Chapter 2

Ergodic Theory

Ergodic theory for stochastic max-plus linear systems studies the asymptotic
behavior of the sequence

sk +1) = A(k)®@z(k), k>0,

where {A(k)} is a sequence of regular matrices in R7%7 and 2(0) = o € RZ ..

One distinguishes between two types of asymptotic results:

(Type 1) first-order limits
jim 2
koo k ’

(Type II) second-order limits of type
(a) lim (:L'l(k) - m](k)) and (b) lim (:L‘J(k +1) - m](k)) .

k—oo k— oo

A first-order limit of departure times is an inverse throughput in a queu-
ing network. For example, the throughput of the tandem queuing network in
Example 1.5.2 can be obtained from

i
Koo 7. (k)

)

provided that the limit exists.

Second-order limits are related to steady-state waiting times and cycle times.
Consider the closed tandem network in Example 1.5.1, There are J customers
circulating through the system. Thus, the k** and the (k -+ J)** departure from
queue j refers to the same (physical) customer and the cycle time of this cus-
tomer equals

xj(k -+ J) — mj(k) .
Hence, the existence of the second-order limit z;(k + 1) — z;(k) implies limit re-
sults on steady-state cycle times of customers. For more examples of the model-
ing of performance characteristics of queuing systems via first-order and second-
order expressions we refer to [10, 77, 84].
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The chapter is organized as follows. Section 2.1 and Section 2.2 are devoted
to limits of type I. Section 2.1 presents background material from the theory of
deterministic max-plus systems. In Section 2.2 we present Kingman’s celebrated
subadditive ergodic theorem. We will show that max-plus recurrence relations
constitute in a quite natural way subadditive sequences and we will apply the
subadditive ergodic theorem in order to obtain a first ergodic theorem for max-
plus linear systems. Limits of type Ila will be addressed in Section 2.3, where
the stability theorem for waiting times in max-plus linear networks is addressed.
In Section 2.4, limits of type I and type Ila will be discussed. This section is
devoted to the study of max-plus linear systems {x(k)} such that the relative
difference between the components of z(k) constitutes a Harris recurrent Markov
chain. Section 2.5 and Section 2.6 are devoted to limits of type IIb and type I.
In Section 2.5, we study ergodic theorems in the so called projective space. In
Section 2.6, we show how the type I limit can be represented as a second-order
limit.

2.1 Deterministic Limit Theory (Type I)

This section provides results from the theory of deterministic max-plus linear
systems that will be needed for ergodic theory of max-plus linear stochastic sys-
tems. This monograph is devoted to stochastic systems and we state the results
presented in this section without proof. To begin with, we state the celebrated
cyclicity theorem for deterministic matrices, which is of key importance for our

analysis.
Let A € RIXJ, if z € R],, with at least one finite element and A € Ryyax
satisfy

ARz = A®«x,

then we call A an eigenvalue of A and = an eigenvector associated with X. Note
that the set of all eigenvectors associated with an eigenvalue is a vector space.
We denote the set of eigenvectors of A by V(A4). The following theorem states
a key result from the theory of deterministic max-plus linear systems, namely,
that any irreducible square matrix in the max-plus semiring possesses a unique
eigenvalue. Recall that 28" denotes the n*" power of x € Ry, see equation
(1.5).

Theorem 2.1.1 (Cohen et al. [33, 34] and Heidergott et al. [65]) For any irre-
ducible matrizc A € RIXJ | uniquely defined integers c(A), o(A) and a uniquely

max

defined real number A = A(A) exist such that for all n > c(A):
An+¢7(A) — )\®¢7(A) ® A" .

In the above equation, A(A) is the eigenvalue of A; the number c(A) is called
the coupling time of A and o(A) is called the cyclicity of A.
Moreover, for any finite initial vector ©(0) the sequence z(k+1) = A®z(k),
k > 0, satisfies
z;(k)

i = A <5< J.
koo k » 1sgs




2.1 Deterministic Limit Theory 61

The above theorem can be seen as the max-plus analog of the Perron-
Frobenius theorem in conventional linear algebra and it is for this reason that it
is sometimes referred to as ‘max-plus Perron-Frobenius theorem.” We illustrate
the above definition with a numerical example.

Example 2.1.1 Matriz

le2e
lece
cece
ee€2e

has eigenvalue A(A) = 1 and coupling time c(A) = 4. The critical graph of A
consists of the circuits (1,1) and ((1,2),(2,3),(3,1)), and A is thus of cyclicity
o(A) = 1. In accordance with Theorem 2.1.1, A" = 1® A", forn > 4 and

=1, 1<j<4,

for any finite initial condition xo. For matriz

le2e¢
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cee2e
e€eg

we obtain A(B) = 2, coupling time c¢(B) = 4. The critical graph of B consists of
the selfloop (3,3), which implies that o(B) = 1. Theorem 2.1.1 yields B"*! =
2® B™, forn >4 and

for any finite initial condition xo. Matrix

eeTe
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has eigenvalue A(C) = 3.5, coupling time ¢(C) = 4. The critical graph of C
consists of the circuit ((3,4), (4,3)), which implies that 6(C) = 2. Theorem 2.1.1
yields C"t? = 3592 @ C" = T® C™, forn > 4 and

. .
Jlim @:35, 1<j<4,

for any finite initial condition xg.
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Let A € RJX/ and recall that the communication graph of A is denoted
by G(A). For each circuit § = ((¢ = 41, 42), ($2,%3), - . -, (fn,tns1 = 1)), with arcs
(im, tm+1) in G(A) for 1 < m < n, we define the average weight of ¢ by

n
2 : Aim+1i'm ‘
m=1

Let C(A) denote the set of all circuits in G(A). One of the main results of
deterministic max-plus theory is that for any irreducible square matrix A its
eigenvalue can be obtained from

31

1 n
w(§) = ~ & Aiyrim =
m=1

A= .
(2 )

In words, the eigenvalue is equal to the maximal average circuit weight in G(A).

A circuit £ in G(A) is called critical if its average weight is maximal, that is,
if w(€) = A. The critical graph of A, denoted by G¢(A), is the graph consisting
of those nodes and arcs that belong to a critical circuit in G(A). Eigenvectors of
A are characterized through the critical graph. However, before we are able to
present the precise statement we have to introduce the necessary concepts from
graph theory.

Let (E,V) denote a graph with set of nodes E and edges V. A graph is
called strongly connected if for any two different nodes 7 € E and j € E there
exists a path from i to j. For i,j € E, we say that ¢Rj if either ¢ = j or there
exists a path from ¢ to 7 and from j to 7. We split (E, V) up into equivalence
classes (E1,V1),...,(Eq, V4) with respect to the relation R. Any equivalence
class (E;,V;), 1 £ i < g, constitutes a strongly connected graph. Moreover,
(E;, V;) is maximal in the sense that we cannot add a node from (B, V) to
(BE;, V;) such that the resulting graph would still be strongly connected. For
this reason we call (Eq1,V1),...,(Eq, V) mazimal strongly connected subgraphs
(m.s.c.s.) of (E, V). Note that this definition implies that an isolated node or a
node with just incoming or outgoing arcs constitutes a m.s.c.s. with an empty
arc set. We define the reduced graph, denoted by (E,V), by E = {1,...,q}
and (4,5) € V if there exists (k,I) € V with k € E; and [ € E;. The cyclicity
of a strongly connected graph is the greatest common divisor of the lengths
of all circuits, whereas the cyclicity of a graph is the least common multiple of
the cyclicities of the maximal strongly connected sub-graphs. As shown in [10],
the cyclicity of a square matrix A (that is, 0(A) in Theorem 2.1.1) is given by
the cyclicity of the critical graph of A. A class of matrices that is of importance
in applications are irreducible square matrices whose critical graph has a single
m.s.c.s. of cyclicity one. Following [65], we call such matrices primitive. In the
literature, primitive matrices are also referred to as scsl-cycl matrices. For
example, matrices A and B in Example 2.1.1 are primitive whereas matrix C
in Example 2.1.1 is not.

Example 2.1.2 We revisit the open tandem queuing system with initially one
customer present at each server. The mazx-plus model for this system is given in
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Ezample 1.5.12. Suppose that the service times are deterministic, that is, o; =
oj(k) fork € N and 0 < j < J. The communication graph of A = A1(k) consists
of the circuit ((0,1),(1,2),...,(J,0)) and the recycling loops (0,0), (1,1) to
(J,J). Set

L={j:o;=max{0;:0<iZJ}}.

We distinguish between three cases.
o If1=|L|, then the critical graph of A consists of the node j € L and the

arc (§,7). The critical graph has thus a single m.s.c.s. of cyclicity one, A
is therefore primitive.

e If1 < |L| < J, then the critical graph of A consists of the nodes j € L
and the arcs (§,7), 7 € L. The critical graph has thus |L| m.s.c.s. each of
which has cyclicity one and A fails to be primitive.

e If|L| = J, then the critical graph and the communication graph coincide
and A. The critical graph has a single m.s.c.s. of cyclicity one, and A is
primitive.

Let A € RZ%J be irreducible. Denote by Ay the normalized matrix, that

max
is, the matrix which is obtained by subtracting (in conventional algebra) the

eigenvalue of A from all components, in formula: (Ay);; = A — A, for 1 <
4,7 < J. The eigenvalue of a normalized matrix is e. For a normalized matrix of

dimension J x J we set
A* = P (21)

k>1

It can be shown that A* = Ay ® (A\)?® - ® (Ax)”. See, for example, Lemma
2.2 in [65]. The eigenspaces of A and Ay are equal. To see this, let e denote the
vector with all components equal to e; for z € V(A), it then holds that

AR = AQRr & = AQzr — AQe & eQr =A\Qzx.

The following theorem is an adaptation of Theorem 3.101 in {10] which charac-
terizes the eigenspace of Ay. We write A.; to indicate the 7** column of A.

Theorem 2.1.2 (Baccelli et al. [10]) Let A be irreducible and let At be defined
as in (2.1).

(i) If i belongs to the critical graph, then At is an eigenvector of A.
(i) Fori,j belonging to the critical graph, there exists a € R such that
a® A} = A}

if and only if i, 7 belong to the same m.s.c.s.



64 Ergodic Theory

(1t1) Ewery eigenvector of A can be written as a linear combination of critical
columns, that is, for every x € V(A) it holds that

T = @ a; ®A,";,
1EGS(A)

where G°(A) denotes the set of nodes belonging to the critical graph, and a; €

R .« such that
@ a; 76 g.
1€Ge(A)

Example 2.1.3 Consider the matriz

0 -2
A= (1 0) .
A is irreducible with eigenvalue 0 and the critical graph of A consists of the
nodes {1, 2} and recycling loops (1,1) and (2,2). The critical graph has thus two
m.s.c.s., namely, the recycling loops (1,1) and (2,2), and oc(A) = 1. For A it
holds that
A=A" = Ay = A¥, neN.

Theorem 2.1.2 yields the following representation of the eigenspace of A: A
vector x € R2,,, belongs to V(A) if and only if numbers a1, a2 € Rmax exist with
a1 @ az # ¢ (in words: at least one of two numbers is finite) such that

() =ae(i) eese()

see (1.8) for the definition of scalar multiplication of vectors.

Let A € RJXJ be irreducible with cyclicity one. Recall that we call v,w €
R linear dependent if an a € R exists such that v = a ® w. We say that the
eigenvector of A is unique if any two eigenvectors of A are linear dependent, or,

equivalently, if there exists v € RY such that
V(A) = {a®v : a €R}.

This can conveniently be expressed by saying that the eigenspace of A reduces
to a single point in RJ, ..

An important consequence of Theorem 2.1.2 is that eigenvectors of prim-
itive matrices are unique. Primitive matrices enjoy the additional properties
that, for sufficiently large k, A*¥ ® z becomes an eigenvector of A for any finite
vector 2. These properties of primitive matrices will be of use in Section 2.5 and
Section 2.6. The precise statement is as follows.

Corollary 2.1.1 IfA € ]R,Jniij 15 a primitive matrix, then the eigenvector of A
18 unique.
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Let z(k+1) = AQ z(k), for k > 0, and let z(0) be a finite vector. Then, it
holds that z(k) € V(A) for k > c(A). Specifically, it holds that

zk+1)=A®xzk), k=c(A),

where X denotes the eigenvalue of A, and consequently, for k > c(A), it holds
that {|z(k)||p = a for some finite constant a.

Proof: Because A is primitive, the critical graph has only one m.s.c.s. Thus, by
Theorem 2.1.2 (ii), there exists ¢ in the critical graph such that

At =, Q@A;, L€ Ge(A).
Hence, by Theorem 2.1.2 (iii), any eigenvector v of A can be written

v= @ a; ® AY

i€Ge(A)

= @ a; ® (ai®AT§O)

i€Ge(A)

@ G;Qu I & A-’i-o
i€Ge(A)
T® A%,

where
7= @ a; ® a; € Ryax
i€Ge(A)
which establishes uniqueness of the eigenvector.

We now turn to the proof of the second part of the corollary. Since A is
primitive, 6(A) in Theorem 2.1.1 is equal to one. This yields for k > c(A):
ARl = X ® A* for any k > c¢(A). Multiplying both sides of the above equation
with the initial vector zy concludes the proof. (O

Eigenvalues and eigenvectors of matrices over the max-plus semi-ring can be
computed in an iterative way. A classical reference is [73]. For more methods
for computing max-plus eigenvalues and eigenvectors we refer to [10, 65]. A
recent alternative method based on policy iteration is given in [32], see also
[65] for a detailed discussion. A general approach for computing cycle times
(gives eigenvalues only) for so-called min-max-plus systems (an extension of
max-plus linear systems) is established in [57, 56, 49]. Algorithms for computing
eigenvalues and eigenvectors of both max-plus and min-max-plus systems can
be found in [98, 101]. In particular, the algorithm given in [98] yields an upper
bound for the cyclicity of a matrix in the max-plus semiring. Computing the
eigenvalue of a matrix A can be achieved in polynomial time. In contrast to
this, computing the coupling time is NP-hard (in the number of circuits of the

critical graph), see [25]. Feasible upper bounds for the coupling time can be
found in [60] and [25].
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2.2 Subadditive Ergodic Theory (Type I)

Subadditive ergodic theory is based on Kingman’s subadditive ergodic theorem
[74, 75] and its application to generalized products of random matrices. We
start with an elementary result which appears as an exercise in [91]. A sequence
a = {a, : n € N} of real numbers is called subadditive if

amin S G +am, forn,m2>1.

