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The Three String Network

This chapter is devoted to study the control problem for the simplest non
trivial network of strings that cannot be reduced to a single string: the three
string network. Most of the results presented here will be generalized later in
Chapter 5 to the case of general networks supported by tree-shaped graphs.
However, the generality of the problem in that case involves complex nota-
tions. It is therefore convenient to first address the simple case of the three
string network, for which the main ideas involved in our analysis, that will
allow us to address the case of general networks, can be described more trans-
parently.

We first consider the case when two of the three external nodes of the net-
work are controlled. In this case, standard methods based on the d’Alembert
formula and energy arguments allow showing that the observability and con-
trollability properties hold in the optimal energy space. We then address the
case when a single control acts on one exterior node. In this case the problem
is much more complex since the space in which observability and controlla-
bility hold depend on the irrationallity properties of the ratios of the lengths
of the strings entering in the network. The methods to analyze it also vary
significantly and are based on results from Number Theory.

4.1 The Three String Network with Two Controlled
Nodes

4.1.1 Equations of Motion of the Network

Let T, £y, ¢1, {5 be positive numbers. We consider the following non-
homogeneous system
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ul, —ul, =0 in Rx[0,¢;],:=0,1,2,

ul(t,0) = ul(t,0) = u?(t,0) t € R,

ul(t,0) +ul(t,0) + u2(t,0) = t € R, (4.1)
ul(t, 4;) = vi(t), u(t,l)=0 teR, i=0,1,

i (0,2) = uj(x), uj(0,2) =ui(z) x € 0,4, i=0,1,2

which models the vibrations of a network formed by three elastic strings
ey, €1, ez with lengths ¢y, £1, {5 coupled at one of their extremes. The functions
ut = u'(t,z) : [0,4;] — R, i =0,1,2, represent the transversal displacements
of the strings. On the free nodes of the strings ey and e; some external controls
vY and v! act regulating their motion.

Let us observe that in (4.1), the parametrization of the strings has been
chosen so that z = 0 corresponds to the common node, while x = ¢; correspond
to the exterior nodes of the strings e;, i = 1, 2.

(uncontrolled node)

12

0
v
ol

Fig. 4.1. The three string network with two controlled nodes

Let T > 0. According to the general results described in Chapter 2 the
homogeneous system resulting in the absence of control in (4.1) (v = v! = 0)

bl — @t =0 in Rx[0,4;],i=0,1,2,
¢°(t,0) = ¢'(¢,0) = ¢°(t,0) teR,
PU(t,0) + ¢y (£,0) + %(t,0) =0  teR, (4.2)
( ;)=0 teR, 1 =0,1,2,
¢'(0,7) = ¢(x), ¢,(0,2) = ¢} () x € [0,4], i=0,1,2,

has a unique solution ¢ with initial state (¢, ;) € V x H satisfying
¢ € C([0,7):V)[(C([0,T]: (4.3)

Recall that the spaces V and H are those defined in Chapter 2, Section 2.2,
that is
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V= {Q_f’ € HHl((),(i) 2 90(0) = ¢1(0) = ¢5(0), ¢;(€;) =0, i = 07172} )

1=0

2
H=]]L*0, ).
i=0
The solution ¢ of (4.2) is expressed in terms of the Fourier coefficients
(#0.n), (¢1.,) of the initial data in the orthonormal basis (¢,,) formed by the
eigenfunctions of the elliptic operator —Ag associated to the star-like network

under consideration, by the formula

¢1,n
An

o(t,z) = Z(Cbo,n cos Ant + sin A\, t)0, (z). (4.4)

neN

The energy of ¢, defined as the sum of the energies of the solutions on the
strings, is constant in time and, according to the relation (2.25), it may be
expressed as

E; =Y (1800 +610): (4.5)

neN

On the other hand, for the non-homogeneous system (4.1), for every

v, vt € L2(0,T), there exists a unique solution, defined by transposition

that satisfies
we C([0,T]: H)(C'([0,T]: V).

Here and in the sequel V’ denotes the dual of V.

4.1.2 The Control Problem

The control problem in time T for system (4.1) consists in characterizing the
initial states (o, 1) € H x V' of the network for which there exist controls
00, vl € L2(0,T) such that the corresponding solution of (4.1) satisfies

w(T) = u,(T) = 0.

The control of a three string network from two exterior nodes satisfies the
hypotheses of Theorem 2.7. In this case it holds

Theorem 4.1. System (4.1) is exactly controllable in time
T = 2(52 + max{ﬁo,ﬁl}).

Proof. Let us assume that £y > ¢, such that T* = 2({y + ¢3). In view of
Proposition 2.5, the initial state (@, a1) € H x V' is controllable in time T
with controls v°,v! € L2(0,T) if, and only if,
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/ P2(t, Lo)v dt+/ o (t, ) (t)dt = — (g, ¢1) a1 + (U1, do)vixvs

for every solution ¢ of system (4.2) with initial data (¢, #;) € Z x Z. Corol-
lary 3.16 of Theorem 3.4 allows us to ensure that system (4.1) is exactly
controllable in time T if, and only if, there exists a constant C' > 0 such that

T* T*
/0 162, €0)|2dt + / 6L(t, 0)[2dt > CEs, (4.6)

for every solution ¢ of the homogeneous system (4.2) with initial state in
Z X Z.

In order to prove inequality (4.6), in view of the property of conservation
of energy, it suffices to find ¢ € R such that

(£0+42) 0 2 1 2 -~ .
/O (|¢w(t,€o)| + @l (t, 1) ) dt > CEy(f), i=0,1,2. (47)

Thanks to Proposition 3.1 estimate (4.7) holds immediately for ¢ = 0,1 (that
is, for the components of the solution corresponding to the controlled strings)
if ¢ € [60, 205 + KO]

It remains to recover an estimate of the energy of the string corresponding
to i = 2. The idea is very simple: the d’Alembert formula allows proving the
identities

Po(t,0) = £ 0 (¢, €o), 7 (£,0) = €5 ¢2(t, L), (4.8)
G (t,0) = 6 Py (t, ), b1 (t,0) = 07 ¢y (L, 01). (4.9)

Moreover, in account of the transmission conditions in the common node, we
have

Gi(t,0) = 0, (1,0) = {7 ¢, (t, 1),
6,(t,0) = — (62(£,0) + ¢,(t,0)) = (€7 &4 (¢, bo) + £ 6, (1, (r)) -
Then, according to Proposition 3.1,

1‘?—&-[2
B < [ (leiw 0 + o2 o)) e

t+€2
:/ . (|e SL(t )" + 68 62t Lo) + £ L, 61)]) dt.
t—

From this inequality and applying Proposition 3.3 we obtain
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t+bo+y t+lo+t2

CEy (i) g/ |¢;(t,el)|2dt+[ 162, 00) [ dt,

t*éz*[l t*£0762
and thus, choosing £ = £y + {5, all the inequalities (4.7) are verified.

Remark 4.2. 1t is clear that the same procedure would work in the case of a
general tree-shaped network controlled from all of its exterior nodes, except
one: it suffices to apply an induction argument.

The application of the d’Alembert formula and Proposition 3.1 allow to
estimate the norms

a—{ a—/{
[ iewora [ iecopa
B B+L

+£

of the traces ¢, and ¢, in the extreme x = ¢ from the norms

/ |6,,(£,0) dt, / |6, (t,0)|? dt
B B

of the traces ¢, and ¢, in the extreme z = 0, provided ¢ solves the wave
equation in the space interval 0 < x < {¢. Thus, in the case of a general
tree-shaped network, we start from the controlled nodes (for which ¢ = 0
and consequently ¢, = 0 and ¢, € L?(0,T)) and apply this argument up
to the first interior node. Because of the tree-like structure, this provides
estimates of the traces ¢, and ¢, of all the components that are coupled in
that node, except for one of them. The two coupling conditions on that node
allow then to obtain estimates of the traces of ¢, and ¢, for the remaining
string corresponding to that node. This argument allows getting estimates on
all the interior nodes that can be joined to the controlled exterior ones by one
single string: the first layer of interior nodes. One can iterate this argument
to get control of all the strings of the network. This yields the result by G.
Schmidt [108] in Section 2.4.

4.2 A Simpler Problem: Simultaneous Control of Two
Strings

The simultaneous control problem of two strings e; and e, of lengths ¢; and
{5 is similar to the previous one. It was implicitly studied in [57]. Later, in
[110] and [14] an essentially complete solution was obtained. The results of
[110] are based on a generalization of the Ingham inequality proved in [57].
This technique, however, allowed only to guarantee the controllability of the
system in a time larger than the optimal one. In [14] the method of moments
was used; this method provided the optimal control time. Here we describe a
different method, based on elementary arguments, which in addition provides
more information than the previously mentioned techniques.
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(uncontrolled node)

1

v3 v v

Fig. 4.2. Tree-shaped network with one uncontrolled node

The system corresponding to the simultaneous control of two strings is
ul, —ul, =0 (t,x) € Rx[0,4;],
u'(t, 4;) =0, u'(t,0) =v(t) teR, (4.10)
uw'(0,2) = ud(z), ui(0,z)=ul(z) x€[0,4],
for ¢+ = 1,2. In this case the system is constituted by two uncoupled wave
equations and the term simultaneous refers to the fact that the control v
applied to both strings is the same. Chapter 5 of [78] is devoted to this sort
of problems, considered for the first time by Russell in [107]. _
For every T > 0 system (4.10) is well posed for initial states (uj,u}) €
L?(0,¢4;) x H=Y(0,4;), i = 1,2 and control v € L?(0,T): there exists a unique
solution satisfying

u' € C([0,T]: L*(0,£,)) N C*([0,T] : H*(0,4;)), i=1,2.
When v = 0 system (4.10) becomes

(bit - ¢:LI"I' =0 (ta‘r) € RX[O7£1']7
G (t, 4;) = ¢'(t,0) =0 t eR, (4.11)
¢'(0,2) = pp(x),  ¢;(0,2) = ¢ (x) = € [0,4],

with ¢ = 1,2. It is constituted by two wave equations with homogeneous

Dirichlet boundary conditions, which are uncoupled. Both equations are well
posed for (¢p, ¢}) € HE(0,¢;) x L2(0,¢;) and the corresponding solutions are
expressed by the formula

1
ol (t,x) = Z(qﬁém cosolt+ % sino’t)sinotz, i=1,2, (4.12)
neN n



4.2 A Simpler Problem: Simultaneous Control of Two Strings 59

where (o) is the sequence of the square roots of the eigenvalues of the string
(ST

and ((é(i),n), (¢’1n) are the sequences of the Fourier coefficients of ¢f, @, re-
spectively, in the orthogonal basis (sino?z) of L2(0,£;):
oh(x) = Z qbé’n sino’ ¢ () = Z qﬁi’n sino’ i=1,2.
neN neN
The control problem in time T consists in characterizing the initial states

(uf,ut), i = 1,2, of system (4.10) such that there exists v € L?(0,T) with the
property that the solutions u',u? of (4.10) satisfy

u'(T,z) = ul(T,z) =0, 1=1,2,

for x € [0,4;].

