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Mathematical Preliminaries

In this chapter, we provide the mathematical background as it will be used in
later chapters.

2.1 Basic Functional Analysis

The purpose of this section is to provide a survey of basic results from func-
tional analysis that will be used in the sequel. However, we will assume that
the reader is familiar with some elementary notions such as metric spaces,
Banach spaces, and Hilbert spaces, as well as notions related with the topo-
logical structure of these spaces. Unless otherwise indicated, all linear spaces
considered in this book are assumed to be defined over the real number field
R. The proofs of the results presented in this section can be found in standard
textbooks, e.g., [5, 13, 24, 129, 200, 222].

2.1.1 Operators in Normed Linear Spaces

Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y ) be normed linear spaces, and let

A : D(A) ⊂ X → Y

be an operator with domain D(A) and range denoted by range(A). When
D(A) = X, we write

A : X → Y.

Note that usually we drop the subscripts X and Y in the notation of the
norms ‖ · ‖X and ‖ · ‖Y , respectively, if no ambiguity exists.

Definition 2.1. Let A : D(A) ⊂ X → Y.

(i) A is continuous at the point u ∈ D(A) iff for each sequence (un) in D(A),

un → u implies Aun → Au.
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The operator A : D(A) ⊂ X → Y is called continuous iff it is continuous
at each point u ∈ D(A).

(ii) A is called compact iff A is continuous, and A maps bounded sets into
relatively compact sets.

Note that one sometimes uses the notion completely continuous for compact.
For compact operators, the following fixed-point theorem from Schauder holds.

Theorem 2.2 (Schauder’s Fixed-Point Theorem). Let X be a Banach
space, and let

A :M →M

be a compact operator that maps a nonempty subset M of X into itself. Then
A has a fixed point provided M is bounded, closed, and convex.

In finite-dimensional normed linear spaces, Theorem 2.2 reduces to Brouwer’s
fixed-point theorem.

Corollary 2.3 (Brouwer’s Fixed-Point Theorem). If the operator

A :M →M

is continuous, then A has a fixed point provided M is a compact, convex,
nonempty subset in a finite-dimensional normed linear space.

Let
A : D(A) ⊂ X → Y

be a linear operator, which means that the domain D(A) of the operator A
is a linear subspace of X and A satisfies

A(αu+ βv) = αAu+ βAv for all u, v ∈ D(A), α, β ∈ R.

Proposition 2.4. Let A : X → Y be a linear operator. Then the following
two conditions are equivalent:

(i) A is continuous.
(ii) A is bounded; i.e., there is a constant c > 0 such that

‖Au‖ ≤ c‖u‖ for all u ∈ X.

For a linear continuous operator A : X → Y , the operator norm ‖A‖ is defined
by

‖A‖ = sup
‖u‖≤1

‖Au‖,

which can easily be shown to be equal to

‖A‖ = sup
‖u‖=1

‖Au‖.
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Proposition 2.5. Let L(X,Y ) denote the space of linear continuous opera-
tors A : X → Y, where X is a normed linear space and Y is a Banach space.
Then L(X,Y ) is a Banach space with respect to the operator norm.

Definition 2.6. Let
A : D(A) ⊂ X → Y

be a linear operator. The graph of A denoted by Gr(A) is defined by the subset

Gr(A) = {(u,Au) : u ∈ D(A)}

of the product space X × Y. The operator A is called closed (or graph-closed)
iff Gr(A) is closed in X×Y, which means that for each sequence (un) in D(A),
it follows from

un → u in X and Aun → v in Y

that u ∈ D(A) and v = Au. Finally, on D(A), the so-called graph norm ‖ · ‖A

is defined by
‖u‖A = ‖u‖ + ‖Au‖ for u ∈ D(A).

Corollary 2.7. If X and Y are Banach spaces and A : D(A) ⊂ X → Y
is closed, then D(A) equipped with the graph norm, i.e., (D(A), ‖ · ‖A), is a
Banach space.

Theorem 2.8 (Banach’s Closed Graph Theorem). Let X and Y be Ba-
nach spaces. Then each closed linear operator A : X → Y is continuous.

For completeness, we shall recall the Uniform Boundedness Theorem and the
Open Mapping Theorem, which together with Banach’s Closed Graph Theo-
rem are all consequences of Baire’s Theorem.

Theorem 2.9 (Uniform Boundedness Theorem). Let F be a nonempty
set of continuous maps

F : X → Y,

where X is a Banach space and Y is a normed linear space. Assume that

sup
F∈F

‖Fu‖ <∞ for each u ∈ X.

Then a closed ball B in X of positive radius exists such that

sup
u∈B

( sup
F∈F

‖Fu‖) <∞.
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Corollary 2.10 (Banach–Steinhaus Theorem). Let L ⊂ L(X,Y ) be a
nonempty set of linear continuous operators

A : X → Y,

where X is a Banach space and Y is a normed linear space. Assume that

sup
A∈L

‖Au‖ <∞ for each u ∈ X.

Then supA∈L ‖A‖ <∞.

Theorem 2.11 (Banach’s Open Mapping Theorem). Let X and Y be
Banach spaces and A : X → Y be a linear continuous operator. Then the
following two conditions are equivalent:

(i) A is surjective.
(ii) A is open, which means that A maps open sets onto open sets.

Corollary 2.12 (Banach’s Continuous Inverse Theorem). Let X and
Y be Banach spaces and A : X → Y be a linear continuous operator. If the
inverse operator

A−1 : Y → X

exists, then A−1 is continuous.

Definition 2.13 (Embedding Operator). Let X and Y be normed linear
spaces with

X ⊂ Y.
The embedding operator i : X → Y is defined by i(u) = u; i.e., i is the identity
operator from X into Y.

(i) The embedding X ⊂ Y is called continuous iff the embedding operator
i : X → Y is continuous; i.e., a constant c > 0 exists such that

‖u‖Y ≤ c ‖u‖X for all u ∈ X,

which is equivalent with

un → u in X implies un → u in Y.

(ii) The embedding X ⊂ Y is called compact iff the embedding operator i :
X → Y is compact; i.e., i is continuous and each bounded sequence (un)
in X has a subsequence that converges in Y.

Remark 2.14. More generally, one can define a continuous embedding of a
normed linear space X into a normed linear space Y , whenever a linear,
continuous, and injective operator i : X → Y exists. Similarly, X is compactly
embedded into Y iff a linear, compact, and injective operator i : X → Y exists.



2.1 Basic Functional Analysis 15

2.1.2 Duality in Banach Spaces

Definition 2.15. Let X be a normed linear space. A linear continuous func-
tional on X is a linear continuous operator

f : X → R.

The set of all linear continuous functionals on X is called the dual space X∗

of X; i.e., X∗ = L(X,R). For the image f(u) of the functional f at u ∈ X,
we write

〈f, u〉 = f(u) u ∈ X, f ∈ X∗,

and 〈·, ·〉 is called the duality pairing.

According to the operator norm defined in Sect. 2.1.1, the norm of f is
given through

‖f‖ = sup
‖u‖≤1

|〈f, u〉|.

As a consequence of Proposition 2.5, we get the following result.

Corollary 2.16. Let X be a normed linear space. Then the dual space X∗ is
a Banach space with respect to the norm ‖f‖ for f ∈ X∗.

The most important theorem about the structure of linear functionals on
normed linear spaces is the Hahn–Banach Theorem. For real linear spaces,
the Hahn–Banach Theorem reads as follows (see [24]).

Theorem 2.17 (Hahn–Banach Theorem). Let p : E → R be a function
on a real linear space E satisfying

p(λx) = λp(x), ∀ x ∈ E, ∀ λ ≥ 0,
p(x+ y) ≤ p(x) + p(y), ∀ x, y ∈ E.

Let G be a linear subspace of E, and let g : G→ R be a linear functional such
that

g(x) ≤ p(x), ∀ x ∈ G.

Then a linear functional f : E → R exists with the properties

f(x) = g(x), ∀ x ∈ G

and
f(x) ≤ p(x), ∀ x ∈ E.

As an immediate consequence from Theorem 2.17, we obtain the following
theorem, which is the Hahn–Banach Theorem for normed linear spaces.
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Theorem 2.18. Let X be a normed linear space. Assume M is a linear sub-
space of X, and F :M → R is a linear functional such that

|F (u)| ≤ c ‖u‖ for all u ∈M,

where c is some positive constant. Then F can be extended to a linear contin-
uous functional f : X → R that satisfies

|〈f, u〉| ≤ c ‖u‖ for all u ∈ X.

First consequences from the Hahn–Banach Theorem are given in the fol-
lowing corollary.

Corollary 2.19. Let X be a normed linear space.

(i) For each given u0 ∈ X with u0 �= 0, a functional f ∈ X∗ exists such that

〈f, u0〉 = ‖u0‖ and ‖f‖ = 1.

(ii) For all u ∈ X, one has

‖u‖ = sup
f∈X∗, ‖f‖≤1

|〈f, u〉|.

(iii) If for u ∈ X the condition

〈f, u〉 = 0 for all f ∈ X∗

holds, then u = 0.

We set
X∗∗ = (X∗)∗,

which is called the bidual space and which consists of all linear continuous
functionals F : X∗ → R.

Proposition 2.20. Let X be a normed linear space. The operator j : X →
X∗∗ defined by

j(u)(f) = 〈f, u〉 for all u ∈ X, f ∈ X∗

has the following properties:

(i) j is linear and
‖j(u)‖ = ‖u‖ for all u ∈ X.

(ii) j(X) is a closed subspace of X∗∗ if and only if X is a Banach space.

The operator j : X → X∗∗ is called the canonical embedding of X into X∗∗.

Definition 2.21. A normed linear space X is called reflexive if the canonical
embedding j : X → X∗∗ is surjective; i.e., j(X) = X∗∗.
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We readily observe that every reflexive normed linear space X is in fact a
Banach space, which is isometrically isomorphic to X∗∗, and thus, we may
write X = X∗∗.

Corollary 2.22. (i) Each Hilbert space is reflexive.
(ii) Every closed linear subspace of a reflexive Banach space X is again re-

flexive.
(iii) The product of a finite number of reflexive Banach spaces is a reflexive

Banach space.
(iv) Let X and Y be two isomorphic normed linear spaces. If X is a reflexive

Banach space, then Y is also a reflexive Banach space.
(v) Let X be a Banach space. Then X is reflexive if and only if X∗ is reflex-

ive.
(vi) If X is a separable and reflexive Banach space, then X∗ is separable.

Next we define the dual or adjoint operator of a linear operator A : D(A) ⊂
X → Y, where X and Y are two Banach spaces.

Definition 2.23. Assume D(A) is dense in X. Then the dual operator

A∗ : D(A∗) ⊂ Y ∗ → X∗

is defined by the following relation:

〈A∗v, u〉 = 〈v,Au〉 for all v ∈ D(A∗), u ∈ D(A),

where v ∈ Y ∗ belongs to D(A∗) if and only if a w ∈ X∗ exists such that

〈w, u〉 = 〈v,Au〉 for all u ∈ D(A).

To verify that A∗ is well defined, we note first that according to Definition
2.23, an element v ∈ Y ∗ belongs to D(A∗) if and only if a w ∈ X∗ exists such
that

〈w, u〉 = 〈v,Au〉 for all u ∈ D(A).

We set A∗v = w. As D(A) is dense in X, the element w is uniquely determined
by v, and thus, the operator A∗ is well defined. Moreover, one readily observes
that A∗ is linear and graph-closed. In the special case that D(A) = X, we
have the following results.

Proposition 2.24. Let X and Y be two Banach spaces, and let A : X → Y
be a linear and continuous operator. Then the dual operator

A∗ : Y ∗ → X∗

is also linear and continuous, and we have

‖A∗‖ = ‖A‖.

Moreover, if the linear operator A : X → Y is compact, then so is the dual
operator A∗ : Y ∗ → X∗.
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The following facts about the duality of embeddings are important, e.g., for
the understanding of the concept of evolution triple, which will be introduced
in Sect. 2.4.3.

Proposition 2.25. Let X and Y be Banach spaces with X ⊂ Y such that X
is dense in Y , and the embedding

i : X → Y

is continuous. Then the following is true:

(i) The embedding Y ∗ ⊂ X∗ is continuous, and the embedding operator î :
Y ∗ → X∗ is identical with the dual operator of i; i.e., î = i∗.

(ii) If X is, in addition, reflexive, then Y ∗ is dense in X∗.
(iii) If the embedding X ⊂ Y is compact, then so is the embedding Y ∗ ⊂ X∗.

Proof: As for (i), density arguments show that each element of Y ∗ can be
uniquely identified with an element ofX∗, and the continuity of the embedding
Y ∗ ⊂ X∗ follows from the continuity of i. The proof of (ii) makes use of the
Hahn–Banach Theorem in connection with the reflexivity of X. (see [222,
Chap. 18, 21]), and (iii) follows from Proposition 2.24. ��

In finite-dimensional Banach spaces, closed and bounded sets are compact.
This result is no longer true for infinite-dimensional Banach spaces because
of the following famous theorem due to Riesz.

Theorem 2.26 (Riesz’ Lemma). Let X be a normed linear space. Then,
the closed unit ball in X is compact if and only if X is finite-dimensional.

According to Theorem 2.26, in infinite-dimensional Banach spaces, there
are bounded sequences that have no convergent subsequence. This lack of com-
pactness in infinite-dimensional spaces is one of the main reasons for many
difficulties in the functional analytical treatment of variational problems. To
overcome these difficulties, new concepts of convergence (or new topologies)
have been introduced with respect to which the unit ball is compact (respec-
tively, sequentially compact).

Definition 2.27. Let X be a Banach space. A sequence (un) ⊂ X is called
weakly convergent in X to an element u ∈ X iff

〈f, un〉 → 〈f, u〉 for all f ∈ X∗.

The weak convergence is denoted by

un ⇀ u as n→ ∞ or w− lim
n→∞un = u.

Note, in contrast to the weak convergence, we call the usual convergence
with respect to the norm (un → u) sometimes the strong convergence. The
following theorem provides a compactness result with respect to the topology
introduced by the weak convergence.



2.1 Basic Functional Analysis 19

Theorem 2.28 (Eberlein–Smulian Theorem). Let X be a reflexive Ba-
nach space. Then, each bounded sequence (un) ⊂ X has a weakly convergent
subsequence.

A few properties of weak convergence are summarized in the next propo-
sition.

Proposition 2.29. Let X be Banach spaces, and (un) ⊂ X.
(i) un → u implies un ⇀ u.
(ii) If X is finite-dimensional, then strong and weak convergence are equiva-

lent.
(iii) If un ⇀ u, then (un) is bounded and

‖u‖ ≤ lim inf
n→∞ ‖un‖.

(iv) If un ⇀ u in X and fn → f in X∗, then it follows that

〈fn, un〉 → 〈f, u〉.

(v) If un → u in X and fn ⇀ f in X∗, then it follows that

〈fn, un〉 → 〈f, u〉.

The reverse of the Eberlein–Smulian Theorem is also true; i.e, a Banach
space is reflexive if and only if every bounded sequence has a weakly convergent
subsequence. Thus, the compactness result given by Theorem 2.28 is only
valid in reflexive Banach spaces. To deal with nonreflexive Banach spaces, the
following so-called weak∗ convergence has been introduced.

Definition 2.30. Let X be a Banach space. A sequence (fn) ⊂ X∗ is called
weakly∗ convergent to an element f ∈ X∗ iff

〈fn, u〉 → 〈f, u〉 for all u ∈ X.

The weak∗ convergence is denoted by

fn ⇀
∗ f as n→ ∞, or w∗− lim

n→∞ fn = f.

Proposition 2.31. Let X be a Banach space, and let (fn) be a sequence in
the dual space X∗.

(i) fn → f in X∗ implies fn ⇀
∗ f.

(ii) If fn ⇀
∗ f, then (fn) is bounded in X∗ and

‖f‖ ≤ lim inf
n→∞ ‖fn‖.

(iii) If un → u in X and fn ⇀
∗ f in X∗, then it follows that

〈fn, un〉 → 〈f, u〉.
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(iv) fn ⇀ f in X∗ implies fn ⇀
∗ f .

(v) If X is reflexive, then fn ⇀
∗ f is equivalent to fn ⇀ f.

Definition 2.32. Let A : X → Y be a linear operator, where X and Y are
Banach spaces. A is called weakly sequentially continuous iff

un ⇀ u implies Aun ⇀ Au.

A is called strongly continuous iff

un ⇀ u implies Aun → Au.

A few simple consequences are provided in the next proposition.

Proposition 2.33. Let A : X → Y be a linear operator, where X and Y are
Banach spaces.

(i) If A is continuous, then A is weakly sequentially continuous.
(ii) If A is compact, then A is strongly continuous.
(iii) If A is strongly continuous and X is reflexive, then A is compact.

2.1.3 Convex Analysis and Calculus in Banach Spaces

Let X be a normed linear space. A subset K of X is convex iff

u, v ∈ K implies tu+ (1 − t)v ∈ K for all 0 ≤ t ≤ 1.

Theorem 2.34. Let H be a Hilbert space with inner product (·, ·), and let
K be a nonempty, closed, and convex subset of H. Then to each u ∈ H, a
uniquely defined v ∈ K closest to u exists, that is,

v ∈ K : ‖u− v‖ = inf
w∈K

‖u− w‖.

Equivalently, v ∈ K is the uniquely defined solution of the variational inequal-
ity

v ∈ K : (u− v, w − v) ≤ 0 for all w ∈ K.
Consequences of Theorem 2.34 are the well-known Orthogonal Projection The-
orem and the Riesz Representation Theorem of linear continuous functionals
on Hilbert spaces. The latter implies that a Hilbert space H is isometrically
isomorphic with its dual space H∗. A generalization of the Riesz Representa-
tion Theorem is the Lax–Milgram Theorem (see Sect. 2.3).

Important consequences of the Hahn–Banach Theorem are various sepa-
ration theorems, such as the following one.

Theorem 2.35 (Separation Theorem). Let X be a normed linear space,
and let K ⊂ X be a closed and convex subset. If u0 ∈ X \ K, then a linear
continuous functional f ∈ X∗ and an α ∈ R exists such that

〈f, u〉 ≤ α for all u ∈ K, and 〈f, u0〉 > α.
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Definition 2.36. A subset M of a normed linear space X is called weakly
sequentially closed if the limit of every weakly convergent sequence (un) ⊂M
belongs to M ; i.e.,

(un) ⊂M and un ⇀ u implies u ∈M.

Simple examples show that, in general, closed sets of a normed linear space
need not be weakly sequentially closed. However, by means of Theorem 2.35,
one gets the following equivalence.

Proposition 2.37. Let M be a convex subset of a normed linear space X.
Then, M is closed if and only if M is weakly sequentially closed.

Next we present some convexity and smoothness properties of the norm
in Banach spaces that are important for proving existence results for abstract
operator equations involving operators of monotone type (see Theorem 2.156
in Sect. 2.4.4).

Definition 2.38. A Banach space X is called strictly convex if and only if

‖tu+ (1 − t)v‖ < 1 provided that ‖u‖ = ‖v‖ = 1, u �= v, and 0 < t < 1.

A Banach space X is called locally uniformly convex if and only if for each
ε ∈ (0, 2], and for each u ∈ X with ‖u‖ = 1, a δ(ε, u) > 0 exists such that for
all v with ‖v‖ = 1 and ‖u− v‖ ≥ ε, the following holds:

1
2
‖u+ v‖ ≤ 1 − δ(ε, u).

A Banach space X is called uniformly convex if and only if X is locally uni-
formly convex and δ can be chosen to be independent of u.

Obviously we have the following implications:

uniformly convex =⇒ locally uniformly convex =⇒ strictly convex.