If a is subadditive, then a,/n has a limit as n — oo, which may be —oo. To
see this, note that for given m, any n can be written as n = k,m + l,, where
I, < m and k, is a multiplier that depends on n. The subadditivity of ¢ implies

An = Gk, m+l, < knam +aln .
Dividing both sides by n yields

an kn 1
2= o+ —ay,
n n n

Noticing that k,/n < 1/m and kn/n — 1/m, we have

. an am
limsup — < —.
n n m

Since m is arbitrary, we may take the infimum w.r.t. m over the right-hand side
and get

lim sup dn < lim inf dm
n n m m
Therefore, the limit a,/n exists (and is equal to liminf, a,/n).
Kingman’s [75] result is formulated in terms of subadditive processes. These

are double indexed processes X = {X,,n : m,n € N} satisfying the following
conditions:

(Sl) Ifi< 7 <k, then Xy < Xij + Xjk a.s.

(S2) For m > 0, the joint distributions of the process {Xptint1 : m < n} are
the same as those of { X, : m < n}.

(S3) The expected value g, = E[Xj,] exists and satisfies g, > —cn for some
finite constant ¢ > 0 and all n > 1.

A consequence of (S1), (S3) and the elementary result given above is that

A= lim &
n—oo N
exists and is finite. We can now state Kingman’s subadditive ergodic theorem:

if X is a subadditive process (that is, (S1), (S2) and (S3) hold), then the limit
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exists almost surely, and E[¢] = A. Condition (S2), on the shift {X;,} —
{Xm+1n+1}, is a stationarity condition. If all events defined in terms of X that
are invariant under this shift have probability zero or one, then X is ergodic. In
this case, as discussed in Kingman {75, the limiting random variable £ is almost
surely constant and equal to A. Note that the limit also holds when expected
values are considered.

We now turn to homogeneous equations, that is, to max-plus linear systems
whose dynamic can be described via

z(k+1) = A(k) ® z(k) ,

for k > 0, with z(0) = x¢ given. In particular, we write
z(n+1,z) ®A Rz, n=>0, (2.2)

to indicate the initial value of the sequence. Recall that e denotes the vector
with all components equal to e. We set

m—1

From this we recover z(k + 1,e) through zox+1 = z(k + 1,€).

Lemma 2.2.1 Let {A(k)} be a stationary sequence of a.s. regular and integrable
matrices in RIXJ. Then {~||Tnm||min : m > n = 0} and {||Znm||max : m > n >

0} are subadditive ergodic processes.

Proof: For 2,y € R],, let < y denote the component-wise order. Note
that © < y implies ||Z||max < ||¥|lmax; in particular, < }|z||max ® €, where
e denotes the vector whose components are equal to e (we refer to (1.3) for
a definition of the ®-product of a scalar and a vector). Furthermore, for any
A € RZ%J it holds that 2 < y implies A®xz < A®y. Combining these statements

max
it follows for z € RY__and A € R/*/:

[[A ® z[|lmax < ||4® (||z]|max ® €)||max - (2.3)

In the same vein, for z € RJ,,, and 4 € R7X/:

A® Z|lmin = |4 ® (|#lmin ® €)}|min - (2.4)

We now show the subadditive property of ||Znm||max. For 0 < n < p < m,
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we obtain

m—1
[Znmllmax = || Al)) ® €
i=n

max
m—1
= || A() ® znp
1=P max
2.3y ||m=1
LN ® 461 & (Inpllnee & )
7'=P max
m-1
= {[12npllmar & | R Ali) @€
1=P max
m~1
= |[@npllmax + ® Al ®e
i=p

max

= ”xnpllmax + ||xpm||max’
which establishes (S1) for [|Znm||max- The proof that (S1) holds for —||Znm||min
as well follows the same line of argument: for 0 < n < p < m,

m-—1
Henmtlmin = ® A ®@e

i=n

min

m—1
= [|® AG) ® Tnp
i=p min
(2.4) ||m2
2| ® AW ® (lonsllmin B¢)

i=p

min

m—1
= [|[|Znpllmin ® ® A ®e
i=p i
min
m—1
=[[@npllmin + || &) Ale) @ €
i=p min

= ||@npllmin + [|Zpm]|min ,

which establishes (S1) for —||Znm||min-
The stationarity condition (S2) follows immediately from the stationarity of

{A(K)}-
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We now turn to condition (S3). We have assumed that each row of A(k)
contains at least one non-¢ element, which implies z(k,e) € R’ for any k. We
may now prove by induction that z(k,e) is absolutely integrable where we use
the fact that (i) |min(a,b)|,|max(a,b)| < |a| + |b|, (i) A(k) is integrable, and
that (iii) the initial condition e of z(k, e) is integrable. From

]E[”mok”max] = E[Ilm(kve)”max] (25)

it follows that zoy is integrable for any k. Let |||A||| denote the smallest non-¢
element of A (note that (i) and (ii) above imply that E[|||A(k)[||] is finite). With
this definition it is immediate that

k-1
D EIIAGIN < Elflz(k, €)llmex] - (2.6)
7=0

Stationarity of {A(k)} implies that E[|||A(k)]||]] = ¢ for any k. Integrability of

A(k) together with the fact that there are at least J finite elements in A(k)
yields ¢ > —oco. We obtain from (2.6):

~k|c| < E[||z(k, €)||max ]
(2.5)
= E[IImOk”maX]’

which establishes (S3) for {||Znm|lmax : m > 1;m > n > 0}.
We now turn to {—||Znm||min : m = 1;m > n > 0}. Following the above line
of argument it holds that, for k£ € N,

E[|lzokllmin] = E[llz(k, €)|lmin] < 00

and
k-1
> E[AG)|lmax] = Ell|zok]lmin] -
j=0
Hence,
k-1
> ~E[AG) Imax] < E[~[|zok|Imin] ,
§=0

for k € N, and for ¢ = E[[||A(1)||max], We obtain
=&k < E[—||zok|lmin] ,

which concludes the proof of the lemma. 0

The above lemma provides the means of applying Kingman’s subadditive er-
godic theorem to ||z(k)||min and ||z(k)||max, respectively. The precise statement
is given in the following theorem.
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Theorem 2.2.1 Let {A(k)} be a stationary sequence of a.s. regular, integrable
square matrices, Then, finite constants A\*°P and A*° exist, so that for all (non-
random) finite initial conditions xo:

)\b(’t déf lim .U_z..(_mm_"l < )\top déf Yim “z(k)“max
k—oo k - ke 00
and 1 )
. - . — bot < 2 _ top
Jim ZE([z(0)llmin] = A™" < lim S E[|[2(K)]lmax] = AP

The above limits also hold for random initial conditions provided that the initial
condition is a.s. finite and integrable.

Proof: Lemma 2.2.1 applies and subadditivity of {|z(k, €)||min and ||z(k, €)|/max>
respectively, follows. Therefore, Kingman’s subadditive ergodic theorem applies
and the proof with respect to the limit of ||z(k, €)||min as k tends to co and the
limit of ||z(k, €)||max as k tends to oo follows.

It remains to be shown that the limit exists for any finite initial condition.
To see this note that for any finite initial condition y it holds that:

yllmin + [|z(k, €)llmax = llz(k, [[y]|min ® €)||max

0k, 1)l mas
< |z (R, ||yl lmax © €)||max
= ||yllmax + |lz(k, €)||max

(for a proof use the fact that © < y implies A® 2 < A®y). Thus,
Hyllmin + 112(k, €)llmax < l12(E, ¥)limax < [Ylimax + [|2(K, €)|Imax
and, by similar arguments,
[1Yllmin + [lz(k, @)llmin < ||2(K y)lmin < ||2(K, €)[lmin + ||Y]]max -
Therefore, for k > 0,

Il

IN

1 1 1 1 1

R i ' k max S v k, max S 7 ) max 'y max

i + £l (k€ € e, W)l < o6 mms + 211
(2.7

and

1 1 1 1 1

- . ot < = < . Z .

k”y”mm + kllz(k7e)llmln > kl'z(k7y)”mln > k”z(k’e)”mm+ k“y”ma(x2 .

Letting k tend to infinity, it follows from (2.7) that the limits of ||z(k, €)||max/k
and ||z(k, ¥)||max/k coincide. In the same vein, (2.8) implies that the limits of
[|z(k, €)}|min/k and ||z(k, y)||min/k coincide. If, in addition, z; is integrable, we
first prove by induction that z(k, z¢) is integrable for any k& > 0. Then, we take
expected values in (2.7) and (2.8). Using the fact that, by Kingman’s subadditive
ergodic theorem, the limits of E[)|z(k,€)||max]/k and E[||z(k,e)|[min]/k as k
tends to oo exist, the proof follows from letting &k tend to oco. O

The constant A*P is called the top or mazimal Lyapunov exponent of {A(k)}
and AP is called the bottom Lyapunov exponent,
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Remark 2.2.1 Irreducibility is a sufficient condition for A(k) to be a.s. regular,
see Remark 1.4.1. Therefore, in the literature, Theorem 2.2.1 is often stated with
irreducibility as a condition.

Remark 2.2.2 Note that integrablity of {A(k)} is a necessary condition for
applying Kingman’s subadditive ergodic theorem in the proof of the path-wise
statement in Theorem 2.2.1.

Remark 2.2.3 Provided that (i) any finite element of A(k) is positive, (ii)
A(k) is a.s. regular, and (iii) the initial state zo is positive, the statement in
Theorem 2.2.1 holds for || - ||@ as well. This stems from the fact that under con-
ditions (i) to (i) it holds that ||A(k)|lmax = ||A(k)|l@. In particular, following
the line of argument in the proof of Lemma 2.2.1, one can show that under the
conditions of the lemma the sequence ||Tnm||e constitutes a subadditive process.

2.2.1 The Irreducible Case

In this section, we consider stationary sequences {A(k)} of integrable and irre-
ducible matrices in RJXJ with the additional property that all finite elements
are non-negative and that all diagonal elements are non-negative. We consider
z(k+1) = A(k) ® z(k), k > 0, and recall that z(k) may model an autonomous
system (for example, a closed queuing network). See Section 1.4.3. Indeed, A(k)
for the closed tandem queuing system in Example 1.5.1 is irreducible. As we
will show in the following theorem, the setting of this section implies that
AtoP = )\bot ‘which in particular implies convergence of z;(k)/k, 1 < i < J. The
condition that all finite elements of A(k) are non-negative is not very restrictive
when working with queuing networks. Here the non-¢ elements of A(k) represent
sums of service times at the stations, which are by definition non-negative. In
contrast, the assumption that all diagonal elements are non-negative (and thus
different from ¢) is indeed a restriction as illustrated by Example 1.5.5. The
following theorem goes back to Cohen [35] and Baccelli et al. [10].

Theorem 2.2.2 Let {A(k)} be a stationary sequence of integrable and irre-
ducible matrices in RIXJ such that all finite elements are non-negative and all
diagonal elements are different from €. Then, a finite constant A exists, so that

for any non-random finite initial condition xg:

oxyk) () min . 2(k)]max
pm = = fm T = lim e

=X as (2.9)
and
lim Ez; (k) = lim ~E{j|o(k)lmia] = lim ~E([z(E)]lma] = A
bt kIR = R min] = lim ZE[[[2(k)|lmax] = A,

for 1 < j < J. The above limits also hold true for random initial conditions
provided that the initial condition is a.s. finite and integrable.
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Proof: The existence of the limits (except that for z;(k)/k) is guaranteed
by Theorem 2.2.1 and in order to prove the theorem we have to show that
the component-wise limits (that is, the limit of z;(k)/k as k tends to oo, for
1 < j < J) equal the limits of || + ||min and || * ||max-

Irreducibility of A(k) implies that A(k) has fixed support and the commu-
nication graph of A(k) is thus non-random. We have assumed that all elements
different from e are non-negative and all diagonal elements are non-negative.
Hence, Lemma 1.4.1 applies and

has all elements larger than or equal to zero for all k. This implies for any
component j

J
zj(k, e)=ED(G(k));i ® z:(k — J,e)
i=1
J
2@0 ® z;(k — J,e)
i=1
=||z(k — J,€)l|max »
for k > J, which yields
[|1z(k, €)||lmin > [|lz(k ~ J,€)||max - (2.10)

By (2.10),

\

1
Fl1o(k, llmin 2 12k = J, )l e

which implies

APO — lim ||z(k, €)||min > lim llz(k, €)llmax — )\top

a.s,
k—o0 k k—o0 k

By Theorem 2.2.1, it holds that AP®* < A*°P and we have thus shown APt = )top,

In other words, setting A def \bot — A\1P we have shown

ka min . 3 max
lim Nk, )llmin = lim liwCk, ©)llmax =X as (2.11)
k—oo k—o00 k
and from
lz(k, €)llmax > zj(k,€) > ||z(k,€)[lmin, 1<5< T,
follows:

lim -————wj(k’ )

Jim S = A as (2.12)
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for1<j<J.

Like for the proof of Theorem 2.2.1, we show that the limits in (2.11) and
(2.12) are independent of the initial condition. This concludes the proof of the
first part of the theorem.

‘We now turn to the proof of the second part of the theorem. Let A, as defined
in the first part of Theorem 2.2.2, exist. Then Theorem 2.2.1 yields,

1 1
A= Jim SE2(0)]mae) = Jim ZE[o(E)lnia

and ; ; ;
ZE[||2(k)lmin] < 7E[z;(k)] < FE[[|z(k)||max]
k k k
implies
1
A= kllr{:o EE[zJ(k)],

for1<j<J.O

The constant A, as defined in (2.9) in Theorem 2.2.2, is called maz-plus
Lyapunov exponent of the sequence of random matrices {A(k)}. There is no
ambiguity in denoting the Lyapunov exponent of {A(k)} and the eigenvalue of
a matrix A by the same symbol, since for A(k) = A, for all k, the Lyapunov
exponent of {A(k)} is just the eigenvalue of A.

Remark 2.2.4 Depending on the sequence {A(k)}, it is sometimes possible to
replace an element of o that is equal to € by a finite element without changing
the value of z(k), for k > 1. In these cases, Theorem 2.2.2 applies even though
not all elements of xo are finite.

