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CHAPTER 1II

CRITICAL VALUES OF DIRICHLET L-FUNCTIONS

4. The values of elementary Dirichlet series at integers

4.1. We first introduce the Euler numbers and the Euler polynomials not just
in the classical sense, but in more generalized forms by putting

(1+c¢)e* > Ecn o,
(4.1) T :ZJ S

(1+c)et® > Een(t)
4.2 = : ",
(4.2) e +c Z n! i

Here ¢ = —e(a) with a € R, ¢ Z. Thus ¢ # —1. The standard Euler numbers
and the Euler polynomials are E; ,, and E4 ,,(t), that is, the symbols in the case
a =1/2 and ¢ = 1. Though they are usually written F,, and E,(t), we include
1 in the subscript for the purpose of distinguishing them from the Eisenstein
series that we will introduce later. Thus E.,, and E.,(t) may be called the
generalized Euler numbers and the generalized Euler polynomials. To

make our formulas short, put b= —(1+ ¢)~!. Then we have
(4.3a) Een =2"Ecn(1/2),
n—1
(4.3b) Een(t) ="+ bkzzo <Z) Eep(), b=—(1+¢) ",
(4.3¢) (d/dt)E.(t) =nE;pn—1(t) (n>0),
(4.3d) E.n(t+1)+cE.n(t) =1+ o)™,
(4.3e) E12n41 =0,
(4.3f) Een(l—1) = (=1)"Ec1 (D),
(4.3g) Ee-1,,(0) = (=1)"*cE, 1(0).

All formulas except (4.3c) are valid for n > 0. Formula (4.3a) can be obtained
by substituting (1/2, 2z) for (¢, z) in (4.2). Since —b(e*+c¢) =1—b) ~, 2"/n!,
(4.2) can be written

oo oo

tnom ; X _n Ec,nt n
D GO V) Do

n=0 n=0
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which produces (4.3b). Applying d/dt to (4.2), we obtain (4.3c). From (4.2) we
obtain Y07 ({Ec,(t+ 1) + cEcpn(t) }2"/n! = (1 + ¢)e', which gives (4.3d). We
will prove (4.3¢) and (4.3f) in the Remark after the following theorem. Combin-
ing (4.3d) with (4.3f), we obtain (4.3g). Clearly E.((t) = 1. Using (4.3b), we
can easily verify that F. ,(t) is a polynomial in ¢ of degree n whose coefficients
are polynomials in b with coefficients in Z. For example,

(4.3h)  E.o(t)=1, E.1(t)=t+b, E.o(t)=1t>+2bt+2b>+0b,
E.3(t) =3 + 3bt? + (6b* + 3b)t + 6b> + 6b* + b, b= —(1+¢)~".

The significance of E. ,,(t) is that it gives the value of the infinite series F, ,,(t)
(with ¢ = —e(«) as above) defined by

(4.4) Fen(t)=Y (h+a) ™ 'e((h+a)t) (0<neZ tcR).

heZ
The infinite sum on the right-hand side depends only on « (mod Z), and so
the notation F, , is meaningful. Also, the sum is clearly convergent for n > 0.
If n =0, we understand that }_, ., means limp, oo 3, <,,, Which is indeed
meaningful, as will be shown below. We have
(4.4a) Fen(t+m) =e(ma)F.,(t) if melZ,
(4.4b) Forn(1—1t)=(=1)"cF.-1,(t).
Formula (4.4a) is obvious. Replacing h by —h in (4.4), we obtain (4.4b). Taking

a = q/N with a positive integer N and an integer ¢ such that ¢ ¢ NZ, we easily
see that

(4.4c)  F.p_1(Nt) = N* Z m~Fe(mt) (c=—e(g/N),0< k € Z).
meq+NZ

Theorem 4.2. For0<neZ and 0 <t <1 we have
(4.5) Een(t) = (14 c Hnl(2mi) " LE, (1)
This is true even for 0 <t <1 if n > 0. Moreover,

(4.5a) (14 c Y (2mi) " 1F.0(0) = (1 —c71)/2.

Remark. These formulas combined with (4.4a) determine F), .(¢) for every
t € R. Notice that E.¢(0) = 1, which is different from (4.5a). Putting ¢t = o =
1/2 in (4.4) and (4.5), we obtain (4.3e). Formula (4.3f) follows from (4.4b) and
(4.5).

PROOF. We obtain (4.5a) directly from (2.18). We prove (4.5) first in the
case n >0 and 0 <t <1 by taking the contour integral

(¥ [ 16 16 = s
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where S is a square, with center at the origin, whose vertices are A +iA and
—A+iA, A=2N7 with 0 < N € Z. The poles of f in C are 0 and 27i(h+ «)
with h € Z. The residue of f at 2mi(h + ) is easily seen to be —c~te(t(h +
@))(2mi(h + @)~ '. From (4.2) we see that the residue of f at 0 is (1 +
¢)"1E.,(t)/n!. Thus by the theorem of residues, the integral of (4.5) equals 27i
times

1+ ) Eep(t)/n! — 71 2mi) 1Y (b4 )" e((h + a)t),
h

where h runs over the integers such that |h + o] < N. To make an estimate
of the integral on the sides of S, put z = z +iy. If x = A, then |e?| = e'4
and |e* +¢| > e4 — 1, and so |e?*/(e* + ¢)| < e?/(e? —1). If 2 = —A, then
let?| = et < 1and |e*+c| > 1—e 4, and so [e?* /(e +¢)| < e?/(e? —1). Next
suppose y = +iA. If e* > 2, then |e'*| = €' < e” and |e* + ¢| > €® — 1, and so
let?/(e* +¢c)] < e®/(e® —1) =1/(1 —e™®) < 2. If e” < 2, then |et?| = ® < 2
and |e* + ¢| = |e® — e(a)| > B with a positive constant B depending only on
a, and so |e'*/(e* + ¢)| < 2/B. Therefore, because of the factor 27"71, we see
that the integral of (*) tends to 0 as N — oo. This proves (4.5) for n > 0 with
0 <t < 1. To prove the case n = 0, we need the following lemma.

Lemma 4.3. (i) Let {a,}2, be an increasing sequence of positive numbers
such that lim,,_,o a, = oo and let T be a compact subset of R such that TNZ = (.
Then the series Y ., ay“e((a +n)t) and >_07 , ape((a — n)t) are uniformly
convergent for a fired o € C, t € T, and s > o with any positive constant o.

(i) Let x be a C-valued function on Z/NZ such that Zivzl x(a) =0, and let
{a, 322, be as in (1). Then > o7, a,*x(n) is uniformly convergent for s > o
with any positive constant o.

PRrROOF. To prove (i), put M = Maxser2/|1 — e(t)], w = e(t), and ~, =
h_ywh. Then |v,| = |[(w—w"t)/(1-w)| < Mif t e T,andsofor 1 <m<n

we have
n

> ayceht) = > (v — yn-1)ay”’
h=m

h=m
n—1
_ —s —s —s —s
= § 'Vh{ah _ah+1}+7nan = Ym—1Qyy, -
h=m

Thus |[M~2 0 ape(ht)] < aps +ay® + Y020 (a,° — apt1) < 2a,,°, which
proves the desired uniform convergence of > °  a, *e((a + n)t), as |e(at)| is
bounded for ¢ € T. The case with a —n in place of a+n can be handled in the
same way. To prove (ii), we replace 7, in the above proof by ~/, = >'_; x(h).
We easily see that the |y/,| are bounded for all n, and we obtain the desired fact

by the same technique.

To complete the proof of Theorem 4.2, we consider the series
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(n+ a) %e((n + a)t) + a %e(at) + Z(n —a) %e((a —n)t),

NE

> (n+a)e((n+a)t)+ale(at) = > (n—a)e((a - n)t).

Termwise application of d/dt to the first series produces 27i times the second
series. Since (d/dt)E.1(t) = E.o(t), we thus obtain (4.5) for E.o(t), provided
such termwise differentiation is valid, which is indeed the case, as Lemma 4.3
shows that these series are uniformly convergent for b < ¢ < b’ with constants
b and b such that 0 < b < b < 1. As for s, we simply take it to be 1 or 2.
(Actually, the standard theorem on termwise differentiation requires the uniform
convergence only for the latter series.)