Example 2.39. Each Hilbert space is uniformly convex. This readily follows
from the parallelogram identity∥∥∥∥1

2
(u− v)

∥∥∥∥2

+
∥∥∥∥1

2
(u+ v)

∥∥∥∥2

=
1
2
(‖u‖2 + ‖v‖2).

Example 2.40. Let 1 < p <∞ and Ω ⊂ R
N be a domain; then from Clarkson’s

inequality (see Sect. 2.2.4), it follows that Lp(Ω) is uniformly convex. By using
this result, one readily sees that the Sobolev spaces Wm,p(Ω) are uniformly
convex too, for 1 < p <∞ and m = 0, 1, . . . .

Furthermore, the following theorems hold.
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Theorem 2.41 (Milman–Pettis Theorem). Each uniformly convex Ba-
nach space is reflexive.

Convexity properties of the norm are closely related with smoothness proper-
ties of the norm, i.e., the smoothness of the function u 
→ ‖u‖.

Theorem 2.42. Let X be a reflexive Banach space. Then the following holds:

(i) If X∗ is strictly convex, then the function u 
→ ‖u‖ is Gâteaux-differentiable
on X \ {0}.

(ii) If X∗ is locally uniformly convex, then the function u 
→ ‖u‖ is Fréchet-
differentiable on X \ {0}.

(iii) (Troyanski) In every reflexive Banach space X, an equivalent norm can
be introduced so that both X and X∗ are locally uniformly convex.

The notions of Gâteaux and Fréchet derivatives that occur in Theorem 2.42
are natural generalizations of the directional and total derivative of functions
f : R

n → R
m, respectively, to mappings between Banach spaces. In particular,

in the calculus of variations, these notions allow us to generalize the classic
criteria in the study of extrema for real-valued functions in R

n to real-valued
functionals F : D(F ) ⊂ X → R defined on a subset of a Banach space X.

Definition 2.43 (Gâteaux Derivative). Let X and Y be Banach spaces,
and let f : U ⊂ X → Y be a map whose domain D(f) = U is an open subset
of X. The directional derivative of f at u ∈ U in the direction h ∈ X is given
by

δf(u;h) = lim
t→0

f(u+ th) − f(u)
t

provided this limit exists. If δf(u;h) exists for every h ∈ X, and if the mapping
DGf(u) : X → Y defined by

DGf(u)h = δf(u;h)

is linear and continuous, then we say that f is Gâteaux-differentiable at u,
and we call DGf(u) the Gâteaux derivative of f at u.

Definition 2.44 (Fréchet Derivative). Let X and Y be Banach spaces,
and let f : U ⊂ X → Y, where the domain D(f) = U is an open subset of
X. Then f is called Fréchet-differentiable at u ∈ U if and only if a linear and
continuous mapping A : X → Y exists such that

lim
‖h‖→0

‖f(u+ h) − f(u) −Ah‖
‖h‖ = 0

or equivalently

f(u+ h) − f(u) = Ah+ o(‖h‖), (h→ 0).

If such a mapping A exists, then we call DF f(u) = A (or simply f ′(u) = A)
the Fréchet derivative of f at u.
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Corollary 2.45. Let X and Y be Banach spaces, and let f : U ⊂ X → Y.
Then the following relations between Gâteaux and Fréchet derivative hold:

(i) If f is Fréchet-differentiable at u ∈ U, then f is Gâteaux-differentiable at
u.

(ii) If f is Gâteaux-differentiable in a neighborhood of u0 and DGf is contin-
uous at u0, then f is Fréchet-differentiable at u0 and f ′(u0) = DGf(u0).

Remark 2.46. If f : U ⊂ X → Y is Fréchet-differentiable in U and f ′ : U →
L(X,Y ) is continuous, then we write f ∈ C1(U ;Y ) or simply f ∈ C1(U) if
Y = R. In a similar way as for mappings from R

n into R
m, one can prove

chain rules for both the Fréchet and the Gâteaux derivative.

Example 2.47. Let X = Lp(Ω), where 1 < p < ∞. We will compute the
Gâteaux derivative of the p th power Lp-norm, i.e., of the function f : X → R

defined by
f(u) = ‖u‖p

Lp(Ω).

After elementary calculations, we get

DGf(u)h = δf(u;h) = p
∫

Ω

|u|p−2uh dx

if we consider real-valued functions u : Ω → R. In case the functions are
complex-valued, we get

δf(u;h) =
p

2

∫
Ω

|u|p−2(ūh+ uh̄) dx.

We introduce next the notions of convex and semicontinuous functions (or
functionals).

Definition 2.48 (Semicontinuous, Convex Functionals). Let X be a Ba-
nach space and φ :M ⊂ X → [−∞,∞] with M = D(φ).

(i) The functional φ is called sequentially lower semicontinuous at u ∈M if
and only if

φ(u) ≤ lim inf
n→∞ φ(un) (2.1)

holds for each sequence (un) ⊂M such that un → u as n→ ∞.
(ii) The functional φ is called lower semicontinuous if and only if the set Mr

is closed relative to M for all r ∈ R, where

Mr = {u ∈M : φ(u) ≤ r}.

(iii) The functional φ is called weak sequentially lower semicontinuous at u ∈
M if and only if (2.1) holds for each weakly convergent sequence (un) to
u, i.e., un ⇀ u.
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(iv) The functional φ is called sequentially upper semicontinuous (respectively,
weak sequentially upper semicontinuous, upper semicontinuous) if and
only if −φ is sequentially lower semicontinuous (respectively, weak se-
quentially lower semicontinuous, lower semicontinuous).

(v) The functional φ is called convex if and only if M is convex and

φ(tu+ (1 − t)v) ≤ tφ(u) + (1 − t)φ(v), 0 ≤ t ≤ 1, (2.2)

for all u, v ∈ M for which the right-hand side of (2.2) is meaningful; φ
is called strictly convex if and only if for all t with 0 < t < 1 and for all
u, v ∈M with u �= v inequality (2.2) holds strictly; i.e., (2.2) holds with
≤ replaced by <.

The following proposition provides the connection between the above no-
tions.

Proposition 2.49. Let X be a Banach space and φ : M ⊂ X → [−∞,∞]
with M = D(φ).

(i) φ is sequentially lower semicontinuous on M if and only if φ is lower
semicontinuous on M.

(ii) Assume u ∈ M with φ(u) �= ±∞. Then φ is sequentially lower semicon-
tinuous at u if and only if, for each ε > 0, a δ(ε) > 0 exists such that for
all v ∈M with

‖v − u‖ < δ(ε) implies φ(u) < φ(v) + ε.

(iii) φ is continuous if and only if φ is both lower and upper semicontinuous.
(iv) If, in addition, M is closed and convex, and φ is convex, then lower

semicontinuous, sequentially lower semicontinuous and weak sequentially
lower semicontinuous are mutually equivalent.

Let X be a Banach space. In what follows we consider only convex func-
tionals φ : X → R ∪ {+∞}; i.e., we do not allow “−∞” as a value for the
convex functional φ. The reason is that if φ(u0) = −∞ at some point u0 and
if, in addition, φ is lower semicontinuous, then φ would be nowhere finite.
This can readily be seen by the following arguments. Assume there is some
u ∈ X with φ(u) ∈ R. Then from the convexity we get for all t ∈ (0, 1),
φ(tu0 + (1 − t)u) = −∞. Taking the limit t → 0, the lower semicontinuity
yields φ(u) = −∞, a contradiction.

Definition 2.50. Let X be a Banach space and φ : X → R ∪ {+∞} be a
convex functional.

(i) The effective domain of φ is the set dom(φ) defined by

dom(φ) = {u ∈ X : φ(u) < +∞}.

(ii) φ is said to be proper if dom(φ) �= ∅.
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(iii) The epigraph of φ, denoted by epi(φ), is given by

epi(φ) = {(u, λ) ∈ X × R : φ(u) ≤ λ}.

We summarize some elementary properties of convex functionals as follows.

Corollary 2.51. Let X be a Banach space, and let φ, φi : X → R ∪ {+∞},
i = 1, 2, be convex functionals. Then the following holds:

(i) dom(φ) is convex.
(ii) If λ ≥ 0, then λφ is convex.
(iii) If φ1 and φ2 are convex, then φ1 + φ2 is convex.
(iv) φ is convex, proper, and lower semicontinuous if and only if epi(φ) is,

respectively, convex, nonempty, and closed in X × R.

Proposition 2.52. Let X be a Banach space, and let φ : X → R ∪ {+∞}
be a convex, proper, and lower semicontinuous functional. Then φ is locally
Lipschitz on the interior of dom(φ).

Theorem 2.53 (Weierstrass’ Theorem). Let X be a reflexive Banach
space. If φ : X → R ∪ {+∞} is a convex, proper, and lower semicontinu-
ous functional satisfying

lim
‖u‖→∞

φ(u) = +∞,

then the problem
u ∈ X : φ(u) = inf

v∈X
φ(v)

admits at least one solution.

The following notion of subgradient generalizes the classic concept of a
derivative.

Definition 2.54 (Subdifferential). Let X be a Banach space, and let φ :
X → R ∪ {+∞} be a convex and proper functional. An element u∗ ∈ X∗ is
called a subgradient of φ at u ∈ dom(φ) if and only if the following inequality
holds:

φ(v) ≥ φ(u) + 〈u∗, v − u〉 for all v ∈ X. (2.3)

The set of all u∗ ∈ X∗ satisfying (2.3) is called the subdifferential of φ at
u ∈ dom(φ), and is denoted by ∂φ(u).

First properties of the subdifferential are given in the following proposition.

Proposition 2.55. Let X be a Banach space, and let φ : X → R ∪ {+∞} be
a convex and proper functional. Then we have the following properties of ∂φ:



26 2 Mathematical Preliminaries

(i) ∂φ(u) is convex and weak∗-closed.
(ii) If φ is continuous at u ∈ dom(φ), then ∂φ(u) is nonempty, convex,

bounded, and weak∗-compact.

Note, in (i) of Proposition 2.55 ∂φ(u) = ∅ is possible.

Proposition 2.56. Let X be a Banach space, and let φ : X → R ∪ {+∞}
be a convex and proper functional. If φ is Gâteaux-differentiable at u ∈
int(dom(φ)), then ∂φ(u) = {DGφ(u)}. If φ is continuous at u and ∂φ(u)
is a singleton, then φ is Gâteaux-differentiable at u.

The following sum rule for the subdifferential is due to Moreau and Rock-
afellar.

Proposition 2.57 (Sum Rule). Let X be a Banach space, and let φ1, φ2 :
X → R ∪ {+∞} be convex functionals. If there is a point u0 ∈ dom(φ1) ∩
dom(φ2) at which φ1 is continuous, then the following holds:

∂(φ1 + φ2)(u) = ∂φ1(u) + ∂φ2(u) for all u ∈ X.

Example 2.58. Let f : R → R be a nondecreasing function with its one-sided
limits f and f̄ . Define φ : R → R by

φ(x) =
∫ x

x0

f(s) ds =
∫ x

x0

f̄(s) ds.

Note that φ is convex and finite on R, i.e., dom(φ) = R, and thus φ is even lo-
cally Lipschitz. Elementary calculations show that the subdifferential is given
by

∂φ(x) = [f(x), f̄(x)].

Example 2.59. Let φ : R → R ∪ {+∞} be a convex, proper, lower semicon-
tinuous function, and Ω ⊂ R

N a Lebesgue-measurable set such that either
0 = φ(0) = mins∈R φ(s) or the measurable set Ω has finite measure. Define
Φ : Lp(Ω) → R ∪ {+∞}, 1 < p <∞, by

Φ(u) =
∫

Ω

φ(u(x)) dx if φ(u) ∈ L1(Ω), +∞ otherwise.

Then Φ : Lp(Ω) → R ∪ {+∞} is convex, proper, lower semicontinuous, and
u∗ ∈ ∂Φ(u) if and only if

u∗ ∈ Lq(Ω), and u∗(x) ∈ ∂φ(u(x)), for a.e. x ∈ Ω,

where q is the Hölder conjugate; i.e., 1/p+ 1/q = 1.
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2.1.4 Partially Ordered Sets

Definition 2.60 (Partially Ordered Set). Let P be a nonempty set. We
say that a relation x ≤ y between certain pairs of elements of P is a par-
tial ordering in P , and that (P,≤) is a partially ordered set, if “≤” has the
following properties:

(i) x ≤ x for all x ∈ P (reflexivity).
(ii) If x ≤ y and y ≤ x, then x = y (antisymmetry).
(iii) If x ≤ y and y ≤ z, then x ≤ z (transitivity).

Note that x < y stands for x ≤ y and x �= y. Next we define several notions
based on the partial ordering introduced above.

Definition 2.61. Let (P,≤) be a partially ordered set.

(i) An element b of P is called an upper bound of a subset A of P if x ≤ b
for each x ∈ A. If b ∈ A, we say that b is the greatest element of A. A
lower bound of A and the smallest element of A are defined similarly,
replacing x ≤ b above by b ≤ x.

(ii) If the set of all upper bounds of A has the minimum, we call it a least
upper bound of A and denote it by supA. The greatest lower bound, inf A,
of A is defined similarly.

(iii) An element x ∈ A is called a maximal element of A ⊂ P, if there is
no y �= x in A for which x ≤ y. Similarly, a minimal element of A is
defined. Obviously, every greatest element of A is a maximal element of
A.

(iv) We say that a partially ordered set P is a lattice if inf{x, y} and
sup{x, y} exist for all x, y ∈ P .

(v) A subset C of P is said to be upward directed if for each pair x, y ∈ C
there is a z ∈ C such that x ≤ z and y ≤ z, and C is downward directed
if for each pair x, y ∈ C there is a w ∈ C such that w ≤ x and w ≤ y. If
C is both upward and downward directed, it is called directed.

(vi) A subset C of a partially ordered set P is called a chain if x ≤ y or y ≤ x
for all x, y ∈ C.

(vii) We say that C is well ordered if each nonempty subset of C has a min-
imum, and inversely well ordered if each nonempty subset of C has a
maximum. Obviously, each (inversely) well-ordered set is a chain and
each chain is directed.

Theorem 2.62 (Zorn’s Lemma). If in a partially ordered set P, every chain
has an upper bound, then P possesses a maximal element.
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2.2 Sobolev Spaces

In this section, we summarize the main properties of Sobolev spaces. These
properties include, e.g., the approximation of Sobolev functions by smooth
functions (density theorems), continuity properties and compactness condi-
tions (embedding theorems), the definition of the boundary values of Sobolev
functions (trace theorem), and calculus for Sobolev functions (chain rule).

2.2.1 Spaces of Lebesgue Integrable Functions

Let R
N , N ≥ 1, be equipped with the Lebesgue measure, and let Ω ⊂ R

N be
a domain; i.e., Ω is an open and connected subset of R

N . For 1 ≤ p <∞, we
denote by Lp(Ω) the Banach space of measurable functions u : Ω → R with
respect to the norm

‖u‖Lp(Ω) =
(∫

Ω

|u|pdx
)1/p

<∞.

For a measurable function u, we put

‖u‖L∞(Ω) = inf{α ∈ R : meas ({x ∈ Ω : |u(x)| > α}) = 0}.

We denote by L∞(Ω) the Banach space of all measurable functions f satisfying
‖u‖L∞(Ω) <∞.

We also introduce the local Lp-spaces, denoted by Lp
loc(Ω). A function u

belongs to Lp
loc(Ω) if it is measurable and∫

K

|u|p dx <∞

for every compact subset K of Ω.
The following main theorems can be found in standard textbooks on real

analysis and measure theory (see [201, 114]).

Theorem 2.63 (Lebesgue’s Dominated Convergence Theorem). Sup-
pose (un) is a sequence in L1(Ω) such that

u(x) = lim
n→∞un(x)

exists almost everywhere (a.e.) on Ω. If there is a function g ∈ L1(Ω) such
that, for a.e. x ∈ Ω, and for all n = 1, 2, . . . ,

|un(x)| ≤ g(x)

then u ∈ L1(Ω) and

lim
n→∞

∫
Ω

|un − u| dx = 0.
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In some sense the following reverse statement of Theorem 2.63 holds.

Theorem 2.64. Let un, u ∈ L1(Ω), n ∈ N, be such that

lim
n→∞

∫
Ω

|un − u| dx = 0.

Then a subsequence (unk
) of (un) exists with

unk
(x) → u(x) for a.e. x ∈ Ω.

Theorem 2.65 (Fatou’s Lemma). Let (un) be a sequence of measurable
functions, and let g ∈ L1(Ω). If

un ≥ g a.e. on Ω,

then we have ∫
Ω

lim inf
n→∞ un dx ≤ lim inf

n→∞

∫
Ω

un dx.

If Ω ⊂ R
N is a measurable subset, we denote its Lebesgue measure by

meas(Ω) = |Ω|.

Theorem 2.66 (Egorov’s Theorem). Let (un), u be measurable functions,
and

un → u a.e. on Ω,

where Ω ⊂ R
N is measurable with |Ω| <∞. Then for each ε > 0, a measurable

subset E ⊂ Ω exists such that

(i) |Ω \ E| < ε.
(ii) un → u uniformly on E.

A characterization of the dual spaces of Lp(Ω) is given in the next theorem.

Theorem 2.67 (Dual Space). Let Ω ⊂ R
N be a domain, and let Φ be a

linear continuous functional on Lp(Ω), 1 < p < ∞. Then a uniquely defined
function g ∈ Lq(Ω) exists with q satisfying 1/p+ 1/q = 1 such that

〈Φ, u〉 =
∫

Ω

g u dx for all u ∈ Lp(Ω)

and
‖Φ‖(Lp(Ω))∗ = ‖g‖Lq(Ω).

If Φ is a linear continuous functional on L1(Ω), then a uniquely defined func-
tion g ∈ L∞(Ω) exists such that

〈Φ, u〉 =
∫

Ω

g u dx for all u ∈ L1(Ω)

and
‖Φ‖(L1(Ω))∗ = ‖g‖L∞(Ω).
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In view of Theorem 2.67, the dual space of Lp(Ω) is isometrically isomorphic
to Lq(Ω) for 1 ≤ p <∞ with q = ∞ if p = 1.

We summarize some important properties of Lp-spaces in the following
theorem.

Theorem 2.68. Let Ω ⊂ R
N be a domain.

(i) For 1 ≤ p <∞, the spaces Lp(Ω) are separable.
(ii) L∞(Ω) is not separable.
(iii) For 1 < p <∞, the spaces Lp(Ω) are reflexive.
(iv) L1(Ω) and L∞(Ω) are not reflexive.
(v) For 1 < p <∞, the spaces Lp(Ω) are uniformly convex.

2.2.2 Definition of Sobolev Spaces

Let α = (α1, . . . , αN ) with nonnegative integers α1, . . . , αN be a multi-index,
and denote its order by |α| = α1 + · · · + αN . Set Di = ∂/∂xi, i = 1, . . . , N,
and Dαu = Dα1

1 · · ·DαN

N u, with D0u = u. Let Ω be a domain in R
N with

N ≥ 1. Then w ∈ L1
loc(Ω) is called the αth weak or generalized derivative of

u ∈ L1
loc(Ω) if and only if∫

Ω

uDαϕ dx = (−1)|α|
∫

Ω

wϕ dx, for all ϕ ∈ C∞
0 (Ω),

holds, where C∞
0 (Ω) denotes the space of infinitely differentiable functions

with compact support in Ω. The generalized derivative w denoted by w = Dαu
is unique up to a change of the values of w on a set of Lebesgue measure zero.

Definition 2.69. Let 1 ≤ p ≤ ∞ and m = 0, 1, 2, . . . . The Sobolev space
Wm,p(Ω) is the space of all functions u ∈ Lp(Ω), which have generalized
derivatives up to order m such that Dαu ∈ Lp(Ω) for all α: |α| ≤ m. For
m = 0, we set W 0,p(Ω) = Lp(Ω).

