Chapter 2 The Foundation - Graph Grammars

2.1 Introduction

In the implementation of textual languages, formal grammars are com-
monly used to facilitate the language understanding and the parser crea-
tion. When implementing a diagrammatic visual programming language
(in the rest of the chapter, diagrammatic visual programming languages
will simply be referred to as visual languages), this is not usually the case.
A visual language requires a formal syntactic definition, which is indispen-
sable for automatic analysis, transformation, and non-ambiguous expres-
sion. Graph grammars with their well-established theoretical background
may be used as a natural and powerful syntax-definition formalism
(Rozenberg 1997) and the parsing algorithm based on a graph grammar
may be used to check the syntactical correctness and to interpret the lan-
guage semantics.

One obstacle for the application of graph grammars is that even for the
most restricted classes of graph grammars the membership problem is NP-
hard (Rozenberg and Welzl 1986). Consequently, most of the existing
graph grammar parsing algorithms are either unable to recognize interest-
ing languages of graphs or tend to be inefficient when applied to graphs
with a large number of nodes and edges.

Another problem is that nearly all known graph grammar parsing algo-
rithms (Rozenberg and Welzl 1986; Bunke and Haller 1989; Golin 1991;
Kaul 1982; Wills 1992; Wittenburg 1992) deal only with context-free pro-
ductions. A context-free grammar requires that only a single non-terminal
is allowed on the left-hand side of a production (Wittenburg and Weitzman
1996). A context-sensitive graph grammar, on the other hand, allows left-
hand and right-hand graphs of a production to have arbitrary number of
nodes and edges. Most existing graph grammar formalisms for visual
languages are context-free. Yet not many visual languages can be specified
by purely context-free productions. Additional features are required for
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context-free graph grammars to handle context-sensitivity. It is therefore
difficult for context-free grammars to specify many types of visual lan-
guages.

Rekers and Schiirr (1997) proposed layered graph grammars (LGGs) for
specifying visual languages. LGGs differ from most other grammars in
two aspects: context-sensitivity and graph formalism. Being context-
sensitive makes the graph grammars expressive. The graph formalism in
LGGs is intuitive and thus easier to understand and to use than textual
formalisms for specifying visual languages. However, although being ex-
pressive, the layered graph grammar is inefficient in its implementation. Its
parsing algorithm is complicated and the parsing complexity generally
reaches exponential time.

This chapter presents a context-sensitive graph grammar called reserved
graph grammar (RGG) (Zhang 1997; Zhang and Zhang 1997), which was
motivated by the development of a general-purpose visual language gen-
erator (see Chapter 8). Because the targets of the generator are visual lan-
guages, their grammars are better specified using a graph formalism. As a
part of the generator, a visual editor should be used to create visual pro-
grams based on the grammar specifications and parsing algorithms should
be automatically created according to the grammar.

The RGG is developed based on the layered graph grammar by using the
layered formalism to allow the parsing algorithm to determine in finite
steps whether a graph is valid. It uses labeled graphs to support the linking
of newly created graphs into a parsed graph (traditionally called embed-
ding). The node structure enhanced with additional visual notations in the
RGG simplifies the transformation specification and also increases the ex-
pressiveness.

An RGG is complete and explicit in describing the syntax of a wide range
of diagrams. Compared to the LGG where the context-graph (Rekers and
Schiirr 1997) must explicitly appear in the production, the embedding
mechanism in the RGG allows the grammar representation to avoid most
of the context-specifications while being more expressive. This greatly re-
duces the expression complexity, and in turn increases the efficiency of the
parsing algorithm.

A general RGG parsing algorithm, however, has the exponential time
complexity. This is solved by introducing a constraint into the RGG. It is
not yet clear how this constraint limits the application scope, but we find
that even the grammar of a complicated control flow diagram satisfies the
constraint. With this constraint, a parsing algorithm of polynomial time
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complexity can be developed. An algorithm for checking whether an RGG
satisfies the constraint is also developed.

The RGG formalism has been used in the implementation of a toolset
called VisPro, which facilitates the generation of visual languages using
the lex/yacc approach (Chapter 8; Zhang 1997; Zhang and Zhang 1998b;
Zhang et al. 2001a).

The rest of the chapter is organized as follows: Section 2.2 describes a case
study that demonstrates the basic idea of the RGG. Section 2.3 provides a
formal definition of the RGG formalism. Section 2.4 defines a selection-
free condition which allows an RGG to be parsed in polynomial time. Sec-
tion 2.5 compares the RGG formalism with its predecessor, the LGG, fol-
lowed by the chapter summary in Section 2.6.

2.2 A Case Study

2.2.1 Process Flow Diagrams

We use a process flow diagram (PFD) as an example to illustrate how an
RGG works. A process flow diagram has two types of constructs: struc-
tured and non-structured. For example, a fork-join construct provides a
structure in a diagram, while a send-receive construct does not affect the
structure of a diagram. Many diagrams used in computer science have such
a mixture of constructs, which are difficult to specify using existing graph
grammars except the layered graph grammar (Rekers and Schiirr 1997).

