2

Boundary Element Methods

The numerical approximation of boundary integral equations leads to bound-
ary element methods in general. Since already the formulation of boundary
integral equations is not unique, the choice of an appropriate discretisation
scheme gives even more variety. The most common approximation methods
are the Collocation scheme and the Galerkin method. In this chapter we first
introduce boundary element spaces of piecewise constant piecewise linear basis
functions. Then we describe some discretisation methods for different bound-
ary integral formulations and we discuss the corresponding error estimates.

2.1 Boundary Elements

Let I' = 042 be the boundary of a Lipschitz domain 2 C R3. For N € N, we
consider a sequence of boundary element meshes

N
v =7 (2.1)
(=1

In the most simple case, we assume that I" is piecewise polyhedral and that
each boundary element mesh (2.1) consists of N plane triangular boundary
elements 7, with mid points ;. Using the reference element

T={6eR*:0<&E <1, 0<&<1—¢&),

the boundary element 7o = x¢(7) with nodes xy, for i = 1,2, 3 can be described
via the parametrisation

z(§) = xe(§) = o, + &1 (e, —20,) + &2(T0y —20,) €T for €T

For the area A, of the boundary element 7y, we then obtain

Ay :/dsz :/\/EG—F2d§: %\/EG—Fz,

Te
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where

3

d ? )
E= ; <a_€1xz(§)> = |.’E£2 - xfl' ’

3 a 2
6=3 (3—&@(@) P

F:iix(g)ix(g) = (2o, — 0y, Tey — Tp,) -
1 861 ! 8£2 ' 2 193 1

Using Ay, we define the local mesh size of the boundary element 7, as
he = Ay ford=1,...,N
implying the global mesh sizes

h = hAmax = max hy, hmin = min hy. (2.2)
1<e<N 1<e<N
The sequence of boundary element meshes (2.1) is called globally quasi uni-

form if the mesh ratio
hIIlaX

> Co
hmin

is uniformly bounded by a constant c; which is independent of N € N. Finally,
we introduce the element diameter

dy = sup |z—y.
T,YETy
We assume that all boundary elements 7, are uniformly shape regular, i.e.,
there exists a global constant ¢; independent of N such that
d¢ < cghpy foralll=1,...,N.

With
Tey,1 — Loy, 1 Teg,1 — Ttq,1
Jo = | T2 — @0, 2 Ty — Ty 2 | € R
Leg,3 = Le1,3 Te3,3 — T41,3
and using the parametrisation 7, = x4(7), a function v defined on 7, can be
interpreted as a function v, with respect to the reference element 7,

v(x) = v(wy, + &) = 0(§) forfer, x=xi(§).

Vice versa, a function v defined in the parameter domain 7 implies a function
vp on the boundary element 7,

(&) = v(xe, +Je&) = ve(x) forfer, x=xif).

Hence, we can define boundary element basis functions on 7, by defining
associated shape functions on the reference element 7.
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2.2 Basis Functions

Piecewise Constant Basis Functions

The piecewise constant shape function

PO(€) =1 foréer

implies the piecewise constant basis functions on I”

o) = { 1 forx e 7y, (2.3)

0 elsewhere

for { =1,..., N, and, therefore, the global trial space

0 N g0
Sp(I) = span{ Wy }621, dim S, (I') = N.

Note that any wy, € SP(I") can be written as

N
wy =Y wehp € Sp(I), weeR ford=1,...,N.
=1

Moreover, a function wy, € S)(I') can be identified with the vector w € RY
defined by the components wy for £=1,..., N.

In what follows, we will consider the approximation property of the trial
space SY(I') C Lo(I"). For this, we introduce the Lo projection of a given
function w € Lo(I'),

N
Quw = > wety € Sp(D),

{=1

which minimises the error w — Qpw in the Lo(I")—norm,

2
Qrw = arg n}giglp) l|w — wh||2L2(F) = arg minm/ (w(x) - wh(x)) ds.

h h whes}cl(
Note that Qpw is the unique solution of the variational problem

/(Qhw)(:v)q/)k(:r)dsm = /w(:v)wk(w)dsz fork=1,...,N,

w(z)Yg(x)ds, fork=1,...,N.

g
—
s
=
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Due to
Ay fork =1,

F/W(x)w’“(m)d% - { 0 fork#0

1
vy

we obtain

Wy

/w(:c)dsw fort=1,...,N.
Te

From this explicit representation of wy, one can prove the error estimate, see
Appendix B.2,

N
lw = Quwlly,ry < Czh?S 0]} r,y < ch® |w|%{gw(1“) (2.4)
=1

for a sufficiently regular function w € Hpj (1) and s € (0, 1]. The semi-norm
in (2.4) is defined as

w(z) —w(y)®
|w|qum) = / stzdsy for s € (0,1)
Te Te

and

Wiy = [ IVewba(@)Pde tors =1

z
From the above variational formulation, we conclude the Galerkin orthogo-
nality

/ (w(x) - (Qhw)(x))vh(x)dsz =0 forallv, € SH(I),

r
and, therefore, the trivial error estimate
[w = QnwllLyry < lwllLocr)-
Using a duality argument, we further obtain
S—0
|w = Qnwlaery < ch™ 7 wlus, (1)

for o € [-1,0] and s € [0, 1].
Summarising the above, we obtain the following approximation property
in SY(I).

Theorem 2.1. Let w € Hyp,,(I") for some s € [0,1]. Then there holds

inf w—w - < ch® 77 |wlys 2.5
L =l < b ol (2.5

for all o € [-1,0].

Moreover, the approximation property (2.5) remains valid for all o < s < 1
with o < 1/2.
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Piecewise Linear Discontinuous Basis Functions

With respect to the reference element 7, we may also define local polynomial
shape functions of higher order. In particular, we introduce the linear shape
functions

PiE) =1-&—&, () =& 56 =& fofer (26)
These shape functions imply globally discontinuous piecewise linear basis func-
tions
¥ () fora=xi(§) €,
Yei(r) =
0 elsewhere

for{=1,...,N,i=1,2,3, and, therefore, the global trial space

Sfll’_l(F) = span{ ’(/1511(.1’),wg)g(x),iﬁe’g(x)};v X dimS}IL’_l(F) = 3N.

Any function wy, € 5’11,71(11) can be written as

N 3
wp, = Zzwl,ﬂ/}z,i € 5;1[71(1—1»

(=1 i=1

Moreover, a function wy, € S,}b’_l (I") can be identified with the vector w € R3V
which is defined by the coefficients wy; for i =1,2,3 and £ =1,..., N.

As for piecewise constant basis functions, we may also define the corre-
sponding Lo projection Qpw € S,}L’fl(f') C Lo(I),

N

3
Quw = > wpithe; € Sy NI,

(=1 i=1
as the unique solution of the variational problem
(Qrw) (@) j(x)dsy = | w(x)y ;(x)ds,, 7=1,2,3, k=1,...,N
J J
r r

satisfying the error estimate

N
lw = Qurwl?,ry < ¢ Z he [wltairy < ch? \wﬁj{gw(r)

=1

when assuming w € HSW(F ). Combining this with the trivial error estimate

lw = QrwllLyry < llwllLyry,

and using an interpolation argument, the final error estimate
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lw—QrwllL,ry < ch® |w|H;w(F)

follows when assuming w € Hpy (I") for some s € [0,2]. Using again a duality
argument, we finally obtain

lw = Qrw| oy < ch®™7 |w|H;W(F) (2.7)

for o € [-2,0] and s € [0,2].
Summarising the above, we obtain the approximation property in S flt’_l ().

Theorem 2.2. Let w € Hy,,(I") for some s € [0,2]. Then there holds

inf Alw —wp|[gery £ 7wl () (2.8)
wi €8y~ H(T)

for all o € [-2,0]. Moreover, the approzimation property (2.8) remains valid
forallo < s <2 witho <1/2.

Piecewise Linear Continuous Basis Functions

Up to now, we have considered only globally discontinuous basis functions
which do not require any admissibility condition of the triangulation (2.1).
But such a condition is needed to define globally continuous basis functions.
Let {2;}}2, be the set of all nodes of the triangulation (2.1). A boundary
element mesh consisting of plane triangular elements is called admissible, if
the intersection of two neighboured elements 7, and 7y is just one common
edge or one common node. Then I(j) is the index set of all boundary elements
7 containing the node x; while J(¢) is the three-dimensional index set of the
nodes defining the triangular element 7.

