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Relative Entropy and Subfactors

Conditional entropy is, as we saw in Chap. 1, an important concept in the
classical theory. In the noncommutative case it was introduced under the name
of relative entropy as a tool to take care of approximation of entropy. We
shall in the present chapter develop the theory of relative entropy and show
its relationship to subfactors of II1-factors. Then we shall show a formula
analogous to the classical formula h(T ) = H(ξ|ξ−). Finally we shall give
applications to the canonical shift on the tower of relative commutants defined
by an inclusion of II1-factors and for shifts on the Jones projections.

10.1 Relative Entropy

Let M be a von Neumann algebra, ϕ a normal state on M , P and Q von
Neumann subalgebras of M .

Definition 10.1.1. The relative entropy of P and Q with respect to ϕ is

Hϕ(P |Q) = sup
∑
i

(S(ϕi|P , ϕ|P )− S(ϕi|Q, ϕ|Q)),

where the supremum is taken over all finite decompositions ϕ =
∑
i ϕi of ϕ

into a sum of positive linear functionals.

Note that if ϕ = τ is a trace, which is the case we are mainly interested
in, any ψ ≤ τ has the form ψ = τ(·x). Hence by Theorem 2.3.1(x) the relative
entropy can be written as

Hτ (P |Q) = sup
∑
i

(τ(η(EQ(xi)))− τ(η(EP (xi)))), (10.1)

where the supremum is taken over all finite partitions of unity 1 =
∑
i xi inM ,

and EP and EQ are the τ -preserving conditional expectations on P and Q,
respectively. One often suppresses τ in the notation for relative entropy.

The main properties of relative entropy are as follows.
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Theorem 10.1.2. We have:
(i) Hϕ(P |Q) ≥ 0, and if ϕ is a faithful tracial state then Hϕ(P |Q) = 0 if and
only if P ⊂ Q;
(ii) Hϕ(P |R) ≤ Hϕ(P |Q) +Hϕ(Q|R);
(iii)Hϕ(P |Q) is increasing in P and decreasing in Q;
(iv) if Q ⊂ P and there is a ϕ-preserving faithful normal conditional expecta-
tion E:P → Q, then

Hϕ(P |Q) = sup
∑
i

S(ϕi|P , ϕi ◦ E),

where the supremum is taken over all finite decompositions ϕ =
∑
i ϕi.

Proof. Taking the trivial decomposition ϕ = ϕ we see that Hϕ(P |Q) ≥ 0.
If P ⊂ Q then Hϕ(P |Q) = 0 by monotonicity of relative entropy S, Theo-
rem 2.3.1(vi). Let now ϕ = τ be a faithful tracial state. If P is not a subset
of Q, there exists a projection e ∈ P such that e /∈ Q. Then by (10.1)

Hτ (P |Q) ≥ τ(η(EQ(e))) + τ(η(EQ(1− e))).

The element EQ(e) is not a projection (this follows e.g. by A.13, as if EQ(e)
is a projection then e ≤ s(EQ(e)) = EQ(e), where s(a) is the support of a
self-adjoint element a, and hence e = EQ(e) by faithfulness of EQ). Therefore
τ(η(EQ(e))) > 0 and similarly τ(η(EQ(1− e))) > 0. This completes the proof
of (i).

Part (ii) is immediate from the definition of Hϕ(P |Q). Part (iii) follows
from monotonicity of relative entropy S, while part (iv) follows from Theo-
rem 2.3.1(vii). ut

Let us show next that relative entropy coincides with conditional entropy
in the abelian case. So let M = L∞(X,µ), ξ and ζ be measurable partitions
of X such that ξ is finite, P = L∞(X/ξ) and Q = L∞(X/ζ). We want to show
that

Hτ (P |Q) = Hµ(ξ|ζ).

If p1, . . . , pn are the atoms of P , by (10.1) we have

Hτ (P |Q) ≥
∑
i

τ(η(EQ(pi))).

The latter expression is exactly Hµ(ξ|ζ). Thus Hτ (P |Q) ≥ Hµ(ξ|ζ). It suffices
to prove the opposite inequality for finite ζ. Indeed, if {ζn}n is an increasing
sequence of finite measurable partitions such that ∨nζn = ζ then

Hτ (P |L∞(X/ζn)) ≥ Hτ (P |Q) ≥ Hµ(ξ|ζ),

and Hµ(ξ|ζn) ↘ Hµ(ξ|ζ) by the martingale convergence theorem. Thus if
Hτ (P |L∞(X/ζn)) = Hµ(ξ|ζn), we conclude that Hτ (P |Q) = Hµ(ξ|ζ).
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So assume ζ is finite. Then

Hτ (P |Q) ≤ Hτ (P ∨Q|Q) and Hµ(ξ|ζ) = Hµ(ξ ∨ ζ|ζ).

It follows that to prove the inequality Hτ (P |Q) ≤ Hµ(ξ|ζ) we may assume
that ζ ≺ ξ, so Q ⊂ P . In this case it is enough to consider partitions of unity
in P . Then part (iv) of Theorem 10.1.2 and convexity of relative entropy of
positive functionals, Corollary 2.3.2, show that it suffices to consider partitions
1 =

∑
i xi such that each xi is a scalar multiple of a minimal projection in P .

Since S(λψ, λϕ) = λS(ψ,ϕ), we then see that this is the same as to consider
one partition 1 =

∑
i pi, where p1, . . . , pn are the minimal projections in P .

But then clearly Hτ (P |Q) = Hµ(ξ|ζ).
Next we want to show that in some cases the computation of relative

entropy can be reduced to the finite dimensional case. For this we need the
following notion. If P , Q, R are von Neumann subalgebras of a von Neumann
algebra M , and EP :M → P , EQ:M → Q, ER:M → R are conditional
expectations, then we say that

P ⊂ M
∪ ∪
R ⊂ Q

is a commuting square if ER = EQ◦EP = EP ◦EQ. Equivalently, R = P∩Q
and EQ(P ) ⊂ R, EP (Q) ⊂ R.

Remark that if the conditional expectations preserve a faithful normal
state ϕ, then is suffices to check that, say, ER = EQ◦EP . Indeed, ifM ⊂ B(H)
and the state ϕ is defined by a cyclic and separating vector ξ ∈ H, then
ER(x)ξ = eRxξ for x ∈ M , where eR ∈ B(H) is the projection onto Rξ.
Then ER = EQ ◦ EP implies that eR = eQeP . But then eR = eP eQ, and so
ER = EP ◦ EQ.

Proposition 10.1.3. Let M be a von Neumann algebra with a faithful nor-
mal state ϕ, N a von Neumann subalgebra. Suppose {Mn}n and {Nn}n are
increasing sequences of von Neumann subalgebras of M such that Nn ⊂ Mn,
M = (∪nMn)′′ and N = (∪nNn)′′. Suppose there exist ϕ-preserving condi-
tional expectations EMn :M →Mn and ENn :M → Nn such that

Mn ⊂ Mn+1

∪ ∪
Nn ⊂ Nn+1

is a commuting square for every n. Then Hϕ(M |N) = limnHϕ(Mn|Nn).

Proof. If ψ ≤ ϕ then S(ψ|Mn
, ϕ|Mn

) ↗ S(ψ,ϕ) by Corollary 2.3.5, and a
similar convergence holds for Nn and N . This implies that

Hϕ(M |N) ≤ lim inf
n

Hϕ(Mn|Nn).
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Since ENn+1 ◦ EMn
= ENn

for all n, we have

ENn+k+1 ◦ EMn = ENn+k+1 ◦ EMn+k
◦ EMn = ENn+k

◦ EMn ,

so by induction ENn+k
◦EMn

= ENn
for all k ∈ N. Next note that {ENn

}n con-
verges in the pointwise strong operator topology to a ϕ-preserving conditional
expectation EN :M → N . It follows that for any n

Mn ⊂ M
∪ ∪
Nn ⊂ N

is a commuting square. In other words, EN |Mn
= ENn

|Mn
. Hence for any

positive linear functional ψ we have

S(ψ,ψ ◦ EN ) ≥ S(ψ|Mn
, ψ ◦ EN |Mn

) = S(ψ|Mn
, ψ ◦ ENn

|Mn
).

By Theorem 10.1.2(iv) it follows that Hϕ(M |N) ≥ Hϕ(Mn|Nn), which com-
pletes the proof. ut

From now onwards we shall only consider tracial states, and our next
goal is to compute the relative entropy Hτ (M |N) when N ⊂ M are finite
dimensional (and τ is a trace on M).

Let Z(M) and Z(N) be the centers of M and N , respectively,

M =
m
⊕
l=1

Ml, N =
n
⊕
k=1

Nk,

where Ml
∼= Matml

(C) and Nk ∼= Matnk
(C). Let wl and zk be the central

projections in M and N such that Ml = Mwl and Nk = Nzk. Let akl be the
multiplicity of Nkwl in Ml. Thus if tl denotes the trace of a minimal projection
in Ml and sk that of a minimal projection in Nk,

τ(wl) = mltl =
∑
k

nkakltl and τ(zk) = nksk =
∑
l

nkakltl.

