2
Generic Mathematical Models for the
Flow Shop Lot Streaming Problem

2.1 Introduction

To comprehend the intricacies of a problem situation, it is best to represent it, if
possible, as a mathematical model. A mathematical model can also help in possi-
bly identifying some inherent structural properties of the problem and in devising
an appropriate algorithm for its solution. Chapter 1 contains a brief review of work
on the flow shop lot streaming problems. This work has focused on addressing
two-machine, three-machine, and the general m-machine scenarios. In this chap-
ter, we develop some generic mathematical models for the lot streaming problem
that encompass all of these scenarios and also that address various features perti-
nent to lot streaming. We present these models in Sect. 2.2 and also give their illus-
trations using simple examples. The key features of the models that are presented
in this section are summarized in Table 2.1. In Sect. 2.3, we introduce mathemati-
cal models for some special cases of the flow shop lot streaming problem that have
been presented in the literature.

2.2 Some Generic Mathematical Models for the Flow Shop
Lot Streaming Problem

2.2.1 Notation

We define the following notation in addition to that presented in Sect. 1.3.2.
Parameters:

RT;; Removal time of lot j on machine k

FT;  Fixed transfer time for lot j

VT;  Variable transfer time per unit for lot j

Tjk Sublot-attached setup time for a sublot of lot j on machine k
G A large positive number used to make a constraint redundant
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Variables:

sijx  Sublot size of the ith sublot of lot j on machine k; a general-
ization of the definition of sublot sizes presented in Sect. 1.3.2
Cijr Completion time of the ith sublot of lot j on machine k; the
subscript j is omitted for problems involving a single lot
~ ) 1,if lot i precedes lot j
Yij _{ 0, otherwise.

2.2.2  m/N/AC,E,VIAILNIY/{CV,DV}/{Lot-Attached Setup
and Removal Times, Sublot Transfer Times,
No Intermingling}

The lot streaming problem involving multiple lots deals with the issue of find-
ing the sublot sizes for each lot and the sequence in which to process the lots in
order to optimize a performance measure. Here, we consider the objective of min-
imizing the makespan. However, other performance measures can be conveniently
included in the formulations that we present. We make the following assumptions.

1. The sublot transfer times are variable and comprise of two parts, a fixed com-
ponent, which remains the same for all the sublots of a particular lot and a
variable component, which depends on the size of the sublot and is given by
VT - sijk-

2. The removal times are attached to the last sublot of each lot and are independent
of the sequence in which the lots are processed.

3. The number of sublots for all lots is known in advance.

Generic Model 1 (GM1):
Minimize: Cax
Subject to:

1. Makespan Constraint:

Cmax > Cn/m + Rij’Vn/,] = 1, e, N.

This constraint captures the makespan Cpax, Which is the largest among the
completion times of the last sublots of all the lots on the last machine (m).

2. Item Allocation Constraint:
nj
Y sup=Uj, ¥j=1,... . Nk=1..m
u=1

This constraint ensures that the sum of the items in the sublots of a lot, j(j =
1,..., N) that is processed on machine k(k = 1, ..., N) must be equal to the
total number of items in that lot.

The next two constraints capture the type of sublots involved. Constraint (3)
can be used in case we have consistent sublots while Constraints (3) and (4)
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together, capture the requirement of equal sublot sizes. We consider the case of
variable sublot sizes later.

. Consistent Sublot Constraint:

Sijk = Sijk+1, Vi=1,...,n;,j=1,...,N,k=1,...,(m—1).

Equal Sublot Constraint:

Sijk:S(i-',-l)jk, Vj=1,...,N,k=l,...,m.

Lot-attached Setup Constraint:
Slij\IJ, Vj:l,...,N,k:l,...,m,

where ¥ is the minimum number of items required to perform a setup on any
machine. In the presence of lot-attached setups, the setup time is associated
with the first sublot of every lot. However, there might be technological con-
straints on the minimum number of items required to perform a setup. The
constraint above ensures that the size of the first sublot of all the lots is greater
than 1, thus ensuring that a setup can always be performed once the first sublot
has been transferred to machine k& from machine (k — 1).

. Sublot Size Constraint:

S,‘ijO, Vi=2,...,nj,j=1,...,N,k=1,...,m.

This constraint ensures nonnegative sublot sizes. These may also be restricted
to take integer or real (continuous) values.

Sequential Processing Constraint:

(a) First sublot:

Cljt+1) — Pjt+DS1jk+1) = Crjk +tjgrry + FTj + VTjsyji,
Vi=1,...,Nk=1,...,(m—1).

This constraint ensures that the first sublot begins processing on machine
(k + 1) only after it has completed processing on machine k, has been trans-
ferred to machine (k + 1) and the setup on machine (k + 1) has been com-
pleted.

(b) For sublots 2,... n;:

Cijte+1) = PjktnSijkt) = Cijie + FTj + VTjsiji,
Vi=2,...,n;,j=1,...,N,k=1,...,(m—1).
This constraint ensures that all the sublots, excluding the first one, begin

processing on the (k+ 1) th machine only after they have finished processing
on the kth machine and have been transferred to machine (k + 1).
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By replacing the above inequalities with equalities, the formulation can be

adapted to the no-wait flow shop.

8. No-Intermingling Constraint for Machines 1.. . ., m:

(a) (i, j) precedes (i’, j)

(Cirj = pyasivjn) = (Ciji = pjsiji) + G (1= yyp)

i1 i'—1
z (U.i - Zsu,/k) Pjk + RTji +tjk + pjk Z Suj'kes

u=1 u=1
V@i, j)and G'j): j#ji=1,...,nj,j=1,...,N,
i'=1,....np,j'=1,...,Nk=1,...,m.

(b) (i’, j") precedes (i, j)

(Cijk = pjrsijk) = (Cirjk — pjnsicjix) + Gyjijr
i'—1 i1
> Uj’_Zsuj/k Pj’k+RTj/k+tjk+ijzsujka
u=1 u=1

V@i, j)and (', j):j#ji=1,....,nj,j=1,...,N,

i = 1,...,nj/,j’= 1,....,N,k=1,...,m.