For j =1,..., M, one can define globally continuous piecewise linear basis
functions ¢; with

1 for x = z;,
p;(x) = 0 for x = a; # x;,

piecewise linear  elsewhere.

Note that the restrictions of ¢; onto a boundary element 7 for k& € I(j) can
be represented by the linear shape functions wjl»k,

pj(r) = ;k (&) forxz = xi(§) € 7. (2.9)
The basis functions ¢; are used to define the trial space

1 M gl
Sp(I) = span{goj} X dim S;,(I") = M.

Jj=

The piecewise linear continuous Lg projection Qpw € S} (I') is then defined
as the unique solution of the variational problem
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/Qhw(x)gpj(z)dsz = /w(x)goj(z)dsz forj=1,..., M.

r
Due to S}(I') € Sy~ (I') we immediately find the error estimate
lw = Quwllpe(ry < ch®™ 7 wlgs, (r)

when assuming w € Hpy (I), 0 € [-2,0], s € [0,2].
Defining P,u € S}(I') as the unique solution of the variational problem

(Phw,vp) i (ry = (w,vp)p  for all vy, € Si(I7)
we can show the error estimate
|w = Prwllgery < ch® 7 |lwlms, (r)

when assuming w € H}jy () and o € (0,1], s € [1,2].
Hence, we have the following result.

Theorem 2.3. Let v € Hy,, (") for some s € [1,2]. Then there holds

inf v—0 - < ch®7 7 |v|gs 2.10
ok r) v =onllgery < V| s, (1) (2.10)

for all o € [-2,1]. Moreover, the approzimation property (2.10) remains valid
forall o < s <2 with o < 3/2.

2.3 Laplace Equation
2.3.1 Interior Dirichlet Boundary Value Problem
The solution of the interior Dirichlet boundary value problem (cf. (1.14))
—Au(z) =0 forze 2, ~™u(z) = g(x) forzel
is given by the representation formula (cf. (1.6))
u(z) = /u*(w,y)t(y)dsy —/vi?gu*(x,y)g(y)dsy for x € (2,
T r

where the unknown Neumann datum ¢ = 'yilntu € H~/2(I') is the unique
solution of the boundary integral equation (cf. (1.15))

L [ pa)

Replacing t € H~1/ 2(I') by a piecewise constant approximation

g(y)ds, forz eI
T

N
th = th Yo € Sp(D), (2.11)
=1

we have to find the unknown coefficient vector ¢t € RV from some appropriate
system of linear equations.
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Collocation Method

Inserting (2.11) into the boundary integral equation (1.15), and choosing the
boundary element mid points x}, as collocation nodes, we have to solve the
collocation equations

1 1 1 L[ (2 —y,n(y))
— | ——ta(y)ds, = —g(a})+ — [ L= g)g 2.12
47TF/ P n(y)dsy = S9(xk) + 47TF/ EAE g(y)ds,  (2.12)

for k=1,..., N, or using the definition (2.3) of the piecewise constant basis
functions vy,

N
1 1 1 1 [ (z; —y,n(y))
to— | ———ds, = —g(z}, — | k2= d
; “ar / |27 — vl v 29<x’“) r / |2y —y)? 9(u)dsy
- Te I
for k=1,...,N. With

1 1
Vh[k,é] = 47‘[‘/|,’172;—y|d8y
Te

for k,/=1,...,N, and

1 L[ (zh —y,n(y)
— * _ Nk IV NI d
o= g9(@i) + / e 9(y)ds,
r
for Kk =1,..., N, this results in a linear system of equations,
Vit = i

The stiffness matrix V}, of the collocation method is in general non—symmetric
and the stability of the collocation scheme (2.12) and therefore the invertibility
of the stiffness matrix Vj}, is still an open problem when I" is the boundary
of a general Lipschitz domain 2 C R3. When assuming the stability of the
collocation scheme (2.12), the quasi optimal error estimate, i.e., Cea’s lemma,

t—t - < ¢ inf t—w _
| nla-12ry < oness (1) [ wllg-1/2(r)

follows. Combining this with the approximation property (2.5) for o = —1/2,
we get the error estimate

1t = thllgr-1r2cpy < ch*™/? It () >
when assuming ¢ € Hpy (") for some s € [0,1]. Applying the Aubin-Nitsche

trick (for ¢ < —1/2) and an inverse inequality argument (for o € (—1/2,0]),
we also obtain the error estimate
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[t = tullaory < ch®7 [tas, () (2.13)

when assuming t € Hpy (I") for some s € [0,1], and o € [~1,0]. Note that the
lower bound o > —1 is due to the collocation approach, independently of the
degree of the used polynomial basis functions.

Inserting the computed solution ¢, into the representation formula (1.6),
this gives an approximate representation formula

i) = / u* (2, 9)t (y)dsy — / A (2, y) g () ds,

r r

for x € {2, describing an approximate solution of the Dirichlet boundary value
problem (1.14). Note that @ is harmonic, satisfying the Laplace equation, but
the Dirichlet boundary conditions are satisfied only approximately. For an
arbitrary x € {2, the error is given by

u(w) =) = [ (.0) (40~ ta(w)) dsy

Using a duality argument, the error estimate
lu(z) —a(@)| < [[u* (@, )a-o)llt = tallae )

for some o € R follows. Combining this with the error estimate (2.13) for the
minimal possible value ¢ = —1, we obtain the pointwise error estimate

u(z) = (@) < ch* " lu* (@, )l ) g, o)

when assuming ¢ € Hyy(I") for some s € [0,1]. Hence, if ¢ is sufficiently

smooth, i.e. t € HE)W(F ), we obtain as the optimal order of convergence for
s=1
u(z) —a(z)] < eh® |u* (@, )| ta, o) - (2.14)

Note that the error estimate (2.14) involves the position of the observation
point z € (2. In particular, the error estimate (2.14) does not hold in the
limiting case x € I

Galerkin Method
The boundary integral equation (cf. (1.15))

1 / (z —y,n(y))

1 | .
477/\3;_y| (y)ds, 29(I)+47T e g(y)ds, forz e
r T

is equivalent to the variational problem (1.16),
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1
<Vt,w> = <(—I+K)g,w> for allweH—l/z(F)7
r 2 r
and to the minimisation problem

F(t) = i F
0 = el )

with
Fw) = %<Vw,w>r B <(%I+ K)g,w>r.

Using a sequence of finite dimensional subspaces 52(F ) spanned by piecewise
constant basis functions, associated approximate solutions

N
th= Y tety € SH(I)
=1

are obtained from the minimisation problem

F(ty) = i F .
(tn) whg}glélm (wn)

The solution ¢, € SY(I") of the above minimisation problem is defined via the
Galerkin equations

<Vth,1/)k>F _ <<%I+K)g,wk>F fork=1,...,N. (2.15)

With (2.11) and by using the definition (2.3) of the piecewise constant basis
functions vy, this is equivalent to

1
g tg—// dsyds, =
= A ) eyl
1 1 (x —y,n(y))
- dsy + — ds,ds;
2/9(:6) ’ +47r// z—yl 9(u)dsyds
Th Te I

1 1

Tk Te

for k,£=1,...,N, and

fe= / x)dsy + — / / x|;3i ) o(y)ds, ds.

for k=1,..., N, we find the coefficient vector t € RY as the unique solution
of the linear system
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Vit = f. (2.16)

The Galerkin stiffness matrix V}, is symmetric and positive definite. Therefore,
one may use a conjugate gradient scheme for an iterative solution of the linear
system (2.16). Since the spectral condition number of V}, behaves like O(h~1),
ie.,

)\max (Vh) l
)\min (Vh) h ’

an appropriate preconditioning is sometimes needed. Moreover, since the stiff-
ness matrix V}, is dense, fast boundary element methods are required to con-
struct more efficient algorithms, see Chapter 3.