In the PFD shown in Fig. 2.1, the fork statement splits one thread into mul-
tiple threads (three in the example). There are two send statements that
send different messages to the same receive statement. Assuming syntacti-
cally, a receive statement can receive information from any number of
send statements, while a send statement can send to only one receive. A
fork statement can split one thread into any number of threads.
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assign

assign

Fig. 2.1. A process flow diagram

We first translate the diagram in Fig. 2.1 into a graphical form whose syn-
tax is suitable for the RGG interpretation. We will call such a graphical
form a node-edge diagram. The translation is very straightforward as
shown in Fig. 2.2, ignoring all the arrows since the direction is unimpor-
tant in our graph grammar representation. A node in the node-edge repre-
sentation is a two-level structure. Fig. 2.3 depicts an example node called
join. The first level is the large surrounding rectangle, which is called a su-
per vertex. The small rectangles embedded in a super vertex are the second
level called vertices. A vertex or super vertex can be connected to one or
more edges. An edge is uniquely determined by two vertices in the in-
volved nodes. RGG does not impose semantic difference between connect-
ing to a vertex and connecting to a super vertex. The translated node-edge
representation of the process flow diagram is shown in Fig. 2.4.

[

[ 1]
] T

(a) normal representation (b) node—edge representation
(a) usual representation  (b) node-edge representation

Fig. 2.2. From a diagram to a node-edge representation



2.2 A Case Study 13

vertex
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Fig. 2.3. Node structure
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Fig. 2.4. The node-edge form of the process flow diagram

In a node-edge diagram, all vertices should be labeled. For simplicity, we
use T (top), B (bottom), L (left), R (right) to label the vertices according to
their positions in a node. Vertex labels uniquely identify the vertices in
each node.
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2.2.2 Graph Rewriting Rules

A graph rewriting rule, also called a production, has two graphs which are
called left graph and right graph. It can be applied to an application graph
(called host graph) in the form of an L-application or R-application. A
production's L-application to a host graph is to find in the host graph a re-
dex of the left graph of the production and replace the redex with the right
graph of the production. An R-application is a reverse replacement (i.e.
from the right graph to the left graph). A redex is a sub-graph in the host
graph which is isomorphic to the right graph in an R-application or to the
left graph in an L-application.

In the case of linear textual languages, it is clear how to replace a non-
terminal in a sentence by a corresponding sequence of (non-)terminals.
However, with a visual language that has two-dimensional relationships
among the language elements, a far more complicated mechanism is
needed to establish relationships between the substitute of a redex and its
adjacent elements.

There are three approaches to embedding a graph into a host graph (Rekers
and Schiirr 1997):

e Implicit embedding: formalisms such as picture layout grammars
(Golin 1991) and constraint multiset grammars (Chok and Marriott
1995) do not distinguish between vertices and edges. Relationships
are implicitly defined as constraints over their attribute values. At-
tribute assignments within productions have the implicit side effect
that creates new relationships to unknown context elements. Users
are, therefore, not always aware of the consequences of attribute as-
signments, and parsers require considerable time to extract, from at-
tributes and constraints, implicitly defined knowledge about the rela-
tionships.

o Embedding rules: some graph grammars such as the NLC graph
grammar (Rozenberg and Welzl 1986) and the DNECL graph gram-
mar (Brandenburg 1988) have separate embedding rules which allow
the redirection of arbitrary sets of relationships from a redex to its
substitute. This approach is easy to implement. However, the em-
bedding rules are often difficult to understand and all known parsing
algorithms for productions with embedding rules are either ineffi-
cient or imposing very strict restrictions on the left- and right-hand
sides of the productions. Furthermore, embedding rules are only able
to redirect or re-label existing relationships. They cannot be used to
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define such productions as the one in Fig. 2.5, which establishes new
relations between previously unconnected vertices.

e Context elements: context elements can be used to establish the rela-
tionships between a newly created graph and the host graph. This
approach is the easiest to understand, but an unrestricted use of con-
text elements may complicate the graph rewriting rules. Further-
more, it is difficult to rewrite elements which may participate in a
statically unknown number of relationships.

1: T 1: T
statement send
2:B 2:B
4:T 4T
3:receive 3:receive
5:B 5:B

Fig. 2.5. A graph rewriting rule

The reserved graph grammar combines the approaches of the embedding
rule and the context elements to solve the embedding problem. By intro-
ducing context information, simple embedding rules can be sufficiently
expressive to handle complicated programs. Moreover, the wildcards for-
malism used in the LGG is not needed in the RGG. The following para-
graphs explain our new embedding approach by showing its application in
the graph transformation process. In order to identify any graph elements
which should be reserved during the transformation process, we mark each
isomorphic vertex in a production graph by prefixing its label with a
unique integer. The purpose of marking a vertex is to preserve the context.

We impose an embedding rule which states that if a vertex in the right
graph of the production is unmarked and has an isomorphic vertex v in the
redex of the host graph, then all edges connected to v should be completely
inside the redex. With the above embedding rule which is usually called
the dangling condition (Rozenberg 1997), each application of a production
can ensure that a graph can be embedded in a host graph without creating
dangling edges. The examples in Fig. 2.6 illustrate the R-application proc-
ess, where some host graphs have isomorphic graphs (enclosed in dashed
boxes) of the right graph of the production in Fig. 2.5. In Fig. 2.6(a)(1), the
isomorphic graph is a redex. The vertices corresponding to the isomorphic
vertices marked in the right graph of the production are painted gray. The



16  Chapter 2 The Foundation - Graph Grammars

transformation deletes the redex while keeping the gray vertices, as shown
in Fig. 2.6(a)(2). Then the left graph of the production is embedded into
the host graph, as shown in Fig. 2.6(a)(3), while treating a marked vertex
in the left graph the same as a gray vertex that has the same mark. We can
see that the marking mechanism allows some edges of a vertex to be re-
served after transformation. For example, in Fig. 2.6(a), two edges from B
to T are reserved after transformation. Note that Fig. 2.6(a)(2) serves only
as an illustration of “reserving”, and is not the result of a transformation.