4.4. Taking ¢t =0 in (4.5) with n > 0 and comparing the result with (2.16),
we find that

(4.6) Poii(z) = (x—1)"E_; ,(0) (n > 0),

where z is an indeterminate. We can make it valid even when n = 0 by putting
Py (z) = 1. This combined with (4.3g) resp. (4.3b) proves (2.19) resp. (2.20).

4.5. The right-hand side of (4.4) has a~""le(at) as the term for h = 0, which
makes the sum meaningless if o = 0. However, removing that term, for a =0
we have 37 h="~le(ht). We will now show that this sum can be handled by
introducing the Bernoulli numbers B, and Bernoulli polynomials B, (t)
for 0 < n € Z as follows:

z B, ,
(473) s — 1 = FZ 5
n=0
(4.7b) Ly Bl
' er —1 r n! '

We have, for every n > 0 unless stated otherwise,

n—1 n
(4.8b) Z (k) By(t) = nt" ! (n > 0),
k=0
(4.8¢) (d/dt)B,(t) = nBp_1(t) (n > 0),
(4.8d) By(t+1) — B,(t) = nt" 1,
(486) B2m+1 =0 (0 <meE Z),
(4.8f) Bo(1—1t) = (—1)"By(t).

These are well known, and can be proved in the same way as for (4.3a—f). Also,
B, (t) is a polynomival in ¢t of degree n with rational coefficients. For example,
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(4.8f) Bo(t) =1, Bi(t)=t— 3, Bo(t)=t>—t+ 3%, Bs(t)=1t>— 32+ it.
Theorem 4.6. For1<n € Z and 0 <t <1 we have
(4.9) Bu(t) = —nl(2mi)™" Y b "e(ht),
0#£h€Z

where 3 o ez means iy oo 3o p1<m when no = 1. This formula is valid
even for 0 <t<1if n>1.

PRrROOF. This can be proved in the same manner as for Theorem 4.2. We
consider
etz

[ O

where S is a square, with center at the origin, whose vertices are A + ¢A and
—A+iA, A= (2N + )7 with 0 < N € Z. The poles of f in C are 2mih with
h € Z. It h#0, the residue of f at 2wih is easily seen to be (2wih) "e(th).
From (4.7b) we see that the residue of f at 0is B,(t)/n!. Using the theorem of
residues and making N large, we obtain (4.9) for n > 1 and 0 < ¢ < 1. Since
B (t) = 2B (t), we obtain (4.9) for B;(t) by applying d/dt to the formula for
Bs(t), as we can justify termwise differentiation when 0 < ¢ < 1, by virtue of
Lemma 4.3.

Now the main theorem on the values of Dy y(s) at integers can be stated as
follows:

Theorem 4.7. Given 0 < N € Z, a € Z, and v =0 or 1, define D;, n(s) by
(3.11) and put & = e(a/N). Then for 0 < m € Z the following assertions hold:

(i) The quantities (2m‘)*2ng7N(2m) and (2m’)1*2mDé,N(2m —1) for 0 <
a < N are numbers of Q(&) given as follows:

(4.10a)  (2m — 1)IN?™(2mi) "> Dy \(2m) = E%1&572%1(0) = w,
(4.10b)  (2m — 2)!N*"1(27i) > Dy (2m — 1)
¢ _ EPom1(§)
g_ilEfg’gm,Q(O) = W (m > 1),
§+1 B
-1 =1
(ii) If o € Gal(Q(¢)/Q) and e(1/N)° = e(q/N) with q € Z, then
(4.11) {(2mi)=2m Dy y(2m —r)}7 = (2mi)""2™Dr, \(2m — 7).

(iii) In the case a =0 we have

(4.12) — (2m)!(2mi)"2m N2™ DY . (2m) = Bap.
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(iv) The quantity Dy n(r+1—2m) for 0< a<N is a rational number given
by

2
(4.13) DIy (r+1—2m) =

— N?m==1 By .(a/N).

This is true even for a =0 if 2m —r > 1.
Remark. From (4.12) we see that (—1)"*1 By, > 0.

PROOF. The first two formulas are already given in (3.9), as D} y(2m—r) =
MfTV_T(O) and Ppi1(z) = (xr — 1)"E_; »(0); see (3.12) and (4.6). We can also
prove them by taking o = a/N and ¢ = 0 in (4.5), excluding the case involving
D;N(l). Formula (4.12) follows from (4.9) with ¢ = 0. Assertion (ii) can easily
be seen from (4.10a, b). Putting ¢ = a/N in (4.9) and comparing the result with
(3.16), we obtain (4.13).

4.8. For 1 < N € Zlet x be a primitive or an imprimitive Dirichlet character
modulo N. This means that x is a homomorphism (Z/NZ)* — C* which can
be trivial. We put x(a) = 0 for a not prime to N. We define, as usual, the
Dirichlet L-function L(s, x) by

(414) L(s, x) = > x(mjn~
n=1

The right-hand side is absolutely convergent for Re(s) > 1, and convergent even
for Re(s) > 0 provided x is nontrivial, by virtue of Lemma 4.3 (ii). Suppose
x(—=1) = (—=1)" with » =0 or 1; then

N

N
(4.15) 2L(s, X) = Y _ x(a) D} n(s Zx v((s+1)/2),

and so I'((s +1)/2)L(s, x) can be contmued as a meromorphic function to the
whole s-plane with possible poles at s = 0 and s = 1, which occur only when
X is trivial.

Theorem 4.9. Let x and N be as in §4.8; let k be a positive integer such
that x(—1) = (=1)*, m =[(N —1)/2], and ¢ = e(1/N). Then

o _ ¢*E_¢ak-1(0)
(4.16a)  NF(k—1)1(2mi)~*L(k, x) = ;X( )W
¥ (o SR
_;X()(ga—l)k (1<keZ),
(4.16D) ZX Ca J_r L x(—=1) = —1.

Moreover, let pg denote the primitive character modulo d, where d is 3 or 4.
Then we have, with ¢ = e(1/d),
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CPe(Q) _ CE_¢k-1(0)
(C—1)F (-1
(4.17b) dL(1, pa) = mi(¢ +1)/(¢ = 1).

PROOF. Since 2L(k + 25, x) = Son ' x(a)MF y(s) if x(~1) = (~1)*, from
(3.9) and (4.6) we obtain, for k > 1,

N—-1
2Nk (k — 1)1(2mi) Lk, x) = Y _ x(a
a=1

(4.17a) d*(k — D)1(2mi)~*L(k, pa) =

(0<k—1€2Z),

C“E,Ca’k,l(O)
-1

Now N =2m + 1 or 2m + 2, and so the last sum can be written

; {X(a)w +x(N - Q)W},

as x(m+1) = 0if N is even. Using (4.3g), we obtain the part of (4.16a) involving
E, ., which combined with (4.6) gives the remaining part. We can prove (4.16b)
in the same manner by means of (3.9) with v = 1. Formulas (4.17a, b) are mere
special cases of (4.16a, b).

The formulas of the above theorem are different from the classical formulas
for L(k, x), which we will present in Theorem 4.12 below.

4.10. Take N = 2,3,4, or 6 and a = 0 or 1. Then we easily see that
Dg n(s) =2N7°¢(s) and

(4.18a) DY o(s) =2(1 —27°)¢(s),

(4.18D) DY 5(s) = (1 =37°)¢(s),

(4.18¢) D?4 s) = (1-27°)(¢(s),

(4.18d) Te(s) = (1 —27°)(1 = 37°)((s).

Thus ¢(2m) and ¢(1— 2m) can be obtained from (4.10a) and (4.13). For instance,
for 0 < k € 2Z we have
k—1 Skfl

(1190) (/21— k) = o By(1/2) = 20— Bu(1/3)
k—1 _gk—1
= B = e B0
(k—DK()  —Pi-1)  WPR(?)
(4.19b) (2mi)k  2ktI(2k — 1) (3F —1)(w2 — 1)k
1Py (1) wPy(w)

(4’C —2K)(i — 1)k (2k — 1B = 1)(w— 1)k’
where w = e(1/6). Comparing (4.19b) with (4.12), we obtain the part of the
following formula concerning even k.
2P, (i) E7li(4® —2MB, (0 < k € 2Z),
(i—l)’@:{—ELk_1 0 <k—1€27).