Let us observe that, though system (4.11) is constituted by two uncoupled
equations, the fact that the same control is used generates coupling conditions,
similar to those arising in the three string network. In fact, if we apply HUM,
it turns out that the simultaneous control problem is equivalent to proving
the following observability inequality for (4.11)

T
/0 |6n(£,0) + @2(£, 0)Pdt > Y > (b)) ((0hdh.) + (61,)7).  (4.13)

i=1,2neN

If there exist sequences of positive numbers (ci), i = 1,2 such that (4.13)

n

is verified by all the solutions ¢', ¢* of (4.11) with initial states (¢, 1) €
ZY x ZV, (@3, 0%) € Z% x Z2, respectively, then, all the initial states (u,u?),
1 = 1,2, satisfying

1, I
Z (Ci )2 (Uo,n)z + Z m(ul,n)z < o0
neN n neN n-n

are controllable in time 7T'.

Note that in inequality (4.13) the observed quantity is a combination of
the derivatives ¢, at x = 0.

Our main observability result for the solutions of (4.11) is as follows:

Theorem 4.3. Let T* = 2({; + £3). The following inequalities take place

T
/ ‘Qbi(t, 0) + ¢i(t, O)|2dt > él Z (SinU}L€2)2 ((0_;(;5(1)7“)2 + (dﬁ,n)z) )
0

neN

-
/0 [GL(1,0) + @2(1,0)2dt > €2 Y (sino261)” ((0263,)° + (2 ,)2)

neN

for any solution of (4.11) with initial states (gbf),gbli) €Zix 7, i=12.
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Proof. We prove the second inequality; the first one can be proved in a similar
way.

Let us observe that, due to the 2¢;-periodicity in time of the component
¢" of the solution of (4.11), it follows that ¢7 ¢%(t,0) = 0, where £ is the
operator defined by (3.7) corresponding to ¢;. Then, if we apply Proposition
3.3 we obtain

g

”
/ 6L(8,0) + ¢2(t,0)[2dt > / 107 6L(£,0) + €7 62 (1,0) dt
0

£y

T* —41
- [ eteopa (4.14)

£1
On the other hand, 9 = ¢7 #? is a solution of the equation
'lwbtt - wmw =0
in R x [0, ¢3] and thus, from Proposition 3.1, it follows
T*7Z2
[ 0P > 5, (4.15)
Lo

Taking into account that 1, (¢,0) = £] ¢2(t,0), from (4.14) and (4.15) we
obtain

-
| 10ke0) + o)t = 4, . (4.16)
0
It just remains to compute the energy Eff o2 From (4.12) we obtain that
2

(7 (t,x) = > (65 405 cosolt + —2" Ay sino?t)sino2a. (4.17)

neN Tn

In view of the relations
1
0] cosa’t = 3 (cosop(t+ 1) — coson(t —41)) = —sinoply sinoat,

1
(] sino?t = 3 (sino2(t+41) —sinos(t — £1)) = sino2l; cos oat,

equality (4.17) becomes

2
: ¢ : :
El—¢2(t, x) = E sino? 4, (% cos o2t — qﬁ?) L sino?t | sino?x.
P ;

neN n
If we apply formula (2.25) for the energy it follows
lo . 2
B =7 Y (sinont)” ((0np)* + (67,)%) .
neN

It suffices to replace the latter expression in (4.16) to obtain the observ-
ability inequality of the theorem.
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Remark 4.4. Tt is important to remark that the results of Theorem 4.3 are not
enhanced if we take a larger observation time. Indeed, due to the ¢;-periodicity
of ¢! and the fy-periodicity of ¢* in time we have

070y (9a(t,0) + ¢2(t,0)) =0

for every t € R. This implies that, for every T > T there exists a constant
C7 > 0 such that

*

T
[ ko +edwofascr [ oo+ ol .
0 0
Consequently, if

/T |6L(t,0) + ¢2(t,0)|" dt

0

defines a norm in the space of initial states for system (4.11) for some T > T*,
so does

T* 9
/ I6L(t,0) + 62(1,0)[ dt
0

and both norms are equivalent.

4.2.1 Identification of Controllable Subspaces

The aim of this subsection is to identify subspaces of controllable initial data
of system (4.10) in time T > 2(¢; + ¢2) with the aid of Theorem 4.3.

An easily identifiable subspace is that of the finite linear combinations of
the eigenfunctions. The following holds

Proposition 4.5. System (4.10) is spectrally controllable in some time T >
2(41 + L) if, and only if, the quotient ¢1/ls is an irrational number.

Proof. If £1/ls is irrational then the coefficients sincolfs, sino?¢;, n € N,
appearing in the inequalities in Proposition 4.3 are all different from zero.
Indeed, if sinolfs = 0 for some n, then there would exist & € N such that

My, =k
[P

that is, ¢1/02 = n/k € Q. Then, the initial states (u},ut), i = 1,2, satisfying

Z 1 Z 2
< o0, 4.18
= (sinolls)? “t neN L sin 0182 (u1”> ( )

! 2 )2 1 2 12
(sino20-)2 T o2 < 4.19
2 Gmogay () +Z (@Zsmozge “in)” <00 (419)

ne
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are controllable in time 7' > 2(¢; + f3). In particular, the initial states
(up,ui) € Zt x Z1, (u3,u?) € Z? x Z? are controllable.

Let us now see that the condition ¢;/¢> ¢ Q is also necessary for
approximate controllability and consequently for spectral controllability. If
01/ls = n/k with n, k € N then, for every p € N the functions

nwt . pnwx 9 . pkwt . pknx
si t,x) = —sin sin
El 61 I QS ( I ) /€2 EQ )

¢ (t,z) = sin b
are solutions of (4.11) and satisfy

¢2(t,0) + ¢2(t,0) = 0.

Consequently, system (4.10) is not approximately controllable and, in partic-
ular, is not spectrally controllable.

To further pursue in the identification of controllable initial states of sys-
tem (4.10) with the aid of Theorem 4.3 we need some definitions from Number
Theory. For n € R we denote by [||n]|| the distance from 7 to the set Z:

l[lnl]] = Imin{z € R: n—=x € Z}|.

Proposition 4.6. If (1/ly is irrational, then all the initial states (ud,ui),
(ud, u?) satisfying

1 1
Z TQ(Ué,n)z + Z ﬁ( in)z < o0, (4.20)
! 2 2
ZW O, +Z 2H|n 1|||2 ,n) < 00, (4.21)
neN neN A

are controllable in time T > 2(¢1 + £3).

Proof. Let us observe that for each z € R
x . x
2=l < lsinz| < ||| (4.22)
™ T

(the proof of this fact may be found in Proposition A.1 in Appendix A).
Then,

62 . 62 gl . 61
2[|ln=|] < [sinopla| < m|l[n=]l], 2l[ln=|I| < |sinopty| < 7f|In]|.
% 4 Lo Lo

Thus, relations (4.20)-(4.21) are equivalent to (4.18)-(4.19).

Therefore, in order to characterize subspaces of controllable initial states
for (4.10) it suffices to estimate the norms of the sequences ||[n 211, |||l LIl
n € N.
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A natural way of getting additional information is the following: let p :
R — R4 be an increasing function and define

v, = {x € R, : liminf|[|na]|p(n) > 0}.

Then, if ¢1 /0, 42/¢1 € ¥, the inequalities

S )+ 3 W ) < oo, (4.23)

neN neN

2

p*(n)
YA wg L)+ 3 (ui,,)? < oo, (4.24)
neN neN

guarantee the controllability of the initial state (uj,ul), (u3,u?).

In what follows we restrict ourselves to the case p(z) = z* with o > 0.
This choice is motivated by two reasons. The first one is that it leads to the
identification of subspaces of controllable initial states of the form

(ub, ul) € H*(0,4;) x H*H0,4;),
where

H(0,0;) = {u(x) = Zun sino’ Zn2s(un)2 < oo} )

neN neN

Let us note that H*(0,;) is the domain of the s/2-power of the laplacian and
it is a closed subspace of the Sobolev space H*(0,¥;) with certain additional
boundary conditions. In particular, H(0,4;) = H(0,¢;) and H(0,4;) =
L2(0,4;).

The second reason for this choice of the function p is that the problem of
describing the sets

Vo i= oo = {z € R, : liminf |[Jna|n > 0},
n—oo

is a classical and difficult one in Number Theory. In [69] and [26] the reader
may find information on this topic. We refer also to Appendix A where we
have gathered the most relevant facts, which will be used in what follows.

We now summarize the main consequences of our analysis distinguishing
positive and negative results:

Positive results

The following results are known

1) For every a > 0 the sets ¥, have the following property: if £ € ¥, then
1/€ € @,
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2) ¥, coincides with the set of irrational numbers 1 € R having a continuous
fraction expansion [ag, a1, ..., an,...] (see, e.g., [69], p. 6) with bounded
(an). The set ¥y is not countable but has zero Lebesgue measure.

3) For every € > 0 the complement of the set ¥; . is of measure zero (see
Proposition A.5 in Appendix A). This set is usually denoted in the litera-
ture as B. C R. As a consequence of Roth’s theorem (Theorem A.4), the
set B. contains all the algebraic irrational numbers, that is, all the roots
of polynomials of degree greater than one with integer coefficients.

As a consequence we obtain

Corollary 4.7. a) If ¢1/ls € B, then the subspace of initial states
(up,ub) € H7E(0,0;) x HE(0,4;),

is controllable in any time T > 2(¢1+£s). In particular, if {1/l is an algebraic
irrational number, this subspace is controllable for any e > 0.

b) If £1/¢y admits a bounded expansion in continuous fraction then, the
subspace of initial states (ul,ut) € H}(0,4;) x L*(0,¢;), is controllable in any
time T > 2(£1 + 62)

Remark 4.8. Note that, in both cases, the space of controllable data is at most
H}(0,4;) x L?(0,¢;). Tt is important to remark that this space is smaller by
one derivative than the controllable space for each individual string L?(0, £;) x
H~1(0,¢;). Therefore we see that, even though simultaneous controllability is
possible under suitable assumptions on the legths ¢, /5, it necessarily holds
in a weaker space, with a loss of one derivative.

Negative results

We now describe some results on the lack of controllability that may be
obtained as a consequence of the characterization in Proposition 4.6.

Proposition 4.9. If there exists a sequence (n;) C N such that
£1 62
\I\nkglllp(nk)HO or \anzlllp(nk)HQ k — oo,

then, there exist initial states (uy,ui), (ud,u?) satisfying (4.23)-(4.24) which
are not controllable in any finite time T .

