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The stochastic Lyapunov methodology is a powerful analytical tool used to assess
the performance of queueing systems. We discuss here the main results obtained
applying this methodology to the context of packet switch architectures with input
queues, considering both an isolated switch and networks of switches. The method-
ology allows one to assess the limit performance in terms of throughput and delay;
as a consequence, it is used to devise optimal scheduling algorithms. The theoretical
results presented here can be applied to the practical design of high-speed packet
switches.

2.1 Introduction

In recent years, much attention has been devoted by the research community to the
design of input-queued (IQ) packet switching architectures and to the assessment of
their performance.

An IQ switch architecture, depicted in Figure 2.1, is usually built around a non-
blocking bufferless switching fabric and interconnecting input to output lines; ex-
amples of such fabric are crossbars, Clos networks, Benes networks, and Batcher–
Banyan networks. At any time the switching fabric can be configured to provide a
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Figure 2.1. Basic architecture of a P × P IQ switch



40 A. Bianco et al.

set of parallel input/output connections, later called “matching”, such that each input
(output) is connected with at most one output (input). All switching fabric connec-
tions run at the speed of the external lines (normally assumed to be equal for all inputs
and outputs); indeed, this allows the design of high-speed switching fabrics. Buffer-
ing and local processing is available for each external line in a line card that provides
termination of the line and interfacing to the fabric. In the case of contention, packets
are stored in buffers at the input line cards. IQ switches have become an attractive
architectural solution for the design of large-size and high-capacity packet switches
since seminal work [4, 23, 30, 31] showed that the negative effects on performance
of Head-of-the-Line (HoL) blocking [16] can be reduced or completely eliminated
by adopting per-destination queueing (also called Virtual Output Queueing - VOQ)
at input cards.

A major issue in the design of IQ packet switches is that access to the switching
fabric must be controlled by a scheduling algorithm, which operates on a (possibly
partial) knowledge of the state of input queues. This means that control informa-
tion must be exchanged among line cards, either through an additional data path,
or through the switching fabric itself, and that significant processing power must be
devoted to the scheduling algorithm, either at a centralized scheduler, or at line cards
in a distributed manner.

We refer in this chapter to the case of fixed-size data units, called “cells”, pos-
sibly obtained by segmenting variable-size packets (for example IP datagrams), and
to synchronous switch operation, according to which input/output connections are
changed synchronously at every cell time (called “slot”) for all ports. Cell-based de-
signs have been quite popular, as they permit one to reduce the complexity for both
the hardware architecture and the scheduling algorithm.

The problem faced by scheduling algorithms with VOQ can be formalized as
maximum size or maximum weight matching on a bipartite graph in which nodes
represent input and output ports, and edges represent cells to be switched. Edges may
be associated with weights related to the state of input queues. If P is the number of
ports, then the total number of possible switching configurations (matchings) is P !,
corresponding to the number of input/output permutations.

To achieve good scalability in terms of switch size and port data rate, it is es-
sential to reduce the computational complexity of the scheduling algorithm. But a
simpler algorithm may exhibit reduced performance. Hence, a possible solution is
to introduce moderate speedup with respect to the data rate of input/output lines [9]
in the switching fabric connections, as well as in the input and output memories. In
this case, buffering is required at outputs as well as inputs, and the term “Combined
Input/Output Queueing” (CIOQ) is used. Obviously, when the speedup is such that
the internal switch bandwidth equals the sum of the data rates on input lines, input
buffers become useless; in this case, the architecture becomes purely output-queued
(OQ).

Along with the search for low complexity, highly scalable, well performing,
switch architectures and scheduling algorithms, effort has recently been devoted to
the identification and development of analytical methodologies to assess the perfor-
mance achievable by IQ and CIOQ switch architectures. A complete set of general
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theoretical results could indeed provide an important framework to drive applied
researchers towards better performing solutions. To this end, the stochastic Lya-
punov function methodology played a fundamental role, since it permitted one to
obtain most of the known theoretical results about the throughput of IQ and CIOQ
switches. In addition, the methodology was applied in the wider scenario of a net-
work of switches, providing new insights into their performance.

In this chapter we first briefly introduce the stochastic Lyapunov function method-
ology, showing how it can be successfully applied to determine the stability region
of a system of queues; then, we summarize the main results about throughput per-
formance of IQ and CIOQ architectures. We also show how the stochastic Lyapunov
function methodology can be successfully applied to obtain bounds on the packet
delay in IQ and CIOQ switches. Finally, we discuss the main results obtained for a
network of switches.

2.2 Theoretical Framework

We introduce the theoretical framework to describe all the results regarding both
switches in isolation and networks of switches, starting from the notation of a generic
queueing system.