From the H~/ 2(I")-ellipticity and the boundedness of the single layer
potential

ka(Vi) = [IVall2llVy, M2 = <c

V. HY*(I) — HY*(I),

see Lemma 1.1, we conclude the unique solvability of the Galerkin variational
problem (2.15), or, correspondingly, of the linear system (2.16), as well as the
quasi optimal error estimate, i.e. Cea’s lemma,

It = tallzrrary < S5 inflt = wnllgoa -
€1 wh€SH(I)

Combining this with the approximation property (2.5) for 0 = —1/2, we get
1
It =tulla—1r2ry < ch*F2 [tms, ()

when assuming ¢ € Hpw(I") and s € [0,1]. Applying the Aubin-Nitsche trick
(for 0 < —1/2) and an inverse inequality argument (for o € (—1/2,0]), we
also obtain the error estimate

[t = tullaery < ch®7 [tms, () (2.17)

when assuming ¢ € H} (1) for some s € [0, 1] and o € [-2,0].
Inserting the computed Galerkin solution ¢, € SP(I") into the representa-
tion formula (1.6), this gives an approximate representation formula

u(r) = /u*(m,y)th(y)dsy - /'y}{l;u*(x,y)g(y)dsy forxe 2, (2.18)

r r
describing an approximate solution of the Dirichlet boundary value problem
(1.14). Note that u is harmonic satisfying the Laplace equation, but the Dirich-

let boundary conditions are satisfied only approximately. For an arbitrary
x € {2, the error is given by

u(w) ~a) = [ @) (t0) - ta(0)) dsy

r
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Using a duality argument, the error estimate
lu(e) —a()] < [lu” (@, Mg )llt = tallzo

for some o € R follows. Combining this with the error estimate (2.17) for the
minimal value 0 = —2, we obtain the pointwise error estimate

u(z) — ()| < e B2 (@, e [, o)

when assuming ¢ € Hpy(I') for some s € [0,1]. Hence, if t € Hpjy(I') is
sufficiently smooth, we obtain the optimal order of convergence for s = 1,

u(z) — ()| < ch® u (2, a2y [, o) - (2.19)

Note that the error estimate (2.19) involves the position of the observation
point z € §2 again. In particular, the error estimate (2.19) does not hold in
the limiting case x € I.

The computation of the right hand side f in the linear system (2.16)
requires the evaluation of the integrals -

fr = / dsx+— / / x@g o ) o(y)ds, ds.

for k =1,...,N. An approximation of the given Dirichlet datum g € HY/?(I")
by a globally continuous and piecewise linear function

M

gn =Y _g;%; € SH(D)

Jj=1

can be obtained either by interpolation,
gn =Y _g(x;) e, (2.20)

or by the Ly projection,

M
gh = Zgj 3
j=1

where the coefficients g;, j =1,..., M satisfy

M

Zgj<@j790i>L2(1’) = (9,0i) Loy fori=1,...,M. (2.21)
j=1

This leads to
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T N (@ —y,n(y))
n:—zm/mmm+z%—//——:Tw@®mI
2j=1 = 47 J |z — vyl
Tk

Tk
M 1
=> 9 (th[k,j] + m[hﬂ)
j=1
with the matrix entries

Mifig] = [oi@se Bk = = [ [EEED s, as,

Tk Tk

for j =1,...,M and k = 1,..., N. Instead of the linear system (2.16), we
then have to solve a linear system with a perturbed right hand side f, yielding
a perturbed solution vector ¢, i.e., we have to solve the linear system

~ 1
Vit = (§Mh+Kh)g. (2.22)
For the perturbed boundary element solution #;, € SY(I'), the error estimate

[t = tnllgery < e llt—tullmory + c2llg = gnllgesr )

follows with ¢ € [-2,0], when the Ly projection (2.21) is used to define
gn € S}(I'). Note that o € [—1,0] in the case of the interpolation (2.20).
Assuming ¢t € Hpw(I') and g € HGH (I) for some s € [0,1], we then obtain
the error estimate

Ht — thHHa(p) < h%7° (Cl |t|HgW(F) + c2 ‘Q‘H;j;l(r)) .
For the approximate representation formula

u(z) = /u*(gc,y)th(y)dsy —/’y%{lytu*(x,y)gh(y)dsy forz € (2,
T T

we then obtain the optimal error estimate
() — )| < cla,t,g) b, (2.23)

when using the Ly projection (2.21) and when assuming ¢ € Hpy,(I") and
g€ HIQ)W(F). When using the interpolation (2.20) instead, the error estimate

u(z) —(z)| < clz,t,9) h®

follows.
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2.3.2 Interior Neumann Boundary Value Problem

Let 2 C R? be a simply connected domain. The solution of the interior
Neumann boundary value problem (cf. (1.21))

—Au(z) =0 forze 2, ~"u(z) = g(x) forzel,

is given by the representation formula (cf. (1.6))

u(z) = /u*(agy)g(y)dsy — /Wi?ytu*(x,y)ﬂ(y)dsy for x € 12,
T T

where the unknown Dirichlet datum % = 'y(i)ntu € H'2(I) is a solution of the
hypersingular boundary integral equation (cf. (1.27))

. it - 1 0t .
it [t . g)alds, = 3o — [ @ )g)ds,
I r

for x € I'. Since the hypersingular boundary integral operator D has a non-—
trivial kernel, we consider the extended variational problem (cf. (1.29)) to find
i, € HY?(I') such that

(Do), + (1) (1), = (57 - K)awo), + 1),

is satisfied for all v € H'/?(I"). Note that from the solvability condition (1.22),
we reproduce the scaling condition (1.25). Since the bilinear form of this vari-
ational problem is strictly positive, the variational problem is equivalent to
the minimisation problem

o) = it PO

£ = 3({n), + (1))~ (b= o), o),

Using a sequence of finite dimensional subspaces S} (I") ¢ H 1/2(T) spanned
by piecewise linear and continuous basis functions, an associated approximate

function
M

oy = Y fa ¢ € SH(I) (2.24)

J=1

is obtained from the minimisation problem

Fllig ) = in  F(uy,).
(ta,n) o (vn)
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The solution @, € S}(I') of the above minimisation problem is then defined
via the Galerkin equations

<Dﬂa,h7 %‘>F + <ﬂa7h, 1>F<<‘0i’ 1>F -
<(%I_K'>9"Pi>F+a<%1>F (2.25)

fori=1,..., M. Using (2.24), this becomes
M
> tas ((Desnei)  + (1) (pis1) ) =
j=1
(=), =l

fori=1,...,M. With

1 (curlp;(y) , curl i (z))
Dyli, j] = (Dpj, pi)r = E// J = dsgds,,

yl
(i, 1 F/soz r)dsy,
fi:<< I-— ’>g’%>
% F/ g(@)pi(w)dsy - / F/ A (2, y)g(y)ds, ds.,

_ ! . i [ o)
-2 F/ )eiads, = - [ oita) [ Lty is, s,

r r

N

for i,j = 1,..., M, we find the coefficient vector @, € RM as the unique
solution of the linear system

(Dh taa ) = f4 (2.26)

The extended stiffness matrix Dy +aa’ is symmetric and positive definite.
Therefore, one may use a conjugate gradient scheme for an iterative solution
of the linear system (2.26). However, due to the estimate for the spectral
condition number

wo(Dp+aa’) < c

==

an appropriate preconditioning is sometimes needed.
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Note, that instead of a direct evaluation of the hypersingular boundary
integral operator D, we apply integration by parts to obtain the representation
(1.9) in Lemma 1.4, where

curlp;(z) = n(z) X Vupi(z) forz el

is the surface curl operator, and @; is some locally defined extension of ¢; into
the neighbourhood of I'. Since ¢; is linear on every boundary element 7, and
defining the extension @; to be constant along n(x), we obtain curl,@; to be
a piecewise constant vector function. Hence, we get

Dyli, j] = (2.27)
1 1
> > (CLYIF%‘W ; CLYIF%W)E//Hded%-
Tk € Supp @; T¢ € supp @; e

Thus, the entries of the stiffness matrix Dy of the hypersingular boundary
integral operator D are linear combinations of the entries V}, [k, £] of the single
layer potential matrix V. Hence, we can write

Vi, 00
Dy=T"|0V,0|T
00V,

with some sparse transformation matrix 7' € RM >3V,

From the H'/?(I')-ellipticity of the extended bilinear form, i.e.,
(Dv,v)p + (v,1)2 > P ||’UH§{1/2(F) for allv € HY?(I),

we conclude the unique solvability of the variational problem (2.25), or corre-
spondingly, of the linear system (2.26). Furthermore, the quasi optimal error
estimate, i.e., Cea’s lemma,

[ta = Ganllgre2ry < theig,{(r) e = vallgiz(r)
holds. Combining this with the approximation property (2.10) for o = 1/2,

we get
hs—l/?