] ] o] ] ] |
statement statement statement statement statement statement
/ - 9 9 \
(B [T [T 7 )|
'ind| —+— receive receive statement receive
5 ! =1 (51 5
th) @ 3)
(@)
T L]
IT_I ILI IE! statement
statement ‘receive [B] [B,]
e ] [l 1 \‘
] | | ||
Nl ] wnd D e
send —1 receive
e - [E] [=1]
(b) ©

Fig. 2.6. Examples of the R-application

In the above notion of process flow diagrams, a send node is allowed to
connect to only one receive node. We show how such a restriction can be
expressed and maintained in the RGG. The solution is simple: we leave the
send node unmarked in the production. According to the embedding rule,
the isomorphic graph in Fig. 2.6(b) is not a redex because the super vertex
in the send node has an edge that is not inside the isomorphic graph while
its isomorphic super vertex in the right graph is unmarked. Therefore, the
graph in Fig. 2.6(b) is invalid. On the other hand, we allow a receive node
to receive data from one or more send nodes. To support this, we mark the
super vertex of the receive node in the production in Fig. 2.5. The graph in
Fig. 2.6(c) is valid according to the embedding rule. There is a redex (in
the dotted box) in the graph, because the super vertex of receive has its iso-
morphic vertex marked in the right graph of the production, even though it
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though it has an edge connected outside the isomorphic graph. Therefore,
the marking mechanism helps not only in embedding a graph correctly, but
also in simplifying the grammar definition.

2.2.3 A Graph Grammar for Process Flow Diagrams

The graph grammar shown in Fig. 2.7 explicitly and precisely depicts the
syntax of the PFD language. It consists of a set of productions, and the la-
bel <i> identifies Production i.

The L-application defines the language of a grammar. The language is de-
fined by all possible graphs which have only terminal labels and can be de-
rived using L-applications from an initial graph (i.e. A). The R-application
is used to parse a graph. If the graph is eventually transformed to an initial
graph after a series of R-applications, the graph is proven to belong to the
language. In the sequel, we prove that the R-application can precisely de-
termine the language defined by the L-application for an RGG.

By applying the R-application of the RGG in Fig. 2.7 repeatedly to a spe-
cific diagram (i.e. a host graph), we can determine whether the diagram is
a process flow diagram. The process of parsing the PFD drawn in Fig. 2.1
is illustrated in Fig. 2.8, where a label in an oval describes a possible R-
application order (represented by an alphabetic letter, e.g. ¢ is after a) and
the corresponding production (by a numeric figure). The notation d:2
means that the redex of Production 2 is applied after the R-applications a,
b, and ¢ have been applied. The R-applications may be applied in different
orders but will produce the same result.

In Fig. 8(a), the five sub-graphs in the dotted boxes are possible redexes,
which can be applied with Productions <6>, <6>, <2> <2> and <2> to
produce the graph in Fig. 8(b). Similarly, the graph in Fig. 8(b) can be
transformed into the graph in Fig. 8(c), and so on. Finally, the graph is
transformed into an initial graph. The original diagram is, therefore, a valid
process flow diagram.

The following section presents a formal definition of the reserved graph
grammar.
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<1> axiom <2> assignment
start
B
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endif
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<4> fork structure with more than two forks
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Fig. 2.7. A reserved graph grammar specifying process flow diagrams
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2.3 Formal Definition

2.3.1 Preliminaries

In order to define the reserved graph grammar and its properties, we will
first introduce some basic concepts, such as graph element, graph, and
isomorphism. We then define the marking mechanism, which allows us to
further define a redex and graph transformations including L- and R- ap-
plications.

Definition 2.1 n:=(s, V, I) is a node on a label set L, where
e Vs a set of vertices,

e seVis asuper vertex, and
® [ V—L is an injective mapping from V to L.

A super vertex contains a set of vertices, and itself is a vertex. A label
serves as a type in an RGG. For simplicity, we will use the notations n.V
and n.s to represent the corresponding parts of a node n; and this conven-
tion is applicable to other definitions.

Definition 2.2 Two nodes n1 and n2 are isomorphic, denoted as nq=n,, iff
e they are defined over the same label set, and

o If ((f: n1.V—n,.V is a bijective mapping) A Yven,.V (n1.l(v)=n,.I(f(v))) A
n,.s=f(n4.s)).

The definition specifies that two nodes are isomorphic if they have the
same types of vertices (including super vertices).

Definition 2.3 G:=(N, E) is a graph over a label set L, where

e N is a finite set of nodes over L,

e  EcN.VxN.V, where N.V= |Jn.V , is a finite set of edges.

neN

Each edge connects from a vertex of a node to a vertex of another node
and is defined by that pair of vertices.

Not all graphs are meaningful. Only certain types of graphs represent
meaningful visual sentences. A graph grammar can be used to define those
graphs that are valid visual sentences. To specify the graph grammar we
need to define the following concepts.
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Definition 2.4 A vertex v is said to be marked, denoted as mark(v)=m, if it
is assigned an integer m called mark.

Definition 2.5 G:=(N, E, M) is a marked graph over a label set L, where
e (N,E)isagraphoverlL, and

e M: V-l is a bijective mapping, where Vc N.V, and | is a set of inte-
gers.

A marked graph has unique integers in some of its vertices. Different ver-
tices in a marked graph should have different marks. We use mark(v)=m to
indicate that v is assigned an integer m, and mark(v)=null to indicate that v
is assigned nothing and said to be unmarked.