For any two lots j and j'(j # j'), we have two possibilities, namely, j pre-
cedes j’ or j' precedes j. Since, either one must hold, these are referred to
as disjunctive constraints. To model these into the formulation, we define a
binary variable y;; which takes a value of 1 if j precedes j’, and 0, other-
wise. If it takes a value 1, then (8a) holds true since G(1 — y;;) = 0 and
(8b) becomes redundant. On the other hand, if y;;/ takes a value of zero,
then (8b) is enforced and (8a) becomes redundant. For any pair of sublots
(i, j) and (i, j') : j # j', the terms on the right hand side of (8a) ensure
that the difference between the start times of sublots i and i’ is atleast equal
to the sum of the processing times of the sublots i to n; of lot j and 1 to
(i’ — 1) of lot j’, the removal time for lot j and setup time for lot j’. These
constraints are enforced for all pairs of sublots belonging to lots j and j’,
and on all the machines.

By replacing the above inequalities with equalities, the formulation can be

adapted to the scenario when no intermittent idling is permitted.

9. Station Capacity Constraint:
(a) First sublot of any lot on Machine 1:

c1j1 — pjisij1 = tj1, Yj=1,...,N.

This constraint ensures that the processing of the first sublot, of any lot

appearing first in the sequence, begins after its setup has been completed.
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(b) Sublots 2, . .., n; of any lot on Machine 1:
Cirnj1 —pjisi+nj1 =Cij1, Vi=1,...,(n;—=1),j=1,...,N.

This constraint captures the fact that the (i + 1)th sublot of lot j should begin
processing on machine 1 only after the completion of its ith sublot.
(c) All sublots on machinesk =2, ..., m:

Ci+1)jk — PjkSGi+1)jk
ZCijkv VZ:]3’(nj_])’]=]”N’k=2"m

This constraint ensures that for all the lots processed on machines k =
2,...,m,the (i + 1)th sublot of lot j begins processing on machine k only
after the completion of its ith sublot on that machine.

Example 2.1 To illustrate the above model, consider a two-machine, three-lot
flow shop with the data shown in Tables 2.2 and 2.3. The sublot sizes are consis-
tent, restricted to take integer values and intermittent idling is permitted. Recall, G
is a large positive number; G = 5, 000 was used in this and subsequent problems.

In lieu of the above data, model GM1 can be written as follows.
Minimize: Cpax
Subject to:

Makespan Constraint:

CmaX>anj2+RTj2, an,j=1,2,3.

Item Allocation Constraint:
nj
Zsujk =Uj, Vj=1,23k=1,2.

u=1

TABLE 2.2. Data for the Illustration of lot-attached setup model

Processing time Setup time Removal time
M/C 1 M/C 2 M/C 1 M/C 2 M/C 1 M/C 2
Lot 1 2 1 1 2 2 1
Lot2 2 3 2 1 2 2
Lot 3 1 2 2 2 1 2

TABLE 2.3. Data for the Illustration of lot-attached setup model

nj U j rj FT Ji VTj
Lot 1 2 4 0 1 1
Lot 2 4 6 0 2 1
Lot 3 3 5 0 1 1
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Consistent Sublot Constraint:
sijt =sij2, Vi=1,...,nj,j=12,3.
Attached-Setup Constraint:
sijk=>1, Vji=1,2,3k=1,2.

Sublot Size Constraint:

sijk = 0, integer, Vi=2,...,n;,j=12,3k=1,2.
Sequential Processing Constraint:
(a) First sublot:

Cijp—pjasijp+ FT;+ VTjs1j1+tjp, Vj=123.
(b) For sublots 2, .. ., n;:
Cija—pj2sij2 = Cijt + FT; +VTj-s;j1, Vi=2,...,n;,j=172,3.

No-Intermingling Constraint for Machines 1 & 2:
(a) (i, j) precedes (i’, j/)

(Cirjik — pjsitjx) — (Cijk — pjksiji) + G(1 = yjj)
i'—1

i=1
> (Uj - Zsujk> Pjk + RTji +tjk + pjrk Zsuj’kv
u=1

u=1
VG, pand (' j) A£G i= =123, =1, nj,
P =1,23k=1,2.

(b) (i’, j') precedes (i, j)

(Cijk = pjrsijk) = (Cirjrk — pjxsi ) + Gyije
i'—1 i=1

>\ Uy =Y supkc | Pjok+ RTjk + tjk + pj Y Sujis

u=1 u=1
V(i,j)and(i’,j’):j;éj',iz1,...,nj,j=1,2,3,i/=1,...,nj/,
P =1,23,k=1,2.

Station Capacity Constraint:

(a) First sublot of any lot on Machine 1:

Cij1 — pj1sij1 = tj1, Vj=1,2,3.

39
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TABLE 2.4. Solution for the illustrative Example 2.1

Lot 1 Lot 2 Lot 3
Consistent sublot sizes 51 52 51 52 53 54 51 52 53
2 2 1 1 1 3 1 1 3
Start time on machine 1 33 37 11 13 15 17 2 3 4
Start time on machine 2 42 44 20 23 26 29 7 9 11
Optimal sequence of lots 3-2-1
Optimal makespan 47

(b) Sublots 2, .. ., n; of any lot on Machine 1:

Civnj1—pj1-Si+nj1 =Cij1, Yi=2,...,(n; —1),j=12,3.
(c) All sublots on machines 2:

Ci+njz—pj2-Si+nj2 = Cijp,Vi=1,....(n; = 1), j=1273.

The above model was coded using AMPL and was solved using the CPLEX
optimization software. The optimal sublot sizes and the sequence in which to
process the lots are shown in Table 2.4.

2.2.3  m/N/AC,E,VI/AILNI}/{CV,DV}/{Lot-Detached Setup and
Removal Times, Sublot Transfer Times, No
Intermingling}

The generic formulation above (GM1) can easily be adapted to the case of
detached setup (designated as model GM2) by making the following changes.