||ﬂa - fL,Lh |H1/2([’) <ec |aa|HSW(F) 5 (228)
when assuming @, € Hpy(I") for some s € [1/2,2]. Applying the Aubin-

Nitsche trick, we also obtain the error estimate
e = apllme(ry < ch®"7 |Ualms, (1)

when assuming i, € Hpy (I7) for some s € [1/2,2] and o € [-1,1/2].
Inserting the computed Galerkin solution @, , € S}(I) into the represen-
tation formula (1.6), this gives an approximate representation formula
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u(r) = /u*(x,y)g(y)dsy - /'ygl;u*(x,y)ﬂavh(y)dsy forx € 2
r r

describing an approximate solution of the Neumann boundary value problem
(1.21). For an arbitrary x € {2, the error is given by

u(x) —u(x) = /Winytu* (z,9) (aa,h(y) - aa(y))d3y~

r

Using a duality argument, the error estimate

ju(e) ~ (@) < | (1)

UHTACD] NN LA

for some o € R follows. Combining this with the error estimate (2.28) for the
minimal value 0 = —1, we obtain the pointwise error estimate

fu(e) = (@)| < ch*t|

int, —
T,y U (,T, ')‘)Hl(F)‘uCY'HSw(F) ’

when assuming @, € Hyjy, (I') for some s € [1/2,2]. Hence, if G € Hpy (') is
sufficiently smooth, we obtain the optimal order of convergence for s = 2,

Ju(e) — (@) < eh® Iy (2, ) ldal s, o) - (2.29)

Again, the error estimate (2.29) involves the position of the observation point
x € {2, and, therefore, it is not valid in the limiting case = € I.

As in the boundary element method for the Dirichlet boundary value prob-
lem, we may also approximate the given Neumann datum g € H~/2(I') first.
If g, € Sg(F) is defined by the Lo projection, i.e. if it is the unique solution
of the variational problem

/gh(z)wk(:c)dsx = /g(x)wk(:c) ds, fork=1,...,N,

r r

then the error estimate
S—0O
lg = gnllzecry < ch® 7 |glms, ()

holds, when assuming g € Hpy (I") for some s € [0,1] and o € [—1,0]. Hence,
if g is sufficiently smooth, i.e., g € Hll)w(l"), we get the optimal error estimate

lg = gnlla—1cry < ¢h®|glmy, r)- (2.30)

Then,
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~ 1 ,
fi= <(—I— K >9hv¢i>F
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Instead of the linear system (2.26), we now have to solve a linear system with

a perturbed right hand side f yielding a perturbed solution vector u,, i.e.,
we have to solve the linear system
~ 1
(Dh —&-QQT)QQ = <§MhT—KhT)g+ag. (2.31)

For the associated boundary element solution u, ;, € S} (I"), the error estimate
lta = Uanllm/zry < o = Ganll ey + cllg = gnlla-1/2r)
< ch3/? (\%|ng(r) + |g|H;w(r)> ;

holds, when assuming @ € Hpy (I') and g € H}y(I'). Applying the Aubin-
Nitsche trick to obtain an error estimate in lower order Sobolev spaces, the
restriction due to the error estimate (2.30) has to be considered. Hence, we
obtain the error estimate

[t = || e (ry < e ||t = tnllgery + c2 g = gnllae-1(r)
< ch*™? <|ﬂ|ng(r) + |9|H;W(r)) :

when assuming @, € Hpy (D), g € Hpy(I'), and o > 0. Therefore, the optimal
error estimate reads

e — Tanllrar) < ch® (\%\ng(r) + \9|ng(r)) : (2.32)

For the approximate representation formula

() = / A (2, ) gn () dsy — / A ()T ()ds,  (2.33)
I I

for x € {2, we then obtain the best possible error estimate
u(z) — ()| < c(x,g,00) h?, (2.34)

when assuming @, € HI%W(F) and g € lewv(F)-
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2.3.3 Mixed Boundary Value Problem
The solution of the mixed boundary value problem (cf. (1.34))

—Au(xz) =0 for x € (2,
W u() = g(z)  forx € I'p,
yu(e) = f(z) forz € Iy

is given by the representation formula
u@) = [ puwis, + [ @)@,
FD FN

/ A (2, y) g (y)ds, — / AL (2, )yt u(y)ds,
I'p I'n

7

for x € (2, where we have to find the yet unknown Cauchy data Wmtu on I'y

and 'ymtu on I'p. Let § € HY2(I') and f € H-'/2(I') be some arbitrary,
but fixed extensions of the given boundary data g € HY?(I'p) and f €

H~'/2(I'y), respectively.
The new Cauchy data

U=y — g e HY*(Iy)

and N o
=~y — fe HTV2(I)

are the unique solutions of the variational problem (cf. (1.35))

a(t,u; w,v) = F(w,v)

for all v € HY/2(I'y) and w € H~'/2(I'p) with the bilinear form

~ 1 1 ~
a(t,u; w,v) = py /w(m) / Ht(y)dsyd%
I'o o

L / w(z) / @ =v00) 500, ds,

EEE
I'p I'n
| (v~ 2.n(2))~
+5/inmwﬁﬂww%

curlpv ), curl 7 (y))
// Iz =yl dsyds,

and with the linear form



78 2 Boundary Element Methods

1 1 r—yn
F(w,v) = i/w( Yg(x)ds, + yy /w / - |3 (y)alsyalsgc
I'p

_ / s+ [ @)@,
I'n
—% o) [ %ﬂwdsydsx
I r

i// (CLI"IFU(I)’ CLﬂrg(y)) ds,ds,.
™ |z

To be able to define approximate solutions of the above variational problem,
we first define suitable trial spaces,

0 0 rT—1/2 Nb
SU(I'p) = SHTYNHY(Ip) = span{wg}e:f
My

SH(Iw) = SKI) N H'(I) = span{ s} .

The Galerkin formulation of the variational problem (1.35) is to find
%Vh S SQ(FD)

and
ﬂh € S;ll(FN)

such that _
a(tn,un; wp,vp) = F(wp,vp) (2.35)

is satisfied for all wy, € SP(I'p) and vy, € Si(I'y). This formulation is equiva-
lent to a linear system of equations

Vi =K\ [t g
(o) (5) - ()

with the following blocks:
Vi € RVOXND |, @ RVDXMN Dy, e RV
The matrix entries of these blocks are defined by

1 |
Vilk, €] = E//Hdsydsx,

Tk Te

_ 1 (@ —y.n) i a
47r//—\x—y|3 @i (y)dsyds,,

1 1-p;
Z ] 4 // cur F<p_] , Cur F@Z(x))dsydsx
m Iw -yl
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for all k,¢ =1,...,Np and 4,5 = 1,..., My. The components of the right
hand side, g € RNP and fe RM~ | are given by

1 T —1Y,n
gk = 5/ x)ds, + // v, 0 (y)dsydsx
// e y)dsydsg ,

fi= s / i) (@) — - / o) [ s, s,

I'n r

// (curl-g(y curlpgpi(x))ds ds
Yy T

|z -y

foralk=1,..., Npandi=1,..., My.

Since the trial spaces SY(I'p) C SY(I") and Si(I'y) C Si(I') are sub-
spaces of the trial spaces already used for the Dirichlet and for the Neumann
boundary value problems, the blocks of the matrix in (2.36) are submatrices
of the stiffness matrices already used in (2.22) and in (2.31), respectively. In
particular, the evaluation of the discrete hypersingular integral operator Dy,
can be reduced to the evaluation of some linear combinations of the matrix
entries of the discrete single layer potential V,.

Since the stiffness matrix in (2.36) is positive definite but block skew
symmetric, we have to apply a generalised Krylov subspace method such as
the Generalised Minimal Residual Method (GMRES) (see Appendix C.3) to
solve (2.36) by an iterative method. Here we will describe two alternative
approaches to apply the conjugate gradient scheme to solve (2.36).

Since the discrete single layer potential V}, is symmetric and positive defi-
nite and hence invertible, we can solve the first equation in (2.36) to find

t = Vh_l (g-i— Khﬂ) .

Inserting this into the second equation in (2.36), this gives the Schur comple-
ment system
Spu = f— K,V 'g (2.37)

with the symmetric and positive definite Schur complement matrix
Sh =Dy + KV, 'Ky

Therefore, we can apply a conjugate gradient scheme to solve (2.37), where
we eventually need a suitable preconditioning matrix for S,. Note that the
matrix by vector multiplication with the Schur complement matrix S} in-
volves one application of the inverse single layer potential matrix Vj. This
can be realised either by a direct inversion, if the dimension Np is small, or
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by the application of an inner conjugate gradient scheme. Again, a suitable
preconditioning matrix is eventually needed, which is spectrally equivalent to
Vh.