With the corresponding norms given by

‖u‖W m,p(Ω) =

⎛⎝ ∑
|α|≤m

‖Dαu‖p
Lp(Ω)

⎞⎠1/p

, 1 ≤ p <∞,

‖u‖W m,∞(Ω) = max
|α|≤m

‖Dαu‖L∞(Ω),

Wm,p(Ω) becomes a Banach space.

Definition 2.70. Wm,p
0 (Ω) is the closure of C∞

0 (Ω) in Wm,p(Ω).

Wm,p
0 (Ω) is a Banach space with the norm ‖ · ‖W m,p(Ω).
Before we summarize some basic properties of Sobolev spaces, we need to

classify the regularity of boundaries.
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Definition 2.71. Let Ω ⊂ R
N be a bounded domain, with boundary ∂Ω. We

say that the boundary ∂Ω is of class Ck,λ, k ∈ N0, λ ∈ (0, 1], if there are
m ∈ N Cartesian coordinate systems Cj , j = 1, . . . ,m,

Cj = (xj,1, . . . , xj,N−1, xj,N ) = (x′j , xj,N )

and real numbers α, β > 0, as well as m functions aj with

aj ∈ Ck,λ([−α, α]N−1), j = 1, . . . ,m,

such that the sets defined by

Λj = {(x′j , xj,N ) ∈ R
N : |x′j | ≤ α, xj,N = aj(x′j)},

V j
+ = {(x′j , xj,N ) ∈ R

N : |x′j | ≤ α, aj(x′j) < xj,N < aj(x′j) + β},
V j
− = {(x′j , xj,N ) ∈ R

N : |x′j | ≤ α, aj(x′j) − β < xj,N < aj(x′j)},

possess the following properties:

Λj ⊂ ∂Ω, V j
+ ⊂ Ω, V j

− ⊂ R
N \Ω, j = 1, . . . ,m,

and
m⋃

j=1

Λj = ∂Ω.

Remark 2.72. If ∂Ω ∈ C0,1, then we call ∂Ω a Lipschitz boundary, which
means that ∂Ω is locally the graph of a Lipschitz continuous function. In this
case, the (N − 1)-dimensional surface measure is well defined, on the basis
of which Lp(∂Ω)-spaces can be introduced (see [66]). As Lipschitz continuous
functions admit a.e. a gradient, the outer unit normal on ∂Ω exists for a.a.
x ∈ ∂Ω (see [94]), which allows us to extend the integration by parts formula
to Sobolev functions on Lipschitz domains.

Theorem 2.73. Let Ω ⊂ R
N be a bounded domain, N ≥ 1. Then we have

the following:

(i) Wm,p(Ω) is separable for 1 ≤ p <∞.
(ii) Wm,p(Ω) is reflexive for 1 < p <∞.
(iii) Let 1 ≤ p < ∞. Then C∞(Ω) ∩Wm,p(Ω) is dense in Wm,p(Ω), and if

∂Ω is a Lipschitz boundary, then C∞(Ω) is dense in Wm,p(Ω), where
C∞(Ω) and C∞(Ω) are the spaces of infinitely differentiable functions in
Ω and Ω, respectively (cf. [99]).

As for the proofs of these properties we refer to [99].
Now we state some Sobolev embedding theorems. Let X,Y be two normed

linear spaces with X ⊂ Y . We recall the operator i : X → Y defined by
i(u) = u for all u ∈ X is called the embedding operator of X into Y . We say
X is continuously (compactly) embedded in Y if X ⊂ Y and the embedding
operator i : X → Y is continuous (compact).
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Theorem 2.74 (Sobolev Embedding Theorem). Let Ω ⊂ R
N , N ≥ 1,

be a bounded domain with Lipschitz boundary ∂Ω. Then the following holds:

(i) If mp < N, then the space Wm,p(Ω) is continuously embedded in Lp∗
(Ω),

p∗ = Np/(N − mp), and compactly embedded in Lq(Ω) for any q with
1 ≤ q < p∗.

(ii) If 0 ≤ k < m− N
p < k + 1, then the space Wm,p(Ω) is continuously em-

bedded in Ck,λ(Ω), λ = m− N
p −k, and compactly embedded in Ck,λ′

(Ω)
for any λ′ < λ.

(iii) Let 1 ≤ p <∞, then the embeddings

Lp(Ω) ⊃W 1,p(Ω) ⊃W 2,p(Ω) ⊃ · · ·

are compact.

Here Ck,λ(Ω) denotes the Hölder space; cf. [99]. As for the proofs we refer to,
e.g., [99, 222].

The proper definition of boundary values for Sobolev functions is based
on the following theorem.

Theorem 2.75 (Trace Theorem). Let Ω ⊂ R
N be a bounded domain with

Lipschitz (C0,1) boundary ∂Ω, N ≥ 1, and 1 ≤ p < ∞. Then exactly one
continuous linear operator exists

γ :W 1,p(Ω) → Lp(∂Ω)

such that:

(i) γ(u) = u|∂Ω if u ∈ C1(Ω).
(ii) ‖γ(u)‖Lp(∂Ω) ≤ C ‖u‖W 1,p(Ω) with C depending only on p and Ω.
(iii) If u ∈W 1,p(Ω), then γ(u) = 0 in Lp(∂Ω) if and only if u ∈W 1,p

0 (Ω).

Definition 2.76 (Trace). We call γ(u) the trace (or generalized boundary
function) of u on ∂Ω.

Remark 2.77. We note that the trace operator

γ :W 1,p(Ω) → Lp(∂Ω)

in Theorem 2.75 is not surjective; i.e., there are functions ϕ ∈ Lp(∂Ω) that are
not the traces of functions u from W 1,p(Ω). To describe precisely the range of
the trace operator, Sobolev spaces of fractional order, usually referred to as
Sobolev–Slobodeckij spaces, have to be taken into account (see [90, 132, 213,
219]). From [132, Theorem 6.8.13, Theorem 6.9.2], we obtain the following
result.

Theorem 2.78. Let Ω ⊂ R
N be a bounded domain with Lipschitz boundary

∂Ω, N ≥ 1, and 1 < p <∞. Then

γ(W 1,p(Ω)) =W 1− 1
p ,p(∂Ω).
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The following compactness result of the trace operator holds (see [132]).

Theorem 2.79. Let Ω ⊂ R
N be a bounded domain with Lipschitz boundary

∂Ω, N ≥ 1.

(i) If 1 < p < N, then
γ :W 1,p(Ω) → Lq(∂Ω)

is completely continuous for any q with 1 ≤ q < (Np− p)/(N − p).
(ii) If p ≥ N, then for any q ≥ 1,

γ :W 1,p(Ω) → Lq(∂Ω)

is completely continuous.

Sobolev–Slobodeckij spaces form a scale of continuous and even compact
embeddings with respect to their fractional order of regularity. More precisely,
we can deduce the following compact embedding result for the spacesW l,2(Ω)
with l ∈ R+ from [219, Theorem 7.9, Theorem 7.10].

Theorem 2.80. Let Ω ⊂ R
N be a bounded domain with Lipschitz boundary

∂Ω, N ≥ 1, and let l2 < l1 ≤ 1, where l1, l2 ∈ R+. Then the embedding

W l1,2(Ω) ⊂W l2,2(Ω)

is compact.
If M is a Ck,κ-manifold (C0,1 stands for Lipschitz-manifold) and l2 <

l1 < k + κ with l1, l2 ∈ R+ (for l1 integer, l1 = k + κ is admissible), then the
embedding

W l1,2(M) ⊂W l2,2(M)

is compact.

In a similar way as for Sobolev spaces we have the following trace theorem,
which can be deduced from [219, Theorem 8.7].

Theorem 2.81 (Trace Theorem). Let Ω ⊂ R
N be a bounded domain with

Lipschitz boundary ∂Ω, N ≥ 1, and let 1/2 < l ≤ 1 with l ∈ R+. Then a
uniquely defined continuous linear operator exists

γ :W l,2(Ω) →W l−1/2,2(∂Ω)

such that
γ(u) = u|∂Ω if u ∈ C1(Ω).

Theorem 2.80 and Theorem 2.81 hold likewise in the general case of the spaces
W l,p(Ω) with l ∈ R+, 1 < p < ∞, and can be found, e.g., in [90, 132, 212,
213, 219].

The following extension result is useful in the study of unbounded domain
problems.
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Lemma 2.82. Let Ω0 ⊂⊂ Ω, that is, Ω0 is compactly contained in Ω. Assume
g ∈ W 1,p(Ω), u ∈ W 1,p(Ω0), and u − g ∈ W 1,p

0 (Ω0), 1 ≤ p < ∞. Then the
function w defined by

w(x) =

{
u(x) if x ∈ Ω0 ,

g(x) if x ∈ Ω \Ω0

is in W 1,p(Ω), and its generalized derivative Diw = ∂w/∂xi, i = 1, . . . , N, is
given by

Diw(x) =

{
Diu(x) if x ∈ Ω0 ,

Dig(x) if x ∈ Ω \Ω0 .

For the proof of Lemma 2.82, see [120, Lemma 20.14]. Its proof is based on the
density property (iii) of Theorem 2.73 and the characterization of the traces
of W 1,p

0 (Ω) function.

2.2.3 Chain Rule and Lattice Structure

In this section, we assume that Ω ⊂ R
N is a bounded domain with Lipschitz

boundary ∂Ω.

Lemma 2.83 (Chain Rule). Let f ∈ C1(R) and sups∈R |f ′(s)| < ∞. Let
1 ≤ p <∞ and u ∈ W 1,p(Ω). Then the composite function f ◦ u ∈ W 1,p(Ω),
and its generalized derivatives are given by

Di(f ◦ u) = (f ′ ◦ u)Diu, i = 1, . . . , N.

Lemma 2.84 (Generalized Chain Rule). Let f : R → R be continuous
and piecewise continuously differentiable with sups∈R |f ′(s)| < ∞, and u ∈
W 1,p(Ω), 1 ≤ p < ∞. Then f ◦ u ∈ W 1,p(Ω), and its generalized derivative
is given by

Di(f ◦ u)(x) =

{
f ′(u(x))Diu(x) if f is differentiable at u(x) ,

0 otherwise.

The chain rule may further be extended to Lipschitz continuous f ; see [99,
222].

Lemma 2.85 (Generalized Chain Rule). Let f : R → R be a Lipschitz
continuous function and u ∈ W 1,p(Ω), 1 ≤ p < ∞. Then f ◦ u ∈ W 1,p(Ω),
and its generalized derivative is given by

Di(f ◦ u)(x) = fB(u(x))Diu(x) for a.e. x ∈ Ω,

where fB : R → R is a Borel-measurable function such that fB = f ′ a.e. in
R.
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The generalized derivative of the following special functions are frequently
used in later chapters.

Example 2.86. Let 1 ≤ p <∞ and u ∈W 1,p(Ω). Then u+ = max{u, 0}, u− =
max{−u, 0}, and |u| are in W 1,p(Ω), and their generalized derivatives are
given by

(Diu
+)(x) =

{
Diu(x) if u(x) > 0 ,
0 if u(x) ≤ 0 ,

(Diu
−)(x) =

{
0 if u(x) ≥ 0 ,
−Diu(x) if u(x) < 0 ,

(Di|u|)(x) =

⎧⎪⎨⎪⎩
Diu(x) if u(x) > 0 ,
0 if u(x) = 0 ,
−Diu(x) if u(x) < 0 .

As for the traces of u+ and u−, we have (cf. [66])

γ(u+) = (γ(u))+, γ(u−) = (γ(u))−.

Lemma 2.87 (Lattice Structure). Let u, v ∈W 1,p(Ω), 1 ≤ p <∞. Then
max{u, v} and min{u, v} are in W 1,p(Ω) with generalized derivatives

Di max{u, v}(x) =

{
Diu(x) if u(x) > v(x) ,
Div(x) if v(x) ≥ u(x) ,

Di min{u, v}(x) =

{
Diu(x) if u(x) < v(x) ,
Div(x) if v(x) ≤ u(x) .

Proof: The assertion follows easily from the above examples and the general-
ized chain rule by using max{u, v} = (u−v)++v and min{u, v} = u−(u−v)+;
see [112, Theorem 1.20]. ��
Lemma 2.88. If (uj), ( vj) ⊂ W 1,p(Ω) (1 ≤ p < ∞) are such that uj → u
and vj → v in W 1,p(Ω), then min{uj , vj} → min{u, v} and max{uj , vj} →
max{u, v} in W 1,p(Ω) as j → ∞.
For the proof, see [112, Lemma 1.22]. By means of Lemma 2.88, we readily
obtain the following result.

Lemma 2.89. Let u, ū ∈W 1,p(Ω) satisfy u ≤ ū, and let T be the truncation
operator defined by

Tu(x) =

⎧⎪⎨⎪⎩
ū(x) if u(x) > ū(x) ,
u(x) if u(x) ≤ u(x) ≤ ū(x) ,
u(x) if u(x) < u(x) .

Then T is a bounded continuous mapping from W 1,p(Ω) [respectively, Lp(Ω)]
into itself.
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Proof: The truncation operator T can be represented in the form

Tu = max{u, u} + min{u, ū} − u.

Thus, the assertion easily follows from Lemma 2.88. ��

Lemma 2.90 (Lattice Structure). If u, v ∈W 1,p
0 (Ω), then max{u, v} and

min{u, v} are in W 1,p
0 (Ω).

Lemma 2.90 implies that W 1,p
0 (Ω) has a lattice structure as well; see [112].

A partial ordering of traces on ∂Ω is given as follows.

Definition 2.91. Let u ∈ W 1,p(Ω), 1 ≤ p < ∞. Then u ≤ 0 on ∂Ω if
u+ ∈W 1,p

0 (Ω).

2.2.4 Some Inequalities

In this section, we recall some well-known inequalities that are frequently used
and that can be found in standard textbooks; see [93, 132, 222].

Young’s Inequality

Let 1 < p, q <∞, and 1/p+ 1/q = 1. Then

ab ≤ ap

p
+
bq

q
(a, b ≥ 0).

Proof: For a, b ∈ R+ satisfying ab = 0, the inequality is trivially satisfied.
Let a, b > 0. As the function x 
→ ex is convex, it follows that

ab = elog a+log b = e
1
p log ap+ 1

q log bq

≤ 1
p
elog ap

+
1
q
elog bq

=
ap

p
+
bq

q

��

Young’s Inequality with Epsilon

Let 1 < p, q <∞, and 1/p+ 1/q = 1. Then

ab ≤ εap + C(ε)bq (a, b ≥ 0, ε > 0)

with C(ε) = (εp)−q/p 1
q .

Proof: Again we only need to consider the case where a, b > 0. In this case,
we set ab = ((εp)1/pa)( b

(εp)1/p ) and apply Young’s inequality. ��
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Equivalent Norms

Let 1 ≤ s <∞, and ξi ∈ R, ξi ≥ 0, i = 1, . . . , N, then we have the following
inequality:

a

(
N∑

i=1

ξsi

)1/s

≤
N∑

i=1

ξi ≤ b
(

N∑
i=1

ξsi

)1/s

,

where a and b are some positive constants depending only on N and s.

Proof: The inequality is an immediate consequence of the fact that all norms
in R

N are equivalent to each other. ��

Monotonicity Inequality

Let 1 < p <∞. Consider the vector-valued function a : R
N → R

N defined by

a(ξ) = |ξ|p−2ξ for ξ �= 0, a(0) = 0.

If 1 < p < 2, then we have

(a(ξ) − a(ξ′)) · (ξ − ξ′) > 0 for all ξ, ξ′ ∈ R
N , ξ �= ξ′.

If 2 ≤ p <∞, then a constant c > 0 exists such that

(a(ξ) − a(ξ′)) · (ξ − ξ′) ≥ c |ξ − ξ′|p for all ξ ∈ R
N .

Hölder’s Inequality

Let 1 ≤ p, q ≤ ∞, 1
p + 1

q = 1. If u ∈ Lp(Ω), v ∈ Lq(Ω), then one has∫
Ω

|uv| dx ≤ ‖u‖Lp(Ω)‖v‖Lq(Ω).

Minkowski’s Inequality

Let 1 ≤ p ≤ ∞ and u, v ∈ Lp(Ω); then

‖u+ v‖Lp(Ω) ≤ ‖u‖Lp(Ω) + ‖v‖Lp(Ω).
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Clarkson’s Inequalities

Let u, v ∈ Lp(Ω). If 2 ≤ p <∞, then

‖u+ v‖p
Lp(Ω) + ‖u− v‖p

Lp(Ω) ≤ 2p−1
(
‖u‖p

Lp(Ω) + ‖v‖p
Lp(Ω)

)
.

If 1 < p < 2, then

‖u+ v‖p
Lp(Ω) + ‖u− v‖p

Lp(Ω) ≤ 2
(
‖u‖p

Lp(Ω) + ‖v‖p
Lp(Ω)

)
.

Proof: Use the function ϕ : [0, 1] → R defined by

ϕ(t) =
(1 + t)p + (1 − t)p

1 + tp
, t ∈ [0, 1].

��

Remark 2.92. It follows immediately from Clarkson’s inequalities that the
spaces Lp(Ω) and the Sobolev spaces Wm,p(Ω) are uniformly convex for
1 < p <∞, and m = 0, 1, . . . , .

Poincaré–Friedrichs Inequality

Let Ω ⊂ R
N be a bounded domain, 1 ≤ p < ∞, and u ∈ W 1,p

0 (Ω). Then we
have the estimate

‖u‖Lp(Ω) ≤ C ‖∇u‖Lp(Ω),

where the constant C only depends on p, N, and Ω.

Remark 2.93. The Poincaré–Friedrichs inequality implies that

‖u‖W 1,p
0 (Ω) = ‖∇u‖Lp(Ω)

defines an equivalent norm on W 1,p
0 (Ω). Equivalent norms on W 1,p(Ω) play

an important role in the treatment of boundary value problems. The following
general result provides a tool to identify equivalent norms on W 1,p(Ω).

Proposition 2.94. Let Ω ⊂ R
N , N ≥ 1, be a bounded domain with Lipschitz

boundary ∂Ω. Assume ϕ : W 1,p(Ω) → R+, 1 ≤ p < ∞, is a seminorm that
satisfies the following conditions:

(i) A positive constant d exists such that

ϕ(u) ≤ d ‖u‖W 1,p(Ω) for all u ∈W 1,p(Ω).

(ii) If u = constant, then ϕ(u) = 0 implies u = 0.
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Then ‖ · ‖∼ defined by

‖u‖∼ =
(
‖∇u‖p

Lp(Ω) + ϕ(u)p
) 1

p

defines an equivalent norm in W 1,p(Ω).

As an application of Proposition 2.94, we obtain, e.g., an equivalent norm
on the closed subspace VΓ of W 1,p(Ω) defined by

VΓ = {u ∈W 1,p(Ω) : γ(u) = 0 on Γ},

where Γ ⊂ ∂Ω is some part of the boundary ∂Ω with strictly positive surface
measure |Γ | > 0. To this end, define ϕ by

ϕ(u) =
(∫

Γ

|γ(u)|p dΓ
) 1

p

for all u ∈W 1,p(Ω),

where γ is the trace operator. We observe that (i) and (ii) of Proposition
2.94 are satisfied, and thus ‖ · ‖∼ defined above gives an equivalent norm on
W 1,p(Ω). As ϕ(u) = 0 for u ∈ VΓ , we see that

‖u‖∼ = ‖∇u‖Lp(Ω) for all u ∈ VΓ

is an equivalent norm on the subspace VΓ .

2.3 Operators of Monotone Type

In this section, we provide the basic results on pseudomonotone operators
from a Banach space X into its dual space X∗.