(4.19¢)
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The part for odd & follows from (4.17a) and (4.30b) below.

4.11. Let us now treat the values of L(k, x) first in the traditional way and
then in several novel ways. We take a primitive Dirichlet character y modulo
d, and define the Gauss sum G(x) by

(4.20) Z x(a)e(a/d).

The following properties of G(x) are Well known:

(4.21) ZX e(ab/d) = Xx(b)G(x) for every b€ Z,

(4.22) G(X)G(X) =x(=d, G()=x(-1)GX), GO =d.
See [S71, Lemma 3.63], for example. Here and throughout the rest of this section
d is a positive integer

From (3.7) or (3.15) we can easily derive the functional equation for L(s, x).
Namely, Let x be a primitive character modulo d such that x(—1) = (-1)"
with =0 or 1. Put

(4.23) R(s, x) = (d/n)*/>I'((s +7)/2) L(s, x)-
Then
(4.24) R(s, x) = W(x)R(1 — s,X) with W(x) =i""d"2G(x).
Indeed, from (3.7) and (4.21) we obtain, with k =7+ 1/2,
d
w0k = 5) > X(a)M, (k- s) =d* " ta (s ZX

Substituting (s +r)/2 for s and employing (4.22), we obtain (4.24).

Theorem 4.12. (i) Let ((s) denote the Riemann zeta function. Then for
0 <n € 2Z we have

(4.25) 2-n!(2mi)""¢(n) = n¢(1 —n) = —B,.

(ii) Let x be a nontrivial primitive Dirichlet character modulo d, and let k
be a positive integer such that x(—1) = (—=1)*. Then

d—1
(4.26)  2-K\(27)"*G(X)L(k, x) = kd*"*L(1 —k,X) = — Y X(a)B(a/d).
a=1
In particular, if k=1 and x(—1) = =1, then
d—1
(4.27) (ri) ' GOOL(L %) = L(0, ) = = 3 x(@)a/d.

PROOF. Formula (4.25) can be obtained from (4.8a), (4.12), and (4.13) by
taking N = 1 and r = a = 0, as D{ ;(s) = 2((s). As for (4.26), by (4.21) and
(4.9) we have
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2G(X)L(k, x) = Y h*ax@)x(h)

04£hEZ

> Z h™*x(a)e(ha/d) =
0#h€Z a=1 a=1
If k=1, we need to show that 2L(1, x) = limp—o0 X o4h|<m x(h)h~t, which
follows from the uniform convergence of Y, x(h)h™* for s > 1/2, as guaran-
teed by Lemma 4.3 (ii). The value L(1 — k, X) can be obtained by considering
Zgzly(a)Dg,d(r + 1 —2m) and employing (4.13) and (4.15) with N = d and
k = 2m — r. Tt also follows from (4.24). Formula (4.27) is merely a special case
of (4.26), as B1(t) =t —1/2 and ZZ: x(a) = 0.

Let us insert here a few comments. The first one is historical. Formula (4.25)
is due to Euler. Dirichlet proved (4.27) and even found a formula for L(1, x)
when x(—1) = 1. As for (4.26), Hecke stated and proved it in [He40], and he
is perhaps the first person who did so, though the fact was possibly known to
other number-theorists, as (4.9) had been known since much earlier periods.

In any case, (4.26) is the well known standard formula for L(k, x), but there
is no reason for accepting it as the best or most important result. Indeed, we

s

Bk a/d

have a clear-cut formula (4.13), which we can view as more basic than (4.26). If
the values of Dirichlet series are our main interest, the series Dy n(s) and the
infinite sum of (4.4c) are most natural objects of study. In the same spirit we
will present various new formulas for L(k, x) which are different from (4.26) and
are derived by the idea expressed by (4.4c).

We first prove

Lemma 4.13. (i) Let x be a nontrivial primitive Dirichlet character modulo
d, and let k be a positive integer such that x(—1) = (=1)*. Further let q =
[(d—1)/2]. Then

d—1 ] B
(4.28) S x(a)Bu(a/d) = 2;x(a)3n(a/d) it n=k,
! 0 it o=k 1L

(ii) In the setting of (i), suppose d is odd. Then
q

d—1 .
" 2» (-1)*(a)Eip(a/d) if n=k—-1,
(4.29) (=1)"x(a)Er,n(a/d) = az::l
o=t 0 if n=Fk.
(iii) In the setting of (i), suppose d = 4dy with 1 < dy € Z. Then

do—1
@30 S @Euaafd) = 22X
a:1 0 if n=k

a)Ey n(2a/d) if n=k-1,
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(iv) For x, d, and q as in (i), suppose x(—1) = 1. Then
q

(4.31a) > x(a) =0,
it
(4.31b) Z x(a)a =0,
i
(4.31c¢) (-1)%x(a) =0 if d¢2Z,
o
(4.31d) x(a)a® = (3d/2) Y " x(a)a®.

PrROOF. We have d =2+ 1 or d = 2¢q+ 2 according as d is odd or even.
If d is even, then 4|d, and so x(¢ + 1) = 0. By (4.8f) we have B, ((d — a)/d) =
(71)"3 (a/d) and so

Zx n(a/d) =

q

X(a)Bn(a/d) + Y x(d—a)B,((d - a)/d)

1 a=1

MQ

a

[
M=

X(@){Bn(a/d) + (~=1)"*" By (a/d)}.

I
=

This proves (4.28). We can similarly prove (4.29); the only difference is that
we have (—1)tF+" instead of (—1)¥*". If d = 4dy > 4 as in (iii), we have
q = 2dy — 1, and so

a do—1
Zx(a)ELn(Za/d) = Z {X(a)El,n(Za/d) + x(2do — a)E1 1 (2(2do — a)/d) },
a=1 a=1

as x(do) = 0. Since 2dpa — 2dy € dZ for odd a, we have x(2dy —a) = x(2dpa —
a) = x(—a)x(1 — 2dp). Thus by (4.3f) the last sum equals
do—1
{14 (=1)"**x(1 - 2do)} Z a)E1 ,(2a/d).

By Lemma 1.12 we have x(1 — 2dg) = —1. Thus we obtain (4.30). Finally
suppose x(—1) = 1. Then x(d —a) = x(a), and so
d—1

=Y x@) =S k@) + Y x(d—a) =23 x(a)

a= a=1

1
which proves (4.31a). (Notice that x(¢+ 1) =01if d is even.) Therefore

S (@ =3 x(@at S vld—a)d—a) = 43 x(a) —

which is (4.31b). Similarly, employing (4.31a), we find that
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q

d—1
> x@a? =" x(@){a® +(d—a _zzx (a? - da),

d—1 q
Zx(a)aS = Zx(a){ag + (d— = 3dZX (a® — da).
a=1 a=1
Formula (4.31d) follows from these two equalities. If d is odd,
d—1 d—1 d—1
Do (=Dx(a) =Y (=1 x(d = b) = = (=1)"x(b),
a=1 b=1 b=1

from which we obtain (4.31c).

We now state the principal results of this section, among which (4.32), (4.34),
and (4.35) are most essential.

Theorem 4.14. (i) Let x be a nontrivial primitive Dirichlet character mod-
ulo d, and let k be a positive integer such that x(—1) = (=1)*. Further let
qg=[(d—1)/2]. Then

q

(482) (k= D) GRLK ) = 5o o D X(@)Fe-(2a/a)

a=1

(4.33) kl(27i)~F G(%) qu a)By(a/d).

