Chapter 2

TIME-VARYING MINIMUM SPANNING
TREES

1. Introduction

Given a network N, the minimum spanning tree (MST) problem is
to find a connected acyclic subnetwork T’ that spans all the vertices of
N, such that the sum of costs (or lengths) of the constituent arcs of T
is minimum. The problem is further called a rooted minimum spanning
tree problem, when there is a pre-specified vertex s, and the spanning
tree T' must have its root at s. To find the minimum spanning tree of a
given network is one of the well-known problems in the field of network
optimization; see Ahuja et al (1993); Graham et al (1985); Gabow et al
(1986); Recski (1988).

Although the MST problem and its variants have been extensively
studied in the literature, most of the works published so far treat the
problem as a static one, where it is assumed that zero time is needed to
travel from one vertex to another vertex, and that all attributes of the
network are time-invariant. Apparently, as we indicated earlier, these as-
sumptions are only approximations of real-world problems. In most prac-
tical situations, the network under consideration may inevitably change
over time.

We will study the time-varying MST problem in this chapter. Our
model considers a network where positive transit time b(x, y, t) is needed
to traverse an arc (z,y), at a cost c(z,y,t); Moreover, both the transit
time b(z,y, t) and the cost ¢(x, y,t) are time-varying, which are functions
of the departure time at the vertex x. Waiting at a vertex x may be
allowed, in order to catch the best timing to depart from x. Given a
deadline k and a root s, the problem is to find a rooted spanning tree to
cover all vertices in the network, so that the total cost of the constituent
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arcs of the spanning tree is minimum, while any vertex z of the network
can be reached, before the deadline k, along a path in the spanning tree
that connects s and z.

Although the static version of the MST problem is polynomially solv-
able (see, for example, Ahuja et al (1993)), we will show that the time-
varying version is, in general, NP-complete. After laying down some
basic concepts and terminologies in Section 2 below, we will focus on
the MST problem over a type of arc series-parallel networks (Section
3). We will show that this problem is NP-complete in the ordinary sense
(Section 3.1), and present an algorithm that can find an optimal solution
in O((m + n)mx?) time, where m and n are the numbers of arcs and
vertices, respectively (Section 3.2). We will then consider a more general
network, an undirected network containing no subgraph homomorphic
to K4 (Section 4). We will derive an algorithm that can find an exact op-
timal solution in O((m + n)mx?) time. The general case will be studied
in Section 5. Its complexity in terms of strong NP-completeness will be
examined. Heuristic algorithms will be developed and their time com-
plexity and errors will be analyzed. Finally, some additional references
and remarks will be given in Section 6.

2. Concepts and problem formulation

Let N = (V,A,b,c) be a time-varying network. A vertex in N is
known as the source (root), denoted as s. Assume that b(x,y,t) is a
positive integer, t = 0,1, ..., k, where k is a positive integer, representing
a given time limit. By an approach similar to that of Section 5, Chap-
ter 1, the results developed in this chapter may also be generalized to
situations where the transit time b is a non-negative integer.

Recall that a dynamic path in the time-varying network N is a path
P where all departure times, arrival times, and waiting times at each
vertex on P are specified. We now introduce the concept of path-induced
subnetwork as below.

Definition 2.1 Forxz; €¢ V andj =1,2,...,J, where1 < J < n, suppose
Pj(s,xj) is a dynamic path from s to x; of time at most t. Let V(F;)
and A(Pj) be the vertex set and the arc set of Pj, respectively, and let
Vi =U;V(P), A" = U; A(P;). Further, let T'(P;) be the set of the
triples (x,y,7(x)) over Pj, where 7(x) is the departure time at vertex x
on Pj, andT" = |J; T'(P}). Define Ij(z) = {[a(x), 7(x)]} as the set of time
intervals (the waiting times at the vertices on P;), and I(z) = U; I;(z).
Then, N' = (V' A’,b,c), together with T' and I(x) (x € V'), is said to
be a path-induced subnetwork of N. The subnetwork N' is also said to
be generalized by paths Pj, 1 < j < J, denoted by N' = [Py, P», ..., Pj].
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Obviously, a single dynamic path P(s,z) in N is also a path-induced
subnetwork of N. On the other hand, given a path-induced subnetwork
of N of N, there must exist paths P, P, ..., P, such that N =
[Py, Py, ..., P;]. The following definition gives the concept of dynamic
spanning tree.

Definition 2.2 Let N’ = [Py, P, ..., Pj] be a path-induced subnetwork
of N and t < k. N’ is said to be a dynamic spanning tree of time at
most t, denoted by T(t), if it satisfies the following conditions:

(i) For each x € V, there exists a dynamic path P(s,z) of time at most
tin N';

(ii) If x is the end vertex of path P; in N', then x must be neither in
P; again as an intermediate vertex, nor in any other path Pj in N',
where i # j and 1 <1i,j < J.

Definition 2.3 Let T'(t) be a dynamic spanning tree of time at most t,
and let

Tty = > clzyT)+ ] > c(z,t)

(z,y,7)€r zeV t'el(x),t'=0,1,...,x

A dynamic spanning tree T*(t) is said to be a minimum spanning tree
of time at most t on the time-varying network N(V, A, b, c), if

(T (1) =, min (7))

where T (t) is the set of all dynamic spanning trees of time at most t.

The time-varying minimum spanning tree (TMST) problem is to de-
termine the minimum spanning tree 7%(k) for the given time-varying
network N.

Example 2.1

Figure 2.1. An example of a dynamic spanmng tree
\O/ ) / \/
g\ \/ \
©
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Consider a network N as shown in Figure 2.1(a), where
) - 17b(€7g71) = 17

(f,
c(s,e,O) (s,f, 0) =1 c(f,g ) = l,c(e,g, 1) =1,
C(f?.gv ):2,c(g,h,4):3,C(g,i,2):2.

All other b and ¢ are equal to oo, while all ¢(z,t) = 0. Waiting at any
vertex is not allowed. A dynamic spanning tree with root at s is to be
found for k = 6.

We can see that there are two dynamic paths: P, = (s e,g,1) with
7(s) =0, 7(e) = 1 and 7(g) = 2 (arrival at ¢ at time 5); P» = (s, f, g, h)
with 7(s) = 0, 7(f) = 3 and 7(g9) = 4 (arrival at h at tlme 5). Let
N’ = [Py, P;] be a path-induced subnetwork. From Definition 2.1, we
have V! =V, A" = A\{(f.e)}, I = {(s,¢€,0), (s, £,0), (e, 9,1),(f,9,3),
(g,h,4),(g,7,2)}, and I(z) = 0 for all z € V. By Definition 2.2, we can
see that N’ is also a dynamic spanning tree of N, since all vertices in
V' can be visited from the root s within time 6, and the end vertices of
P and P, ¢ and h, only be visited once, respectively. We denote T as
this tree (see Figure 2.1(b)). By Definition 2.3, the cost of T is {(T') =

c(s,e,0) +c(s, f,0) + ce,9,1) + ¢(f,9,3) + c(g, h, 4) + c(g,4,2) = 11.

The example above also shows a difference between the static spanning
tree and a dynamic spanning tree as we define here. We can note that the
underlying graph of T' (Figure 2.1(b)) contains a cycle C = (s, e, g, f, s).
On the other hand, if we remove any edge from this cycle, then neither
h nor ¢ could be visited within time «.

Remarks are given below.

Remark 2.1

b(s,e,0) =1,b(s, f,0) =3,b

(1) The model described above covers the situation where an arc (z,y)
is not available during an interval [t1, t3] (For example, the arc is not
usable due to repair/maintenance work during the interval). This
can be achieved by setting the value of b(z,y,t) or ¢(z,y,t) to be
infinity for the interval [ty to].

(2) Solomon (1986) formulates a MST model with time window con-
straints, where a vertex x; (i = 1, ..., n) should only be visited during
a given time window [e;,[;]. Early arriving at a vertex is allowed,
but it must then wait at the vertex until the earliest visiting time
(In other words, departure from the vertex before its earliest visiting
time is prohibited).
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A problem with time windows can be converted into the model
we discuss here as follows: Suppose that the time window of a vertex
y is [ey,ly], and suppose that x; (and z;) are immediate preceding
(and succeeding) vertices of y. Let b(y, z;,t) = 400 for any ¢ < ey,
and b(y, z;,t) = ty ., for any t > e,, where t, .. is the travel time
between y and z;. Also, let ¢(z;,y,t') = dy,  for any ¢/ +b(z;, y,t') <
ly, where d, , is the cost of travelling from z; to y, and ¢(x;,y,t') =
+oo for any ¢ + b(x;,y,t’) > l,. Then, one can arrive at y earlier
than e, and wait at y, but he cannot depart from y before time
ey since the transit time from y to any of its succeeding vertices is
infinite if the departure time is earlier than e,. On the other hand,
arriving at y later than [, will lead to an unacceptable schedule,
since the travel cost to arrive at y from any of its preceding vertices
is infinite. Consequently, the optimal solution for this time-varying
MST model will automatically satisfy the time window constraints.

3. Arc series-parallel networks

We will concentrate, in this section, on the TMST problem in which
waiting at a vertex is arbitrary allowed, and the network has an arc
series-parallel structure (see Duffin (1965); Weinberg (1971)). This type
of networks have interest themselves in applications (see, e.g., applica-
tion of Boolean algebra to switching circuits (Shannon 1938)). In addi-
tion, results derived on this type of networks may offer valuable insights
for the study of more general problems.

A network that meets the following properties is an arc series-parallel
network (ASP network):

(i) An arc (s, p) is an ASP network;

(ii) If G1 and G are two ASP networks and s1, s2 and py, pa are sources
and sinks of G and G, respectively, then G}, generated from G4
and G2 by merging s; with s and p; with ps is an ASP network.
Also, G4 formed from G; and G2 by merging p; with s is an ASP
network.

In fact, any ASP network can be induced by the two properties above.
Computationally, we can tell whether a given network is arc series-
parallel, by using the algorithm of Valdes et al (1982), which runs in
O(m +n) time. An example of an arc series-parallel network is given in
Figure 2.2.