2.3.1 Main Theorem on Pseudomonotone Operators

Let X be a real, reflexive Banach space with norm ‖ · ‖, X∗ its dual space,
and denote by 〈·, ·〉 the duality pairing between them. The norm convergence
in X and X∗ is denoted by “→” and the weak convergence by “⇀”.

Definition 2.95. Let A : X → X∗; then A is called

(i) continuous (respectively, weakly continuous) iff un → u implies Aun →
Au (respectively, un ⇀ u implies Aun ⇀ Au)

(ii) demicontinuous iff un → u implies Aun ⇀ Au
(iii) hemicontinuous iff the real function t→ 〈A(u+ tv), w〉 is continuous on

[0, 1] for all u, v, w ∈ X
(iv) strongly continuous or completely continuous iff un ⇀ u implies Aun →

Au
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(v) bounded iff A maps bounded sets into bounded sets
(vi) coercive iff lim‖u‖→∞

〈Au,u〉
‖u‖ = +∞

Definition 2.96 (Operators of Monotone Type). Let A : X → X∗; then
A is called

(i) monotone (respectively, strictly monotone) iff 〈Au−Av, u−v〉 ≥ (respec-
tively, >) 0 for all u, v ∈ X with u �= v

(ii) strongly monotone iff there is a constant c > 0 such that 〈Au−Av, u−v〉 ≥
c‖u− v‖2 for all u, v ∈ X

(iii) uniformly monotone iff 〈Au − Av, u − v〉 ≥ a(‖u − v‖)‖u − v‖ for all
u, v ∈ X where a : [0,∞) → [0,∞) is strictly increasing with a(0) = 0
and a(s) → +∞ as s→ ∞

(iv) pseudomonotone iff un ⇀ u and lim supn→∞〈Aun, un − u〉 ≤ 0 implies
〈Au, u− w〉 ≤ lim infn→∞〈Aun, un − w〉 for all w ∈ X

(v) to satisfy (S+)-condition iff un ⇀ u and lim supn→∞〈Aun, un − u〉 ≤ 0
imply un → u

We can show (cf. [18]) that the pseudomonotonicity according to (iv) of Def-
inition 2.96 is equivalent to the following definition.

Definition 2.97. The operator A : X → X∗ is pseudomonotone iff un ⇀ u
and lim supn→∞〈Aun, un − u〉 ≤ 0 implies Aun ⇀ Au and 〈Aun, un〉 →
〈Au, u〉.

For the following result, see [222, Proposition 27.6].

Lemma 2.98. Let A,B : X → X∗ be operators on the real reflexive Banach
space X. Then the following implications hold:

(i) If A is monotone and hemicontinuous, then A is pseudomonotone.
(ii) If A is strongly continuous, then A is pseudomonotone.
(iii) If A and B are pseudomonotone, then A+B is pseudomonotone.

The main theorem on pseudomonotone operators due to Brézis is given by
the next theorem (see [222, Theorem 27.A]).

Theorem 2.99 (Main Theorem on Pseudomonotone Operators). Let
X be a real, reflexive Banach space, and let A : X → X∗ be a pseudomonotone,
bounded, and coercive operator, and b ∈ X∗. Then a solution of the equation
Au = b exists.

Remark 2.100. Theorem 2.99 contains several important surjectivity results
as special cases, such as Lax–Milgram’s theorem and the Main Theorem on
Monotone Operators, which will be formulated in the following corollaries.
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Corollary 2.101 (Main Theorem on Monotone Operators). Let X be
a real, reflexive Banach space, and let A : X → X∗ be a monotone, hemicon-
tinuous, bounded, and coercive operator, and b ∈ X∗. Then a solution of the
equation Au = b exists.

For the proof of Corollary 2.101, we have only to mention that in view of
Lemma 2.98, a monotone and hemicontinuous operator is pseudomonotone.

Corollary 2.102 (Lax–Milgram’s Theorem). Let X be a real Hilbert
space, and let a : X ×X → R be a bilinear form. Assume that

(i) a is bounded; i.e., there is a C > 0 such that

|a(x, y)| ≤ C‖x‖‖y‖ for x, y ∈ X.

(ii) a is coercive, i.e., there is a C0 > 0 such that

a(x, x) ≥ C0‖x‖2 for x ∈ H.

Then, for each f in X∗, there is a unique element u in X such that

a(u, v) = 〈f, v〉 for v ∈ X.

The mapping f 
→ u is one-to-one, continuous, and linear from X∗ onto X.

As for the proof, note that the bilinear form a of Corollary 2.102 defines a
linear, bounded, and strongly monotone operator A : X → X∗ acccording to

〈Au, v〉 = a(u, v) for all u, v ∈ X,

and thus the equation a(u, v) = 〈f, v〉 of Corollary 2.102 is equivalent with
the operator equation Au = f in X∗. The existence result for the latter
follows immediately from Corollary 2.101, because A is strongly monotone
and continuous and therefore, in particular, also coercive. The uniqueness is
a consequence of the strong monotonicity of A.

2.3.2 Leray–Lions Operators

An important class of operators of monotone type is the so-called Leray–Lions
operators (see [215, 152]). These kinds of operators occur in the functional
analytical treatment of nonlinear elliptic and parabolic problems.

Definition 2.103 (Leray–Lions Operator). Let X be a real, reflexive Ba-
nach space. We say that A : X → X∗ is a Leray–Lions operator if it is bounded
and satisfies

Au = A(u, u), for u ∈ X,

where A : X ×X → X∗ has the following properties:
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(i) For any u ∈ X, the mapping v 
→ A(u, v) is bounded and hemicontinuous
from X to its dual X∗, with

〈A(u, u) −A(u, v), u− v〉 ≥ 0 for v ∈ X.

(ii) For any v ∈ X, the mapping u 
→ A(u, v) is bounded and hemicontinuous
from X to its dual X∗.

(iii) For any v ∈ X, A(un, v) converges weakly to A(u, v) in X∗ if (un) ⊂ X
is such that un ⇀ u in X and

〈A(un, un) −A(un, u), un − u〉 → 0.

(iv) For any v ∈ X, 〈A(un, v), un〉 converges to 〈F, u〉 if (un) ⊂ V is such
that un ⇀ u in X, and A(un, v)⇀ F in X∗.

As for the proof of the next theorem, see [215].

Theorem 2.104. Every Leray–Lions operator A : X → X∗ is pseudomono-
tone.

Next we will see that quasilinear elliptic operators satisfying certain struc-
ture and growth conditions represent Leray–Lions operators. To this end, we
need to study first the mapping properties of superposition operators, which
are also called Nemytskij operators.

Definition 2.105 (Nemytskij Operator). Let Ω ⊂ R
N , N ≥ 1, be a

nonempty measurable set, and let f : Ω × R
m → R, m ≥ 1, and u : Ω → R

m

be a given function. Then the superposition or Nemytskij operator F assigns
u 
→ f ◦ u; i.e., F is given by

Fu(x) = (f ◦ u)(x) = f(x, u(x)) for x ∈ Ω.

Definition 2.106 (Carathéodory Function). Let Ω ⊂ R
N , N ≥ 1, be a

nonempty measurable set, and let f : Ω×R
m → R, m ≥ 1. The function f is

called a Carathéodory function if the following two conditions are satisfied:

(i) x 
→ f(x, s) is measurable in Ω for all s ∈ R
m.

(ii) s 
→ f(x, s) is continuous on R
m for a.e. x ∈ Ω.

Lemma 2.107. Let f : Ω × R
m → R, m ≥ 1, be a Carathéodory function

that satisfies a growth condition of the form

|f(x, s)| ≤ k(x) + c
m∑

i=1

|si|pi/q, ∀ s = (s1, . . . , sm) ∈ R
m, a.e. x ∈ Ω,

for some positive constant c and some k ∈ Lq(Ω), and 1 ≤ q, pi < ∞ for all
i = 1, . . . ,m. Then the Nemytskij operator F defined by
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Fu(x) = f(x, u1(x), . . . , um(x))

is continuous and bounded from Lp1(Ω) × · · · × Lpm(Ω) into Lq(Ω). Here u
denotes the vector function u = (u1, . . . , um). Furthermore,

‖Fu‖Lq(Ω) ≤ c
(
‖k‖Lq(Ω) +

m∑
i=1

‖ui‖pi/q
Lpi (Ω)

)
.

Definition 2.108. Let Ω ⊂ R
N , N ≥ 1, be a nonempty measurable set. A

function f : Ω × R
m → R, m ≥ 1, is called superpositionally measurable (or

sup-measurable) if the function x 
→ Fu(x) is measurable in Ω whenever the
component functions ui : Ω → R of u = (u1, . . . , um) are measurable.

Now let Ω ⊂ R
N be a bounded domain with Lipschitz boundary ∂Ω, let

A1 be the second-order quasilinear differential operator in divergence form
given by

A1u(x) = −
N∑

i=1

∂

∂xi
ai(x, u(x),∇u(x)),

and let A0 denote the operator

A0u(x) = a0(x, u(x),∇u(x)) .

Let 1 < p <∞, 1/p+ 1/q = 1, and assume for the coefficients ai : Ω × R ×
R

N → R, i = 0, 1, . . . , N the following conditions.

(H1) Carathéodory and Growth Condition: Each ai(x, s, ξ) satisfies Carathéo-
dory conditions, i.e., is measurable in x ∈ Ω for all (s, ξ) ∈ R×R

N and
continuous in (s, ξ) for a.e. x ∈ Ω. A constant c0 > 0 and a function
k0 ∈ Lq(Ω) exist so that

|ai(x, s, ξ)| ≤ k0(x) + c0(|s|p−1 + |ξ|p−1)

for a.e. x ∈ Ω and for all (s, ξ) ∈ R×R
N , with |ξ| denoting the Euclidian

norm of the vector ξ.
(H2) Monotonicity Type Condition: The coefficients ai satisfy a monotonicity

condition with respect to ξ in the form

N∑
i=1

(ai(x, s, ξ) − ai(x, s, ξ′))(ξi − ξ′i) > 0

for a.e. x ∈ Ω , for all s ∈ R, and for all ξ, ξ′ ∈ R
N with ξ �= ξ′.

(H3) Coercivity Type Condition:

N∑
i=1

ai(x, s, ξ)ξi ≥ ν|ξ|p − k(x)

for a.e. x ∈ Ω , for all s ∈ R, and for all ξ ∈ R
N with some constant

ν > 0 and some function k ∈ L1(Ω).
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Let V be a closed subspace of W 1,p(Ω) such that W 1,p
0 (Ω) ⊂ V ⊂ W 1,p(Ω),

then under condition (H1) the differential operators A1 and A0 generate map-
pings from V into its dual space (again denoted by A1 and A0, respectively)
defined by

〈A1u, ϕ〉 =
N∑

i=1

∫
Ω

ai(x, u,∇u)
∂ϕ

∂xi
dx , 〈A0u, ϕ〉 =

∫
Ω

a0(x, u,∇u) ϕ dx .

Theorem 2.109. Set A = A1 + A0. Then the operators A, A0, and A1 have
the following properties:

(i) If (H1) is satisfied, then the mappings A,A1, A0 : V → V ∗ are continuous
and bounded.

(ii) If (H1) and (H2) are satisfied, then A : V → V ∗ is pseudomonotone.
(iii) If (H1), (H2), and (H3) are satisfied, then A has the (S+)-property.

Conditions (H1) and (H2) are the so-called Leray–Lions conditions that guar-
antee that A is pseudomonotone. In their original paper, Leray and Lions
[149] showed the pseudomonotonicity under conditions (H1), (H2), and the
following additional condition.

(H4) lim sup|ξ|→∞, s∈B

∑N
i=1

ai(x,s,ξ)ξi

|ξ|+|ξ|p−1 = +∞, for a.e. x ∈ Ω and all bounded
sets B.

However, Landes and Mustonen have shown in [136] that condition (H4) is re-
dundant for the pseudomonotonicity of A. As for the proof of the results stated
in Theorem 2.109 as well as on existence theorems involving pseudomonotone
operators, we refer to [17, 18] and [23, 27, 105, 152, 208, 222].

Example 2.110. Let Ω ⊂ R
N be a bounded domain. A prototype of a mono-

tone elliptic operator in Ω is the negative of the p-Laplacian Δp, 1 < p <∞,
defined by

Δpu = div(|∇u|p−2∇u) where ∇u = (∂u/∂x1, . . . , ∂u/∂xN ).

This operator coincides with the Laplacian Δ if p = 2, and is of the form A1

with the coeffients ai, i = 1, . . . , N, given by

ai(x, s, ξ) = |ξ|p−2ξi.

Thus, hypothesis (H1) is satisfied with k0 = 0, c0 = 1, and a0 = 0. Hypothesis
(H2) follows from the inequalities satisfied by the vector-valued function ξ 
→
|ξ|p−2ξ, (see Sect. 2.2.4) and (H3) is obviously true with ν = 1 and k = 0 due
to

N∑
i=1

ai(x, s, ξ)ξi =
N∑

i=1

|ξ|p−2ξi ξi = |ξ|p.

Therefore, hypotheses (H1)–(H3) are satisfied by the negative p-Laplacian,
and in view of Theorem 2.109, we see that −Δp : V → V ∗ is continuous,
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bounded, pseudomonotone, and has the (S+)-property. Moreover, from the
inequality

〈−Δpu− (−Δpv), u− v〉 =
∫

Ω

(|∇u|p−2∇u− |∇v|p−2∇v)(∇u−∇v) dx ≥ 0,

for all u, v ∈ V, we infer that −Δp : V → V ∗ is, in particular, also a monotone
operator. Depending on the domain of definition of −Δp, we can say even
more. For example, let V =W 1,p

0 (Ω). According to Sect. 2.2.4,

‖u‖V =
(∫

Ω

|∇u|p dx
)1/p

defines an equivalent norm in V . From the inequalities for the function ξ 
→
|ξ|p−2ξ, we see that the operator −Δp : W 1,p

0 (Ω) → (W 1,p
0 (Ω))∗ has the

mapping properties given in the following lemma.

Lemma 2.111. Let V be a closed subspace of W 1,p(Ω) such that W 1,p
0 (Ω) ⊂

V ⊂W 1,p(Ω). Then one has:

(i) −Δp : V → V ∗ is continuous, bounded, pseudomonotone, and has the
(S+)-property.

(ii) −Δp :W 1,p
0 (Ω) → (W 1,p

0 (Ω))∗ is
(a) strictly monotone if 1 < p <∞.
(b) strongly monotone if p = 2 (Laplacian).
(c) uniformly monotone if 2 < p <∞.

2.3.3 Multivalued Pseudomonotone Operators

In this section, we briefly recall the main results of the theory of pseudomo-
notone multivalued operators developed by Browder and Hess to the extent
it will be needed in the study of variational and hemivariational inequalities.
For the proofs and a more detailed presentation, we refer to the monographs
[222, 177].

First we present basic results about the continuity of multivalued functions
(multifunctions) and provide useful equivalent descriptions of these notions.
Even though these notions can be defined in a much more general context, we
confine ourselves to mappings between Banach spaces, which is sufficient for
our purpose.

Definition 2.112 (Semicontinuous Multifunctions). Let X,Y be Banach
spaces and A : X → 2Y be a multifunction.

(i) A is called upper semicontinuous at x0, if for every open subset V ⊂ Y
with A(x0) ⊂ V, a neighborhood U(x0) exists such that A(U(x0)) ⊂ V. If
A is upper semicontinuous at every x0 ∈ X, we call A upper semicontin-
uous in X.
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(ii) A is called lower semicontinuous at x0 if for every neighborhood V (y) of
every y ∈ A(x0), a neighborhood U(x0) exists such that

A(u) ∩ V (y) �= ∅ for all u ∈ U(x0).

If A is lower semicontinuous at every x0 ∈ X, we call A lower semicon-
tinuous in X.

(iii) A is called continuous at x0 if A is both upper and lower semicontinuous
at x0. If A is continuous at every x0 ∈ X, we call A continuous in X.

Alternative equivalent continuity criteria are given in the following proposi-
tions. To this end, we introduce the preimage of a multifunction.

Definition 2.113 (Preimage). Let M ⊂ Y and A : X → 2Y be a multi-
function. The preimage A−1(M) is defined by

A−1(M) = {x ∈ X : A(x) ∩M �= ∅}.

Proposition 2.114. Let X,Y be Banach spaces and A : X → 2Y be a multi-
function. Then the following statements are equivalent:

(i) A is upper semicontinuous.
(ii) For all closed sets C ⊂ Y, the preimage A−1(C) is closed.
(iii) If x ∈ X, (xn) is a sequence in X with xn → x as n → ∞, and V is an

open set in Y such that A(x) ⊂ V , then n0 ∈ N exists depending on V
such that for all n ≥ n0, we have A(xn) ⊂ V.

Proposition 2.115. Let X,Y be Banach spaces and A : X → 2Y be a multi-
function. Then the following statements are equivalent:

(i) A is lower semicontinuous.
(ii) For all open sets O ⊂ Y, the preimage A−1(O) is open.
(iii) If x ∈ X, (xn) is a sequence in X with xn → x as n→ ∞, and y ∈ A(x),

then for every n ∈ N, we can find a yn ∈ A(xn), such that yn → y, as
n→ ∞.

Remark 2.116. For a single-valued operator A : X → Y , upper semicontinuous
and lower semicontinuous in the multivalued setting is identical with conti-
nuous. For A : M → 2N having the same corresponding properties, where M
and N are subsets of the Banach spaces X and Y, respectively, then M and
N have to be equipped with the induced topology.

Next we introduce the notion of multivalued monotone and pseudomono-
tone operators from a real, reflexive Banach space X into its dual space and
formulate the main surjectivity result for these kinds of operators.

Definition 2.117 (Graph). Let X be a real Banach space, and let A : X →
2X∗

be a multivalued mapping; i.e., to each u ∈ X, there is assigned a subset
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A(u) of X∗, which may be empty if u /∈ D(A), where D(A) is the domain of
A given by

D(A) = {u ∈ X : A(u) �= ∅}.
The graph of A denoted by Gr(A) is given by

Gr(A) = {(u, u∗) ∈ X ×X∗ : u∗ ∈ A(u)}.

Definition 2.118 (Monotone Operator). The mapping A : X → 2X∗
is

called

(i) monotone iff

〈u∗ − v∗, u− v〉 ≥ 0 for all (u, u∗), (v, v∗) ∈ Gr(A)

(ii) strictly monotone iff

〈u∗ − v∗, u− v〉 > 0 for all (u, u∗), (v, v∗) ∈ Gr(A), u �= v

(iii) maximal monotone iff A is monotone and there is no monotone mapping
Ã : X → 2X∗

such that Gr(A) is a proper subset of Gr(Ã), which is
equivalent to the following implication:

(u, u∗) ∈ X ×X∗ : 〈u∗ − v∗, u− v〉 ≥ 0 for all (v, v∗) ∈ Gr(A)

implies (u, u∗) ∈ Gr(A)

The notions of strongly and uniformly monotone multivalued operators are
defined in a similar way as for single-valued operators.

Example 2.119. If X = R, then a maximal monotone mapping β : R → 2R is
called maximal monotone graph in R

2. For example, an increasing function
f : R → R generates a maximal monotone graph β in R

2 given by

β(s) := [f(s− 0), f(s+ 0)],

where f(s± 0) are the one-sided limits of f in s.