2.2.1 Description of the Queueing System

Consider a system of J discrete-time queues (of infinite capacity) represented by1

vector Q, whose jth component, 0 ≤ j < J , is a descriptor associated with the
jth queue in the system. The system of queues handles N classes of customers.
Each customer arrives at the network from outside, receives service at a number
of queues, and leaves the network. Customers change class every time they move
through the network. We suppose that each class k of customers, 0 ≤ k < N ,
univocally identifies a queue in the system at which all class k customers are queued,
i.e. all customers of class k are queued at the same queue; then N ≥ J . Let L(k) = j
be the system location function that associates each class k of customers with the
queue j at which class k customers are queued. L−1(j) is the counter-image of j
through function L(k). In general L−1(j) returns a set of customer classes. When
N = J , each customer class is in one-to-one correspondence with a queue.

Let Xn = (x
(0)
n , x

(1)
n , . . . , x

(N−1)
n ) be the vector whose kth component x(k)n ,

0 ≤ k < N , represents the number of customers of class k in the system at time n.
We say that the set of customers of the same class forms a virtual queue in the system
of queues; thus we indicate the set of customers of class k with the term “virtual
queue k”. We suppose that the service times required by customers of all classes are
deterministic and equal to one timeslot. We consider only nonpre-emptive atomic
service policies, i.e. service policies that serve customers in an atomic fashion, never
interrupting the service of the customer that is currently in service.
1 All vectors are defined as row vectors.
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The evolution of the number of queued customers is described by x(k)n+1 = x
(k)
n +

e
(k)
n − d

(k)
n , where e(k)n represents the number of class k customers entering virtual

queue k (and thus physical queueL(k)) in time interval (n, n+1], and d(k)n represents
the number of customers departing from virtual queue k in time interval (n, n+ 1].
En = (e

(0)
n , e

(1)
n , . . . , e

(N−1)
n ) is the vector of entrances in the virtual queues, and

Dn = (d
(0)
n , d

(1)
n , . . . , d

(N−1)
n ) is the vector of departures from the virtual queues.

With this notation, the system evolution equation can be written as

Xn+1 = Xn +En −Dn (2.1)

The entrance vector is the sum of two terms: vectorAn = (a
(0)
n , a

(1)
n , . . . , a

(N−1)
n )

representing the customers arriving at the system from outside, and vector Tn =
(t
(0
n , t

(1)
n , . . . , t

(N−1)
n ) of recirculating customers; t(k)n is the number of customers

departing from some virtual queue and entering virtual queue k in time interval
(n, n + 1]. Note that when customers do not traverse more than one queue (as is
typically the case for a switch in isolation), vector Tn is null for all n, and An = En.

For simplicity of notation, we assume static routing (the extension to the case of
dynamic routing is presented in [3]). The N ×N matrix R = [r(k,l)] is the routing
matrix, whose binary element r(k,l) = 1 iff a customer served at virtual queue k
is moved to virtual queue l. We assume that the system of queues forms an open
network, i.e.2 I +R+R2 +R3 + . . . = (I −R)−1 exists and is finite, i.e. I −R is
invertible. Note that Tn = DnR. The law of evolution of virtual queues can thus be
rewritten as

Xn+1 = Xn +An −Dn(I −R) (2.2)

Let us consider the external arrival process An = (a
(0)
n , a

(1)
n , . . . , a

(N−1)
n ); we

suppose that arrival processes are stationary, i.e. E[An] = Λ = (λ(0), λ(1), . . . ,

λ(N−1)) does not depend on the time interval [n, n+ 1).
The average workload E[Wn] provided at each virtual queue by customers that

in time interval [n, n+1) entered the system of queues is given by E[Wn] = Λ(I −
R)−1.

Before proceeding, we recall some norm functions that will be helpful in the
sequel.3

Definition 1 Given a vector Z ∈ IRN , Z = (z(k), 0 ≤ k < N), norm kZkp is
defined as

kZkp =
Ã
N−1X
k=0

|z(k)|p
!1/p

2 E[X] denotes the expectation of random quantity X. I denotes the identity matrix, whose
elements are equal to 1 on the diagonal, and null everywhere else.

3 Here, IN denotes the set of non-negative integers, IR denotes the set of real numbers, and
IR+ denotes the set of non-negative real numbers.
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Definition 2 Given a location function L(k) = j, from 0 ≤ k < N to 0 ≤ j < J ,
with J ≤ N , norm ||Z||maxL (the name refers to maximum queue length) is defined
as

||Z||maxL = max
j=0,...,J−1

⎧⎨⎩ X
k∈L−1(j)

|z(k)|
⎫⎬⎭ (2.3)

2.2.2 Stability Definitions for a Queueing System

Several definitions of stability for a network of queues can be found in the technical
literature. We recall here some of them.

Definition 3 Under a stationary exogenous arrival process {An} satisfying the
strong law of large numbers, i.e.:

lim
n→∞

Pn−1
i=0 Ai

n
= Λ with probability 1

A system of queues is rate stable if

lim
n→∞

Xn

n
= lim

n→∞
1

n

n−1X
i=0

(Ei −Di) = 0 with probability 1

where Xn is the vector of queue sizes at time n.

