Contents

Listof Problems . ... ... ... .. ...ttt enenennns xi
Listof Examples . ... ... ... ... XV
Preface . . ... . it e e e xvii
Notation . ... ... ittt e i xix

I INTRODUCTION:

NEWTONIAN PHYSICS AND SPECIAL RELATIVITY ..... 1
Relativity Principles and Gravitation ................... 3
1.1 Newtonian mechanics . . . . . . . .. ... . ... .. 3
1.2 Galilei-Newton’s principle of Relativity . . . . ... ... ... 4
1.3 The principle of Relativity . . . .. ... ... .......... 5
1.4 Newton’s law of Gravitation . . . . ... ... ... ....... 6
15 Local form of Newton’s Gravitationallaw . . . . .. ... ... 8
1.6 Tidalforces . . . . . . . . . . . . 10
1.7 The principle of equivalence . . . . . ... ... ... ...... 14
1.8 Thecovariance principle . . . ... .. ...... ... ..... 15
1.9 Mach’sprinciple. . . . ... ... ... ... L 16
Problems . . . . . . ... e 17
The Special Theory of Relativity . ..................... 21
2.1 Coordinate systems and Minkowski-diagrams . . . . ... .. 21
22 Synchronizationofclocks . ... ... .... .. .. ...... 23
2.3 The Dopplereffect .. ... .. ...... ... ... ...... 23
2.4 Relativistic time-dilatation . . . . . ... ... .......... 25
2.5  Therelativity of simultaneity . . ... ... ........... 26
2.6 The Lorentz-contraction . . . ... ... ... ... ....... 28
2.7  The Lorentz transformation . . . ... ... ... ........ 30
2.8 Lorentz-invariantinterval . .. ... ... ... ......... 32
29  Thetwin-paradox . . .. ... ......... .. .. ...... 34
210 Hyperbolicmotion . ... ... .................. 35
211 Energyandmass . .. ............. ... ... 37
2.12 Relativisticincrease of mass . . . . . . . . ..o 38
213 Tachyons . . . ... ... . ... ... ... 39
2.14 Magnetism as a relativistic second-order effect . . . ... ... 40

Problems . . . . . . ... e 42



vi

Contents

II THE MATHEMATICS OF THE
GENERAL THEORY OF RELATIVITY .........c.co.....

3 Vectors, Tensors,andForms . ................0cuou...
3.1 Vectors . . . . . . . . e
3.2 Four-vectors . . . . . . . . .. ... ...
3.3 One-forms . . . . . . . . . . . e
3.4 Tensors . . . . . . . . . e
35 Forms . . . . . . . . . . . e
Problems . . . . . . . ... e

4 Basis Vector Fields and the MetricTensor . ...............

41  Manifolds and their coordinate-systems . . . . ... ... ...
4.2 Tangent vector fields and the coordinate basis vector fields . .
4.3 Structure coefficients . . . . . .. .. ... ... .. ... ...
44 General basis transformations . . . . .. .. ... ... .....
4.5 The metrictensor . . . . . . . . . . i i i i it
4.6 Orthonormalbasis . . ... ... ... ... .. .........
47  Spatialgeometry . ............. ... . ... ..
4.8  The tetrad field of a comoving coordinate system . . . . . . . .
49 The volumeform . ... ... .. ... .. ... .. .......
410 Dualforms . . . . ... . ... e
Problems . . . . . . . ... e

5 Non-inertial Reference Frames .......................
51  Spatial geometry in rotating reference frames . . . . . ... ..
52  Ehrenfest’sparadox . . .. ... ..... ... ... ... ...,
53  TheSagnaceffect . .. ...... ... ... ... ... ...,
54  Gravitational time dilatation . . . . . .. ... ... ... . ...
5.5  Uniformly accelerated reference frame . . . . . . ... ... ..
5.6  Covariant Lagrangian dynamics . ... .............
5.7 A general equation for the Doppler effect . . . ... ... ...
Problems . . .. . ... ... .. ...

6 Differentiation, Connections, and Integration ..............

6.1 Exterior Differentiationof forms . . ... ... ... ......
6.2 Electromagnetism . . . .. ...... ... ... ... .....
6.3  Integrationofforms. ... ........ ... ... ... ....
6.4 Covariant differentiationof vectors . . . . . .. . ... ... ..
6.5 Covariant differentiation of forms and tensors . . . . ... ..
6.6 Exterior differentiationof vectors . . . . . .. ... ... ....
6.7 Covariant exterior derivative . . . . ... ... ... .. ....
6.8 Geodesic normal coordinates . . . . ... ... ... .. ....
6.9 One-parameter groups of diffeomorphisms . . . .. ... ...
6.10 TheLiederivative . . . . . . . .. . ... ... ... .. .....
6.11 Killing vectors and Symmetries . . . . . .. ... ... ... ..
Problems . . . . . . . ...