Proof. Recall that the fact that all the initial states satisfying (4.23)-(4.24)
are controllable in time T is equivalent to the inequalities:

T
[ teteo 4 opaz oY s (602 + 01,07 (429)

neN
N

T
| tekeo + geopar= 0y
0

(
% ((%¢3»”)2 + (¢%7n)2> , (4.26)
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for any solution of (4.11) with initial states (¢p, ¢}) € Z% x Z%, i =1,2.
When

4
|||nké|||p(nk) —0 (4.27)

inequality (4.26) is impossible. Indeed, from (4.27) it holds that, for every
k € N, there exists my € N such that

Gl
Ng— — Mg

Then,
TN Ty

Lo 4
On the other hand, after replacing in (4.26) the solutions

2

2 = om | ) = p(ni) — 0. (4.28)

o

b (t, ) = cos af,lnkt sin Jinkx, r(t,x) = —(:oscjiktsinaikac7
it holds
T
/0 |a}nk cos U}nkt - oflk cos oikt|2dt > CQ/J*Q(nk)(orik)2
and then )
loZ —on. | =Cp? (). (4.29)

Here we have used the inequality
T
/ |z cos xt — y cos yt|2dt < 4|z — y|?2*T,
0

for y > x > 1, which is easily obtained using, for example, the mean value
theorem.
Thus, from (4.29) we obtain
|07 = T, | p() = C,

Nk

what contradicts (4.28).

The first important consequence of Proposition 4.9 is based on the Dirichlet
theorem: for all a« < 1, € € R and € > 0 there exists an infinite number of
values of n such that |||n€]||n® < e (see [26], Section I1.5).

Corollary 4.10. For all values {1,¢> of the lengths of the strings and every
a < 1 there exist initial states

(ub, ul) € H*(0,4;) x H*1(0,4;), i=1,2,

which are not controllable in any finite time T. In particular, there exist non-
controllable initial states in L*(0,4;) x H=1(0,4;), and, consequently, system
(4.10) is not exactly controllable in any finite time.
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Remark 4.11. According to this corollary the positive result in Corollary 4.7
is sharp since, whatever /; /¢2 is, the space of controllable data is at most
H' x L? and, therefore, there is a loss of, at least, one derivative.

However, there are irrational values of ¢;/¢5 for which the space of con-
trollable data can be as small as one wishes. The following result of negative
character is based on a construction due to Liouville.

Let us consider the series

=Y 107", (4.30)

keN

where (ay) is an increasing sequence of natural numbers. Then, for each p € N,

. — — — 1 —
min [£107 — m| = 10% D 107 <10 Y T 107R < 101 e,
k>p k>0
(4.31)
Let us assume that p : R — R, is an increasing function. Fix € > 0 and
choose a sequence (ay) that verifies, for every k € N,

9

101+ak*ak+1 < ,
p(10%)

(4.32)

or equivalently,

109
Q41 > 1+ak+lg¥

Then, in view of (4.31) and (4.32) the number & defined by (4.30) satisfies

g
p(10%r)

Thus, for the sequence of natural numbers n, = 10, p € N, it holds

min [£10% — m| <
meZ

Inpglllp(ny) <e.

Summarizing, it is possible to construct real numbers £, which are approx-
imated by rational ones faster than any given order p.
From Proposition 4.9 it follows:

Corollary 4.12. For any increasing function p : R — R, there exist values
of the lengths £1, s of the strings and initial data in the subspace defined by
(4.23)-(4.24), which are not controllable in any finite time T. In other words,
the subspace of controllable initial states may be arbitrarily small.

Remark 4.13. Numbers of the form (4.30) are the so-called Liouville’s num-
bers. The discovery of such numbers had a transcendental importance in the
history of Mathematics: Liouville proved that, if £ is an algebraic irrational
number of order p (that is, £ is a root of a polynomial of degree p with rational
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coefficients and there is no polynomial of smaller degree having that property)
then, the inequality

1
[&n —m]| < |

has no solutions m,n € N. Therefore, the numbers defined by (4.30) are not
algebraic. This fact allowed to show for the first time the existence of non
algebraic numbers.

Remark 4.14. It is important to remark the elementary character of the proof
of Theorem 4.3 if we compare it with the previously mentioned approaches
based on generalized Ingham inequalities. We do not need to analyze the
spectral gap and to use Ingham type inequalities. Moreover, our technique
provides the optimal observation time.

4.3 The Three String Network with One Controlled
Node

The rest of this chapter is devoted to the study of the control problem for
the three string network with a single exterior controlled node. It can be
reduced to the previously studied problem on the simultaneous control of two
strings (see also Section 4.8). We prefer however to develop another method
to directly address the three string network since it also works for general
tree-shaped networks, a topic that we shall develop in Chapter 5.

The motion of the network is described by the system

ul, —ui, =0 in Rx[0,4;],4=0,1,2,

u®(t,0) :ul(uo) u?(t,0) teR

ul(t,0) +ul(t,0) +u(t,00=0 teR (4.33)
ul(t, ly) = v(t), ui(t, ;) = teR i=1,2,

ui(0,2) = uj(w), (0, )—u1< )z el0,4], =012

which coincides with (4.1), except by the fact that now v! = 0. In other words,
one single control is now entering on the system.

Let us observe that the homogeneous version of system (4.33), that is,
when v = 0, coincides with (4.2).

From the general results of Chapter 2 we know that the observability
inequality

[ 1620 e = 3 i+ 62 (434
0 neN

for every solution ¢ of (4.2) with initial state (¢, $;) € Z x Z, and a sequence
(cn) of positive weights, is equivalent to the fact that the space of initial states
(@, uy) verifying
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(controlled node)

Fig. 4.3. The three string network with a single controlled node

2 2
U u
0, 1,
E — < oo, < oo, (4.35)
c c
neN neN nHn

is controllable in time T

Then the exact controllability property of system (4.33) in H x V' is
equivalent to the existence of a subsequence (c¢,) satisfying (4.34) and having
a positive lower bound:

cn > c >0, n € N. (4.36)

Unfortunately, that is impossible for system (4.2), whatever the values of the
lengths £y, £1, {5 of the strings are. Indeed, as we shall see in Proposition 4.23,
for all lengths £, ¢1, {2, there exists a subsequence (ng) C N such that

lim (Anen = An) = 0. (4.37)

Consequently, the infimum of the gap of consecutive eigenfrequencies entering
in the Fourier development of solutions vanishes, and this for all values of £y,
{1, and ¢5. We shall refer to this situation by saying simply that the spectral
gap vanishes.

The spectral gap and the values of the weights (c,,) entering in (4.34) are
closely related. Indeed, consider the solution

_ 1 _
€08 Ay 41t Ony1(2) — —— cos A, t Op, (),
Hnp+1 Hny,

(%k(t, 1‘) -

of (4.2), where
s =0 . (Co).

Then
gbg.(t, ly) = €OS Apy 41t — €COS Ap, L.

We have clearly,
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T T3
/ | co8 Ay 1t — €OS Ay, t]2dt < ?\)\nﬁl — A |? (4.38)
0
On the other hand, if (4.34) were true we would also have

)\2 )\2 T
min(Cny, Cnpt1) |~ + —= | < / | cOS Ay 41t — COS Ay, t]2dt
0

%nk+l %nk

T
- / 162t 00) 2. (4.39)
0

But |s,| < CA, (see formula (4.88) in Remark 4.31).
Then, as a consequence of (4.38) and (4.39) we have

min(cp, , Cngt1) < ClAngs1 — Ay %

for every k.

As a consequence, if the spectral gap condition is not satisfied and (4.37)
holds, a sequence (c¢,,) such that the observaility property (4.34) holds is nec-
essarily such that

liminf ¢, = 0. (4.40)

n—oo

As we said above, whatever the values of the lengths ¢y, /1 and /5 are,
the spectral gap of the three-string network vanishes. Thus, system (4.33) is
not exactly controllable in the optimal space H x V' for any choice of the
values of ¢y, £1, ¢ and T'. In this section we will prove inequalities of the form
(4.34) for sequences of non-trivial weights (¢, ) satisfying weakened positivity
conditions. This will lead to controllability results in smaller spaces of initial
data.

4.4 An Observability Inequality

In this section we prove the following property for the solutions of (4.2) which
holds for all values of the lengths ¢;:

Theorem 4.15. There exists a positive constant C' such that every solution
& of (4.2) with initial data (¢g, p1) € V x H satisfies the inequalities

N
| st tPa = cE, g1 (4.41)
0

where T* = 2(bg + £1 + £2).

In Theorem 4.15, E;;ﬁ stands for the function obtained by applying the
operator £~ defined in (3.7) for £ = ¢; to the solution ¢ of (4.2). Due to the
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linearity of £, the function E;q_b is also a solution of (4.2). In particular, its
energy Eg 3(t) is conserved in time.

It is natural to try to proceed as in Section 4.1, that is, to apply Proposition
3.1 to estimate the energy of each string. This will allow us to show that, for
every t € Randi=1,2,

B, (i <c</|¢ (,0)|7dt + /|q§tt0dt>
Eo(t <C</|¢t€0|2dt+ /¢téo|dt) /|q§t€0|2dt

Note that we have not written the limits in the integrals explicitly. We will
come back later to that issue in detail.

Thus, if we were able to prove that there exists C' > 0 such that, for
1=1,2,

/|<z> t0|dt<0/ o2t o) 2dt, (4.42)

/ 6i(t,0)dt < © / 1621, €0) [2dt, (4.43)

we would obtain inequality (4.41).
Inequality (4.43) can be proved without difficulty for ¢ = 1,2: in view of
the coupling conditions,

1 (£,0) = ¢7(t,0) = ¢y (¢,0) = 5 $2(t, bo), (4.44)

and then
[isicopa = [1g e wta < [1obwmpa =12

However, the inequalities (4.42) fail to hold!. In spite of what happens
with ¢;(.,0), ¢2(.,0), the traces ¢L.(.,0), ¢2(.,0) can not be expressed in a
direct way as a function of ¢2(.,£); for them the coupling condition in this

node allows simply deducing that

G (t,0) + ¢2(t,0) = —£§ ¢2(t, Lo).

In other words, we get complete information on the linear combination
qﬁglc (t, O)+¢32L. (t,0) but not on each individual string, i. e. on qﬁglc (t,0) and d)i (t,0)
separately.

Nevertheless, the boundary conditions ¢y (t,¢1) = ¢7(t,£s) = 0 provide
additional information that may be explicitly written as follows:

! If these inequalities were true, the whole energy space H x V' would be controllable
and, as we have seen above, this is not true because of the lack of spectral gap.
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0= g5 (t,01) = € 6,(t,0) + £; ¢3,(1,0),  i=12,
from where it holds
(7 0a(t,0) = —€f9}(1,0) = £l by 82 (. bo),  i=1,2, (4.45)
In this way, we arrive to the system of equations

BL(t,0) + ¢2(t,0) = f(1),
{51@16(@ 0)=ag1(t), 3 ¢2(,0) = ga(t), (4.46)

which is satisfied by the traces ¢.(.,0), ¢2(.,0), where

f(t) - 763_(;52(15780); gi(t) - ﬁ@o_qbg(t,go), 1= 1; 2.

Let us observe that f, g1, g» are functions such that their norms in L? are
bounded above in terms of the L?-norm of ¢%(., £y) with the help of Proposi-
tion 3.3.