Remark 2.2.5 We say that A, B € RZXJ have the same structure if any ele-
ment (i7) is either finite in A and B, or, is equal to € (that is, the arc sets of
communication graph of A and B coincide). The irreducibility condition in the
above theorem can be replaced by the following weaker condition. There exists
a.5. a sequence {My,} with limy, o My, = 00, such that A(k +my,), 1 <k < J,
have the same structure and are irreducible.

Remark 2.2.6 If the initial condition xo is positive, then the statement in
Theorem 2.2.2 holds for || - || as well. See Remark 2.2.8 for details.

Computing exactly, or approximating the Lyapunov exponent of products
of matrices over the max-plus semiring is a long standing problem [35, 96, 93,
10, 36, 46, 11, 50, 21, 8, 7, 42]. Only for special cases exact formulae are known.
Upper and lower bounds can be found in [14, 18, 53, 28, 29]. In [12] approaches
are described which use parallel simulation to estimate the ratio z;(k)/k for
large k. When it comes to discrete event systems, Lyapunov exponents measure
the cycle time, i.e., the average time between two events. A classical reference on
Lyapunov exponents of products of random matrices is [24] and a more recent
one, dedicated to non-negative matrices, is [66].
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Consider the system in Example 1.5.1. If we assume that (i) the service
times o;(k) are i.i.d. with finite mean for each j and (ii) the sequences {o;(k)}
(1 € j £ J) are mutually independent, then Theorem 2.2.2 applies (indeed,
{A(k)} is an i.i.d. sequence of irreducible matrices with fixed support).

Comparing the conditions in Theorem 2.2.2 with those in Theorem 2.2.1,
Theorem 2.2.2 imposes the additional conditions that (i) the matrices are ir-
reducible (and have thus fixed support), (ii) all elements different from ¢ are
non-negative and that (iii) all diagonal elements are non-negative. However,
conditions (i)-(iii) are only needed to establish the pathwise statement in Theo-
rem 2.2.2. Hence, the second part of Theorem 2.2.2 is valid under weaker con-
ditions. The exact statement is as follows:

Corollary 2.2.1 Let {A(k)} be a stationary sequence of a.s. regular and inte-

grable matrices in RIXJ. If

o Abot > \top gng
e the initial condition is integrable,
then

lim ~E[z;(k)) = A,

k—oo k

for all components 1 < j < J of z(k).

Proof: By assumption,

k—oo k—o0

[12(k)||max _
o

with A = AP% = AP and Theorem 2.2.1 yields

: Hx(k)llmm o 1 B
Jim Z==EER = lim ZE2(R)|lmin] = A
e B)lmex 1 B
Jim TSRS = lim B2 (k) lme] =

Foranyke€Nand1<j<J,
1 1 1
ZE[[|2(k)[|min] £ 7E[z;(k)] < ZE[|[2(k)||mox]
k k k
and taking limits yields
A= lim ~E[z;(k)],

k—oo k

which concludes the proof. [
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2.2.2 The Reducible Case

The setup is as in the previous section except that we now suppose that A(k)
has fixed support and drop the assumption that it is irreducible. An example
of a model that has fixed support but fails to be irreducible is the open tandem
queuing system in Example 1.5.2. We study the homogeneous equation

z(k+1) = A(k) ® z(k), k> 0.

Notice that this setup comprises inhomogeneous equations, such as the standard
autonomous equation as well, see Section 1.4.3 for details.

To deal with reducible matrices A(k), we decompose A(k) into its ‘irre-
ducible’ components. The ergodic theorem, to be proved presently, then states
that the Lyapunov exponent of the overall matrix is given by the maximal top
Lyapunov exponent of its irreducible components. However, before we are able
to present the ergodic theorem and give the proof, we need to introduce some
concepts from graph theory. For the basic definitions we refer to Section 2.1.

Let {A(k)} be a sequence of matrices in RJXJ with fixed support. If we
replace any element of A(k) that is different from € by e, then the resulting
communication graph of A(k), denoted by G.(A), is independent of k (and thus
non-random). Let G(A) denote the reduced graph of Ge(A). We denote by
(7] e {7 €{1,...,J} : iRs} the set of nodes of the m.s.c.s. that contains . The
set of all nodes j such that there exists a path from j to i in G.(A) is denoted
by 7t (i). Furthermore, we set 7*(i) = {i} Un*({); and we define predecessor

sets
<= U bl
jem*(i)
and [< 4] = [< i]\[¢]. We denote by )\ff]p the top Lyapunov exponent associated
with the matrix obtained by restricting A(k) to the nodes in [i]. In case i is an
isolated node or node with only incoming or outgoing arcs, we set )\ff]p =¢. The
following theorem goes back to [6].

Theorem 2.2.3 Let {A(k)} be a stationary sequence of integrable matrices in
Rg]’;,{ with fized support such that with probability one all finite elements are non-
negative and the diagonal elements are different from €. For any (non-random)

finite initial value zo it holds true that

with
_ top
M= @D N
iem* ()
and )
Jim 2Bz (k)] = A7,
for1 < 4 < J. The above limits also hold for random initial conditions provided
that the initial condition is a.s. finite and integrable.
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Proof: Under the conditions of the theorem, it a.s. holds, for any k, that
[lz(k)|lmax = ||z(k)|l@, see Remark 2.2.3. In the following proof we will only
work with upper bounds on the growth rate ||z(k)||max/k and thus adopt the
notation || - ||e for the maximal element of a vector/matrix.

Let App(k) denote the matrix that is obtained from A(k) by restricting
A(k) to the nodes in [i] and write z};)(k) for z(k) restricted to the nodes in [4].
To understand the difficulty that arises when proving the theorem, it is worth
noting that in general

1
Jim E”w[i](k)ilﬂa # Ay as.
This stems from the fact that )\mp is the top Lyapunov exponent of the matrix
restricted to the nodes in [i], whereas z[;)(k) is also influenced by nodes others
than those in [{] namely those in [< 4] \ [i].

We now turn to the proof. In the same way as we have defined Ay [;(k) and
zp;) (k), we write A[<q)[<q)(k) for the restriction of A(k) to the nodes in [< i] and
%< (k) for z(k) restricted to the nodes in [< 4]. By Theorem 2.2.1, the maximal
Lyapunov exponent of A< [<q(k), given by AFZ%, exists (indeed, Theorem 2.2.1
applies to reducible matrices). Note that

1 1
Zlzg®lle < £lleiza(®)lle
and thus
. 1 , 1
lim sup ||z (k)||g < lim sup —||Z[<s (k)lle
k—00 k k—o0 k
t
=,\[g‘:.]. (2.13)
Fixed support of A(k) implies that G.(A) is non-random. Node ¢ can be reached
from any node k € 7*(%) and since A(k) is of dimension J x J such a path is at
most of length J. We have assumed that the diagonal elements of A(k) are all
different from . Hence, if there is a path of length I from A to i, then there is
for any p > ! a path of length p from h to i (just add sufficiently many loops of

length one at k). Any finite element of A(k) is positive and paths have therefore
positive weights. We thus obtain for any j € [¢]

zi(k)> P anlk—J)

her* (i)
=|z1<y(k — Dl s (2.14)
for k > J. Therefore,
llzg(Blle = llz<a(k — Ille
for k£ > J, which implies that

] 1
lim inf —{|z; (k) [le 2 lim inf < ][z(<q)(k)lle

= )\Fg’z] a.s.
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Together with (2.13) we obtain
: 1 to
kll'n;o EHa:[i](k)H@ =A<y as (2.15)
By (2.14), it holds a.s. for any j € [z] that

1 1
']:;”m[i](k)”@ > Emj(k) > E”m[si](k*J)”ea, (2.16)

and by (2.15) it follows that
.1 1 o
Jim Hlog(Blle = Jim clloza(k~ Do = X%y, (217)

which yields
1 o L
kll'n;o; (k) = )\fs‘z] as., jefi.
In the integrable case, (2.16) lmplies

FElloiza®lle] 2 LBl ()] 2 ZElfsizq(k o).

By Theorem 2.2.1, the expected values on the right-hand side and on the left-

hand side in the above inequality converge to )\t[;’p] as k tends to oo. Hence,

L1 & .
Jim EIE[a:j(k)] =Xy, Jel].
It remains to be shown that

,\;gg] = QB' AL - (2.18)

The reduced graph G7(A) is acyclic and we obtain
a:[i](k +1) = A[i] [i](k) ® a:[i](k) ®s(i,k+1), (2.19)
where
s(ik+1) & Ay cq (k) ® zp< (k)
and A[;(<;)(k) is defined in the obvious way. By definition,

l1s(@, & + Dlle < [|4p <q(B)lle ® l|z<q (k)llo
<AR) o ® llz<i(k)le - (2:20)
Note that
lim —||A( Nlo = 0 as. (2.21)

k—oo k

Indeed, integrability of {A(k)} together with stationarity and ergodicity implies
that

k

.1

Jim =3 [lAR)e = ElADl] < o as.
n=1
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(integrability of ||A(1)]|e is guaranteed by integrability of A(1)), which gives
L&
E[IIA(1)||$]=,}§{_IOEZ||A(n)||aa

= im 222 ZHA e + Jim +llAF)ls
=E[AD)lle] + Jim LllAR)lo as.

and thus establishes (2.21).
We obtain from (2.20) together with (2.21)

1
limsup —||s(é, k 4+ 1|l < AP as.
k00 k [<i)

At the same time, following the line of argument that has lead to (2.14), we
obtain

s@i, b+ Dlle 2 llzi<y(k - lle  as.,
which implies

. 1 . top
hkr{l_gf ElIs(z, k+1)|lg = A<y 8.

and thus
Jim —Hs( k+Dlle = A2 as.

It is clear from the definition of s(%, k) that

llz<a(B)lle 2 (Is(, k)lle »

so that . )
ekl 2 £lis@ klle
which in turn implies

to to
Al = NS (2.22)

Now suppose that )\[Q] > )‘FZ}Z]' The existence of the individual limits implies

that for sufficiently large K € N it holds that
A[i] [i](k) ®x[i](k) >s(i,k+1), k>K.
Accordingly, equation (2.19) reads
m[i](k +1) = A[i] [i](k) ®$[i](k) >s(i,k+1), k>K,

which, by Theorem 2.2.1, yields

s 1 __ ytop
kl_l_'rgo E”x[i](k)“@ = )\[i] a.8.
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and, by (2.17), this implies
=

We have thus shown that

top top top __ top
)‘[Si] > )‘[<i] = )‘[Si] = )‘[i] . (2.23)

Combining (2.22) and (2.23) we reach at:

to to to
A = A ® A -
Any node ¢ € G.(A) belongs to a m.s.c.s. that is represented in G(A) by the
single node [i]. Let w([i]) denote the set of direct predecessors of [i] in GI(A)
and set 7([¢]) = 0 if there is no predecessor. Each element of 7([¢]) represents a
m.s.c.s. in G,(A) and we denote by 7(%) the set of nodes in G.(A) that belong to
the m.s.c.s. corresponding to the elements of 7([¢]). If 7 ([¢]) = B, we set 7(¢) = 0.

Then
top __ top
Ny = D A
JET()

and inserting this into the above equation yields

to to to
NG = AT e D NG
jert)

We now repeat the argument until applying 7 yields no more nodes. In partic-
ular, going from 7(¢) to {7(j) : j € 7(¢)} and so forth, we will eventually cover
the set 7* (7). This concludes the proof of (2.18). O

Remark 2.2.7 Suppose that the conditions in Theorem 2.2.3 are satisfied. Con-
tinuity of the operators max and min yields that it holds with probability one that

AP — min(\;:1 <5< J)

and
AP = max(A;: 1< 5 < J).

The vector A = (A1, A2,...,As), with A; defined in Theorem 2.2.3, is called
the Lyapunov vector of {A(k)}. In the light of Theorem 2.2.2 we can state that
irreducibility of {A(k)} is a sufficient condition for the components of X to be
equal.

Recalling that limg_,oc z;(k)/k is the (asymptotic) speed with which transi-
tion j operates, the above theorem matches our intuition that the (asymptotic)
speed with which the system operates is determined by the slowest component
of the system. In terms of queuing networks, the throughput of a system is de-
termined by the smallest throughput of one of its components. Moreover, if the
queuing network is irreducible in the max-plus sense, then the throughput is
the same at any station.
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The key conditions on A(k) are that any element of A(k) is either equal to €
or non-negative, that the elements on the diagonal are non-negative and that it
has fixed support. As we have already explained, the condition that any element
different from e has only non-negative values is a natural condition for queuing
systems, and all examples presented in this monograph enjoy this property. The
fixed support condition is satisfied by the queuing systems in Example 1.5.1 and
Example 1.5.2. An example of a system that fails to have fixed support is given
in Example 1.5.5. Such a system cannot be analyzed via the subadditive ergodic
theory developed so far.

2.2.3 Variations and Extensions

One of the marvels of max-plus theory is that the existence of the top and bot-
tom Lyapunov exponent follows so easily from Kingman’s subadditive ergodic
theorem. See the proof of Theorem 2.2.1. However, the conditions in Theo-
rem 2.2.1 are too weak to guarantee that the top and bottom Lyapunov expo-
nents are equal, or, in other words, that the individual growth rates (that is,
limg o0 2:(k)/k, 1 < § < J) have the same limit. In this section, we discuss
approaches to establish equality of the top and bottom Lyapunov exponent
without imposing conditions on the elements of A(k).

2.2.3.1 The ‘Up-Crossing’ Property

In order to show that the individual growth rates coincide we had to impose
the assumption that (i) any non-¢ element of A(k) is non-negative, that (ii)
all diagonal elements are non-negative, and that (iii) A(k) has fixed support.
The ‘non-negativity’ condition on the finite elements causes no restriction for
queuing systems. Therefore, we focus in this section on a relaxation of the ‘fixed
support’ and the ‘diagonal’ condition.

Inspecting the proof of Theorem 2.2.2 one sees that what is actually needed
is the following ‘up-crossing’ property: a subsequence {z(k,)} and a constant
M exist, such that for any n > 1

No(kn + M)|lmin = @n + ballz(kn)||max @8, ,

with o

lim —= =0 and lim b, = 1,

n—oo N n—oo
see (2.10) on page 72 in the proof of Theorem 2.2.2, where a,, = 0 and b,, = 1 for
all n. Indeed, Vincent uses in [102] this type of condition to show that the top
and bottom Lyapunov exponent coincide. Provided that finite elements of A(k)
are positive, the diagonal condition together with fixed support are sufficient
for the above ‘up-crossing’ property to hold, see Lemma 1.4.1.