(ii) Suppose in particular d = 4dy with 1 < dy € Z. Then

do—1
(4.34) (k= D) FGR)L(k, ) = Y X(a)E1-1(2a/d).
(iii) If d is odd, then )
(4.35) (k= 1)!(2mi) *GR)L(E, x) = Qk G Z b)E1i—1(b/d).

b=1
In particular, if k=1, m =[q/2], and n = [(q — 1)/ ], then we have

(4.36)  (2mi)'G(R)L(L, x)

TG) {2_ Zx if x(2) # -1,

1-x@ }{2_ }ZX%H if () # 1L

(iv) If pq denotes the primitive character modulo d with d = 3 or 4, then
for k=2m+1 with 0 <m € Z we have

(4.37)  Kl(=1)"(2m) VB L(k, p3) = —Bi(3) =
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(4.38) kl(—4)"ma *L(k, pa) = —Br(3) = 27 kE) op.
PROOF. In the proof of Lemma 4.13 we noted that x(¢+1) =0 if d € 27Z.
Therefore by (4.21) we have for every m € Z,
q

G(X)x(m) = Z e(am/d) + Z (d —a)m/d)

> X {elam/d) + (-1)*e(-am/a)}.
Take n=k—1, a = 1/2_and t=2a/d with 1 <a <gq in (4 4) and (4.5). Then

(%) By k-1(2a/d) = 2(k — 1)!(2mi)~*2F > m~Fe(ma/d).
m odd

On the other hand,
2G(%) (1 - x(2)27F)L(k, x) = GXx) > x(m)m™*

m odd
ZX { Z m~"e(am/d) + Z (m)ke(am/d)}
a=1 m odd m odd
= 22?((1) Z m~*e(am/d).
a=1 m odd

Combining this with (x), we obtain (4.32). We have to be careful about the case
k = 1, but Lemma 4.3 settles the technical point as explained in the proof of
Theorem 4.12. Formula (4.33) follows immediately from (4.26) combined with
(4.28).
If d =4dy > 4, then ¢ = 2dy — 1, and we have
do—1

ZX )E1-1(2a/d) = {1 % 1—2d0}2 a)Ey —1(2a/d),

as shown in the proof of Lemma 4.13. (Take n = k— 1.) Since (1—2do)*—1 € dZ,
we have x(1—2dp) = £1. If x(1—2dp) = 1, then (4.32) shows that L(k, x) =0,
a contradiction. Thus x(1 — 2dp) = —1, and we obtain (4.34) from (4.32), as
x(2) = 0. (We already stated the equality x(1 — 2dp) = —1 in Lemma 1.12 and
gave an elementary proof.)
As for (iii), putting m = [¢/2] and n = [(¢ — 1)/2], we have clearly
q m q
X(2) Y X(a)E1k-1(2a/d)=> X(2a)E1x-1(2a/d) + Y X(20)E1x-1(2a/d).
a=1 a=1 a=m+1

For m < a < q put ¢=¢g—a. Then 2a =d—2c—1, and so x(2a) = x(—2¢—1)
and By ;_1(2a/d) = (=1)*"1E; x_1((2¢ + 1)/d) by (4.3f). Thus the last sum
> e g1 can be written — Y77 X(2c+1) Ey x—1((2¢41)/d). Therefore we obtain
(4.35). If k =1, we recall that Ey o(t) = 1. We consider (4.32) and X(2) times
(4.35). Taking the sum and difference of these two equalities, we obtain (4.36).
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Finally, taking d =3 and 4 in (4.32) and (4.33), we obtain (4.37) and (4.38),
as By, = 2"F4 »,(1/2). This completes the proof.

We note here an easy fact. Taking ¢ =1 and ¢ =0 in (4.5), we obtain
(4.39) 428 = 1)(k — )1(2mi)k¢(k) = B1 x-1(0) (0 < k € 2Z).

Since P(—1) = (=2)k¥"1E; 1_1(0), (4.39) is essentially the same as the first
equality of (4.19b). Comparing this with (4.25), we obtain

(4.40)  2(1— 2By = kB 5_1(0) = (=2)'"*kPy(=1) (0 <k € 2Z).

The relation between L(2m + 1, pg) and the Euler number E4 5, as stated
in (4.38) is classical and perhaps due to Euler. Otherwise, the equalities in the
above theorem seem to be new, except for (4.33) and (4.37), which may possibly
be known. In particular, taking y to be real and & = 1 in (4.32), we obtain
a well known class number formula for an imaginary quadratic field, which we
will state in (5.9) below. Thus (4.32) includes such a classical result as a special
case, but apparently it has never been stated in that general form even when
k = 1. Notice that for d = 8 or 12, the right-hand side of (4.34) contains only
one nonvanishing term, and so we can state formulas similar to (4.37) and (4.38)
in such cases. We will not give their explicit forms here, since they are included
in (6.3) and (6.5) below as special cases. It should also be noted that E. _1(t)
is a polynomial in ¢ of degree k — 1, while By(t) is of degree k.

Since En o(t) = 1, the formulas of Theorem 4.14 involving E; ;1 have simple
forms if k& = 1. Another simple formula is (4.27). In general, E; ;_1(t) and
By (t) have more terms, and the matter is not so simple. However, a similar
simplification is feasible at least to the extent described in the following theorem,
which gives recurrence formulas for L(k, x) modified by elementary factors.

Theorem 4.15. Let x be a nontrivial primitive Dirichlet character of con-
ductor d and k a positive integer such that x(—1) = (—=1)*; let ¢=[(d —1)/2]
and m = [(k—1)/2].

(i) Define A(k, x) by

(4.41) Ak, x) =2 k!l(2mi)~*G(x)L(k, x).
Then e
(4.42) Ak, x) = ;—kl Zy(a)ak — %H Z (212—:_11) A(k = 2v, x).

(ii) Suppose d is odd or d > 4. Define A(k, x) by
4{x(2) — 27"} (k = D(wi) *G(X)L(K, x) if d ¢ 2Z,
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Then
Im (k-1
(1.44) D M (Wl FYCEE 73
v=1
1 d—1
T 2 1) (a)a®™ if d ¢ 2Z
+ a=1
2k71
= > X(a)a* if de2Z.
a=1

PROOF. By (4.26), A(k, x) = — Y"1 X(a)Bx(a/d), and by (4.8b) we have

(k+1)By(t) = (k + 1)t Z(’““) (D).

By (4.28), ZZ: X(a)By(a/d) =0 if p—k ¢ 2Z. The sum is 0 also for p =0,
as By(t) = 1. Thus we obtain (4.42). Similarly we have, by (4.3b),
k—1

El,k—l(t) = th-1 —%Z (§_1>E1/\ 1()

Therefore we obtain (4.44) by combining (4.34) and (4.35) with (4.30) and (4.29).
If k=2, we can state clear-cut formulas as follows.

Corollary 4.16. Let x be a nontrivial Dirichlet character of conductor d
such that x(—1) =1 and let ¢ = [(d —1)/2]. Then

—2G(x —74 q*aa
(1.45) FPGRLE ) = o)y LT
d—
(4.46) TGERLE, ) = }Zﬂm?

ProoOF. Take k = 2 in (4.32). Since Ey1(t) =t — 1/2, the sum of (4.32)
becomes 2> X(a)a/d — Y.?_,X(a)/2, and so we obtain (4.45) in view of
(4.31a). Similarly take k = 2 in (4.26). Since Ba(t) = t*> —t + 1/6, we obtain
(4.46) in view of (4.31b). We can also take k =2 in (4.44), but obtain nothing
better than (4.45).

4.17. We end this section by mentioning a classical formula and its analogues.
First, as an immediate consequence of (4.8d) we obtain

m

(4.47) Bpji(m+1) = Bppr=(n+1)Y k" (0<n€Z),

which is often cited in connection with the Euler-Maclaurin formula. (We un-
derstand that 0° = 1.) Likewise, from (4.3d) we can easily derive
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(4.48) E.y(0) — e(—ma)Ecn(m) = {1 —e(—a)} z_: e(—ka)k™,
k=0

where ¢ = —e(a), a € R, ¢ Z. In particular, for o =1/2 we have
m—1

(4.49) E1n(0) = (=1)™Eyn(m) =2 (—1)"k"
k=0

with the classical Euler polynomial F4 ,,(f). Apparently no previous researchers
took the trouble of stating this rather nice-looking formula. Notice that (4.48)
and (4.49) are of degree n in the parameter m, whereas (4.47) is of degree n+1.