As we shall see, the information (4.46) is sufficient to prove inequality
(4.41). The idea of the proof is the following: if we apply, for example, the
operator ¢; to the first equation in (4.46) we obtain the uncoupled conditions

0 on(,0)=g1,  L763(,0) =41 f — g1 (4.47)

Due to the linearity of system (4.2) and of the operators ¢; and /5 , if ¢ is
a solution of (4.2) the functions ¢; ¢ and £, ¢ (the operators act in this case
over the variable t) are also solutions of (4.2). Besides, the following identities
take place

(l;0"e =050k, (L) =0¢;,, for i=0,1,2, and j=1,2,
Thus the solution w = ] ¢ of (4.2) satisfies
(e =66, (w)y={¢;, for =012,
and the relations (4.47) become
wp(50) =g, wz(,0) =L f—gi.

This implies that the L2-norms of wl(.,0), w2(.,0), may be fully estimated
in terms of the L?-norm of ¢2(.,£0). Of course, the same happens with the
traces w;(.,0), w?(.,0) and wl(.,4y) due to the continuity of £; (Proposition

3.3). With this it may be proved that

/ 162t £o)Pdt > CE.

Following this simple argument we get:
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Proposition 4.16. There exists a positive constant C' such that every solution
& of (4.2) with initial data (¢g, p1) € V x H satisfies the inequalities

Ty
[tz ce =1
0 J

where T; = 2(ly + £; + max{ly,l2}).

Remark 4.17. This result is very close to Theorem 4.15 but in a larger obser-
vation time. If /1 < ¢5 the inequality of the theorem is immediately obtained
for j = 1, since T3 = T*. But the time needed for j = 2 is larger in Proposition
4.16.

Proof. The proof of this Proposition is almost complete; we just need to follow
carefully the integration intervals to obtain the indicated observation time. We
will prove the assertion for i = 1; for ¢ = 2 the proof is, obviously, similar.

Let us observe first that, since w?(t, £o) = 0, w(t, £y) = £7 $°(t, £o), then,
in view of Proposition 3.1, for any ¢ € R, the energy E,o of the solution @ on
the string eg satisfies

. 420 420
E. (i) <C | (t, £o)[2dt = c/ |07 @2 (t, Lo)|?dt,
{—f() f—[o

and from Proposition 3.3 it follows that, for £ € [¢y + £,, Ty — fo — £4],
R f-‘rfo-‘rél T
Buo(f) <€ RletPd<C [l 0P (1)
0

i—to—t,

We claim that it is sufficient to prove the existence of C' > 0 and t € R
such that

5727‘, Tl

/ ot (1, 0)[2dt < C / 162t £o) Pt (4.49)
f—@i 0

-t Ty
/ i (¢, 0)[2dt < C / 162t £0) P, (4.50)
E*Zi 0

i = 1,2, for every solution of (4.2). Indeed, if this were true, then, based on
Proposition 3.1 we would obtain

T:
Ewi (f) < C/ ‘¢g(t760)|2dta 1=0,1,2
0
and then, in account of (4.48),

B, () = Byold) + By () + Byo)) < € | 160t o) Pt
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So, we concentrate ourselves in proving inequalities (4.49)-(4.50). As it has
been pointed out above in the formulas (4.44)-(4.45), we have the equalities

wi(t,0) = €7 $4(t,0) = £; L ot bo),  i=1,2, (4.51)

wy(t,0) = £ ¢, (t,0) = €7 61 (,0), wi(t,0) = wy (t,0) = £ £ ¢ (t, bo).
(4.52)
Then, combining (4.51) with Proposition 3.3, we can ensure that, for any
teR,

£+f1 £+Z1 erE(] +201
/ o} (£, 0)|2dt = / 10y 65 60(t,0)2dt < C 162t €o) [2dt.
f*fl f*[l 57607221

In a similar way, the following inequalities hold

£+Z1 £+€0+2£1
/ (¢, 0)[2dt < C / 162t €0) P,
t

hle 7?7@07251

i+l i+Lo+01 40
/ [w (t,0)|*dt < C |02 (¢, £o)|dt, (4.53)
t—0y 5—60—61—62

i+6o t+Lo+01+£2
/ (¢, 0)[2dt < C 162t €0) .
f—ez f:—éo—fl —{s

Now it is easy to see that if we choose £ = £y + £1 + max{/fy, (2} in (4.53)
we obtain? the inequalities (4.49)-(4.50). With this the proposition is proved.

Let us assume now that ¢; < ¢o. Then Ty = 2(¢y + ¢1 + ¢2) and Tp =
2(lp 4+ €1 + £2) > Ty. But, in fact, the value of the observation time T» may
be reduced.

The possibility of choosing an observation time smaller than T» (T} already
coincides with T*), which allows to obtain the assertion of the theorem from
Proposition 4.16, is based on a property of generalized periodicity in time of
the solutions of the homogeneous system (4.2) (see Proposition 4.18), which
guarantees that all the L?-information on the traces ¢2 (¢, £o) of these solutions
may be obtained in a time interval of length 7. This makes observation in a
larger time superfluous.

We define the operator
Q= 0075 + Ly bty + 0507 L5 (4.54)
Then,
2 We have that £ € [€o + £, T1 — £o — £4], what is necessary for inequality (4.48).

This value of # has been chosen so that the numbers ¢ — by — 247, i+ lo + 204,
t— 40y — 0y — Lo, t+ Lo + £1 + £ belong to the interval [0, T1].
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Proposition 4.18. For every solution ¢ of (4.2) with initial data (¢y,d,) €
V x H it holds
Q42 (t, £o) = 0.

Proof. From the relations ¢2(t,0) = —l5 2 (,£o), ¢2(t,0) = L5 o2(t, o), we
have that

Qo2 (t, Lo) = L1 Ly (€5 D2 (¢, L)) + (L1 by + L1 £3) L5 B2(t, Lo)
= 070y ¢ (t,0) — (£ €y + 070587 (t,0).

Recalling that ¢! (t,0) = ¢; (t,0) = $2(t,0) we obtain
Qi (t, bo) = £y b B (1, 0) + & (=€1 6, (£,0)) + 1 (—43 6} (£,0).  (4.55)

Applying the equalities £ ¢y (,0)+ 07 ¢L(t,0) = 0, €5 ¢7(t,0)+L5 ¢2(t,0) =0
(obtained as in the proof of Proposition 4.16 from the boundary conditions)
in (4.55) it holds

QY (t, lo) = L1 L5 G (t,0) + L5 67 ¢f (£,0) + €1 L5 7 (¢, 0)
= 0705 (¢9(£,0) + ¢4 (,0) + ¢7 (,0)) = 0.

The usefulness of Proposition 4.18 in our context relies on the following
property:

Lemma 4.19. For every T > 0 there exists a constant C'r > 0 such that every
continuous function v, which is a solution of Qv = 0, satisfies the inequality

T T*
/ ho(0)[2dt < Cr / () 2, (4.56)
0 0

where, as before, T* = 2(Ly + €1 + {3).

This fact, when applied to ¢§ (t,4p), yields the assertion of Theorem 4.15
from Proposition 4.16.

The proof of this property will be given in Chapter 5 for a larger class of
operators Q. Now we restrict ourselves to the particular version corresponding
to the operator Q defined by (4.54), which allows to illustrate clearly the idea
of the proof in the general case.

Let us denote ¢, = min{¢y, ¢1,¢2}. We will prove that, for all T > 0 and

1 satisfying Qv = 0,

T T* T—20,
/0 () 2t < / (t)2dt + C / ()Pt (457)

From this inequality we can get (4.56), by iterating it as many times as nec-
essary to obtain T'— 2nf, < T™*. Indeed, in such case
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T T
/ lp(t)|2dt < (14 C + ... +C"—1)/ [ (t)|*dt
0 0
T—2nb,
+C"/ [ (t)|*dt
0

.
< (1+...+cn)/o (1) 2dt, (4.58)

which is the claimed inequality (4.56).
Let us observe that, according to the definition of Q, the equality Q¢ = 0
may be written as

(CFlr by + g b0y + 6507050 =
and then, from the definition of the operators éii, it follows that3

BU(t+ Lo+l + L) —p(t + by + by — la) —ap(t + Lo — 41 + La)
—p(t — by — by — la) — —p(t — by + {1 + £2)

—’Qb(t—go + 44 —gg) —’lb(t—go—el +£2)+3¢(f—f0—£1 —62) =0
Replacing the variable ¢ by t — (o + £1 + £2) the previous identity may be

written as
¢(t) = Z CT?/J(t - T):

Tel

where
I := {260, 261, 262, 2(60 + 61), 2([0 + 62), 2((1 —+ 62), 2(60 + él + 62)}

with coefficients ¢, taking the values 1 or —1/3. From this, using the Cauchy-
Schwarz inequality, we get

/ 2dt<CZ/ Y(t —7)|2dt = CZ/ (t))%dt,  (4.59)
) rer rer

for some constant C' independent of ¢ (in fact, we may take C' = 55/9).
But every 7 € I satisfies 20* < 7 < T*, so we have T — 7 > 0 and
T—7<T—2{,; and then the following inequality holds

T-1 T—20,
/ [ (8)Pdt < / ()| 2dt.
T*—71 0

Using the latter inequality in (4.59) we obtain

T—-2¢, T-2¢,
/ \dt<CZ/ \dt—?(]/

Tell

2dt.

3 It is a lengthly, but completely elementary computation.



76 4 The Three String Network

Finally

*

T T* T
2 o 2 2
/0 () [2dt = / () 2dt + / () 2dt

T* T—2¢,
2 2
< / (t)2dt + C / () 2, (4.60)

which is the inequality (4.57).
Thus, we have proved inequality (4.56) and with this, Theorem 4.15 is also
proved.

4.5 Properties of the Sequence of Eigenvalues

The relation of the operator Q with system (4.2) is not purely technical. This
operator is closely related to the boundary conditions (4.2), as Proposition
4.18 shows. Besides, the operator Q is linked in a direct way to the spectrum
of —Agq. Indeed, if we apply Q to the function e**, where X is an arbitrary
real number, since £+ = cos M e and £~ e = jsin M ', we obtain

Qe = (L5l by + Lo 0y + 05 0y eF) e
= — (cos My sin My sin Ay + sin Mg cos Alq sin Al
+ sin Mg sin Ay cos Als) e,

Thus, we have 4 .
Qezkt _ q()\)ez)\t

with

q(X\) := —(cos M sin Ay sin Ala+sin My cos Mlq sin May+sin Mg sin My cos Msy).
(4.61)
The following holds

Proposition 4.20. Let A\ # 0. Then \? is an eigenvalue of —A¢ if, and only
if, ¢q(\) = 0.

Proof. The necessity of this condition is immediate: if A2 is an eigenvalue with
associated eigenfunction 6 then the function ¢(¢, z) = €**'0(z) is a solution of
(4.2). According to Proposition 4.18 we have

0= Q¢2(t, L) = Qe (£y) = q(N)e™02 (o).