Theorem 10.1.4. With the above notation the relative entropy Hτ (M |N) is

(2Hτ (M)−Hτ (Z(M)))− (2Hτ (N)−Hτ (Z(N))) +
∑
k,l

nkakltl log ckl,

where ckl = min
{
nk
akl

, 1
}

.

In particular, if M is abelian we have

Hτ (M |N) = Hτ (M)−Hτ (N),

which we already know, and if M = Matm(C) and N = Matn(C) then
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Hτ (M |N) = 2 logm− 2 log n+ log min
{
n2

m
, 1
}

= min
{

logm, 2 log
m

n

}
.

A straightforward computation of the formula in the theorem shows that
it is equivalent to the formula

Hτ (M |N) = −
∑
l

mltl log tl +
∑
l

mltl logml +
∑
k

nksk log sk

−
∑
k

nksk log nk +
∑
k,l

nkakltl log ckl. (10.2)

Note that if τ =
∑
i λiϕi is a decomposition of τ into a convex combination

of states, then∑
i

S(λiϕi, τ) = S(τ)−
∑
i

λiS(ϕi)−
∑
i

η(λi),

and we have a similar expression for
∑
i S(λiϕi|N , τ |N ). It follows that

Hτ (M |N) = sup

{
Hτ (M)−Hτ (N) +

∑
i

λi(S(ϕi|N )− S(ϕi))

}
, (10.3)

where the supremum is taken over all decompositions τ =
∑
i λiϕi of τ into a

convex combination of states. This is the expression we shall use in the proof
of the theorem. Note also that instead of finite convex decompositions we can
use integral decompositions of τ .

Proof of Theorem 10.1.4. We first show that the left side is majorized by
the right side in equation (10.2). Consider an integral decomposition τ =∫
X
ϕxdµ(x). By (10.3) we have to estimate

Hτ (M)−Hτ (N) +
∫
X

(S(ϕx|N )− S(ϕx))dµ(x). (10.4)

By Theorem 2.2.2(ii) we have

S(ϕx|N ) =
∑
k

S(ϕx|Nzk
) ≤

∑
k,l

S(ϕx|Nzkwl
).

For fixed k and l consider the state ψ = ϕx(zkwl)−1ϕx on zkMwlzk. By
Theorem 2.2.2(i) we have

S(ψ|Nzkwl
)− S(ψ) ≤ S(ψ|Nzkwl

) ≤ log nk.

On the other hand, since zkMwlzk ∼= Nzkwl⊗Matakl
(C), by Theorem 2.2.2(vi)

we have
S(ψ|Nzkwl

)− S(ψ) ≤ log akl.
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Using S(λψ) = λS(ψ) + η(λ) with λ = ϕx(zkwl), we therefore get

S(ϕx|Nzkwl
)− S(ϕx|zkMwlzk

) ≤ ϕx(zkwl) log min{nk, akl}.

Finally, from Lemma 2.2.4 applied to the state ϕx(wl)−1ϕx onMwl, we obtain∑
k

S(ϕx|zkMwlzk
)− S(ϕx|Mwl

) ≤ ϕx(wl)
∑
k

η

(
ϕx(zkwl)
ϕx(wl)

)
.

Thus, since
∑
l S(ϕx|Mwl

) = S(ϕx), the integral in (10.4) is estimated from
above by∑
k,l

∫
X

ϕx(zkwl) log(min{nk, akl})dµ(x)+
∑
k,l

∫
X

ϕx(wl)η
(
ϕx(zkwl)
ϕx(wl)

)
dµ(x).

Since
∫
X
ϕxdµ(x) = τ and τ(zkwl) = nkakltl, the first summand in the above

expression is equal to ∑
k,l

nkakltl log min{nk, akl}.

On the other hand, using concavity of η and that τ(wl) = mltl, we can
estimate the second summand by

mltl

∫
X

ϕx(wl)
mltl

η

(
ϕx(zkwl)
ϕx(wl)

)
dµ(x) ≤ mltlη

(∫
X

ϕx(wl)
mltl

ϕx(zkwl)
ϕx(wl)

dµ(x)
)

= mltlη

(
nkakltl
mltl

)
= −tlnkakl log

nkakl
ml

.

Thus we estimate (10.4) by

Hτ (M)−Hτ (N) +
∑
k,l

nkakltl log(min{akl, nk})−
∑
k,l

nkakltl log
nkakl
ml

= Hτ (M)−Hτ (N) +
∑
k,l

nkakltl log ckl +
∑
k,l

nkakltl log akl

−
∑
k,l

nkakltl(log akl + log nk − logml)

= Hτ (M)−Hτ (N) +
∑
k,l

nkakltl log ckl

−
∑
k

nksk log nk +
∑
l

mltl logml,

where we used that sk =
∑
l akltl and ml =

∑
k nkakl. Since
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Hτ (M) = −
∑
l

mltl log tl and Hτ (N) =
∑
k

nksk log sk,

we have shown that the left side of equation (10.2) is majorized by the right
side.

In order to prove the opposite inequality choose a pure state ϕl of Mwl
such that

ϕl(zkwl) =
nkakl
ml

,

ϕl|Nzkwl
is a trace if nk < akl,

ϕl|(N ′TM)zkwl
is a trace if nk ≥ akl.

Explicitly ϕl can be constructed as follows. Identify `ml
2 with ⊕k(`nk

2 ⊗ `akl
2 ),

and let {ei}i∈N denote the standard basis in `2. Put

ξl =
⊕
k

(
nkakl

min{nk, akl}ml

)1/2 min{nk,akl}∑
i=1

ei ⊗ ei.

Then let ϕl = ωξl
be the vector state defined by ξl.

LetKl denote the subalgebra of ⊕kzkMwlzk ⊂Mwl consisting of elements
⊕kxk such that xk ∈ Nzkwl if nk < akl, and xk ∈ (N ′ ∩M)zkwl if nk ≥ akl.
Then ϕl is a pure state on Mwl such that its restriction to Kl coincides with
the restriction of the unique tracial state τl on Mwl to Kl. Furthermore, the
map El:Mwl → Kl defined by

El(x) =
∫
U(K′l∩Mwl)

(Adu)(x)dµl(u),

where µl is the normalized Haar measure on the unitary group U(K ′
l ∩Mwl)

of K ′
l ∩Mwl, is a τl-preserving conditional expectation. It follows that

τ =
∑
l

mltl

∫
U(K′l∩Mwl)

ϕl ◦Adu dµl(u).

Thus by (10.3)

Hτ (M |N) ≥ Hτ (M)−Hτ (N) +
∑
k,l

mltlS(ϕl|Nzkwl
). (10.5)

The restricition of ϕl to zkMwlzk is a scalar multiple of a pure state. Hence
by Lemma 2.2.3(i)

S

(
ml

nkakl
ϕl|Nzkwl

)
= S

(
ml

nkakl
ϕl|(N ′∩M)zkwl

)
= log min{nk, akl},

whence
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S(ϕl|Nzkwl
) =

nkakl
ml

(log ckl + log akl)−
nkakl
ml

log
nkakl
ml

.

Thus the right side of (10.5) equals

Hτ (M)−Hτ (N) +
∑
k,l

nkakltl(log ckl + log akl)−
∑
k,l

nkakltl log
nkakl
ml

,

which is exactly what we need. ut

10.2 Index of Subfactors

Our goal in this section is to show that relative entropy is related to index of
subfactors. We shall briefly recall some basic facts of the latter theory referring
the reader to [214, Chapter XIX] for more details.

Let M be a II1-factor with trace τ . If M acts on a Hilbert space H then H
can be embedded into L2(M)⊗K for a sufficiently large Hilbert space K. Let
p ∈ (M ⊗ C1)′ = M ′⊗̄B(K) be the projection onto H. Then the dimension
of H relative to M is defined by

dimM (H) = (τ ′ ⊗ Tr)(p),

where τ ′ is the unique tracial state on M ′ ⊂ B(L2(M)) and Tr is the canonical
trace on B(K). The dimension can take any value in (0,+∞], and if H is
countably generated in the sense that it is a direct sum of at most countably
many cyclic subspaces for M , then dimM (H) is a complete invariant of the
unitary equivalence class of the representation M → B(H).

The dimension dimM (H) is finite if and only if the commutant M ′ of M
in B(H) is a II1-factor. In the latter case

dimM (H) =
τ([M ′ξ])
τ ′([Mξ])

, (10.6)

where ξ ∈ H is any nonzero vector, τ ′ is the unique tracial state on M ′ ⊂
B(H), and [Mξ] denotes the projection onto the subspace Mξ.