2.2.3.2 The ‘Memory Loss’ Property

In this section we present an alternative approach to finding sufficient conditions
for AtoP = Abot_ This approach goes back to [48, 84] and applies to sequences
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with countable state-space.
The key observation for this approach is the following. Let 4 € RJXJ be
such that any two columns of A are linear dependent. Then, a finite number a

exists such that
[|1A® 2||max — ||A ® Z||min = &, zeR’ (2.24)

(for a proof use the argument put forward in the proof of Corollary 2.1.1). A
matrix with the property that any two columns are linear dependent is said
to be of rank 1. While the notation of rank 1 is undisputed, there are several
notions of rank in the literature, see {37] and [103].

Definition 2.2.1 A sequence {A(k)} of square matrices is said to have memory
loss property (MLP) if there exists an N such that A(N—1)®A(N-2)®---®A(0)
with positive probability has only mutually linear dependent columns, i.e., is of
rank 1.

Let A be a matrix with mutually linear dependent columns and assume that
{A(k)} has MLP with respect to A and N, that is, assume that a finite number
N exists such that P(A(N - 1)@ A(N —2)®---® A(0) = A) > 0 and A is of
rank 1. Let

Ty =inflk2N—1: Ak)® Ak —1)® - ® A(k— N +1) = A}

denote the first time a partial product of the series of matrix generates A. This
gives
To—N

z(Ty) = A® (X) Ak)® 0,
k=0

where we set the product to E for Ty = N — 1 and we assume that zo € R’. By
(2.24) a finite number ¢ exists such that

[12(T0)llmax — ||2(To)lmin = a,

for any finite initial value zo. For n > 0, introduce the time of the (n + 1)
occurrence of the event that a partial product of {A(k)} generates A by

Tpor=inf{k > N+T,: A(k) ® Ak = 1)®---® A(k — N + 1) = A} (2.25)

and we obtain
lz(Ti)llmax = 1|12(Te)llmin = @, k2=0. (2.26)

If {A(k)} is stationary and ergodic, then lim, o T = 00 and T, < oo with
probability one; for details see Section E.3 in the Appendix. Specifically, by
equation (2.26),

. 1 1
Jm 18T e = 1Tl = 0 s, (2.27)



82 Ergodic Theory

If, in addition, {A(k)} is a sequence of a.s. regular and integrable matrices,
Theorem 2.2.1 yields

R 1 _ ytop R 1 . _ ybot
klggo Tk”x(Tk)Hmax = A and Iclggo Tk”x(Tk)”mm = A
with probability one, and equality of AtP and AP°* follows from (2.27). We

summarize our analysis in the following theorem:

Theorem 2.2.4 Let {A(k)} be a stationary and ergodic sequence of integrable
and a.s. regular matrices in RIX. If {A(k)} has MLP, then a finite constant A

max

exists such that, for any (non-random) finite initial conditions xo:

e @0 e _ ()l

koo Kk koo k klggo k =2 es
and
lim ZE[z;()] = lim E[|le(k)lma] = Jlim 2E[|[2(k)llmae] = A
k—oo kY k—oo k min k—oo k ax ’

for 1 < j < J. The above limits also hold for random initial conditions provided
that the initial condition is a.s. finite and integrable.

It is worth noting that, in contrast to Theorem 2.2.3, the Lyapunov expo-
nent is unique, or, in other words, the components of the Lyapunov vector are
equal. In view of Theorem 2.2.2 the above theorem can be phrased as follows:
Theorem 2.2.2 remains valid in the presence of reducible matrices if MLP is
satisfied.

MLP is a technical condition and typically impossible to verify directly. A
sufficient condition for {A(k)} to have MLP is the following:

(C) There exists a primitive matrix C and N € N such that

P(A(N—1)®A(N—2)®---®A(0) =C)>o0.

The following lemma illustrates the close relationship between primitive ma-
trices and matrices of rank 1.

Lemma 2.2.2 If A is primitive with coupling time ¢, then A° has only finite
entries and is of rank 1. Moreover, for any matriz A that has only finite entries
it holds that A 1is of rank 1 if and only if the projective image of A is a single
point in the projective space.

Proof: We first prove the second part of the lemma. ‘=": Let A € RIXJ be such
that all elements are finite and that it is of rank 1. Denote the j%* column of A
by A.;. Since A is of rank 1, there exits finite numbers a;, with 2 < j < J, such

that A.; = a; ® A for 2 < j < J. Hence, for z € R’ it holds that

J
ARz =Qa;®z;8 A, (2.28)
i=1
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with a; = 0. Let v, ef ®;=1 a; ® z;. Let y € RY, with = # y. By (2.28),

AQzr=v®A; and AQy = v, ® A1, which implies that A® z and AQy
are linear dependent. Hence, the projective image of A contains only the single
point A.7.

‘«="; We give a proof by contradiction. Suppose that A is not of rank 1, then
there exist at least two columns A.; and A; of A such that A.; and A.; are
linear independent. Then z*,z7 € RY can be chosen such that A®z* = *® 4,
and AQz? = 37 @ A, for finite constants 3%, 37. Since A.; and A.; are linear
independent, the projective image of A contains at least the two distinct points
A; and A_]

We now turn to the proof of the first part of the lemma. For 1 < j < J, let
e; be the vector with € entries except for element j which is equal to e. Hence,
A° @ e; = AY, where A% denotes the 4t column of A°. By Theorem 2.1.1,

ARAL=ARA°Qe; =A@ A°®e; = A® A7,

with A the unique eigenvector of A, and the columns of A€ are thus eigenvectors
of A. Using the fact that eigenvectors of irreducible matrices have only finite
entries (see, for example, Lemma 2.8 in [65]), it follows that A° has only finite
elements. On the one hand, by Corollary 2.1.1, the eigenvector of A is unique.
On the other hand, by Theorem 2.1.1, A° ® z is an eigenvector of A for any x.
Hence, the projective image of A is a single point (in formula: Jv € PR’ Vz €
RY : A°® z = v). Applying the second part of the lemma then proves the claim.
(]

We present a version of Theorem 2.2.4 with a condition that can be directly
verified.

Lemma 2.2.3 Let {A(k)} be an i.i.d. sequence of a.s. regular integrable matri-

ces in RIXJ with countable state space. If condition (C) holds, then the state-

ment put forward in Theorem 2.2.4 holds.

Proof: Let C be as given as in (C) and denote the coupling time of C' by
c. Because {A(k)} is i.i.d. with countable state-space,

P(AN-1)=A(N-2)==A(0)=C) >0,
implies
P(A(cN—1)®A(cN—2)®---®A(O)=CC) > 0.

Since C is primitive, Lemma 2.2.2 implies that C¢ is of rank 1 and {A(k)} has
thus MLP. Hence, Theorem 2.2.4 applies. (]

Example 2.2.1 Consider Example 1.5.5. Mairiz Dq is primitive. Hence, ap-
plying Lemma 2.2.3 shows that the Lyapunov exponent of the system exists.

Remark 2.2.8 In principle, MLP and condition (C) restrict the class of se-
quences {A(k)} that can be analyzed to those with countable state-space. A
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possible generalization is the following. Suppose that the distribution of A(k)
is a mixture of a discrete distribution on a countable state-space, say A°,
and a general distribution on an arbitrary state-space, say A9. If we require
PAIN-1)®@AN-2)® .- ® A(0) € A°) > 0 in Definition 2.2.1 and C € A°
in condition (C), respectively, then the results in this section hold for {A(k)}
with state space A°U A9 as well.

We conclude this section by presenting a generalization of Theorem 2.2.4.
As Baccelli and Mairesse show in [11], using the arguments put forward in this
section, a limit result can be obtained under a slightly weaker condition than
MLP.

Theorem 2.2.5 Let {A(k)} be a stationary and ergodic sequence of integrable
and a.s. reqgular square matrices in RIXJ. If there exists N € N such that with

positive probability AN —1)® A(N ~2)® --- ® A(0) has a bounded projective
image, then the statement put forward in Theorem 2.2.4 holds.

Proof: By assumption, there exist finite numbers a,b € R such that
veeR’: |JAIN-1)®AN-2)®---® A(0) ® z||p € [a,b].

In analogy to (2.25), let Ty denote the time index such that for the &* time
a product A(Ty) ® A(Tx — 1) ® -+ ® A(T,, — N + 1) has been observed whose
projective image lies within the interval [a, b]; in formula:

a < 2(T)l I max ~ ”m(Tk)”min <b

for all k. We have assumed that {A(k)} is stationary and ergodic, which implies
limy,— 00 T = 00 and T}, < co with probability one; for details see Section E.3 in
the Appendix. Since [a, b] is compact, the Bolzano-Weierstrass Theorem yields
the existence of a subsequence {T}, } of {T%} such that

Jim [12(Tie) e = 12T llmin = c,
for some finite constant ¢, which implies
. 1 . 1
lim —||z(Tk,)||max = lim —||2(Tk,)||min- (2.29)

By Theorem 2.2.1, convergence of the sequences ||z(k)||max/k and [|z(k)||max/k
as k tends to infinity is guaranteed. Hence,

1 im —
kll.n;oﬁllx(k)”max = nh_{r;() H”x(Tkn)”max
220) .. 1
@2 fim —||2(Th ) i
n—oo ky,

o1
= kll{go E”x(kmmim

which proves the claim. [J
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2.2.3.3 Weak Irreducibility

An approach relaxing the concept of fixed support can be found in [69, 70].
This approach is based on an interpretation of the concept of ‘irreducibility’ for
random matrices which we will explain in the following.

Irreducibility of a matrix A is defined via the communication graph of A,
denoted by G(A). Specifically, A is called irreducible if for any two nodes in G(A)
a path from i to j exists in G(A). Let {A(k)} be a random sequence of J x J
dimensional matrices. The communication graph of a random sequence is itself a
random variable and we extend the definition of a path to the sequence G(A(k))
as follows. For any two nodes 4, j, a sequence of arcs p = ((in,Jn) : 1 < n < m),
with 4 = 41, j = jm and j, = ip41 for 1 < n < m, is called a path of length m
from i to j in {A(k)} if (i,,7p) is an arc in G(A(k+n — 1)) for 1 < n < m, for
some k € N. We say that p is a path in G(A(k+n—1):1<n <m).

The weight of a path in G(A) is defined by the sum of the weights of all arcs
constituting the path; more formally: let p = ((in,jn) : 1 £ n < m) be a path
from 7 to j of length m, then the weight of p, denoted by |p|,, is given by

m

ol = @Ak + 1~ 1))jin,

n=1

with ¢ = 41 and j = j,, for some k.

We now are able to introduce the concept of weak irreducibility: A sequence
{A(k)} of square matrices is said to be weakly irreducible if for any pair of nodes
4,7 € {1,...,J} a finite number m;; exists such that there is with positive
probability a path of length m;; from 4 to j; in formula: for any %,j, with
1<4,5 £ J, mi; €N exists such that

myj—1
P (@ A(k)) >e| >0.
k=0 i

Theorem 2.2.6 Let {A(k)} be an i.i.d. sequence of regqular, integrable matrices
in RIXJ with countable state-space. Assume that {A(k)} is weakly irreducible.
If there exists at least one node j such that j lies with positive probability on a
circuit of length one, then the Lyapunov exponent of {A(k)} exists.

Proof: Consider the collection of numbers m;; for 1 < 4,5 < J. We have
assumed that there exits at least one node j* such that mj«;« = 1 and the
greatest common divisor of the collection of numbers m;;, with 1 < 4,5 < J,
is thus equal to one. This implies that a finite number N exists such that each
m > N can be written as a linear combination of m;;’s, see [26]. Weak analyticity
thus implies that for any m > N there exists with positive probability a path
from any node to any other node; in formula: for any m > N

m—1
Vi,je{l,...,J}: P (@A(k)) >e| >0
k=0

7
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Let h > N. Since J is finite, we can choose j,i € {1,...,J} such that a
sequence {my,}, with lim,_,. m, = oo, exists for which it holds that

[lz(mn + h)||lmin = zi(my +h)  and  ||z(mp)|max = zj(my),

for n € N. By assumption, {A(k)} is a weakly irreducible i.i.d. sequence. Hence,

we may select a subsequence {m,,} of {m, } such that there is (at least) a fixed

path p from j to ¢ of length h in G(A(mp,+%) : 0 < k < h) for any ! and
mnl+h—-1

wij déf ® A(m)

m=mny, ij
is finite. With slight abuse of notation we will identify {m,} and {m,,}. This
yields

l|z(mn + h)||min = Zi(my + )

J Mmp+h—1
=€B( X A(m>> ® Tx(mn)
k=1 m=mn ik

2 —|wi ;| ® z;(mn)
=—~lwi;| + ||z(mn)|lmax ,
which establishes the up-crossing property with M = h. 0
Theorem 2.2.6 provides a sufficient condition for the existence of the Lya-

punov exponent completely avoiding the concept of fixed support. The following
example illustrates this. Consider 4;, A; € A, with

Alz(};l ;4) and Ag:(;3 };2>,

for some finite integrable random variables Y;, 1 < ¢ < 4. Let {A(k)} be an
i.i.d. sequence such that P(A(k) = A;) =p > 0and P(A(k) = A2) =1-p >0,
for kK > 0. Then {A(k)} satisfies the condition put forward in Theorem 2.2.6.
However, neither does { A(k)} have fixed support nor does it satisfy the diagonal
condition. Note that the situation in Example 1.5.5 is covered by Theorem 2.2.6,
which follows from the fact that D is irreducible and contains one finite element
on its diagonal.

As Hong shows in [69, 70], the condition that there is at least one node
that lies with positive probability on a circuit of length one is not necessary for
Theorem 2.2.6 to hold. Without this simplifying assumption the proof of the
theorem becomes however rather technical and the interested reader is referred
to [69, 70] for details.

2.3 Stability Analysis of Waiting Times (Type
ITa)

A classical result in queuing theory states that if in a G/G/1 queue the expected
interarrival time is larger than the expected service time, then the sequence
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of waiting times converges, independent of the initial condition, to a unique
stationary regime. The proof of this result goes back to [81]. In this section, we
generalize the classical result on stability of waiting times in the GI/G/1 queue
to that of stability of waiting times in open max-plus linear networks. It is worth
noting that by virtue of the max-plus formalism we can almost literally copy
the proof of the classical result in [81].