From this inequality it holds g(\) = 0 if 62(¢y) # 0. On the other hand, if
6° (£o) = 0 then the function #°, which is a solution of a second order ordinary
differential equation satisfies #°(¢y) = 6° (¢5) = 0, and this implies §° = 0; in
particular, 8°(0) = 0. From the continuity conditions at 2 = 0 we have that
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6*(0) = 6%(0) = 0. This means that A\? is also an eigenvalue of the strings e;
and e; and therefore,
sin Ay = sin My = 0.

If we replace these equalities in (4.61), we obtain ¢(\) = 0.

Now we will see that the condition g()\) = 0 is also sufficient for A* to be
an eigenvalue. To do this we construct a non-zero eigenfunction 6 associated
to A2. We look for the components of 6 in the form:

0 (z) = a;sin Nz — £;), i=0,1,2. (4.62)

This guarantees that the boundary conditions at the external nodes (6(¢;) =
0) are satisfied. The remaining boundary conditions at z = 0 lead to the linear
system

an sin )\éo = ai sin )\él = a sin )\fg, (463)
agA cos Mg + aiAcos My + as A cos Mo = 0, (4.64)

whose determinant coincides with Ag()). Thus, if g(A) = 0 we can find num-
bers ag, a1, as, not all of them equal to zero, such that the function 6 defined
by (4.62) is an eigenfunction.

Remark 4.21. The proof of the fact that the condition given in Proposition
4.20 is necessary may be done in a simpler way without using the operator Q.
Indeed, in view of the boundary conditions, an eigenfunction is necessarily of
the form (4.62). If this eigenfunction does not vanish identically, the determi-
nant of the liner system (4.63) is equal to zero. Thus, ¢(A) = 0. However, we
have used the operator Q because this is the natural technique we will use in
Chapter 5 to address more general networks.

An important consequence of Proposition 4.20 is the following. Let us
denote by (o) the increasing sequence formed by the elements of the set

m m 71'
¥ =_-NU—-NU-—N. 4.
NU - NU N (4.65)

The elements of X' are the positive square roots of the eigenvalues of the de-
coupled strings with homogeneous Dirichlet boundary conditions. Let (A,,) be
the increasing sequence formed by the positive square roots of the eigenvalues
of the network. Then, for every n € N,

An < 0n < Apt1 < Opet1- (4.66)
Indeed, in every interval (o, 0,+1) the function ¢(\) may be expressed as
q(A) = hi(A)h2(N),

where
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h1(\) = sin Alg sin Alq sin M, ha(X) = cot Mg + cot My + cot Mls.

Observe that under the hypothesis that all the ratios ¢;/¢; (i # j) are irra-
tional, the numbers \,, are the positive zeros of ha()), while o,, are the points
where ha(\) — Fo0. It suffices now to note that on every interval (o, 0,41)
the function hs(A) is strictly increasing to conclude that, necessarily, the num-
bers o, and A, alternate, that is, (4.66) is verified.

Inequalities (4.66) allow to obtain information on the numbers A, from the
properties of the sequence (¢,,). Indeed, observe that from (4.66) we obtain
that, for every n € N,

)\'n+4 - >\n > Opn+4+3 — Op. (467)

But, for every n € N, among the four numbers o,,, 05,41, 0542, 0,13 there are
at least two corresponding to the same string. Consequently, for every n € N,
there exists ¢ € {0, 1,2} such that

Opy3 — Op > f_
i

Therefore, for every n € N,

rmn (L L1
Ont3 —Op >7Tmin | —,—,— |.
+3 0 0l

In other words, the following generalized separation property holds:

Proposition 4.22. For every n € N it holds

1 1 1
Anid — Ap > mmin | —, —, — ). 4.68
14 7 min (50 7 €2> (4.68)

This generalized separation property (4.68) allows to apply the technique
derived from Theorem 3.29 developed in [11] and [17] in the proof of observ-
ability inequalities of the type (4.34).

On the other hand, if ny and n, denote respectively, the counting func-
tions? of the sequences (\,) and (o) then

ny(r) <nx(r) <n.(r) + 1.

The function n, (r) coincides with the sum of the counting functions of the
sequences (nw/ly), (nw/l1) and (nm/f3) . It holds

kLS L)

1o (r) = |

where [n)] denotes the integer part of the number . Therefore, we obtain

* The counting function n(r) of the sequence of positive numbers (), ) is the number
of elements of the sequence contained on the interval (0, r].
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bo+ 101+ ¢ bo+ 01+ 74
r70+1+273§nx(r)§1+7’—0+ 1+2.
7r T

(4.69)

Then, the sequence (\,,) has density

D (An) = lim () _bth +€2>

r—00 T ™

which coincides with the density of the sequence (o,). It is essentially due
to this reason that the time of observation T* = 2(¢y + ¢1 + £3) = 27D (\,,)
appearing in Theorem 4.15 is optimal. Indeed, the Beurling-Malliavin theo-
rem ensures that for a sequence (\,) with density D the sequence (e**») is
complete in L?(0,T) if T < 2w D. This implies that a non-trivial inequality of
the type (4.34) cannot be proved for T' < 27 D.

Let us also observe that inequality (4.69) implies that

An
lim il

—_—= 4.70
n—oo 1 by + 41 + 0o ( )

This shows that the eigenvalues of the network behave asymptotically as the
eigenvalues of a single string of length ¢y + ¢1 + /.
Another important consequence of the inequalities (4.66) is the following:

Proposition 4.23. For any values £y, £1, o of the lengths of the strings there
exists a subsequence (n;) C N such that

k—o0
Proof. According to Dirichlet’s theorem on the simultaneous approximation
of real numbers by rational ones (see [26], Section 1.5), for every & > 0 there
exist infinitely many values of £ € N for which there exist natural numbers
Pk, qr such that

0 Uy
k— — k= — )
‘Eo pr| <€, ‘ﬁo qr| <€
Then N L
kT , wk  mqy ,
Ul UL L 4.71
w0 ) to G| S (4.71)
where

¢ = max { =, ¢
B e’
Let n; € N be such that
o —mind ™F TPk TGk
nge — 60 9 £1 ) 62 .
Then, from (4.71) we obtain the inequalities

/
Onp+2 — On;, <E.
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But, in view of (4.66), the latter inequality implies
)‘nk+1 — /\nk < EI,

for infinitely many values of k € N.
Taking into account that €’ may be chosen arbitrarily small, the assertion
of the proposition is obtained.

Remark 4.24. In a similar way we can prove that for any values ¢y, £1, f5 of
the lengths of the strings there exists a subsequence (n;) C N such that

lim (s = Any) = 0.

Thus, four is the minimal spectral step to ensure the generalized separation
property of Proposition 4.22 to hold.

4.6 Fourier Representation of the Observability
Inequality

Our aim in this section is to express the inequalities of Theorem 4.15 in terms
of the Fourier coefficients of the initial data of the solution ¢ of (4.2). To do
this, we have to characterize E,- »Ji=1 2, in terms of those coefficients.

J

If ¢y, ¢, € Z, that is, if the sequences (¢, ,,) and (¢, ,,) are finite, then
from the formula (4.4) it follows

0 p(x) =D (dgnly cosAnt + ‘il—’"z; sin A\pt)0n (7). (4.72)

neN n

But
5 cos At = % (cos Ap(t+£;) — cos A (t — €;5)) = —sin A\, sin A, t,
£ sin A\t = % (sin A (t 4+ £;) — sin A, (t — £;)) = sin A\, £; cos Apt.
Replacing these relations in (4.72) we obtain

¢;’n o8 Ant — @y, SN Ant) 0, (2). (4.73)

KJ_LES(x) = Z sin Ap4; (

neN
Using the formula (4.5) for the energy of £} ¢ we arrive to
Ej =D sin® Al (1,05, + 67 ) (4.74)
neN

and therefore, Theorem 4.15 allows us to ensure that there exists a constant
C > 0 such that the inequalities
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J—
/ |92(, £o)|?dt > C Z sin? )‘ngj(/‘nQS(Q),n + ﬁ,n)’ j=1,2,
0

neN

are verified for every g?bo, ¢, € Z. Since Z x Z is dense in V x H, this inequality
is still valid for all ¢, € V, ¢, € H.
If we denote
e = max{|sin A\pl1|, | sin A, o]} (4.75)

we have:

Theorem 4.25. There exists a positive constant C' such that every solution
¢ of (4.2) with initial state (¢g, d1) € V x H satisfies

*

/0 1620t €0)2dt > C 3" (6t + 62,0, (4.76)

neN

4.7 Study of the Weights c,,

Theorem 4.25 provides a satisfactory result as it allows to ensure the con-
trollability of the subspace of initial data defined by (4.35). However, that
subspace depends on the coefficients ¢,,.

Let us observe first that when the ratio ¢1/¢5 is a rational number there
exist infinitely many linearly independent eigenfunctions which vanish identi-
cally on the controlled string. They are constructed as follows. If ¢1 /¢s = p/q
with p,q € Z then, for k € Z we define the functions t, = (¥}, 1}, ¥3) by

k k
Y9 =0, w,lc:sinﬂ, Y7 = —sin ARy
2 4y

This fact implies that when ¢; /{5 is rational we cannot obtain an inequality
like the one given in Theorem 4.25, with other non-vanishing coefficients ¢,,,
not necessarily those defined by (4.75). Indeed, the solutions of (4.2) defined
by

- . kprt -
P =sin = —v;,
1
satisfy (see figure below)
Qﬁg,x(t,fo) =0.

Thus, the condition ¢; /f2 ¢ Q is necessary for an inequality like (4.76) to
hold. In fact this condition is also sufficient:

Proposition 4.26. If the ratio ¢1/¢5 is an irrational number, then all the
coefficients c,, n € N, defined by (4.75), are different from zero.
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(controlled node)

Lo

Fig. 4.4. A localized vibration when ¢/, € Q.

Proof. 1t suffices to observe that ¢, = 0 implies |sin A, ¢1| = |sin A, l2| = 0,
and then
Al = pm, Al = qm.
An that is ¢
1 p
— == c ,
Lo q Q

for some integers p and ¢. This contradicts the assumption ¢ /¢5 ¢ Q.

Summarizing we have obtained the following characterization of the lengths
of the strings for which the system is approximately or spectrally controllable
in some finite time.

Corollary 4.27. The following properties of the system of the three string
network are equivalent:

1) The system is spectrally controllable in time T > T*;
2) The system is approzimately controllable in time T > T*;
3) The ratio {1/l is an irrational number.

The analysis of the previous section shows that for 7' > T* the space of
observable and/or controllable states may be expressed in Fourier series by
means of the weights ¢,. In what follows we give sufficient conditions over the
values of £y, {1, {5 allowing to ensure that for some o € R all the initial states
(g, u1) € W are controllable in time T* = 2(£y + ¢1 + £3). More precisely, if
we define

Do = {(lo, 01, 2) €RY : W* C Wr-}

(W= is the subspace of controllable states in time 7*), our aim is to give
explicit conditions guaranteeing that (¢y,¢1,l2) € Py.
First, observe that if the weights ¢, are such that for some C > 0

cn > ONY, (4.77)

n € N, then, as it has been pointed out in Section 4.3, (¢g, {1, ¢2) € D,,.
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Let us consider the function
a“(ly, 05, \) := (| sin M| + | sin M| )A“.