Definition 4 Under a stationary exogenous arrival process {An}, a system of
queues is weakly stable if, for every � > 0, there exists B > 0 such that

lim
n→∞P{||Xn|| > B} < �

where P{E} denotes the probability of event E.

Definition 5 Under a stationary exogenous arrival process {An}, a system of
queues is strongly stable if

lim
n→∞ supE[||Xn||] <∞

Any norm can be used in the two definitions above.
Note that strong stability implies weak stability, and that weak stability implies

rate stability. Indeed, the rate stability property allows queue sizes to grow indefi-
nitely with sub-linear rate, while the weak stability property entails that the servers
in the system of queues process the whole offered load, but the delay experienced by
customers can be unbounded. Strong stability implies, in addition, the boundness of
average queue sizes and customer delays.

A necessary condition for the system of queues to achieve stability is that the
average workload provided at each queue by customers entering the system of queues
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in time interval [n, n + 1) does not reach 1. This condition, that we call the no-
overload condition, is also a sufficient condition for stability in any BCMP type
network of queues [7]. This condition can be formalized as

||Λ(I −R)−1||maxL < 1 (2.4)

In general, as shown in [6, 10, 11], this condition does not guarantee the stability of
a generic network of queues. Although condition (2.4) can be extended to

||Λ(I −R)−1||maxL ≤ 1

when rate stability is considered, we will normally refer to the stricter formulation
(2.4) here.

2.2.3 Lyapunov Methodology

The systems under study can be modeled by discrete-time queues and they can be
described with Discrete-Time Markov Chain (DTMC) models. Hence, we assume
that the process describing the evolution of the system of queues is an irreducible
DTMC, whose state vector at time n is Yn = (Xn,Kn), Yn ∈ INM , Xn ∈ INN ,
Kn ∈ INN 0

, and M = N + N 0. Yn is the combination of vector Xn and a vector
Kn of N 0 integer parameters. Let H be the state space of the DTMC, obtained as a
subset of the Cartesian product of the state space HX of Xn and the state space HK

of Kn.
From Definition 4, we can immediately see that if all states Yn are positive re-

current, the system of queues is weakly stable; however, the converse is generally
not true, since queue sizes can remain finite even if the states of the DTMC are not
positive recurrent due to instability in the sequence of parameter {Kn}.

The following general criterion for the (weak) stability of systems that can be de-
scribed with a DTMC is useful in the design of scheduling algorithms. This theorem
is a straightforward extension of Foster’s Criterion; see [13, 19, 33].

Theorem 1. Given a system of queues whose evolution is described by a DTMC
with state vector Yn ∈ INM , if a lower bounded function V (Yn), called Lyapunov
function, V : INM → IR can be found such that4 E[V (Yn+1) | Yn] <∞, ∀Yn, and
there exist � ∈ IR+ and B ∈ IR+ such that ∀||Yn|| > B

E[V (Yn+1)− V (Yn) | Yn] < −� (2.5)

then all states of the DTMC are positive recurrent and the system of queues is weakly
stable.

Note that an explicit dependence of the Lyapunov function on the time index n
is allowed, so that it is possible to write explicitly V (Yn) = V (Yn, n).

4 We use the elementary notation for the conditional expectation, i.e. E[X | Y ∈ A] =
E[X,Y ]/P{A}, where A is an event set.
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If the state space H of the DTMC is a subset of the Cartesian product of the
denumerable state space HX and a finite state space HK , the stability criterion can
be slightly modified, since the stability of the system can be inferred only from the
queue size state vector Xn.

Corollary 1. Given a system of queues whose evolution is described by a DTMC
with state vector Yn ∈ INM , and whose state space H is a subset of the Cartesian
product of a denumerable state space HX and a finite state space HK , then, if a
lower bounded function V (Xn), called the Lyapunov function, V : INN → IR can
be found such that E[V (Xn+1) | Yn] < ∞ ∀Yn and there exist � ∈ IR+ and
B ∈ IR+ such that ∀Yn : ||Xn|| > B

E[V (Xn+1)− V (Xn) | Yn] < −� (2.6)

then all states of the DTMC are positive recurrent.

In this case, the system of discrete-time queues is weakly stable iff all states of the
DTMC are positive recurrent.

In the following, we restrict our analysis to systems of queues for which Corol-
lary 1 applies. The following criterion for strong stability extends the previous result:

Theorem 2. Given a system of queues whose evolution is described by a DTMC
with state vector Yn ∈ INM , and whose state space H is a subset of the Cartesian
product of a denumerable state space HX and a finite state space HK , then, if a
lower bounded function V (Xn), called the Lyapunov function, V : INN → IR can
be found such that E[V (Xn+1) | Yn] < ∞ ∀Yn and there exist � ∈ IR+ and
B ∈ IR+ such that ∀Yn : ||Xn|| > B

E[V (Xn+1)− V (Xn) | Yn] < −�||Xn|| (2.7)

then the system of queues is strongly stable.