Definition 2.6 Two vertices a and b in two different graphs are equivalent,
denoted as a=b, iff mark(a)=mark(b) and mark(a)=null.

Definition 2.7 Two graphs G4 and G, are isomorphic, denoted as G=G,,
iff 3f:G1—G; is a bijective mapping such that

e VneG4.N: n~f(n); and
o Ve=(vy Vp)eGy.E: f(e)=(f(va), f(vb))eGo.E.

To apply a production to a graph (called a host graph), we need to find a
sub-graph in the host graph that matches the right graph (or left graph) of
the production. Such a matching sub-graph in the host graph is called a re-
dex.

Definition 2.8 A sub-graph X of a graph H is called a redex of a marked
graph G, denoted as XeRedex(H,G), iff 3f:G—X is a bijective mapping and
under the mapping:

¢ X~G;and

o  VYveG.V ((mark(v)=null) A ¥ v4eH ((e=(f(v),vi)eH v e=(v4, f(v))eH) > e
eX).

This definition specifies that a sub-graph X of a graph H can be a redex of
a marked graph, G, if and only if X is isomorphic to G and every vertex in
X that is isomorphic to an unmarked vertex in G should have edges com-
pletely inside X. The definition of a redex eliminates the possibility of any
dangling edges resulted from a transformation.

A redex is always related to a mapping function and we will not specify
the mapping function if this is clear in the context.

Definition 2.9 A production p:=(L, R) is a pair of marked graphs over the
same label set, where L:=(N., E_, M) and R:=(Ng, Eg, M).
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A pair of marked graphs in a production has the same mark set. They are
called left graph and right graph respectively.

When a production is applied to a graph, the graph is said to be tramns-
formed by the application.

Definition 2.10 Let X be a redex of G in H determined by a bijective map-
ping f:G— X, If G and G' are the left and right graphs in a production, then
the transformation of H to H' after replacing X in H by G' is defined as fol-
lows:

1. add G'toH,

2. vW'eG.V if AveG.V such that v=V', replace v' with f(v) (called a re-
served node), then delete V', and

3. delete X from H except the reserved nodes.

The result of H with above operation is H', denoted as H'=Tr(H, G, G,
X).The second step ensures that the edges connecting the vertices which
are isomorphic to the marked vertices in G are reserved.

Based on the above definition of transformation, the L-application and R-
application can be defined as follows.

Definition 2.11 An L-application of a production p:=(L, R) to a graph H is a
transformation H'=Tr(H, L, R, X), where XeRedex(H, L), denoted as
Hi*H'.

Definition 2.12 An R-application of a production p:=(L, R) to a host graph
H is a transformation H'=Tr(H, R, L, X), where XeRedex(H, R), denoted as
H— H".

3.2 Reserved Graph Grammar and Its Properties

We now define the reserved graph grammar and some of its properties.

Definition 2.13 A reserved graph grammar gg is a tuple (A, P, T, N),
where A is an initial graph, P a set of graph grammar productions, T a set
of terminal labels with e,eT (we define all edges to have the same label g)),
and N a set of non-terminal labels. For Vp:=(L,R)eP and VIeTUN:

1. Ris non-empty;
2. L andR are over the same label set TUN;
3. leL;where Lic{Ly, ..., Lo} is a global layer set and Lon ...n L,=&; and

4. L<R with respect to the following order of graphs:
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G<G'e3i|G|i <|G'[iaVj<i: |G|=|G'|; with |G|« defined as [{ x | x € G A
layer(x)=k}|.

The last condition guarantees that a diagram can be parsed in finite steps
with the grammar (Rekers and Schiirr 1997).

For simplicity, given an RGG gg:=(A, P, T, N), we use the notation
XeRedex(H) to denote dp:=(L,R) €P A IX:( X e Redex(H, R) v
XeRedex(H, L) ), when this is clear in the context.

We denote the sequence of intermediate derivations H—*'H,, H—~*’H,,
ooy Hyt—XH, as HXH X2 XH,; or simply H—X"*"H, . We use
H—"H, to denote H—*"*"H,, where n may be 0 in which case H=H,, and
Hi—H. This notation is also applicable to the R-application —.

Definition 2.14 Let gg:=(A, P, T, N) be an RGG, its language L is defined
by L(gg)={G| A —» G, where G contains only elements with terminal la-
bels}.

We now prove that the R-application can determine whether a diagram is a
language defined by a reserved graph grammar.

Lemma 2.1 Let gg:=(A, P, T, N) be an RGG. 3X;:H —*"H; = 3Xp:H;—™H.
Proof: Let X; be a redex determined by a production p:=(L, R). According
to the definitions of the RGG and the transformation process, if 3X;:H
—X'H,, then H; has a redex X, which is transformed from X; and is de-

termined by R. Hence we have 3X,:H,—»**H'. But according to the trans-
formation process, we have H'~H. So IX,:H, > *H.

Lemma 2.2 Let gg:=(A, P, T, N) be an RGG. 3X:H—"H; =3X"H;—~*H.
Proof: Similar to Lemma 2.1.

Lemma 2.3 Let gg:=(A, P, T, N) be a graph grammar, if A—>*G then G —»*
A.

Proof:

AH*G = ARG G-.. 6 = G > MG, ..., > A (Lemma
2.1)

=3G >* A.