We will present some more formulas for L(k, x) in Section 6, but before doing
so, we first consider applications of those we already have to certain class number
formulas.

5. The class number of a cyclotomic field

5.1. The value L(1, x) is closely related to the class number of a cyclotomic
field, an imaginary quadratic field in particular. Let us now discuss this topic
in the easiest cases and present some new class number formulas, assuming that
the reader is familiar with some basic facts on cyclotomic fields. For an alge-
braic number field M of finite degree we denote by tas, Dpas, Rar, Car, has, and
wys the maximal order, discriminant, regulator, Dedekind zeta function, class
number of M and the number of roots of unity in M. It is a well known result
of Dedekind that

. 2M (QW)TQRMhM
(5.1) lim(s = D0 (9) = = =5 =i
where 71 resp. ro is the number of real resp. imaginary archimedean primes of
M. We apply this to a subfield of Q,p. Any subfield M of Q. is either totally
real or totally imaginary. In the former case, r = [M : Q] and ro = 0; in the
latter case r1 =0 and ro = [M : Q]/2.

We now fix a totally imaginary finite extension K of Q contained in Q,; and
put F = {:L' e K | zf = m}, where p is the restriction of complex conjugation
to K. Then F is totally real, wp = 2, and [K : F| = 2. Let [K : Q] = 2t. From
(5.1) we obtain
1/2

52) G/ = 22 e T

’LUK'hF.RF

Dp
Di
Suppose K C Q(¢) with ¢ = e(1/m), where m is a positive integer that is
either odd or divisible by 4. Then Gal(Q(()/Q) is isomorphic to (Z/mZ)*, and
Gal(Q(¢)/K) to a subgroup H of (Z/mZ)*. We can show that

(5.3) Cie(s) = Cr(s) T L(s, x),

x€X
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where X is the set of all primitive Dirichlet characters x such that y(—1) = —1,
the conductor of x divides m, and x(H) = 1. Thus we obtain the following
formula:

hi _we Rr |Di

4 = . .
(5 ) hp 27t RK DF

1/2
IT 2 0.
xeX

In the simplest case we take K to be an imaginary quadratic field of dis-
criminant —d. Then (i (s) = L(s, x)((s), where x is a unique real Dirichlet

—d
character of conductor d such that x(—1) = —1, that is, x(a) = (a)’ and
(5.4) takes the form

wrVd
o L(1, x).

This formula was first proved by Dirichlet in a somewhat different context. The
functional equations of ((s) and (x(s) show that R(s, x) = R(1 — s, x), which
together with (4.24) proves that

(5.5) hy =

(5.6) G(x) =ivd if x(a) = <_d).

a

This argument, due to Hecke, is applicable also to a quadratic character x such
that x(—1) = 1, and even to any Hecke character of a number field corresponding
to a quadratic extension; see [S97, (A6.3.4), (A6.4.1)]. Combining (4.27), (5.5),
and (5.6), we obtain a classical formula

(5.7) hi = ——% 5™\ (a)a.

5.2. Let x be a primitive (not necessarily real) Dirichlet character of con-
ductor d such that x(—1) = —1. Since Ey o(t) = 1, from (4.32) with £k =1 we
obtain

(58) GIIL(L ) = 5= S ox(@). g = [(d=1)/2.
Comparing this with (4.27), we obtain

d

d
(5.8a) Z x(a)a = T2 =3 Z x(a).

a=1 a=1

In particular, if x is real and K = Q(v/—d ), then (5.5) combined with (5.6) and
(5.8) shows that

(5.9) hic = st S x(a), g =[(d-1)/2),
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where the symbols are the same as in (5.5) and (5.7). This formula is also
classical. Thus (4.32) or its special case (5.8) can be viewed as a generalization
of (5.9). We will present several new formulas for hg in Corollary 6.4 below.

5.3. We now consider the field K = Q(¢) with ( =e(1/m), 0 <m € Z. We
will soon specialize this to the case where m is a prime power, but first recall
some basic facts on K under the assumption that m is either odd or divisible
by 4. Let F = {x € K‘J;” = ac} as in §5.1. We put

(5.10) t=[K :Q]/2.

Here are some basic facts that can be found in most textbooks on algebraic
number theory:

(5.11a) wg =2m if m is odd, and wx = m if 4m.

(5.11b) A prime number p is ramified in K if and only if p|m.

(5.11c) For a prime number p not dividing m, let f be the smallest positive
integer such that pf —1 € mZ and let g = 2t/f. Then p splits into
exactly g prime ideals in K each of which has degree f.

(5.11d) rx = Z[¢].

(5.11e) hx/hp € Z.

To prove the last statement, take the maximal unramified abelian extension J of
F. Since K is ramified over F' at every archimedean prime, we see that K ¢ J.
Thus hp = [J : F| = [JK : K|, which divides hg, as JK is an unramified
abelian extension of K. This proves (5.11e).

We now assume that m = ¢" with a prime £ and 0 <reZ; r> 1 if { =2.
Then 2t = /"~1(¢ — 1) and the following statements hold:

(5.12a) (1 — ()t is a prime ideal in K and lrx = (1 — ().
(5.12b) |Dg| = ¢, where e = 70" — (r + 1)0""1) if £ #2, and e = (r —1)2" 1
if £ =2;|Dp| =02 4f {+£2 and |Dp|=20"2/2 if 1 =2.

Lemma 5.4. If m is a prime power, then tj = Wty, where W is the set
of all roots of unity in K. Consequently, Rx = 2' ' Rp.

PROOF. For a €ty let 8= a”/a. Then |37| =1 for every o € Gal(K/Q).
By Kronecker’s theorem, 3 € W. Suppose m is odd. Then 3 = evy? with vy € W
and ¢ = £1. If ¢ = —1, we have (ay)? = —avy, and so 2ay = ay — (ay)? €
d(K/F), where d(K/F) is the different of K relative to F. This is a contradiction,
since d(K/F) is nontrivial (as can be seen from (5.12a)) and prime to 2. Thus
e = 1, and so (ay)? = ay, which shows that ay € F. Therefore o € Wty as
expected. Suppose m = 27;let n = 2" ! and B = (7 with a € Z. Then
(" = —1.If a is even, we can put ¢ =~2 with v € W, which together with the
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above argument leads to the desired conclusion; so assume a to be odd. Since
tx = Z[(], we have a = Z:;Ol csC® with ey € Z. Then Y ¢s¢° = )" ¢,(*°. Hence
¢s = tcg if s+ 8 = a (mod n). Now the elements ¢* and (%~* for positive
odd s < n form a basis of K over Q. In other words, Csl with even s’ can be
replaced by ¢(*~° with some odd s < n. Therefore oo =) 44 ¢s (¢ (7).
Now (®+£(* % = (%(1—(9) with some ¢, and this is divisible by 1 — ¢, which is
a contradiction, since « is a unit. Once we know that vj; = WrJ, the assertion
concerning Ry and Rp easily follows from the definition of the regulator.

Lemma 5.5. Let m = {" with a prime number £ and 0 < r € Z; assume
r >3 if £ =2. Let X be the set of all primitive Dirichlet characters x such that
x(—=1) = —1 and the conductor of x divides m. Then

0#£2: [ G =ittt e=rm — (r 1)
xeX

(=2 HG(X)Z\/i-ZC, c=(r—1)2"73.
XEX

PRrROOF. We can put X = | |._, X;, where X is the set of all y € X with
conductor £°. Put es = #(X5).