In what follows, we will first study the complexity (in terms of NP-
completeness) of the TMST problem over time-varying ASP networks.
We will then present an exact algorithm which can find a minimum
spanning tree in pseudopolynomial time. Note that when we say that
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Figure 2.2. An arc series-parallel network

x x x5
1 3 OJ
/xz \ /x\ .

the problem we consider has an arc series-parallel structure, we always
imply that the source vertex (root) of the problem is the starting vertex
in the ASP network (see, e.g., Figure 2.2).

3.1 Complexity

We now show that, the TMST problem on an ASP network is NP-
complete. The decision version of the problem is defined below.

TMST-SPN Given a time-varying arc series-parallel network N(V, A,
b,c), a time limit k, and a threshold value K, does there ezist a dynamic
spanning tree T(k) of time at most k, such that ((T'(k)) < K ?

We will show that the Knapsack problem (see Section 3, Chapter 1)

is reducible to TMST-SPN. The following theorem establishes the NP-
completeness of the TMST problem with arc series-parallel networks.

Theorem 2.1 The TMST problem on an arc series-parallel network is
NP-complete in the ordinary sense.

Proof: For any given instance of Knapsack, we can construct a time-
varying network N, with structure same as Figure 1.3, and transit times,
transit costs, B, K, and time limit « as specified in the proof of Theo-
rem 1.1. (Note that 7" is the time limit used in the proof of Theorem 1.1).

We now prove that a “yes” answer to Knapsack is equivalent to a
“yes” to the decision version of TMST-SPN.

If Knapsack has a set S C @) such that ) ;. gv; > v* and ) ;cgw; <
w*, then we can obtain a path P(zg, z,+1) by the following way: starting
from x¢ at time zero, for each i, if i € S, then traverse arcs (x;_1,})
and (2}, x;); if i € S, then traverse arc (z;_1,x;). At last, traverse arc
(Tn, Tng1). Let w(z;) =0 (1 <i<n-—1)and w(z,) =n+w" —a(z,).
Notice that, since Y ;cqw; < w*, we have a(z,) = Y eq(w; +1) +
Yiggl=n+>cqwi <n+w', and a(Tpi1) < n+w* + 1=k, where
a(zy) and o(z,y1) are the arrival times of P at vertices z, and x,41,
respectively. Combining P with arcs (x;_1,}) for each i ¢ S, we obtain
a tree, denoted as T°. Clearly, T is a spanning tree of N within time
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duration k. Moreover, since ) ;g v; > v*, i.e., =) ;cs v < —v*, we have
((T7%) = ((P) = Yigs B+ ies(B—vi) =nB—3 jcgvi < nB—v" = K.
If TMST-SPN has a spanning tree T with the total cost not ex-
ceeding K, then there exists a path P(zg,zn+1) such that ((P) <
(T) < K. Let S = {i|](a},x;) € A(P),1 <i < n}. We have ((P) =
Yies (@ wi, T(2))+ 505 B = Yieg(B—vi)+ g5 B =nB—=3 5 vi <
K = nB—v*, which implies } ;. g v; > v*. On the other hand, since 7' is
a spanning tree of N within time x, by the construction of the network
N, we must have a(zy,) = > cg(wi+1)+> 06 1 = n+3"cgwi < ntw’,
where a(zy,) is the arrival time of P at x,. Therefore, Y ;. g w; < w*.
The analyses above show that TMST-SPN can be reduced from Knap-
sack and thus it is NP-complete. On the other hand, the optimal solution
of TMST-SPN can be found by an algorithm in pseudopolynomial time
(see Section 3.2 below) and hence it is NP-complete in the ordinary sense
(cf. Garey and Johnson 1979). This completes the proof. O

3.2 A pseudo-polynomial algorithm

In an ASP network, a vertex z is called a spreading vertexif d™(z) > 1;
or a converging vertezif d~(x) > 1, where d*(z) and d~ () are outdegree
and indegree of x, respectively. To develop our algorithm, we introduce
the concept of diamond as follows.

Definition 2.4 Let f € V be a spreading vertez, and g € V' a converging
vertex. If there are two paths from f to g containing no other spreading
and converging vertices, then the subgraph induced by these two paths is
called a “diamond”.

Usually, we denote D(f,g) as a diamond constructed by a spreading
vertex f and a converging vertex g. We also need the following definition.

Definition 2.5 Suppose that P(f,g) is a path in N which contains no
other spreading and converging vertices other than f and g. For each
vertex x in this path, define ds4(x,ts,t) as the cost of a shortest path
from f to x so that this path can be traversed within the time duration
[ts,t]. If such a path does not exist, let df4(x,ts,t) = 0.

The following lemma gives a recursive relation to compute dy 4(z, ts, t).

Lemma 2.1 Let P = (f,g) be a path which has no spreading and con-
verging vertices other than f and g. Then, we have dy4(f,ts,t) =0 for
all0 <ty <t <k, dpg(y,ts, ts) =00 forally # f, and

df,g(y’ts’t) = min{df,g(yvt&t - 1) + C(yat - ]-)7

min deg(z,ts,u) +c(z,y,u)}},
{ulu+b(x,y,u)=t}{ .l )+ ez, y,u)}}
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forts <t <k andy # f, where x is the predecessor of y in P.

Lemma 2.1 is a simple generalization of Lemma 1.1. For a diamond
D(f,g), the notation dy 4(g,ts,t) may cause some confusion since there
are two paths ending at g. We therefore use d?g (g,ts,t) and dfg (g,ts,t)
to denote the minimum costs from f to g along paths P; and P», where
x1 and zo are the predecessors of g in P; and Ps, respectively.

Definition 2.6 Let D(f,g) be a diamond as defined in Definition 2./
and D' = D\{g}. Define 6;(D,ts,t) as the cost of the minimum span-
ning tree of D such that 7(f) > ts and a(g) < t. Define og(D’,ts) as
the cost of the minimum spanning tree of D' such that 7(f) > ts.

Lemma 2.2 Suppose D is a diamond in N and 0 < ty; < k. Then, we
have

0r(D,ts,t) = min{d?}g(g,ts,t) + dﬁg(l’g,ts, K),
A (9,ts,t) + dyg(21,ts,K)}, for any ts <t <k,
5E(Dlvt8) - df,g(xlatsa /{) + df,g('r27t87 "1)7

where x1 and xo are the predecessors of g in Py and Ps, respectively.

Proof: Notice that D = Pi(f,...,z1,9) U Pa(f,...,22,9), and P; and P,
have no common vertex except f and g. Thus, there are two ways to
span D only, i.e., reach g by path P; and reach x5 by Ps, or reach g by
path P, and reach z1 by P;. Notice that if g is reached through P, with
a(g) < t, then the arrival time at vertex xs could be less than or equal
to k. Therefore the cost of the minimum spanning tree of D should be
the minimum between these two. O

The key ideas of our algorithm can be described below.

(a) If N is a path, then d; ,(p, 0, k) is the cost of the minimum spanning
tree.

(b) If N is a diamond, then d;(V, 0, k) is the cost of the minimum span-
ning tree.

(c) Otherwise, choose a diamond D in N. Calculate §; and dg respec-
tively, and make a contracting operation as follows:

(i) Delete P, and P, in N except vertices f and g.

(ii) Create an artificial vertex z’ and two artificial arcs (f,z")
and (2/,g). Let 0(a/,ts,t) = 0p(D’,ts) and 0(g, ts,t) = d7(D, ts,t) —
dp(D’ ts) for any 0 < ts <t < k (if both d;(D,ts,t) and dg(D’,ts)
are infinite, then 0(g,ts,t) = oo0). Then, a diamond is converted
equivalently to a path P(f, 2/, g).
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(iii) It is possible that f and g are no longer a spreading vertex
and a converging vertex in the new network. Suppose that the path
P(f’,4") contains P(f,g) as its subpath. Calculate dsr o (x,ts,t) for
each vertex x in P(f’,¢') according to the formula given in Lemma
2.3 below.

(d) Repeat step (c) until N becomes a path or a diamond.

Note that after a contracting operation, the new network obtained,
denoted as N, contains an artificial path P(f, g). Moreover, a spanning
tree T” in N’ should contain either an arc (f, z’) or arcs (f,2’) and (2/, g),
since d~(z') = d*(2') = 1, where d(2') and d*(2') are in-degree and
out-degree of ' in N’, respectively. Therefore, we can compute the cost
of T" as follows:

Y )e AT\ (far) €@y, T(2)) + (2", 7(f), K),
C(T’) — if (a/,9) & A(T")
2wy AT (f)), ("9} (25 Y, T())
+ (2, 7(f), () + 0(g,7(f),a(g)), otherwise

For the case where there are multiple artificial paths, we can compute
the cost of a spanning tree in a similar way. The formula given in Lemma
2.1 can be revised as follows:

Lemma 2.3 Let P(f,g) be a path, 0 < t; < &, dfq(f,ts,t) =0 for all
ts <t < Kk and df4(y,ts,ts) = oo for ally # f. Fort, <t < k and
y # f, we have:

(i) If (x,y) is not an artificial arc, then
df,g(yv tS? t) = min{df,g(ya tSa t— 1) + C(y7 t— 1)7

min d T, ts,u) + clx,y,u
{u\u+b(ac,y,u)=t}{ . ) +c(z,y,u)t}

(ii) If (x,y) is an artificial arc, then
dig(y,ts, t) = min{dyg(y, ts,t —1)+c(y,t—1),

min {dg(x, ts,u) +9(y,u. 1)}

where x is the predecessor of y in P.

Let P(f',x1,x9,....2r, f,2', g, 2741, ...,g") be a path we are consider-
ing now, and P(f,2’,g) be a path which comes from a diamond D. For
notational convenience, let us assume that ds,, .., (2',ts,t) denotes the
cost of the minimum spanning tree of the subnetwork generated by D’
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and the path P(f’,z1,..., 2y, f), with 7(f’) > t,, while dg 4 (g, ts,t) de-

notes the cost of the minimum spanning tree of the subnetwork generated

by D and the path P(f’, z1,...,x,, f), with 7(f") > t5 and a(g) < t.
We are now ready to present the following algorithm.