Following [14], we can also apply a suitable transformation to (2.36) to ob-
tain a linear system with a symmetric, positive definite matrix. In particular,
the transformed matrix

ViCyt =10 Vi —Kn\

~Kjoyt 1) \ K[ Dy
ViCy'Vi, = Vi, (I — VO h K,
K (I —Cy'Vi) Dy + K, Oy Ky,

is symmetric and positive definite. Hence, instead of (2.36), we now solve the
transformed linear system

( VaCy Vi = Vi (I = ViCyh) Ky, ) <5> _ (2.38)

KJ(I—Cy'Vi) Dy + KOV Ky, ) \ @

ViCy' =10\ (g
~Kjct 1)\ f

by a preconditioned conjugate gradient scheme. In the above, Cy is a suitable
preconditioning matrix, which is spectrally equivalent to the discrete single
layer potential V4, i.e.,

e (Cyw,w) < (Vaw,w) < ¢ (Cyw,w) for all w € RYP,

To ensure that (2.38) is equivalent to (2.36), we have to require the invertibility
of
ViOy't =1 = (Vi, — Cy)Cy

Due to
(Vi — Cy)w,w) > (¢; —1)(Cyw,w) for all w € RN

a sufficient condition is ¢; > 1, which ensures the positive definiteness of
Vi — Cy, and, therefore, its invertibility. A suitable preconditioning matrix

for (2.38) is
Vi—Cyv 0
C =
M ( 0 C’S> ’

where C is a preconditioning matrix for the Schur complement Sj,.

From the H~'/2(I'p) x H'/?(I'y )-ellipticity of the underlying bilinear form
a(+,-; -, ), we conclude the unique solvability of the Galerkin variational prob-
lem (2.35), and, therefore, of the linear system (2.36). In particular, we obtain
the quasi optimal error estimate
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18— thll5-1/2(ry + 11T = TnllEps2 )

<cl nf  E—wnllfoapgy+  inf[a— o]
= (whES;OL(FD)H h“H 1/2(F) UhES;lL(['N)” h”Hl/Z(F)

from Cea’s lemma. Using the approximation property (2.5) for o0 = —1/2 as
well as the approximation property (2.10) for o = 1/2, this gives

It — th“?plm(r) + [Ju — ﬁh||3'171/2(1") §Clh251+1|t|§1;3v(r) + C2h28271|mi[;3v(r) ,

when assuming ¢ € Hpw(I') for some sy € [~1/2,1], and u € Hp3(I") for
some s9 € [1/2,2]. Since, in general, those regularity estimates result from a
regularity estimate for the solution u € H*({2) of the mixed boundary value
problem (1.34), we obtain ity € HB‘TVUQ(F) and ity € HS;V?’/Q(F) by
applying the trace theorems, and, therefore, s; = s — 3/2 and so = s — 1/2.
Thus, if v € H*({2) is the solution of the mixed boundary value problem
(1.34) for some s € [1,5/2], we then obtain the error estimate

1= tallF /2y + 1T = @l Faropy < RV [uffr -

As for the Dirichlet and for the Neumann boundary value problem, applying
the Aubin-Nitsche trick (for o € [-2,1/2)) and an inverse inequality argu-
ment (for o € (—1/2,0]), we obtain the error estimate

IE = thll ey + 1@ = @l oy < h®C70 7 uffp g, (2.39)

when assuming v € H*(§2) for some s € [1,5/2] and o € [-2,0].

Inserting the computed Galerkin solutions t, € SP(I'p) and @y, € S} (I'y)
into the representation formula (1.6), this gives an approximate representation
formula

()= [ (o) (Bo) + Fw) s, — [ 2150 (o) (o) + 500 ) s,

r r

for x € (2. The above formula describes an approximate solution of the mixed
boundary value problem (1.34). For an arbitrary x € (2, the error is given by

u(z) —u(x) =

[t (f) B )ds, — [ 280 ) (30) - ) s,

I'ny I'p

Using a duality argument, the error estimate

u(z) = a(z)| <

@ Yo oy IE =Tl oy + it )| it = @l

H=°2(I)
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for some 01,02 € R follows. Combining this with the error estimate (2.39)
for the minimal values o4y = —2 and 09 = —1, we obtain the pointwise error
estimate

Ju(@) = (@) < hH (Il (@, )lazry + 900 @) o ) luls o)

when assuming v € H*(§2) for some s € [1,5/2]. In particular, for s = 5/2,
we obtain the optimal order of convergence,

lu(z) — u(z)| < c(z)hd |l grs/2(2) - (2.40)

Note that the error estimate (2.40) is based on the exact use of the given
boundary data g € HY/?(I'p) and f € H~/?(I'y), and their extensions g €
H'Y2(I) and f e H-Y/2(D).

Starting from an approximation u, € S}(I') of the complete Dirichlet
1nt

datum ~;

M
un = Y ujp; = ZWPJJ’ Z ujpj = Un+gn
j=1

j=Mn+1

we first have to find the coefficients u; for j = My +1,..., M of the approx-
imate Dirichlet datum g, € S}(I') N H'Y/2(I'y). This can be done, e.g., by
applying the Lo projection,

Z u]/goj x)pi(x dm—/ ()pi(x)ds, fori=Mpy+1,...,M.
Jj=Mn+1 I'p

In a similar way, we obtain an approximation f, € S§(I'v) of the given
Neumann datum f € H=/2(I'y),
Z te/w Yoi () de = /f Yi(z)ds, fork=Np-+1,... N.
{=Np+1 'y
Hence, we have to find the remaining Cauchy data
%vh S S;?(FD) and uy € S,ll(FN)
from the variational problem
altn, n 3 Vi, i) = F(ii, ¢;)

fork=1,...,Npandi=1,..., My, where the perturbed linear form is now
given by



2.3 Laplace Equation 83

I 1 .’L' - y7

_ 47r// - y)dsyds, + /fh x)pi(x)ds,

Tk I'n

- 417r/%( )/th( )dsyds,

yl3

curl (), curl
L] e e,
ar |x—\

The above perturbed variational problem is now equivalent to a linear system
of equations

Vi —Kp, t -V M, + K, /
T — = 1T =T _ - . (241)
Kh Dh u §Mh — Kh 7Dh g

Note that the right hand side of this system differs from the one in (2.36).
The blocks on the right have the following dimensions:

= RNDX(N—ND)’ M, € RV X (M~My) K, € RN X (M~My)

)

and the following entries

_ 1 1
Vh[k,g] = 47.r\/'\/‘/I:_y|d$yd$m,

Tk Te

Nyl j] = / oy (@)dsq,
r—y,n
/ / o3(y)dsy s,
_ 3 Yy
S |z —yl

1 1 i
_ _// cutl ¢ (y) , curlppi(z ))dsydsx
dm Iw—yl
r r

for
{=Np+1,...,.N, k=1,...,Np, j=My+1,....M,i=1,... My.

Note that the matrices Vi,, My, Kn, and Dj, are also submatrices of the
stiffness matrices already used in (2.16) and (2.26) to handle the Dirichlet
and Neumann boundary value problem, respectively.

The solution of the perturbed linear system (2.41) can be realised as for
the linear system (2.36). The error estimates for the resulting approximations
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can be obtained as in the previous cases, however, the approximations of the
given boundary data have to be recognised accordingly. This can be done as
for the Dirichlet boundary value problem and as for the Neumann boundary
value problem. In particular, the error estimate (2.39) holds for o € [—1, 0],
and instead of (2.40), we obtain only the pointwise error estimate

julr) ~ T(@)] < o) B ulzor2(a (2.42)

for z € £2, when assuming u € H/?(02).

2.3.4 Interface Problem

We consider the interface problem (1.56)—(1.58), i.e., the system of partial
differential equations (1.56),

—o;Aui(z) = f(zx) forx e 2, —acAuc(r) =0 forxe 2°
the transmission conditions (1.57),

int ext

int §ue(@),  am™ui(e) = aeriuc(z) forz eI

Yo ui(z) = g

and the radiation condition (1.58) with ug =0,

@) = 0 () aslel oo,

Introducing @ = v{"u; = v, € HY2(I"), we have to solve the resulting

variational problem (1.59),
((iS™ + 2SN, 0)p = (S uy, = " uy, v)r

for all v € H'/2(I"), where u,, is a particular solution satisfying —Au, = f in
0.