1. The lot-attached setup constraint (5) can be relaxed since the setups are
detached.

2. The Sequential Processing constraints (7a) and (7b) can be combined to give a
single constraint as follows:

Cija+1) = Pjk+1Sijk+1) = Ciji + FT; + VTjsiji,
Vi=1,...,nj,j=1,...,N,k=1,...,(m—1).

3. The Station Capacity constraint (9a) now becomes
Cijk — PjkSijk > tjk, Vj= 1,....N,k=1,...,m.

This constraint ensures that the first sublot of any lot starts after the setup
has been completed. It needs to be enforced for machines 2, ..., m explicitly
and is not implied by the Sequential Processing constraint since the setups are
detached.
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TABLE 2.5. Data for the illustrative lot-detached setup problem

Processing time Setup time Removal time
M/C 1 M/C 2 M/C 1 M/C2 M/C 1 M/C2
Lot 1 2 1 1 2 2 1
Lot 2 3 2 2 1 2 2
Lot 3 2 3 2 4 1 2

TABLE 2.6. Data for the illustrative lot-detached setup problem

nj U b rj FT Ji VTj
Lot 1 2 4 0 1 1
Lot 2 4 6 0 2 1
Lot 3 3 5 0 1 1

Example 2.2 To illustrate the above model, consider a two-machine, three-lot
system with the data shown in Tables 2.5 and 2.6. The sublot sizes are consistent,
restricted to take integer values and intermittent idling is permitted.

In lieu of the above data, model GM2 can be written as follows.
Minimize: Crax
Subject to:

Makespan Constraint:

Cmax>anj2+RTj2, ana.]:11273

Item Allocation Constraint:

nj
Zsujk =U;, Vj=123k=12

u=1

Consistent Sublot Constraint:

sijt =sij2, Yi=1,...n;,j=12,3.

Sublot Size Constraint:

sijk =0, integer, Vi=2,...,n;,j=1,23,k=1,2.

Release Time Constraint:

200
erm, >0, Vj=123.
t=0

Sequential Processing Constraint:

Cij2 = pj2sijg = Cijp + FTj + VTsiji, VYi=1,....n;,j=1273.
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TABLE 2.7. Solution for the illustrative Example 2.2

Lot 1 Lot 2 Lot 3
Consistent sublot sizes 51 52 51 52 53 54 51 52 53
2 2 1 1 2 2 1 1 3
Start time on machine 1 36 40 15 18 21 27 2 4 6
Start time on machine 2 45 47 28 31 33 37 7 10 16
Optimal sequence of lots 3-2-1
Optimal makespan 50

No-Intermingling Constraint for Machines 1 and 2:
(a) (i, j) precedes (i', j")
(Citjk = pjusi i) = (Cijk — Pjksiji) + G (1= yjj)

i—1 i'—1

u=1 u=I1
VG, pand (i, j) i j# L i=1 . np j=1,23,i"=1,...nj,
i=123k=1,2.
(b) (i’, j’) precedes (i, j)
(Cijk — pjisiji) — (Cirjk — pjwsitj) + Gyjjr
i'-1 i1

> Uj/_zsuj’k pj/k+RTj/k+ljk+ijZSujk

u=1 u=1
VG, pand G j £ i =1 ny =123, = 1,0,
i=1,23k=1,2.
Station Capacity Constraint:
@ Cij1 —pjisij1 =tj1, Vj=1,2,3Vk=1,2.

(b) Cirnj1 — pj1s+nj1 =Crj1, Vi=1,...,n;-1,Vj=1,2,3.
©) Civnj2—pjesi+nj2 = Cijp, Vi=1,...,n;1,¥Vj=1,23.

The optimal sublot sizes and the sequence in which to process the lots are shown
in Table 2.7.

224  m/N/AC,E VYAILNI/{CV.DVY/{Sublot-Attached
Setup and Removal Times, Sublot Transfer Times,
Intermingling}

This problem is identical to the one discussed in Sect.2.2.2 except for the fact

that the setup involved is sublot attached instead of lot attached considered earlier,
and also, we permit intermingling of the sublots. The formulation for this problem
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(designated as Generic Model GM3) follows from that presented in Sect.2.2.2.
The constraints (1), (2), (3), (4), and (6) are the same for this problem as well.
Constraint (5) is no longer relevant as we now have sublot-attached setups.

The Sequential Processing Constraint for this case is as follows:

Cijtry — Pja+DSijer) = Cijk + Tjgerny + FTj + VTsiji
Vi=1,...,nj,j=1,....,Nk=1,....(m—1).

This constraint ensures that any sublot i begins processing on machine (k+1) only
after it has completed processing on machine k has been transferred to machine
(k + 1) and the setup on machine (k + 1) for sublot i has been completed.

By replacing the above inequalities with equalities, the formulation can be
adapted to the no-wait flow shop scenario.

The intermingling constraint for machines 1, . . ., m can be expressed as follows:

(a) (i, j) precedes (i’, j')
Cirjik — Pjksitjk — Cijk + G(1 = yijij) = RTjk + Tk,
VG, yand (', j)i=1,....n;,j=1,...,N,i'=1,...,nj
j=1,...,N,k=1,....,m: ifj = j/  theni # i’
(b) (', j') precedes (i, j)
(Cijk — pjksijk) — Cirjik + Gyijirjr = RTj + Tji
V@i, j)and (', j),i=1,...,nj,j=1,...,N,i'"=1,....np,
j/=1,....,N,k=1,...,m: if j = j',theni #1i'.

These disjunctive constraints are identical to those presented in Sect.2.1.2,
except that now, since intermingling is allowed, we define a new binary vari-
able y;;iv 7, which takes a value of 1 if sublot (i, j) precedes @i’,j), and a
value of 0 if (i’, j') precedes (i, j). For any pair of sublots (i, j) and (i’, j)
if j = j/ theni # i’ The terms on the right hand side in (a) above ensure
that the difference between the start times of sublots (i, j) and (i’, j') is at
least equal to the sum of processing times of sublot (7, j), the removal time
for sublot (i, j), and setup time for(i’, j'). These constraints are enforced for
all pairs of sublots scheduled on any machine k.