A single-valued operator

A : D(A) ⊂ X → X∗

is to be understood as a multivalued operator A : X → X∗ by setting Au =
{Au} if u ∈ D(A) and Au = ∅ otherwise. Thus, A is monotone iff

〈Au−Av, u− v〉 ≥ 0 for all u, v ∈ D(A),

and A : D(A) ⊂ X → X∗ is maximal monotone iff A is monotone and the
condition

(u, u∗) ∈ X ×X∗ : 〈u∗ −Av, u− v〉 ≥ 0 for all v ∈ D(A)

implies u ∈ D(A) and u∗ = Au.
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Definition 2.120 (Pseudomonotone Operator). Let X be a real reflexive
Banach space. The operator A : X → 2X∗

is called pseudomonotone if the
following conditions hold:

(i) The set A(u) is nonempty, bounded, closed, and convex for all u ∈ X.
(ii) A is upper semicontinuous from each finite-dimensional subspace of X to

the weak topology on X∗.
(iii) If (un) ⊂ X with un ⇀ u, and if u∗n ∈ A(un) is such that

lim sup〈u∗n, un − u〉 ≤ 0,

then to each element v ∈ X, u∗(v) ∈ A(u) exists with

lim inf〈u∗n, un − v〉 ≥ 〈u∗(v), u− v〉.

Definition 2.121 (Generalized Pseudomonotone Operator). Let X be
a real reflexive Banach space. The operator A : X → 2X∗

is called generalized
pseudomonotone if the following holds:
Let (un) ⊂ X and (u∗n) ⊂ X∗ with u∗n ∈ A(un). If un ⇀ u in X and u∗n ⇀ u∗

in X∗ and if lim sup〈u∗n, un − u〉 ≤ 0, then the element u∗ lies in A(u) and

〈u∗n, un〉 → 〈u∗, u〉.

The next two propositions provide the relation between pseudomonotone
and generalized pseudomontone operators.

Proposition 2.122. Let X be a real reflexive Banach space. If the operator
A : X → 2X∗

is pseudomonotone, then A is generalized pseudomonotone.

Under the additional assumption of boundedness, the following converse of
Proposition 2.122 is true.

Proposition 2.123. Let X be a real reflexive Banach space, and assume that
A : X → 2X∗

satisfies the following conditions:

(i) For each u ∈ X, we have that A(u) is a nonempty, closed, and convex
subset of X∗.

(ii) A : X → 2X∗
is bounded.

(iii) If un ⇀ u in X and u∗n ⇀ u∗ in X∗ with u∗n ∈ A(un) and if
lim sup〈u∗n, un − u〉 ≤ 0, then u∗ ∈ A(u) and 〈u∗n, un〉 → 〈u∗, u〉.

Then the operator A : X → 2X∗
is pseudomonotone.

As for the proof of Proposition 2.123 we refer to [177, Chap. 2]. Note that the
notion of boundedness of a multivalued operator is exactly the same as for
single-valued operators; i.e., the image of a bounded set is again bounded.

The relation between maximal monotone and pseudomonotone operators
as well as the invariance of pseudomonotonicity under addition is given in the
following theorem.
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Theorem 2.124. Let X be a real reflexive Banach space, and let A, Ai : X →
2X∗

, i = 1, 2.

(i) If A is maximal monotone with D(A) = X, then A is pseudomonotone.
(ii) If A1 and A2 are two pseudomonotone operators, then the sum A1 +A2 :

X → 2X∗
is pseudomonotone.

The main theorem on pseudomonotone multivalued operators is formu-
lated in the next theorem.

Theorem 2.125. Let X be a real reflexive Banach space, and let A : X →
2X∗

be a pseudomonotone and a bounded operator, which is coercive in the
sense that a real-valued function c : R+ → R exists with

c(r) → +∞, as r → +∞

such that for all (u, u∗) ∈ Gr(A), we have

〈u∗, u− u0〉 ≥ c(‖u‖X)‖u‖X

for some u0 ∈ X. Then A is surjective; i.e., range(A) = X.

Remark 2.126. We remark that the boundedness condition supposed in The-
orem 2.125 can be dropped (see [177, Theorem 2.6]). This is because by
definition of a multivalued pseudomonotone operator A according to Defi-
nition 2.120 the operator A has to be upper semicontinuous from each finite-
dimensional subspace Xn of X to the weak topology on X∗. This latter con-
dition along with the coercivity and the properties of the images allows us to
get a surjectivity result on finite-dimensional subspaces Xn.

Theorem 2.127. Let X be a real reflexive Banach space, Φ : X → 2X∗
a

maximal monotone operator, and u0 ∈ D(Φ). Let A : X → 2X∗
be a pseu-

domonotone operator, and assume that either Au0 is quasi-bounded or Φu0 is
strongly quasi-bounded. Assume further that A : X → 2X∗

is u0-coercive; i.e.,
a real-valued function c : R+ → R exists with c(r) → +∞ as r → +∞ such
that for all (u, u∗) ∈ Gr (A), we have 〈u∗, u−u0〉 ≥ c(‖u‖X)‖u‖X . Then A+Φ
is surjective; i.e., range(A+ Φ) = X∗.

The operators Au0 and Φu0 that appear in Theorem 2.127 are defined by
Au0(v) := A(u0 + v) and similarly for Φu0 . As for the notion of quasi-bounded
and strongly quasi-bounded, we refer to [177, p. 51]. In particular, one has that
any bounded operator is quasi-bounded and strongly quasi-bounded.

2.4 First-Order Evolution Equations

In this section we present the basic functional analytic tools needed in the
study of first-order single- and multivalued evolution equations in the form
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u ∈ X, u′ ∈ X∗ : u′ +Au � f in X∗, u(0) = u0, (2.4)

where X = Lp(0, τ ;V ), 1 < p < ∞, with τ > 0 is the Lp-space of vector-
valued functions u : (0, τ) → V defined on the interval (0, τ) with values in
some Banach space V, and u′ is the generalized or distributional derivative of
the function t 
→ u(t) with respect to t ∈ (0, τ). The right-hand side f ∈ X∗

is given, and A : X → 2X∗
is some (in general) multivalued operator. The

initial values u0 are taken from some Hilbert spaceH such that the embedding
V ⊂ H is continuous and dense. Problem (2.4) provides an abstract framework
for the functional analytic treatment of initial-boundary value problems for
parabolic differential equations and inclusions.

2.4.1 Motivation

To give a motivation for the study of the abstract problem (2.4), let us consider
the classic initial-boundary value problem for the heat equation.

Let Ω ⊂ R
N be a bounded domain with smooth boundary ∂Ω, and denote

Q = Ω × (0, τ) and Γ = ∂Ω × (0, τ) for some τ > 0. We are looking for a
function (x, t) 
→ u(x, t) defined in Ω × [0, τ) such that

ut −Δu = f in Q,
u = 0 on Γ,

u(·, 0) = u0(·) in Ω,
(2.5)

where the right-hand side f : Q → R and the initial values u0 : Ω → R are
given functions. A classic (or strong) solution of (2.5) is a function that satisfies
all equations of (2.5) pointwise in the usual sense. This, however, requires
sufficient smoothness assumptions on the data f and u0 as well as on the
domain Ω. To be able to deal with (2.5) under relaxed regularity assumptions
on the data, one tries instead to consider an appropriate generalized problem
corresponding to (2.5), which in turn leads to the notion of weak solutions.
To make plausible the definition of weak solutions of (2.5), we temporarily
suppose that u is in fact a smooth solution of (2.5). In a similar way as in the
explanation of weak solutions of the Dirichlet problem for elliptic equations
(see Chap. 1), we formally multiply the heat equation by v ∈ C∞

0 (Ω) and
subsequently integrate by parts, which yields

d

dt

∫
Ω

u(x, t)v(x) dx+
∫

Ω

∇u(x, t)∇v(x) dx =
∫

Ω

f(x, t)v(x) dx, (2.6)

for all v ∈ C∞
0 (Ω). As V =W 1,2

0 (Ω) is the closure of C∞
0 (Ω) in W 1,2

0 (Ω), we
see that (2.6) makes perfect sense for v ∈ V and u(·, t) ∈ V with f ∈ L2(Q).
Now we change our viewpoint concerning the function u in that we deal with
the space variable x and the time variable t in different ways. We associate
with u = u(x, t) a mapping (again denoted by u) u : [0, τ) → V defined by

(u(t))(x) = u(x, t), x ∈ Ω, t ∈ [0, τ),
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which means that we are going to consider u not as a function of x and t
together, but as a mapping u : [0, τ) → V. Let H = L2(Ω), and denote by
(·, ·) the inner product in H. Similarly as for u, we interpret the right-hand
side function f as a mapping f : [0, τ) → H according to

(f(t))(x) = f(x, t), x ∈ Ω, t ∈ [0, τ).

By means of the bilinear form a : V × V → R defined by

a(w, v) =
∫

Ω

∇w∇v dx,

we can rewrite (2.6) in the form

d

dt
(u(t), v) + a(u(t), v) = (f(t), v) for all v ∈ V, (2.7)

which together with u(0) = u0 ∈ H represents a weak formulation of the
initial-boundary value problem (2.5) [note that the homogeneous boundary
values are taken into account by u(t) ∈ V ]. For fixed t, let us consider the
mapping v 
→ (f(t), v). Apparently this mapping is linear, and in view of the
continuous embedding V ⊂ H, we have

|(f(t), v)| ≤ ‖f(t)‖H‖v‖H ≤ c‖f(t)‖H‖v‖V ,

which shows that the mapping is bounded. Thus, the mapping v 
→ (f(t), v)
belongs to V ∗; i.e., there is a b ∈ V ∗ such that

〈b, v〉 = (f(t), v), for all v ∈ V,

where 〈·, ·〉 denotes the duality pairing between V and V ∗. Next we will see
that the functional b is defined in a unique way. Assume there is another
h ∈ H that generates the same functional b. It yields

(f(t) − h, v) = 0 for all v ∈ V,

and thus f(t) = h, because V ⊂ H is densely embedded. It allows us to
identify b with f(t). In this way, the element f(t) ∈ H has to be considered
as an element of V ∗, and thus, we have

〈f(t), v〉 = (f(t), v) for all v ∈ V. (2.8)

The bilinear form a defined above, which can easily be seen to be bounded,
generates a linear and bounded operator A : V → V ∗ through

〈Aw, v〉 = a(w, v) for all w, v ∈ V. (2.9)

Thus, by (2.8) and (2.9), we can rewrite (2.7) in the form
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d

dt
(u(t), v) + 〈Au(t), v〉 = 〈f(t), v〉 for all v ∈ V. (2.10)

We will later introduce the generalized or distributional derivative of a vector-
valued function t 
→ u(t), whose derivative u′(t) turns out to have the property

〈u′(t), v〉 =
d

dt
(u(t), v) for all v ∈ V, (2.11)

where d/dt is the generalized derivative of the real-valued function t 
→
(u(t), v) on (0, τ). Equations (2.10) and (2.11) result in the operator equa-
tion

u′(t) +Au(t) = f(t) in V ∗, (2.12)

which is only required to be satisfied for a.e. t ∈ (0, τ).
Let X = L2(0, τ ;V ), and denote by X∗ its dual space, which is given by

X∗ = L2(0, τ ;V ∗) (see Sect. 2.4.2). Furthermore, by means of the operator
A : V → V ∗, we define an operator Â : X → X∗ by

(Âu)(t) = Au(t), t ∈ (0, τ).

Thus, in view of (2.12) and the definition of Â, a generalized formulation of
the initial-boundary value problem (2.5) reads as follows: For given u0 ∈ H
and f ∈ X∗, we seek a function u ∈ X such that u′ ∈ X∗ and

u′ + Âu = f in X∗, u(0) = u0, (2.13)

which is of the abstract form of the (single-valued) evolution equation (2.4).
We observe a few particularities that are typical in the functional analytic

setting of parabolic problems.

(i) The space and time variables x and t are treated differently, and the
function (x, t) 
→ u(x, t) is considered as a vector-valued function.

(ii) The formulation of the given initial-boundary value problem as an ab-
stract operator equation of the form (2.13) requires the use of two spaces
H and V with the need that V ⊂ H is densely and continuously embed-
ded. It leads to the concept of evolution triple: V ⊂ H ⊂ V ∗.

(iii) The solution space for the operator equation (2.13) is given by

W = {u ∈ X : u′ ∈ X∗},

where u′ has to be understood as the distributional derivative of the
vector-valued function u.

In the following subsections, we will give the basic notions and existence
results for the abstract evolution equation (2.4).
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2.4.2 Vector-Valued Functions

Let B be a Banach space with norm ‖ · ‖, B∗ its dual space, and 0 < τ <∞.
We consider vector-valued functions u : [0, τ ] → B and explain first some
notions such as measurability and integrability. Most of the material in this
subsection can be found in [93, 208, 222].

Definition 2.128. Let u and s be vector-valued functions.

(i) s : [0, τ ] → B is called simple (or step function) if it is of the form

s(t) =
m∑

i=1

χEi(t)ui, 0 ≤ t ≤ τ,

where each Ei is a Lebesgue measurable subset of the interval [0, τ ], ui ∈ B
(i = 1, . . . ,m), and χEi

is the characteristic function of Ei.
(ii) u : [0, τ ] → B is strongly measurable if a sequence (sk) of simple functions

sk : [0, τ ] → B exists such that sk(t) → u(t) as k → ∞, for a.e. t ∈ [0, τ ].
(iii) u : [0, τ ] → B is weakly measurable if for each u∗ ∈ B∗ the mapping

t→ 〈u∗, u(t)〉 is Lebesgue measurable.
(iv) u : [0, τ ] → B is almost separably valued if a subset N ⊂ [0, τ ] of zero

measure exists such that the set {u(t) : t ∈ [0, τ ]\N} is a separable subset
of B.

Theorem 2.129 (Pettis). The function u : [0, τ ] → B is strongly measurable
if and only if u is weakly measurable and almost separably valued.

Definition 2.130. The integral of vector-valued functions is defined as fol-
lows:

(i) The integral of the simple function s(t) =
∑m

i=1 χEi
(t)ui is defined by∫ τ

0

s(t) dt =
m∑

i=1

meas(Ei) ui.

(ii) The vector-valued function u : [0, τ ] → B is called integrable if a sequence
(sk) of simple functions exists such that∫ τ

0

‖sk(t) − u(t)‖ dt→ 0 as k → ∞.

(iii) If u : [0, τ ] → B is integrable, its integral is defined by∫ τ

0

u(t) dt = lim
k→∞

∫ τ

0

sk(t) dt.
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Theorem 2.131. The function u : [0, τ ] → B is integrable if and only if u is
strongly measurable and t→ ‖u(t)‖ is integrable. Furthermore, one has∥∥∥∥∫ τ

0

u(t) dt
∥∥∥∥ ≤

∫ τ

0

‖u(t)‖ dt, and
〈
u∗,

∫ τ

0

u(t) dt
〉

=
∫ τ

0

〈u∗, u(t)〉 dt,

for each u∗ ∈ B∗.

Definition 2.132. Let 1 ≤ p ≤ ∞. We denote by Lp(0, τ ;B) the space of
(equivalent classes of) measurable functions u : [0, τ ] → B such that ‖u(·)‖
belongs to Lp(0, τ ; R) with

‖u‖Lp(0,τ ;B) =
(∫ τ

0

‖u(t)‖p dt

)1/p

for 1 ≤ p <∞,

‖u‖L∞(0,τ ;B) = ess sup
0≤t≤τ

‖u(t)‖ <∞.

The space C([0, τ ];B) comprises of all continuous functions u : [0, τ ] → B
with

‖u‖C([0,τ ];B) = max
0≤t≤τ

‖u(t)‖ <∞.

Theorem 2.133. Let B and Y be Banach spaces. Then we have the following
results:

(i) Lp(0, τ ;B) with 1 ≤ p ≤ ∞ and the norm given by Definition 2.132 is a
Banach space.

(ii) C([0, τ ];B) is dense in Lp(0, τ ;B) for 1 ≤ p < ∞, and the embedding
C([0, τ ];B) ⊂ Lp(0, τ ;B) is continuous.

(iii) If B is a Hilbert space with scalar product (·, ·)B , then L2(0, τ ;B) is also
a Hilbert space with the scalar product

(u, v) =
∫ τ

0

(u(t), v(t))B dt.

(iv) Lp(0, τ ;B) is separable if B is separable and 1 ≤ p <∞.
(v) Lp(0, τ ;B) is uniformly (strictly) convex in the case where B is uniformly

(strictly) convex and 1 < p <∞.
(vi) If the embedding B ⊂ Y is continuous, then the embedding

Lr(0, τ ;B) ⊂ Lq(0, τ ;Y ), 1 ≤ q ≤ r ≤ ∞,

is also continuous.
(vii) Let B be a reflexive and separable Banach space, and let 1 < p <

∞, 1/p+ 1/q = 1. Then X = Lp(0, τ ;B) is also reflexive and separable,
and its dual space X∗ is norm-isomorphic to Lq(0, τ ;B∗). Therefore, X∗

and Lq(0, τ ;B∗) may be identified. The duality pairing 〈·, ·〉X between X
and its dual X∗ can be written as

〈v, u〉X =
∫ τ

0

〈v(t), u(t)〉B dt for all u ∈ X, v ∈ X∗.
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Remark 2.134. We usually drop the subscripts X and B in 〈v, u〉X and
〈v(t), u(t)〉B , respectively, because from the context, the type of duality pair-
ing is clear.

2.4.3 Evolution Triple and Generalized Derivative

The material of this subsection is mainly taken from [208, 222].

Definition 2.135 (Evolution Triple). A triple (V,H, V ∗) is called an evo-
lution triple if the following properties hold:

(i) V is a real, separable, and reflexive Banach space, and H is a real, sep-
arable Hilbert space endowed with the scalar product (·, ·).

(ii) The embedding V ⊂ H is continuous, and V is dense in H.
(iii) Identifying H with its dual H∗ by the Riesz map, we then have H ⊂ V ∗

with the equation

〈h, v〉V = (h, v) for h ∈ H ⊂ V ∗, v ∈ V.

Remark 2.136. As V is reflexive and V is dense in H, the space H∗ is dense
in V ∗, and hence, H is dense in V ∗. It is a simple consequence of Proposition
2.25 in Sect. 2.1.2 applied to the embedding operator i : V → H.

Example 2.137. Let Ω ⊂ R
N be a bounded domain with Lipschitz boundary

∂Ω, and let V be a closed subspace of W 1,p(Ω) with 2 ≤ p < ∞ such that
W 1,p

0 (Ω) ⊂ V ⊂ W 1,p(Ω). Then (V,H, V ∗) with H = L2(Ω) is an evolution
triple with all embeddings being, in addition, compact.

Definition 2.138. Let Y, Z be Banach spaces, and u ∈ L1(0, τ ;Y ) and w ∈
L1(0, τ ;Z). Then, the function w is called the generalized derivative of the
function u in (0, τ) iff the following relation holds:∫ τ

0

ϕ′(t)u(t) dt = −
∫ τ

0

ϕ(t)w(t) dt for all ϕ ∈ C∞
0 (0, τ).

We write w = u′.

Theorem 2.139. Let V ⊂ H ⊂ V ∗ be an evolution triple, and let 1 ≤ p, q ≤
∞, 0 < τ < ∞. Let u ∈ Lp(0, τ ;V ); then the generalized derivative u′ ∈
Lq(0, τ ;V ∗) exists iff there is a function w ∈ Lq(0, τ ;V ∗) such that∫ τ

0

(u(t), v)Hϕ
′(t) dt = −

∫ τ

0

〈w(t), v〉V ϕ(t) dt

for all v ∈ V and all ϕ ∈ C∞
0 (0, τ). The generalized derivative u′ is uniquely

defined and u′ = w.
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Definition 2.140. Let V be a real, separable, and reflexive Banach space, and
let X = Lp(0, τ ;V ), 1 < p <∞. A space W is defined by

W = {u ∈ X : u′ ∈ X∗},

where u′ is the generalized derivative, and X∗ = Lq(0, τ ;V ∗), 1/p+ 1/q = 1.