We report here the proof of the theorem, first derived in [21]. This proof is useful for
readers interested in a practical application of the methodology; some intermediate
mathematical steps will also be referred to later.

Proof. Since the assumptions of Theorem 1 are satisfied, every state of the DTMC
is positive recurrent and the DTMC is weakly stable. In addition, to prove that the
system is strongly stable, we shall show that limn→∞ supE[||Xn||] <∞.

Let HB be the set of values taken by Yn for which ||Xn|| ≤ B (where (2.7) does
not apply). It is easy to prove that HB is a compact set. Outside this compact set,
Equation (2.7) holds, i.e.

E[V (Xn+1)− V (Xn) | Yn] < −�||Xn||

Considering all Yn that do not belong to HB , we obtain

E[V (Xn+1)− V (Xn) | Yn∈/HB ] < −�E[||Xn|| | Yn∈/HB]
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Instead, for Yn ∈ HB , with HB a compact set,

E[V (Xn+1) | Yn ∈ HB] ≤M <∞
where M is the maximum value taken by E[V (Xn+1) | Yn] for Yn in HB .

By combining the two previous expressions, we obtain

E[V (Xn+1)] <

MP{Yn ∈ HB}+ P{Yn∈/HB} {E[V (Xn) | Yn∈/HB]− �E[||Xn|| | Yn∈/HB]} <
M +E[V (Xn)]− �E[||Xn||] +M0

M0 is a constant such that

M0 ≥ {−E[V (Xn) | Yn ∈ HB ] + �E[||Xn|| | Yn ∈ HB]}P{Yn ∈ HB}
Note that M0 is finite, HB being a compact set. By summing over all n from 0 to
N0 − 1, we obtain

E[V (XN0)] < N0M +E[V (X0)]− �

N0−1X
n=0

E[||Xn||] +N0M0

Thus, for any N0, we can write

�

N0

N0−1X
n=0

E[||Xn||] < M +
1

N0
E[V (X0)]− 1

N0
E[V (XN0)] +M0

E[V (XN0)] is lower bounded by definition; assume E[V (XN0)] > K0. Hence

�

N0

N0−1X
n=0

E[||Xn||] < M +
1

N0
E[V (X0)]− K0

N0
+M0

For N0 →∞, being E[V (X0)] and K0 finite, we can write

�

N0

N0−1X
n=0

E[||Xn||] < M +M0 (2.8)

Hence limN0→∞
1
N0

PN0−1
n=0 E[||Xn||] is bounded. Since the DTMC Yn has posi-

tive recurrent states, there exists limn→∞E[||Xn||]. Furthermore, if the sequence
E[||Xn||] is convergent, the sequence 1

n

Pn−1
i=0 E[||Xi||] converges to the same limit

(the Cesaro sum):

lim
n→∞E[||Xn||] = lim

n→∞
1

n

n−1X
i=0

E[||Xi||]

But the right-hand side is seen to be bounded; hence, limn→∞E[||Xn||] <∞
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A class of Lyapunov functions is of particular interest:

Corollary 2. Given a system of queues as in Theorem 2, then, if there exists a sym-
metric copositive 5 matrix Z ∈ IRN×N , and two positive real numbers � ∈ IR+ and
B ∈ IR+, such that, given the function V (Xn) = XnZX

T
n , ∀Yn : ||Xn|| > B,

E[V (Xn+1)− V (Xn) | Yn] < −�||Xn|| (2.9)

then the system of queues is strongly stable. In addition, all the polynomial moments
of the queue size distribution are finite.

This is a re-phrasing of the results presented in [18, Section IV]. In particular, the
identity matrix I is a symmetric positive semidefinite matrix, hence a copositive
matrix; thus, it is possible to state the following:

Corollary 3. Given a system of queues as in Theorem 2, if there exist � ∈ IR+, B ∈
IR+ such that ∀Yn : ||Xn|| > B

E[Xn+1X
T
n+1 −XnX

T
n | Yn] < −�||Xn|| (2.10)

then the system of queues is strongly stable, and all the polynomial moments of the
queue size distribution are finite.

2.2.4 Lyapunov Methodology to Bound Queue Sizes and Delays

The Lyapunov methodology is also useful to evaluate some bounds on average queue
size and average delay of a single IQ switch, as described in [22, 29].