Using a sequence of finite dimensional subspaces S}(I') C H 12(1)
spanned by piecewise linear and continuous basis functions, an associated
approximate solution

M
U = Y U0 € SH(T)
j=1

can be found as the unique solution of the Galerkin equations

((@iS™ + @S )an, i) p = (™3™ up — 1™ up, pi)r (2.43)
for i =1,..., M. This is equivalent to a system of linear equations,

Shgzia
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with S, € RM*M and fE€ RM with the entries
Sh['l»,]] = <(aisint + a@sGXt)gpj’ g0i>1—‘7
fi = (SO0, — 10y o
fori,j=1,..., M. Since the Steklov—Poincaré operators
: 1
(S0 () = V! (51 n K)a(x)
1 / —1 1 ~
—(D+ (§I+ KV <§I+K> (),
1
(S%tq)(z) = V! ( — 51+ K)a(x)
1 ! -1 1 m
—(D+ (—§I+K)V (—§I+K) ()
do not allow a direct evaluation of both, the stiffness matrix and the right hand
side, additional approximations are required. The application of the Steklov—

Poincaré operator St related to the interior Dirichlet boundary value prob-
lem can be written as

(S103) (z) = (D + (%I + K')V*l (%1 + K)) ()
= (Du)(x) + (%I+ K’)ti(x),

where 1
ti =V (51 + K)u e H-V(I)

is the unique solution of the variational problem
1
(Vt;,wyr = <(§I+ K)ﬂ7w>r for all w € H-Y/2(I).
Let t;, € S3(I") be the unique solution of the Galerkin variational problem
1
<Vtz;h,wh> = <(—I + K)a,wh> for all wy, € S,?(F).
’ r 2 r
Then,
~ 1
(S™a)(@) = (Du)(@) + (31 + K )tin(a)
defines an approximate Steklov—Poincaré operator associated to the interior

Dirichlet boundary value problem. In the same way, we define an approximate
Steklov—Poincaré operator
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(5u)(z) = (Du)(x) + - %1 FE i)

which is associated to the exterior Dirichlet boundary value problem, and
where t. 5 € SJ(I') is the unique solution of the Galerkin equations

(Vien, wn)p = <( - %I+K>ﬂ,wh>F for all wy, € SO(I").

Now, instead of the variational problem (2.43), we consider the perturbed
problem

(8™ + . Sy, o) = (5™ up =ty 0i)r (2.44)

for i = 1,...,M. In (2.44), t,,, € SY(I') and wu, ), € S}(I') are suitable
approximations (Ly projections) of the Cauchy data of the particular solution
Up, 1.e.,

(s V) 1oy = (M, i) ()
for k=1,...,N and

(Up, b, i) La(r) = <7(l)ntupa<,0i>L2(r)
fori=1,..., M. From (2.44), we then obtain the linear system

(ai (Dh+( M+ KV ( Mh+Kh)> (2.45)

1 1
Fae (Dh + (— M +KJ)V,;1(7 M, +Kh>>) =
1 1
Dh+(2Mh +Kh)V <2Mh+Kh) — ML,
where

Vi ERNXN, My, ERNXM Ky, ERNXM Dy, ERMXM

9 )

are the Galerkin stiffness matrices, which have already been used for the
Dirichlet and for the Neumann boundary value problems. The entries of these
matrices are defined as

1 1

Tk Te

m%wszmmw

r—y,n
// |£L' — y|3 ‘(y)dsdex,

1 lr;
Z j 4 // cur F@j , CUr F@Z(l‘))dsyd8£
a Ix -l
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fork,/=1,...,Nandi,j=1,..., M.
Instead of the linear system (2.45) we may also solve the equivalent coupled
system

a;Vh 0 —Oéi(%Mh—l—Kh) t;
0 ath _ae(_%Mh"i_Kh) te
i(gMy + Ky) ae(=3M)| + K7) (@i +ac) Dy i
—(3Mn + Kp)u,
= 0 ; (2.46)

Dpu, — M) t,

which is of the same structure as the linear system (2.36), i.e. block skew
symmetric but positive definite. Note that (2.45) is the Schur complement
system of (2.46).

As for the Neumann boundary value problem, we conclude the error esti-
mate

u—1 <c inf uU—v
I8 =@nllaziry < en b la = onllasy
teo inf (ST — w1y + 3 ing( )||sexta—whuH_1/2(p).
w

wr€SY(I) rRESH

Hence, assuming @ € Hp (') and gint/exty ¢ H}y, (I'), we obtain the error
estimate

= @nllrragry < b2 (lalmg, oy + IS @l o) + 1S @l o)) -

and by applying the Aubin—Nitsche trick, we get

1@ — |,y < cla)h®.
When the Dirichlet datum wy, is known, one can compute the remaining Neu-
mann datum by solving both, the interior and exterior Dirichlet boundary
value problems. Since those boundary value problems are Dirichlet boundary
value problems with approximated boundary data, the corresponding error
estimates are still valid.

2.4 Lame Equations

For a simply connected domain 2 C R? we consider the mixed boundary
value problem (1.79)
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0
—Z%Uij(g,x)zo for x € £2,

yéntul(x) =gi(xz) forxelp,,

(71 mt ZO’U u, )nj(z) = fi(x) forzeln,,

for i = 1,2,3. Note that we assume
F:TNJ‘UTD,Z', I'niNIp; =@, measIp; >0

for ¢ = 1,2,3. To find the yet unknown Cauchy data (ﬂntg)i on I'p,; and
'y(l)ntul on I'y;, we consider the variational problem (1.80), which is related to
the symmetric formulation of boundary integral equations. Hence, we have to
find N L
ti = (V"% — f; € HV*(I'p)
and B
= iy, — g € HY*(In ;)
such that _
a(t,u; w,v) = F(w,v)

is satisfied for all w; € H=Y/2(I'p;) and v; € HY2(I'y ;) for i = 1,2, 3. Note
that the bilinear form is given by

0@ aiww) = Y (VD w) - i ((KMme); ;)

I'p,i

. 43 <%“Z,’(KLameQ)i> v+z3:<(DLame~)“vz> ,

I'ni
while the linear form is

F(w,v) =
3

S (g, (P (D) )+

=1

- 1 s Lame Lame~
Z (§<fiavi>FN~i - <fi, (K y)i>FNL <(D g)zavz>FN1i) :

i=1
As for the Laplace equation, we first define suitable trial spaces,

0 0 7—1/2 Np.i

SH(Tpa) = STV E2(Ipy) = span{ui}

1 1 71/2 ;| M
SH(Iw.) = Sy N HY (L) = span{f |
j:
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for i = 1,2,3. The Galerkin formulation of the variational problem (1.80) is
to find ¢; , € S?L(FDJ) and u; 5 € Sé(FN’i) such that

a(ty, Uy ; wy,vy) = F(wy,vy,)

is satisfied for all w; € SY(I'p;) and v; € Si(I'ny) for i = 1,2,3. This
formulation is equivalent to a linear system of equations

7 Lame i Lame ~
_VI’z T __KLh (E) - (2> : (2.47)
(Khame) Dhame U f

having the blocks

VhLame c RNDxND’ K}I{;ame c RNDXMN, D%ame c RM~ x My 7

where
3 3

Np =Y Npi, My =) My,
i=1 i=1
While the blocks in the linear system (2.47) recover only the unknown coeffi-
cients t; o and u; j, an implementation based on the complete stiffness matrices
may be advantageous. Let

N M

SHI) = span{wg}[_l, SHI) = span{goj}j_l

be the boundary element spaces spanned by piecewise constant and piece-
wise linear continuous basis functions, respectively. Note that both 52(F )
and S} (I") are defined with respect to a boundary element mesh of the com-
plete surface I'. By P; : RN — R¥p.i and Q; : RM — RM~.i we denote some
nodal projection operators describing the imbedding w’ = Pjw € RNP for
w € RY with

Np.,i

N
wi (@) = Y widi(e) € SY(I'py),  wilx) = Y wetpe(z) € ST
{=1 l=1

as well as the imbedding v’ = Qv € RM~.i for v € RM with

Mn,i

N
vi@) = 3 vigi(e) € SIw), wla) = D v @) € SHD).