Theorem 2.141 (Lions–Aubin). Let B0, B,B1 be reflexive Banach spaces
with B0 ⊂ B ⊂ B1, and assume B0 ⊂ B is compactly and B ⊂ B1 is contin-
uously embedded. Let 1 < p <∞, 1 < q <∞, and define W by

W = {u ∈ Lp(0, τ ;B0) : u′ ∈ Lq(0, τ ;B1)}.

Then W ⊂ Lp(0, τ ;B) is compactly embedded.

Example 2.142. Let Ω ⊂ R
N be a bounded domain with Lipschitz boundary

∂Ω. As W 1,p(Ω) ⊂ Lp(Ω) is compactly embedded, and Lp(Ω) ⊂ W 1,p(Ω)∗

is continuously embedded for 2 ≤ p < ∞, Theorem 2.141 can be applied by
setting B0 = W 1,p(Ω), B = Lp(Ω) and B1 = W 1,p(Ω)∗, 2 ≤ p < ∞. Thus,
W defined in Definition 2.140, i.e.,

W = {u ∈ Lp(0, τ ;W 1,p(Ω)) : u′ ∈ Lq(0, τ ;W 1,p(Ω)∗)},

is compactly embedded in Lp(0, τ ;Lp(Ω)) ≡ Lp(Q), where Q = Ω × (0, τ).

Let Ω ⊂ R
N be as in Example 2.142, and Γ = ∂Ω × (0, τ). If u ∈ X =

Lp(0, τ ;W 1,p(Ω)), then for a.e. t ∈ (0, τ) the function t 
→ γu(t) ∈ Lp(∂Ω)
is well defined, where γ : W 1,p(Ω) → Lp(∂Ω) denotes the trace operator
(see Theorem 2.75). In view of Theorem 2.133 (vi) and the continuity of
γ : W 1,p(Ω) → Lp(∂Ω), we get that t 
→ γu(t) belongs to Lp(0, τ ;Lp(∂Ω)) ≡
Lp(Γ ). If we denote the mapping that assigns u ∈ X to the vector-valued
function t 
→ γu(t) again by γ, then it follows that γ : X → Lp(Γ ) is linear
and continuous. Moreover, as the trace operator γ : W 1,p(Ω) → Lp(∂Ω) is
even compact, we obtain the following result.

Proposition 2.143. Let Ω ⊂ R
N be a bounded domain with Lipschitz bound-

ary ∂Ω, and let X = Lp(0, τ ;W 1,p(Ω)) with 2 ≤ p < ∞. Then the trace
operator γ :W → Lp(Γ ) is compact.

Proof: We apply Theorem 2.141. To this end, let B0 = W 1,p(Ω), B =
W 1−ε,p(Ω), and B1 = B∗

0 . As B0 ⊂ B is compactly embedded for any
ε ∈ (0, 1), and B ⊂ B1 is continuously embedded, from Theorem 2.141, it fol-
lows thatW ⊂ Lp(0, τ ;W 1−ε,p(Ω)) is compactly embedded. If we select ε such
that 0 < ε < 1 − 1/p, then γ : W 1−ε,p(Ω) → W 1−ε−1/p,p(∂Ω) is linear and
continuous, and thus γ : Lp(0, τ ;W 1−ε,p(Ω)) → Lp(0, τ ;W 1−ε−1/p,p(Ω)) ⊂
Lp(Γ ) is linear and continuous, which due to the compact embedding of
W ⊂ Lp(0, τ ;W 1−ε,p(Ω)) completes the proof. ��
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Theorem 2.144. Let V ⊂ H ⊂ V ∗ be an evolution triple, and let 1 < p <
∞, 1/p+ 1/q = 1, 0 < τ <∞. Then the following hold:

(i) The space W defined in Definition 2.140 is a real, separable, and reflexive
Banach space with the norm

‖u‖W = ‖u‖X + ‖u′‖X∗ .

(ii) The embedding W ⊂ C([0, τ ];H) is continuous.
(iii) For all u, v ∈ W and arbitrary t, s with 0 ≤ s ≤ t ≤ τ, the following

generalized integration by parts formula holds:

(u(t), v(t))H − (u(s), v(s))H =
∫ t

s

〈u′(ζ), v(ζ)〉V + 〈v′(ζ), u(ζ)〉V dζ.

Remark 2.145. The integration by parts formula is equivalent to

d

dt
(u(t), v(t))H = 〈u′(t), v(t)〉V + 〈v′(t), u(t)〉V for a.e. t ∈ (0, τ).

In particular, for u = v, we obtain

d

dt
‖u(t)‖2

H = 2〈u′(t), u(t)〉V ,

which implies ∫ t

s

〈u′(ζ), u(ζ)〉V dζ =
1
2
(‖u(t)‖2

H − ‖u(s)‖2
H). (2.14)

In case that V = W 1,p(Ω), 2 ≤ p < ∞, and H = L2(Ω), we obtain the
following generalization of formula (2.14), which will be useful for obtaining
comparison principles in evolutionary problems.

Lemma 2.146. Let X = Lp(0, τ ;W 1,p(Ω)) with 2 ≤ p < ∞ and W = {u ∈
X : u′ ∈ X∗}, where Ω ⊂ R

N is a bounded domain with Lipschitz boundary
∂Ω. Let θ : R → R be continuous and piecewise continuously differentiable
with θ′ ∈ L∞(R), and θ(0) = 0, and let Θ denote the primitive of θ defined by

Θ(r) =
∫ r

0

θ(s) ds.

Then, for w ∈W , the following formula holds:∫ s

r

〈w′(t), θ(w(t))〉 dt =
∫

Ω

Θ(w(s)) dx−
∫

Ω

Θ(w(r)) dx, (2.15)

for a.e. 0 ≤ r < s ≤ τ.
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Proof: The proof makes use of density arguments and the generalized chain
rule for Sobolev functions (see Lemma 2.84). Note first that in view of the
assumptions on θ and Lemma 2.84, the composed function θ(w) is in X for
w ∈ W. The space C1([0, τ ];C1(Ω)) of smooth functions is dense in W (cf.
[222, Chap. 23]). Let w ∈ W be given. Then there is a sequence (wn) ⊂
C1([0, τ ];C1(Ω)) with wn → w as n → ∞. For the smooth functions wn, we
have ∫ s

r

〈w′
n(t), θ(wn(t))〉 dt =

∫ s

r

∫
Ω

w′
n(x, t)θ(wn(x, t)) dxdt

=
∫ s

r

∫
Ω

∂

∂t

(
Θ(wn(x, t))

)
dxdt

=
∫

Ω

(
Θ(wn(x, s)) −Θ(wn(x, r))

)
dx. (2.16)

The assumptions on θ imply that θ is Lipschitz continuous, and thus, it follows
that for some subsequence of (wn) (again denoted by (wn)),

θ(wn) → θ(w) in X, (2.17)

and due to the continuous embedding W ⊂ C([0, τ ];L2(Ω)), one gets for all
t ∈ [0, τ ]

Θ(wn(t)) → Θ(w(t)) in L2(Ω). (2.18)

By using (2.17), (2.18), we may pass to the limit in (2.16) for some subse-
quence, which completes the proof. ��

Example 2.147. Let θ(s) = s. Then θ trivially satisfies all assumptions of
Lemma 2.146, and the primitive Θ is given by Θ(s) = (1/2)s2, and thus,
formula (2.15) becomes∫ s

r

〈w′(t), w(t)〉 dt =
1
2

∫
Ω

(w(s))2 dx− 1
2

∫
Ω

(w(r))2 dx

=
1
2
(‖w(s)‖2

H − ‖w(r)‖2
H), (2.19)

for all 0 ≤ r < s ≤ τ, where H = L2(Ω), which is formula (2.14.)

The following example will play a crucial rule in obtaining comparison results.

Example 2.148. If θ(s) = s+ = max{s, 0}, then its primitive can easily be seen
to be Θ(s) = (1/2)(s+)2, and thus, for w ∈W , we get the formula∫ s

r

〈w′(t), (w(t))+〉 dt =
1
2
(‖(w(s))+‖2

H − ‖(w(r))+‖2
H). (2.20)
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2.4.4 Existence Results for Evolution Equations

The material of this subsection is mainly based on results obtained in [19, 20,
208]; see also [152, 222].

Let V ⊂ H ⊂ V ∗ be an evolution triple, and let X = Lp(0, τ ;V ), X∗

and W be the spaces of vector-valued functions as defined in Sect. 2.4.3 with
1 < p < ∞, 1/p + 1/q = 1, and 0 < τ < ∞. We provide an existence result
for the evolution equation

u ∈W : u′(t) +A(t)u(t) = f(t), 0 < t < τ, u(0) = 0, (2.21)

where f ∈ X∗ is given and A(t) : V → V ∗ is some operator specified later.
Without loss of generality, homogeneous initial values have been assumed,
because inhomogeneous initial values can be transformed to homogeneous ones
by translation. The generalized derivative Lu = u′ restricted to the subset

D(L) = {u ∈ X : u′ ∈ X∗ and u(0) = 0} = {u ∈W : u(0) = 0}

defines a linear operator L : D(L) → X∗ given by

〈Lu, v〉 =
∫ τ

0

〈u′(t), v(t)〉 dt for all v ∈ X.

The operator L has the following properties.

Lemma 2.149. Let V ⊂ H ⊂ V ∗ be an evolution triple, and let X =
Lp(0, τ ;V ), where 1 < p < ∞. Then the operator L : D(L) ⊂ X → X∗

is densely defined, closed, and maximal monotone.

Proof: First we note that the set M defined by

M = {u ∈ C1([0, τ ];V ) : u(0) = 0}

satisfies M ⊂ D(L) and M = X, which shows that D(L) = X, and thus,
L is densely defined. Due to the continuous embedding W ⊂ C([0, τ ];H), it
follows that D(L) is closed in W , and thus, L is closed. From formula (2.19),
we get

〈Lu, u〉 =
∫ τ

0

〈Lu(t), u(t)〉 dt =
1
2
(‖u(τ)‖2

H − ‖u(0)‖2
H) =

1
2
‖u(τ)‖2

H ≥ 0,

(2.22)

which shows that L is monotone. To prove that L is maximal monotone, we
make use of the characterization of single-valued maximal monotone operators
(see Sect. 2.3.3). To this end, suppose (v, w) ∈ X ×X∗ and

〈w − Lu, v − u〉 ≥ 0 for all u ∈ D(L). (2.23)

We need to show that v ∈ D(L) and w = Lv = v′. Let u be chosen as
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u = ϕz, with ϕ ∈ C∞
0 (0, τ) and z ∈ V.

Obviously, u ∈ D(L) with u′ = ϕ′z, and 〈Lu, u〉 = 0 in view of (2.22). Due to
inequality (2.23), we then have

0 ≤ 〈w, v〉 −
∫ τ

0

〈ϕ′(t)v(t) + ϕ(t)w(t), z〉V dt for all z ∈ V, (2.24)

which implies∫ τ

0

〈ϕ′(t)v(t) + ϕ(t)w(t), z〉V dt = 0 for all ϕ ∈ C∞
0 (0, τ),

and thus, v′ = w. It remains to show that v ∈ D(L). Again by applying
formula (2.22) with u replaced by v − u, we obtain

0 ≤ 〈v′ − u′, v − u〉 =
1
2
(‖v(τ) − u(τ)‖2

H − ‖v(0) − u(0)‖2
H). (2.25)

To complete the proof, we only need to show that v(0) = 0. To this end,
choose a sequence (vn) ⊂ V with τvn → v(τ) in H (note that V is dense in
H) and specialize u(t) = tvn. Then u ∈ D(L), and from (2.25), one obtains

0 ≤ 1
2
(‖v(τ) − τvn‖2

H − ‖v(0)‖2
H),

which by passing to the limit as n→ ∞ results in v(0) = 0. ��

Remark 2.150. With only slight modifications one can prove that L : D(L) ⊂
X → X∗ defined by

Lu = u′ : D(L) = {u ∈ X : u′ ∈ X∗ and u(0) = u(τ)}

is a densely defined, closed, and maximal monotone operator (cf. [222, Propo-
sition 32.10]).

Now we state the following conditions on the time-dependent operators
A(t) : V → V ∗:

(H1) ‖A(t)u‖V ∗ ≤ c0
(
‖u‖p−1

V + k0(t)
)

for all u ∈ V and t ∈ [0, τ ] with some
positive constant c0 and k0 ∈ Lq(0, τ).

(H2) A(t) : V → V ∗ is demicontinuous for each t ∈ [0, τ ].
(H3) The function t→ 〈A(t)u, v〉 is measurable on (0, τ) for all u, v ∈ V.
(H4) 〈A(t)u, u〉 ≥ c1(‖u‖p

V − k1(t)) for all u ∈ V and t ∈ [0, τ ] with some
constant c1 > 0 and some function k1 ∈ L1(0, τ).

Define an operator Â related with A(t) by

Â(u)(t) = A(t)u(t), t ∈ [0, τ ], (2.26)
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which may be considered as the associated Nemytskij operator generated by
the operator-valued function t 
→ A(t). Thus, problem (2.21) corresponds to
the following one:

u ∈ D(L) : Lu+ Â(u) = f in X∗. (2.27)

Definition 2.151. Let D(L) be equipped with the graph norm; that is,

‖u‖L = ‖u‖X + ‖Lu‖X∗ .

The operator Â : X → X∗ is called pseudomonotone with respect to the graph
norm topology of D(L) (or pseudomonotone w.r.t. D(L) for short); if for any
sequence (un) ∈ D(L) satisfying

un ⇀ u in X, Lun ⇀ Lu in X∗, and lim sup
n→∞

〈Â(un), un − u〉 ≤ 0,

it follows that

Â(un)⇀ Â(u) in X∗ and 〈Â(un), un〉 → 〈Â(u), u〉.

In an obvious similar way, the (S+)-condition with respect to D(L) is defined.

For the following surjectivity result, which yields the existence for problem
(2.27), we refer to [19, 152].

Theorem 2.152. Let L : D(L) ⊂ X → X∗ be as given above, and let Â :
X → X∗ defined by (2.26) be bounded, demicontinuous, and pseudomonotone
w.r.t. D(L). If Â is coercive, then (L + Â)(D(L)) = X∗; that is, L + Â is
surjective.

The next result shows that certain properties of the operators A(t) are trans-
fered to its Nemytskij operator Â; cf. [20].

Theorem 2.153. Let hypotheses (H1)–(H4) be satisfied. Then we have the
following results:

(i) If A(t) : V → V ∗ is pseudomonotone for all t ∈ [0, τ ], then Â : X → X∗

is pseudomonotone with respect to D(L) according to Definition 2.151.
(ii) If A(t) : V → V ∗ has the (S+)-property for all t ∈ [0, τ ], then Â : X → X∗

has the (S+)-property with respect to D(L).
(iii) Hypotheses (H1) and (H3) imply that Â : X → X∗ is bounded.
(iv) Hypotheses (H1)–(H3) imply that Â : X → X∗ is demicontinuous.
(v) Hypothesis (H4) implies that Â : X → X∗ is coercive.
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2.4.5 Multivalued Evolution Equations

In this section, we briefly recall a general surjectivity result for multivalued
operators in a real reflexive Banach space X, which allows us to deal with
multivalued evolution equations in the form

u ∈ X : u′ +A(u) � f in X∗, u(0) = u0. (2.28)

To this end, we introduce first the notion of a multivalued pseudomonotone
operator with respect to the graph norm topology of the domain D(L) (w.r.t.
D(L) for short) of some linear, closed, densely defined, and maximal monotone
operator L : D(L) ⊂ X → X∗.

Definition 2.154. Let L : D(L) ⊂ X → X∗ be a linear, closed, densely
defined, and maximal monotone operator. The operator A : X → 2X∗

is called
pseudomonotone w.r.t. D(L) if the following conditions are satisfied:

(i) The set A(u) is nonempty, bounded, closed, and convex for all u ∈ X.
(ii) A is upper semicontinuous from each finite-dimensional subspace of X to

the weak topology of X∗.
(iii) If (un) ⊂ D(L) with un ⇀ u in X, Lun ⇀ Lu in X∗, u∗n ∈ A(un)

with u∗n ⇀ u∗ in X∗, and lim sup〈u∗n, un − u〉 ≤ 0, then u∗ ∈ A(u) and
〈u∗n, un〉 → 〈u∗, u〉.

Definition 2.155. The operator A : X → 2X∗
is called coercive iff either the

domain D(A) of A is bounded or D(A) is unbounded and

inf{〈v∗, v〉 : v∗ ∈ A(v)}
‖v‖X

→ +∞ as ‖v‖X → ∞, v ∈ D(A).

The following surjectivity result can be found in [79, Theorem 1.3.73, p. 62].

Theorem 2.156. Let X be a real reflexive, strictly convex Banach space with
dual space X∗, and let L : D(L) ⊂ X → X∗ be a linear, closed, densely
defined, and maximal monotone operator. If the multivalued operator A : X →
2X∗

is pseudomonotone w.r.t. D(L), bounded, and coercive, then L + A is
surjective; i.e., (L+A)(D(L)) = X∗.

Consider the multivalued evolution equation

u ∈ X : u′ +A(u) � f in X∗, u(0) = 0, (2.29)

where
X = Lp(0, τ ;V ), 1 < p <∞,

and V ⊂ H ⊂ V ∗ is an evolution triple with V being strictly convex. As
earlier, we define the operator L by



2.5 Nonsmooth Analysis 63

Lu = u′, with D(L) = {u ∈W : u(0) = 0} (2.30)

(forW see Definition 2.140). Thus, problem (2.29) can equivalently be written
in the form

u ∈ D(L) : u′ +A(u) � f in X∗. (2.31)

Corollary 2.157. If the multivalued operator A : X → 2X∗
in (2.29) is pseu-

domonotone w.r.t. D(L), bounded, and coercive, then problem (2.29) has at
least one solution.

Proof: In view of Theorem 2.133, the Banach space X is reflexive and strictly
convex. The operator L : D(L) ⊂ X → X∗ given by (2.30) is densely defined,
linear, closed, and maximal monotone (see Lemma 2.149). Thus, the assertion
follows from Theorem 2.156. ��

2.5 Nonsmooth Analysis

The area of nonsmooth analysis is closely related with the development of a
critical point theory for nondifferentiable functions, in particular, for locally
Lipschitz continuous functions based on Clarke’s generalized gradient. It pro-
vides an appropriate mathematical framework to extend the classic critical
point theory for C1-functionals in a natural way, and to meet specific needs in
applications, such as in nonsmooth mechanics and engineering. In this section,
we provide basic facts and results of nonsmooth analysis to such an extent as
it will be needed in the study of the problems we shall be investigating in this
book.

2.5.1 Clarke’s Generalized Gradient

Throughout this section, X stands for a real Banach space endowed with the
norm ‖ · ‖. The dual space of X is denoted X∗, and the notation 〈·, ·〉 means
the duality pairing between X∗ and X.

We recall the following well-known definition.

Definition 2.158. A functional f : X → R is said to be locally Lipschitz if
for every point x ∈ X a neighborhood V of x in X and a constant K > 0 exist
such that

|f(y) − f(z)| ≤ K‖y − z‖, ∀ y, z ∈ V.

Example 2.159. A convex and continuous function f : X → R is locally Lip-
schitz. More generally, a convex function f : X → R, which is bounded above
on a neighborhood of some point is locally Lipschitz (see [68, p. 34]).
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Example 2.160. A functional f : X → R, which is Lipschitz continuous on
bounded subsets of X is locally Lipschitz. The converse assertion is not gen-
erally true. For instance, consider the next situation (given through [203]).
On the Hilbert space �2, let the function f : �2 → R be defined by

f(x) = sup
n≥0

(2n|xn| − n), ∀ x ∈ �2,

where xn are the components of x. The function f is convex, continuous, and
not bounded on the bounded sets. Indeed, f is defined on �2 because for any
x ∈ �2, the set

{n : 2n|xn| − n ≥ 0} =
{
n : |xn| ≥

1
2

}
is finite. The function f is convex because it is the upper hull of the convex
functions fn on �2 given by fn(x) = 2n|xn| −n. We note that f is zero on the
ball centered at 0 and radius 1

2 because 0 = f0(x) ≤ f(x) and 2|xn| ≤ 1 if
‖x‖ < 1

2 . Being bounded on a nonempty open set, the function f is continuous.
Finally, it is seen that f(en) = n, where en is the n-th vector of the canonical
basis of �2. It turns out that the function f is not bounded from above on the
unit sphere in �2. Consequently, the function f is not Lipschitz continuous on
bounded subsets, but as pointed out in Example 2.159, f is locally Lipschitz.