If N is a subfactor of M , the index of N in M is

[M :N ] = dimN (L2(M)).

If M acts on H then dimN (H) = [M :N ] dimM (H). It follows that if N ⊂
M ⊂ L then [L:N ] = [L:M ][M :N ]. It follows also that if [M :N ] <∞ and N
is represented on H then this representation extends to a representation of M
on H. Indeed, decomposing H into a direct sum of cyclic subspaces we may as-
sume that dimN (H) ≤ 1. Choose a representation of M on a Hilbert space H ′

such that dimM (H ′) = [M :N ]−1 dimN (H). Then dimN (H ′) = dimN (H).
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Hence the representations of N on H and H ′ are equivalent. Since the rep-
resentation of N on H ′ extends to a representation of M , the same is true
for H.

Using Proposition 10.1.3 and Theorem 10.1.4 it is easy to check that if R
is the hyperfinite II1-factor then

Hτ (R⊗Matn(C)|R⊗ 1) = 2 log n.

On the other hand, [R ⊗ Matn(C):R ⊗ 1] = n2. So we see that in this case
the relative entropy is the logarithm of the index. This is a particular case of
a far more general result. For simplicity of the presentation we stick to the
irreducible case, that is, when N ′ ∩M = C1.

Theorem 10.2.1. Let N ⊂ M be II1-factors such that [M :N ] < ∞ and
N ′ ∩M = C1. Then

Hτ (M |N) = log[M :N ].

To prove this theorem we need two properties of finite index subfactors.
The first one is the Pimsner-Popa inequality stating that

EN (x) ≥ [M :N ]−1x for any x ∈M+,

where EN :M → N is the trace preserving conditional expectation, see [214,
Theorem XIX.4.14].

Proposition 10.2.2. If N ⊂M is a finite index subfactor, then

Hτ (M |N) ≤ log[M :N ].

Proof. Let λ = [M :N ]−1. Then by the Pimsner-Popa inequality ϕ ◦EN ≥ λϕ
for any positive linear functional ϕ on M . Since the relative entropy S is
decreasing in the second variable, Theorem 2.3.1(iii), we then have

S(ϕ,ϕ ◦ EN ) ≤ S(ϕ, λϕ) = −ϕ(1) log λ.

By Theorem 10.1.2(iv) it follows that Hτ (M |N) ≤ − log λ = log[M :N ]. ut

The second property of subfactors which we need, is existence of special
projections.

Lemma 10.2.3. If N ⊂M is a finite index subfactor then there exists a pro-
jection q ∈M such that EN (q) = [M :N ]−11. Moreover, any other projection
with this property is of the form vqv∗, where v is a unitary in N .

Proof. See [214, Theorem XIX.4.12]. The existence will also essentially be
shown in Lemma 10.4.1 below. ut

Proof of Theorem 10.2.1. Let λ = [M :N ]−1 and q be the projection from
Lemma 10.2.3. The idea of the proof is to consider the state ϕ = λ−1τ(· q)
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and the decomposition τ =
∫
U(N)

ϕ ◦ Adu du, which formally holds because
of EN ′∩M (q) = λ1. For II1-factors the above decomposition does not make
sense, but it is still possible to get an approximate version of it.

Let x = q − λ1. Then τ(x) = 0. Let

Kx = conv{vxv∗: v ∈ U(N)},

where the closure is in the weak operator topology. Then Kx is a convex w-
compact set in M , and τ(y) = 0 for all y ∈ Kx. The weak operator closure of
a bounded convex set coincides with the closure with respect to the L2-norm.
Thus there exists a unique y0 ∈ Kx such that

‖y0‖2 = inf{‖y‖2: y ∈ Kx}.

But vy0v∗ ∈ Kx for all v ∈ U(N), and ‖vy0v∗‖2 = ‖y0‖2, so that vy0v∗ = y0,
i.e., y0 ∈ N ′ ∩M . Since N ′ ∩M = C1, it follows that y0 is a scalar, so y0 = 0.
Hence for any fixed ε > 0 there are unitaries v1, . . . , vn ∈ N such that∥∥∥∥∥ 1

n

n∑
i=1

viqv
∗
i − λ1

∥∥∥∥∥
2

< ε2λ.

Let y = (λn)−1
∑
i viqv

∗
i . Then 0 ≤ y ≤ λ−11 and

‖y − 1‖2 ≤ ε2.

Let p be the spectral projection of y corresponding to the interval [0, 1 + ε].
Set

xi = ((1 + ε)λn)−1viqv
∗
i ∧ p.

Then
∑
i xi ≤ ((1 + ε)λn)−1

∑
i pviqv

∗
i p = (1 + ε)−1yp ≤ 1. Hence

Hτ (M |N) ≥
∑
i

τ(η(EN (xi))−η(xi)) = ((1+ε)λn)−1
∑
i

τ(η(EN (viqv∗i ∧p))).

Using operator monotonicity of log as in the proof of Theorem 2.2.2(ii), we
get τ(η(e+ f)) ≤ τ(η(e)) + τ(η(f)) for any positive e and f . Hence

τ(η(EN (viqv∗i ∧ p))) ≥ τ(η(EN (viqv∗i )))− τ(η(EN (viqv∗i − viqv
∗
i ∧ p)))

≥ η(λ)− η(τ(viqv∗i − viqv
∗
i ∧ p)),

where in the second inequality we used that EN (q) = λ1 and that η ◦τ ≥ τ ◦η
by concavity of η. Thus

Hτ (M |N) ≥ −(1+ε)−1 log λ−((1+ε)λn)−1
∑
i

η(τ(viqv∗i −viqv∗i ∧p)). (10.7)

Now recall that τ(e ∨ f) − τ(f) = τ(e) − τ(e ∧ f) for any projections e
and f . Hence
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τ(viqv∗i − viqv
∗
i ∧ p) ≤ 1− τ(p).

Since y(1− p) ≥ (1 + ε)(1− p), we have

‖y − 1‖22 ≥ τ((y − 1)2(1− p)) ≥ ε2τ(1− p),

so that 1− τ(p) ≤ ε−2‖y − 1‖22 ≤ ε2. Thus

τ(viqv∗i − viqv
∗
i ∧ p) ≤ ε2.

Since η is increasing on [0, e−1], for ε small enough we obtain

η(τ(viqv∗i − viqv
∗
i ∧ p)) ≤ η(ε2).

From (10.7) we then get

Hτ (M |N) ≥ −(1 + ε)−1 log λ− ((1 + ε)λ)−1η(ε2).

Letting ε→ 0 we conclude that Hτ (M |N) ≥ − log λ = log[M :N ]. The oppo-
site inequality follows from Proposition 10.2.2. ut

Remark 10.2.4. What we actually used in the proof is not the irreducibility
N ′ ∩M = C1, but that EN ′∩M (q) is a scalar. Subfactors satisfying the latter
condition are called extremal, and in fact the equalityHτ (M |N) = log[M :N ]
holds if and only if N ⊂M is extremal [162, Corollary 4.5].

Note that if [M :N ] < 4 then automatically N ′ ∩ M = C1, see [214,
Corollary XIX.2.10]. Recall also that the possible values of the index is the
set {4 cos2 π/n |n ≥ 3} ∪ [4,+∞], see [214, Theorem XIX.2.22].

Finally note that with some extra work the above theorem can be extended
to arbitrary subfactors [162, Theorem 4.5]. In that case Hτ (M |N) = ∞ when-
ever N ′ ∩M has a diffuse part. If N ′ ∩M is atomic, and {fk}k are minimal
projections in N ′ ∩M with sum 1, then

Hτ (M |N) = 2
∑
k

η(τ(fk)) +
∑
k

τ(fk) log[fkMfk: fkNfk].

�

10.3 Generators and Relative Entropy

In this section we shall prove an analogue of the formula h(T ) = H(ξ|ξ−),
see (1.3) and Theorem 1.1.4.

Before we state the main result we introduce some notation. Let (M, τ, α)
be a W∗-dynamical system, where τ is a faithful normal trace. Let {An}∞n=1

be an increasing sequence of finite dimensional C∗-subalgebras of M .
We say that {An}∞n=1 is a generating sequence for α if
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(i) α(An) ⊂ An+1, n ∈ N;
(ii) the von Neumann subalgebra generated by αk(An), k ∈ Z, n ∈ N, coin-
cides with M ;

(iii)hτ (α) = lim
n→∞

1
n
Hτ (An).

We say {An}n satisfies the commuting square condition if

An+1 ⊂ An+2

∪ ∪
α(An) ⊂ α(An+1)

is a commuting square with respect to the τ -preserving conditional expecta-
tions for every n ∈ N. Remark that if M is abelian and An = ∨n−1

k=0α
k(A1),

then this condition is satisfied if and only if A1 corresponds to the generating
partition of a Markov process.