From this we obtain the representations
VhLame _ PVhLamePT 7 K—}I;ame _ PK}IL_JameQT 7 D%ame _ QD%ameQT ’

where the stiffness matrices VhLame, K,E‘ame, and D%ame correspond to the

Galerkin discretisation of the associated boundary integral operators V-ame,
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KLame DLame

and with respect to the boundary element spaces [Sp(I)]?
and [S}(I)]3. In particular, for the discrete single layer potential V}, we have
the representation

VhLame — (2.48)
Vi 00 Vit,n Vai,n Vasn
111+4+v ’ ’ ’
SEIC B—4v) [ 0 Vi 0 ) 4| Var,n Voo Vaz
0 0V, Vai,n Vaa,n Vasn

with the matrix V;, € RY*Y having the entries

1 1

Tk Te

and six further matrices Vj; 5, € RV*N defined by

——y
Vijnlk, 0] = i // \m—y|3 j)dsydsz (2.50)
Tk Te
= ————dsyds,
// ay] |~T— yl Y
Tk T¢

fork,£=1,...,N and i,j = 1,2, 3. Note that V}, is just the Galerkin stiffness
matrix of the single layer potential for the Laplace operator, while the matrix
entries V;; n[¢, k] are similar to the Galerkin discretisation of the double layer
potential for the Laplace operator.

From Lemma 1.16, we find the representation for the double layer potential
g Lame

E
1+v

for x € I', and, therefore, the matrix representation

(KLmey)() = (Kv)(@) - (VM(@,n)) (2) + —— (VEmeM (0, n)0) (2)

Klame (2.51)
Kp 0 0 Vi 00 _ -
0 K, 0 |—[0wo T+ yLamep
0 0 K 00 Vi Ty

where V}, and K} are the Galerkin matrices related to the single and double
layer potential of the Laplace operator. Furthermore, T' is a transformation
matrix related to the matrix surface curl operator M (9,n).

Using the representation of the bilinear form of the hypersingular bound-
ary integral operator DM€ ag given in Lemma 1.18, one can derive a similar
representation for the Galerkin matrix D%ame, which is based on the trans-
formation matrix 7' and on the Galerkin matrices related to the single layer
potential of both, the Laplace operator and the system of linear elastostatics.
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2.5 Helmholtz Equation
2.5.1 Interior Dirichlet Problem
The solution of the interior Dirichlet boundary value problem (cf. (1.104)),
—Au(x) — K*u(z) = 0 forz € 12, v(l)ntu(x) =g(x) forzel,

is given by the representation formula (cf. (1.95))

u(e) = [ )twds, ~ [z e )gl)ds, forze 2,

Ir Ir

where the unknown Neumann datum ¢ = 'y}ntu € H~Y2(I') is the unique
solution of the boundary integral equation (cf. (1.105))

1
(Vat)(2) = 59(x) + (Kog)(z) foru €T,
Note that for the unique solvability, we have to assume that 2 is not an

eigenvalue of the Dirichlet eigenvalue problem (1.108). Then, t € H~'/2(I") is
the unique solution of the variational problem (cf. (1.106))

<Vnt,w>F = <(%I+ Kﬁ)g,w>F for all w € H=Y/2(I).

Using a sequence of finite dimensional subspaces Sp(I") spanned by piecewise
constant basis functions, associated approximate solutions

N
th, = Ztﬂ/}e S S;OL(F)

(=1

are obtained from the Galerkin equations

<V,{th,wk>F = <(%I+Kn)g,¢k>r fork=1,....N. (2.52)

Hence, we find the coefficient vector ¢ € CV as the unique solution of the
linear system

Vit = f
with
crmlz—yl
Vinlk, 0 = yp // P dsydsm, (2.53)
T e

for k,/=1,...,N, and
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fe = / x)ds, + —// (1—1k|z—y|)e onla—y) (2 = z |(3 v) g(y)dsyds,

fork=1,...,N.

Since the single layer potential V,, : H=Y/2(I") — H'Y?(I') is coercive, i.e.
V,. satisfies (1.97), and since V;; is injective when x? is not an eigenvalue of
the Dirichlet eigenvalue problem (1.108), we conclude the unique solvability
of the Galerkin variational problem (2.52), as well as the quasi optimal error
estimate, i.e. Cea’s lemma,

t—t _ < ¢ inf t—w _ .
It —thllg-1/2r) < o | nllg-172(r)

Combining this with the approximation property (2.5) for o = —1/2, we get
1
It =tullg-1r2ry < P 2 [tms, (1)

when assuming ¢ € Hyw (I") and s € [0,1]. Applying the Aubin-Nitsche trick
(for 0 < —1/2) and the inverse inequality argument (for o € (—=1/2,0]), we
also obtain the error estimate

It = tallzocry < cP®7tms, (), (2.54)

when assuming ¢ € H}y, (') for some s € [0,1] and o € [-2,0].
Inserting the computed Galerkin solution ¢, € SP(I") into the representa-
tion formula (1.95), this gives an approximate representation formula

ix) = /%ﬁmwwm@m%—/ﬂm*mw<m@w (2.55)

for x € {2, describing an approximate solution of the Dirichlet boundary value
problem (1.104). Note that u satisfies the Helmholtz equation, but the Dirich-
let boundary conditions are satisfied only approximately. For an arbitrary
x € {2, the error is given by

u(w) ~a) = [ i) (60~ ta(0)) s,

r

Using a duality argument, the error estimate

|u(x) — ()] < [luf(@, ) a-) It = thllme )

for some o € R follows. Combining this with the error estimate (2.54) for the
minimal value o = —2, we obtain the pointwise error estimate

u(a) — (@) < ch™*2 [lug (@, M2 cry g, o)
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Hence, if t € HE,W(F ) is sufficiently smooth, we obtain the optimal order of
convergence for s = 1,

u(z) = (@) < ch® fug(e, a2y [t o)- (2.56)

Again, the error estimate (2.56) involves the position of the observation point
x € {2, and, therefore, it is not valid in the limiting case = € I.

As for the Dirichlet problem for the Laplace equation, the computation of
fr requires the evaluation of the integrals

fe = %/ x)ds, + // (1—1k|z—y|)e == o (= 9,0W)) |x—y|(3 ) g(y)dsyds,.

When using a piecewise linear approximation gy, € S} (I") of the given Dirichlet
datum g € HY2(I'), we find a perturbed solution vector £ € CN from the
linear system

~ 1
Vonk = (§Mh + K,i7h>g (2.57)
with additional matrices defined by the entries
Milk.d) = [ os(a)ds.
Tk

and

K, nlk, 7] // (1—1rl|z—y|)e inla—y (T = 9, 1(Y)) z .1(y)) ©;(y)dsyds, (2.58)

y\3

for k=1,...,Nand j =1,..., M. Then, the exact Galerkin solution ¢ has
to be replaced by the perturbed solution ¢ to obtain an approximate solution
of the Dirichlet problem (1.104) for z € {2,

() = / ()T (y)dsy — / A () g () s,

r r

Thus, we obtain the optimal error estimate
u(z) — ()] < e(x,t,9) h*, (2.59)

when using a Ly projection to approximate the boundary conditions, and
when assuming ¢ € Hjyy, (I') and g € Hpy (I).

2.5.2 Interior Neumann Problem

Next we consider the interior Neumann boundary value problem (1.109),
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—Au(z) — F2u(z) = 0 forze 2, ~%u(z) = g(z) forazel.

The solution is given by the representation formula for x € 2 (cf. (1.95))

ulz) = / ()9 (y)dsy — / Ay (i, )iy ds,.

r r

We assume that 2 is not an eigenvalue of the Neumann eigenvalue problem
(1.113). In this case, the unknown Dirichlet datum @ = 4i"u € HY/2(I") is

the unique solution of the boundary integral equation (1.111),
1
(Dyi)(z) = 5o(e) — (KLg)(x) forzel,

or of the equivalent variational problem (1.112),
1
<D,€ﬂ,v>F = <(§I — K;)g,v>r for allv € HY2(T').