By replacing the inequalities with equalities in the above expressions, the for-
mulation can be adapted to the case of no-intermittent idling.
The station capacity constraint for this case is as follows:

Cij1 — pjksijt = tj1, Vi=1,...nj,j=1,...,N.

This constraint ensures that any sublot i of any job j begins processing on machine
1 only after its setup has been completed.

Example 2.3 To illustrate the above model, consider a two-machine, two-lot sys-
tem with data as shown in Tables 2.8 and 2.9. The sublot sizes are consistent,
restricted to take integer values and intermittent idling is permitted.
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TABLE 2.8. Data for the illustrative sublot-attached setup problem

Processing time Setup time Removal time
M/C 1 M/C2 M/C1 M/C2 M/C 1 M/C 2
Lot 1 2 1 1 1 1 1
Lot2 2 1 1 1 1 1

TABLE 2.9. Data for the illustrative sublot-attached setup problem

nj Uj rj FT; VT;
Lot 1 2 4 0 1 1
Lot 2 3 5 0 1 1

In lieu of the above data, model GM3 can be written as follows.
Minimize: Cpax
Subject to:

Makespan Constraint:

CmaxZanj2+RTjZa Vi=1,...n;,j=1,2.

Item Allocation Constraint:
nj
Y suk=Uj. Vji=12k=12

u=1

Consistent Sublot Constraint:
sijt =sij2, Yi=1,...,n;,j=12.
Sublot Size Constraint:
sijk > 0, integer, Vi=2,...,n;,j=12k=1,2.
Sequential Processing Constraint:
Cijo — pj2sijp = ciji +Tjp + FTj + VTjsij1, Vi=1,...,n;,j=12.
Intermingling Constraint for Machines 1 and 2:
(a) (i, j) precedes (i’, j)

(Cirjk = pjrwsicj) = (Ciji = pjxsije) + G = yijirjr) = RTjx + Tjr,
VG, jyand (', ji=1,...,n5,j=1,2i'=1,...,np,
j=1,2k=1,2:if j = j/,theni #i’.
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TABLE 2.10. Solution for the illustrative Example 2.3

Lot 1 Lot 2
Consistent sublot sizes 51 52 51 52 53
1 3 1 2 2
Start time on machine 1 21 1 25 15 9
Start time on machine 2 27 12 30 23 17
Optimal sequence of lots (s;;) 21-32-22-11-12
Optimal makespan 32

(b) (', j') precedes (i, j)
(Cijk = pjrsijk) = (Cirjike = pjwsijik) + Gyijirjr
> RTju + 15, VG, j)and (7', j),i = 1,...,nj, j = 1,2,
=1 npj =1,2k=12:ifj = j/ theni # i’

Station Capacity Constraint:
Cijl_pjlsijlzfjl, Vi:l,...,nj,j=1,2.

The optimal solution is shown in Table 2.10. Note that in this solution, the sublots
of lot 1 are not processed continuously. The third and the second sublots of lot 2
are processed in between the second and the first sublots of lot 1. Note that the
numbering of the sublots of a lot is arbitrary.

2.2.5 m/N/AC,E,VIAILNI}/{CV,DV}/{Sublot-Detached Setup
and Sublot-Attached Removal Times, Sublot Transfer
Times, Intermingling}

The generic formulation of the sublot-attached setup (GM3) problem can be

adapted to the case when detached setups are present. We designate the result-
ing model as GM4. The changes that need to be incorporated are as follows.

1. The sequential processing constraint can be replaced with the following con-
straint.

Cijt+1) = Pet1)Sijet) = Cijie + FTj + VTsijk,
Vi=1,...,n;,j=1,...,N,k=1,...,(m—1).
This constraint is similar to that for the case of sublot-attached setups, except
that the setup time for sublot i on machine (k + 1) is not considered since the

setup is detached.
2. The station capacity constraint is modified as follows.

Cijk — PjkSijk = Tjk, Yi=1,...,n;,j=1,...,N,k=1,...,m.
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This constraint ensures that if any sublot i of lot j is scheduled first on machine
k, then it can begin processing only after the setup has been completed.

Example 2.4 If the setup in Example 2.3 were detached, then the model GM4 can
be written as follows.

Minimize: Cpax
Subject to:

Makespan Constraint:
Cmax = Cpjjo + RTj2, Vnj, j=1,2.

Item Allocation Constraint:
nj

ZsuijUj, Vi=12k=1,2.

u=I1

Consistent Sublot Constraint:
sijt =sij2, Yi=1,...,n;,j=12.
Sublot Size Constraint:
sijk = 0, integer, Vi=2,...,n;,j=12k=1,2.
Sequential Processing Constraint:
Cij2 — pj25ij2 = Cijp + FTj + VTjsij1, Yi=1,...,n;,j=12
Intermingling Constraint for Machines 1 and 2:
(a) (i, j) precedes (i’, j')

(Cirjrk = pjwsiji) = (Cijk = pjasijr) + G = yijirjr)
> RTj + Ty, ¥, j)and (', j) i =1,...,nj, j = 1,2,
i'=1,...np,j=12,i"=1,....np,j =1,2,
k=1,2:ifj = j/, theni #i’.

(b) (@', j") precedes (i, j)
(Cijk = pjksijk) — (Cirjix — pjwsijik) + Gyijirjr
> RTjp + VG, j)and (', j),i=1,...,n;,j=1,2,
=1, ) =1,2k=1,2:ifj = j/, theni #i'.
Station Capacity Constraint:
Cijk — PjkSijk = Tjk, Yi=1,...,n;,j=1,2,k=1,2.