(I) We first consider the case of odd ¢. We easily see that e; = (¢{ —1)/2 and
es = 0572(0 —1)?/2if s > 1. For x € X we have x = X only if £+ 1 € 4Z, in
which case there is exactly one such y, which belongs to X;. Thus x # X for
X € Xsif s >1 or £ —1 € 4Z. Therefore by (4.22) we have

(5.13) [T Goo=(=e)="? if s>1 or £—1€4Z.
XEXs
If £+ 1 € 4Z, we have, by (5.6), [, cx, G(x) = it"/*(—£)*=3)/4, which can be
written
(5.14) [T Gto = Ger/z)e=nrz,

XEX1

This is true also when ¢ — 1 € 4Z. To simplify our notation, put ¢ = (¢ — 1)/2.
Then from (5.13) and (5.14) we obtain [, c x G(x) = i®0%/? with

T I
azq—l—Zes and b:q—|—Zses.
s=2 s=2

We easily find that a = g¢"~! = ¢. To calculate b, we note an elementary equality

k
k k+2 _ k 1 k+1
(5.15) an": * (k+ 1o +@
n=1

(z —1)? ’

where z is an indeterminate. Now Y @ _, s¢572 =237 (572437 (s—2)¢*2.
Applying (5.15) to the last sum, we eventually find that 2b = r¢" —(r+1)¢" =1 +1.
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(IT) Next we take £ = 2. Then e; =0, e3 = 1, and ey = 2573 if s > 2. The
set Xy resp. X3 consists of a real character of conductor 4 resp. 8; otherwise
X # X- Then by the same type of reasoning as for odd ¢, we find the result as
stated in our lemma.

Lemma 5.6. Let m = {" as in Lemma 5.5, and let p be a prime number
other than €. Let Z be the subgroup of (Z/mZ)* generated by p and let f =
[Z : 1]. (In other words, f is the smallest positive integer such that pf —1 € mZ.)

Then P

(I+p7%%) if —1eZ,
5.16 | | 1—x(pp~?°| =
( ) XE’T[ (®) ] {(l—p_fs)t/f if —1¢Z.

Moreover, if £ is odd, then f is even if and only if —1 € Z.

PRrROOF. The canonical isomorphism of (Z/mZ)* onto Gal(K/Q) sends —1
to p and Z to the decomposition group of p. Therefore the Euler p-factor of (x
is (1 —p~/%)?//. Let p be the prime factor of p in K. Then p” = p if and only
if —1 € Z. Thus the Euler p-factor of (r equals (1 —p~/%/2)2t/f if —1 € Z, and
(1—p~7T*)t/1 if —1 ¢ Z. Taking the quotient (x/Cr, we obtain (5.16). The last
assertion follows from the fact that (Z/mZ)* is cyclic if ¢ is odd.

We now present formulas for hy/hp different from classical ones.

Theorem 5.7. Let K and F be as in §5.8 with m =", 0 < r € Z, where {
is a prime number and v > 2 if £ = 2. Let X be the set of all primitive Dirichlet
characters x such that x(—1) = —1 and the conductor of x divides m. Then
the following assertions hold:

(i) Suppose £ # 2; let f be the smallest positive integer such that 2 —1 € mZ.
Put A = (2772 4+ 1)2/1 or (2 — 1)¥/f according as f is even or odd. For each
X € X of conductor £° put g, = (¢* —1)/2. Then we have

h X
(5.17) h—K =27 AT ] { X(a)}.
F xeX a=1

Moreover, the sum >.2X | x(a) can be replaced by
2
(5.17a) T4 %2 ;X(a) with ky = [q,/2] if x(2) # -1,

(5.17b) %Y@) > x(2c+1) with ny = [(gy —1)/2] if x(2) # 1.
c=0

(ii) Suppose £ =2; let Y be the set of all x € X of conductor > 4. For x € Y
of conductor 2°, put b, = 2572 Then
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by—1
h X
(5.18) h—K =27 H { E X(a)} with v=r—1-2""2
F
XEY a=1

Proor. We employ (5.4). We have wx = 2m if ¢ # 2 and wxg = m if
¢ =2; Rp/Rk = 217t as shown in Lemma 5.4; |Dg/Dr| is given by (5.12b).
We have to determine J[, oy L(1, x). Suppose ¢ # 2. Then we use (5.8) which
involves 2 — x(2) and the Gauss sum. As for the latter, we employ Lemma 5.5.
As for the former, from Lemma 5.6 we obtain

- (22412 i fe2Z,
(5.19) Xg{ 2-x(2)] = { 2f —1)t/! if f¢2Z.

Combining all these factors, we obtain (5.17). The sum Y 2 x(a) can be re-
placed by (5.17a, b) by virtue of (4.36). If ¢ =2, we use (4.34) instead of (5.8).
Special care must be given to the character of conductor 4, which is included in
X but not in Y. Observing that ¢ of Lemma 5.5 equals e/4 with e of (5.12b),
we obtain (5.18) for r > 3. Actually we see that (5.18) is true even for r = 2
and 3.

Remark. For odd /¢, it often happens that 2 is a primitive root modulo m,
in which case we have f = 2t, and so A = 2!+ 1. Thus we can put A = /"I with
a positive integer I, and the factor A~ in (5.17) equals 1.

5.8. Let us now state the classical formulas for hx /hp that can be found in
the standard literature on this topic:

(5.20) Z—I; =B]] { - g:lx(a)a} with

xXEX

217t = =27l — (r+ )T 1) i £ 2,
26, B=r—1-2""2% if (=2

Here ¢, is the conductor of x. This can be obtained from (5.4) by applying
(4.27) to L(1, x) and employing Lemmas 5.4 and 5.5.

Clearly formulas (5.17) and (5.18) are of “smaller sizes” than (5.20). That is
especially so for (5.18). As for (5.17), we derived it from (5.20) combined with
(5.8a). Equality (5.8a) is an old well known fact at least for real y. Even for
non-real Y, it must have been known at least to some experts, but apparently
nobody tried to state (5.17).

In stating formulas for hx/hp, we confined ourselves to the case where K =
Q(¢), ¢ = e(1/m), with a prime power m. A formula of type (5.20) for more
general cyclotomic fields is known; see [Ha]. We can of course state analogues
of (5.17) and (5.18) for such fields, whose precise statements may be left to the
reader.
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6. Some more formulas for L(k, x)

6.1. Let us now state several sum expressions for L(k, x) different from those
of Section 4. The first type has fewer terms than the sum of (4.32), and are
technically more complex than the second type, which follows from (4.5) rather
easily. We present the first type as eight formulas depending on the nature of
the Dirichlet character and the parameter ¢ of the generalized Euler polynomial
E. . One formula, (6.2), is somewhat different from the other seven. Though
it may be possible to state those seven as a single formula, we do not do so, as
such would make it cumbersome and less easy to understand. In the following
theorem, the product x\ for two characters xy and A\ means the character
defined by (x\)(m) = x(m)A(m), which can be imprimitive if the conductors of
x and A are not relatively prime. We first prove

Lemma 6.2. Let € denote £1, and given two positive integers d and s, let
g=1d/s]+1 or g =—[d/s] according as € =1 or —1. Then 0 < (g/s)+(j/d) <
1 for every j € Z such that 1 —g < j < d—g. Moreover, 0 < (¢/s)+ (j/d) <1
for all such j’s if d/s ¢ Z.

PROOF. If g =[d/s]+1, then g—1<d/s < g,andso (g—1)/d <1/s < g/d.
For 1—g < j<d-g wehave (1 —g)/d < j/d < 1-—g/d, and therefore
0<(1/s)+ (j/d) < 1.1f g = —[d/s], then —g < d/s <1—g,and so (g—1)/d <
—1/s < g/d, and we obtain 0 < (—1/s) + (j/d) < 1. If d/s ¢ Z, we easily see
that 0 < (¢/s) + (j/d) < 1 in both cases.

Theorem 6.3. Let x and A be primitive Dirichlet characters and us, py be
as in Theorem 4.14 (iv); let d be the conductor of x and k a positive integer;
further let € denote 1. Then the following assertions hold:

(i) Suppose d is odd, > 3, and x(—1) = (—1)**1; suppose also k > 1 if 3|d;
let g=1[d/3]+ 1. Then

d—g

61) > (-1YXG) B (3 + )

= (k- )Y FROIGEL 12027 Lk, )
(ii) Suppose d =2m +1 with 0 <m € Z and x(—1) = (=1)**L. Then

(6.2) Z(*l)jX(j)El,kq(% +4) = (k= 1)12i(ni) *x(2)G(X) Lk, xpa).
(i) Suppose d is odd, A(m) = () with § = £8, and (x\)(—1) = (—1).