Write An in the form
An = ⊕

l∈Kn

Mn
k ,

where Mn
k
∼= Matmn

k
(C). Let (ankl)k∈Kn−1,l∈Kn

be the inclusion matrix for
α(An−1) ⊂ An. Denote by Z(An) the center of An.

Theorem 10.3.1. Let (M, τ, α) be a W∗-dynamical system, where τ is a faith-
ful normal trace and M is of type II1. Suppose {An}∞n=1 is a generating se-
quence for α satisfying the commuting square condition. Assume also that

hτ (α) <∞ and sup
n,k,l

ankl
mn−1
k

<∞.

Then the limit lim
n→∞

1
n
Hτ (Z(An)) exists, and with R = (∪nAn)′′ we have

hτ (α) =
1
2
Hτ (R|α(R)) +

1
2

lim
n→∞

1
n
Hτ (Z(An)).

If we combine this theorem with Theorem 10.2.1, we immediately obtain
the following corollary.

Corollary 10.3.2. If we in the above theorem add the assumptions that
α(R)′ ∩R = C1 and limn

1
nHτ (Z(An)) = 0, then hτ (α) = 1

2 log[R:α(R)]. ut

To prove the theorem we need some preparation.

Lemma 10.3.3. Fix r > 0. Let fn be the central projection in An such that
Anfn = ⊕mn

k≤rM
n
k . Then {fn}n is a decreasing sequence converging strongly

to zero.
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Proof. First note that R = (∪nAn)′′ is of type II1. Indeed, let z be the central
projection in R corresponding to the sum of the type Ik components of R with
k ≤ r, and assume z 6= 0. Since α(R) ⊂ R, and type II and type Ik algebras
can not be embedded into a type Il algebra with l < k, we have z ≤ α(z). As
τ is α-invariant and faithful, it follows that z = α(z). The maximal number of
mutually equivalent orthogonal projections in Rz is not larger than r. By the
definition of a generating sequence, the sequence {α−n(R)}∞n=1 is increasing
with union dense in M . Since z = α−n(z) is central in each α−n(R), the
projection z is central in M , and the maximal number of mutually equivalent
orthogonal projections in Mz is not larger than r. In other words, Mz is a sum
of type Ik algebras with k ≤ r. But this contradicts our assumption on M .

Since a type Ik algebra can not be embedded into a type Il algebra with
l < k, it is clear that {fn}n is a decreasing sequence. Let f be its strong
limit. Since fn is central in An, the projection f is central in R. Then Rf =
(∪nAnf)′′, which by the same argument as above contradicts the fact that R
is of type II1 unless f = 0. ut

Denote by tnk the trace of a minimal projection in Mn
k ⊂ An. Since

Hτ (An−1) = Hτ (α(An−1)) and Hτ (Z(An−1)) = Hτ (Z(α(An−1))), by The-
orem 10.1.4 we have

Hτ (An|α(An−1)) = (2Hτ (An)−Hτ (Z(An)))− (2Hτ (An−1)−Hτ (Z(An−1)))

+
∑
k,l

mn−1
k anklt

n
l log cnkl, (10.8)

where cnkl = min{mn−1
k /ankl, 1}.

Lemma 10.3.4. Suppose

C = sup
N

1
N

N∑
n=2

∑
k,l

mn−1
k anklt

n
l log ankl <∞.

Then

lim
N→∞

1
N

N∑
n=2

∑
k,l

mn−1
k anklt

n
l log cnkl = 0.

Proof. Since by assumption of the theorem there is c > 0 such that c ≤ cnkl ≤ 1
for all k, l and n, it suffices to prove that

lim
N

1
N

N∑
n=2

∑
k,l:an

kl>m
n−1
k

mn−1
k anklt

n
l = 0.

Fix r > 0. Let fn be as in Lemma 10.3.3. Then

1
N

N∑
n=2

∑
k,l:mn−1

k ≤r

mn−1
k anklt

n
l =

1
N

N∑
n=2

∑
k:mn−1

k ≤r

mn−1
k tn−1

k =
1
N

N∑
n=2

τ(fn−1),
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and the latter expression tends to zero by Lemma 10.3.3. On the other hand,

1
N

N∑
n=2

∑
k,l:an

kl>m
n−1
k >r

mn−1
k anklt

n
l ≤ (log r)−1 1

N

N∑
n=2

∑
k,l

mn−1
k anklt

n
l log ankl

≤ C(log r)−1.

Since we can take an arbitrary large r, this proves the lemma. ut

Proof of Theorem 10.3.1. Let us check that the assumption of the previous
lemma is satisfied. Since

∑
km

n−1
k ankl = mn

l and
∑
l a
n
klt

n
l = tn−1

l , we have∑
k,l

mn−1
k anklt

n
l log ankl ≤

∑
k,l

mn−1
k anklt

n
l log

mn
l

mn−1
k

=
∑
l

mn
l t
n
l logmn

l −
∑
k

mn−1
k tn−1

k logmn−1
k

= Hτ (An)−Hτ (Z(An))−Hτ (An−1) +Hτ (Z(An−1)).

Hence, with A0 = C1,

1
N

N∑
n=1

∑
k,l

mn−1
k anklt

n
l log ankl ≤

1
N
Hτ (AN )− 1

N
Hτ (Z(AN )) ≤ 1

N
Hτ (AN ).

Since the sequence { 1
NHτ (AN )}N is bounded by assumption of the theorem,

it follows that the assumption of Lemma 10.3.4 is satisfied. Hence if we put
Cn =

∑
k,lm

n−1
k anklt

n
l log cnkl, we get

1
N

N∑
n=1

Cn → 0.

By equation (10.8) we have

1
N

N∑
n=1

Hτ (An|α(An−1)) =
2
N
Hτ (AN )− 1

N
Hτ (Z(AN )) +

1
N

N∑
n=1

Cn.

Since {An}n satisfies the commuting square condition, by Proposition 10.1.3

Hτ (An|α(An−1)) → Hτ (R|α(R)).

Since 1
NHτ (AN ) → hτ (α) by assumption, it follows that limN

1
NHτ (Z(AN ))

exists and
Hτ (R|α(R)) = 2hτ (α)− lim

N

1
N
Hτ (Z(AN )).

Thus
hτ (α) =

1
2
Hτ (R|α(R)) +

1
2

lim
N

1
N
Hτ (Z(AN )).

ut
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10.4 The Canonical Shift

In the present section we shall apply the results of the preceding sections to
an interesting automorphism, called the canonical shift, defined on the tower
of relative commutants associated with an inclusion N ⊂ M of II1-factors of
finite index.

In order to introduce it we need a few more facts from index theory, again
see [214, Chapter XIX] for more details. Let τ be the trace on M , ξ ∈ L2(M)
the cyclic vector defining τ . Denote by eN the projection onto Nξ, and by
M1 = 〈M, eN 〉 the von Neumann subalgebra of B(L2(M)) generated by M
and eN . Since eNxeN = EN (x)eN = eNEN (x) for x ∈ M , we have {eN}′ ∩
M = N . In other words, N ′ is generated by M ′ and eN . So if we denote by J
the modular conjugation defined by τ , Jxξ = x∗ξ, so that JMJ = M ′ and
JeNJ = eN , then JM1J = N ′. It follows that M1 is a II1-factor and

dimM1(L
2(M)) = dimN ′(L2(M)) =

1
dimN (L2(M))

=
1

[M :N ]
,

where the second equality follows from (10.6). Hence [M1:M ] = [M :N ].
Furthermore, by (10.6) the unique tracial state τ ′ on N ′ has the property
τ ′(eN ) = [M :N ]−1. The unique tracial state on M1, which we again denote
by τ , is such that τ(x) = τ ′(Jx∗J). Hence τ(eN ) = [M :N ]−1. Since N is a
factor, τ(ab) = τ(a)τ(b) for a ∈ N and b ∈ N ′ ∩M1. Hence, for x ∈M ,

τ(xEM (eN )) = τ(xeN ) = τ(EN (x)eN ) = τ(EN (x))τ(eN ) = [M :N ]−1τ(x),

so we also have EM (eN ) = [M :N ]−11, where EM :M1 → M is the trace
preserving conditional expectation.

Thus starting with a finite index inclusion N ⊂ M we construct a II1-
factor M1 and a projection eN ∈ M1 such that [M1:M ] = [M :N ], M1 =
〈M, eN 〉, N = {eN}′ ∩M and EM (eN ) = [M :N ]−11. This is called the basic
construction. Iterating it we get the Jones tower of II1-factors

M−1 = N ⊂M0 = M ⊂M1 ⊂ . . . ⊂Mk ⊂ . . .

and projections ek ∈Mk+1 such that Mk+1 = 〈Mk, ek〉, k ≥ 0, e0 = eN .
There is also a downward construction. So there exists a projection e−1

and a subfactor N−1 ⊂ N such that

N−1 ⊂ N ⊂ 〈N, e−1〉 = M

is the basic construction. Since EN (e−1) = [M :N ]−11, by Lemma 10.2.3 the
projection e−1 is defined up to conjugation by a unitary in N . Since N−1 =
{e−1}′ ∩N , the subfactor N−1 is also defined up to conjugation by a unitary
in N . Denoting N−1 by M−2 and iterating the downward construction we get
a tunnel

. . . ⊂M−k ⊂ . . . ⊂M−1 ⊂M0
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and projections e−k ∈M−k+1, k ≥ 1.
Using that ekxek = ekEMk−1(x) = EMk−1(x)ek for x ∈Mk and EMk

(ek) =
[M : N ]−11 one then checks that the projections ek, k ∈ Z, satisfy the relations

ekek±1ek = [M :N ]−1ek, ekej = ejek if |k − j| ≥ 2.