Similarly we have:

Lemma 2.4 Let gg:=(A, P, T, N) be a graph grammar, if G —*A then A —*
G.
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Theorem 2.1 Gel(gg) iff 3%:G—>" A, where R is a list of redexes.
Proof: it is straightforward from Lemma 2.3 and Lemma 2.4.

Theorem 2.1 states that R-applications determine exactly the language de-
fined by L-applications. This theorem indicates that if one can find a pars-
ing path (i.e. R) which transforms a graph to the initial graph, the graph is
valid. A recursive algorithm is needed for parsing, which is rather ineffi-
cient for parsing a large graph.

2.4 Graph Parsing

Parsing is a process that attempts to reduce a sentence according to a
grammar. A reduction (R-application) is performed when a production is
applied. Parsing a graph may be more complicated than parsing a piece of
text.

2.4.1 A Parsing Algorithm

The process of parsing a graph with a grammar consists of: selecting a
production from the grammar and applying an R-application of the produc-
tion to the graph; this process continues until no productions can be ap-
plied (called a single parsing path). If the graph has been transformed into
the initial graph after R-applications, the graph is valid (i.e. the parsing
succeeds); otherwise, the above process is repeated with different selec-
tions (i.e. different parsing paths). If all the possibilities have been tried
without success, the graph is invalid.

The first stage of any graph parsing algorithm consists of searching in a
graph to find a redex of any production. When such a redex is found, the
question arises whether the production should be applied or not. The ap-
plication of one production may inhibit the application of another produc-
tion and it subsequently causes the entire parsing process to fail. Therefore,
every production instance represents a choice point in the algorithm.

Carrying out the above parsing process is time-consuming as it needs to at-
tempt the R-applications for all productions. We have developed a simple
parsing algorithm, called selection-free parsing algorithm (SFPA), which
only tries one parsing path, as shown in Fig. 2.9. SFPA is effective for an
RGG only in the case that, when parsing any graph with SFPA, if
one parsing path fails, any other parsing paths will also fail.
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Parsing(Graph host){
while(host!=null{
matched=false;
for all peP
{
redex=FindRedexForR(host, p);
if(redex!=null){
R-application(host,p, redex);
matched=true;
}
}

if(matched==false){
print("invalid");
exit(0);
}
}
}

Fig. 2.9. The selection-free parsing algorithm

More formally, only those RGGs with selection-free productions can use
SFPA, where the selection-free property for a production set is defined as
follows.

Definition 2.15 Graph G is a merger of graph G, and graph G, if
e Gy and G; are sub-graphs of G,
e VveG.V:veGi.VvveG,V, and
e VeeG.E:ecG.EveeGs.E.

Definition 2.16 Let G, and G, be graphs, merge(G,, G,) is a set of merg-
ers of G; and Go.

In the following definition, we will use p.R and p.L to represent the right
graph and the left graph of the production p respectively.

Definition 2.17 Let P be a set of productions. P is selection-free, if for any
p1eP, p2€P, Ry, Ry, L4, and L, are graphs isomorphic to p4.R, p2.R, ps.L,
and p..L respectively, and vGemerge(R4, Ry) A RieRedex(G, p1.R) A
R>eRedex(G, p2.R), we have 3G,, Gap, Gp, Gpa: Go=Tr(G, p+.R, pi.L, Ry) A
Gab=Tr(Ga, p2.R, pz.l_, Rg) A Gb=Tr(G, pz.R, p2.L, R2) /\Gba=Tr(Gb, p1.R,
p1.L, R1) AGap~Gpa.

The definition specifies that a production set is selection-free if a graph
with two redexes corresponding to two productions' right graphs is applied
by the two productions in different orders, the resulting graphs are the
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same. According to this definition, an algorithm for checking whether a re-
served graph grammar has a select-free production set can be developed.

To check whether a production set is selection-free, we need to check all
the possible combinations of any two production's right graphs. If one
combination does not satisfy the definition, the production set is not selec-
tion-free. Fig. 2.10 shows examples of the checking process. In Fig.
2.10(1), two copies (enclosed in dashed boxes) of the right graph of Pro-
duction 6 are merged. According to the embedding rule, different orders of
the R-applications to the redexes (i.e. the copies) result in the same graph.
Fig. 2.10(2) appears to be merged by the right graphs of Productions 4 and
5, but the embedding rule determines that no redex of Production 5 exists.
So the productions satisfy the selection-free condition.

T
fork
B
T —
send | tT |
[B1 statement statement|
B4 B
LT 1 LT ] T
send — receive join
[B1 [B1 B

¢3) )
Fig. 2.10. Examples of checking the selection-free condition

The production set of the reserved graph grammar illustrated in Fig. 2.7 is
selection-free under the definition, so we can use SFPA to parse any dia-
grams to check if they are valid process flow diagrams. In the following
subsection, we will prove that a reserved graph grammar with a selection-
free production set can use SFPA to parse diagrams correctly.

2.4.2 Selection-Free Grammars

The selection-free property of an RGG means that for a valid graph, any
selection of an R-application to the graph can lead to a successful parsing.
Obviously, a selection-free RGG can use the selection-free parsing algo-
rithm to parse its languages. The selection-free property of a grammar can
be formally defined as:
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Definition 2.18 Let gg:=(A, P, T, N) be an RGG. If V(G—>*G—*A), for any
XeRedex(G), 3G —»* G - Gi.1—*A), then gg is said to be selection-free.

Definition 2.19 Let gg:=(A, P, T, N) be an RGG. If for any G—>*A,
Xa.eRedex(G) AXpeRedex(G) A"(Xa=Xp)) such that (G > G, - Gap) A
(G X G, X Gba) =Gap~Gpa, then gg is said to be order-free.