Then

(63) > (VXU Bk (f+§) = (k= DWVo(ri) FXR)GR)L(k, XN).

d—g
=1l—g

J
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where g = [d/4]+ 1. The formula is valid even for d =1 and trivial x, in which
case the sum on the left-hand side is Ey _1(1/4) and G(x) = 1.
(iv) For d, A\, x, and k of (iii) we have also
d—g

64) > e(=di/HRG)E-in1 (3 +3)

Y = (k= )W=2 - 2(mi) FX(4)G(R)L(k, XN,

where g = [d/2]+ 1. The formula is valid even for d =1 and trivial x, in which
case the sum on the left-hand side is E_; y—1(1/2) and G(X) = 1.

(v) Suppose d is odd, >3, A(m) = (2), and x(-1) = (=1)*. Then

d—g
65) Y, (“IPXG)Erea (b +3) = (b~ D2vEri) *XRGERLE ),
Jj=1-g

where g = [d/6]+ 1. The formula is valid even for d =1 and trivial x, in which
case G(X) = 1 and the sum on the left-hand side is Eq ;_1(1/6).

(vi) For d prime to 6 and A, x, k of (v) we have

d—g
(66) D e(=dj/6)x()Ee1(3+5)
Jj=1-g
= (k= 1)1 8%i(mi) =X (6)G (X)L (K, x\),

where g = [d/2] + 1 and ¢ = e(2/3). The formula is valid even for d = 1
and trivial x, in which case G(X) = 1 and the sum on the left-hand side is
E.-1(1/2).

(vii) Suppose d is prime to 3; let X be the Dirichlet character modulo 9 such
that A(2) = e(2/3). Then

d—g
(6.7) e(~dj /3K B 1 (5 + 2) = (k — Dle(e/9){1 + e(1/6)}
Jj=1-g

Lk, x\° if x(=1) = (=1)*,
-<2m>-k3kx<3>e<x>-{ o) =y

L(k, psx %) if x(=1) = (=1)**1,

where ¢ = —e(1/3), and g = [d/3]+1 or g = —[d/3] according as e =1 or e =
—1. The formula is valid even for d =1 and trivial x, in which case G(X) =1
and the sum on the left-hand side is E.,—1(1/3) if € = 1 and E.;,-1(2/3) if
e=—1.

(viii) Suppose d is odd; let \ be the Dirichlet character modulo 16 such that
A(5) =i and (x\)(—1) = (=1)*. Then

d—g
(6.:8) > e~ di/ XD E-ik-1(5 +3)
Jj=l—g

= (k= D11+ i)e(55) - 24 (ri) FXAGERLE, XA),
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where g = [d/4]+ 1 or g = —[d/4] according as € =1 or € = —1. The formula
is valid even for d =1 and trivial x, in which case G(X) = 1 and the sum on
the left-hand side is E_; ,_1(1/4) if e =1 and E_; x_1(3/4) if e = —1. (Once
x and k are given, \ is uniquely determined by the conditions A(5) = i and
(1) = (-D*.)

PrOOF. We first consider Case (v), which has a feature that the other cases
lack. We use formula (4.5) with o = 1/2 and ¢t = (1/6) + (j/d) with j in
the sum expression of (6.5). By Lemma 6.2 we have 0 < ¢t < 1, and so (4.5)
is applicable to the present setting for n > 0. Put j = pd + 2¢ with p, q € Z.
Then for h € Z we have

e((h+ a)t) = e(1/12)e(h/6)e(p/2)e((2h + 1)q/d).

Clearly e(p/2) = e(j/2) = (—1)7. Therefore, by (4.5), the left-hand side of (6.5)
equals

2e(1/12)(k — 1)!(wi)™F > " (2h + 1) e(h/6) > x(4)e((2h + 1)q/d).

heZ J

Since x(j) = x(2¢) and ¢ runs over Z/dZ, the sum } ; equals ¥(2)G (X)x(2h+1).
Put >, .z e(h/6)x(2h+1)(2h+1)F = 3> b,n~". Since x(—1) = (—1)*, we
have b, = x(n){e((n—1)/12) +e((—n —1)/12)}. We easily see that this equals
{1+ e(5/6)}x(n)A(n). (Notice that b, = 0 if 3|n.) Therefore we obtain (6.5).
If d =1 and x is trivial, we consider Ey ;_1(1/6) and put G(Xx) = 1. Then
the above argument is valid in that case too. Also, if £ = 1, we have to invoke
Lemma 4.3 for the same reason as in the proof of Theorems 4.12 and 4.14.

The other cases except Case (ii) can be proven basically in the same fashion.
We take o = 1/3 in Case (vil), @ = 1/6 in Case (vi), @ = 1/4 in Cases (iv)
and (viii), and a = 1/2 in the remaining cases. We also take j = pd + qr with
p, ¢ € Z, where r = o~ 1. If 3|d in Case (i), then (1/3)+(j/d) =0 for j =1—g,
and therefore (4.5) is applicable only to the case k > 1.

In Case (ii), by the same technique with o = r~! = 1/2 we first obtain

(6.9) Z (—1X() Brp—1(5 + %) = (k — )M4i(mi) *X(2)GR)L(k, xpa),

where m = [d/2]. The left-hand side can be written

> RG] Braa( +4) +xDE (- D)}

j=1

By (4.3f) this equals twice the left-hand side of (6.2). Dividing by 2, we obtain
(6.2).

Now some class number formulas different from (5.7) and (5.9) can be obtained
by taking k =1 and x to be a real character in (4.34), (4.36), and also in the
first six cases of the above theorem. Here are their explicit statements.
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Corollary 6.4. Let dy denote a positive squarefree integer > 1 and hy the
class number of the field K given in each case below. Except in Case (i) suppose
do 1s odd and let xq be the real primitive Dirichlet character of conductor dy.
Then the following assertions hold.

(i) Suppose 2 < do +1 ¢ 4Z and K = Q(v/—dp); let x be the primitive
quadratic Dirichlet character of conductor 4dgy that corresponds to K, and v =
[do/2]. Then

do—1 v
(6.10) hi =Y xla)=> x(2b—1).
a=1 b=1
(i) Suppose do = 4p+ 1 with 0 < p € Z and let K = Q(v/—dy ). Then
2
(6.11) hk = x0(2) i(—l)GXO(a)-
a=1
(iii) Suppose do = 4p+3 with 0 < p € Z and let K = Q(v/—dy ). Then
zu:lx(a) (¢ 22),

(6.12) hi =
x(2¢+1) (n € 2Z).

Wl
(1=

(=)

c=

(iv) Let K = Q(v/—2dy ) and p = [do/4]. Then

14

(6.13) hi = 2x0(2) Z(—l)GXO(a) if  do=4p+1,
a=1
o 2pu+1
(6.14) hx =2 (-1)*x0(2a+1) =2x0(2) Y (=1)’x0(b) if do =4u+3.
a=0 b=p+1

(v) Suppose that do is prime to 3 and do + 1 € 4Z; let K = Q(v/—3dy ) and
m = [dy/2]. Then

(6.15) e =20 { ¥ - Yo
a b

where 1<a<m,1<b<m,a=1,2 (mod 6), and b=4,5 (mod 6).
(vi) Let K and dy be the same as in (iv) and let m = [dy/6]. Then
(do—1)/2
(6.16) hi = 2x0(2) Z (=1)*xo(a).
a=m-+1
(vii) Suppose that dqy is prime to 3 and do—1 € 4Z; let K = Q(v/—3dy ) and
m = [dy/3]. Then

m

2
= T D@,

a=1

(6.17) hi
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PrOOF. We first recall that E.o(t) = 1 as noted in (4.3h). Take k=1 in
(4.34). Then by (5.5) we obtain (6.10), as x(a) =0 for even a. Formula (6.12)
folllows immediately from (4.36) combined with (5.5). Next we take k = 1
and (xo, do) to be (x, d) in Theorem 6.3. Let us first consider (6.3). Suppose
do = 4p + 3. Then xo(—1) = —1, and the left-hand side of (6.3) equals

3pu+2 ”w 3pu+2
Y D%o(@) = Y- (=D)*o(@) + D (=D'x0(b)
a=—p a=—u b=p+1
n 2u+1
=> (=1)*{xo(@) + xo(—a)} + D {(=D’x0(b) + (=1)*"x0(do — b)}.
a=1 b=p+1

The first sum of the last line is 0; the second sum equals 2Zz2)i:}r1(_1)bX0(b)~

Putting b = 2u+ 1 — ¢, we have 2b = d — 2c — 1, and so the last sum equals
x0(2) > (=1) M xo(do — 2¢ — 1) = x0(2) D4 xo(2¢ + 1). Applying (6.3) to
the factor L(1, x\) of (6.3), we obtain (6.14). Taking dy = 4p + 1 in (6.3), we
similarly obtain (6.13). These formulas (6.13) and (6.14) can be obtained also
from (6.4).