Since [Mk+1:Mk] = [M :N ] < ∞, by the discussion at the beginning of
Sect. 10.2 we can inductively construct a representation of ∪kMk on L2(M)
extending the representation of M1. This representation is not unique, but as
soon as we fix a tunnel there exists a canonical one.

Lemma 10.4.1. With the above notation there exists a unique extension of
the representation of M1 on L2(M) to a representation of ∪∞k=1Mk on L2(M)
such that ek = Je−kJ for k ≥ 1. In this representation JM ′

kJ = M−k for
every k ∈ Z.

Proof. Since Mk+1 = 〈Mk, ek〉, the condition ek = Je−kJ completely deter-
mines the representation. We therefore only have to prove its existence. We
shall do this by constructing the required representation of Mk by induction
on k. For k = 1 we have a representation by definition, and M1 = JM ′

−1J . So
assume the representation is well-defined for some k, and Mj = JM ′

−jJ for
j = 1, . . . , k, where we identify Mj with its image under the representation.

Since [Mk+1:Mk] <∞, the identity map Mk →Mk ⊂ B(L2(M)) extends
to a representation π:Mk+1 → B(L2(M)). Let f = Jπ(ek)J . Denote [M :N ]−1

by λ. We assert that f ∈ M−k+1 and EM−k
(f) = λ1. Indeed, since ek ∈

M ′
k−1 ∩Mk+1, we have π(ek) ∈M ′

k−1, so that f ∈ JM ′
k−1J = M−k+1. Then

EM−k
(f)e−k+1 = e−k+1fe−k+1 = Jek−1JJπ(ek)JJek−1J

= Jπ(ek−1ekek−1)J = λJek−1J = λe−k+1,

so that EM−k
(f) = λ1. But then by Lemma 10.2.3 there exists a unitary u ∈

M−k such that e−k = ufu∗ = J(JuJπ(ek)Ju∗J)J . Since JuJ ∈ JM−kJ =
M ′
k, we thus see that x 7→ JuJπ(x)Ju∗J is a representation of Mk+1 which

coincides with π on Mk and maps ek onto Je−kJ . Therefore it is the required
representation of Mk+1.

Since M−k−1 = {e−k}′ ∩M−k, we have

JM ′
−k−1J = 〈JM ′

−kJ, Je−kJ〉 = 〈Mk, ek〉 = Mk+1,

which completes the proof of the induction step. ut

Since JM ′
−nJ = Mn, it follows that M−n ⊂ M0 ⊂ Mn is the basic con-

struction for each n ∈ N. Hence, more generally, Mk−n ⊂ Mk ⊂ Mk+n is the
basic construction for any k ∈ Z and n ∈ N.

Consider now the AF-algebra A∞ obtained by taking the inductive limit
of the algebras M ′

k ∩Ml as k → −∞ and l → +∞ (note that M ′
k ∩Ml is

finite dimensional by [214, Corollary XIX.2.9]). By the above lemma we get
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a mirroring γ0, the involutive anti-automorphism of A∞ defined by γ0(x) =
Jx∗J for x ∈ ∪k,l(M ′

k ∩Ml). It has the properties γ0(M ′
k ∩Ml) = M ′

−l ∩M−k
and γ0(ek) = e−k.

On the other hand, we can consider

. . . ⊂Mk ⊂Mk+1 ⊂ . . .

as the tower and the tunnel associated with the inclusion M0 ⊂ M1, and get
an anti-automorphism γ1 of A∞ such that γ1(M ′

k ∩Ml) = M ′
−l+2 ∩M−k+2

and γ1(ek) = e−k+2. The canonical shift for the inclusion N ⊂ M is the
automorphism Γ = γ1 ◦ γ0 of A∞. It has the properties

Γ (M ′
k ∩Ml) = M ′

k+2 ∩Ml+2 and Γ (ek) = ek+2.

Since each algebra Mk has a unique trace, the C∗-algebra A∞ has a canon-
ical tracial state, which we continue to denote by τ . Our next goal is to show
that Γ is τ -preserving. By [214, Proposition XIX.4.19] in the finite depth case,
which we shall consider below, the trace τ is the unique tracial state on A∞.
Hence in that case it is γ0- and γ1-invariant. However, this is not true in gen-
eral. To prove that nevertheless the trace is Γ -invariant we need to compare
the constructed representations of ∪kMk on L2(M0) and L2(M1). To simplify
the notation we consider ∪kMk as a subalgebra of B(L2(M1)), and denote
by π the representation of ∪kMk on L2(M0).

Lemma 10.4.2. If we identify L2(M0) with e1L
2(M1), then the representa-

tion π satisfies

π(x) = λ−ke1 . . . ekxek+1ek . . . e1 for x ∈Mk, k ≥ 1,

where λ = [M :N ]−1.

Proof. Using the relations eiei−1ei = λei, i = 1, . . . , k, we get

ek+1ek . . . e1e1 . . . ekek+1 = λkek+1.

Since ek+1x = xek+1 for x ∈Mk, it follows that the expression in the formula-
tion of the lemma defines a homomorphism. For x ∈M0 we have π(x) = xe1.
Since Mk is generated by M0 and e0, . . . , ek−1, all that remains to show is that
the equality in the formulation holds for x = e0, . . . , ek−1. In other words,

π(ek−1) = ek+1e1 for k ≥ 2, and π(e0) = λ−1e1e0e2e1.

Denote by J1 and J0 the modular conjugations on L2(M1) and L2(M0),
respectively. Since J0 = J1|e1L2(M1), for k ≥ 2 we have

π(ek−1) = J0π(e−k+1)J0 = J1e−k+1e1J1 = ek+1e1,

proving the first identity. To prove the second note that if ξ1 is the cyclic trace
vector in L2(M1), then
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(λ−1e1e0e2e1ξ1, ξ1) = λ−1(e2ξ1, e0ξ1) = λ−1(J1e0J1ξ1, e0ξ1)
= λ−1(e0ξ1, e0ξ1) = λ−1τ(e0) = 1.

Since λ−1e1e0e2e1 is a projection, we conclude that ξ1 = λ−1e1e0e2e1ξ1.
Since e1e0e2e1 ∈ M ′

−1, it follows that the projection [M−1ξ1] is majorized
by λ−1e1e0e2e1. On the other hand, since M1 is generated by M0 and e0, we
have e0M1e0 = e0M−1. Hence

[M−1ξ1] = [M−1e1e2e0e1ξ1] = [e1e2e0M−1ξ1] = [e1e2e0M1e0ξ1].

Since e2ξ1 = J1e0J1ξ1 = e0ξ1 and e2 ∈M ′
1, the above projection equals

[e1e2e0M1e2ξ1] = [e1e2e0M1ξ1] = [e1e2e0L2(M1)] ≥ λ−1e1e0e2e1.

By definition of e0 = eN we get π(e0) = [M−1ξ1] = λ−1e1e0e2e1, completing
the proof of the lemma. ut

Proposition 10.4.3. The canonical shift Γ is trace preserving.

Proof. We use the same notation as in the proof of the previous lemma. Since
x = γ0(γ1(Γ (x))), π ◦ γ0 = J0π(·)∗J0 and J0 = J1|e1L2(M1), for any x ∈ A∞
we have

π(x) = J1π(γ1(Γ (x∗)))J1.

If x ∈M ′
k ∩Ml with k ≤ −1 and l ≥ 1, then γ1(Γ (x)) = γ0(x) ∈M ′

−l ∩M−k.
Using Lemma 10.4.2 and that J1eiJ1 = e−i+2, we conclude that the above
expression equals

λkJ1e1 . . . e−kJ1Γ (x)J1e−k+1e−k . . . e1J1 = λke1e0 . . . ek+2Γ (x)ek+1 . . . e0e1.

Thus

λke1e0 . . . ek+2Γ (x)ek+1 . . . e0e1 = π(x) = λ−le1 . . . elxel+1 . . . e1. (10.9)

Applying the trace to the left side and using that eiei+1ei = λei and Γ (x) ∈
M ′
k+2 ∩Ml+2 we get

λkτ(Γ (x)ek+1 . . . e0e1e0 . . . ek+1) = τ(Γ (x)ek+1) = λτ(Γ (x)).