The classic theory of differentiability does not work in the case of locally
Lipschitz functions. However, a suitable subdifferential calculus approach has
been developed by Clarke [68]. Here we give a brief introduction. Further
details can be found in [68, 43, 79, 103, 173].

Definition 2.161. Let f : X → R be a locally Lipschitz function, and fix
two points u, v ∈ X. The generalized directional derivative of f at u in the
direction v is defined as follows:

fo(u; v) = lim sup
x→u

t↓0

f(x+ tv) − f(x)
t

.

As f is locally Lipschitz, it is clear that fo(u; v) ∈ R .

Proposition 2.162. If f : X → R is a locally Lipschitz function, then the
following holds:

(i) The function fo(u; ·) : X → R is subadditive, positively homogeneous,
and satisfies the inequality

|fo(u; v)| ≤ K‖v‖, ∀ v ∈ X,

where K > 0 is the Lipschitz constant of f near the point u ∈ X.
(ii) fo(u;−v) = (−f)o(u; v), ∀ v ∈ X.
(iii) The function (u, v) ∈ X ×X 
→ fo(u; v) ∈ R is upper semicontinuous.
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Proof: The result follows directly from Definition 2.161. ��

The next definition focuses on the case where fo(u; v) reduces to the usual
directional derivative

f ′(u; v) = lim
t↓0
f(u+ tv) − f(u)

t
.

Definition 2.163. A locally Lipschitz function f : X → R is said to be regular
at a point u ∈ X if

(i) the directional derivative f ′(u; v) exists, for every v ∈ X.
(ii) fo(u; v) = f ′(u; v), ∀ v ∈ X.

Significant classes of regular functions are given in the following examples.

Example 2.164. If the function f : X → R is strictly differentiable, that is, for
all u ∈ X, f ′(u) ∈ X∗ exists such that

lim
w→u

t↓0

f(w + tv) − f(w)
t

= 〈f ′(u), v〉, ∀ v ∈ X,

where the convergence is uniform for v in compact sets, then f is locally
Lipschitz and regular in the sense of Definition 2.163. In particular, if f : X →
R is a continuously differentiable function, then f is strictly differentiable, so
it is locally Lipschitz and regular.

Example 2.165. A convex and continuous function f : X → R is regular.

On the basis of Definition 2.161, one introduces the main notion in this
section.

Definition 2.166. The generalized gradient of a locally Lipschitz functional
f : X → R at a point u ∈ X is the subset of X∗ defined by

∂f(u) = {ζ ∈ X∗ : fo(u; v) ≥ 〈ζ, v〉, ∀ v ∈ X}.

By using the Hahn–Banach theorem (see [24, p. 1]), it follows ∂f(u) �= ∅.

Example 2.167. If f : X → R is a locally Lipschitz function that is Gâteaux
differentiable and regular at the point u ∈ X, then one has ∂f(u) = {DGf(u)},
where DGf(u) denotes the Gâteaux differential of f at u. Indeed, as f is
Gâteaux differentiable and regular at u, we may write

〈DGf(u), v〉 = f ′(u; v) = fo(u; v), ∀ v ∈ X,

that implies DGf(u) ∈ ∂f(u). Conversely, if ζ ∈ ∂f(u), from Definitions 2.166
and 2.163 in conjunction with the assumption that f is Gâteaux differentiable
at u, it turns out that

〈ζ, v〉 ≤ fo(u; v) = f ′(u; v) = 〈DGf(u), v〉, ∀ v ∈ X,

so ζ = DGf(u).
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Example 2.168. If f : X → R is continuously differentiable, then ∂f(u) =
{f ′(u)} for all u ∈ X, where f ′(u) denotes the Fréchet differential of f at u.
It is a direct consequence of Example 2.167.

Example 2.169. If f : X → R is convex and continuous, then the generalized
gradient ∂f(u) coincides with the subdifferential of f at u in the sense of
convex analysis. It follows from Examples 2.159 and 2.165.

Remark 2.170. It is seen from Definition 2.166, Example 2.169, and Propo-
sition 2.162(i) that the generalized gradient of a locally Lipschitz functional
f : X → R at a point u ∈ X is given by

∂f(u) = ∂(fo(u; ·))(0),

where in the right-hand side, the subdifferential in the sense of convex analysis
is written.

The next proposition presents some important properties of generalized
gradients.

Proposition 2.171. Let f : X → R be a locally Lipschitz function. Then for
any u ∈ X, the following properties hold:

(i) ∂f(u) is a convex, weak∗-compact subset of X∗ and

‖ζ‖X∗ ≤ K , ∀ ζ ∈ ∂f(u),

where K > 0 is the Lipschitz constant of f near u.
(ii) fo(u; v) = max{〈ζ, v〉 : ζ ∈ ∂f(u)}, ∀ v ∈ X.
(iii) The mapping u 
→ ∂f(u) is weak∗-closed from X into X∗.
(iv) The mapping u 
→ ∂f(u) is upper semicontinuous from X into X∗, where

X∗ is equipped with the weak∗-topology.

Proof: As for (i) and (ii), one applies Definitions 2.161 and 2.166, and as
for (iv), see [68]. To see (iii), let (un) ⊂ X satisfy un → u in X, and let
ζn ∈ ∂f(un) with ζn ⇀∗ ζ in X∗. We need to show that ζ ∈ ∂f(u). By
Definition 2.166, we have 〈ζn, v〉 ≤ fo(un; v) for all v ∈ X, which from the
weak∗-convergence of (ζn) and the upper semicontinuity of the function x 
→
fo(x; v) according to Proposition 2.162(iii) implies

〈ζ, v〉 ≤ lim sup
n→∞

fo(un; v) ≤ fo(u; v) for all v ∈ X,

and thus, ζ ∈ ∂f(u). ��

Remark 2.172. The definitions and results given here are applicable to a lo-
cally Lipschitz function f : U → R on a nonempty, open subset U of the
Banach space X .
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In the final part of this subsection, we present, for the sake of providing
more information on the development of generalized differentiation theory in
variational analysis, some basic elements of another subdifferential calculus for
nonsmooth functionals, namely the one introduced by Mordukhovich ([164],
[165]). The subsequent chapters of the book will not make use of this theory
because we need calculus rules and specific properties related to Clarke’s con-
cept of generalized gradient for locally Lipschitz functionals in the sense of
Definition 2.166 as will be given in the next subsection devoted to calculus,
but we consider that it is useful to outline here the subdifferentiation approach
in [164], [165] (see also [22]).

Given a nonempty subset S of a Banach space X and a point u ∈ S, it
is introduced, for every number ε ≥ 0, the set of ε- normals to S at u as the
subset of X∗ equal to

N̂ε(u;S) = {ζ ∈ X∗ : lim sup
w→u
w∈S

〈ζ, w − u〉
‖w − u‖ ≤ ε}.

The basic normal cone N(u;S) to S at u is defined by

N(u;S) = lim sup
w→u,w∈S

ε↓0
N̂ε(w;S),

where in the right-hand side, the sequential Painlevé–Kuratowski upper limit
is written. Explicitly, this means that

N(u;S) = {ζ ∈ X∗ : there are sequences wk → u with wk ∈ S, εk ↓ 0,

ζk ⇀
∗ ζ with ζk ∈ N̂εk

(wk;S) for all k}.
It is shown in [165, Theorem 2.9] that in the case where X is an Asplund
space (i.e., every separable subspace of X has a separable dual), the formula
of N(u;S) results in

N(u;S) = lim sup
w→u,w∈S

N̂0(w;S).

Now we are in a position to introduce the notion of subdifferential of an
extended real-valued function f : X → [−∞,+∞] at u ∈ X with f(u) ∈ R as
follows:

∂̃f(u) := {ζ ∈ X∗ : (ζ,−1) ∈ N((u, f(u)); epi(f))}.
If f : X → R is locally Lipschitz and X is an Asplund space, the relationship
between the above subdifferential ∂̃f(u) and Clarke’s generalized gradient in
the sense of Definition 2.166 is expressed by the following formula:

∂f(u) = cl∗co ∂̃f(u), for all u ∈ X

(see [165, Theorem 8.11]), where the notation cl∗co stands for the convex
closure in the weak∗ topology on the space X∗.
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2.5.2 Some Calculus

This subsection is devoted to the basic calculus rules with generalized gradi-
ents.

Proposition 2.173. Let f : X → R be a locally Lipschitz function, let λ ∈ R,
and let u ∈ X . Then the following formula holds:

∂(λf)(u) = λ∂f(u).

In particular, one has
∂(−f)(u) = −∂f(u).

Proof: If λ = 0, the property is obvious. If λ > 0, we have

ζ ∈ ∂(λf)(u) ⇐⇒ 〈 1
λ
ζ, v〉 ≤ 1

λ
(λf)o(u; v) = fo(u; v), ∀ v ∈ X

⇐⇒ ζ ∈ λ∂f(u).

If λ < 0, we have ζ ∈ ∂(λf)(u) ⇐⇒

〈 1
λ
ζ, v〉 = − 1

λ
〈ζ,−v〉 ≤ − 1

λ
(λf)o(u;−v) = − 1

λ
(−λf)o(u; v)

= fo(u; v), ∀ v ∈ X

⇐⇒ ζ ∈ λ∂f(u), where Proposition 2.162(ii) has been used. ��

Proposition 2.174. Let f, g : X → R be locally Lipschitz functions. Then
for every u ∈ X, the following inclusion holds:

∂(f + g)(u) ⊂ ∂f(u) + ∂g(u).

If, in addition, the functions f and g are regular at the point u ∈ X, then the
above inclusion becomes an equality, and f + g is regular at u.

Proof: Let ζ ∈ ∂(f + g)(u). Definition 2.166 ensures

〈ζ, v〉 ≤ fo(u; v) + go(u; v), ∀ v ∈ X. (2.32)

Arguing by contradiction, let us admit that ζ �∈ ∂f(u) + ∂g(u). Then, by
separation in the space X∗ endowed with the w∗-topology, w ∈ X exists such
that

〈ζ, w〉 > max{〈z, w〉 : z ∈ ∂f(u) + ∂g(u)}
= max{〈z1, w〉 : z1 ∈ ∂f(u)} + max{〈z2, w〉 : z2 ∈ ∂g(u)}
= fo(u;w) + go(u;w),

where Proposition 2.171(ii) has been employed. It contradicts (2.32), which
proves the first assertion in Proposition 2.174.
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Suppose now that f and g are regular at u in X. Then, by means of
Definition 2.166 for every ζ ∈ ∂f(u) + ∂g(u), we have

〈ζ, v〉 ≤ fo(u; v) + go(u; v)
= f ′(u; v) + g′(u; v)
= (f + g)′(u; v)
≤ (f + g)o(u; v)

for all v ∈ X. We conclude ζ ∈ ∂(f + g)(u), which completes the proof. ��

Remark 2.175. The inclusion of Proposition 2.174 becomes an equality also
when at least one of the two locally Lipschitz functions is strictly differentiable.

We state a useful necessary condition of optimality in the case of locally
Lipschitz functions.

Proposition 2.176. If u ∈ X is a local minimum or maximum point for the
locally Lipschitz function f : X → R, then 0 ∈ ∂f(u).

Proof: We may assume that u is a local minimum (if u is a local maximum,
we can argue with −f). Then we obtain that fo(u; v) ≥ 0, ∀ v ∈ X, which is
equivalent to 0 ∈ ∂f(u). ��

The result below presents the mean value property for locally Lipschitz
functionals due to Lebourg [148].

Theorem 2.177. Let f : X → R be a locally Lipschitz function. Then for all
x, y ∈ X, u = x+ t0(y − x) with 0 < t0 < 1, and ζ ∈ ∂f(u) exist, such that

f(y) − f(x) = 〈ζ, y − x〉.

Proof: Consider the function θ : [0, 1] → R defined by

θ(t) = f(x+ t(y − x)) + t[f(x) − f(y)], ∀ t ∈ [0, 1].

The continuity of θ combined with the equalities θ(0) = θ(1) = f(x) yields a
point t0 ∈ (0, 1) where θ assumes the minimum or maximum. By Proposition
2.176, we find that

0 ∈ ∂θ(t0) ⊂ 〈∂f(x+ t0(y − x)), y − x〉 + [f(x) − f(y)].

The conclusion of Theorem 2.177 follows. ��

Another important result in the calculus with generalized gradients is the
chain rule.

Theorem 2.178. Let F : X → Y be a continuously differentiable mapping
between the Banach spaces X, Y , and let g : Y → R be a locally Lipschitz
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function. Then the function g ◦ F : X → R is locally Lipschitz, and for any
point u ∈ X, the formula holds:

∂(g ◦ F )(u) ⊂ ∂g(F (u)) ◦DF (u), (2.33)

in the sense that every element z ∈ ∂(g ◦ F )(u) can be expressed as

z = DF (u)∗ζ, for some ζ ∈ ∂g(F (u)),

where DF (u)∗ denotes the adjoint operator associated with the Fréchet dif-
ferential DF (u) of F at u. If, in addition, F maps every neighborhood of u
onto a dense subset of a neighborhood of F (u), then (2.33) is satisfied with
equality.

Proof: The mean value theorem for the continuously differentiable mapping
F readily yields that g ◦F is locally Lipschitz. According to Proposition 2.171
(ii), inclusion (2.33) is equivalent to the inequality

(g ◦ F )o(u; v) ≤ max{〈z,DF (u)v〉 : z ∈ ∂g(F (u))〉}
= go(F (u);DF (u)v), ∀ v ∈ X . (2.34)

Fix w, v ∈ X and t > 0. Applying Theorem 2.177 ensures the existence of
t0, t1 ∈ (0, 1) and ζ ∈ ∂g(F (w) + t0(F (w + tv) − F (w))) such that

g ◦ F (w + tv) − g ◦ F (w) = 〈ζ, F (w + tv) − F (w)〉 = t〈ζ,DF (w + t1tv)v〉.

Dividing by t, then letting w → u in X and t → 0, and taking into account
that the multifunction ∂g is upper semicontinuous from X to X∗ endowed
with the w∗-topology [cf. Proposition 2.171(iv)], we obtain (2.34). Assuming
now that F maps an arbitrary neighborhood of u onto a dense subset of a
neighborhood of F (u) implies

go(F (u);DF (u)v) = lim sup
x→u

t↓0

g(F (x) + tDF (u)v) − g(F (x))
t

= lim sup
x→u

t↓0

g(F (x+ tv)) − g(F (x))
t

= (g ◦ F )o(u; v), ∀ v ∈ X.

Therefore, (2.34) holds with equality, so the same is true for (2.33). ��

Corollary 2.179. Under the assumptions of the first part of Theorem 2.178,
if g (or −g) is regular at F (u), then g ◦ F (or −g ◦ F ) is regular at u and
equality holds in (2.33).

Proof: As ∂(−g)(F (u)) = −∂g(F (u)), it is sufficient to suppose that g is
regular at F (u). It turns out that
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go(F (u);DF (u)v) = g′(F (u);DF (u)v)

= lim
t↓0
g(F (u) + tDF (u)v) − g(F (u))

t

= lim
t↓0

[
g(F (u) + tDF (u)v) − g(F (u+ tv))

t

+
g(F (u+ tv)) − g(F (u))

t

]
= (g ◦ F )′(u; v) ≤ (g ◦ F )o(u; v), ∀ v ∈ X.

Consequently, we have equality in (2.34), so equality holds in (2.33). ��

Corollary 2.180. If a linear continuous embedding i : X → Y of the Banach
space X into a Banach space Y exists, then for every locally Lipschitz function
g : Y → R, we have

∂(g ◦ i)(u) ⊂ i∗∂g(i(u)), ∀ u ∈ X.

If, in addition, i(X) is dense in Y , then

∂(g ◦ i)(u) = i∗∂g(i(u)), ∀ u ∈ X.

Proof: One applies Theorem 2.178 for F = i. ��

Finally, we give Aubin–Clarke’s Theorem [9] of subdifferentiation under
the integral sign.

Let numbers m ≥ 1, 1 < p < +∞, and let T be a positive complete
measure space with |T | < ∞, where |T | stands for the measure of T . Let
j : T × R

m → R be a function such that j(·, y) : T → R is measurable
whenever y ∈ R

m, and satisfies either

|j(x, y1) − j(x, y2)| ≤ k(x)|y1 − y2|, a.a. x ∈ T, ∀ y1, y2 ∈ R
m, (2.35)

with a function k ∈ Lq(T ) and 1/p + 1/q = 1, or, j(x, ·) : R
m → R is locally

Lipschitz for almost all x ∈ T and there are a constant c > 0 and a function
h ∈ Lq(T ) such that

|z| ≤ h(x) + c|y|p−1, a.a. x ∈ T, ∀ y ∈ R
m, ∀ z ∈ ∂yj(x, y). (2.36)

The notation ∂yj(x, y) in (2.36) means the generalized gradient of j with re-
spect to the second variable y ∈ R

m; i.e., ∂yj(x, y) = ∂j(x, ·)(y). We introduce
the functional J : Lp(T ; Rm) → R by

J(v) =
∫

T

j(x, v(x))dx , ∀ v ∈ Lp(T ; Rm). (2.37)
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Theorem 2.181 (Aubin-Clarke’s Theorem). Under assumption (2.35) or
(2.36), one has that the functional J : Lp(T ; Rm) → R in (2.37) is Lipschitz
continuous on the bounded subsets of Lp(T ; Rm) and its generalized gradient
satisfies

∂J(u) ⊂ {w ∈ Lq(T ; Rm) : w(x) ∈ ∂yj(x, u(x)) for a.e. x ∈ T}. (2.38)

Moreover, if j(x, ·) is regular at u(x) for almost all x ∈ T , then J is regular
at u and (2.38) holds with equality.

Proof: Using Hölder’s inequality in conjunction with (2.35) or (2.36), one
verifies easily that J is Lipschitz continuous on bounded subsets of Lp(T ; Rm).
Definition 2.161 ensures that the map x 
→ joy(x, u(x); v(x)) is measurable on
T [see the arguments given in the proof of Theorem 2.7.2 in Clarke [68] related
with the superpositional measurability of s 
→ joy(·, s; 1)], where the subscript y
indicates that the generalized directional derivative jo is taken with respect to
the second variable. Furthermore, by assumption (2.35) or (2.36), it is known
that this function is integrable. Let us check the inequality

Jo(u; v) ≤
∫

T

joy(x, u(x); v(x))dx , ∀ u, v ∈ Lp(T ; Rm). (2.39)

If (2.35) is assumed, then Fatou’s lemma leads directly to (2.39). In the case
where (2.36) is admitted, Theorem 2.177 enables us to write

j(x, u(x) + λv(x)) − j(x, u(x))
λ

= 〈ζx, v(x)〉,

with ζx ∈ ∂j(x, u∗(x)) for some u∗(x) lying on the open segment in R
m with

endpoints u(x) and u(x) + λv(x). Then Fatou’s lemma implies (2.39). Notice
that the application of Fatou’s lemma is possible because of the growth condi-
tion in (2.36). In view of (2.39), any z ∈ ∂J(u) belongs to the subdifferential
at 0 of the convex function on Lp(T ; Rm) given by

v ∈ Lp(T ; Rm) 
→
∫

T

joy(x, u(x); v(x))dx ∈ R.