We consider the following situation. An open queuing network with J sta-
tions is given such that the vector of departure times from the stations, denoted
by xz(k), follows the recurrence relation

2k +1) = A(k) ® 2(k) ® T(k + 1) ® B(k) , (2.30)

with z(0) = e, where 7(k) denotes the time of the k** arrival to the system.
See, equation (1.15) in Section 1.4.2.2 and equation (1.27) in Example 1.5.2,
respectively. As usually, we denote by ag(k) the k*h interarrival time, so that
the k%" arrival of a customer at the network happens at time

k
(k)= oo(i), k=1,
i=1

with 7(0) = 0. Then, W;(k) = z;(k) — 7(k) denotes the time the k** customer
arriving to the system spends in the system until completion of service at server
j. The vector of k** sojourn times, denoted by W (k) = (Wy(k),..., Ws(k)),
follows the recurrence relation

W(k+1) = A(k)® Clogk+ 1)) @ W(k)® B(k), k>0,

with W(0) = e, where C'(h) denotes a diagonal matrix with —A on the diagonal
and ¢ elsewhere. See Section 1.4.4 for details. Alternatively, z;(k) in (2.30)
may model the times of the k' beginning of service at station j. With this
interpretation of z(k), W, (k) defined above represents the time spent by the
k** customer arriving to the system until beginning of her/his service at j. For
example, in the G/G/1 queue W (k) models the waiting time.

In the following we will establish sufficient conditions for W (k) to converge
to a unique stationary regime. The main technical assumptions are:

(W1) Fork € Z,let A(k) € R7%/ be a.s. regular and assume that the maximal

max

Lyapunov exponent of {A(k)} exists.

(W2) There exists a fixed number o, with 1 < « < J, such that the vector
B*(k) = (Bj(k) : 1 £ j < &) has finite elements for any k, and B, (k) = ¢,
for a < j £ J and any k.

(W3) The sequence {(A(k), B*(k))} is stationary and ergodic, and independent
of {r(k)}, where 7(k) is given by
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with 7(0) = 0 and {o(k) : k¥ € Z} a stationary and ergodic sequence of
positive random variables with mean v € (0, c0).

In what follows, we establish sufficient conditions for {W(k)}, with
W(k+1) = Ak)®@C(o(k+1)@W(k)® B(k), k>0, (2.31)

to have a unique stationary solution.

Provided that {A(k)} is a.s. regular and stationary, integrability of A(k) is a
sufficient condition for (W1), see Theorem 2.2.1. In terms of queuing networks,
the main restriction imposed by these conditions stems from the non-negativity
of the diagonal of A(k), see Section 2.2 for a detailed discussion and possible
relaxations. The part of condition (W3) that concerns the arrival stream of the
network is, for example, satisfied for Poisson arrival streams.

The proof goes back to [19] and has three main steps. First, we introduce
Loynes’ scheme for sojourn times. In a second step we show that the Loynes
variable converges a.s. to a finite limit. Finally, we show that this limit is the
unique stationary solution of equations of type (2.31).

Step 1 (the Loynes’s scheme): Let M (k) denote the vector of sojourn times
at time zero provided that the sequence of waiting time vectors was started at
time —k in B(—(k + 1)). For k > 0, we set

k—1
T(—k) = — Z;a(—i) :
By recurrence relation (2.31),
M(1) = A(-1) ® C(c(0)) ® B(—2) ® B(~1) .

For M (2) we have to replace B(—2) by

A(-2) ® C(o(~1)) ® B(-3) ® B(-2) , (2.32)
which yields

M(2) = A(-1) ® C(c(0)) ® A(—2) ® C(o(—1)) ® B(-3)

®A(-1)® C(0(0)) ® B(—-2) ® B(-1) . (2.33)

By finite induction, we obtain for M (k)

ko

Mk) =P R A-)®Clo(-i+1) @ B(-(j +1)), (2.34)

7=0 i=1

where we set the product
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to E for j = 0.

The sequence {M(k)} is called Loynes sequence. The above construction
implies that {M(k)} is monotone increasing in k. To see this, denote for z,y €
RJ.. the component-wise ordering of z and y by z < y. By calculation,

k J
M(k) =P A(-) ® Clo(-i+1) ® B(-(j +1))

7=0 i=1
k+1
<@ A(-i) ® C(a(~i+1)) ® B(~(k +1))
i=1
k J
&P QR A(-i) ® Clo(—i+1)) ® B(~(j +1))
=0 i=1
k+1 7
=P R A(-) & Co(-i+1)) ® B(=(j +1))
7=0 i=1
=M(k+1),

for k > 0, which proves that M (k) is monotone increasing in k.
The matrix C(-) has the following properties. For any y € R, C(y) commutes
with any matrix A4 € RJXJ:

max *
Clyy® A=ARC(y).
Furthermore, for y, z € R, it holds that
Cly)®C(2) =C(2) ®C(y) =C(y +2).
Specifically,
J J
QR Cle(-i+1) =C <®a(—i+ 1)) = C(-1(~%)) .
i=1 i=1

Elaborating on these rules of computation, we obtain

Q) A(—i) ® C(a(—4)) @ B(—(j + 1)) =C(~7(—4)) ® X) A(—i) ® B(—(j +1)).
i=1 i=1
Set

k

D(k) = Q) A(-i)® B(—(k+1)), k>1,
i=1

and, for k = 0, set D(0) = B(—1). Note that 7(0) = 0 implies that C(—7(0)) =
E. Equation (2.34) now reads

M(k) =P C(=r(~)) ® D).

k
j=0
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Step 2 (pathwise limit): We now show that the limit of M (k) as k tends to
oo exists and establish a sufficient condition for the limit to be a.s. finite.

Because M (k) is monotone increasing in k, the random variable M, defined
by

Jim M(k) = P C(~7(~4)) ® D(j)
i>0

def pr,

is either equal to oo or finite. The variable M is called Loynes variable. In what
follows we will derive a sufficient condition for M to be a.s. finite. As a first step
towards this result, we study three individual limits.

(i) Under condition (W1), a number a € R exists such that, for any z € R/,

k
lim % ®A(—j)®x =a a.s.

]=1 max
(i1) Under condition (W3), the strong law of large numbers (which is a special
case of Theorem 2.2.3) implies

1 1
kl_l_)n;o E ”C(—T(-k))nmax_ lim ET(_k)

k—oo
1 0
=-Jm 2 ()
i=—k+1
= -V a.s.

(iii) Ergodicity of {B*(k)} (condition (W3)) implies that, for 1 < j < a, a
b; € R exists such that

kh_)rr;o P Z B;( a.s.,

which implies that it holds with probability one that

= lim ——ZB

k-—)oo

1 . k—1 1 —
= Jlim pBi(-K) + Jim Sy D B

k—-»cok 70
and thus
lim 1B(=k) = lim SB;(—(k+1)) = 0
hoo kA T e - &8
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for j < a. From the above we conclude that

1
kll.rgo E ”B(_k)”max =0 a.8.
From Lemma 1.6.2 it follows that
k
IC(=7(=k)) ® D(k)l|max = IIC(—T(~/C)) 9 Q) A(—i) ® B(~(k + 1))
i=1 max
k
<NC=T(k)llmax + || A(-) ® €
i=1 max
+ |B(=(k + 1))l pax -
Combining the individual limits (¢)-(ii¢), we obtain
Jim *IIC( T(=k) @ D(k)llax < 8=V as.
k—oo k
and v > a implies
lml |C(—7(—k)) ® D(k)||pax = —0° a.s. (2.35)

Hence, for k sufficiently large, the vector C(—7(—k)) ® D(k) has only negative
elements and thus doesn’t contribute to M (k) (note that M(k) > 0 by defi-
nition). Consequently, M (k) is dominated by the maximum over finitely many
vectors C(—7(—k)) ® D(k) whose elements are all finite. We have thus shown
that v > a implies that M is an a.s. finite random variable. In the same vein,
one can show that v < a implies M = oo with probability one.

Step 3 (stationarity and uniqueness): We revisit the construction of { M (k)}.
Under assumption (W3), let  denote an ergodic shift operator such that A(k) =
Aof* B(k) = Bo6* and o(k) = o o 6%, for appropriately defined random
variables A, B, o, see Section E.3 in the Appendix. Equation (2.33) thus reads

M(2) = Aol ® C(6) ® M(1)o 0™ @ Bop™!

(to see this, note that the expression in (2.32) is equivalent to M (1) o §71). By
finite induction,

Mk+1) = Aot @ Clo) ® M(k)of™* @ Boo™!
and letting k tend to oo in the above equation shows that
M=A00"'®Clo) ® M ® Bof™!.

In other words, M is the stationary solution of (2.31).
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It remains to be shown that M is the unique limit. Let M (k,w) denote the
vector of sojourn times at time 0 provided that the sequence is started at time
—k with initial vector w € R7, or, more formally, set

Q=

M(k,w) =) A(~)) ® Clo(—i + 1)) ®w
k—1
@@c(—v(—j)) ® D(j) .

(=)

j=

Because w has only finite elements, we have ||w||max < 0o. Following the line of
argument in step 2 above, it readily follows that

k
kli_’n;o g A=) ®Clo(~i+ 1)) ®w - = —00 as.,
for v > a, and
k k-1
kllxr;o(kgl)A(_i)®C(g(_i+ 1)) ®w @ ]@OC(-T(-J‘)) ®D(j) = M as.

Hence, for any finite initial value w, M (k, w) has the same limit as M (k), which
establishes uniqueness. We have thus shown that M (k,w) converges a.s. to a
unique stationary limit M, independent of the initial value w.

For w € RY, write W (k,w) for the vector of k** system times, initiated
at 0 to w. Assumption (W3) implies that M (k,w) and W (k,w) are equal in
distribution. Hence, M is the unique weak limit of {W(k,w)} for arbitrary
w € RY. We summarize our analysis in the following theorem.

Theorem 2.3.1 Assume that assumptions (W1), (W2) and (W3) are satisfied
and denote the mazimal Lyapunov exponent of {A(k)} by a. If v > a, then the
sequence

W(k+1) = Ak) ® Clo(k + 1)) ® W(k) ® B(k)
converges with strong coupling to an unique stationary regime W, with
W = D(0)® (D C(~(~1) ® D),
j21
where D(0) = Bo 08~! and
J
D(j) = QA(-)®B(-(j+1)), j=1.
=1

Proof: It remains to be shown that the convergence of {W(k)} towards W
happens with strong coupling. For w € R, let W (k, w) denote the vector of k**
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sojourn times, initiated at 0 to w. From the forward construction, see (1.22) on
page 20, we obtain

k
Wk +1,w) =@ A®l)® Clo(i+1) @ w
i=0

k k
P & A()®Clo(i+1)) ® B(i).
i=0 j=i+1

From the arguments provided in step 2 of the above analysis it follows that

lim = —00 a.s.,
k—oo

k
R Ay Clo(i+1)) ®w
i=0

max

provided that v > a. Hence, there exists an a.s. finite random variable 8(w),
such that

k
R A @ Clo(i +1) @w
i=0

Vk > B(w) : <0.

max

In words, after B(w) transitions the influence of the initial vector w dies out.
We now compare two versions of {W(k)}. One version is initialized to W, the
stationary regime, and the other version is initialized to an arbitrary finite vector
w. We obtain that

Vk > max(B(w), B(W)) : W(k,w) = W(k,W).

Hence, {W (k,w)} couples after a.s. finitely many transitions with the stationary
version {W(k,W)}. O

It is worth noting that S(w), defined in the proof of Theorem 2.3.1, fails to be
a stopping time adapted to the natural filtration of {(A(k), B(k)) : k > 0}. More
precisely, §(w) is measurable with respect to the o-field o ((A(k), B(k)) : k = 0)
but, in general, {8(w) = m} € a((A(k), B(k)) :m = k = 0), for m € N.

Due to the max-plus formalism, the proof of Theorem 2.3.1 is a rather
straightforward extension of the proof of the classical result for the G/G/1
queue. To fully appreciate the conceptual advantage offered by the max-plus
formalism, we refer to [6, 13] where the above theorem is shown without using
max-plus formalism.

2.4 Harris Recurrent Max-Plus Linear Systems
(Type I and Type IIa)

The Markov chain approach to stability analysis of max-plus linear systems
presented in this section goes back to [93, 41]. Consider the recurrence relation
z(k+1) = A(k) ® z(k), k > 0, and let

Zj—l(k) = m.7(k;) - $1(k) ) .7 2 27 (236)
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denote the discrepancy between component z1(k) and z;(k) in z(k). The se-
quence {Z(k)} constitutes a Markov chain, as the following theorem shows.

Theorem 2.4.1 The process {Z(k) : k > 0} is a Markov chain. Suppose
Z(k) = (z1,...,25-1) for fizred z; € R. Then the conditional distribution of
Zi(k+1) given Z(k) = (21,...,27-1), 15 equal to the distribution of the random
variable

Ajp11(k @@A]+lz ® 21 — All(k)GB@Au(k)@Zi—l,
for1<ji<J-1.

Proof: Note that

a®zDb®yY —s=max(a+z,b+y) —x
=max(a,b + (y — x))
=a®b® (y—x).
Using the above equality, we obtain for 2 < 7 < J:
Zj_l(k + 1)=CI}J(]C + 1) - xl(k + 1)

=(A(k) ® x(k)); — (A(k) ® z(k))1
=A;j1(k) ® z1(k) ® Aj2(k) ® z2(k) & -@Aﬂ(k)@m(k) -
A1 (k) @ z1(k) @ Ar2(k) ® z2(k) ® - - @ Ay (k) ® zs(k)
=A;j1(k) ® z1(k) ® Aj2(k) ® z2(k) & -@Aﬂ(k)mJ(k)—wl( ) —

(A (k) @ z1(k) © A12(k) ® z2(k) © - - ® A1y (k) ® x (k) — z1(k))
=A;j1(k) ® Aja(k) ® (z2(k) — 21(k)) @ - - @ Ajy (k) ® (2 (k) — z1(k)) -

A1 (k) ® A12(k) ® (z2(k) = 21(k)) @ -~ & A1y (k) ® (z(k) — z1(K))
=A;(k) D Apk)®Z1(k)® - @ Aj(k)® Z5_1(k) —

vv

All(k)®A12(k)®Zl(k '®A1J(k)®ZJ_1(k).