Similarly applying τ to the right side of (10.9) we get λτ(x), so that τ(Γ (x)) =
τ(x). ut

Remark 10.4.4. If x ∈M ′
k ∩Ml then multiplying (10.9) by ek+1 . . . e0 from

the left and by e0 . . . ek+1 from the right, we conclude that Γ (x) is an element
in M ′

k+2 ∩Ml+2 such that

Γ (x)ek+1 = λk−lek+1 . . . elxel+1 . . . ek+1.
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Since M ′
k+2 ⊂ B(L2(M1)) is a factor and ek+1 ∈ Mk+2, the homomorphism

M ′
k+2 3 a 7→ aek+1 is faithful. Hence Γ (x) is uniquely determined by the

above identity. In particular, the restriction of Γ to ∪n≥0(N ′ ∩Mn) ⊂ A∞ is
independent of the choice of the tunnel. Often it is this restriction which is
called the canonical shift.

It follows also that if for some n ∈ Z we consider

. . . ⊂Mk ⊂Mk+1 ⊂ . . .

as the tower and the tunnel for Mn ⊂ Mn+1 and define the corresponding
mirrorings γn and γn+1, then Γ = γn+1 ◦ γn. �

To compute the entropy of Γ we shall use Theorem 10.3.1. We have to
check that its assumptions are satisfied.

To show that {M ′ ∩M2n}n is a generating sequence for Γ we prove the
next general proposition.

Proposition 10.4.5. Let (P, τ, σ) be a W∗-dynamical system, where τ is a
normal tracial state. Let {Pn}n be an increasing sequence of finite dimensional
C∗-subalgebras such that σ(Pn) ⊂ Pn+1 and P is generated by σk(Pn), k ∈ Z,
n ∈ N. Assume there exists a sequence {kn}n of natural numbers such that

(i)
kn
n
→ 1 as n→∞;

(ii) the algebras σmkn(Pn), m ∈ N, are mutually τ -independent.
Then {Pn}n is a generating sequence for σ.

Recall that we say that A1, . . . , An are τ -independent if they mutually
commute, and

τ(a1 . . . an) = τ(a1) . . . τ(an)

for ai ∈ Ai.

Proof of Proposition 10.4.5. Since σk(Pl) ⊂ σ−[n/2](Pn) for −[n/2] ≤ k ≤
[n/2]− l, the algebra ∪nσ−[n/2](Pn) is dense in P . Hence, by the Kolmogorov-
Sinai type theorem, Theorem 3.2.3,

hτ (σ) = lim
n→∞

hτ (Pn;σ).

Since σi(Pk) ⊂ Pk+i, for any n ∈ N we have

Hτ (Pk, σ(Pk), . . . , σn(Pk)) ≤ Hτ (Pn+k),

whence
hτ (Pk;σ) ≤ lim inf

n→∞

1
n
Hτ (Pn).

On the other hand, since the algebras σmkn(Pn), m ∈ Z, are independent,
we have
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hτ (Pn;σkn) = Hτ (Pn).

Hence
hτ (σ) =

1
kn
hτ (σkn) ≥ 1

kn
hτ (Pn;σkn) =

1
kn
Hτ (Pn).

Since
kn
n
→ 1, it follows that

hτ (σ) ≥ lim sup
n→∞

1
n
Hτ (Pn).

Thus the limit lim
n

1
n
Hτ (Pn) exists and equals hτ (σ), that is, {Pn}n is a gen-

erating sequence. ut

The proposition implies that {M ′ ∩M2n}n is a generating sequence for
the canonical shift Γ . Indeed, since Γmn(M ′ ∩M2n) = M ′

2mn ∩M2(m+1)n, we
see that Γmn(M ′ ∩M2n) commutes with M ′ ∩M2n for any m ≥ 1. Moreover,
since M2n is a factor, we have τ(xy) = τ(x)τ(y) for any x ∈ M2n and y ∈
∪k(M ′

2n∩M2n+k). Thus the algebras Γmn(M ′∩M2n),m ∈ N, are independent,
and we can apply the previous proposition with kn = n.

Next note that the von Neumann algebra generated by ∪n(M ′ ∩M2n) in
the GNS-representation of A∞ defined by τ has type II1, since already the
von Neumann algebra generated by the projections en, n ≥ 1, is a II1-factor
by [214, Theorem XIX.3.1].

The generating sequence {M ′ ∩ M2n}n satisfies the commuting square
condition, that is,

M ′ ∩M2n ⊂ M ′ ∩M2n+2

∪ ∪
M ′

2 ∩M2n ⊂ M ′
2 ∩M2n+2

is a commuting square for any n ∈ N. Indeed, the trace preserving conditional
expectation M ′ ∩M2n+2 → M ′ ∩M2n is the restriction of the conditional
expectation EM2n

:M2n+2 → M2n. But then we obviously have EM2n
(M ′

2 ∩
M2n+2) ⊂M ′

2 ∩M2n.
Next we check that the entropy is finite.

Proposition 10.4.6. We have

hτ (Γ ) ≤ ht(Γ ) ≤ log[M :N ].

Proof. If Ω is a finite subset of M ′∩Mk, then Γn(Ω) ⊂M ′∩M2n+k. It follows
that

ht(Ω;Γ ) ≤ lim sup
n→∞

1
n

log rankM ′ ∩M2n.

By [214, Proposition XIX.2.8] if p1, . . . , pm are projections in M ′ ∩M2n with
sum 1, then
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i

[piM2npi:Mpi]
τ(pi)

= [M2n:M ].

Hence
∑
i τ(pi)

−1 ≤ [M2n:M ], so by the Cauchy-Schwarz inequality

m =
m∑
i=1

τ(pi)1/2τ(pi)−1/2 ≤ [M2n:M ]1/2.

Therefore rankM ′ ∩ M2n ≤ [M2n:M ]1/2 = [M :N ]n, and the proof of the
proposition is complete. ut

Finally, the multiplicities for the inclusion M ′ ∩ Mn−1 ⊂ M ′ ∩ Mn are
bounded by [M :N ] (in fact, by [M :N ]1/2). To see this let p be a minimal
projection in M ′∩Mn−1. Then q = pen is a minimal projection in M ′∩Mn+1.
Indeed, since enMn+1en = Mn−1en, we have

en(M ′∩Mn+1)en = (Men)′∩enMn+1en = (Men)′∩Mn−1en = (M ′∩Mn−1)en,

so that q(M ′ ∩ Mn+1)q = p(M ′ ∩ Mn−1)pen = Cq. Furthermore, if f is a
projection in M ′ ∩Mn and f ≤ p, then qfq = enfen = EMn−1(f)en 6= 0.
Therefore if p majorizes a minimal projection f ∈ M ′ ∩Mn then the central
support of f in M ′ ∩Mn+1 majorizes q. In other words, if (aij)i,j and (bjk)j,k
are the inclusion matrices for M ′ ∩Mn−1 ⊂ M ′ ∩Mn and M ′ ∩Mn ⊂ M ′ ∩
Mn+1, respectively, i0 corresponds p and k0 corresponds to q, then bjk0 6= 0
as soon as ai0j 6= 0. If {zk}k is the set of minimal central projections in
M ′ ∩Mn+1, then denoting by sk the trace of a minimal projection majorized
by zk, we get

τ(p) =
∑
j,k

ai0jbjksk ≥ ai0jbjk0τ(q) = [M :N ]−1ai0jbjk0τ(p).

It follows that ai0j ≤ [M :N ] (in fact, it is known that ai0j = bjk0 , so that
ai0j ≤ [M :N ]1/2).

Since . . . ⊂ M2k−2 ⊂ M2k ⊂ . . . can be considered as the tower and the
tunnel associated with M−2n ⊂ M−2n+2, we conclude that the multiplicities
for the inclusion M ′

−2n ∩M−2 ⊂ M ′
−2n ∩M are bounded by [M :N ]2. Since

γ0(M ′
2 ∩M2n) = M ′

−2n ∩M−2 and γ0(M ′ ∩M2n) = M ′
−2n ∩M , it follows

that the multiplicities for the inclusion Γ (M ′ ∩M2n−2) ⊂M ′ ∩M2n are also
bounded by [M :N ]2.

We have thus checked that all the assumptions of Theorem 10.3.1 are
satisfied, so we get our first and most general result on the entropy of Γ .

Theorem 10.4.7. Let Γ be the canonical shift for the inclusion N ⊂ M of
II1-factors of finite index. Let R = πτ (∪∞n=1(M

′ ∩M2n))′′. Then

hτ (Γ ) = lim
n→∞

1
n
Hτ (M ′∩M2n) =

1
2
Hτ (R|Γ (R))+ lim

n→∞

1
2n
Hτ (Z(M ′∩M2n)).

ut
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Combining this theorem and Proposition 10.4.6 we obtain the following
estimates.