Algorithm TMST-SP
Begin
While N is neither a path nor a diamond do
Select arbitrarily a diamond D in V;
Compute dy q4(x,ts,t) forallz € V(D) and for all 0 < ¢, <t < k;
Compute 67(D, ts,t) and dg(D’,ts) for 0 <ty <t < k;
Delete D, except the vertices f and g, from N,
Create a path P(f,2',g) in N and let (2, ts,t)
and (g, ts,t) = 67(D,ts,t) — dp(D’, ts) for 0 < t, <t
End While;
If N is a path then ((T') = d; ,(p,0, K);
If N is a diamond then ((T) = 07(N,0, k)
End.

= 5E(D,7 ts)
< K;

Theorem 2.2 TMST-SP can find an optimal solution for the time-
varying minimum spanning tree problem with an arc series-parallel net-
work considered in this section.

Proof: Use induction on |A|. Consider the case with m = 1. Since there
is only one arc, N is a path and the claim holds obviously. Assume that
when m < k, the claim is true. Now we consider the case with m = k.

We examine the following cases:

(i) N is a path. By Lemma 2.1, the claim holds.

(ii) N is a diamond. By Lemma 2.2, the claim is also true.

(iii) N is neither a path nor a diamond. Then we select a diamond
D in N, and compute §;(D,ts,t) and dg(D’,ts) and change D to a
path P(f,2',g) to obtain a new network N’. Now, we prove ((T") =
¢(T), where T’ and T are the minimum spanning trees in N’ and N,
respectively.

First, we show ((T") > ((T). Recall that N’ differs from N, since a
diamond D in N is replaced by a path P(f, 2, g). Because the indegree
of ' equals one in N, the arc (f,z') must be in 7”. Consider the arc
(2',9). If («/,g) & A(T"), where A(T") is the arc set of T”, then we can
restore the arc (f,z’) to a spanning tree 17, of D" with cost dg(D’,ts),
where ¢4 is the departure time at f in 7’. Combining 77, and all other
arcs in T" except (f, '), we can obtain a spanning tree of N, denoted
as T”. From Lemma 2.3, we know that the cost to reach 2’ from f with
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7(f) =ts is 0(a’, ts,t). Then we have

-1

T = Z c(z,y,7(z))+ Z Z c(z, t)+0(2' s, t)

(z,y)eA(T'\(f,2")) zeV(T"\{z'}) t=a(z)

- Z C(:L‘,y,T(m)) + Z Z l‘ t —|—5E D’ ts)
() EA(T'\(f,2")) z€V(T'\{2'}) t=c(x)
=¢(T") = ¢(T)

The last inequality holds since T is the minimum spanning tree of N. A
similar analysis can be applied to the case with the arc (2/,g) € A(T").

We now show ((T') > ((T"). For any spanning tree T° of N, we can
construct 7%, a spanning tree of N, such that ((T°) > {(T*). Suppose
that 7', is the spanning tree of D’ in T° with t; < 7(f). We create T* by
replacing T%, by arc (f,z’). Let 6(2/,ts,t) denote the cost of reaching z’
from f with 7(f) = ts. By the definition, we have (2, ts,t) = dp(D’, ts),
where 05 (D', ts) is the cost of minimum spanning tree of D’. Therefore,
we have

(T7) = > CENRICHEDD Z c(z,t) +((Tp)

(z,9)EA(T\T,) 2€V(To\TY,) t=a(z)
7(x)—1
= > ey, 7(@)+ > > el t)+ (2 ts,1)
(zy)€A(T*\(f,2')) 2eV(T\TY,) t=a(z)

= ({(T7) = {(T").
Since for any T° the inequality is true and 7" is the minimum spanning
tree of N, we have ((T') > ((T"). The proof for the case that T contains
a spanning tree of D can be established similarly.

In summary, we have ((T") = ((T). In other words, we can obtain
the minimum spanning tree of IV by finding the minimum spanning tree
in N’. Notice that N’ is still a time-varying arc series-parallel network
with |A(N’)| < k — 1 since we replace a diamond by a path and the
number of arcs decreases by at least 1. By the induction, we complete
the proof. O

Theorem 2.3 TMST-SP can be implemented in O((m + n)mk?) time.

Proof: The time needed for selecting a diamond in N is O(m + n) (see
Valdes et al (1982)). To calculate df 4(x,ts,t) for all z € D and for all
0 <ts <t <k weneed O((m + n)x?) time. Both the deleting and
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the creating operations require O(m + n) time. Therefore, one iteration
(within the While loop) needs O((m + n)x?) time. Since each iteration
decreases by at least one arc, we need at most m iterations. Thus, the
total running time is bounded above by O((m + n)mx?). O

Let us now examine an example to illustrate Algorithm TMST-SP.

Example 2.2

Figure 2.3.  An example to illustrate Algorithm TMST-SP

t=0 t=1 t=2 t=3 t=4
arc

b,c b,c b,c b,c b,c

)//Q\ (s%,) | 2,5 1,3 2,6
(s,x,) | 1,1 2,1 2,2
(s,x,) | 1,4 1,3 2,5
(s,x,) 2,5 2,3 1,4
(x,,P,) 1,2 1,1 1,3
(x,,P1) 1,6 2,3 1,4
(x,,P2) 1,2 2,1 1,4
(x4,pz) 1,1 2,1 1,2
(P,,P) 1,1 1,1 2,1
(h.P) 1,2 1,2 2,1
(b)

Consider an ASP network N as shown in Figure 2.3(a). Associated
with each arc, there are two numbers, transit time b(x,y,t) and cost
c(x,y,t), as listed in Figure 2.3(b) (a blank in the table stands for b =
¢ = 00). All waiting costs c¢(z,t) = 0. Given k = 4, the problem is to
find the time-varying minimum spanning tree T" of V.

First, pick up a diamond Dy = (s, x1,x2, p1). For each x € V(D;) and
0 <ty < to < K, calculate ds , (x,t1,t2). For example, d; , (s,0,0) =0,
ds,p, (22,0,0) = oo, and

ds,p, (22,0,1) = min{ds ,, (22,0,0),ds p, (5,0,0) + c(s,22,0)}

= min{oo,0+ 1} =1

since there exists u = 0 which satisfies u + b(s,x2,u) = 1. The val-
ues of dy ,, (x,t1,t2) are shown as in Table 2.1, while 07(D1,t1,t2) and
dp (D}, t1) are given in Table 2.2.

The network N is now converted into a network as shown in Figure
2.4(a). Then, we pick up Dy = (s, 3,24, p2). For each x € V(D;) and
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Table 2.1. The values of ds,,, for diamond D;

ds,py (T1,t1,t2) ta=1 2 3 4 dsp(z2,t1,t2) ta=1 2 3 4
t1 =0 00 3 3 3 t1 =0 1 1 1 1
1 3 3 3 1 00 1 1
2 o0 6 2 00 2
3 00 3 00
dgl, (p1,t1,ta) ta=1 2 3 4 d% (p1,ti,t2) ta=1 2 3
t1=0 00 ) 5 4 t1 =0 00 7 7 4
1 00 5 4 1 0o 00 5
2 0o 00 2 oo 00
3 00 3 0o

Table 2.2. The values of 6; and dg for diamond D1

6r(D1,t1,ts) ta=1 2 3 4 t 0 (D1, t1)
t1=0 00 10 6 5 0 4
1 00 6 5 1 4
2 00 00 2 8
3 00 3 00

0 <t <ty < kK, calculate ds p,(x,11,1t2), see Table 2.3. The values of
01(Da,t1,t2) and dp (D4, t1) are listed in Table 2.4.

A new network is obtained as shown in Figure 2.4(b).
Finally, as the network is a diamond now, we can calculate d;(D, t1, t2)
for 0 < t; < tg < k. The results are listed in Table 2.5.

Since d7(D,0,4) = 14, we have ((T) = 14. The minimum spanning
trees T is shown as in Figure 2.5(a). The number in a box associated
with the arc is the departure time and the number without a box is the
transit cost. Figure 2.5(b) shows a minimum spanning tree of N with
K =3.
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Table 2.3. The values of ds,,, for diamond D,

ds,pg(l’37t1,t2) to =1 2 3 4 dsypz(l‘4,t1,t2) ta=1 2 3 4
t1 =0 4 3 3 3 t1=0 9 5 3 3
1 3 3 3 1 o0 3 3
2 00 5 2 4 4
3 00 3 00
dﬁ?m (pz,thtz) to=1 2 3 4 d:fPQ (pz,t1,t2) to =1 2 3
t1 =0 00 6 6 4 t1=0 00 00 6 6
1 0o 00 4 1 oo oo 00
2 oo 00 2 co 00
3 00 3 00
Table 2.4. The values of §; and dg for diamond D-
61(Da, t1,ts) ty =1 2 3 4 ty dg (D3, t1)
t1 =0 o0 9 9 7 0 6
1 o) 00 7 1 6
2 o) 00 2 9
3 9 3 10
Table 2.5. The values of §; for diamond D
0r(D,t1,t2) ta=1 2 3 4
t1 =0 00 00 16 14
1 00 00 14
2 00 00

3 00
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Figure 2.4. An example to illustrate Algorithm TMST-SP (continued)
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4. Networks containing no subgraph
homomorphic to K,

In this section, we will generalize the model of Section 3.3 to such
networks whose underlying graphs contain no subgraphs homomorphic
to K4 (a complete graph with four vertices).

4.1 Properties and complexity

Liu and Geldmacher (1976) have shown that, any graph with no sub-
graph homomorphic to K4 can be recursively transformed, by applying
four transformation rules (see Definition 2.7 below), to a single ver-
tex. They have further devised a linear time algorithm that can decide
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whether a graph has a subgraph homomorphic to Ky (Liu and Geld-
macher 1980).

Definition 2.7 Let G’ be the resultant graph after applying four trans-
formation rules Ty, Ty, T3 and Ty to a graph G until none of the rules
can be further applied, where

Ty : Replace a loop vv with a vertex v.

T5: Replace a dangling edge uv with a vertex u.