From this expression it follows that the conditional distribution of Z(k + 1)
given Z(0),..., Z(k) equals the conditional distribution of Z(k + 1) given Z(k)
and hence the process {Z(k) : k > 0} is a Markov chain. O

Now define

D(k) ==z1(k) —z1(k—1), k>1.

Then, we have

z1(k) =z1(0)+ » D(n), k=1, (2.37)

zj(k) = ;(0) + (Z;-1(k) = Z;-1(0)) + »_D(n), k21,5>2. (238
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Theorem 2.4.2 For any k > 0, the distribution of (D(k + 1),Z(k +
1)) given (Z(0),D(1),Z(1),...,D(k),Z(k)) depends only on Z(k). If
Z(k) = (za2,...,25), then the conditional distribution of D(k + 1) given
(Z(0),D(1),Z(1),...,D(k), Z(k)) is equal to the distribution of the random var-
iable

J
A (k) @ @Au(k) ® 251 -
j=2

Proof: We have
Dk +1)=z1(k+1) — z1(k)
=A11(k) @ z1(k) ® A12(k) @ z2(k) & - ® Ars(k) ® xs(k) — z1(k)
=A11(k) & A12(k) ® (z2(k) — z1(k)) & - - ® A1y (k) ® (z5(k) — z1(k))
=A11(k) ® Ap2(k) @ Z1 (k) ® --- ® A1y (k) ® Zy-1(k),

which, together with the previous theorem, yields the desired result. [J

If {Z(k)} is uniformly ¢-recurrent and aperiodic (for a definition we refer to
the Appendix), then it is ergodic and, as will be shown in the following theorem,
a type Ila limit holds. Elaborating on a result from Markov theory for so-called
chain dependent processes, ergodicity of {Z(k)} yields existence of the type I
limit and thus of the Lyapunov exponent.

Theorem 2.4.3 Suppose that the Markov chain {Z(k) : k > 1} is aperiodic
and uniformly ¢-recurrent, and denote its unique invariant probability measure
by w. Then the following holds:

(i) For1<14,j < J, z;(k) — z;(k) converges weakly to the unique stationary
regime .

(i) If the elements of A(k) have finite first moments, then a finite number A
exists such that

almost surely for any finite initial value, and
A=E.[D(1)],

where E, indicates that the expected value is taken with Z(0) distributed
according to .

Proof: For the proof of the first part of the theorem note that
zi(k) — z5(k) = Zi_1(k) — Z;j-1(k) ,
for 2 <4,5 < J,and

zi(k) — z1(k) = Zi—1(k), z1(k) —zi(k) = —Z;-1(k) ,
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for 2 < 1 < J. Hence, weak convergence of Z(k) to a unique stationary regime
implies weak convergence of z;(k) — z;(k) to a unique stationary regime. Weak
convergence of Z(k) to a unique stationary regime follows from uniform ¢-
recurrence and aperiodicity of Z(k), see Section F in the Appendix, and we
have thus shown the first part of the theorem.

We now turn to the second part. The process {D(k) : k > 1} is a so-called
chain dependent process and the limit theorem of Griggorescu and Oprisan [55]
implies

1 &
lim ~ Y D(n) =A=E,[D(1)] as.,

k
—oo k —=

for all initial values xp. This yields for the limit of x1(k)/k as k tends to oco:

tim 21 ()27 1 (lx ©+13 D ))
e e A e A "

]

3

| —
N
S
2

= A a.s.

It remains to be shown that, for j > 2, the limit of z;(k)/k as k tends to oo
equals . Suppose that for j > 2:

lim Lz, (k) = lim l(Z,-_l(k) - 2;1(0)) =0 as. (2.39)

k—oo k —o0 k

With (2.39) it follows from (2.38) that

1 o1
Jim caj(k) = lim -(Z;-1(k) = Z;-1(0)) + X
=\ as.,

for j > 2. In what follows we show that (2.39) indeed holds under the conditions
of the theorem.

Uniform ¢-recurrence and aperiodicity of the Markov chain {Z(k) : k > 1}
implies Harris ergodicity. Hence, for J — 1 > j > 1, finite constants ¢; exists,
such that
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This implies

k
. 1
¢j= lim — ; Z;(n)
k-1
k—1 1
= lim (kZJ(k) - k_IZZJ(n)>
k—1

o1 . k=1 1

=i, 5 Zi (k) o+ Jim, = Jim g D ()

1
= lim -—Z(k) + Cji,

k—oo k I

which yields, for J—12> 7> 1,

lim %Zj(k) = Jim = (Z(k) - Z(0) =0 as

k—o0 k—o0

O

Remark 2.4.1 Let the conditions in Theorem 2.4.8 be satisfied. If, in addition,
the elements of A(k) and the initial vector have finite second moments, then

05 0? & SOEL[(D(1) - A)(D(n) ~ V)] < 00,
n=1

and if 02 > 0, the sequence

(@1(k), ..., 35(k)) — (KA., KkN)
ovk ’

converges in distribution to the random vector (N,...,N), where N is a stan-
dard normal distributed random variable. For details and proof we refer to [93].

kE>1,

Remark 2.4.2 If the state space of Z(k) is finite, then the convergence in part
(i) of Theorem 2.4.3 happens in strong coupling.

The computational formula for A put forward in Theorem 2.4.8 1s also known
as ‘Furstenberg’s cocycle representation of the Lyapunov exponent;’ see [45].

Example 2.4.1 Consider z(k) as defined in Example 1.5.5, and let 0 = 1 and
o' = 2. Matriz Dy is primitive and has (unique) eigenvector (1,1,0,1)7. Let
z(1) = 2((1,1,0,1)7) = (0,—1,0) 7. It is easily checked that {Z(k)} is a Markov
chain on state space {z(2) : 1 <1 < 5}, with

0 -1 -1 0
2(2) = (0) ,23) =1 0 ) , 2(4) = (—2 and z(5) = (-—1) )
0 0 0 -1
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Denoting the transition probability of Z(k) from state z(i) to state z(j), for
1 <i,j <5, one obtains the following transition matriz

1-6 0 0 0 0

0 0 6 1-60 0
P= 0 0 6 1-6 0
0 0 0 0 1
1-6 ¢ 0 0 0

The chain is aperiodic and since the state space is finite it is uniformly ¢-
recurrent. Moreover, the unique stationary distribution of Z (k) is this given by

oo =0 o ed-6 o 6
W71y ea-06) BT 1xe0-0) T 11601 -06)
(1 -6 6(1 -6
(1-6) and g = (1-6)

T OTTY00— ) 1+6(1-06)
Applying Theorem 2.4.3, yields A = E.[D(1)]. Evoking Theorem 2.4.2, this
expected value can thus be computed as follows:

5
/\:Z 7Tz(i)(1 P2® zz(l))
i=1
=, (1) + 27 4(2) + 275 (3) + To(q) + Tu(5)
b
1+4+6—-06%
for any 8 € [0,1]. For a different ezample of this kind, see [65].

=14

Example 2.4.2 Let {A(k)}, with A(k) € {0,1}2%2, be an i.i.d. sequence fol-
lowing the distribution P(Ay;(k) =0) =1/2 = P(Ai;(k) = 1) for 1 < 4,5 < J.
We turn to the Markov process {Z(k)} as defined in (2.36). This process has
state space {—1,0,1}. By Theorem 2.4.1, the transition probability of Z(k) is
given by

P(Z(k+1)=m|Z(k) = z)

= P((Am(k + 1) (3] (Azz(k + 1) ® Z)) - All(k + 1) ) (Alz(k + 1) ® z) = m) y

for m,z € {~1,0,1}, and the transition matriz on {Z(k)} can be computed as

L

1
2

[

=| 3 &
P=1 13

Sl

11
i 2

Al

The Markov chain {Z(k)} is aperiodic (all elements of P are positive), uniformly
¢-recurrent (the state space is finite) and has unique stationary distribution

3 8 3

T-1= 7 M= o M= gy
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From Theorem 2.4.8 together with Theorem 2.4.2 follows that
A= > E[An(1) @ (A2(1) ® 2)]m.

z€{-1,0,1}
3,1 8.3 3 3
14 2 14 4 14 2
6
=z

As shown in [98], for this example o (as defined in Remark 2.4.1) is equal to
33/343.

The above examples are deceitfully simple in the sense that (i) the transition
probability (in this case a matrix) of {Z(k)} can be calculated easily and (ii) we
can deduce that {Z(k)} is aperiodic and uniformly ¢-recurrent from inspecting
the transition matrix of {Z(k)}. In [93], examples with countable state space
are discussed. For one example, the elements of A(k) are exponentially distrib-
uted with the same parameter; for another example, the elements are assumed
to be uniformly distributed over the unit interval. Unfortunately, even when
the elements of A(k) are governed by these ostensibly simple distributions, the
analysis leads to cumbersome computations. It is mainly for this reason that
the Markov chain approach, as presented in this section, will be of avail only in
special cases.

2.5 Limits in the Projective Space (Type IIb)

In the previous section, we studied the limit of differences within z(k), that is,
z;(k) —z1(k), for 2 < § < J. In what follows, we take a slightly different point of
view and consider differences between z(k) and z(k—1), that is, z;(k)—x;(k—1),
for 1 < j < J. The basic recurrence relation we study is given by

zk+1) = Ak)®z(k), k>0, (2.40)
with 2(0) = 29 € R, and A(k) € RJX/ for k > 0.

max

For the following we use a definition of Z(k) that slightly differs from the
definition in Section 2.4. We now let

Z(k) ==z(k) —z(k-1), k=1, (2.41)
denote the component-wise increase of z(k). In particular, the components of
Z (k) are given by

Zj(k)=F;(A(k - 1),z(k — 1))

J
def (@ Aji(k —1) ® z;(k — 1)) — xij(k-1)
=1
J
=Ajk-1) P Ajtk-1)® @ik —1)—z;(k~1)), j=1.

=1

i#j
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For z(k — 1) € IPRZ,,, the value of F; doesn’t depend on the representative,
that is, for all X € z(k — 1) we have Z;(k) = Fj(A(k—1),X),for1 < j < J, and
we write Z;(k) = Fj(A(k —1),z(k — 1)) to express this fact. For the definition
of the modes of convergence used in the following lemma we refer to Section E.4
in the Appendix.

Lemma 2.5.1 Consider the situation in (2.40) and let {A(k) : k > 0} be sta-
tionary. If z(k) € PR converges weakly to a unique invariant distribution,
uniformly over all initial conditions, then Z(k) converges weakly to a unique
invariant distribution, uniformly over all initial conditions.

Proof: Consider the sequence y(k) = (A(k),z(k)), k¥ > 0. The sequence
A(k) is stationary by assumption with stationary distribution 74. Let A be
distributed according to w4. If z(k) converges weakly to Z, then y(k) converges
weakly to (A,Z). Because F = (F,...,F;) defined above is continuous, we
obtain from the continuous mapping theorem (see Appendix, Section E.4) the
weak convergence of F(A(k),z(k)). O
___In what follows we establish sufficient conditions for weak convergence of
z(k). By Lemma 2.5.1, this already implies weak convergence of Z(k) which
in turn yields type IIb second-order ergodic theorems. As we will show in the
following, in many situations, the convergence of Z(k) occurs even in strong
coupling. In Section 2.5.1, we will study systems with countable state space
and, in Section 2.5.2, we will address the general situation. In Section 2.5.3 we
revisit the deterministic setup. Finally, we present a representation of type IIb
limits via a renewal type approach in Section 2.5.4.

2.5.1 Countable Models

In this section, we study models with countable state space. Let A be a finite
or countable collection of J x J-dimensional irreducible matrices. We think of
A as the state space of the random sequence {A(k)} following a discrete law.

Definition 2.5.1 Let {A(k)}, with A(k) € A, be a random sequence. A matrix
A € A is called a pattern of {A(k)} if a sequence & = (ay,...,ay) € AV exists
such that

(a) A=an®an_1® - Qay
() P(AWN+k)=an,..., A0l +k)=0a1)>0, keN.

We call @ the sequence constituting A.

Note that if {A(k)} isi.i.d., then the second condition in the above definition
is satisfied if we let A contain only those possible outcomes of A(k) that have
a positive probability. In other words, in the i.i.d. case, the second condition is
satisfied if we restrict A to the support of A(k). Existence of a pattern essentially
implies that A is at most countable, see Remark 2.2.8.

The main technical assumptions we need are the following:
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(C1) The sequence {A(k)} is i.i.d. with countable state space A.
(C2) Each A € A is regular.
(C3) There is a primitive matrix C that is a pattern of {A(k)}.

Observe that we have already encountered the concept of a pattern - as
expressed in condition (C3) - in condition (C) on page 82, although we haven'’t
coined the name ‘pattern’ for it at that stage.

The following theorem provides a sufficient condition for {m—j} to converge
in strong coupling.

Theorem 2.5.1 Let (C1) - (C3) be satisfied, then {z(k)} converges with strong
coupling to a unique stationary regime for all initial conditions in R”. In par-
ticular, (k) converges in total variation.

Proof: Let C be defined as in (C3) and denote the coupling time of C by c.
For the sake of simplicity, assume that C' € A, which implies N = 1. Set 79 = 0
and

ket =inf{m>7m+c: Am—-4)=C:0<i<c¢c-1}, k>0.

In words, at time 73, we have observed for the k** time a sequence of ¢ consecutive
occurrences of C. The i.i.d. assumption (C1) implies that 7, < 741 < oo for all
k and that limg_,.o 7% = 00 with probability one. Let p denote the probability
of observing C, then we observe C¢ with probability p. By construction, the
probability of the event {7, = m} is less than or equal to the probability of the
event A(k) #C,0<k<m-—c¢,and A(k)=C,fork=m—-c+1,...,m. In
other words, for m > ¢, it holds that P(r1 = m) > (1 — p)™ “p. Hence,

m—c,.C

E[n]< ) m(l-p)™

NTRINGE

(m+c)(1—p)"p°

m=0
o o<
=cp® Y (1-p)™ +p° ) m(l-p™
m=0 m=0
cp® ‘(1 —
_cr® P - p)
P P
<0

)

which implies that E[rgy1 — 7] < 00, for k € N.