The order-free property is similar to the finite Church Rosser property
(Brandenburg 1988) but applicable to context-sensitive graph grammars in
that productions are applied to sub-graphs rather than to single nodes. For
simplicity, if G=G', we will use G instead G' in the sequel. We now show
that if the production set of an RGG is selection-free, the RGG is selec-
tion-free.

The following lemma implies that a redex of a graph defined in an order-
free graph grammar can be applied with an R-application and the graph
can be reduced to the initial graph.

Lemma 2.5 Let a graph grammar gg:=(A, P, T, N) be order-free, if G>*A
AdXeRedex(G) then 3i:G—*Gi—*Gi.1—*A.

Proof:

e Go*A AdXeRedex(G) =3G—>"G,..» A, where n>0. We have
two cases:

e Case 1: X;=X = IG*G,>*A.

e Case 2: XX = IG>™G,>*A A X eRedex(G;) -- (Definition
2.19).

e This process can continue:

e where m<n.
e Asn is finite (the property of the layered definition), we have
e Ji<n: G>*Gi—>" G —>*A.

Lemma 2.6 presented below implies that a redex can be applied anywhere
in the R-application process.

Lemma 2.6 Let a graph grammar gg:=(A, P, T, N) be order-free and
VGo—*A. If 3X e Redex(Go) A 3Gy —>* Gn—*Gnsq then 3Gy - G1'>*Gpat.

Proof:

o Gy>*G,—> Gy
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=3Gy—"G,>X,G,—..» "G, G
=3G, 157G, G

=3G,.1 > G, "" Gy -- (Definition 2.19)
=36, Gy ' Gy > Gy
=3Gy—>"G'>Gy'—.. > G, > ! Gy

=3 Go—)XGl'—>*Gn+1 .

Theorem 2.2 If gg:=(A, P, T, N) is order-free, then gg is selection-free.
Proof:

Go>*Gi>*A A XeRedex(G))
=3G—>*Gi—>*G—"*Gj;1—>*A -- (Lemma 2.5)
=3G—>*Gi—>"Gi11>*Gj—>*A - (Lemma 2.6)

=3IGo*G> G o *A.

Theorem 2.3 Let gg:=(A,P, T, N), if P is selection-free, then gg is order-
free and thus selection-free.

Proof:

Suppose G—>*A AX;eRedex(G) A X,eRedex(G), we have Jp,eP
Adp, <P so that X;~p,.R and X;=p;.R.

Since P is selection-free and (X;UX;)cG, G can be transformed by
applying X; and X, in any order and the resulting graphs are the
same.

The transformation process derives that VG—*A if X, eRedex(G) A
X,eRedex(G) A —(X;=X,) then 3 G ™ G, ™' G, A 3G ™ G’
_>X2 Gz.

Hence gg is order-free.

According to Theorem 2.2, gg is selection-free.

Theorem 2.3 says that if the production set of an RGG is selection-free, the
RGG is selection-free and can use SFPA to parse its languages.
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2.4.3 Parsing Complexity

To study the time complexity of SFPA, we construct an algorithm Fin-
dRedexForR(G, p) shown in Fig. 2.11, which is the main part of the
SFPA. To explain the algorithm, we first give some definitions.

Redex FindRedexForR(host,p)

{
nodeSequence=findNodeSequence(p.R);
allCandidates=findAlINodeSequences(host, nodeSequence);
for all candidate eallCandidates

{

redex=match(candidate, host, p));
if(redex!=null)
return redex;

return null;

Fig. 2.11. The algorithm FindRedexForR

Definition 2.20 A node sequence of a graph G is an ordered list of all the
nodes in G.

Definition 2.21 Let L1=[n44, N1z, ..., Ny] and Lo=[Ny4, ..., Noy] be ordered
node lists. L, is isomorphic to L, if m=k A n4=n, where ie{1,..., m}.

Theorem 2.4 The algorithm FindRedexForR(G, p) has O(|G|™) time com-
plexity, where m is the maximum number of nodes in any right graph of a
set of productions.

Proof:

The function findNodeSequence(p.R) finds a node sequence of the right
graph of a production p. It lists all the nodes of p.R in a certain order. For
a graph grammar, the number of nodes in the right graph of a production is
given, so the function takes O(1).

The function findAlINodeSequences(host, nodeSequence) collects all
the possible node sequences from the host, each of which is isomorphic to
nodeSequence. For a graph G, the number of all possible node se-
quences, each having m nodes, is k™, where k is the number of nodes in G.
So the time complexity for the function findAlINodeSequences is
O(IGI™).
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The function match checks whether a candidate in the host is a redex of
the production p, if so, the candidate is returned as a redex, otherwise, a
null is returned. The time complexity for the function match(candidate,
host, p) is O(m).

As the number of allCandidates is no more than |G|", the maximum time
taken is O(|G|™).

Theorem 2.5 The time complexity of SFPA is O(|G|™"), where G is a
graph to be parsed by SFPA and m is the maximum number of nodes of all
the right graphs of productions.

Proof:

Suppose that T(k)=(2C)*A¢+(2C)*'A+..+(2C)A;+A is a function and
next() is an operation applicable to T(k), where A;, C and k are integers,
and C>0, k>0, Ai>0, 0<i<k.