Formula (6.11) follows directly from (6.2) combined with (5.5) applied to the
present K. To prove (6.15), we use (6.6). Notice that dy = 7 or 11 (mod 12).
Put w = e(1/6), and suppose dy —7 € 12Z. Then the left-hand side of (6.6) can
be written Y7 x(j)w ™/, which equals 37", x(j)(w ™/ — w?). We easily see
that this equals

(6.18) -3 ¥ ) - ¥ )}
a b

with a and b as in (v). Applying (5.5) to L(1, xoX), we can verify that the
right-hand side of (6.6) equals iv/3x0(6)hr /2. If dy — 11 € 12Z, then w must
be replaced by w™!, and we have iv/3 instead of —iv/3 in (6.18). Now xo(3) =
(d%), which equals —1 or 1 according as dg =7 or 11 (mod 12). Therefore we
obtain (6.15) in both cases as expected.

We derive (6.16) from (6.5). Put m = [dp/6] and do = 2¢ + 1. Then the left-
hand side of (6.5) becomes 3% ™1 (—~1)9x(a). We have 3.7 (—=1)%xo(a) =
0 as xo(—1) = —1, and so we only have to consider >% """ 1(—1)y(a), which

a=m-+1
equals
a

3 {(—1>a><o<a>+<—1>d°-“><o<do—a)}=2 S ()t v(a).

a=m-+1 a=m-+1
Thus we obtain (6.16).
Finally, in the setting of (vii) we see that the left-hand side of (6.1) equals

dg—m—l m do—m—l

Y (D@ = Y (Do) + Y (=1)’xo(b).

a=—m a=—m b=m+1
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The same argument as for (6.14) shows that the last sum over b vanishes, while
the sum over —m < a < m equals 2" (—=1)*xo(a). Thus we obtain (6.17)
and our proof is complete.

6.5. Though it may be possible to prove the formulas of the above corollary
more directly, our point of presenting them is that they follow easily from a more
general principle concerning L(k, x) with k& > 1. It should also be noted that
they are quite different from (5.9). Take, for example, K = Q(v/—2dp) with
do = 4p+ 1 asin (6.13). Then the discriminant of K is —8dp, and so the sum
of (5.9) has 16p + 3 terms. Since x(a) =0 for even a in this case, the number
of nonvanishing terms is much smaller, but not so small as that for (6.13).

One more remark may be added, First, we can state formulas for L(1, x)
of various types of x that are not necessarily real. Take y(o to be a primitive
character whose conductor dy is of the form dy = 4u+3 and such that xo(—1) =
1. (Such a xo cannot be real.) Let A(m) = (=2). Then from (6.3) we can derive,
by the same technique as in the proof of Corollary 6.4,

14
(6.19) V2 x0(2)G(x0)L(1, XoA) = D (=1)"xo(a).
a=1
Similarly we can handle L(1, ,A) when do = 4p+1, xo(—1) = —1, and A(m) =
(%), in which case a formula of type (6.14) appears. Some more formulas for
L(1, x) will be given in Corollary 6.7 below.

We now state some analogues of (4.32), which are not so technically involved
as Theorem 6.3.

Theorem 6.6. Let x be a primitive character modulo d, and k a positive
integer such that x(—1) = (=1)¥. Then the following assertions hold:
(i) Suppose d is prime to 3; let ¢ = —e(1/3). Then

(6.20)  (k — 1)(2mi) " *C(x)L(k, x)
d—

a +c—1§<{(3313_x Z (—da/3)Ecr-1(a/d).

(ii) Suppose d is prime to 2; let ¢ = —e(1/4). Then
(6.21) (k- 1)!(2wi)—’fG(*)L(k X)

- a7 ){4k—x 2k}zx (~da/4) B, _1(a/d).

(iii) Suppose d is prime to 6; let ¢ = —e(1/6). Then

(6.22) (k- 1)(27m)"*G(xX)L(k, x)
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6
- e(1/6){2* —ié ! H3k — }ZX (—da/6)Eck—1(a/d).

Proor. For simplicity, let us write F' and E for F, j_; and E, ,_;. We first
prove (iii). Thus ¢ = —e(a) with o = 1/6. Taking N =6, ¢ =1, and ¢t = b/d
n (4.4c), we obtain
(x) F(6b/d) =6 > m Fe(mb/d) (b€ 7).

mel+6Z
Clearly F(6b/d) depends only on b (mod d). Also, we easily see that
(%) > xm)ym™F = {1 - x(2)27*}{1 - x(3)37F}L(k, x).
mel+6Z

If k=1, the sums of (%) and (xx) should be understood in the sense explained
in a few lines below (4.4). Take integers p and v so that 1 = du+ 6v. Then for
0 < a<d we have a = ady + 6av and F(a/d) = e(ap/6)F(6av/d) by (4.4a).
Since e(au/G) = e(ad/6), we have, in view of (x),

d—1
ZX (—ad/6)F(a/d) =) X(a)F(6av/d)

a=1

Applying (4.5) to F(a/d) and employing (xx), we obtain (6.22), as x(6v) = 1.
The other two cases with @ = 1/3 and a = 1/4 can be proved in the same
manner.

Corollary 6.7. Let x be a primitive character modulo d such that x(—1) =
—1. Then the following assertions hold.
(i) If d is prime to 3, we have

v (W
62 (ni) 6000 = 20 S e - v .

a=1 beB
B={beZ|0<b<d/2, b—dc3Z}.

(ii) If d is prime to 2, we have

(6.24) (27)"'G(X)L(1, x) = 22

1
@) @+
1
X(4) =
A={a€Z|0<a<d/2, a=0 or —d (mod 4)},

B={beZ|0<b<d/2, b=2 or d (mod 4)}.
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(iii) If d is prime to 6, we have

629 Griy GO ) = Gy

{ T x@+2 ¥ w0 - ¥ w-2 o),
a€Ay a€As beB; beB:
Ar={a€Z|0<a<d/2, a=0or —2d (mod 6)},
Ay={acZ|0<a<d/2, a=—-d (mod6)},
B ={beZ|0<b<d/2, b=dor3 (mod 6)},
By={beZ|0<b<d/2, b=2d (mod 6)}.
PrOOF. We take k=1 in Theorem 6.6 and use the fact that E.o(t) =1 as

noted in (4.3h). We first consider the case ¢ = —e(1/6). Put ¢ = (d —1)/2 and
¢ = e(1/6). Then the sum on the right-hand side of (6.22) can be written

> X(a){e(~da/6) —e((da —1)/6)},

a
and e(—b/6) —e((b—1)/6) is ¢, —(, 2¢, or —2¢ according to b (mod 6). Then
we obtain (6.25) with A, and B, as given there. Case (i) can be proved in the
same manner. In Case (ii), by the same technique we first obtain

N e _ x4
(6.26) 2m)"'G()L(, x) = W(X -Y),
X=> x@, Y=Y x(0b
acA beB

with A and B as given in (6.24). On the other hand, (4.32) with k =1 shows
that this equals (X +Y)/(4 — 2x(2)). Thus X +Y = x(4)(X — Y). Therefore
we can state the result as in (6.24).

If K = Q(v/—d) and —d is the discriminant of K and d > 4, then the
formulas of Corollary 6.7 give hg /2. Of course we cannot attach importance to
any of such class number formulas, but we mention them simply because they
follow from more general results on L(k, x), which are well worthy of notice.
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