Using a sequence of finite dimensional subspaces S} (I") spanned by piecewise
linear continuous basis functions, associated approximate solutions

M
Up = Zﬁj@j € S(I)
=1

are obtained from the Galerkin equations

<D,{ﬁh,g0i>F = <(%I — K;)g,goi>F fori=1,..., M. (2.60)

Hence, we find the coefficient vector & € C™ as the unique solution of the

linear system
Dypa = f (2.61)

with
Dn,h[ivj] = <Dl<o§0j790i>f' (262)

zn|w y|
- //| curlpgoj(y)a%ﬂp%(x))dsydsr
T

477// |M . oi(z)(n(x),n(y))dsyds, ,

fori,j=1,...,M, and
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fori =1,..., M. Note that for the computation of the matrix entries D, [, j],
we can reuse the discrete single layer potential V,, ;, for picewise constant basis
functions, but we also need to have the Galerkin discretisation with piecewise
linear continuous basis functions of the operator

il

(Cru)(z) = yr— (n(2), n(y)) u(y)dsy , (2.63)
r

which is similar to the single layer potential operator.
Since the hypersingular integral operator

D, : HY*(I') - H-Y*(I")

is coercive, i.e. D, satisfies (1.98), and since D, is injective when x? is not
an eigenvalue of the Neumann eigenvalue problem (1.113), we conclude the
unique solvability of the Galerkin variational problem (2.60), as well as the
quasi optimal error estimate, i.e. Cea’s lemma,

||ﬂ—’lj,h||H1/2(p) <ec inlf
v

U—v .
dnf la = ol ey

Combining this with the approximation property (2.10) for o = 1/2, we get

_ B 1. _
||u—’u,hHH1/2(p) < ch’ 2 HUHHSW(F)’

when assuming 4 € Hpy, (I') and s € [1,2]. Applying the Aubin-Nitsche trick
we also obtain the error estimate

= anllarory < ¢ il o (2.64)

when assuming 4 € Hyy (I7) for some s € [1,2] and o € [-1,1/2].

Inserting the computed Galerkin solution 4y € S} (I') into the represen-
tation formula (1.95), this gives an approximate representation formula for
x € (2,

i(x) = / w2 (2, 9)g(y)dsy — / A i (y)dsy,  (2.65)
I I

describing an approximate solution of the Neumann boundary value prob-
lem (1.109). Note that @ satisfies the Helmholtz equation, but the Neumann
boundary conditions are satisfied only approximately. For an arbitrary x € {2,
the error is given by

(o) = le) = [ Ao 0) (anlo) = () ),

r

Using a duality argument, the error estimate
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lu(z) —u(@)] < [lug (@, )a-orlle—anllmer

for some o € R follows. Combining this with the error estimate (2.64) for the
minimal value 0 = —1, we obtain the pointwise error estimate

u(@) —u(@)| < eh™ ug (@, )l a il mg, o)

Hence, if 4 € HSW(F) is sufficiently smooth, we get the optimal order of
convergence for s = 2,

lu(z) — a(z)| < ch®|lu(z, ')HHl(r)|ﬂ|ng(r)~ (2.66)

Again, the error estimate (2.66) involves the position of the observation point
x € {2, and, therefore, is not valid in the limiting case = € I

When using a piecewise constant approximation g, € S9(I") of the given
Neumann datum g € H~'/2(I"), we can compute a perturbed piecewise linear
approximation uy, € S}(I") from the Galerkin equations

. 1 .
<D,.€uh7 <p¢>F = <(§I — K;)gh, %>F fori=1,....,.M
or from the equivalent linear system
~ 1 T !
Dy = (§Mh - n,h)ﬂ
with

M 0] = / oi(2)dss = Malt, ],

Te

4 ; 1 / / 2 k| —y| (x - yaﬂ(y))
= , 1— _ y _
m,h[z’ E] An @l(x) ( LR |l‘ y|)€ |$ — y|3 dsydsa:
r Te

An approximate solution of the interior Neumann boundary value problem is
then given for x € (2,

() = / (2, y)gn(y)ds, — / Ay (g )iin () ds,-
I I

As for the perturbed linear system (2.31) for the Neumann boundary value
problem of the Laplace equation, we obtain the error estimate

lu(z) — u(z)| < c(z,t,9)h?, (2.67)

when using a Ly projection to approximate the boundary conditions, when
assuming g € Hll)w(f’) and u € HI%W(F).
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2.5.3 Exterior Dirichlet Problem
The solution of the exterior Dirichlet boundary value problem (cf. (1.114))
—Au(z) — 2u(z) = 0 forze 2° &%(z) = g(z) forzel,

where, in addition, we have to require the Sommerfeld radiation condition
(1.101), is given by the representation formula for z € £2¢ (cf. 1.103)

u@)=—/ﬁuawﬂw@yy/ﬁ§@uwm@m%

r r

Again we assume that &2 is not an eigenvalue of the Dirichlet eigenvalue
problem (1.108). The unknown Neumann datum ¢t = v$** € H=1/2(I") is then
the unique solution of the boundary integral equation (cf. (1.115))

(Vit)(z) = —%g(ﬂc) + (K.g)(z) forxzel.

To compute an approximate solution of this boundary integral equation, and,
therefore, of the exterior Dirichlet problem, we can proceed as in the case of
the interior Dirichlet problem. In particular, when using a piecewise linear
approximation g, € S}(I'), we find a perturbed piecewise constant approxi-
mation t;, € SY(I') from the Galerkin equations

<VJh,wk>F = <<—%I+Kﬁ)gh,wk>F fork=1,....N.

Hence, we obtain the coefficient vector ¢ € CV as the unique solution of the
linear system

~ 1
Vint = ( - §Mh + Km,h)g7

and an approximate solution of the exterior Dirichlet problem for x € (2,

i(0) = — [uplonids, + [u s, (208
r r
Moreover, as for the interior Dirichlet problem, there holds the optimal error

estimate

u(z) —u(x)] < e(x,t,9) h*, (2.69)

when using a Ly projection to approximate the boundary conditions, and
when assuming ¢ € Hjyy, (I') and g € Hpy (1)
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2.5.4 Exterior Neumann Problem

The solution of the exterior Neumann boundary value problem (cf. (1.120))
—Au(z) — k2u(z) = 0 forze 2° +™u(z) = g(z) forzel,

where, in addition, we have to require the Sommerfeld radiation condition
(1.101), is given by the representation formula for z € £2¢ (cf. (1.95))

u(w) = = [ n)o@ds, + [P uile )t uw)ds,
r r
Again, we assume that 2 is not eigenvalue of the Neumann eigenvalue problem

(1.113). The unknown Dirichlet datum @ = §u € H'/?(I') is then the
unique solution of the boundary integral equation (cf. (1.121))

(D)) = —59(x) ~ (Klg)(x) fora el

To compute an approximate solution of this boundary integral equation, and,
therefore, of the exterior Neumann problem, we can proceed as in the case of
the interior Neumann problem. In particular, when using a piecewise constant
approximation g, € S} (I") of the given Neumann datum g, we find a perturbed
piecewise linear approximation uy, € S}(I') from the Galerkin equations

~ 1 )
<Dnuh7%‘>r = <<— §I—K;>gh,%>F fori=1,..., M.

Hence, we obtain the coefficient vector € CM as the unique solution of the
linear system

~ 1
Dt = (- 17— K0,)e
and an approximate solution of the exterior Neumann problem for x € 2,
(o) = = [ von)ds, + [ 0)Tn0)ds,.
r r

Moreover, we obtain the error estimate
fu(z) — )| < cla,t,g) b, (2.70)

when using the Lo projection to approximate the boundary conditions, and
when assuming g € Hpy(I') and @ € Hpy (I').
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The numerical analysis of boundary element methods was introduced inde-
pendently by J.—C. Nédélec and J. Planchard [79] and by G. C. Hsiao and
W. L. Wendland [57]. While the stability and error analysis of the Galerkin
boundary element methods follow as in the case of the finite element meth-
ods, the stability of the collocation boundary element methods for general
Lipschitz boundaries is still open, see [4, 5, 100, 101] for some special cases.
The Aubin—Nitsche trick to obtain higher order error estimates for boundary
element methods was first given in [58].

Since the implementation of boundary element methods often requires nu-
merical integration techniques, an appropriate numerical analysis is manda-
tory. Galerkin collocation schemes were first discussed in [54, 68]. Further
investigations on the use of numerical integration schemes were made in
[45, 97, 98, 102]. In [76], the influence on an additional boundary approxi-
mation was considered.

Further references on boundary element methods are, for example, [12, 15,
21, 40, 50, 104, 117] and [99, 105].
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