T5: Replace a pair of series edges uv and vw with an edge uw.

Ty: Replace a pair of parallel edges uwv and wv with an edge uv.
If G' consists of only one single vertex, then we say G is reducible. Oth-
erwise, we say G is nonreducible.

Note that in the definition above we follow Liu and Geldmacher (1976)
to use the terminology “reducible”, which is different from the terminol-
ogy “reducible” used in the NP-completeness analysis (see Section 3.2).

The following two properties are established in Liu and Geldmacher
(1976).

Property 2.1 If Ty, T, T3 and Ty are applied to a graph until no longer
possible, then a unique graph results, independent of the sequence of
application of T1, To, T3 and Ty.

Property 2.2 A graph G is nonreducible if and only if it contains a
subgraph homomorphic to Ky.

Corresponding to the concept of reducible graph, we define the ter-
minology of “reducible network” as follows.

Definition 2.8 A is a reducible network if its underlying graph con-
tains no subgraph homomorphic to K.

Note that an edge series-parallel graph (the underlying graph of an
arc series-parallel network) is reducible since it contains no subgraph ho-
momorphic to K4. On the other hand, we do have other networks, whose
underlying graph are not edge series-parallel, but which are reducible.
Figure 2.6 below is an example.

Example 2.3

An ASP network is a special case of the reducible network. Thus,
from Theorem 2.1 and Theorems 2.5 and 2.6 (See below), we have the
following Theorem.

Theorem 2.4 The time-varying spanning tree problem on reducible net-
works is NP-complete in the ordinary sense.
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Figure 2.6. A reducible graph which is not edge series-parallel
O\
S 61\
O

Figure 2.7. Two special cases of reducible networks

s(=x,=x, )

4.2 An exact algorithm

Recall that we consider time-varying networks with no parallel arcs,
that is, there do not exist two arcs of the same direction between two
vertices. It is possible to have, however, two arcs of opposite directions
between two vertices. To simplify the presentation in figures, in this
section we will use a link to indicate a single arc or a pair of opposite
arcs between two vertices.

Let us first examine the following two special cases.

Case I. The network N under consideration is shown in Figure 2.7(a),
where s is the source vertex. By Definition 2.5, ds . (z, ts,t) is the cost of
a shortest path from s to « within the time duration [ts,¢] (Note that if
such a path does not exist, then dg ;(x,ts,t) = 00). Then, we can easily
see that

C(T(K)) =dsy(y,0,k) +ds 2 (2,0, k) (2.1)

where ((7'(x)) is the minimum cost of the spanning tree of N within the
time limit &.
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Case II. The network N under consideration is shown in Figure 2.7(b).
In this case we have

((T'(k)) = min {dsxz(xz,o K) +dszr (Tig1,0,K5)} (2.2)

1<i<r—1

where ds ;,(x;,0, k) is calculated along the path P(z1,x2,...,x;) while
ds,z;i1 (Tig1,0, k) is calculated along the path P(x,, xy—1, ..., Ti+1). Again,
note that by default we define d; . (z,ts,t) = 0o if no path exists from s
to x.

A vertex v € V is said to be a conjunction vertex, if it has more than
two adjacent vertices in N. A path P(z,y) (or a cycle C(x = 1, .. =
x)) with one conjunction vertex x and s ¢ V(P)\{z} (or s € V(C )\{:I:})
is called a dangling path (or a dangling cycle) (see Figure 2.8). A cycle
with two conjunction vertices is called a diamond. Note that this defin-
ition is a generalization of Definition 2.4.

Figure 2.8. [ and e are conjunction vertices, while P(a,e) is a dangling path, cycle
C(e, g, h) is a dangling cycle, and D(P(s,w,l), P(s, f,1)) is a diamond.

/\ .
AVZANERN|

Both two structures, path and diamond, play the key roles in the
algorithm we are to present below. Notice that, if a path contains two
conjunction vertices as its two ends and s is not in it, the flow can flow
in or out at each conjunction vertex of the path. Figure 2.9 shows these
situations.

Figure 2.9. Directions of flow into or out from a path, where y and z are two con-
junction vertices

o0—o0 o0—o0 O——00—0 o0—o0 o0—o0
y z y z y z
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Since for two vertices z and y, c(z,y,t) may not equal c(y,x,t), we
need to calculate the cost of a path in terms of three different spanning
ways above. This leads to the following definition.

Definition 2.9 Suppose that P(y = x1,x2,...,xy = z) is a path in N,
where y and z are two conjunction vertices, and s ¢ V(P)\{y, z}. Define
(1) dyr ,o(ty,t.) as the cost of the minimum spanning tree of P, such
that y is the flow-in vertex, z is the flow-out vertex, T(y) > t, and
a(z) <ty
(2) dyo .1(ty,t.) as the cost of the minimum spanning tree of P, where
y 1is the flow-out vertex, z is the flow-in vertex, a(y) < t, and 7(z) > t;
(3) dyr ,1(ty,t.) as the minimum forest of P, where both y and z are
flow-in vertices, T(y) > t, and T(2) > t,.
If such trees do not exist, let the relevant cost be co.

Recall Definition 2.5 on djf 4(z,ts,t). The following lemma gives a
method to calculate dyr ,o(ty,t.), dyo ,1(ty,t.), and dyr 1 (ty,t.).

Lemma 2.4 Suppose that P(y = x1, 22, ...,z = z) is a path in N, where
y and z are two conjunction vertices, and s ¢ V(P)\{y, z}. Then, we
have
dyro(ty,ts) = dy(2,ty,8), 0<t,<t, <k
dyo i (ty,t) = doy(y,tarty), 0<t,<t, <k
dy17z1 (ty, tz> = 1<Iin<i7r}_1{dyvz(xi’ Ly, l€>+d37y(a}i+1, t,, Ii)}, 0< ty,t, < K.

Proof: Straightforward. O

By Lemma 2.4, formulae (2.1) and (2.2) can be rewritten as (2.3) and
(2.4) respectively.

C(T*) = dsI,yO (Ov K’) + dsl,zo (Oa H)a (23)
() = amin {dur o (00) +du o (0,1)} (2.4)

Similarly, if a diamond does not contain the source vertex, the flow
can also flow in or out at each conjunction vertex of a diamond. Figure
2.10 shows these situations.

Definition 2.10 Suppose that D is a diamond in N, where y and z
are two conjunction vertices, and s ¢ V(D)\{y, z}. Define d,1 ,o(ty,t.)
as the cost of the minimum spanning tree of D such that y is the flow-
in vertex, z is the flow-out vertex, 7(y) > t, and a(z) < t,. Define
00 ,1(ty,tz) and o1 ,1(ty,t.) in a similar way. If such spanning trees
do not exist, let the cost be cc.
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Figure 2.10. Directions of flow into or out from a diamond, where y and z are two
conjunction vertices
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Lemma 2.5 Suppose that D = (Pi(y, z), Px(y, 2)) is a diamond which
consists of two paths Py and Py, with y and z being the two conjunction
vertices, and s ¢ V(D)\{y, z}. Then, we have

Oyr 0 (ty,t2) = min{d)r o (ty,t2) + dor 1(ty,t2),dor o(ty,tz)

+dyr i (ty,t2)}, 0<t,<t.<k
8,0 1 (ty,t2) = min{djo 1(ty, t2) + dor 1(ty,t2), doo 1 (ty, 1)
i i (ty, t2)}, 0<t.<ty<k

Oyr o1ty ) = dip ity t2) +dor i(ty,t2), 0 <ty t. <k
where d* denotes the cost for Py (k=1,2).
Proof: Straightforward. O

The basic idea of our algorithm is to carry out two operations, one
transferring a dangling path or a dangling cycle to a vertex, while the
other transferring a diamond to a path.

Operation I Consider a dangling path (or a dangling cycle) of N. Be-
fore give the operation, we introduce the following definition first.

Definition 2.11 Suppose P(z, ...,y) be a dangling path in N and x is a
conjunction vertex. Define

n(z,t) = dy1 yo(t, k)

where 0 <t < k. In case y =z, P becomes a dangling cycle C(z, ..., x).
Then, define

n(m, t) = dxf,azl (t, t).

Actually, n(x,t) is the cost of the shortest path of P or the cost of
the minimum spanning tree of C' with departure time ¢ at vertex x. The
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operation is to remove the path P from N (except vertex x), and attach
n(z,t) (0 <t < k) to vertex z in N’. For completeness, we let n(z,t) =0
(0 <t < k) for any z € V(NN') if there does not exist a dangling path or
a dangling cycle at z. Furthermore, If there are more than one dangling
paths or dangling cycles at vertex x, let n(x,t) be the summation of the
costs.

Operation II Consider a diamond D(P; (e, ..., g), Pa(e, ..., g)), where e
and g are two conjunction vertices. Now, we remove D in N except ver-
tices e and g, and add an artificial path P(e,2’, g) into N to obtain a new
network N’, where 2’ is an artificial vertex, ez’ and 2’¢g are two artificial
edges (see Figure 2.11). Moreover, attach 0.1 4o (te,tg), 6c1 go (te, ty), and
O 4o (e, tg) to vertex a'.

Figure 2.11. A diamond is changed into a path

Notice that, the network N is reducible, therefore after performing
these two operations until no longer possible, the resultant network is
either a path or a cycle as described in case I and II.

After completing operations, N’ contains artificial vertices, artificial
edges and extra variables n(z,t). Therefore, we need to define the cost
of a spanning tree of N’ as below:

Definition 2.12 Suppose N’ is a network obtained after the operations,
and T" be a spanning tree of N'. Deﬁne

T = Z c(z,y, 7(x))+ Z n(z, a(x)) + Z Az

zyeE(T"),x,yZA(N') zeV (T") z€A(N')
where
5617511(06(6), a(g)), if (671. ) € E(T/ ) (.’L‘ g) ¢ E(T/)
Ay - or (2',) € B(T') (e, ") ¢ B(T'

5el,g0 <a<e)77—(g))7 if (6,1"), ( ) ( ) (e) < T(g)
00 g1(7(e),a(g)), if (e,2"), (2, g) € E(T"),7(e) > a(g)
e and g are conjunction vertices of D, and A(N') is the artificial vertex
set of N'.
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For the case where there are multiple artificial vertices, we can define
the cost of a spanning tree in a similar way. Definition 2.12 is the
generalization of Definition 2.3. One can see that if N’ has no artificial
paths and all n = 0, then Definition 2.12 becomes Definition 2.3.