It is also clear from (4.75) that, if for some values ¢1,¢y the function
a®(l1, 03, \) has a positive lower bound:

a®(ly,03,2\) > a >0 forall A € Ry,

then, for every ¢, € Ry, inequality (4.77) holds. Thus, we will be concerned
with the study of the function a.
The following holds:

Proposition 4.28. If there exists a constant C > 0 such that
b _
lln gt = oo
2

for every n € N, then
a%(ly,02,\) > a >0 for every A > 1. (4.78)

Proof. Let us assume that the inequality (4.78) is false. Then there exists a
sequence (Ag) such that

aa(ﬁl,ﬁg, )\k) = |SiIl /\k€1|/\g—|—| sin /\k€2|/\z — 0 (k — OO) (479)

On the other hand, necessarily, A\, — co. Indeed, if (A;) has a finite limit
point A, > 1 then, the continuity of a® yields

aa(fl,fg, )\*) =0.

Consequently
sin Ay f1 = sin A\, fo =0,

and this may only happen if ¢; /{5 is a rational number. But in such case there
exist values of n € N such that

Gl
Izl =o.

and this contradicts the hypothesis of the proposition. Thus we can assume
that A\, — oo.
From (4.79) it holds

|sin A\ l1 AL — 0, |sin A\ la| AL — 0. (4.80)
Let us denote for every k € N,

1\
7

Y

ex = ||| I, my : —er €N,
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129N 129N
= (II22EN, = R — by €N
T T
Since 0 < gg, 0 < 1/2,
lim Mk _ 2 lim Mk l
k—oo Mg ’ k—oo A\ 71'

In particular, as A\ — oo, the same happens with the sequences my and ny.
Besides,
meR < 2|sinepm| = |sin(my + ) 7| = sin A\ 41,

and thus, from (4.80) we obtain e;A; — 0. Analogously, dxA; — 0.
Then we have

lim ng—l—m n("—ilim 6%—5% ny
k—oo k£2 k ko 62 k—o0 kAk g )\k; k

1
= — lim (exny — oxny) =0. (4.81)
€2 k—oo

From this

Y4 Y4
llmg 5 [[nf: < (k- — mx ) nft = 0,
s Ly

what contradicts the fact |||nfy/fz]|| > Cn~=¢ for all n € N.

The condition provided by Proposition 4.28, which implies the inequality
(4.77), is sufficient for W* C Wy too. Now we will see that this condition is
also necessary in the following sense

Proposition 4.29. If there exists a sequence of natural numbers ny — oo,
for which

4
i llin = 0, as k — oo,

then there exist values of £y € R such that for every T > 0, the space W is
not contained in Wr. That is, there exist initial states in W, which are not
controllable.

Proof. Tt suffices to choose ¢y such that
20
|||nk£—\|\nk — 0, as k — oo.
2

In fact, let m and m be the closest natural numbers to ngfy /€2 and ngly /o,
respectively. Let (o,) be the sequence defined by (4.65) and denote by py the
index for which

. O
oy, = min | ng—,m—,m— | .
P L7

Then we have
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|ka+2 — Opy ‘ ng — 0,

and this implies, in view of the inequalities (4.66),
|)‘Pk+1 - )‘Pk| Agk — 0. (4'82)

On the other hand, the fact that all the initial states (g, ;) € W* are
controllable in time 7" is equivalent to the following inequality

T
/|ﬁw%wwchM?wm&+ﬁw,
0

neN

for all solution of (4.2) with (¢y,#;) € Z x Z. However, proceeding as in
Section 4.3, it can be easily proved that, due to (4.82), the latter inequality
is impossible.

As in the case of the simultaneous control of two strings, Proposition 4.28
reduces the problem of identifying subspaces of controllable initial states to
the following diophantine approximation problem: given o > 0, to determine
the values of ¢; /¢y for which there exists a constant C' > 0 such that the
inequality

llnt /6s]]| = Cn=, (4.83)

is true for each n € N.
In view of the results described in Section 4.2.1 we obtain:

Corollary 4.30. a) If {1/ € B. then, the space W< is controllable in any
time T > T*. In particular, if ¢1/02 is an algebraic irrational number then,
Wt is controllable for any e > 0.

b) If 1/ls admits a bounded expansion in continuous fraction then the
subspace W' is controllable in any time T > T*.

¢) There exist values of the lengths £y, 01,0 such that no subspace of the
form W is controllable in finite time T .

Remark 4.31. As we will see later, the numbers s, = 991’1/,(60), where 0,, are
the eigenfunctions of the elliptic problem associated to (4.2), are relevant for
the control problem when we attempt to prove the observability inequalities
in a direct way using Fourier series.

The eigenfunctions 6,, may be explicitly expressed in terms of the eigen-

values \,,
sin A, (€o — )

9% sin A\, 4o
i )\n (161 — ZL’)
6. — | ot | = S An (61 — &) :
" Z " sin )\n£1
On sin Ay, (bo — x)

sin )\nfg
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where

1
Y4 2 2 2
=2 ° _+ + :
Tn sin? \ploy  sin? M\, 0p  sin® A\l
Then

1
sin? X\, 4o sin? A\, 0o ) 2

; 27 .
sin? A\, 04 sin? \, 0o

The following rough estimate is true

2
n > n\l' ) | J i n St n . 4.84
|%|_)\,/€0+£1+€2\sm)\ £ sin Ay o] (4.84)

If the lengths ¢g, £1, ¢ are linearly independent over Q and the ratios ¢;/¢;
are algebraic numbers (see condition (S) in Appendix A for more details) then,
according to Proposition A.11 from Appendix A, for each € > 0 there exists
a constant C. > 0 such that

”y = —)\n\/i {(0 + 4

C C
|sin Apfp| > )\1—46_6, sin A, la| > )\1—;, n €N, (4.85)
and with this, from (4.84) it follows
C
|26, > —=. (4.86)

However, with the aid of Theorem 4.25 it is possible to establish more
precise estimates under weaker conditions on the lengths. Indeed, it suffices to
apply the inequality of this theorem to the solutions sin A,t 8,, and cos A,t 6,
to get

n’'n’

T T
|%n|2/ |cos Apt|? dt > Cc2 N2 |%n|2/ |sin Apt|* dt > C2 A2,
0 0

From this we obtain
|56, > CA,y max{|sin A\, ¢1], | sin A, la|}.
This inequality is obviously sharper than (4.84). Consequently, if the ratio
£1 /€5 belongs to B, then,
|2,] > % (4.87)

In spite of estimate (4.84), the latter does not impose any restriction over £.
Proceeding in a similar way, from the inequality (2.29) we obtain

CN, > |5, (4.88)

independently of the values of the lengths.

Note that these two inequalities (4.87) and (4.88) reflect correctly the
defect of at least one derivative on the boundary observation of the energy of
individual eigenfunctions from the boundary measurement made on one single
external node.
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4.8 Relation Between the Simultaneous Control of Two
Strings and the Control of the Three String Network
from One Exterior Node

As the reader has noticed already, the conditions on the lengths of the strings
that allow identifying subspaces of controllable initial states are the same for
the simultaneous control of two strings and for the control of the three string
network from one exterior node. Besides, when these conditions are satisfied,
the corresponding subspaces of controllable initial states coincide, up to the
boundary conditions, on the uncontrolled strings. There is indeed a very close
connection between these two problems that explains this analogy:

Theorem 4.32. If V is a subspace of controllable initial states in time T for
the simultaneous control of two strings (4.10) then the subspace (L?(0,4y) X
H=Y0,40)) x V of initial states for the system of the three string network
(4.83) is controllable in time T + 2.

For the proof of this fact we need some preliminary elements. We consider
the spaces

Wo = {(¢, 1) €V x H:  40(0) = ¢(0) = ¢3(0) =0},
Vo = (Hg(0,01) x L*(0,41)) x (Hy(0,€) x L*(0,£2)) .

For (¢y, ¢1) € Wy we denote by ¢ the solution of the homogeneous system
for the three string network (4.2) with initial state (¢, ;). We also consider
¥ = (0,9, 4?), where (1)',1?) is the solution of the homogeneous system
(4.11) with initial states (@5, ¢1) and (¢2, #7), respectively.

Let us choose T' > 2(¢g + ¢1 + ¢3) and denote

T
@0, B3 = / 162t €o) 2,

T—21,
1@os I = /[ L8, 0) + 62 (1, 0)Pdt.

In view of the results of Proposition 4.5 and Corollary 4.27, the functions ||.||g
and ||.]|s define norms in Wy and Vq respectively, if, and only if, ¢1/¢5 is an
irrational number and T > 2(¢y + ¢1 + £5).

Proposition 4.33. There exists a constant C > 0 such that for every (¢g, ¢1) €
W07
o 0 .0 o
Cll(@o: @)1 = 11(80, #0113 (0,60) % L2(0,0) T+ IS0 215

Proof. Let us observe that, if we apply D’Alembert formulas (3.5) to the
component ¢° we have, in account of the fact that c;Sg (t,4) =0,

@0(t,0) =y 2 (t, o),  ¢Y(t,0) = —LF 2 (t, Lo).
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Then, from Proposition 3.3 we obtain the inequality

T T—4o T—4g
/ 162(¢, £0)Pdt > max{ / 162(t,0) at, / 160(1,0)[2de}.  (4.89)
0 Lo Lo

On the other hand, if Ego is the energy of the component #°, from Propo-
sition 3.1 it follows,

Lo
Ep(0) < [ o0 0ot
—¢
And then, from property (4.56) (see Proposition 4.18)

T
168, )y 2=2Ban(@) < € [ Jobie o). (4.90)

Let us observe now that the solution ¢ may be decomposed as

=1+, (4.91)
were O = (w’, w!, w?) is the unique solution of the problem
wi —wi =0 inRx[0,4], i=0,1,2,
Wit 0) =0,  wi(t0)=¢'(t,0) inR, i=0,1,2, w92
W0(0,2) = ¢p(z),  wP(0,2) = ¢ (x) in [0, o),
wi(0,7) = wi(0,2) = 0, in [0, 4;], 1=1,2.

Indeed, for every i = 0, 1,2, the function 7 = ¢ — ¥ — @ satisfies
Mt = Mo =0 in R x [0, 4],
n'(¢,0) = n'(t,4;) =0 in R,
n%(0,z) = ni(0,2) = 0 in [0, £;].
Thus, 77 = 0, that is, (4.91) is verified. In particular,
OL(t,0) = YL(t,0) + wi(t,0),  i=0,1,2. (4.93)
In view of the coupling conditions
9 (t,0) + 6:(t,0) + ¢5(£,0) = 0,
from (4.93) it follows that
~a(t,0) = ¥ (t,0) + ¥3(t,0) + w (t,0) + wi(t,0). (4.94)

Thus, we have
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T—4
/ [Wh(t,0) + 2 (t,0)|%dt

Lo

T—EO
< / |95 (£,0) + 92 (£,0) + wi(t,0) + wi(t,0)[*dt
Lo

T—eg
+ / |wi (£,0) + w2 (t,0)*dt
Lo

T—4o T—4o
< [ idworas [ 60+ deora.
Zo 60

On the other hand, if we apply Lemma 4.2 from [51] to the system (4.92),
we obtain that there exists a constant C' > 0 such that

T—£o T—4Lo T—4o
/ |wa (t,0)+w2(t,0)2dt < C |lwP(t,0)2dt = C |62 (t,0)|dt.
Lo Lo Lo

So, we arrive to the inequality

T—2
/ [ty (t,0) + ¥2(t,0)]2dt < /

Eg ZO

T—4o T—4o
B0PdC [ 0P,
Lo

and, in view of (4.89),
T4 T
/ |@@®+¢%mﬁﬁsc/|ﬁm%ww. (4.95)
Lo 0

Finally, combining the inequalities (4.90) and (4.95) the assertion of the
proposition is obtained.