The key observation is that the proof of Theorem 2 provides a first bound on the
limit behavior of E[||Xn||]. Indeed, from (2.8):

lim
n→∞E[||Xn||] ≤ 1

�
(M +M0) (2.11)

where M is the maximum taken by E[V (Xn+1) | Yn] for Yn ∈ HB , where HB =
{Yn, ||Xn|| ≤ B}, and M0 is a constant such that

M0 ≤ {−E[V (Xn) | Yn ∈ HB ] + �E[||Xn|| | Yn ∈ HB]}P{Yn ∈ HB}
Unfortunately, this bound is often very loose; thus, tighter bounds can be obtained

by selecting special classes of Lyapunov functions.
Considering a system of queues satisfying the assumptions of Theorem 2, since

the DTMC describing the evolution of the queues is positive recurrent, if we assume
aperiodicity, the DTMC is ergodic. Moreover, since the system is strongly stable:

lim
n→∞E[Xn+1] = lim

n→∞E[Xn] <∞

In addition, if the Lyapunov function V (Xn) is a quadratic form, i.e. V (Xn) =
XnZX

T
n , since all the polynomial moments of Xn are finite, it follows that:

5 An N ×N matrix Q is copositive if XQXT ≥ 0 ∀X ∈ IR+N .
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lim
n→∞E[V (Xn+1)− V (Xn)] = 0 (2.12)

An extension to Theorem 2 can easily be obtained by replacing in (2.7)−�||Xn||
with −�f(||Xn||), where f(·) is a continuous function defined on IR+. In this case
with steps similar to those in the proof of Theorem 2, it is possible to prove that
limn→∞E[f(||Xn||)] <∞.

It is now possible to state the following theorem (from [22]) that provides a
stronger and more general bound than (2.11).

Theorem 3. Given a system of queues whose evolution is described by a DTMC with
state vector Yn ∈ INM , whose state space H is a subset of the Cartesian product
of a denumerable state space HX and a finite state space HK , and for which all
the polynomial moments of the queue sizes distribution are finite, if a lower bounded
polynomial function V (Xn), V : INN → IR, can be found, such that

E[V (Xn+1) | Yn] <∞ ∀Yn
and there exist two positive real numbers � ∈ IR+ and B ∈ IR+, such that

E[V (Xn+1)− V (Xn) | Yn] ≤ −�f(||Xn||) ∀Yn : kXnk > B (2.13)

with f(x) a continuous function in IR+, then

lim
n→∞E[f(||Xn||)] ≤

lim
n→∞E

∙
f(||Xn||) + V (Xn+1)− V (Xn)

�
| Yn ∈ HB

¸
P{Yn ∈ HB} (2.14)

2.2.5 Application to a Single Queue

Consider a simple discrete-time (or time-slotted) Geo(b)/D/1 queue with infinite
buffer, where customers arrive in batches of size b at geometrically spaced time in-
tervals, and require a deterministic service time (equal to one time slot). Such a
queue can provide a simplified model for either a multiplexer of cell flows, or an
output interface of an OQ cell switch, and can serve as an illustratory example of the
methodology that we later apply to more complex queueing models of IQ and CIOQ
cell switches.

Let xn be the number of customers in the queue at time slot n; let an be the
number of arrivals, and dn the number of departures, during time slot n. Let λ =
E[an] be the average arrival rate. Observe that both E[a2n] and λ are finite.

The equation describing the evolution of this system over time is

xn+1 = xn + an − dn (2.15)

where
dn =

½
1 if xn > 0
0 otherwise (2.16)
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This simple queuing model corresponds to an irreducible discrete-time Markov chain
(DTMC).

Now consider the following linear Lyapunov function: V (xn) = xn. If we fix
xn > 0, then we can write (2.5) as follows:

E[V (xn+1)− V (xn) | xn > 0] = E[an − dn] = λ− 1

Hence, thanks to Theorem 1, the queue is weakly stable for λ < 1.
Now consider the following quadratic Lyapunov function: V (xn) = x2n. If we

let xn →∞, then we can write (2.7) as follows:

E[V (xn+1)− V (xn) | xn] = E[2(an − dn)xn + (an − dn)
2 | xn] =

2(λ− 1)xn +E[(an − 1)2]

Now,

lim
xn→∞

E[V (xn+1)− V (xn) | xn]
xn

< −2(1− λ) (2.17)

and Theorem 2 proves the strong stability of the queue in the case λ < 1.
After evaluating (2.17), we can apply Theorem 3, using f(||Xn||) = Xn, to

bound the average queue size E[x]. Letting xn →∞:

lim
xn→∞

E[xn] ≤ lim
xn→∞

E

∙
xn +

−2(1− λ)xn + (an − dn)
2

2(1− λ)

¯̄̄
xn

¸
= lim

xn→∞
E

∙
(an − dn)

2

2(1− λ)

¸
= E

∙
a2n − 2andn + d2n

2(1− λ)

¸
=

E[a2n]− 2λ2 + λ

2(1− λ)

since E[dn] = λ because of ergodicity, and E[dn] = E[d2n] because dn is a binary
variable.

Note that the result obtained is the equivalent of the Pollaczek–Khinchin for-
mula [17] for our discrete-time Geo(b)/D/1 queue.