Let T(k).next(i) = (2C)"(A¢) + 2C)'(A)) + ... +2C) (A1) + 2O)'(Ai-
1) + QO)(A;+C) +...+ 2C)(Ar+C) + (A+C) be T(k) after i execu-
tions of next() operation, where A;>0, C>0, k>0, we have

T(k).next(i) = (2C)*Aq + 2C)“'As +..+ 20 Ai; + 20)“A; + 20)*"
"Aiy +ot A - (RO - (20)7'C -...- 20)C-C) = T(k) - (2F'CF-2M!CMe
..=2C%-C0)

AS (Zk_ick-i-zk__i_lck_i-...-ZCZ-C)Z (2k-ick-i-2k-i-lck-i_'.'_2Ck-i_ck-i) — Ck-i(zk-i_zk-i-
L..=2-1)=C*'>0.

We have T(k)>T(k).next(i). (1)

This means dn:n<T(k) such that T(k) will be zero after n executions of its
"next" operation.

Let gg:=(A, P, T, N) be a reserved graph grammar and G—>*A.

A graph G can be mapped to T(k)=(2C)*A¢+(2C)'A+...+(2C) A1 +Ay,
where A=|G|;, k equals to the maximum number of layers, and C is the
maximum number of nodes of all the right graphs of productions. We de-
note G.T(k) as the T(k) that is mapped from G.

Suppose G—*G'. According to the definition of the grammar layer and the
transformation rules, we have G<G', where 3i:|G|; <|G'|iAV]j<i: |G|=|G"};
with |Gl defined as | {x[xeG A layer(x)=k}|

This means that in the layer i, the element number of G' is less than the ele-

ment number of G by |G|i-|G"; elements. In a layer larger than i, the num-
ber of additional elements are no more than C. So after the transformation,
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G.T(k) <20 Ay + QOM'(A) + ... +2O)™(AL) + 2O)(A-(Gl-
IG'[)) + 2C)"(Aj1+C) +..+ (2C)(Ar+C) + (A+C) < G.T(k).next(i). So
we have 31:G".T(k) <G.T(k).next(i).

For any graph G, G.T(k)=0, so according to (1), G—>*A must finish within
G.T(k) steps.

As G.T(k)= (ZC)kAO+(2C)k 'A+. +Q20)A +AK <
QO (ArtA +.. FA)=(2C)" G, accordlng to Theorem 2.4, the time com-
plexity of the algorithm SFPA is (2C)"|G|*O(|G|™)= O(|G|m+1

We now discuss the space complexity of SFPA. We implement an index
for each element of a graph. The indices are organized as follows: they are
listed in the same array if they refer to the graph elements that have the
same label. Thus, a graph is a set of arrays, each of which is a list of ele-
ments with the same label. A nodeSequence (in Fig. 2.11) can be im-
plemented as a set of pointers, each pointing to an element of an array. The
next node sequence can be found by moving pointers in a proper way, and
a candidate of a redex is the pointer set. In this case, the extra space is un-
necessary except for the pointers. Thus, SFPA has a linear space complex-

ity.

2.5 Improvements over the Layered Graph Grammar

Fig. 2.13(a) and (b) show two productions of the layered graph grammar
for parsing the fork statement, where the elements B? and T? (wildcards)
are used as the context elements. For instance, B? means begin, fork, or if,
as shown in Fig. 2.13(c). After a transformation, say R-application, the re-
lationships between the new node Stat and the host graph are determined
by the B? and T?, which are part of the host graph. New nodes can be em-
bedded into the host graph when they are linked with the matching nodes
labeled with B? and T?. Without the wildcards, the number of productions
required will be multiplied (Rekers and Schiirr 1997).

The productions in Fig. 2.13(a) and (b) lead to ambiguity. For example, if
a graph has a redex of the right graph in the production in Fig. 2.13(a), it
also has a redex of the right graph in Fig. 2.13(b) because the right graph
in Fig. 2.13(a) is a part of the right graph in Fig. 2.13(b). Applications of
the productions in LGGs with different redexes may produce different re-
sults. A complex algorithm is then needed to ensure that all possible appli-
cations of productions are attempted.
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Stat
= Fork J

Stat

(@)

I S e I

(b)

B?€& {begin, fork, if}
T? € {end, assign, fork, join, send, receive, if}

s?€ {n, f, t}

©

Fig. 2.13. Productions in a LGG with different embedding mechanisms

A reserved graph grammar can avoid the ambiguity. As a result, its parsing
algorithm can be simple and efficient. Therefore, compared with the lay-
ered graph grammar (Rekers and Schiirr 1997), the reserved graph gram-
mar has the following three major improvements:

e it avoids the use of wildcards,
e it simplifies the specification through an embedding rule, and

e parsing an unambiguous reserved graph grammar can be done in
polynomial time.

As discussed earlier, the Reserved Graph Grammars (RGGs) are based on
LGGs, and improve over LGGs. Apart from the improvements discussed
above, the major differences between the RGG formalism and the LGG
formalism are that the former can be implemented more efficiently using
the presented parsing algorithm; and that it uses simple embedding rules
rather than context elements (as used in the latter) so that grammar specifi-
cations are simplified. The following table compares all the discussed
grammars with RGGs.
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Gram- Left- Right- Con- | Em- | Additional restric- | Com-

mar hand hand side | text bed- | tions plex-
side ding ity

rules

Relational | non- relational | no yes explicit vertex order expo-
terminal | structure nential