The optimal solution is shown in Table2.11. Note that in the optimal solution,
the sublots of lot 1 are not processed continuously. The second sublot of lot 2 is
processed in between the first and second sublots of lot 1.
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TABLE 2.11. Solution for the illustrative sublot-detached setup problem

Lot 1 Lot 2
Consistent sublot sizes 51 52 51 52 53
2 2 1 3 1
Start time on machine 1 1 15 25 7 21
Start time on machine 2 10 22 29 17 26
Optimal sequence of lots (s;;) 11-22-21-32-12
Optimal makespan 31

2.2.6 The Case of Variable Sublots

Next, we consider the case of variable sublot sizes as a lot moves from one machine
to another. There are the following two ways in which a new sublot can be con-
figured for processing on a machine, after the items constituting that sublot have
been processed on the preceding machine.

Case (1). The items constituting a new sublot can be reconfigured to
form this sublot only after the completion of the entire sublots to
which they belong.

Case (2). The items constituting a new sublot can be reconfigured to
form this sublot without the completion of the entire sublots to
which they belong.

Consider Case (1) and the scenario of the generic model GM1. Constraints (3) and
(4) are no longer valid for this case. Also, the sequential processing constraints,
are impacted as follows:

(a) First sublot:

Cijk — pjkstjk — Cirjgo—1y — FTj — VTjsiju—1) — Ljk
+GU—xn) =0V’ =1,...,nj, j=1,...,Nk=2,...,m.

(b) Forsublot2, ... n;:

Cijk — pjksijk — Citju—1y — FTj — VTjsijg—1) + G(1 — xpiji) = 0,
Vi=2,...,n;,i'=1,....n;,j=1,...,N, k=2,...,m.

Also, we need to add a new constraint, termed the variable sublot constraint,
as follows:
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Variable Sublot Constraint:

i'—1 i

Zshj(k—l) _Zshjk+Gxi’ijk >0,

h=1 h=1
Vi=1,...,n;,i'=2,...,nj,j=1,...,N,k=2,....m
xijk=1LvVi=1,...,nj,j=1,...,Nk=2,...,m,

where x;/;j; = 1, if sublot i of lot j on machine k is started no earlier than the
completion time of the sublot i’ of the same lot on machine kK — 1, and = 0,
otherwise. Thus, in accordance with Constraint (a) above, if the first sublot of
a lot j on machine k starts no earlier than the completion time of sublot i’ on
machine k — 1, then, the appropriate relationship between the starting time of this
sublot to the completion time of sublot i’ and the requisite transfer and setup times
must be maintained; otherwise it is relaxed. In a similar manner, Constraint (b)
captures this relationship for any other sublot, other than the first sublot. However,
if a sublot i on machine k starts earlier than the completion time of a sublot i’ on
machine k — 1, then the sum of all the sublots until sublot i on machine £ must not
exceed the sum of the sublots until sublot i’ — 1 on machine k — 1. This is captured
by the variable sublot constraint.

The above development is applicable for the other generic models as well except
that in the case of sublot-attached setup, we need to include a setup time, 7jy, for
every sublot rather than just for first sublot. The corresponding constraint is as
follows:

Cijk — pjkSijk — Cirja—1y — FTj — VTispju—1) — Tk
4G (Il—xpj) =0 Yii=1,....njj=1... Nk=2..m.

Next, consider Case (2). The sequential processing constraints for this case under
the scenario of generic model GM1 are as follows:

(a) First sublot:

Cijk — PjkStjk — Cirj—1) + Pjte—)Sitjk—1) — FTj — VTjsijk — tjk
i'—1

+ G —xjr1jk) = max { pig—1) | S1jk — Zshj(k—l) ,0¢p,
h=1

Vi'=1,...,nj,j=1,...,Nk=2,....m.
(b) For sublot 2, ..., n;:

Cijk — pjkSijk — Cirjo—1) + Pjte-1Sirjk—1) — FTj — VTjsijr
i'—1

i
+ G(1 = xpije) = max { pjo—1y | D_snjk — D shjk—1) | .0
h=1 h=1

Vi=2,...,nj,i’=1,...,nj,j=1,...,N,k=2,...,m.
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Variable Sublot Constraint:

i'—1 i

Zshj(kfl) - Zshjk + Gxiiji = 0,
h=1 h=1

Vi=1,...,n;,i'=2,...,nj,j=1,...,N,k=2,....m
xlijkzl,Vi=1,...nj,j=1,...,N,k=2,...,m.

Note that, in this case, the definition of x is different from that for Case (1). In
particular, x;/;;x = 1, if sublot i of lot j on machine k is started no earlier than the
starting time of sublot i’ of the same lot on machine k — 1, and =0, otherwise.
Accordingly, if the first sublot of lot j on machine k starts no earlier than the
starting time of sublot i’ of the same sublot on machine k — 1, then the starting
time of sublot i on machine k should be no earlier than the starting time of sublot

i’ on machine (k — 1) plus the processing time of the jobs from sublot i’ to be
i i'—1
contained in sublot i on machine k,i.e., { > snjk — > Shj—1) | Pi’jk—1)- along
h=1 h=1
with the transfer and setup times. Note that the maximum operator is needed here
i'—1 i
since Y sp j(k—1) could be larger than > sh jk- The corresponding constraints for

the ﬁr}ézlsublot are shown in (a), and f}(l);lother sublots in (b) above. However, in
case the sublot i of lot j on machine k starts earlier than the starting time of i’ on
machine k — 1, then the sum of all the sublots until sublot i on machine £ must not
exceed the sum of the sublots until sublot i’ — 1 on machine k — 1. This is captured
by the variable sublot constraint.

As alluded to earlier for Case (1), the above development is applicable for the
other generic models as well except that, in the case of sublot-attached setup, we
need to include setup time for all sublots as follows:

Cijk = PjkSijk = Cirje—1) + Pjoe—1ysijh—1) = FTj = VTjsije — Tjk
i'—1

i
+ G(1 = xpije) = max { pjo—1y | D swjk — D snjk—1) | .0
h=1 h=1

Vi=1,...,nj,i'=1,...,nj,j=1,...,Nk=2,...,m.