From queue size bounds, the derivation of bounds on the average cell delay is
easy, thanks to Little’s result.

The procedure for the derivation of bounds on the queue size variance is identical,
but requires the use of a different function: V (xn) = x3n. We omit the details.

2.2.6 Final Remarks

We notice that the stochastic Lyapunov methodology is a rather simple and powerful
tool, which has been successfully applied to prove either the weak stability or strong
stability of several complex systems of queues, such as IQ switches.

The application of stochastic Lyapunov function methodology imposes, how-
ever, some rather strong assumptions on the exogenous {An} arrival process. Even
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if some extensions to more general cases are possible, usually the sequence of vari-
ables {Xn}, is required to be a DTMC; and thus, the exogenous arrival process at
the system, {An}, needs to form an i.i.d. random variable sequence.

More advanced analytical tools, such as fluid models, can be applied to prove rate
stability under relaxed assumptions on the exogenous arrival process {An} (fluid
models only require {An} to be a stationary arrival process satisfying the strong law
of large numbers).

2.3 Performance of a Single Switch

We consider IQ or CIOQ cell-based switches with P input ports and P output ports,
all running at the same cell rate (and we call them P ×P IQ or CIOQ switches). The
switching fabric is assumed to be non-blocking and memoryless, i.e. cells are only
stored at switch inputs and outputs.

At each input, cells are stored according to a Virtual Output Queueing (VOQ)
policy: one separate queue is maintained at each input for each input–output couple.
We do not model possible output queues since they never become unstable under
admissible traffic patterns. The total number of input queues in each switch is N =
P 2, which is also equal to the number of customer classes in the general queueing
model: J = N .

The switch in isolation can be modeled as a system comprising N virtual queues.
Let q(k), k = Pi + j be the virtual queue at input i storing cells directed to output
j, with i, j = 0, 1, 2, . . . , P − 1.

We define three functions referring to VOQ q(k):

• I(k): returns the index of the input card in which the VOQ is located;
• O(k): returns the index of the output card to which VOQ cells are directed.

We consider a synchronous operation, in which the switch configuration can be
changed only at slot boundaries. We call internal time slot the time necessary to
transmit a cell at an input port (or to receive it at an output port). We call external
time slot the duration of a cell on input and output lines. The difference between
external and internal time slots is due to switch speedup, and to possibly different
cell formats (e.g. due to additional internal header fields).

At each internal time slot, the switch scheduler selects cells to be transferred from
input queues to output queues. The set of cells to be transferred during an internal
time slot must satisfy two constraints: (i) at most one cell can be extracted from the
VOQ structure at each input, and (ii) at most one cell can be transferred towards each
output, thus resulting in correlation among server activities at different queues.

In the following, we will discuss the stability properties for IQ switches and
CIOQ switches with speedup 2; in addition, we will show some delay bounds for IQ
switches. Before proceeding, we introduce some other mathematical notation.

We adapt the definition of ||Z||maxL to the case of the single switch.
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Definition 6 Given a vector Z ∈ IRN , Z = (z(k), k = Pi+j, i, j = 0, 1, . . . , P −
1), the norm ||Z||IO is defined as:

||Z||IO = max
j=0,...,P−1

⎧⎨⎩ X
k∈I−1(j)

|z(k)|,
X

k∈O−1(j)
|z(k)|

⎫⎬⎭
The constraint on the set of cells transferred through the switch can be formalized

in the following manner.

Definition 7 At each time slot, the scheduler of an IQ switch selects for transfer
from queues Q = (q(k)) a set of cells denoted by vector D ∈ INN , D = (d(k) ∈
{0, 1}, k = Pi+ j, i, j = 0, 1, . . . , P − 1) so that ||D||IO ≤ 1. Set D is said to be
a set of non-contending cells, or a switching vector.

In order not to overload any input and output switch port, the total average arrival
rates in cells/(external slot) must be less than 1 for all input and output ports; in this
case we say that the traffic pattern is admissible.

Definition 8 The traffic pattern loading an (isolated) IQ switch is admissible if and
only if ||E[En]||IO = ||Λ||IO < 1.

Note that any admissible traffic pattern can be transferred without losses in an
OQ switch architecture with infinite queues.

A traffic is said to be uniform if Λ(i,j) = ρ/P , for 0 ≤ i, j < P , and 0 < ρ < 1.
Finally we say that a system of queue achieves 100 % throughput when it is

strongly stable under any admissible i.i.d arrival process.

2.3.1 Stability Region of Pure Input-queued Switches

We say that an IQ switch adopts a Maximum Weight Matching (MWM) scheduling
policy if the selection of the switching vector in each slot is implemented according
to the following rule:

Dn = arg max
Di∈DX

WnD
T
i (2.18)

where Wn is a vector of weights associated to VOQs, and DX denotes the set of
all possible P ! switching vectors at time n. Note that, for any D ∈ DX , WnD

T

represents the weight of matching D.
When the policy maximizes the number of cells to transfer (corresponding to the

binary case, i.e. w(Pi+j)n = 1 if the corresponding VOQ is not empty, 0 otherwise),
the policy computes a maximum size matching.