7 Curvature . . . . ... . it e e e e e e e e e e e e e
7.1 CUIVES . . o o e e e
7.2 Surfaces . . ... e



Contents

7.3  The Riemann Curvature Tensor . . . . ... ... ........ 155
7.4  Extrinsic and Intrinsic Curvature . . . . . ... ... ... ... 161
7.5  The equation of geodesic deviation . . . . ... ... ...... 164
7.6 Spacesof constant curvature . . . . ... ... L. 166
Problems . . . ... ... .. .. ... 172
IIT EINSTEIN’S FIELD EQUATIONS . . ... ovvuenn. .. 177
8 Einstein’s Field Equations . ......................... 179
8.1  From Newton'’s law of gravitation to Einstein’s
fieldequations . . . .. ... ... ... .. L 179
8.2  Deduction of Einstein’s vacuum field equations from Hilbert’s
variational principle . . . ... ... . o o oL 180
8.3  The field equations in the presence of matter and energy . . . 183
8.4  Energy-momentum conservation . . . .............. 185
8.5  Some energy-momentum tensors . . . . .. .. .. .. ... .. 185
8.6  Some particular fluids . ... ................... 187
8.7  The paths of free point particles . . . . . ... ... ....... 191
Problems . . . .. ... ... .. ... 192
9 The Linear Field Approximation . ..................... 195
9.1  The linearised field equations . . . ... ... ... ....... 195
9.2 The Newtonian limit of general relativity . ... ... ... .. 198
9.3  Solutions of the linearised field equations . . . . ... ... .. 199
9.4  Gravitoelectromagnetism . ... ... .............. 201
9.5  Gravitationalwaves. . . . .. ... ... ..o L L. 203
9.6  Gravitational radiation from sources . . . . ... ... ... .. 206
Problems . . ... ... ... .. ... 210
10 The Schwarzschild Solution and Black Holes ... ........... 215
10.1  The Schwarzschild solution for empty space . . .. ... ... 215
10.2  Radial free fall in Schwarzschild spacetime . . ... ... ... 220
10.3  The light-cone in a Schwarzschild spacetime . . ... ... .. 221
10.4 Particle trajectories in Schwarzschild spacetime . . . . . . . .. 225
10.5 Analytical extension of the Schwarzschild spacetime . . . . . . 230
10.6 Charged and rotating blackholes . . . . ... ... .. ... .. 233
10.7 Black Hole thermodynamics . . . . ... ............. 245
10.8  The Tolman-Oppenheimer-Volkoff equation . . . . . ... ... 252
10.9 The interior Schwarzschild solution . . ... ... ....... 253
10.10 Relativistic gravitation versus Newtonian gravitation . . . . . 256
Problems . . ... ... ... .. ... 257
IV . COSMOLOGY . ...t 265
11 Homogeneous and Isotropic Universe Models . . ........... 267
11.1  The cosmological principles . . . .. ... .. .. ........ 267
11.2  Friedmann-Robertson-Walker models . . . .. ... ... ... 268
11.3  Dynamics of Homogeneous and Isotropic cosmologies . . . . 271

vii



viii

12

13

14

Contents

114 Cosmological redshift and the Hubblelaw . . ... ... ... 273
11.5 Radiation dominated universemodels . . . . .. .. ... ... 278
11.6 Matter dominated universemodels . . . . . . ... ... .. .. 281
11.7  The gravitational lenseffect . . . . ... ............. 283
11.8  Redshift-luminosity relation . . . . ... ... .......... 289
119 Cosmological horizons . . . . ... ... ............. 293
11.10 Big Bang in an infinite Universe . . . . . .. .. ... ... ... 294
Problems . . . . . . ... . 296
Universe Models with Vacuum Energy . ................. 305
12.1 Einstein’s staticuniverse . . . . . . ... .. ... ... ... 305
12.2  deSitter’ssolution . . .. ... ... . Lo 306
12.3  The de Sitter hyperboloid . . ... ... ............. 309
124  The horizon problem and the flatness problem . .. ... ... 310
125 Inflation . .. ... ... ... . .. ... 312
12.6  The Friedmann-Lemaitremodel . . . . . .. ... ... .. ... 319
12.7  Universe models with quintessence energy . .. ... ... .. 325
12.8  Dark energy explored by means of supernova observations

and the statefinder diagnostic . . . . ... ... ... ...... 328
129  Cosmic density perturbations . . . ... ... .......... 334
12.10 Temperature fluctuations in the cosmic microwave

background (CMB) . . .. ..................... 338
1211 Mach’sprinciple. . . . ... ... ... .. ... .. . L 345
12.12 The History of our Universe . . . . ... ... .......... 348
Problems . . . . . . .. ... 359
Anisotropic and Inhomogeneous Universe Models . ......... 367
13.1 The Bianchi type I universemodel . . . ... ... ... .. .. 367
13.2 TheKasnersolutions . . ... ... ................ 370
13.3  The energy-momentum conservation law in an anisotropic