The above models are illustrated using a three-lot, three-machine problem. The
data is given in Table 2.12. The results are depicted in Table 2.13. For the sake of
comparison, we have also given results for the case of consistent sublot sizes. As
expected, the makespan value obtained for Case (2) of the variable sublots is the
smallest, namely, 203, while that for Case (1) of the variable sublots is 208. For
the consistent sublots, the makespan value obtained is 213.
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TABLE 2.12. Data for the illustration of lot-attached setup

Processing time Setup time Removal time

M/Cl1 M/C2 M/C3 M/C1 M/C2 M/C3 M/IC1 MC2 M/C3

Lot 1 2 1 2 1 2 2 2 1 2
Lot 2 2 4 1 2 1 3 2 2 4
Lot 3 4 2 2 2 2 1 1 2 1
nj Uj rj FT; VT;
Lot 1 5 14 0 4 5
Lot 2 4 16 0 5 4
Lot 3 3 15 0 8 5

Above, we have presented fairly general mathematical models of the m-machine,
N-lot streaming problems. There are some mathematical models presented in the
literature that are suitable for the special cases of the lot streaming problem that
they consider. We present these next.

2.3 Mathematical Models for Special Cases

This section presents mathematical formulations for some special cases of the lot
streaming problem, each of which is further analyzed in the following chapters.
The key features of these models are summarized in Table 2.14.

2.3.1 2/1/CAILNIY/{CV,DV}/{Lot-Detached Setup, No-Wait}

This problem addresses the issue of finding the continuous optimal sublot sizes for
a single batch in a no-wait flow shop, in the presence of detached setup times [32].
In a no-wait flow shop, idle time can appear before the processing of any sublot
i on machine 1 or machine 2. The expression for the makespan in terms of A;
(see Fig. 1.10), the idle time on machine 2 immediately preceding the ith sublot,
is given as

n
Chnax =+ p2-U + Ay +ZAi,
i=2
where 1 is the setup time on machine 1, #, is the setup time on machine 2, A =
max {0, f; + p1s1 — 2}, and A; = max {0, p1s; — pasi—1}.
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TABLE 2.13. Solutions for the consistent and variable sublot cases
1. Consistent sublot case
Lot 1 Lot2 Lot 3
Consistent sublot sizes K sy §3 sS4 S5 8] s 83 S48 s 83
Sublot size 1 5 2 4 2 3 4 5 4 6 5 4
Machine 1 Starttime 64 66 76 80 88 96 102 110 120 2 26 46
Finishtime 66 76 80 88 92 102 110 120 128 26 46 62
Sublot size 1 5 2 4 2 3 4 5 4 6 5 4
Machine 2 Starttime 104 105 110 112 116 120 132 148 168 68 80 90
Finish time 105 110 112 116 118 132 148 168 184 80 90 98
Sublot size 1 5 2 4 2 3 4 5 4 6 5 4
Machine 3 Start time 160 162 172 176 184 193 196 200 205 119 131 141
Finish time 162 172 176 184 188 196 200 205 209 131 141 149
Optimal sequence of lots 3-1-2
Optimal makespan 213
2. Sublot availability case
Lot 1 Lot2 Lot 3
Variable sublot sizes S1 sy 8§53 S4 S5 8] s2 0 S3 S48 52 53
Sublotsize 3 4 0 4 3 3 2 5 6 6 5 4
Machine 1 Starttime 64 70 78 78 86 96 102 106 116 2 26 46
Finishtime 70 78 78 86 92 102 106 116 128 26 46 62
Sublotsize 7 0 0 0 7 5 5 4 2 5 6 4
Machine 2 Start time 104 111 111 111 111 121 141 161 177 69 79 091
Finish time 111 111 111 111 118 141 161 177 18 79 91 99
Machine 3 Sublot size 1 0 0 0 13 5 5 6 0 5 0 10
Start time 155 157 157 157 157 188 193 198 204 119 129 129
Finish time 157 157 157 157 183 193 198 204 204 129 129 149
Optimal sequence of lots 3-1-2
Optimal makespan 208
3. Item availability case
Lot 1 Lot 2 Lot 3
Variable sublot sizes S| S2  S§3  S4 S5 S| Sp  S§3 0S4 S| S 83
Sublot size 1 0 0 0o 13 1 0 0o 15 1 0o 14
Machine 1 Starttime 64 66 66 66 66 96 98 98 98 2 6 6
Finishtime 66 66 66 66 92 98 98 98 128 6 6 62
Sublot size 4 4 3 0 3 3 3 5 5 6 5 4
Machine 2 Start time 102 106 110 113 113 120 132 144 164 68 80 90
Finish time 106 110 113 113 116 132 144 164 184 80 90 98
Sublotsize 1 0 0 5 8 6 5 3 2 6 5 5
Machine 3 Start time 148 150 150 150 160 183 189 194 197 112 122 132
Finish time 150 150 150 160 176 189 194 197 199 122 132 142
Optimal sequence of lots 3-1-2
Optimal makespan 203
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Let [ represent the total idle time on machine 2. In order to minimize the
makespan Cpax, it is sufficient to minimize the total idle time / on machine 2.
This problem can be formulated as a linear program.

n
Minimize : [ = Z A;.
i=1
Subject to :
Arzn+pisi—n
A; > p1si — pasi—1, Vi,i=2,...,n

n

ZS,'=U

i=1

A >0, Vi,i=1,...,n

s; >0, Vi,i=1,...,n.

A solution to the above model will give the desired sublot sizes and the order of
their processing on the machines.

2.3.2  2/N/CAILNI}/{CV,DV}/{Lot-Attached/Detached Setup,
Sublot Transfer Times}

This problem addresses the issue of finding the continuous, optimal sublot sizes
and the sequence in which to process the lots in the presence of lot-attached/
detached setup times and variable sublot transfer times [36]. These transfer times
are made up of a fixed component F'T; and a variable component VT, which
depends on the size of a sublot.