Furthermore, the formula for calculating d. 4(, t,ty) and dg c(x, tg, te)
should be revised as follows:

Lemma 2.6 Let P(e,...,z,y,2,...,9) be a path of N where e and g are
two congunction vertices. Then, deg4(e,te,t) =0 for all 0 < t. <t <k,
deg(y,te,te) = 00 for all y # e, and, for 0 <t. <t <k andy # e, we
have

(i) if xy is not an artificial edge, then
deg(y, te,t) = min{de ¢(y,te, t — 1),

7t + d te? + ) b
n(y,t) {u|u+b(x,yu) t}{ e.g(T te,u) + c(x,y,u)}}

1) if xy is an artificial edge, and
Yy 9
(a) if y is an artificial vertez, then

de,g(y,te,t):min{d&g(y,te,tfl),trggt{de,g(x, te,u)+0,1 0 (u,t)}},
(b) otherwise, if y is not an artificial vertex, then
de,g(yyteat) = n(y,t) + min{de,g(%te,t - 1)7 de,g(xyteat)}a

Similarly, we can compute dgc(z,tg,te).
Also, Lemma 2.4 should be revised as follows:

Lemma 2.7 Suppose that P(y = x1, 22, ...,z = z) is a path in N, where
y and z are two conjunction vertices, and s ¢ V(P)\{y, z}. Then, we
have

dyr o (ty,tz) = dy . (2,ty,t2), 0<t,<t.<k
dyo Zl(ty,tz) = dz,y(y,tz,ty), 0<t, <t, <
dyr o1 (ty,t.) = 1<Izn<17{1 15“ 0<ty,t. <k
where
dy,z(xia Ly, H) + dz,y(xiJrl’ lz, ’%)7
both x; and x;1+1 are not artificial vertices
6 = ty<u1<rf€11tz<u2< {dy’ (:EZ 17ty7U1) + 5 I -1 ‘ZI-O- (uh K)
v +d, y(Tig1,t2,K)}s x; is an artificial vertex
tygulgrg,itgsuzsfe{dy’zm’ bys )+ Og1 o1, (K, u2)
+d, y(Tigo, tz,u2)}  @ip1 is an artificial vertex
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By Lemma 2.6 and Lemma 2.7, formulae (2.3) and (2.4) now should
be rewritten as (2.5) and (2.6) respectively.

¢(T™) = dslyyO (0,K) + dgr 0 (0,K) +n(s,0), (2.5)
T = d51731 (0,0) +n(s,0). (2.6)

The basic steps of our algorithm are as follows:

(a) If N is apath P(y,..., s, ..., z), then ((T(k)) is calculated by formula
(2.5) (Assume the initial value of n(x,t) is set to zero for each x € V'
and t =0,1,...,K).

(b) If N is a cycle C(s = 1,29, ..., = ), then ((T(k)) is calculated
by formula (2.6).

(c) If N contains a dangling path P(z,y), where z is a conjunction
vertex, then let n(z,t) = d,1 o(t, k) +n(x,t) for t =0,1,..., k, and
do Operation I.

(d) If N contains a dangling cycle C(z = x1,x9,...,x, = x), where x is a
conjunction vertex, then for ¢t = 0,1, ..., x, let n(x,t) = dg o1 (t,t) +
n(s,t) + n(zx,t), and do Operation I.

(e) Otherwise, choose a diamond D(P;(y, z), P2(y, z)) in N (if there are
more than one diamond, choose one arbitrarily), where y and z are
two conjunction vertices of D. According to Lemma 2.5, calculate
8,1 20(ty,ts) for 0 < t, <t < K, 6,0 1(ty,ts) for 0 <t <t, <&,
and 6,1 ,1(ty,t.) for 0 <t,,t, < k. Perform Operation IL

(f) Still denote the new network as N. Repeat step (c) to (e) until N
becomes a path or a cycle.

Now, we are ready to present our algorithm.

Algorithm TMST-RN
Begin
Set n(x,t) = 0 for each x € V(IV) and for each 0 < ¢ < k;
While N is neither a path nor a cycle with s do
Repeat doing Operation I to delete the dangling paths and
dangling cycles;
Select arbitrarily a diamond D(y, z) in V;
Calculate d,1 ,o0(ty,t.), 0,0 .1(ty,t.), and 6,1 ,1(ty,t.) for D and
for all 0 < ty,t, < k;
Do Operation II;
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End While;
If N is a path P(z,..,s,..,y) then ((T) = dg ,0(0,x) +
dsI,zO (07 ’i) + 77(‘97 O)a
If N is a cycle C(s = 21,22, ...,z = s) then ((T') = dg ,1(0,0)+
1(s,0);
End.

Theorem 2.5 TMST-RN can optimally solve the time-varying mini-
mum spanning tree problem on a reducible network.

Proof: We prove that, when the algorithm is terminated, {(7') is the
cost of the minimum spanning tree of N. Use induction on m = |E(N)]|.
Consider the case with m = 1. Since there is only one arc, N is a path
and the claim holds obviously. Assume that when m < k, the claim is
true. Now we consider the case with m = k.

We examine the following cases:

(1) N is a path or a cycle. By formulae (2.5) and (2.6), we know
that ¢(7') is the cost of the minimum spanning tree of N.

(2) N is neither a path nor a cycle. Then consider the following
cases:

(i) N has a dangling path P(x,y), where x is a conjunction vertex.
By the algorithm, we delete P (except vertex z) from N and obtain a
new network N’. In what follows, we first prove that, for each spanning
tree TV of N’, it can be extended to a spanning tree T° of N such that
¢(T") = ¢(T°). Next, we show that for each spanning tree T of N,
there is a spanning tree 7’ of N’, such that {(77) < {(T). That is
to say, finding the minimum spanning tree of N can be equivalently
converted to finding the minimum spanning tree of N’. Since m’ =
|E(N') < k, by the induction, ((T") obtained by the algorithm is the
cost of minimum spanning tree of N’, therefore, it is also the cost of the
minimum spanning tree of V.

Suppose T is a spanning tree of N’. By the definition, we have ((T") <
co. By the definition of ((7”), we know that 3,y n(2’, a(z')) < oo,
or, n(z,a(r)) < co. By the definition of 1, we know that there is a
spanning tree T" of P(z,y) with the cost n(z,a(x)). Thus, we can
extend T by adding T” to obtain a dynamic spanning tree of N.

Now, we show that ((7") < ((T). Notice that P is a dangling path
in N, that is to say, all vertices y in P can only be visited from .
Suppose that t° be the departure time at z in 7. We create 7" by
cutting path P in T except vertex x, and let n(z,t°) be the minimum
spanning tree of path P with departure time t° at vertex x. Then, we
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have n(x,1°) < > vep(p) ¢(u, v, 7(u)). By the definition, we have

(=3 ey @)+ Y naz

'y’ e E(T") zeV (T")
= > @)+ Y e ale’) + ()
'y’ €E(T") zeV(T"),x' #x
< Y ddyr@)+ Y a@al@)+ Y cluv,T(w)
'y’ €E(T") zeV(T"),z'#x uve E(P)
=¢(T)

Therefore, the claim is proved.

(ii) N has a dangling cycle. The analysis is similar to (i).

(ili) N has neither dangling paths nor dangling cycles. Since N
is reducible, there must exist a diamond with two conjunction vertices
only (Otherwise, N will contain a subgraph homomorphic to K, since
the transformation 7 can not be applied to N).

Select a diamond D in N with two conjunction vertices, say e and g.
We compute 0.1 jo(t1,t2), 6c0 g1 (t1,t2), and O, g1 (t1,t2). Change D to
a path P(e,2’,g) to obtain a new network N’. Similarly, we first prove
that for any spanning tree 77 of N”, it can be extended to a spanning
tree T of N.

Notice that in N’ the degree of 2’ is 2, therefore edge ex’ (or 2'g)
must be in 7”. Suppose ez’ in T" and z’'g &€ T'. We restore edge ex’ and
vertex g to a spanning forest F' of the diamond D, and add F to T” to
obtain a spanning tree T of N. A similar analysis can be applied to the
case with ex’,2’g € E(T") or 2’g € E(T") only.

We now show that for any spanning tree T' of N, there is a spanning
tree T" of N, such that ((T") < {(T'). Suppose that F' is the spanning
forest of D in T with t, = 7(e), and t, = 7(g). We create T” by replacing
F by edge ex’. Let 6,1 41(te,ty) denote the cost of minimum spanning
forest of D. Therefore, we have

()= > clay () +(F)

ey€E(T)\E(F)

> Z o(z,y,7(z)) +5el,gl(t€7tg) = C(T/)

zy€eE(T")\ex’

The proof for the case that T contains a spanning tree of D can be
established similarly.

Notice that N’ is still a time-varying reducible network with |E(N')| <
k, since we replace a diamond by a path or replace a path (a cycle) to a
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vertex and the number of edges decreases by at least 1. By the induction,
we complete the proof.
O

Theorem 2.6 TMST-RN can be implemented in O((m + n)mx?) time.

Proof: Setting n(z,t) for each vertex x € V and for each time < ¢ <
k needs O(nk) time. In the while-loop, to find a dangling path or a
dangling cycle, we can use depth-first traversal (see Gilberg et al (2001)).
This step can be done in O(m) time. The time needed for selecting
a diamond in N is O(m + n) (see Valdes et al (1982)). To calculate
5y17zo(t1,t2), 5yo’zl(t1,t2), and 5y1721(t1,t2) for all 0 < t; <ty < K, We
need O((m + n)x?) time. Replacing a diamond by an artificial path
requires O(m) time. Therefore, one iteration (within the While loop)
needs O((m + n)x?2) time. Since each iteration decreases at least one
edge, we need at most m iterations. Thus, the total running time is
bounded above by O((m + n)mx?). O

5. General networks

We now study the time-varying minimum spanning tree (TMST)
problem on a general network. We will first examine its complexity
in terms of strong NP-completeness, and then develop algorithms which
can find, in pseudopolynomial time, approximate solutions.