Note also that a matching is said to be maximal when no other edge can be
added, without violating the switching constraints ||D||IO ≤ 1; in general, a maxi-
mal matching may not be maximum.

Pure IQ switches (i.e. switches with no speedup) implementing a MWM schedul-
ing algorithm were proved to achieve the same performance in terms of throughput of
OQ switches under a wide class of traffic patterns. This fundamental result was first
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obtained in [25, 26] under i.i.d. arrival processes, applying the stochastic Lyapunov
function methodology, and then extended in [12] for more general arrival processes
applying fluid models. To obtain maximum throughput, VOQ weights must be pro-
portional to the queue size (e.g. Wn = Xn), or to the age of the head-of-the-line
cell (Oldest Cell First policy) in the corresponding VOQ [26], or, finally, to the sum
of all cells stored in the corresponding input and output ports (Longest Port First
policy) [24].

In more recent years the previous results have been generalized in two main
directions:

• works [3, 28] provide more general characterization of scheduling algorithms
that guarantee 100% throughput in pure IQ architectures;

• works [15, 28, 34] exploit the system memory (i.e. the fact that Xn and Xn+1

are strongly correlated) to simplify the scheduling algorithms while guaranteeing
100% throughput for IQ architectures.

In the following we report two results; the first, taken from [3], generalizes the
result in [26] on MWM optimality; the second, taken from [34], proposes a simple
algorithm that exploits system memory.

Definition 9 Let F (X) be a regular function6 F ∈ C1[IR+N → IR+N ]. An IQ
switch adopts a F (X)-max-scalar scheduling policy if the selection of the switching
vector in each slot is implemented according to the following rule:

Dn = arg max
Di∈DXn

F (Xn)D
T
i (2.19)

where Xn is the vector of queue sizes, andDXn denotes the set of all possible switch-
ing vectors at time n.

Note that when F (X) = X , the above policy corresponds to the usual MWM.
The following is the main stability result, which is an extension of [26].

Theorem 4. Let F (X) be a regular function F ∈ C1[IR+N → IR+N ] such that:

1. F (X) defines a conservative field, i.e.I
Γ

F (X)dΓ (X)T = 0 (2.20)

for each regular closed line Γ in IR+N

2. F (X) grows to infinity when X grows to infinity; formally, there exists a finite
s > 0 such that:

lim inf
||X||→∞

||F (X)||
||X|| ≥ s (2.21)

3. all null elements of X remain null:

U [X]F (X) = F (X) (2.22)
6 Cn denotes the set of continuous functions with continuous ith derivative, 1 ≤ i ≤ n.
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Then an IQ switch adopting the F (X)-max-scalar policy is strongly stable under
any admissible i.i.d. traffic pattern.

Proof. Let us define the function L(X):

L(X) =
Z
ΓX

F (Y )dΓX(Y )
T (2.23)

L(0) = 0 (2.24)

where ΓX is an open regular line with endpoints 0 and X.
By definition L(X) ∈ C2[IR+N → IR]. It is easy to verify that, for each X ∈

IR+N , L(X) ≥ 0. To see this, it is sufficient to consider a straight line ΓX parallel
to vector X . Since X ∈ IR+N , both F (Y ) and dΓX(Y ) in (2.23) belong to IR+N

for all Y , so that also L(X) ∈ IR+N .
Let us consider L(X) as our Lyapunov function. Since the maximum number of

cells arriving in a slot at the switch is bounded, then ||Xn+1||2 is bounded for any
finite Xn, and from the regularity of L(X) follows that

E[L(Xn+1) | Xn] <∞
Finally, for ||Xn||2 → ∞, by writing a Taylor series for L(Xn + An − Dn) =
L(Xn) +∇L(Xn)(An −Dn)

T + . . ., we obtain:

E[L(Xn+1) | Xn]− L(Xn)

||Xn||2 =O

µ∇L(Xn)(E[A]−Dn)
T

||Xn||2

¶
=O

µ
F (Xn)(E[A]−Dn)

T

||Xn||2

¶ (2.25)

We must now show that (2.25) is smaller than a negative finite constant. By the
Birkhoff-von-Neumann theorem [8], every vector Y in IR+N such that ||Y ||IO ≤ 1
belongs to the convex hull of the switching vectors. Since the arrival process is
admissible, hence it is internal to the convex hull generated by departure vec-
tors (||A||IO < 1), there exists an � > 0, and a vector A0 = E[A] + �Dn,
A0 ∈ IR+N , which is again internal to the convex hull (||A0||IO < 1). We can write
E[A] = A0 − �Dn, and substitute in the right-hand side of (2.25), whose numerator
becomes [F (Xn)(A