The subdifferentiation under the integral for the convex integrands (see [79])
and Remark 2.170 allow us to conclude that (2.38) holds. Finally, assume
further that j(x, ·) is regular at u(x) for almost all x ∈ T . Then, under either
assumption (2.35) or (2.36), we may apply Fatou’s lemma to get

lim inf
λ↓0

1
λ

(J(u+ λv) − J(u)) ≥
∫

T

j′y(x, u(x); v(x))dx

=
∫

T

j0y(x, u(x); v(x))dx , ∀ v ∈ Lp(T ; Rm).

Combining with (2.39), it follows that the directional derivative J ′(u; v) exists
and J ′(u; v) = Jo(u; v) for every v ∈ Lp(T ; Rm), thus we obtain the regularity
of J at u , as well as the equality
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Jo(u; v) = J ′(u; v) =
∫

T

j′y(x, u(x); v(x))dx , ∀ v ∈ Lp(T ; Rm).

Thereby, due to the regularity assumption for j(x, ·), it is seen that (2.38)
becomes an equality. ��

2.5.3 Critical Point Theory

In this subsection, we present basic elements of a general critical point theory
for nonsmooth functionals I : X → R ∪ {+∞} on a real Banach space X
verifying the structural hypothesis

(H) I = Φ + Ψ , with Φ : X → R locally Lipschitz and Ψ : X → R ∪ {+∞}
convex, lower semicontinuous, and proper (i.e., �≡ +∞).

For more details and developments, we refer to the works [102], [103, Chap.
4], [156], [171, Chap. 3], [173, Chap. 2].

Definition 2.182. An element u ∈ X is called a critical point of the func-
tional I : X → R ∪ {+∞} satisfying (H) if

Φo(u; v − u) + Ψ(v) − Ψ(u) ≥ 0 ∀ v ∈ X, (2.40)

where the notation Φo(u; ·) means the generalized directional derivative of Φ
at u (see Definition 2.161).

Definition 2.182 can be expressed equivalently as follows.

Proposition 2.183. An element u ∈ X is a critical point of the functional
I : X → R ∪ {+∞} satisfying (H) if and only if u ∈ D(∂Ψ) and

0 ∈ ∂Φ(u) + ∂Ψ(u), (2.41)

where the notations ∂Φ(u) and ∂Ψ(u) stand for the generalized gradient of
Φ at u and the subdifferential (in the sense of convex analysis) of Ψ at u,
respectively, whereas D(∂Ψ) denotes the domain of the subdifferential ∂Ψ ; i.e.,
D(∂Ψ) = {x ∈ X : ∂Ψ(x) �= ∅}.

Proof: Assume that u ∈ X satisfies relation (2.40), or equivalently,

Φo(u;w) + Ψ(w + u) − Ψ(u) ≥ 0 ∀ w ∈ X.

It follows that 0 is a minimum point of the convex function

w 
→ Φo(u;w) + Ψ(w + u) − Ψ(u),

so u ∈ D(∂Ψ), and by using the subdifferential calculus for convex functions,

0 ∈ ∂(Φo(u; ·)+Ψ(·+u)−Ψ(u))(0) = ∂(Φo(u; ·))(0)+∂Ψ(u) = ∂Φ(u)+∂Ψ(u)
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(see the last part of the statement of Proposition 2.174). Conversely, if (2.41)
is satisfied, ξ ∈ ∂Φ(u) and η ∈ ∂Ψ(u) exist such that 0 = ξ + η in X∗. Taking
into account Definition 2.166 and because η ∈ ∂Ψ(u), we derive

Φo(u; v − u) + Ψ(v) − Ψ(u) ≥ 〈ξ, v − u〉 + 〈η, v − u〉 = 〈ξ + η, v − u〉 = 0

for all v ∈ X. ��

Corollary 2.184. Let Φ : X → R be a locally Lipschitz function, and let K
be a nonempty, closed, convex subset of X. Denote by IK : X → R ∪ {+∞}
the indicator function of K; i.e., IK(x) = 0 whenever x ∈ K and IK = +∞
otherwise. Then u ∈ X is a critical point of Φ+ IK if and only if u ∈ K and
0 ∈ ∂Φ(u) + NK(u), where NK(u) = {η ∈ X∗ : 〈η, v − u〉 ≤ 0, ∀v ∈ K} is
the normal cone of K at u.

Proof: One applies Proposition 2.183 for Ψ = IK . ��

The examples below illustrate the concept of critical point introduced in
Definition 2.182.

Example 2.185. Every local minimum u ∈ X of a nonsmooth functional I :
X → R∪{+∞} satisfying (H) with I(u) < +∞ is a critical point in the sense
of Definition 2.182. Indeed, if u ∈ X with I(u) < +∞ is a local minimum of
I, then, by convexity of Ψ , for any v ∈ X and a small t > 0, we have

0 ≤ I(u+ t(v − u)) − I(u) ≤ Φ(u+ t(v − u)) − Φ(u) + t(Ψ(v) − Ψ(u)).

Dividing by t and letting t→ 0+, we deduce that u fulfills Definition 2.182.

Example 2.186. Every minimum u ∈ X of Φ|K with Φ : X → R locally Lip-
schitz and a nonempty, closed, convex subset K ⊂ X is a critical point of
Φ+ IK in the sense of Definition 2.182. Indeed, if u is a minimum of Φ on K,
then u ∈ K and

inf
X

(Φ+ IK) = (Φ+ IK)(u) = Φ(u),

and Example 2.185 leads to the desired conclusion.

Example 2.187. Every local maximum u ∈ X of a nonsmooth functional I :
X → R∪{+∞} satisfying (H) with I(u) < +∞ is a critical point in the sense
of Definition 2.182. Indeed, under the given hypotheses, u is in the interior of
the effective domain of Ψ , and thus, Ψ is Lipschitz continuous near u. Actually,
I = Φ+ Ψ is Lipschitz continuous near u and Proposition 2.174 yields

0 ∈ ∂I(u) = ∂(Φ+ Ψ)(u) ⊂ ∂Φ(u) + ∂Ψ(u),

where ∂Φ(u) is the generalized gradient of Φ and ∂Ψ(u) is the subdifferen-
tial of Ψ in the sense of convex analysis (see Example 2.169). According to
Proposition 2.183, u is a critical point of I.
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Example 2.188. Let Φ : X → R be a locally Lipschitz function. Setting Ψ = 0
in (H), we see by Definition 2.182 that u ∈ X is a critical point of Φ if and only
if 0 ∈ ∂Φ(u). Therefore, in this case, Definition 2.182 reduces to the definition
of Chang [64] for a critical point of a locally Lipschitz function. In particular,
if Φ ∈ C1(X) and Ψ = 0 in (H), one obtains the notion of critical point in the
smooth critical point theory.

Example 2.189. Consider in assumption (H) that Φ ∈ C1(X) and Ψ : X → R∪
{+∞} is convex, lower semicontinuous, and proper. Notice that the functional
I = Φ + Ψ : X → R ∪ {+∞} complies with hypothesis (H). Then, according
to Definition 2.182, u ∈ X is a critical point of I = Φ+ Ψ if and only if

〈Φ′(u), v − u〉 + Ψ(v) − Ψ(u) ≥ 0 ∀ v ∈ X;

i.e., −Φ′(u) ∈ ∂Ψ(u). Consequently, in this case, Definition 2.182 reduces to
the definition of critical point as given by Szulkin [211].

We present the Palais–Smale condition for the class of nonsmooth func-
tionals satisfying the structural hypothesis (H).

Definition 2.190. The functional I = Φ + Ψ : X → R ∪ {+∞} in (H) is
said to satisfy the Palais–Smale condition (for short, (PS)) if every sequence
(un) ⊂ X such that (I(un)) is bounded in R and

Φo(un; v − un) + Ψ(v) − Ψ(un) ≥ −εn‖v − un‖, ∀ v ∈ X,

for a sequence (εn) with εn ↓ 0, contains a strongly convergent subsequence.

Example 2.191. If Φ ∈ C1(X) and Ψ : X → R ∪ {+∞} is convex, lower
semicontinuous, and proper, then Definition 2.190 coincides with the (PS)
condition in the sense of Szulkin [211]. In particular, if Φ ∈ C1(X) and Ψ = 0,
then Definition 2.190 is the usual smooth (PS) condition.

We need the following result from [211].

Lemma 2.192. Let χ : X → R ∪ {+∞} be a lower semicontinuous, convex
function with χ(0) = 0. If

χ(x) ≥ −‖x‖, ∀ x ∈ X,

then z ∈ X∗ exists such that ‖z‖X∗ ≤ 1 and

χ(x) ≥ 〈z, x〉, ∀ x ∈ X.

Proof: Consider the following convex subsets A and B of X × R :

A = {(x, t) ∈ X × R : ‖x‖ < −t} and B = {(x, t) ∈ X × R : χ(x) ≤ t}.
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Notice that A is an open set, and due to the condition χ(x) ≥ −‖x‖, one has
A∩B = ∅. A well-known separation result (see [24, p. 5]) yields the existence
of α, β ∈ R and w ∈ X∗ such that (w,α) �= (0, 0),

〈w, x〉 − αt ≥ β , ∀ (x, t) ∈ Ā

and
〈w, x〉 − αt ≤ β , ∀ (x, t) ∈ B.

We see that β = 0 because (0, 0) ∈ Ā∩B. Set t = −‖x‖ in the first inequality
above. It follows that 〈w, x〉 ≥ −α‖x‖, ∀ x ∈ X, which implies α > 0 and
‖w‖X∗ ≤ α. Set z = α−1w. Using t = χ(x), we deduce that 〈z, x〉 ≤ χ(x),
∀ x ∈ X. As ‖w‖X∗ ≤ α, we obtain ‖z‖X∗ ≤ 1. ��

The following result establishes the equivalence between Definition 2.190
with Ψ = 0 and the (PS) condition in the sense of Chang [64].

Proposition 2.193. A locally Lipschitz function Φ : X → R satisfies the
(PS) condition in the sense of Definition 2.190 if and only if Φ verifies the
Palais–Smale condition as defined in [64].

Proof: Assume that the locally Lipschitz function Φ : X → R satisfies the
(PS) condition formulated in Definition 2.190. Let a sequence (un) ⊂ X with
Φ(un) bounded and for which

λ(un) = inf
w∈∂Φ(un)

‖w‖X∗ → 0 as n→ ∞.

It is known from Proposition 2.171 (i) that an element zn ∈ ∂Φ(un) can be
found such that λ(un) = ‖zn‖X∗ . As

Φo(un; v) ≥ 〈zn, v〉 ≥ −‖zn‖X∗ ‖v‖, ∀ v ∈ X,

the inequality in Definition 2.190 (with Ψ = 0) is verified with εn = ‖zn‖.
It implies that (un) possesses a convergent subsequence, which ensures the
Palais–Smale condition in the sense of [64].

Conversely, we suppose that Φ verifies the Palais–Smale condition in the
sense of [64]. Let (un) be a sequence as in Definition 2.190. We can apply
Lemma 2.192 for χ = 1

εn
Φo(un; ·), which gives an element wn ∈ X∗ with

‖wn‖X∗ ≤ 1 and
1
εn
Φo(un;x) ≥ 〈wn, x〉, ∀ x ∈ X.

It follows that εnwn ∈ ∂Φ(un) and εnwn → 0 in X∗ as n→ ∞. According to
the Palais–Smale condition in [64], we have that (un) contains a convergent
subsequence, so the (PS) condition in the sense of Definition 2.190 holds. ��
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2.5.4 Linking Theorem

The objective of this subsection is to provide sufficient conditions for the
existence of critical points in the setting of functionals of type (H) in Sect.
2.5.3. We start with the following minimization result.

Theorem 2.194. Assume that the function I = Φ + Ψ : X → R ∪ {+∞}
satisfies hypothesis (H), is bounded from below, and verifies the (PS) condition.
Then u ∈ X exists such that I(u) = infX I ∈ R and u is a critical point of I
in the sense of Definition 2.182.

Proof: Denote m = infX I ∈ R. We find a (minimizing) sequence (un) ⊂ X
such that

I(un) < m+ ε2n,

for a sequence (εn) of positive numbers, with εn ↓ 0. Applying Ekeland’s
variational principle (cf. [91]) to the function I, a sequence (vn) ⊂ X exists
such that

I(vn) < m+ ε2n
and

I(v) ≥ I(vn) − εn‖vn − v‖, ∀ v ∈ X, ∀ n ∈ N.

Setting v = (1− t)vn + tw in the above inequality, for arbitrary 0 < t < 1 and
w ∈ X, we obtain

Φ((1 − t)vn + tw) + Ψ((1 − t)vn + tw)
≥ Φ(vn) + Ψ(vn) − εnt‖w − vn‖, ∀ w ∈ X, ∀ t ∈ (0, 1).

The convexity of Ψ : X → R ∪ {+∞} yields

Φ((1 − t)vn + tw) − tΨ(vn) + tΨ(w)
≥ Φ(vn) − εnt‖w − vn‖, ∀ w ∈ X, ∀ t ∈ (0, 1).

Dividing by t and letting t ↓ 0, we deduce that for all w ∈ X, one has

Φo(vn;w − vn) + Ψ(w) − Ψ(vn)

≥ lim sup
t↓0

1
t
(Φ(vn + t(w − vn)) − Φ(vn)) + Ψ(w) − Ψ(vn) ≥ −εn‖w − vn‖.

On the other hand, we have Φ(vn) + Ψ(vn) → m as n → ∞. Then the (PS)
condition (see Definition 2.190) implies that along a relabelled subsequence
vn → u in X, for some u ∈ X. The lower semicontinuity of I yields I(u) ≤
lim infn→∞ I(vn) ≤ m, so I(u) = m . Making use of Example 2.185, we derive
that u is a critical point of I. ��

We now focus on the existence of critical points for functionals of type (H)
that are not obtained by minimization, thus, saddle-points. The subsequent
minimax principle makes use of the notion of linking as given in [88].
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Definition 2.195. Let S be a nonempty closed subset of the Banach space X,
and let Q be a compact topological submanifold of X with nonempty boundary
∂Q (in the sense of manifolds with boundary). We say that S and Q link if
S ∩ ∂Q = ∅ and f(Q) ∩ S �= ∅ whenever f ∈ Γ , where

Γ := {f ∈ C(Q,X) : f |∂Q = id∂Q}.

Example 2.196. Let X = E × R, with a Banach space E, and let 0 < ρ < r.
The sets S = E × {ρ} and Q = {(0, tr) ∈ E × R : t ∈ [0, 1]} link.

The following result given in [171, Chap. 3] provides critical points of
saddle-point type for nonsmooth functionals having the structure in (H).

Theorem 2.197. Let the functional I : X → R ∪ {+∞} satisfy assumptions
(H) and (PS). Let S and Q link in the sense of Definition 2.195. Assume
further that

sup
Q
I ∈ R, b := inf

S
I ∈ R, a := sup

∂Q
I < b.

Then the number
c := inf

f∈Γ
sup
x∈Q

I(f(x)),

with Γ in Definition 2.195, is a critical value of I; that is, there is a critical
point u of I in the sense of Definition 2.182 and I(u) = c. Moreover, c ≥ b.

Proof: The inequality c ≥ b is a direct consequence of linking property in
Definition 2.195. Arguing by contradiction we assume that c is not a critical
value of I. Applying the deformation result in Theorem 3.1 in [171], with
ε̄ = c − a > 0, we get an ε ∈ (0, ε̄) as stated therein. Define Γ1 as the set of
all continuous mappings ϕ : Q→ X such that

ϕ(∂Q) ⊂
{
x ∈ X : I(x) ≤ c− ε

2

}
and ϕ|∂Q, id∂Q are homotopic maps from ∂Q into

{
x ∈ X : I(x) ≤ c− ε

4

}
.

We have idQ ∈ Γ1 . Using the definitions of c and Γ1, we obtain

c = inf
ϕ∈Γ1

sup
x∈Q

I(ϕ(x)). (2.42)

It is seen that Γ1 is a closed subset of the Banach space C(Q;X) with respect
to the uniform norm ‖ϕ‖ = supx∈Q ‖ϕ(x)‖. Consider the lower semicontinuous
functional Π : Γ1 → R ∪ {+∞} defined by

Π(ϕ) = sup
x∈Q

I(ϕ(x)), ∀ϕ ∈ Γ1.

Taking into account (2.42), Ekeland’s variational principle [91] applied to the
function Π on Γ1 yields a ϕ ∈ Γ1 satisfying c ≤ Π(ϕ) ≤ c+ ε and
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Π(ψ) −Π(ϕ) ≥ −ε‖ψ − ϕ‖, ∀ ψ ∈ Γ1 . (2.43)

Theorem 3.1 in [171] provides a deformation hϕ :W×[0, s̄] → X corresponding
to the compact set A = ϕ(Q), where W is a closed neighborhood of A in X
and s̄ is a positive number, satisfying

‖v − hϕ(v, s)‖ ≤ s , ∀ v ∈W, ∀ s ∈ [0, s̄], (2.44)

sup
v∈A

I(hϕ(v, s)) − sup
v∈A

I(v) ≤ −2εs , ∀ s ∈ [0, s̄]. (2.45)

Let us show that for s̄ > 0 small enough, we have

hϕ(ϕ(·), s) ∈ Γ1 , ∀ s ∈ [0, s̄]. (2.46)

To prove (2.46), it suffices to note that hϕ(ϕ(·), s)|∂Q and ϕ|∂Q are homotopic
maps from ∂Q into

{
x ∈ X : I(x) ≤ c− ε

2

}
. Such a homotopy is (x, t) 
→

hϕ(ϕ(x), ts) as can be seen from (2.44) and (2.46). It follows from (2.45),
(2.46), (2.43), and (2.44) that

−2εs ≥ Π(hϕ(ϕ(·), s)) −Π(ϕ)
≥ −ε‖hϕ(ϕ(·), s) − ϕ‖ ≥ −εs , ∀ 0 ≤ s ≤ s̄ .

This contradiction proves that our initial assumption that c is not a critical
value of I is not possible, which completes the proof. ��

Corollary 2.198. Let E be a Banach space, let Φ : E × R → R be locally
Lipschitz, and let Ψ : E × R → R ∪ {+∞} be proper, convex, and lower
semicontinuous. Suppose that the function

F = Φ+ Ψ : E × R → R ∪ {+∞}

satisfies the (PS) condition and positive numbers ρ and r exist with ρ < r
such that F (0, 0) ≤ 0, F (0, r) ≤ 0, 0 < inf

v∈E
F (v, ρ) < +∞. Then

c = inf{ sup
t∈[0,1]

F (g(t)) : g ∈ C([0, 1], E × R), g(0) = (0, 0), g(1) = (0, r)}

is a critical value of F , and we have the estimate

inf
v∈E

F (v, ρ) ≤ c ≤ sup
t∈[0,1]

F (0, tr).

Proof: Apply Theorem 2.197 with X = E × R and I = F using the linking
in Example 2.196. The last inequality above is obtained by taking the path
g(t) = (0, tr) for all t ∈ [0, 1]. ��

Remark 2.199. In the general setting of nonsmooth functionals verifying hy-
pothesis (H), Theorem 2.197 incorporates important minimax results in the
critical point theory such as the mountain-pass theorem, saddle-point theo-
rem, and generalized mountain-pass theorem.
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Remark 2.200. A basic hypothesis in Theorem 2.197 is that b > a. Under
the situation of linking in Theorem 2.197, we then have c > a. As from the
expression of the minimax value c it is seen that always c ≥ a, the situation
that is not covered by Theorem 2.197 is the so-called liming case c = a. The
specific situation c = a is treated in [156].
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