5.1 Strong NP-hardness

It is well known that the classical minimum spanning tree problem
is polynomially solvable (see, for example, Graham et al (1985)). We
have shown in Sections 3 and 4 above that, the time-varying minimum
spanning tree (TMST) problem on an arc series-parallel network or a
reducible network is, however, NP-complete in the ordinary sense. In
this section we will further show that the general TMST problem is NP-
complete in the strong sense even if the underlying graph of IV is a tree
with b(z,y,t) = b(x,y), or ¢(x,y,t) = c¢(x,y) for any arc (z,y) € A.

We will show that the Minimum Set Cover (MSC) problem is reducible
to TMST.

Definition 2.13 MSC: Given a set C = {C1,Co,...,Cp} of finite sets

and a number Ky, does there exist a set cover C' such that |C'| < K¢

To study its complexity in terms of NP-completeness, we examine the
decision version of the TMST problem as stated below.
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Definition 2.14 TMST: Given a time-varying network N and two in-
tegers k and k, does there exist a spanning tree within the time limit k
such that its total cost is not greater than k ¢

We first examine the problem with the constraint that waiting at any
vertex is not allowed. Our results are given in Theorem 2.7 and Theorem
2.8 below.

Theorem 2.7 If waiting at any vertex is not allowed, then TMST is
NP-complete in the strong sense, even if the underlying graph of N is a
tree, and

(i) c(z,y,t) are time-varying and b(x,y,t) = b(x,y), V(z,y) € A;
or

(i1) b(x,y,t) are time-varying and c(x,y,t) = c(z,y), V(z,y) € A.

Proof: Clearly, TMST is in NP. Now, we will prove that MSC reduces
to TMST with no waiting allowed at any vertices. For each u € (i~ Cj,
we create a vertex x to represent it in N. Moreover, add a source vertex
s and a linking vertex vy in N. Use arcs (s,vg) and (vg,u) to connect
these vertices and let

b(s,vo, k) = 00,b(s,v9,t) = 1,t =0,1,2,...., 6 — 1
c(vg, u,0) = oo, c(s,v9,t) =1,t =0,1,2, ...,k
b(vo,u,t)—{ 1 ifue Cy

oo otherwise
t=1,2,...,k
c(vg,u,t) =0,t =1,2,....k

Let k = K and k = m. Finally, assume that at any x € V, no waiting
is allowed.

The network N defined above possesses the property that b are time-
varying and c¢ only depend on arc (x,y). Clearly, this reduction can be
implemented in polynomial time (see Figure 2.12).

We now prove that a “yes” answer to MSC is equivalent to a “yes”
answer to TMST.

If MSC has a set cover C’ with |C'| =1 < K, then a spanning tree
with zero waiting times at any intermediate vertices can be constructed
starting with the source vertex s. Without loss of generality, suppose
C; € C',1 < i <1 (note that | < K, < m). Let C] = Cy and Cj =
CAUZ1 Cj, 2 < i < 1. Clearly, ¢' = J'C; = U’ Cj. For each Cj, if
|C!| # 0, we choose the path Pi(s,vp) starting at s at time ¢ — 1 and
arriving at vo at time 4. If u is the element that occurs in C/, we add
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Figure 2.12. A network constructed Figure 2.13. The spanning tree is
from MSC splitted into subtrees

S
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arc (vp, u) to Pi(s,vg) with the starting time ¢ and arriving time i+ 1 to
form a subtree, denoted by T;. According to our reduction, each vertex
u € Uijx, C; can be reached within time x. It is obvious that the tree
constructed by combining all T; above is a spanning tree T" within time
xk =m and the total cost is less than k = K (see Figure 2.13).

If TMST has a spanning tree T of total cost not exceeding k = Kj,
then the cost restriction guarantees that there exist less than k subtrees
T; which contain paths from s to each element u € (J; C;. Choose all
elements w in T; to form the set C/. Obviously, C’ = |J; C! contains all
elements u € |J"; C;, and "’ is a set cover with |C'| < k = K.

For the case b(z,y,t) = b(x,y) and ¢ are time-varying, we can modify
the reduction as follows:

b(x,y,t) =1,V(z,y) € A,0<t <k
c(s,vp, k) = 00

B 0 if ue G
clvo, u, 1) = { oo otherwise

t=0,1,...,k

All other analyses remain unchanged. This completes the proof. O

A problem is said to be in the class of APX, if it has a constant-error
approximation algorithm, i.e., an algorithm that can find, in polynomial
time, an approximate solution with an error bound 3, where 8 > 1 is a
fixed constant (Note that the error bound is defined as follows: Let ¢*
and ¢° be the optimal and approximate solutions, respectively. Then,
¢¥ is said to have an error bound 3 if (Y /¢* < 3). Lund and Yannakakis
(1993) indicate that MSC is not in the class of APX; i.e., to find a
constant-factor approximation algorithm for MSC is at least as hard
as to prove P=NP. The reduction we constructed above implies that
the TMST problem is also not in the class of APX. This gives us the
following result.
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Theorem 2.8 Consider the TMST problem with no waiting allowed at
any vertex. There is no constant-error polynomial-time approximation
algorithm for the TMST problem unless P=NP, even if the underlying
graph of N is a tree, waiting time at any vertex must be zero, and one
of the two parameters, b or ¢, is time independent.

We now consider the situation where waiting at any vertex is ar-
bitrarily allowed (Namely, waiting at any vertex is subject to no con-
straints). We will establish its NP-completeness using another reduction
from MSC. Note that in the case where waiting at any vertex is prohib-
ited, we can show its NP-completeness even when the underlying graph
of N is a tree. This is however not extendible to the case with waiting
at any vertex being arbitrarily allowed. The reduction analysis is now
built on a network that is not a rooted tree; see below.

Theorem 2.9 The TMST problem where waiting at any vertex is ar-
bitrarily allowed is NP-complete in the strong sense, even if c(x,y,t) =
C(l‘,y) and b($7y7t) = b(.%',y), V(.%',y) €A

Proof: For any given instance of MSC, we construct an instance of
TMST as follows: For each C; € C, create a pair of vertices z; and z
(1 <i < m). For each element u; € |JC}, create a vertex ,,4;. These
vertices together with an extra vertex, the source vertex s, compose the
vertex set V. Create arcs (s,z;), (s,2f), and (x},2;), 1 < i < m, as
shown in Figure 2.14. For each vertex x4, create an arc (x;, Zym4;) if
uj € C; (see Figure 2.14). These arcs compose the arc set A. Let

b(s,z;,t) = b(s, xj, t) = b(x), xi, t) = b(zi, Tymyjy t) = 1,

1<i<m1<5<n,0<t<k
c(s,zi,t) = 1,c(s, 25, t) = c(x}, i,t) = 0,1 <i <m,0<t <k
(zi, Tpy,1) =0,1<i<m,1<j<n0<t<k

Finally, let k = K, k = 2. The network N(V, A,b,c) as defined above
has the property that both ¢ and b are time independent (Note that we
do not have any restriction on the waiting time at any vertex). In what

follows, we prove that a “yes” answer to MSC is equivalent to a “yes”
answer to TMST.

If MSC has a set cover C' with |C’| =1 < K, then a spanning tree
with waiting times at its vertices can be constructed as follows: Without
loss of generality, assume C; € C', 1 <i <[ (note that | < K, < m),
and let C] = Cy and C! = C’Z-\Ué;l1 Cj, 2 < i < I. For each CJ, if
|C!| # 0, we choose the path Pi(s,z;) with 7(s) = 0 and a(z;) = 1. If
u; is the element in C7, we add arc (z;, Tymy;) to Pi(s,z;) with 7(x;) =1
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Figure 2.14. A time-varying network created from MSC
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and «(z;) = 2. When there are more than one arc added to P;(s,z;),
we have a subtree, denoted by T;. Since Ul_,C; = Ul_,C! = U™, C;,
each vertex xp,1; can be reached within time 2. For those C; ¢ C', we
choose the path P(s,z;) = (s,2},2;) with 7(s) =0, a(z}) = 7(2}) = 1
and «o(z;) = 2. Tt is obvious that all vertices in V' can be reached within
time 2. Combining all 7; and P/ we obtain a spanning tree 7" within
time x = 2. Since the cost of T} is equal to 1 and the cost of P/ is 0, we
have ((T) <1<k = K.

Now, if TMST has a spanning tree T'(2) with {(T'(2)) < k < K, then
the cost and transit time in the problem constructed above guarantee
that there exist [ < k subtrees, which contain path(s) from s to each
vertices Ty 4j with a(2,,4;) = 2. Choose those sets C; if 2,4, appears
in Tj. Let C' = Jl_; C;. Since T'(2) contains all vertices ,, 4, we have
all elements u; € J\_; C;. Thus " is a set cover with |C’| < k = K. In
summary, we complete the proof. O

Again, from the definition of the class of APX, we have:

Theorem 2.10 Consider the TMST problem where waiting at any ver-
tex is arbitrarily allowed. There is no constant-error polynomial-time
approzimation algorithm for the problem unless P=NP, even if for any
arc (z,y) € A, b(z,y,t) = b(x,y) and c(x,y,t) = c(z,y).

Finally, we consider the general TMST problem where waiting time
at any vertex may be constrained by an arbitrary function. Since this
contains the situation where waiting time at a vertex must be zero as its
special case, Theorem 2.11 and Theorem 2.12 below follow immediately
from Theorem 2.7 and Theorem 2.8, respectively.

Theorem 2.11 The general TMST problem is NP-complete in the strong
sense, even if the underlying graph of N is a tree and
(i) c(z,y,t) are time-varying and b(x,y,t) = b(z,y), V(z,y) € A; or
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(ii) b(x,y,t) are time-varying and c(x,y,t) = c(x,y), ¥(z,y) € A.