At 7, z(T) € V(C), see Theorem 2.1.1. By condition (C3), C is primitive
and, by Corollary 2.1.1, the eigenspace of C is a single point in the projective
space (that is, the eigenvector of C is unique). In other words, {A(k)} has MLP,
see Lemma 2.2.2. By (C__Z),_m € R, for any k, and from the above line ar-
gument it follows that {z(k)} is a Harris ergodic Markov chain and regenerates
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whenever the chain hits the single point V(C). This implies that {z(k)} con-
verges with strong coupling to a unique stationary regime. See Section F in the
Appendix. OO

What happens if we consider in Theorem 2.5.1 a stationary and ergodic
sequence instead of an i.i.d. sequence? The key argument in the proof of Theo-
rem 2.5.1 is that {A(k)} has MLP. This is guaranteed by the fact that we
observe with positive probability a sequence of occurrences of A(k) such that
the partial product over that sequence equals C¢, for some primitive matrix C,
where ¢ denotes the coupling time of C, see Lemma 2.2.2. If the coupling time
of C is larger than 1, then, under i.i.d. regime, the event that C occurs ¢ times
in a row has positive probability. However, this reasoning doesn’t apply in the
stationary case. To see this, consider the following example. Let Q = {wy, w2}
and P(w;) = 1/2, for ¢ = 1,2. Define the shift operator 8 by 6(wi) = w2 and
6(wz) = wi. Then 6 is stationary and ergodic. Consider the matrices A, B as
defined in Example 2.1.1 and let

{A(k,w)} = A,B,A,B,... {A(k,ws)} = B,A,B,A,...

The sequence {A(k)} is thus stationary and ergodic. Furthermore, A, B are
primitive matrices whose coupling time is 4 each. But with probability one we
never observe a sequence of 4 occurrences in a row of either A or B. Since neither
A or B is of rank 1, we cannot conclude that {A(k)} has MLP and, consequently,
that z(k), with z(k+1) = ®i=0 A(i)®zo, is regenerative. However, if we replace,
for example, A by A™, for m > 4 (i.e., a matrix of rank 1), then the argument
would apply again. For this reason, we require for the stationary and ergodic
setup that a matrix of rank 1 exists that is a pattern, so that z(k) becomes a
regenerative process. Note that the condition ‘there exits a pattern of rank 1’
is equivalent to the condition ‘{A(k)} has MLP." The precise statement is given
in the following theorem. For a proof we refer to [84].

Theorem 2.5.2 Let {A(k)} be a stationary and ergodic sequence of a.s. regular
square matrices. If {A(k)} has MLP, then {z(k)} converges with strong coupling
to_a unique stationary regime for all initial conditions in RY. In particular,
{z(k)} converges in total variation.

2.5.2 General Models

In this section, we consider matrices A(k) the elements of which may follow
a distribution that is either discrete or absolutely continuous with respect to
the Lebesgue measure, or a mixture of both. For general state-space, the event
{AN +k)® - ® A(2+ k) ® A(1) = A} in Definition 2.5.1 typically has
probability zero. For this reason we introduce the following extension of the
definition of a pattern. Let M € RJ%/ be a deterministic matrix and n > 0. We

denote by B(M,n) the open ball with center M and radius % in the supremum
norm on R7*7, More precisely, A € B(M,n) if for all 4,7, with 1 < ¢,5 < J, it
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holds that
A { S (Mij—-T],Mij-f-T]) forMijaés,
1]
=¢

for Mij; =¢.

With this notation, we can state the fact that a matrix A belongs to the support
of a random matrix A by

vn>0 P(AeB(An) >0.

This includes the case where A is a boundary point of the support. We now
state the definition of a pattern for non-countable state-space.

Definition 2.5.2 Let {A(k)} be a random sequence of matrices over R1X7 and
let A € RIXI be a deterministic matriz. We call A a pattern of {A(k)} if a
deterministic number N exists such that for any n > 0 it holds that

P(A(N—1)®A(N—2)®---®A(0) € B(A,n)) > 0.

Definition 2.5.2 can be phrased as follows: Matrix A is a pattern of {A(k)} if
N € N exists such that A lies in the support of the random matrix A(N — 1) ®
A(N -2)®---® A(0). The key condition for general state space is the following:

(C4) There exists a (measurable) set of matrices C such that for any C € C it
holds that C is a pattern of {A(k)} and C is of rank 1. Moreover, a finite
number N exists such that

P(A(N—1)®A(N—2)®---®A(0) e c) > 0.

Under condition (C4), the following counterpart of Theorem 2.5.2 for models
with general state space can be established; for a proof we refer to [84].

Theorem 2.5.3 Let {A(k)} be a stationary and ergodic sequence of a.s. regular
matrices in RIXJ. If condition (C4) is satisfied, then {xz(k)} converges with
strong coupling to a unique stationary regime. In particular, {x(k)} converges

in total variation to a unique stationary regime.

In Definition 2.5.2, we required that after a fixed number of transitions the
pattern lies in the support of the matrix product. The following, somewhat
weaker, definition requires that an arbitrarily small n-neighborhood of the pat-
tern can be reached in a finite number of transitions where the number of tran-
sitions is deterministic and may depend on 7.

Definition 2.5.3 Let {A(k)} be a random sequence of matrices over R1X7 and
let A e R,Jn:xJ be a deterministic matriz. We call A an asymptotic pattern of
{A(k)} if for any n > 0 a deterministic number N,, exists, such that

P(A(N,,—l)@A(N,,—2)®---®A(0) e B(A,n)) > 0.
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Accordingly, we obtain a variant of condition (C4).

(C4)’ There exists a matrix C such that C is an asymptotic pattern of {A(k)}
and C'is of rank 1.
Under condition (C4)’ only weak convergence of {z(k)} can be established,
whereas (C4) even yields total variation convergence. The precise statement is
given in the following theorem.

Theorem 2.5.4 Let {A(k)} be a stationary and ergodic sequence of a.s. regular
matrices in REX]. If condition (C4)' is satisfied, then {z(k)} converges with 6-

- coupling to a unique stationary regime. In particular, {x(k)} converges weakly
to a unigue stationary regime.

Proof: We only give a sketch of the proof, for a detailed proof see [84]. Suppose

that a stationary version z o 0% of z(k) exists, where 6 denotes a stationary and
ergodic shift. We will show that z(k) converges with d-coupling to z o 6%, Fix
7 > 0 and let 7 denote the time of the first occurrence of the pattern. Condition
(C4)’ implies that at time 7 the projective distance of the two versions is at

most 7, in formula:
dp(E(1),z007) < 7. (2.42)

As Mairesse shows in [84], the projective distance of two sequences driven by
the same sequence {A(k)} is non-expansive which means that (2.42) already
implies

V> 71! d]p(x(k),xoak) <.

Hence, for any n > 0,
P(dp(z(k),z00*) < n,k>7)=1.
Stationarity of {A(k)} implies 7 < oo a.s. and the above formula can be written

lim P(dp(z(k),z00%) < n) =1.
k—o0

Hence, 2 (k) converges with §-coupling to a stationary regime. See the Appendix.
Uniqueness of the limit follows from the same line of argument. O

We conclude this presentation of convergence results by stating the most
general result, namely, that existence of an asymptotic pattern is a necessary

and sufficient condition for weak convergence of {z(k)}.

Theorem 2.5.5 (Theorem 7.4 in [84]) Let {A(k)} be a stationary and ergodic
sequence on RJIXJ. A necessary and sufficient condition for {z(k)} to converge
in §-coupling (respectively, weakly) to a unique stationary regime is that (C4)’

is satisfied.



2.5 Limits in the Projective Space 105

2.5.3 Periodic Regimes of Deterministic Max-Plus DES

Consider the deterministic max-plus linear system

z(k+1) = Ao z(k), k>0,

with z(0) = o € R’ and A € R,Jné,{ a regular matrix. A periodic regime of

period d is a set of vectors z',...,z¢ € R’ such that (i) % # 279, for 1 < i #
Jj < d, and (ii) & finite number ex1sts which satisfies

=A@z, 1<i<d,
and p®z' = A®x%. A consequence of the above definition is that z!,...,2¢ are
eigenvectors of A% and g is an eigenvalue of A¢. If A is irreducible with cyclicity
o(A), then A will possess periodic regimes of period o(A), see Theorem 2.1.1,
and A°{4) will have o(A) mutually linear independent eigenvectors.

From a system theoretic point of view, one is interested in the limiting be-
havior of (k). More precisely, one is interested in the behaviour of z(k) for &
large. If A is primitive, m converges in a finite number of steps to &, where
2 denotes the unique eigenvector of A. In the general situation, however, there
are two sources for non-uniqueness of the limiting behavior of z(k). First, if A
has cyclicity o(A) > 1, then {z(k) )} may eventually reach a periodic regime of
period o (A). Secondly, even if A has cyclicity one, if the communication graph

of A possesses m strongly connected subgraphs, with m > 1, then the eigenspace
of A is a m-dimensional vector space. See Theorem 2.1.2.

Example 2.5.1 Consider matriz

A= (29).

A is irreducible with eigenvalue 5 and the critical graph of A consists of the
circuit ((1,2),(2,1)). The critical graph has thus one m.s.c.s. and o(A) = 2. It
is easily checked that the eigenspace of A is given by

V(A)={<x ) €RZ,, |JaeR: (:;) =a®<(1))} .

Starting in 2(0) € V(A), will lead to a periodic regime of period 2. For example,
taking x(0) = (0,0), yields

(). = (). 0= (). ww-(%)

In other words, A% has eigenvalue 10 and two linear independent eigenvectors,

0. @
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We call the set of all initial conditions z such that A* ® xo eventually
reaches T, for some eigenvector z, (resp. periodic regime F, ..., z%) the domain
of attraction of = (resp. z',...,z%). For example, for the matrix given in Ex-
ample 2.5.1 above, the vector z = (0,0) lies in the domain of attraction of the
periodic regime (6, 4), (10, 10).

For J = 3, Mairesse provides a graphical representation of the domain of
attraction in the projective space, see [83] and the extended version [82]. In
particular, the eigenvector (resp. periodic regime) in whose domain of attraction
an initial value zo lies can be deduced from a graphical representation of the
eigenspace of A in the projective space.

2.5.4 The Cycle Formula

We revisit the situation in Section 2.2.3.2 and use the notation as introduced
therein. Specifically, we assume that {A(k)} has MLP. Elaborating on the pro-
jective space, (2.26) reads

:E(Tk)—_—i, k>0

)

for some fixed z € R’. This constitutes a regenerative property of {z(k)}.
Specifically, the cycles {z(k) : Ty < n < Ty41} constitute an i.i.d. sequence.
Moreover, {T}} is a sequence of renewal times for the process {z(k)~z(k—1)} as
well. Stationarity and ergodicity of {A(k)} imply that z(k) hits T a.s. infinitely
often. Hence, {x(k) — z(k — 1)} is a regenerative process with renewal times
{T%}, see Section E.9 in the Appendix. Note that

T,

E| > (a(k) — ek~ 1))} = E[z(Th) - 2(Tv)] .

k=To+1

Let X denote the unique stationary regime of {z(k)}. Provided that
E[z(T1) — z(Tp)] < oo and E[Ty — To] < oo, the limit theorem for regenera-
tive processes yields

1 N 1 T
Jim (z(k)—z(k-1)) = JE[T—l—TO]E > (alk) = z(k-1)) | as.
k=1 k=To+1

Moreover, ergodicity of {A(k)} yields

N
. 1
Jim ]; (z(k) —x(k ~ 1)) =E[X 0§ — X] as.,
for X € X. In particular, for X € X, it holds that

EXo6-X] = E[Xof~X].

‘We summarize the above analysis in the following lemma.
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Lemma 2.5.2 (Cycle Formula) Let {A(k)} be a stationary and ergodic se-
quence in RIX7 that has MLP. If E[z(T1) — z(To)] < 0o and E[Ty — Tp) < oo,
then

E[z(Th) — 2(To)]

E[YO 0 — -Xﬁl = ]E[T1 — TO] i

where X denotes the unique stationary regime of {z(k)}.

Remark 2.5.1 Note that

Xof={Y|Ja: Y =a®(Xoc0)}
={Y|3a:Y=(a®X)ob}

=Xof
and the cycle formula can alternatively be phrased

E[z(T1) — 2(To)]
E[T, — Tp] '

EXo6-X] =

Remark 2.5.2 If {A(k)} is i.i.d., then in the above theorem the condition that
{A(k)} has MLP can be replaced by condition (C), see Lemma 2.2.2. Moreover,
a simple geometrical trial argument, like the one used in the proof of Theo-
rem 2.5.1, shows that E[T) — Tp] < oo. If, in addition, A(k) is integrable, one
can show that Ejz(T1) — z(Tp)] < oo holds as well.

In the following section we will establish sufficient conditions for E[X 08— X
to be equal to the Lyapunov exponent.

2.6 Lyapunov Exponents via Second Order Lim-
its (Type IIb)

The Lyapunov exponent can be defined as a first-order limit, as explained in
Section 2.2. However, as we will show in this section, under suitable conditions,
the Lyapunov exponent can be obtained by a second-order limit as well. In
Section 2.6.1 we establish the general result, whereas in Section 2.6.2 we provide
a direct analysis via backward coupling. It is this result that will prove valuable
for the analysis provided in Part II. The basic recurrence relation we study is
given by

z(k+1) = Ak)®@z(k), k>0, (2.43)

with z(0) = zo € R’ and {A(k)} a stationary sequence of a.s. regular matrices

on RJXJ.
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2.6.1 The Projective Space

Suppose that 2(k) converges in total variation and let X denote the limiting ran-
dom variable. Goldstein’s maximal coupling implies the existence of a random
variable N so that for all k > N

z(k) =X obk as.,

where, for notational convenience, we have identified the versions of the random
variables on the underlying common probability space with the original ones.
Let zy denote the initial value of the recurrence relation, then we may rephrase
the above equation as

AR)® ®A0)@zo=Xo0bk, k>N,

or, equivalently,

AD)RA(-1)® - ®A(-k)®20=X, k>N,

where {A(k) : k = ...1,0,~1,...} denotes the continuation of the stationary
sequence {A(k)} to the negative numbers. Hence, for X € X there exists a € R
so that

AD)RA(-1)® - @ A(—k)®zg=a®X, k>N.
This implies, for k > N,

ARAO0)RA(-1) Q- QA(—k)®@zp — AD)® -+ ® A(—k) ® zo¢
=A)®ae®X —a®X
—A)®X - X,

where a.s. regularity of {A(k)} and our assumption that zo € R’ implies that
the above differences are well-defined. Taking the limit,

lim A1) 8 A0)® A(-1) 8+ ® A(=k) ® z0 — A(0) ® -+ ® A(=k) ® zo

=A1)QA0)®A(-1)® - ® A(-N)®x0 -~ AD)® - ® A(-N) ® zg
=A1)®X - X,

for all X € X. We introduce the following condition:
(D) A random variable Z € [0,00)? exists such that with probability one
sup |[A(1)®A(0)RA(-1)® - - ®A(—k)®zp — A0)®- - - QA(—k)®z0| £ Z
k
and E[Z] is finite.