Proposition 4.34. Let g € H be a continuous function such that g°(0) # 0.
Then, there exists a constant C > 0 such that for every (¢, 1) € Wo and
every A € R,

Cll(do + A7, 61)l1 & = 165, &l gy x 12 + 1o, 61

Proof. Let us denote by @, the solution of system (4.33) with initial state
(o + AG, ¢1). Let us observe that

A2 = 165(0) +Ag°(0)]> < Cllgg + A¢°l|F < CEyq(0). (4.96)
As in the proof of Proposition 4.33 we may show that
Eg (0) < Cll(9 + Ag, é1)|I%- (4.97)
Then, from the relations (4.96), (4.97) we have

1(@0: o)l < [[(@0 + A, 01l + IMN(F, 0l < Cll(d + Ag, ¢1) Il

and the assertion holds from Proposition 4.33.
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Proof (Proof of Theorem 4.32). Let us denote by Fs and Fg the completions
of H and Vo with the norms ||.||g and ||.||s, respectively. In account of the
fact that

H =Rg+ Wy,

Proposition 4.33 allows us to ensure that
(H&(O,go) X LQ(O,fo)) x Fs D Fg.

Then, the spaces of controllable initial states Cg = F,, Cg = F§ of systems
(4.33) and (4.10) given by HUM satisfy the relation

Cr C (L*(0,40) x H7(0,4p)) x Cs.
In particular, if V C Cg then
V C (L*(0,40) x H(0,£0)) x V,
and this is the assertion of the theorem.

Remark 4.35. The advantage of this approach that consists in deducing the
controllability of the three string network from the simultaneous control of
two strings is that:

a) It provides subspaces of controllable initial states of system (4.33) in
which no restriction is imposed on the regularity of the components (uQ, u?),
other than being in L2(0,4o) x H~1(0, 4y), in spite of what is needed in Corol-
lary 4.30;

b) It is clear that no restriction on the length ¢y is needed provided the
control time is large enough (T > 2(¢y + ¢1 + ¢2)). This is in agreement with
common sense. Indeed, one expects that the initial data over the string whose
external node is being controlled should be controlled correctly and that only
further requirements should be needed on the data over the other two strings.
Obviously, for that to be the case one has to take into account the extra time
(2¢p) that controlling the third string (0, £y) adds.

4.9 Lack of Observability in Small Time

Due to the finite speed of propagation of waves along the strings of the network
(equal to one in this case), it is natural to expect that, when the control time
T is small the system is neither controllable nor observable. It turns out that
this occurs whenever T' < T™* = 2({y + ¢1 + {2). Consequently, the control time
T* = 2(ly + {1 + {2) obtained in previous sections turns out to be sharp.

For an arbitrary network, the lack of spectral controllability for values of
T smaller than twice its lengths may be proved on the basis of results from
the Theory on Non Harmonic Fourier Series (more precisely, the Beurling-
Malliavin theorem) and the asymptotic properties of the sequence of eigen-
values of the problem (see Chapter 6). However, for the three string network
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it is possible to give a completely elementary proof of this fact based on the
explicit construction (shown in Figure 4.5) of a solution ¢ of (4.2), whose
trace ¢2(.,fp) in the observation point vanishes during a time 7' < T*. This
allows to ensure that the system (4.33) is not even approximately controllable
T<T.

In Figure 4.5 we draw the projection of the support of the solution to
the uncontrolled strings (0,¢;) and (0, £2). The Figure shows a family of rays
crossing each other at the connecting node x = 0 so that waves cancel when
crossing at = 0. This can be done in any time 7 < 2(¢; + £3). One can
then extend this solution by zero to the observed string (0,¢y) guaranteeing
that the observed trace at © = ¢y vanishes for a time interval of length T <
2(50 + 0+ 62)

The construction is thus the same as that of the lack of simultaneous
approximate controllability of two strings of lengths a and b from a common
end-point in time less than T" < 2(a + b). This is precisely the situation we
represent in Figure 4.5. When T > 2(a + b) this construction can only be
performed when a/b is rational (an then this may be done for all time 7' > 0).
This is in agreement with our results on the simultaneous controllability of two
strings in section 4.2 that guarantee approximate and spectral controllability
as soon as a/b is irrational and 7' > 2(a + b).

The following holds

Theorem 4.36. Let T' < T™. Then, there exist non-zero initial states

(60, b1) € ﬂ we,

a€cR
for which the solution ¢ of (4.2) satisfies
Wt lo) =0 in [0,T). (4.98)

In the proof of this theorem we use some technical results. Let T' > 0 and
0 < 0 < T. We define the operator I, : L?(0,T) — L?(0,7—0o) by the formula

t+o
LN = [ fwar.
t
For arbitrary values of o1, o2 € (0,T) the system of functional equations

{Igjfi() a.e. in (0,7 —o0;) =12, (4.99)

fi+fa=0 a.e. in (0,7,

admits the trivial solution f; = fo = 0. We need to study for which values of
T this is the only solution of (4.99). The answer is given by the following

Lemma 4.37. Let Ty = o1 + 03. Then, if T < Ty, system (4.99) admits
non-trivial solutions f; € C*([0,1)), i = 1,2.
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¢ observer i observer
B ! e To=2(a+b) ! To=2(a+b)
T<Io T<To
0 a atb X 0 a ath  x
¢ observer t observer
e T0=2(atDh) To=2(a+b)
T<To T<To
0 a at+b X 0 a ath X

Fig. 4.5. Construction of the support of a non-observable solution
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Before proving this lemma let us see how Theorem 4.36 may be obtained
from it. It is clear that it is sufficient to prove Theorem 4.36 for large values
of T so that we assume, without loss of generality, that T > 2({y + é), where
¢ = max({1,05).

Let f1, fo be non-zero solutions of (4.99) for o1 = 2¢;, 02 = 2¢y and
T =T — 2¢y. We define the functions

1

) t+x
Gi(ta) = 5/ filr — to)dr,  i=1,2,
t—x

for x € [0,4;], t € [x + £y, T — £y — x]. These functions satisfy

(rb?t;t(tax) = ¢fcr(ta ‘T)
(5. {wum o1l =0,

whenever z € [0,4;] and t € [lo + 2, T — ly — x].

Each of the functions ¢* may be extended to a solution of (S;), which we
will denote again by ¢', defined in the region [fy, T — £y] x [0,4;]. Note that
these functions have been chosen such that ¢’ (t,0) = fi(t) for t € [lo, T — £o).
Besides,

¢(t,0) + ¢2(£,0) = f1(t) + fo(t) =0 and ¢'(t,0) = ¢°(£,0) = 0.

Then, ¢ = (¢° = 0, ", ¢?) is a solution of (4.2) defined in the time interval
[¢o, T — £p]. Consequently, the unique solution of (4.2) defined on [0,T] that
coincides with ¢ on [f, T — £o] satisfies the vanishing condition (4.98).

It just remains to prove that the initial data of ¢ belong to W @ for every
real a.

As ¢° = 0 and fi, f, € C°([0,T]) this is equivalent to proving that for
some T™* € [ly, T — {p] and every k € N the following inequalities hold

a2k P aZk P 82k+1 1 82k+1 9
7525 (T7,0) = 75259 (T, 4;) = p2hi1? T ’0)+W¢ (T7,0) =0,
(4.100)
and
82k P an P 62k+1 . 82k+1 .
W%(T ,0) = W@(T ) = W@(T ,0) + Wﬂﬁ(T ,0) =0,
(4.101)

for ¢ = 1,2. These facts guarantee and characterize the property that the
data of the constructed solution ¢ belong to any power of the domain of the
generator of the three-string system.

To check these identities we first observe that, if f is a smooth function,

then

(I /) (1) = (I, f®) (1)
This implies that, if fi and f are smooth solutions of (4.99) then so are the
functions fl(k), Q(k) for all k£ > 1.
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Note also that, since ¢’ solve the wave equation, in (4.100) and (4.101)
one can replace any derivative of even order in x by the derivative of the same
order in ¢.

Combining these facts and choosing, e.g., T = ¢, + 0 we obtain the equal-
ities (4.100) and (4.101).

The proof of Lemma 4.37 is based on the following facts:

Proposition 4.38. If 01 /02 € Q then, for every T > 0 there exist non-trivial
functions ¢ € C>([0,T]) such that

I,,o=0 in [0,T—o01], I,,p=0 in [0,T— o2 (4.102)

Proof. If 01/02 € Q there exist numbers p,q € N, v € R such that

Let ¢ € C*(R) be a non trivial, y-periodic function such that

/O’Y o(T)dr = 0.

t+o1 t+vp t+y
Ipp= / o(T)dr = / o(T)dr = p/ p(r)dr = 0.
t t t

In a similar way it may be proved that I, = 0.

Then,

Proposition 4.39. Let ¢ > 0, T = 01 + 02 — ¢ and 01/02 ¢ Q. Then, there
exists a non-zero function ¢ € C*([0,T]), such that (4.102) holds.

Proof. The real number o may be expressed as g2 = no; +w, n € N,
w € (0,01). Since o1 /04 is irrational, so are w/o; and w/os. Let us consider
the sequence {wy} defined by

wg € (0,0’1)7 kw —wy € 017

(the values of kw modulo o1). As a consequence of the irrationality of w/o1,
we have wy, # w; if k # [ and that the sequence {wy} is dense in the interval
[0,01]. Then there exist k1 < 0, ko > 0 such that wg,, wg, € [01 —&,01) and
wi, € [0,01 — ¢) for every k satisfying ky < k < ko°.

Now let us define the subsets of [0,07) :

2, = (wg,wr +7)

5 In other words, k1 < 0 and ks > 0 are the values of k with the smallest non-zero
absolute value such that wy is in the interval [o1 — €,071).
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for k1 < k < ko, where v > 0 is sufficiently small so that it holds
Q.0 =0 ifk#1 and 2, C (0,01) for ky < k,1 < ks.

It is not difficult to show that the sets {2, have the following properties:
(i) ift € 2 with ky <k < ke and t =wy + 7 for some 7 € (0,7) then,

t+w=wkr1+7 if wp < wg1,
t+w=wir1+7—01 if wpy1 < wg.

(i) if t € [0,01 —€) \ US2y, then,

t+w ¢ U ift<o; —w,
t+w—o01 U ift > 01 —w.