Theorem 2.12 There is no constant-error polynomial-time approxima-
tion algorithm for the general TMST problem unless P=NP, even if the
underlying graph of N is a tree and one of the two parameters, b or c,
is time independent.

5.2  Heuristic algorithms

We now describe our algorithms that can find approximate solutions
in pseudopolynomial time. Basically, our algorithms consist of two main
steps: Firstly, for each vertex x € V', we identify the shortest path from
s to x of time at most x. Putting all these paths together we obtain a
path-induced subnetwork of N. Then, we remove redundant arcs from
this subnetwork so as to obtain a spanning tree of N. We will show
that the resulted tree, denoted as T'4(k), is an approximate solution for
the general TMST problem, while the total time required to construct
TA(k) is pseudopolynomial.

In order to apply the algorithms in Chapter 1 to find the shortest
paths, in the following we will limit the problem to be solved to the one
where waiting time at vertex x, for x € V', is bounded above by u,. Note
that when u, = 0 for all z € V| we have the case with no waiting at any
vertex being allowed, while if u, = oo for all x € V, we have the case
where waiting at = is arbitrarily allowed.

5.2.1 Finding a shortest path

The definition below defines the return function of the dynamic pro-
gram to be introduced below.

Definition 2.17 Let dy(y,t) be the cost of a shortest path from s to y
of time exactly t. If such a path does not exist, let dp(y,t) = oo.

We rewrite Algorithm TSP-BW as a procedure below:

Procedure DP
Begin
Initialize: dy(s,0) := 0, and dp(x,0) := oo, Vx # s; dp(x,t) := 00,
Vo and Vt > 0; Heap, = {dy(z,0)} and d}*(z,0) := dp(x,0), Vz;
Sort all values u + b(x,y,u) for all u = 0,1, ...,k and for all arcs
(z,y) € 4
Fort=1,..,x do
For every arc (z,y) € A do Ry(x,y,t) := o0;
For all arcs (z,y) € A and all up such that up +b(x,y,up) =t
do
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Rb(l’, Y, t) = miH{Rb(.ZU, Y, t)7 dlcn(xa UD) + C(.ZU, Y, UD)},
For every vertex y do dy(y,t) := ming, y)eay Ro(2,y,1);
For every vertex y update the heap as follows

Insert-heap(,) dy(y,1);
If ¢t > u, then delete-heap, dy(y,t —u, — 1);
For every vertex y do
ua = Minimum-heap,);
dy'(y,t) := dp(y, ua);
For every y do dj(y) := ming<;<x dp(y, t);
End.

5.2.2 Removing redundant arcs

After applying the algorithm above to find the shortest paths between
the root s and each x € V, we can obtain a path-induced subnetwork
of N by combining all these paths together. The next main step of our
approach is to remove those redundant arcs from the path-induced sub-
network. We will perform the following vertex/arc deleting operations:

(i)

(i)

Deleting shared intermediate vertices. If a vertex x appears in two
paths P; and Pj, and if [ (), 75(z)] C [oi(2), () + ug), then arc
(y,x), where y is the predecessor of = in Pj, is redundant, since
all successors of = in P; can be reached from s through the section
P;(s,x) in path P; and the waiting time constraint is not violated.
Therefore we can delete arc (y,x). Then, the original path P; ends
at the vertex y, and a new path is created which consists of two
sections: the section P;(s,x) in path P;, and the section starting
from x in the original path P; with the departure time 7;(x). Repeat
this operation until there are no shared intermediate vertices. Then
go to Operation (ii) next.

Deleting redundant end vertices. Let x7 denote the end vertex of path
P;. If 27 appears in another path, or in P; as an intermediate vertex,
then delete the end vertex z7 in P; as well as its adjacent arc, and
the predecessor of z7 in P; becomes the new end vertex. Repeat this
operation until the whole path is eliminated or the end vertex of P;
does not appear in any other paths or in P; as an intermediate vertex.

By Definition 2.2, the path-induced subnetwork N’ generated after
performing Operations (i) and (ii) above is a spanning tree. In what
follows, we will use two procedures, DSIV (Deleting Shared Intermediate
Vertices) and DREV (Deleting Redundant End Vertices) to realize these
two operations respectively.

(1) Procedure DSIV
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Procedure DSIV is used to delete the shared intermediate vertices
among paths. To reduce the time requirement, the procedure uses a
3-dimensional array e(x,t,7). If vertex x appears in path P; with arrival
time o;(x) and departure time 7j(x), then e(z,t,1) = j and e(z,t,2) =
7j(x), where t = «j(x). Initially, they are set to zero. The procedure
contains the following two basic steps:

(i) If there are more than one path which include z with the same
arrival time a(x), then keep the path Pjo that has the latest departure
time 7;0(z). Delete all arcs (y;, ) in path P;, where y; is the predecessor
of  in path P; and i # j°.

(ii) Check array e. For each vertex z, if there exist w and ¢ such
that ¢ < w and e(z,u,2) < t+ u, (this means that there are two paths
P; and P;j with e(z,t,1) = i, e(z,u,1) = j, t = a4(x), v = a;(x) and
e(x,u,2) = 7j(x), which satisfies [a;(z), 7j(x)] C [ai(z), ai(z) + ug)),
then arc (y;,x) can be deleted in P;.

After completing these two steps, all shared intermediate vertices will
be deleted.

Procedure DSIV

Begin
For z € V\{s} and t =0, 1, vk doe(z,t,1) :=e(x,t,2) := 0;
For each path P; (j =1,....,n—1) and each z € V(P;) do

)
If e(z, a(x), 1) =0 then e(r,a(x),1) == j, e(z,a(x),2) =
T(x);
Else If 7(z) < e(z,a(x),2) then delete arc (y;,z) in Pj;
Else let i = e(x,a(x),1), delete arc (y;,z) in P,
e(z,a(2), 1) i= j, e(x,(x),2) = 7(2);
For each x € V\{s} do
Let a :=0;
Fort=0,1,..,xk do
If e(x,t,1) =0 then a:=t;
Else If e(x t,2) < a+u, thenlet i:=e(z,a(x),1), delete
arc (y;,x) in P, al(a;) =a, e(x,t, 1) :=e(x,t,2) :=0;
End.

The time complexity of the procedure can be analyzed as follows.
The first and the third For-do loops need O(nk) time. The second loop
also takes O(nk) time since each path P; contains at most & vertices.
Therefore, the total running time of the procedure is bounded by O(nk).

(2) Procedure DREV
This procedure is used to delete the redundant end vertices of the
paths. The basic idea is to set up a counter num(z) for each vertex x to
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record the number of its occurrences in all paths. Then, when we check
whether an end vertex x of a path appears in another place, we only
need to check num(x). If num(z) > 1, it is clear that x must appear in
another place and so we can delete it from the path and then decrease
num(z) by 1.

Procedure DREV
Begin
num(0) := 0;
For cach x € V\{s} do num(x) :=0;
For cach x € V\{s} and t =0,1,...,x do
If e(z,t,1) > 0 then num(z) := num(x) + 1;
For each path P; do
Identify the end vertex zf of Pj;
While num(z9) > 1 do
Let num(z§) := num(z?) — 1;
Delete 27 in Pj;
End while;
End.

The procedure DREV checks each vertex in all paths. Since there are
at most n—1 paths (because there are at most n—1 end vertices) in T4 (k)
and each path contains at most x vertices (because the transit time b is
a positive integer and the arrival time at a vertex must be greater than
that at its predecessor), the procedure DREV needs at most O(nk) time.

5.2.3 The algorithm A-TMST

Our algorithm can be described as follows.

Algorithm A-TMST

Begin

Call Procedure DP to obtain the shortest path Pj(s,x), from s
to each vertex z € V\{s}, for 1 <j<n-—1;

If there exists a path P(s, x) with d*(z) = co thenlet ((Ta(k)) :=
oo and stop;

Call procedure DSIV to delete the shared intermediate vertices;

Call procedure DREV to delete the redundant end vertices;

Combine all paths that remain to generate an path-induced

subnetwork T4 (k);

End.

An approximate solution that has an error bound f is called an f-
approximate solution. Let L denote all leaves in T4(k) obtained by
A-TMST and | = |L|. Then, we have
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Theorem 2.13 Algorithm A-TMST can find, in at most O(k(m +
nlogk)) time, an l-approzimate solution for TMST. Moreover, | is the
best possible bound for the algorithm A-TMST.

Proof: Clearly, T4(k) obtained by the algorithm is a spanning tree of
N within time , according to Definition 2.2.

Let us first consider the time requirement of A-TMST. The running
time required by Procedure DP is O(k(m + nlogk)). Since the proce-
dures DSIV and DREV each need only O(nk) time, the total running
time of A-TMST is thus bounded above by O(k(m + nlogk)).

We now analyze the error bound of the approximate solution 74 (k).
Recall that [ is the number of leaves in T4(x). It is not hard to see that

((Ta(w)) < D C(P*(s,2)) < Y C(P(s,2)) < I(T(w)),

zeL xzeL

where T'(k) is the optimal spanning tree and P(s,x) is the path in T'(k)
from s to x, while P*(s,x) is the shortest path from s to x obtained by
Procedure DP.

Figure 2.15. A network for error bound analysis

To show that the bound [ is the best achievable by Algorithm A-
TMST, we consider the following special class of the time-varying net-
works N, and illustrate that the approximate solution obtained by apply-
ing Algorithm A-TMST on such networks will achieve the bound [. Let
N = (V, Ag, b, cc) (see Figure 2.15), where V, = {z1(= s), 22, ..., pn},
AE - {(8,1}2‘),2 <i< n, (x27xj)73 < .7 < TL}, and

be(s,xiyt) = 1, ce(s, i t) =1,2<i<n,0<t<k

be(x,2j,t) =€, cc(x2,2,t) =1,3 <5 <n,0<t <k

Note that when x > 2, the optimal spanning tree T'(x) is Figure 2.16
with ((T'(k)) = 14 (n —2)e. The solution of A-TMST, T'4(k), is Figure
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Figure 2.16. The optimal solution Figure 2.17. The solution obtained
by A-TMST

2.17 with ((Ta(k)) = n — 1. Letting € tend to zero, we have

C(TA(H)): n—1 =0 12
((T(k) 14(n—2)

where [ is the number of leaves in T)4(k). Therefore, we complete the
proof. O

Remark. Note that the time complexity of the algorithm A-TMST is
dominated by that of the procedure to find shortest paths.