In the next section we will provide sufficient conditions for (D).
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Suppose that condition (D) is satisfied, applying the dominated convergence
theorem then yields

kli_{gg E[z(k + 1) — z(k)]
= kllrgolE[A(l) QA0)®A(-1)® - ® A(~k) ® 20 — A(0)® -+ ® A(—k) ® zo]

=]E[lim (A(1)®A(0)®A(—1)®---®A(-k)®zo - A(0)®~-®A(—k)®zo)]

k— oo

=E[A1)®X - X]< .

Convergence of E[z(k + 1) — z(k)] implies convergence of the Cesaro-sums (see
Section G.1 in the Appendix) and we obtain

k+1

Jim Ela(k + 1) - 2(k)]= Jim %H > E[z(i) — (i — 1)]
" 1 k+1
=kllrgo]E P izl(z(z) -zt — 1))}
—lim E | a(k + 1) — ——2(0)
Tnooo (k41 k+1
. M1
:lergoE Em(k)] .

We summarize our analysis in the following theorem:

Theorem 2.6.1 Consider the situation in (2.43). If
o {2(k): k > 1} converges in total variation to T,
o {A(k)} is a.s. regqular and stationary,
o condition (D) is satisfied,
then there is an a.s. finite random variable N so that
lim E[f(—@] = E[A(l)@ é A() @ Zo — é Ay ® o
k—oo k i=—N i=—N

for any finite initial value xg € R7.

Under the conditions in Theorem 2.2.3, E[z;(k)]/k, 1 £ j < J, tends to the
Lyapunov vector of {A(k)} as k tends to co. This yields the following represen-
tation for the Lyapunov vector:

Lemma 2.6.1 Consider the situation in (2.43). If

(i) {z(k): k> 1} converges in total variation to T,
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(ii) condition (D) is satisfied,

(i) {A(k)} 45 an a.s. regular and stationary sequence of integrable matrices
such that

- {A(k)} has fized support,
— any finite element is a.s. non-negative, and

— the elements on the diagonal are a.s. different from e,

then there is an a.s. finite random variable N such that

0 0
E|A1)® Q) A @z — Q) AG)®z0| = A,

i=—N i=—N

for any integrable initial value xo € R7, where X denotes the Lyapunov vector

of {A(k)}.

Lemma 2.6.1 can be stated in various forms. For example, if we replace
condition (iii) by the condition that {A(k)} has MLP, then we obtain that the
components of the Lyapunov vector are equal, see Theorem 2.2.4.

Recall that we have introduced e as the vector with all elements equal to e.
For x € R, the vector with all elements equal to z is then given by z ® e. For
sequences {A(k)} with countable state-space, Lemma 2.6.1 can be phrased as
follows:

Lemma 2.6.2 Consider the situation in (2.43). If
o (C1) — (C3) are satisfied, and
o condition (D) is satisfied,
then there is an a.s. finite random variable N so that

0 0
E|A1)® @ AW @z — Q) AG)®xz0| = A®e,
i=—N i=—N

for any integrable initial value zo, where A denotes the Lyapunov exponent of

{A(K)}-

Proof: Conditions (C1) — (C3) imply convergence of {z(k) : k > 1} in total
variation, see Theorem 2.5.1. By condition (C3), a primitive matrix, say, C
exists that is a pattern of {A(k)}, and we assume, for the sake of simplicity,
that C € A, which implies N = 1, Let ¢ denote the coupling time of C. From
the i.i.d. assumption it follows that the event {A(c — 1) = Alc—2) = -+ =
A(0) = C} has positive probability and matrix C therefore satisfies condition
(C). By Theorem 2.2.4 we obtain limy_,o E[z;(k)]/k = A, for 1 < j < J. Hence,
the proof of the lemma follows directly from Theorem 2.6.1. O
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We conclude this section with a remark on the cycle formula in Section 2.5.4.
Under the conditions put forward in the above Lemma it holds that

E[A1)® X - X| = A®e. (2.44)

The cycle formula can therefore be rephrased as follows: let the conditions in
Lemma 2.6.2 be satisfied and let {T%} denote the time of the k** occurrence of
the c-fold concatenation of C, see Section 2.5.4 for a formal definition. A simple
geometrical trial argument, like the one used in the proof of Theorem 2.5.1,
shows that

E[Ty — Tp] < oo. (2.45)

Elaborating on the limit theorem for regenerative processes (see Section 2.5.4
for details), (2.45) together with (2.44) implies E[z(T1) — 2(Tp)] < 00, and the
cycle formula reads
yge - Elo(T) = o(T)

E[Ty — Tp]

2.6.2 Backward Coupling

In the previous section, the existence of a coupling time N was shown. In this
section, we will provide an explicit construction of N via backward coupling.
In Markov chain theory, backward coupling, or, coupling from the past, is an
approach that allows sampling from the stationary distribution of a finite-state
Markov chain. Suppose that we consider a family of Markov chains X? on a fi-
nite state space S, each with the same transition probabilities and with common
unique stationary distribution 7, but with version X° starting in state s € S. If
we can find a time T in the past such that all versions X* starting, not at time
0, but at time —T, have the same value at time 0, then this common value is a
sample from 7, see Theorem 1 in [92]. Intuitively, it is clear why this result holds
with such a random time T. Consider a chain starting at —oo with 7. This chain
must at time —7 pick some value s, and from then on it follows the trajectory
from that value. By definition of T, this trajectory reaches at time 0 the same
state s’ that is reached by X® no matter what choice of s. Therefore, s’ is a
sample from @. Propp and Wilson coin the name ‘coupling-from-the-past’ for
this algorithm since in essence —7T is a coupling time with the stationary version
started at —oo. Based on the same principles, Borovkov and Foss developed in
(23, 22] the so-called ‘renovating events’ approach to stability analysis of sto-
chastically recursive sequences. In particular, the approach to stability analysis
via patterns (see Section 2.5) was originally inspired by backward coupling via
‘renovating events.’

Elaborating on backward coupling, we combine our results for second-order
limits with results for first-order limits in order to represent the Lyapunov expo-
nent (a first-order limit) by the difference of two finite horizon experiments. We
follow the line of argument in [7]. The key assumption for our analysis is that
{A(k)} possesses a pattern A such that A is primitive. The fact that {A(k)}
admits a pattern resembles a sort of memory loss property of max-plus linear
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systems. To see this, let z(k + 1) = A(k) ® z(k) be a stochastic sequence de-
fined via {A(k)} and assume that {A(k)} has a pattern with associated matrix
A and that {A(k)} is a.s. regular. For vectors 2,y € R, let  — y denote the
component-wise difference, that is, (z — y); = z; — y;. In what follows we con-
sider the limit of z(k + 1) — z(k) as k tends to oo, where the limit has to be
understood component-wise. In order to prove the existence of this limit we will
work with a backward coupling argument. For this reason it is more convenient
to let the index k run backwards. More precisely, we set

0
A, E a0 A8 0 A-m) ¥ R Ak)

k=—m

and

0
x?_md—-ng(_)_m(@xo = ® A(k) ® zo

k=—m

with 2§ = zo € R’, that is, 2%, is the state of the sequence {z(k)}, started at
time —m in xg, at time 0. The sequence {x(lm :m > 0} evolves backwards in
time according to

x(l(m—H) = Ao—m ® A(_(m+ 1)) ® o .

Note that z(k + 1) and 2%, are equal in distribution. With this notation the
second-order limit reads

0 0
kllr&A(l)®x(lk—x(lk=kllr& (A(l)@ Q) Am)®z - ) A(m)®xo> .

m=—k m=—k

Note that the above differences are well-defined due to the a.s. regularity of
{A(k)} and our assumption that 2o € R”.

Let condition (C8) be satisfied. Suppose that, after going 7 steps backwards
in time, we observe for the first time the ¢(A)-fold concatenation of the sequence
constituting A, the pattern of {A(k)}. More precisely, let (an,an—1,..-,01)
denote the sequence constituting A, that is, A=an® - ® a1, and let @ denote

the ¢(A)-fold concatenation of the string (an,an—1,...,a1), which implies that

@ has M = ¢(A) - N components. Then,

e M
A~ Qax
k=1
and 7 is defined by

n = inf{k > 0| A(=k) = a1, A(~k + 1) = ag, ..., A(~k + (M — 1)) = ax} .
(2.46)
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In accordance with Theorem 2.1.1, we obtain that the random variable

0
& Ak ®z0, n20,
k=—(n+n)

is an eigenvector of A, in formula:

0
QR Ak)®zm € V(A), nx0.
k=—(n+n)

Remark 2.6.1 The random variable 11 denotes the index of the malriz that
completes the first occurrence of @. Since we start counting the elements of the
series of matrices from zero, the total number of transitions until this happens
s+ 1.

Recall that multiplication of a vector v € Rﬁ,ax with a scalar ¥ € Ryax 18
defined by component-wise multiplication: (y ® u); = 7 @ u;. It can be easily
checked that

VY ERmax, VERL, : BRv-—C®v =BQov)—-Ce(av), (247)

max

for all B,C € RIXJ. We now use the fact that the eigenvector of a primitive

matrix is unique (up to scalar multiplication): if u,v € V(A), then a v € Ryax
exists such that v = vy ® u, see Corollary 2.1.1. Hence, (2.47) implies

Vo,ue V(4): B®v—-C®v=Bou-CQ®u, (2.48)

for matrices A, B,C € RZ%J. Combining the above arguments, we obtain

lim A(1) ® 2%, — 2%,

k—o0

= lim (A(l)@ QR Am)®z - Q) A(m)®m0>

k—o0

m=—~k m=—k
0 - -n—1
=A1)e Q AmeAWe X Am)®x
m=—n+M m=—00
eV(A)
0 . —-n-1
- ® A(m) ® A4 g ® A(m) ® zg
m=—n+M m=—o0 ,

ev(4)



114 Ergodic Theory

0
(2.48) Fc(A)
=AM ® Alm) @ AN @z
(1) m—®+M (m) Q
=7 ev(A)
0 ~ ~
- Q@ AmeiWea
m=-—n+M i
ev(4)

0 0
=A1)® Q) Am) @z — K Am)® o
m=-n m=-—n

=A(1)®A(l"®$0 — A(l,,®x0 < 0.

Hence, the second-order limit can be represented by a random horizon experi-
ment.

Next, we will show that the above limit representation also holds if we con-
sider expected values. We have assumed that xo € R’. This together with
a.s. regularity of A(k) yields that z(k) € R’ as. for all k. Let (-); denote the
projection on the j** component. Applying Lemma 1.6.1 yields

0 0
(A(1)® X A(k)®x0> - (@ A(k)®x0)

k=-m i k=—m J
0 0
<Ay Q) AK)®@zo|| + || Q) Alk)® 0
k=—m ® k=—m ®
1
<2 ) JlAR)llg + 2llzollg, -
k=—m

From the preceding analysis follows that, for any m,

0 0
(A(1)® & A(k)@xo) - (® A(k)®x0>

k=—m j k=-—m j

1
<2 Z IA(K)|le + 2lzolle -
k=-—n

Let A(1) be integrable, then E[||A(1)||g]) < 00, and assume that E[n] < co. By
construction, for m > 0, the event {n = m} is independent of {A(—k) : k > m}.
Provided that {A(k)} is i.i.d., Wald’s equality (see Section E.8 in the Appendix)
yields

1
E|) [An)lle| = Eln+ 1E[AQ)/e] < oo.

k=-—n

Hence, provided that E[p] < oo, we may apply the dominated convergence
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theorem to the second-order limit and obtain
lerrolo Elz(k +1) — z(k)]
= lim E [A(l) ® z(lk — z‘lk]
k—o0

E [kllrrolo (A1) ® 2% zgk)]
=E| Q) A(k)®z0 — Q) A(k)®z0| < 0. (2.49)

In particular, the above analysis shows that if E[n] < oo, then (C1) — (C3)
already imply (D), and Lemma 2.6.2 can be phrased as follows:

Theorem 2.6.2 Let {A(k)} be a sequence of integrable matrices. If (C1)—(C3)
are satisfied, then the Lyapunov exponent of {A(k)}, denoted by A, exists and it
holds for any initial vector xo € RY:

1 0
A@e=E | Q) Ak)®z0 — Q) Ak)® 0

k=—n k=-—n
1 k—1
= lerrgo E]E [g A@G) ® zo]

k—1
.1 )
= lexrolo % g A()) @z a.s.

Proof: We show that E[n] is finite. By assumption (C3), a primitive ma-
trix, say, C exists that is a pattern, and we assume, for the sake of simplicity,
that C € A, which implies N = 1. Let ¢ denote the coupling time of C'. Because
the state space is discrete and the sequence is i.i.d., the probability of observing
C, denoted by p, is larger than 0. If p = 1, then E[n] = c. Incase 0 < p < 1, we
argue as follows. By construction, the probability of the event {n = m} is less
than or equal to the probability of the event that A(k) # C,0 >k > —m +¢,
and A(k) =C, for k = —m+c—1,...,—m. In other words, for m > ¢, it holds
that P(n =m) > (1 — p)™ °p°. This implies
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<0,

which concludes the proof. [J
‘We conclude this section with revisiting the cycle formula in Lemma 2.5.2.

Corollary 2.6.1 Let (C1)—{(C3) be satisfied. If C is a pattern of {A(k)}, then,
for any finite initial vector xq € V(C),

_ Elz(n) — =0
AQe = —]E[??]———’

where A denotes the Lyapunov exponent of {A(k)}.

e~
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