INS-RG non- relational | no yes bounded degree; no expo-
terminal | structure non-terminal nential

neighbors

Boundary | non- graph no yes bounded degree; no expo-

NLC terminal non-terminal nential

Graph neighbors

Constraint | non- multiset yes im- deterministic poly-

Multiset terminal plicit nomial

Picture non- Max two | 1 ter- | im- finite set of attribute poly-

Layout terminal (non-) ter- | minal | plicit | values nomial

minals

Layered graph graph graph | no layering expo-

Graph nential

Reserved | graph graph graph | yes selection-free poly-

GG nomial

The six attributes used to distinguish various grammars in the table are
proposed by Rekers and Schiirr (1997). They serve a useful purpose in
comparing these grammars. Minas (1998) has adapted RGGs to the
DiaGen hypergraph environment (Minas and Viehstaedt 1995). The selec-
tion-free constraint imposed in RGGs is relaxed to allow more types of
hypergraphs to be specified. However, additional information has to be
provided in the form of negative application conditions (NACs). A produc-
tion with a matching left hand side is not applicable if one of its NACs is
satisfied. The addition of NACs modifies the original grammar and it is
unclear how additional complexity is introduced into the parsing process.

2.6 Summary

This chapter has presented the reserved graph grammar (RGG), which can
be used to specify grammars of diagrammatic visual languages. An RGG
is a collection of graph rewriting rules represented labeled graphs. It
is context-sensitive and its right- and left-graphs can have an arbitrary
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number of nodes and edges. The grammar uses an enhanced node structure
with a marking mechanism in its graph representation. It is this structure
that makes an RGG effective in specifying a wide range of visual lan-
guages and efficient in parsing a certain class of visual languages. Al-
though the time complexity of the parsing algorithm for a general RGG is
exponential, parsing a selection-free reserved graph grammar can be done
in polynomial time. The chapter has presented such a polynomial time
parsing algorithm and proved its time and space complexities. To ensure a
reserved graph grammar to be unambiguous, we also presented a checking
criterion and proved its correctness.

There have been some applications of RGGs, for example, for generating a
visual language for modeling distributed systems (Zhang and Zhang
1998a), and those to be described in Chapters 4 through 7. A wide range of
applications, such as interpreting hand-written mathematical notations
(Blostein and Grbavec 1997), have been reported for using layered graph
grammars (Blostein and Schiirr 1998), upon which RGGs improve.

7 Related Work

Growing interest in visual languages has motivated research in the specifi-
cation and parsing of multi-dimensional structures. Several specification
methods have been proposed and proven to be useful in practical applica-
tions. Examples include Web and Array Grammars (Rosenfeld 1976), Po-
sitional Grammars (Costaglioga et al. 1993), Relational Grammars (Wit-
tenburg 1992; Ferrucci et al. 1994), Unification Grammars (Wittenburg et
al. 1991), Attributed Multiset Grammars (Golin 1991), Constraint Multiset
Grammars (Marriott 1994), Layered Graph Grammars (Rekers and Schiirr
1997), and Attributed Graph Grammars (Ermel et al. 1999). In this section,
we discuss some of the related grammars and compare them with Reserved
Graph Grammars.

The relational grammars of Wittenburg (1992) are restricted to relational
structures, where relationships of the same type define partial orders. Fer-
rucci et al. (1994) proposed INS-RG grammars, that are adapted from the
Boundary NLC graph grammars of Rozenberg and Welzl (1986). The
right-hand sides of productions in a INS-RG grammar may not contain
non-terminals as neighbors in order to guarantee local confluence. Parsing
can be done in polynomial time if the generated graphs are all connected
and the maximum number of edges at any single vertex is known in
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advance. This latter restriction also applies to Brandenburg's DNELC
graph grammar (1988).

Marriott's constraint multiset grammars (1994) provide context elements.
Introducing "not exits" constraints prevent any possible overlap between
the right-hand sides of productions, but also make syntax specifications de-
terministic. Golin's (1991) picture layout grammars allow productions with
one non-terminal on the left-hand side and at most two terminals or non-
terminals on the right-hand side.

Rekers and Schiirr (1997) gave an excellent introduction to context-
sensitive graph grammars. They argued that it was difficult for the afore-
mentioned grammars to generate abstract syntax graphs for connected ER
diagrams. They proposed a context-sensitive grammar formalism, known
as layered graph grammars (LGGs) (Rekers and Schiirr 1997), which can
specify a wide range of visual languages. The graphical specifications of
LGGs are more intuitive and easier to understand than textual grammars.
Bottoni et al. (2000) improved the parsing efficiency of the LGG style of
graph grammars by detecting conflicts through critical pair analysis.

Attributed Graph Grammars (Ermel et al. 1999) integrate graph transfor-
mation rules with Java expressions. The AGG language implements the
single pushout algebraic approach (Ehrig et al. 1997) for graph transforma-
tion, that differs from the algorithmic approach in LGGs. It combines at-
tributed graph transformation with negative application conditions to allow
users to precisely specify a sub-graph that must not be present in order to
perform a graph transformation (Habel et al. 1996; Ermel et al. 1999).

Motivated by applications such as modeling and refactoring for object-
oriented programming, Drewes et al. (2006) recently proposed adaptive
star grammars, which use the meta-model concept to allow multiple nodes
to be copied arbitrarily often. The membership problem for a certain sub-
class of such grammars is shown to be decidable. A parser for adaptive star
grammars has also been proposed (Minas 2006), though not implemented
at the time of writing this book. Minas (2006) speculates that the parser
would show exponential behavior but may in practical applications require
polynomial time similar to the parser for hyperedge replacement grammars
in DiaGen (Minas 2002).
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