For ease of understanding, the situation on hand is depicted in Fig.2.1 for
N = 1. In this figure, F' and V represent fixed and variable transfer times; and
t1 and 1, are lot-detached setup times on machines 1 and 2, respectively. Note that
A1, the idle time on machine 2 before the start of sublot 1 on that machine can be

M/C1 | 1 |p1s1

M/C 2 I PoSy

FIGURE 2.1. Graphical depiction of sublot-attached transfer times
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expressed as follows:
Ay =max{0,ty + p1-s1 + VT -s1+ FT — tr}.
Ifweletty =1+ FT, p}=pi+ VT, andt, =, then we have,
Ay =max {0, 1] + p} — 15}

Similarly, A;, the idle time on machine 2 before the start of sublot i, can be given
as follows:

i—1 i—1 i—1
max3 0,11 + pg ZSM‘FI’lSi + VTs; +FT—12—pQZsu - ZA”

u=1 u=1 u=1

A

i i—1 i—1
/ / / .
max 0,tl+p1 E Sy — Iy —py E Sy — E Ay ¢, V1=2,...,nj,

u=1 u=1 u=1

where p) = p, + VT.

Now, if we designate by IPS the total idle time on machine 2 under sublot-
detached setup for lot j, then a formulation for the problem of determining optimal
sublot sizes for lot j that minimizes the makespan (or, equivalently I})S), can be
given as follows.

Minimize : IPS.
Subject to :
DS / / /

DS / / / / .
172 =15 — tj) + Pj(s1j +52)) — Pjpsij

nj nj—l

DS l l 1 1
1% 2 6 = 10+ P D s = P2 D sui
u=1

u=1
nj
> suj=Uj
u=1

1}3520

S,'jzo, Vi,i:l,...,nj.

In the case of lot-attached setups, the only change that we need to make is in the
determination of A, which now becomes,

Ay =max{0,t; + p1-s1+ VTs1 + FT}.
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Accordingly, the formulation for the lot-attached setup is as follows:

Minimize : [ JAS.
Subject to :
AS I /

nj nj=1

AS / / / /
IS = 0y =ty + Py D sui = Pl D Suj
u=1

u=1
nj
E Suj = Uj
u=1

AS
;> =0
S1j = 1
S,'jz(), Vi:l,...,nj,
where IS is the total idle time on machine 2 under sublot-attached setup for lot ;.

Once the sublot sizes have been obtained for each lot for either the lot-detached
or lot-attached setup case, the lots are sequenced in accordance with the Johnson’s
rule [19]. This is further explained in Chap. 3.

A slightly different version of the above formulation is presented in [8] for the
detached setup case, which includes removal time for each lot, and is based on the
concept of run-in and run-out times.

233 2/1/C//CV/Y 7 siCin

This problem can be described as follows: Given a two-machine flow shop with

a single lot, determine the continuous and consistent sublot sizes such that the
n

total weighted sublot completion time, i.e., Y s;C;2, is minimized [31]. This is

i=1
essentially a sublot sizing problem, and can lbe formulated as a linear program as
follows.

n
Minimize : F(s, C) = Zsi Cio.
i=1

Subject to :

Clk 2 Clilk + p2si? vi = 2’ AR n’ k = ]" 2’ (2‘1)
Cio > Ci1+ pasi, Vi=2,....,n, (2.2)
Ci1 = s1p1, (2.3)
n

Y si=U, (2.4)
i=1

si >0, Vi=1,...,n, (2.5)

Cix>0, Vi=2,...,n k=12 (2.6)
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As mentioned above, the objective function minimizes the total weighted sublot
completion time. Constraint (2.1) ensures that sublots on any machine are pro-
cessed only after the preceding sublot has finished processing. Constraint (2.2)
captures the fact that machine 2 processes sublots only after it has finished process-
ing on machine 1. Constraint (2.3) ensures that the completion time of the first
sublot is greater than or equal to its processing time. Constraint (2.4) imposes the
requirement that the sublot sizes add up to the lot size. Constraint (2.5) and (2.6)
represent the nonnegativity of the sublot sizes and the completion times.

234 2/]/C/H/CV/Z?: 1 5iCi2, Sublot-Attached Setup

This problem is like the one in Sect.2.3.3 except that, now, the sublot-attached
setups are present and also the number of sublots is not known a priori [5]. Let
n be an upper bound on the number of sublots. A mathematical model of this
problem is as follows.

n
Minimize : F(s,C) = Y _s;C2 (2.7)

i=1

Subject to :
l
Co=i-th+py sj+h, Vi=1...7 (2.8)
j=1
I =1+ pis

1 1 P1S1 (2'9)

L >1_;, Yi=2,...,n,

i—1

1
L= lin+p Y si|—G=Da+p) sj|. Vi=2,...4

j=1 j=1

(2.10)

M
Y si=U, 2.11)
i=1
5i>0, Vi=1,... 5. 2.12)

The objective function F (s, C) seeks to minimize the total weighted sublot com-
pletion time of all the n possible positive sublots. Constraint (2.8) defines the
completion time of any sublot i on machine 2 as the sum of

(i) Setup times of all previous sublots including sublot i on machine 2
(ii) Processing times of all previous sublots including sublot i on machine 2
(iii) Cumulative idle time appearing before sublot i on machine 2

Constraint (2.9) defines the idle time appearing before sublot 1 on machine 2 as
the sum of its setup and processing time on machine 1. Constraint (2.10) defines
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the cumulative idle time on machine 2 for sublots 2, ..., n. The following two
cases are possible:

(i) The cumulative idle time remains the same i.e., I; = I;_1, implying that sublot
(i — 1) finishes processing on machine 2 later than the completion of sublot i
on machine 1

(i1) The cumulative idle time increases implying that sublot (i —1) finishes process-
ing on machine 2 before the completion of sublot i on machine 1

Constraint (2.11) ensures that the sum of the sublot sizes does not exceed the given
lot size. The last constraint restricts the sublot sizes to be nonnegative.