As for the error bound of the algorithm A-TMST, can we further im-
prove it? Theorem 2.13 indicates that the bound [ is the best possible,
in general. Nevertheless, in some special situations where certain struc-
ture/conditions are satisfied, we may get a better error bound. In the
following we discuss such a case.

5.3  The error bound of the heuristic algorithms
in a special case

We will show here that the error bound of the algorithm A-TMST
can be improved for a type of multi-period networks. Such a network
possesses a multi-period structure, with each period starting from a com-
mon source vertex; see Figure 2.18 (Note that the parameters, such as
the transit times and the transit costs on the arcs, can be time varying).

Let N; denote the sub-network of a period in N, 1 < i < k; see Figure
2.18. Furthermore, let L(N;) denote the leaves of T'4(N;), where T4(N;)
is the sub-tree of T4(k) covering N;, and let [; = |L(N;)| (1 < i < k).
Then, we have

Corollary 2.1 The approximate solution obtained by the algorithm A-
TMST has an error bound f = max{ly,la, ..., I}, if N is a job scheduling
network and
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Figure 2.18. A network with multi-period structure

(i) waiting at any vertex is allowed without any restriction, and
(i) both b(z,y,t) and c(z,y,t) are nonincreasing over time t.

Proof: We use the same notation as in the proof of Theorem 2.13. First,
we will show the following inequalities:

> (P (@im,2) <Y ((P(Ri—1,w)), for 2<i <k (2.1)

zeL(N;) z€L(N;)

Note that, due to the structure of the network, each path P*(s,x)
and P(s,z), v € V(NV;), must pass through the vertex z;,_1 (2 < i <
k). Moreover, since waiting at a vertex is allowed, we claim that each
path P*(s,z) and P(s,z) (z € L(N;)) must contain the same subpath
P*(s,Z;—1) and P(s,Z;—1) (2 < i < k). Otherwise, suppose that there
are two paths, say P(s,z1) and P(s,x3), which have different subpaths
Py(s,Z;—1) and Py(s,T;—1), where x1 and zo € L(NV;). Then, let a1 (Z;—1)
and ag(Z;—1) be the arrival times at vertex ;1 on P(s,z1) and P(s,x2),
respectively. Without loss of generality, suppose a1 (%;—1) < a2(Zi—1)-
Then we can delete the arc (y,Z;—1) in Ps(s,Z;—1), where y is the pre-
decessor of Z;_1 in P5. Denote the new tree as TO(/{). Clearly, we have
C(T%(k)) < ¢(T(k)). This contradicts the fact that ¢(T(x)) is optimal.

Now, let a*(z;—1) and «(Z;—1) be the arrival times at vertex z;_1 in
P*(s,z) and P(s,x), respectively. Consider two cases:

(i) a*(Zi—1) < a(Z;—1). The inequalities (1) hold clearly since any
shortest path P*(Z;—1,x) starting from time o*(Z;—1) is shorter than
that starting from time «o(z;_1), and also shorter than the path P(z;_1, z).

(ii) a*(Zi—1) > a(Ti—1). Because both b(x,y,t) and c¢(z,y,t) are non-
increasing functions of time ¢, any shortest path P*(Z;_1),z) starting
from time a*(Z;—1) is shorter than that starting from time a(z;—1), and
also shorter than path P(z;_1),z).

In summary, we prove the inequalities (1). Now, it follows from (1)
that

((Ta(x))
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< Y P+ Y PH@ELa) et Y, ((PH(@po1,2)

xz€L(N1) x€L(N2) xz€L(Ng)
< Y PN+ Y (P@ELa) et Y (P(Tpo1,7))
r€L(N1) z€L(N2) z€L(Ny)

< UC(Tn, (K)) + 120(Tn, (K)) + ... + U (T, (K))
< max{ly, ...l }{(T(k))

where Ty, (k) is the sub-spanning tree of T'(x) on sub-network N;, 1 <
i < k. That is,
((Ta(x))
(T (x))

Therefore, we complete the proof. O

< max{ll, ey lk}

5.4 An approximation scheme for the problem
with arbitrary waiting constraints

For the time-varying minimum spanning tree problem on the general
network but under arbitrary waiting time constraints, we have another
approximate scheme, which can solve the problem more efficiency. The
scheme consists of two main steps: Firstly, for a given general time-
varying network, create a spanning graph of N, denoted by N’, which
contains no subgraph homomorphic to K4. Then, we apply Algorithm
TMST-RN on N’. Let T” be the optimal solution obtained by the algo-
rithm. Clearly, 7" is an approximate solution of the original network N.
Both of these two steps can be implemented in pseudopolynomial time.

5.4.1 Creating a spanning reducible network

Remind that A(N) is the arc set of the original network N and s is
the root of N. The basic idea of creating the spanning reducible network
is:

(i) Let @ be a vertex set. Initially, set @ = {s}. Denote dt(x) as the
earliest possible departure time at x. Let dt(s) = 0.

(ii) Pick up a vertex, say z, from Q. Let adj(z) = {(z,y)|(z,y) €
A(N), (z,y) is unchecked}, which denotes the all unchecked adjacent
arcs of x, and sort it in nonincreasing order in terms of the value of
c(z,y,dt(x)). Do the following repeatedly till adj(z) becomes empty:

(a) Pick up the first arc (x,y) in adj(z) and add it in N’. Check
whether N’ contains a subgraph homomorphic to K4 or not. If the an-
swer is “yes”, remove (z,y) from N'; Otherwise, leave (z,y) in N’ (still
called the new network obtained as N'). If y € @ then let Q = Q + v.

(b) Delete (z,y) from adj(x) and (z,y) is said to be checked.
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(iii) Do (ii) repeatedly till @ becomes empty.
Clearly, N’ is a spanning reducible network of N with edges as many as
possible.

Now we give the algorithm as below.

Algorithm TMST-A
Begin
Set E(N') =0 and V(N') = 0. Let Q = {s}, dt(s) = 0;
While Q # (0 do;
Select a vertex x from @Q;
Sort adj(z) in nonincreasing order on the value of ¢(z, y, dt(z));
While adj(z) # 0 do;
Pick up the first edge (x,y) € adj(x);
If N’ contains a subgraph homomorphic to K4, then discard
(2,9);
Else let A(N') = A(N') + (z,y) and V(N') = V(N') + y if
y & V(N');
Let adj(x) = adj(2)\(z, )
End while;
Let Q = Q\7;
End while;
End

Clearly, N’ obtained by the algorithm is a reducible network of N.

Theorem 2.14 Algorithm TMST-A can be implemented in O(m -
max{m,n}).

Proof: The initialization can be done in constant time. Since ) will con-
tain at most n vertices, the first “while” loop will be performed in at most
n times. Sorting adj(x) needs O(d(z)logd(x)) = O(d(x)logm), where
d(x) is the degree of vertex x. Since we need do this step for all vertices in
N, the total number of performances is -,y (n) d(z)logm < mlogm.
During the second “while” loop, checking whether N’ contains a sub-
graph homomorphic to Ky needs O(max{m,n}) (see Liu and Geld-
macher 1980). As we need do this for all edges in adj(z) and for all
vertices x, it needs O(m - max{m,n}) time. In summary, the total run-
ning time of Algorithm TMST-A is bounded above by O(m-max{m,n}).
a

5.4.2 Numerical experiments

We test the approximate algorithm on PC. Table 2.6 illustrate our
numerical results. The size of problem is listed on the first column
with the number of vertices n, the number of edges m, and the time
duration T we considered, respectively. All the transit time b, cost ¢
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are generated randomly. In the right column of Table 2.6, m’ is the
number of spanning reducible network created on the original network
by Algorithm TMST-A. For example, the problem 1 has 30 vertices, 80
edges with time duration T' = 30. The edges of the spanning reducible
network N’ is 38. The cost of the minimum spanning tree of N’ is 31,
and use 2 seconds CPU time. As a comparison, we apply Monte Carlo
Method to the same problem. Generate 1000 minimum spanning trees
for the original network N and choose the best one, which has the cost
70 and costs 170 seconds CPU time. All numerical experimental results
show that our approximate algorithm is much batter than Monte Carlo
Method.

Table 2.6. The numerical experimental results

Problem size | Monte Carlo method |Appr0ximate algorithm

n m T | repeating times cost CPU (sec.) | m’ cost CPU (sec.)

30 80 30 1000 70 170 38 31 2
50 120 50 5000 113 454 62 49 5
80 260 60 5000 202 515 98 80 36
100 300 80 5000 265 631 127 99 69
150 400 100 5000 394 948 176 149 204
200 500 100 5000 527 1282 228 202 366

6. Additional references and comments

Applications of MST models have been extensively studied in the lit-
erature. These include physical systems design (Prim (1957); Loberman
et al (1957); Dijkstra (1959)), network design (Magnanti et al (1984)),
optimal message passing (Abdel-Wahab et al (1997); Prim (1957)), pat-
tern classification (Dude et al (1973)), image processing (Osteen et al
(1974); Xu et al (1997)), and network reliability analysis (Van Slyke et
al (1972)). More references on applications of the MST problem can be
found in Graham et al (1985). Efficient algorithms for the MST prob-
lem include those proposed by Kruskal (1956); Prim (1957), and Dijkstra
(1959). The directed MST problem can be solved by an algorithm pro-
posed by Edmonds (1965).

Solomom (1986) considers the situation where there is a time window
associated with each vertex. A transit time is needed to traverse an arc,
and any vertex must be visited within its time window. The problem
is to find a minimum spanning tree to cover all the vertices under the
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time-window constraints. Solomom proves that this problem is NP-
hard, and presents a greedy algorithm and an insertion algorithm, which
may generate approximate solutions for the problem. By appropriating
setting the parameters in our time-varying MST model, we can show
that Solomom’s problem is a special case under our framework.
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