Corollary 10.4.8. We have

1
2
Hτ (R|Γ (R)) ≤ hτ (Γ ) ≤ ht(Γ ) ≤ log[M :N ].

ut

In particular, if Hτ (R|Γ (R)) = 2 log[M :N ], then both the topological en-
tropy and the dynamical entropy of Γ with respect to τ are equal to log[M :N ].
By [169, Theorem 5.3.1] the condition Hτ (R|Γ (R)) = 2 log[M :N ] is one of
several equivalent characterizations of extremality of N ⊂ M and strong
amenability of the standard invariant of the inclusion. The simplest case when
this condition is satisfied, is that of finite depth inclusions.

A finite index inclusionN ⊂M of II1-factors is said to have finite depth if

sup
n

dimZ(M ′ ∩Mn) <∞.

Then, by the discussion prior to [214, Proposition XIX.4.19], there exists n0

such that if G denotes the matrix of the inclusion M ′∩M2n0 ⊂M ′∩M2n0+1,
then the inclusions M ′ ∩M2n ⊂M ′ ∩M2n+1 and M ′ ∩M2n+1 ⊂M ′ ∩M2n+2

are given by the matrices G and Gt, respectively, for any n ≥ n0. Moreover,
the matrix GGt is primitive, and if s denotes the vector formed by the values
of the trace on minimal projections in M ′ ∩M2n0 , then GGts = [M :N ]s. We
shall now show that this allows us to compute the entropy without relying on
the deep results of Popa [169].

Recall that a matrix B ∈ Matr(R) with nonnegative coefficients is called
primitive if there exists m ∈ N such that Bm has only positive entries. By the
Perron-Frobenius theorem, see e.g. [193, Section 1.1], the spectral radius β
of B is an eigenvalue of B, called the Perron-Frobenius eigenvalue, and the
following conditions are satisfied:
(i) there is an eigenvector ξ of B with eigenvalue β whose coordinates are
all positive; similarly, there is an eigenvector ζ of B∗ with eigenvalue β and
positive coordinates;
(ii) if ζ is normalized such that (ξ, ζ) = 1 then β−nBn → P as n → +∞,
where P = (·, ζ)ξ is the projection onto Rξ along ζ⊥.

These properties imply ∩n∈NB
n(Rr+) = R+ξ. Indeed, assume ϑn ∈ Rr+,

n ≥ 0, are such that ϑ0 = β−nBnϑn. Since ζ has positive coordinates, there
exists ε > 0 such that ‖Pϑ‖ = (ϑ, ζ)‖ξ‖ ≥ ε‖ϑ‖ for ϑ ∈ Rr+. Then if ε′ < ε
and n is such that ‖β−nBn − P‖ ≤ ε′, we get ‖β−nBnϑ‖ ≥ (ε − ε′)‖ϑ‖. It
follows that the sequence {ϑn}n is bounded. But then the vectors β−nBnϑn
become arbitrarily close to Pϑn as n→∞. Hence ϑ0 ∈ R+ξ.

It follows that ξ is the unique (up to a scalar factor) eigenvector of B with
nonnegative coordinates. In particular, if B = GGt corresponds to a finite
depth inclusion N ⊂M , then the Perron-Frobenius eigenvalue is [M :N ].
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Proposition 10.4.9. Let A = lim
−→

An be an AF-algebra such that for every n
the inclusion An ⊂ An+1 is defined by a fixed primitive matrix B. Then there
exists a unique tracial state τ on A, and

lim
n→∞

1
n
Hτ (An) = log β,

where β is the Perron-Frobenius eigenvalue of B.

Proof. Let An = ⊕rk=1Matmn
k
(C). A tracial state τ on A is defined by a

sequence of vectors sn ∈ Rr+, n ∈ N, such that
∑
k s

1
km

1
k = 1 and sn = Bsn+1.

Let ξ be the Perron-Frobenius eigenvector of B normalized by the condition∑
k ξkm

1
k = 1. Then we can take sn = β−n+1ξ and obtain a tracial state on A.

Conversely, given a tracial state τ on A, we have sn ∈ ∩mBm(Rr+). Hence by
the discussion before the formulation of the proposition the vector sn is a
scalar multiple of ξ for any n, and the scalar is completely determined by the
condition τ(1) = 1.

Then we have

Hτ (An) = −
r∑

k=1

mn
ks
n
k log snk = −

r∑
k=1

mn
ks
n
k log(β−n+1ξk)

= (n− 1) log β −
r∑

k=1

mn
ks
n
k log ξk.

Since
∑
km

n
ks
n
k = 1, dividing by n and letting n→∞ we get the result. ut

Applying this proposition to An = M ′ ∩M2n for a finite depth inclusion,
we then get

lim
n→∞

1
n
Hτ (M ′ ∩M2n) = log[M :N ].

We also obviously have

lim
n→∞

1
n
Hτ (Z(M ′ ∩M2n)) = 0.

Thus combining Proposition 10.4.6 and Theorem 10.4.7 we obtain the follow-
ing result.

Theorem 10.4.10. Let N ⊂ M be an inclusion of II1-factors of finite index
and finite depth. Let R = πτ (∪∞n=1(M

′ ∩Mn))′′. Then

1
2
Hτ (R|Γ (R)) = hτ (Γ ) = ht(Γ ) = log[M :N ].

ut

Remark that by [214, Corollary XIX.4.9] any inclusion of index < 4 has
finite depth.
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10.5 Shifts on Temperley-Lieb Algebras

Let λ be a real number such that λ−1 ∈ {4 cos2 π
n+1 |n ≥ 3}∪ [4,∞). Consider

the universal C∗-algebra A generated by a sequence of projections {ek}k∈Z
such that

ekek±1ek = λek, ekej = ejek if |k − j| ≥ 2.

As we saw in the previous section, a representation of this algebra arises
naturally from an inclusion of II1-factors with index λ−1. We also saw that
there exists a trace τ on A such that

τ(wek) = λτ(w) (10.10)

for any k ∈ Z and any w in the algebra generated by projections ej with j < k.
For n ≥ 2 denote by An the C∗-algebra generated by e1, . . . , en−1, and set
A0 = A1 = C1. An easy induction argument shows that

An = An−1 +An−1en−1An−1, n ≥ 2.

In particular, the trace is completely determined by (10.10).
The dimension and the trace vectors mn and sn of the algebras An, n ∈ N,

are described as follows, see § 3 of Chapter XIX in [214] for a proof.
If λ−1 ≥ 4 then

An ∼=
[n/2]
⊕
k=0

Matmn
k
(C), mn

k =
(n
k

)
−
(

n

k − 1

)
, snk = λkPn−2k(λ),

where {Pn}∞n=0 is the sequence of polynomials such that P0 = P1 = 1,

Pn+1(t) = Pn(t)− tPn−1(t), n ≥ 1.

On the other hand, if λ−1 = 4 cos2 π
n+1 with n ≥ 3 then for any k ≥ 0 the

embeddings An+2k−1 ↪→ An+2k+1 are given by a fixed primitive matrix with
the Perron-Frobenius eigenvalue λ−1.

Denote by θλ the automorphism of A defined by θλ(ek) = ek+1.

Theorem 10.5.1. We have:

(i) hτ (θλ) = −1
2

log λ, if λ−1 ≤ 4;

(ii) hτ (θλ) = η(α) + η(1− α), where α =
1 +

√
1− 4λ
2

, if λ−1 ≥ 4.

Proof. The algebras θnmλ (An), m ∈ Z, are mutually τ -independent. By Propo-
sition 10.4.5 it follows that {An}n is a generating sequence, that is,

hτ (θλ) = lim
n→∞

1
n
Hτ (An).

If λ−1 < 4, then by Proposition 10.4.9
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lim
n→∞

1
n
Hτ (A2n) = log λ.

Hence hτ (θλ) = − 1
2 log λ. It remains to consider the case λ−1 ≥ 4.

Assume first that λ−1 > 4. Set

α =
1 +

√
1− 4λ
2

and β = 1− α =
1−

√
1− 4λ
2

.

Then using that αβ = λ we check that

Pn(λ) =
αn+1 − βn+1

α− β
, n ≥ 0.

Since s2nk = λkP2n−2k(λ) = λkα2n−2k(1− (β/α)2n−2k+1)(1− β/α)−1, we see
that the difference

log s2nk − log(λkα2n−2k) = log s2nk − ((2n− k) logα+ k log β)

is uniformly bounded. Since

Hτ (A2n) = −
n∑
k=0

m2n
k s

2n
k log s2nk and

n∑
k=0

m2n
k s

2n
k = 1,

the limit of Hτ (A2n)/2n coincides with the limit of

− 1
2n

n∑
k=0

m2n
k s

2n
k ((2n− k) logα+ k log β) = − logα+ log

(
α

β

) n∑
k=0

m2n
k s

2n
k

k

2n
.