UNIVETISE. . . . v v v vt vttt e e e e e e e e e e 371
134 Models with a perfect fluid . ... ................ 373
13.5 Inflation through bulk viscosity . . . . ... .. ... ... ... 376
13.6 A universe with a dissipative fluid . . . ... ... ... .. .. 377
13.7 The Lemaitre-Tolman-Bondi universe models . . . . . . .. .. 379
Problems . . .. ... ... ... ... . 383

ADVANCED TOPICS ......... ..., 387

Covariant Decomposition, Singularities, and Canonical Cosmology 389

141 Covariant decomposition . ... ... ... .. ... ... ... 389
142 Equationsof motion . .. .. ... ... ... ... . ... .. 392
143 Singularities . . . . ... ... oL L Lo 394
144 Lagrangian formulation of General Relativity . . . . .. .. .. 399
14.5 Hamiltonian formulation. . . . . .. .. .. ... ... ..... 402

14.6  Canonical formulation with matter and energy . . . . ... .. 404



Contents

14.7  The space of three-metrics: Superspace. . . . . . ... ... .. 406
Problems . . . . . . ... e 410
15 Spatially Homogeneous Universe Models . ............... 413
151 Liegroupsand Liealgebras . .. ... .............. 413
152 Homogeneousspaces . . . . . .. .. .. ............. 416
15.3 TheBianchimodels . . . ... ... ... ... .......... 420
154  The orthonormal frame approach to the non-tilted
Bianchimodels. . . . . . . ... ... ... ... ... .. .... 423
15,5 The 8 model geometries . . ... .. ... ............ 428
15.6 Constructing compact quotients . . . . . . ... ... ... ... 430
Problems . . . . . . ... 433
16 Israel’s Formalism: The Metric Junction Method . . . . ... .. ... 439
16.1 The relativistic theory of surfacelayers . . . . .. ... ... .. 439
16.2 Einstein’s field equations . . . . . ... ... ... ... ... .. 441
16.3  Surface layers and boundary surfaces . .. ... ... ... .. 443
16.4 Spherical shell of dustin vacuum . . . . . ... ... ... ... 445
Problems . . . . . . ... e 450
17 Brane-worlds . . . . . . . . . i e e e e e e e e 453
17.1 Field equationsonthebrane . . . . ... ............. 453
17.2  Five-dimensional brane cosmology . . . . .. .. ... ... .. 456
17.3 Solutionsinthebulk . ... ... ... ... ... ........ 459
17.4 Towards a realistic brane cosmology . . . ... ... ...... 461
17.5 Inflationinthebrane . . .. .. ... .. ... ... ....... 464
17.6 Dynamicsof twobranes . . ... ... .. ... ... ... .. 467
17.7  The hierarchy problem and the weakness of gravity . .. ... 469
17.8 The Randall-Sundrummodels . . . . . . ... ... ....... 471
Problems . . . . . . ... e 474
18 Kaluza-KleinTheory ............ ... .. .. 479
18.1 Afifthextradimension . . . . . .. ... ... ... ....... 479
18.2 The Kaluza-Kleinaction . ... .. ... ... .......... 481
18.3 Implications of a fifth extra dimension . . . . . ... ... ... 485
18.4 Conformal transformations . . . ... ... ... ........ 488
18.5 Conformal transformation of the Kaluza-Klein action . . . . . 491
18.6 Kaluza-Kleincosmology . . ... ... .. ... ......... 494
Problems . . . . . . ... e 497
VI APPENDICES . ..t i ittt it ittt et et eee i 501
A Constantsof Nature . ... ... ...ttt it enenenens 503
B PenroseDiagrams . ............c0ttiiiiiiiiiiian 505
B.1 Conformal transformations and causal structure . . . .. ... 505
B.2  Schwarzschild spacetime . . . . . ... ... .. .. ...... 507
B.3  deSitterspacetime ... ... ... ... ... L. 507
C Anti-de Sitter Spacetime . . . .. ....... ... ... o oL, 511

C.1  The anti-de Sitter hyperboloid . . . . . ... ........... 511

ix



Contents

C.2 Foliationsof AdS,, . . . . . . . . . . ... . 512
C3  Geodesicsin AdS,, . .. ... . 513
C4 TheBTZblackhole . .. ... ... ... ............. 514
C5 AdSsasthegroup SL(2,R) . ................... 515
D HowtoRead ThisBook .............. .. ... ... ... 517
E Suggested FurtherReading ......................... 519
Bibliography . .. ... ... i i e e 523
Index . ..ot iieeeeeee 533



2 Springer
http://www.springer.com/978-0-387-69199-2

Einstein's General Theory of Relativity
With Modern &pplications in Cosmology
Gren, @.; Hervik, 5.

2007, XX, 538 p., Hardcowver

ISBN: @78-0-387-60199-2