Let us choose now a function ¢ € C°°([O o1]) with support contained in
the interval (0,v) and satisfying fo 7)dT = 0 and define the function ¢ in
[0,01] by

_ go(tfwk) ift € Qk,
w(t) = {o it € [0, 9] \ Uy

Then it follows ¢ € C*°([0,01]) and supp ¢ C U2 C (0,01). In particular,
the o1-periodic extension of ¢ to R, which we still denote by ¢, verifies ¢ €
C>(R).

Now, let us check that ¢ is in addition one of the functions, whose existence
is asserted in the Proposition.

Let t1,15 € [0, 0'1] \ US2k, then

/:2 o(r)dr = Z / = ; /:Jm_ky (T — Wi )dT

M2, C(t1,t2)
Z/ T)dr = 0.

In particular, if we choose t; = 0, to = o1 we get foal p(r)dr = 0, and
therefore, since ¢ is o1-periodic, I,,¢o =0 in R.

It remains to calculate I, for the values of ¢ in the interval [0,01 — €).
Two cases are possible:

Case 1. t € (2 for some k. Then, t = wy + 7 with 7 € (0,v). We will
assume that wy < wgy1, since when wg41 < wy the result is obtained in a
similar way.

In view of the property (i) of the sets {2, mentioned above, we obtain

t+w Wr+1+T
Iy, 0(t / s)ds = / w(s)ds
t Wr+T

w;ﬁ-v Wr+1+T Wk+1
s)ds —|—/ p(s)ds +/ o(s)ds.

wg+T Wk41 wi+y
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But wy + v and wy1 do not belong to U2, f;::y ©(s)ds = 0, and thus

wr+y Wr+1+T
I,0(t) = / p(s — wg)ds +/

(5 — wrp)ds
k+T

W41

_ /j ¢(s)ds+AT¢(s)ds — 0.

Case 2. t ¢ US2. In view of the property (ii), if ¢t < 07 — w, then ¢t + w
does not belong to U2, and we have

t+w
o 0(t) :/t p(s)ds = 0.

Ift > 01 —w, then t — o1 +w ¢ U2 and it holds

t+w—o1
e = [ elois=0.
t

This proves the Proposition.

Proof (Proof of Lemma 4.37). It follows immediately from the previous propo-

sitions. It suffices to take f; = ¢ and fo = —¢ according to Propositions 4.38
or 4.39, depending on whether o4 /o5 is rational or irrational.

4.10 Application of the Method of Moments
to the Control of the Three String Network

In this section we study the problem of moments (3.40), i. e

T
/ %|k|ei)"“t h(t)dt = uqy k| — iAgug, k| for every k € Z,, (4.103)
0
for the three string network. Recall that, in view of the results of Section 3.3,

the existence of a solution h € L?(0,T) of the problem of moments (4.103) is
equivalent to the controllability in time T of the initial state (g, u1) with

Uy = E u07n9n7 U = § ul,ne .
neN neN

Thus, this is an alternative way to study the control problem for system (4.33).
Performing the change of variable t — ¢ — T'/2 in (4.103), we obtain

. T 1
/ et bt — =)dt =
-z 2

. iApT/2
= — (U1n — iAntig,n) €2 T/2,
Hn

Sl
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Denoting my, 1= s, (U1, — iAyto.n) € T/2) A := T/2, problem (4.103)
will be written in the form (3.28). This implies, in account of Proposition
3.18, that, if we can construct a sequence (v,) biorthogonal to (e“‘"t) in
L? (—=T/2,T/2) then the initial states satisfying

>

NELy

1 .
. i, T/2
— (u1,n, — PAqU0,,) € /
n

lvnll 2 < o0 (4.104)

are controllable in time T with control

1 , ,
v = E — (u1,n, — PAnUo.n) e/

s
NEL, n

Inequality (4.104) is equivalent to

1
ZZ: W (|u17”| +An |u0,n|) ”U”HL2 < Q.
NELy

In particular, if the biorthogonal sequence (v,) has been obtained from a
generating function F' then all the initial states satisfying

Z IOl ||F’ (’%n‘ + An |ugp|) < oo (4.105)
NELx

are controllable in time 7.

Let us remark that for the three string network it is easy to construct a
generating function, since we already know a function that vanishes at the
numbers A,. Indeed, recall that, as it has been shown in Proposition 4.20,
q(A\) = 0, where

q(z) = cos z{g sin 247 sin 205 + sin 24 cos z¢; sin 24y

+ sin z¢g cos zf1 sin zf1 cos z¥s, (4.106)

and this is an entire function bounded on the real axis: |¢(z)| < 3.
On the other hand, if we replace in (4.106) cos(z{)) and sin(z¢;) by their
expressions in terms of complex exponentials

. o _ i o
cos 2l = (e”e"' +e ”e’“) , sin 20, = ~3 (e”ek —e ’Ze’“) ,

| =

we see that ¢ may be written as a linear combination of eight terms of the
form e**", with
|h] < by + €1 + £s.

Then, there exists a constant C' > 0 such that, for every z € C,

lq(2)| < Ce|z|(€0+@1+€2),
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that is, the function ¢ is of exponential type at most £y + ¢1 + 5.

Then, based on the results of Subsection 3.3.1, we can assert that there
exists a sequence (v,) biorthogonal to (¢*»') in any interval (—7/2,T/2)
with T > 2 (¢y 4 ¢1 + £2) that satisfies

H’l}n||L2(7%’%) < nEN, (4107)

|a'(An)I”
where the constant C' > 0 does not depend on n.

This guarantees immediately that the spaces of sequences for which the
problem of moments (4.103) has a solution is dense in /2. Therefore, the space
of controllable initial states in time T' > 2 (¢y + ¢1 + £2), is dense in H x V.
Moreover, all the initial states from Z x Z are controllable. That means that
spectral controllability holds as well.

Now we estimate |¢'(\,,)| in order to identify larger subspaces of control-
lable initial states. Observe that the function ¢ may be written in the form

q(z) = sin z{g sin 241 sin 2l (cot z€y + cot z€1 + cot zla) . (4.108)

Then
l[¢'(A\n)| = |sin Ay €g sin Ayl sin A\ la| A, (4.109)

with

B ( 4y . 4 L ly )
sin® Al sin® Anfly - sin® Aply )
In account of (4.105), we can ensure that the initial states satisfying

1
2 Al ([ur,n] +An [tto,n) < 00 (4.110)
nez, 'm " n

are controllable.
To make this condition more precise, we need to estimate the product
[5¢n] |¢'(An)|- Recall that (see Remark 4.31)

V2h, s

[#4nl = |sin A\ lo| "
and thus we have
1
1520 16’ (Mn)| = V22X, [sin Apfy sin Ao AZ.

Then,

|%n|2 |q’()\n)\2 = 2)& [sin A, 41 sin )\n€2|2 ( ‘o al & )

+ +
sin? \,lo  sin? M\, fp sin® A\l

> 2)\721 (El sin? \, 0o + 05 sin® 61) > C)\Zci.
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Here ¢, = max ([sin A, f1|, [sin A, ¢2]) are the coefficients defined by (4.75) in
Section 4.6.

With this we can conclude that a sufficient condition for the initial state
(tip, 1) to be controllable is

1
Z m (‘ul’n| + An ‘u07n|) < 00. (4.111)
NELy

Let us observe that this result is weaker than that given in Proposition
4.6, since, if the initial state (ug, @) satisfies (4.111) then it also satisfies

1
Z 2—>\2 (uin + )"’lu%,n) < 0o0.

n€EZL, NN

Let us choose 6 > 0. The series

converges for every § > 0, as
. An T
im —=——.
n—oo 1 by + 41 + 0o

Then, with the help of the Cauchy-Schwarz inequality we obtain

1
Z (Juan| + An o)

= Cpn
(= 1/2 . 1/2
(22 i) (55
ne€Z, " ne€L, ~n
N 2 2 v
SC’(n%Z:* Z (ul’n—k)\nuo)n)) .

Thus, for (4.111) to be verified and consequently for the initial state (ug, @)
to be controllable in time T, it is sufficient that

)\(5—1

n 2 2, 2

Z 2 (ulm + )\nuo’n) < 00.
NELy n

In particular, if ¢;/¢3 € B, in view of (4.85) we have

Cn2—7
Ate

and, consequently, the controllability condition (4.111) obtained with the
method of moments guarantees that all the initial states from
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Stets
(1_1,0,1_1,1) ew? = V%+E+6 X V%JFEJF&,

with arbitrarily small § > 0 are controllable.

Thus, we need roughly 1/2 more derivatives in L? on the initial data for
the method of moments than in Corollary 4.30. This difference may be due
to the possible inaccuracy in the estimates of the sequence || |¢'(An)|-

Remark 4.40. According to Proposition 3.25, once we have identified sub-
spaces of controllable initial states in time 7" of the form W, we can construct
a posteriori a sequence (¥, ), biorthogonal to (eM"t) in L? (0,T), satisfying

190l L2 o.ry < CALT

Thus, in view of Corollary 4.30, if ¢1/¢> € B, for the system of the three
string network, a sequence (o) biorthogonal to (e**~*) in L?(0,T) can be
constructed verifying

8all 20y < CX. (4.112)

Let us remark that the biorthogonal sequence (v,) used in this section
does not necessarily coincide with (9,). Recall in addition, that we do not
resort to that sequence, since we got information on controllable subspaces
without using the information provided by Corollary 4.30.

Let us try a sharper estimate of the sequence (v,,). In view of (4.107) it
suffices to estimate |¢'(A,)|. From equality (4.108) we obtain

l[g' (M) = £o |sin A\pfy sin Ay la| + £1 [sin Ay lg sin A la| + £a |sin A, g sin A 41 |
2 CS()‘a€07€17£2)a

where we have denoted
s(A, o, 01, 02) := |sin A\, Lo [sin Ay fq|+|sin A fo| [sin A, fa|+|sin A, £q | [sin A, lo] .

To obtain lower bounds of the function s we need to impose additional re-
strictions on the lengths ¢, £1, (5. Let us assume that those lengths satisfy the
following rational approximation conditions, which we will call briefly condi-
tions (S) (see also Definition A.9 in Appendix A):

Ly, 1, o are linearly independent over the field Q of rational numbers;
all the ratios ¢;/¢; are algebraic numbers, that is, roots of polynomials
with rational coefficients.

Under these hypotheses in Proposition A.11 it is proved that for every
e > 0 there exists a constant C; > 0 such that for every n = 1,2,...; the
following inequality holds

$(Ans Lo, 1, 02) > Ce (M) 17

This guarantees that
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[vallL2(—rjoms2) < CATE.

Unfortunately, we have imposed restrictive conditions on ¢y and we have
been able to prove an estimate weaker than (4.112). This could be caused by
two reasons: that the norms of the elements of the sequence (v,,) are actually
larger than those of the elements of the sequences (v,,) or that the technique
we have used to estimate |¢'(\y,)| is not sharp.

The obtention of the optimal controllability results for the three string
network by the method of moments is therefore an open problem.
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