(10.11)
Since s2nk = (αβ)k(α2n−2k+1 − β2n−2k+1)/(α− β), we have

n∑
k=0

m2n
k s

2n
k

k

2n
=

α

α− β

n∑
k=0

m2n
k α

2n−kβk
k

2n
− β

α− β

n∑
k=0

m2n
k α

kβ2n−k k

2n
.

As α > β, m2n
k ≤

(
2n
k

)
and 4αβ = 4λ < 1,

n∑
k=0

m2n
k α

kβ2n−k k

2n
≤ (αβ)n

n∑
k=0

(
2n
k

)
≤ (4αβ)n → 0.

On the other hand,

n∑
k=0

(
2n
k

)
α2n−kβk

k

2n
=

n∑
k=1

(
2n− 1
k − 1

)
α2n−kβk

= β
n−1∑
k=0

(
2n− 1
k

)
α2n−1−kβk → β,
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since
∑2n−1
k=n

(
2n−1
k

)
α2n−1−kβk ≤ α−1(αβ)n

∑2n−1
k=n

(
2n−1
k

)
→ 0. Similarly

lim
n→∞

n∑
k=0

(
2n
k − 1

)
α2n−kβk

k

2n
= lim

n→∞

n∑
k=1

(
2n
k − 1

)
α2n−kβk

k − 1
2n

= lim
n→∞

β

α

n−1∑
k=0

(
2n
k

)
α2n−kβk

k

2n
=
β2

α
.

Therefore, since m2n
k =

(
2n
k

)
−
(

2n
k−1

)
,

lim
n→∞

n∑
k=0

m2n
k s

2n
k

k

2n
=

α

α− β
lim
n→∞

n∑
k=0

m2n
k α

2n−kβk
k

2n

=
α

α− β

(
β − β2

α

)
= β,

so that from (10.11) we get that

hτ (θλ) = − logα+ log
(
α

β

)
β = η(α) + η(β).

Finally consider the case λ−1 = 4. Then

Pn(λ) =
n+ 1
2n

,

whence s2nk = 2−2n(2n− 2k + 1), and

1
2n
Hτ (A2n) = − 1

2n

n∑
k=0

m2n
k s

2n
k log s2nk = log 2−

n∑
k=0

m2n
k s

2n
k

log(2n− 2k + 1)
2n

.

Letting n→∞ we get hτ (θ1/4) = log 2. ut

Denote by M the von Neumann subalgebra of πτ (A)′′ generated by en,
n ≤ −1, and by R the von Neumann subalgebra generated by en, n ≥ 1.
By [214, Theorem XIX.3.1] both M and R are the hyperfinite II1-factors, N =
θ−1
λ (M) ⊂M is a subfactor of index λ−1, and N ⊂M ⊂ θλ(M) = 〈M, e0〉 is

the basic construction. It follows that the automorphism θ2λ of πτ (A)′′ is (the
extension to the weak operator closure of) the canonical shift associated with
the inclusion N ⊂M .

It is clear that An ⊂ M ′ ∩Mn for any n ≥ 0. It can be shown that if
λ−1 ≤ 4 then An = M ′ ∩Mn. For λ−1 < 4 the inclusion N ⊂ M has finite
depth, and from Theorem 10.4.10 we again obtain

hτ (θλ) =
1
2
hτ (θ2λ) =

1
2

log[M :N ] = −1
2

log λ.
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On the other hand, if λ−1 > 4 then it can be shown that already M ′∩M1 is
different from A1 = C1. It is not difficult to check that the generating sequence
{An}n satisfies the commuting square condition. Hence by Theorem 10.3.1

hτ (θλ) =
1
2
Hτ (R|θλ(R)).

Therefore Hτ (R|θλ(R)) = 2(η(α) + η(β)). This equality, as well as the en-
tropy hτ (θλ), can also be obtained from the embedding A ↪→ Mat2(C)⊗Z,

ek 7→ (1− λ)ek11 ⊗ ek+1
22 + λek22 ⊗ ek+1

11 +
√
λ(1− λ)(ek12 ⊗ ek+1

21 + ek21 ⊗ ek+1
12 ),

where {ekij}2i,j=1 are the matrix units in the k-th factor Mat2(C). It can be
shown, see [162], that in the GNS-representation of Mat2(C)⊗Z corresponding
to the product-state

ψ = ϕ⊗Z, Qϕ =
(
α 0
0 β

)
,

the weak operator closure of A coincides with the centralizer of the state.
Thus θλ is one of the Bernoulli shifts on the hyperfinite factor considered
in Example 3.2.6(ii). Moreover, the von Neumann algebra generated by the
projections en, n ≥ 1, coincides with the centralizer of ψ on πψ(Mat2(C)⊗N)′′.
In particular, there exists a projection p ∈ R which is mapped onto e111 under
the above embedding, and then

τ(p) = α, p ∈ θλ(R)′ ∩R, pRp = θλ(R)p, (1− p)R(1− p) = θλ(R)(1− p).

It should be remarked that the projections en, n ≤ −1, do not generate
the centralizer of ψ on πψ(⊗n≤0Mat2(C))′′.

10.6 Notes

The notion of relative entropy for subalgebras of a von Neumann algebra
with a normal tracial state was introduced by Connes and Størmer [51], who
used it as a tool to prove continuity of mutual entropy. The definition was
extended to arbitrary states by Connes [49]. To see that relative entropy is
relevant for estimates of mutual entropy, observe that for finite dimensional
C∗-subalgebras P1, . . . , Pn and Q1, . . . , Qn of M we have

Hϕ(P1, . . . , Pn) ≤ Hϕ(Q1, . . . , Qn) +
n∑
k=1

Hϕ(Pk|Qk).

It was Pimsner and Popa [162] who undertook a serious study of this notion
and discovered its connection with Jones’ index of II1-factors. Sects. 10.1
and 10.2 are almost entirely based on their paper. For some examples of
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computations of relative entropy see [22], [103], [233]. The results of Pimsner
and Popa were extended to type III factors by Hiai [86].

Theorem 10.3.1 was proved by Størmer [210] extending results of Cho-
da [40] and Hiai [88]. See [81] for further discussion of generating sequences.

The canonical shift was introduced by Pimsner and Popa [162] and Oc-
neanu [146]. One usually defines the canonical shift a bit differently. As we
remarked after the proof of Lemma 10.4.1, for any n ∈ N the algebras
M−1 ⊂ Mn ⊂ M2n+1 form a basic construction. Pimsner and Popa [163]
found an explicit formula for the corresponding Jones projection in M2n+1.
In other words, they found an explicit representation of M2n+1 on L2(Mn)
extending the representation of Mn+1. Using this representation we can define
an antiautomorphism ofM ′

−1∩M2n+1, which for the moment we denote by γ′n.
Then one checks that γ′n+2◦γ′n+1 and γ′n+1◦γ′n agree on M−1 ⊂Mn ⊂M2n+1,
so there exists a well-defined endomorphism of ∪n(M ′

−1 ∩M2n+1). To see that
we get the same endomorphism as the one defined in the present chapter, by
Remark 10.4.4 it suffices to check that γ′n = γn on M ′

−1 ∩M2n+1, or even
better, the representation of M2n+1 on L2(Mn) alluded to above coincides
with the representation defined as in Lemma 10.4.1. Since these representa-
tions are determined by the images of en+1, . . . , e2n, and γn(en+k) = en−k by
construction, we just have to check that γ′n(en+k) = en−k for k = 1, . . . , n.
This is indeed the case, see e.g. [54]. Alternatively one can use the identity in
Remark 10.4.4 and an explicit formula for the canonical shift, see e.g. [23].

The entropy of the shifts on the Temperley-Lieb algebras, Theorem 10.5.1,
was computed by Pimsner and Popa [162] for all λ 6= 1/4. For the case λ < 1/4
instead of the elementary but tedious computations presented above they
proved that the shifts are isomorphic to the Bernoulli shifts on the hyperfinite
factor considered in Example 3.2.6(ii); see [191] for a more general result. The
missing case λ = 1/4 was treated by Choda [40] and Yin [236]. The latter
paper also contains the computation of the entropy for λ < 1/4, which we
used.

For arbitrary subfactors the study of entropic properties of the canonical
shift was initiated by Choda [41]. In particular, she obtained the inequalities
from Corollary 10.4.8 and computed the entropy in the case of a finite depth
subfactor, Theorem 10.4.10. The most general result, Theorem 10.4.7, was
proved by Hiai [88]. For similar results in the type III case see [48], [87].
An argument similar to the proof of Proposition 10.4.5 appeared already in
the paper of Connes and Størmer [51] and had been used by several authors
until it was formalized by Choda [40], [41]. Proposition 10.4.9 was discovered
by so many people that it should probably be considered a folklore. It was
successfully applied by Choda [40], [41] to a number of models.
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