2.3.5 3/1/C/NIII/{CV,.DV}/{No Setup}

This problem addresses the sublot sizing problem for a three-machine flow shop
by minimizing the completion time of the last sublot on machine 3 when the sublot
sizes are consistent [35]. Let Cj; denote the completion time of the ith sublot on
machine k. Then, we have

Minimize : C3,

Subject to :

Ci1 = s1p1 (2.13)
Cik 2 Ci,k—1) + pisi, Yi=1,2,...,n,k=2,3, 2.14)
Cik > Ci—1k +prsi, Vi=2,...,nk=1,2,3, (2.15)

n

Zsi =U, (2.16)
i=1

si >0, Vi=1,2,...,n.

Constraints (2.14) and (2.15) ensure that any sublot i begins processing on machine
k after its completion on the previous machine or the processing of the (i — 1)th
sublot on machine k, whichever is maximum. Constraint (2.16) imposes that the
total number of items in all sublots equals U. The no-idling and discrete version
can be obtained by replacing the inequalities with equalities and by restricting the
sublot sizes to take integer values, respectively.

23.6 m/I/C//CV/Y ?_, xiCim

We, now, consider the problem of minimizing the total weighted sublot completion
time in an m-machine flow shop consisting of a single lot [34]. The number of
sublots is restricted to two on each machine, the sublots sizes are consistent and
can take real values. Let x; and xo = (1 — x1) be the proportion of work allocated
to the first and second sublots, respectively. Let C; x denote the completion time of
the ith sublot on machine k and py be the processing time per item on machine k.
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The mathematical formulation for this problem is as follows.

Minimize : F(xi,x2) = (x1Cim + x2Com).
Subject to : C11 = x1p1,
Cou > Cip+x2pk, VYk=1,...
Cikt1 = Cix +xipk+1, Vi=1,2%k=1,...,(m—1),
X1 +x2=1,
Cixr>0, Vi=1,2k=1,...,mandxqy, x» > 0.

, 1,

The completion time of the sublots can be written as

m
Cim = x1 Zl?k and
k=1

k m
Cyn = max 1xj ; + x2 It
= max z;: p l; p

Making the above substitutions along with x, = 1 — xj, in the expression for
flowtime, we have

m k m
F(x)) = x? 1-— 1-— )
(x0) =i )+ ( X1) max {xlzpl+( m)ZPz}

k=1 =1 I=k

Simplification of the above expression gives

m k m m
F _ 2 _ — .
(r) = max {xl ((ZZPI) pk) +x (Z P ZZPI) + sz}
1=k =1 1=k 1=k
Let

m k m m
ak=(2'ZPl>—Pkbk=< PZ—ZZm) and Ck:ZPl-
1 1=k 1=k

1=k 1=

Therefore,
F(x1) = max {akxlz + brx1 + Ck} .
k<m

1<

Hence, an equivalent formulation can be written as,

Minimize : F(x;)
Subject to :
F(x)) > agxi +bgxi +cx, k=1,....m
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where
m
ar = (22171) — Pk
I=k
k m
by = (ZP! —22171) , and
=1 1=k

m
w=Yn

2.3.7 m/l/E/1l/CV/Sublot-Attached Setup, Transfer
Times/Unified Cost Function

We now consider a hybrid objective function consisting of a weighted sum of
the makespan (Cpax), (sublot) mean flow time (MFT), average work-in-process
(WIP), sublot-attached setup (SAS), and transfer time (TT), in an m-machine flow
shop with a single lot and continuous and equal sublot sizes [25].

The problem is to determine an optimal number of sublots (n) so as to mini-
mize the above hybrid cost function. This problem can be formulated as an integer
program as follows.

Minimize : Z(n) = ¢1Cmax(n) + c2MFT(n) + c3WIP(n) + caty(n) + ¢sTT(n).

Subject to:
U< ” U
Coax() =1 => pr+Y tig+m—1) max { =pi+uy,
n = = I<k<m | n
U & " n—1 U
MFT(n)=—Zpk+ Iy + —— max {—pk+tk},
n 2 1<k<m | n
k=1 k=1
U & & 1 U
U 1 n—1 U t
o et Rt tr ma et

WIP(n) = U :

SAS() =n ) &,
k=1
TT(n) = n(m — 1)TT,

1<n<U and integer.
2.4 Chapter Summary

In this chapter, we have presented some generic mathematical models for the flow
shop lot streaming problem. These generic models capture the various important
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features that may be encountered in practice. These include lot-attached (detached)
setup, sublot-attached (detached) setup, lot removal time, and sublot transfer time.
The removal time of a lot is assumed to be attached to the last sublot of a lot and is
independent of the sequence in which the lots are processed or the size of the last
sublot. The sublot transfer time, on the other hand, is assumed to be comprised of
two components, one being fixed and identical for all the sublots of a lot while the
other depends on the sublot size. The transfer time and removal time differ in that,
during the occurrence of the former, the machine from where the transfer occurs is
free to process another sublot, while, when the latter is encountered, the machine is
occupied and cannot process the next lot. We also consider the situations of equal,
consistent, and variable sublot sizes. In the case of variable sublots, as a lot moves
from one machine to another, a new sublot can be formed in two ways. According
to one of these ways, the jobs constituting a new sublot can be reconfigured to
form this sublot only after the completion of the entire sublots from the previous
machine to which they belong. The other way is for the jobs constituting a new
sublot to be reconfigured to form this sublot without having completed the entire
sublots to which they belong. We present models for both of these situations. We
also consider situations in which the sublots belonging to different lots may or
may not be intermingled.

We have provided illustrations for the use of several of the models that we have
developed, which depict optimal sublot sizes and the sequence in which to process
the lots to achieve minimum makespan values. These models are integer programs
due to the presence of disjunctive constraints (for determining the sequence in
which to process the lots) and the requirement of integer sublot sizes. They are
solved using the CPLEX solver.

Mathematical models for some special cases of the flow shop lot streaming
problem have been discussed in the literature. We have also presented these models
in this chapter.
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