the present chapter, by
Remark 10.4.4 it suffices to check that v/, = 7, on M’ | N Ma, 1, or even
better, the representation of Ms, 1 on LZ(Mn) alluded to above coincides
with the representation defined as in Lemma 10.4.1. Since these representa-
tions are determined by the images of €41, ..., €2, and v, (€p+x) = €p—r by
construction, we just have to check that v/ (entx) = €n—k for k = 1,...,n.
This is indeed the case, see e.g. [54]. Alternatively one can use the identity in
Remark 10.4.4 and an explicit formula for the canonical shift, see e.g. [23].

The entropy of the shifts on the Temperley-Lieb algebras, Theorem 10.5.1,
was computed by Pimsner and Popa [162] for all A # 1/4. For the case A < 1/4
instead of the elementary but tedious computations presented above they
proved that the shifts are isomorphic to the Bernoulli shifts on the hyperfinite
factor considered in Example 3.2.6(ii); see [191] for a more general result. The
missing case A = 1/4 was treated by Choda [40] and Yin [236]. The latter
paper also contains the computation of the entropy for A < 1/4, which we
used.

For arbitrary subfactors the study of entropic properties of the canonical
shift was initiated by Choda [41]. In particular, she obtained the inequalities
from Corollary 10.4.8 and computed the entropy in the case of a finite depth
subfactor, Theorem 10.4.10. The most general result, Theorem 10.4.7, was
proved by Hiai [88]. For similar results in the type III case see [48], [87].
An argument similar to the proof of Proposition 10.4.5 appeared already in
the paper of Connes and Stgrmer [51] and had been used by several authors
until it was formalized by Choda [40], [41]. Proposition 10.4.9 was discovered
by so many people that it should probably be considered a folklore. It was
successfully applied by Choda [40], [41] to a number of models.
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