0− �Dn−Dn)
T ]. Now, by the linearity of functional F (Xn)Y

T

with respect to Y T , and the definition of F (X)-max-scalar policy, it follows that,
under the assumptions of the theorem, F (Xn)A

0 ≤ maxD∗∈DXn F (Xn)D
∗T =

U [Xn]F (Xn)D
T
n , thus:

E[L(Xn+1)|Xn]− L(Xn)

||Xn||2 ≤ −�F (Xn)D
T
n

||Xn||2
Then, for ||Xn||2 growing to infinity, using (2.21) and the fact that ||Dn|| is always
finite,

E[L(Xn+1)|Xn]− L(Xn)

||Xn||2 < −�0

where �0 is a positive constant depending on N and F (X).
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Coming back to optimal throughput algorithms which exploit system memory,
we present the landmark policy originally proposed in [34]. Notice that several better
engineered policies exploiting system memory have been proposed later [15, 28];
however due to lack of space we refer to the original papers for this class of policies.

The intuition of the approach in [34] is that, if we assume that weights correspond
to queue sizes, then correlation exists between the MWM computed in subsequent
time slots; indeed, if Dn is the maximum weight matching computed at time n, it
can easily be shown that

|XnD
T
n −Xn−1DT

n−1| ≤ 2P
This correlation can be exploited by memorizing the matching used in the previous
time slot; if the previous matching was optimal, now it can be considered a good
“guess” of the current optimal matching. In addition, the approach exploits random-
ness to search, at any time, a possible MWM.

This policy, as originally defined in [34], can be formalized as follows. Let In be
a random matching chosen among all P ! possible through, for example, a uniform
distribution. Now use Dn as the matching, chosen between In and Dn−1, with the
maximum weight:

Dn = arg max
D∈{In,Dn−1}

XnD
T

[33] proves that this policy guarantees 100% throughput.

2.3.2 Delay Bounds for Maximal Weight Matching

Stability proved through Lyapunov methodology is asymptotic, since negative drift
is shown in the region kXnk → ∞. Unfortunately, this region has very limited
practical relevance, unless some queue sizes or delay bounds are available.

Bounds on the average queue size (and cell delay, as a consequence of Little’s
law) in a switch implementing MWM with Wn = Xn was obtained in [22] applying
a particular polynomial Lyapunov functions V (Xn). By applying Theorem 3, in [22]
it is shown that

E[||Xn||1] ≤ ||Λ||1 − ||Λ||
2
2

1− ||Λ||IO P (2.26)

In the case of uniform traffic, a bound on the average size of individual input queues
can easily be obtained:

E[x(i)] ≤ ρ− ρ2/P

1− ρ
(2.27)

where ρ = ||Λ||IO represents the port load. Then by Little’s theorem the average cell
delay is obtained:

E[T ] =
E[x(i)]

E[a(i)]
≤ P − ρ

1− ρ
(2.28)

with E[a(i)] = ρ/P .
Other stochastic methodologies, as in [5, 27], have been applied to provide delay

bounds.
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2.3.3 Stability Region of CIOQ with Speedup 2

The implementation of optimal schedulers in pure IQ switches can be rather prob-
lematic since their algorithmic complexity is rather large (the execution of MWM
requires at least O(P 3), see [32]).

However, simpler schedulers may lead to optimal performance if the switch is
provided with a moderate speedup S > 1. This consideration has encouraged re-
searchers to look for simple and efficient scheduling policies which can easily be
implemented in high bandwidth routers. These policies usually compute a maximal
size matching, as in the case of WFA [31], iSLIP [23], 2DRR [20], and many others
recently proposed.

An important theoretical investigation of these policies is provided in [12, 21],
where it has been proved that CIOQ switches with speedup 2 implementing any
maximal Size Matching scheduling (mSM) algorithm achieve 100% throughput.

Consider any queue q(k), k = Pi + j, in the VOQ structure, that stores cells at
input i directed to output j. Recall that cells stored in q(k) compete for inclusion in
the set of non-contending cells with cells stored in each queue q(k

0), k0 = Pi + l
with l 6= j, and q(k

00), k00 = Ph+ j with h 6= i.
If q(k) is non-empty, the mSM algorithm generates a set of non-contending cells

that comprises at least one cell extracted from the interfering set I(k)

I(k) =
[
{q(k0) ∪ q(k00)} (2.29)

(exactly one, if the cell is extracted from q(k); possibly two, if one cell is extracted
from a q(k

0), k0 6= k, and one from a q(k
00), k00 6= k).

Because CIOQ switches have both input and output queues, in the sequel we will
use Xn to indicate the state of the input VOQs, while On ∈ INP indicates the state
vector of output queues.

Theorem 5. A CIOQ switch with speedup S ≥ 2 adopting an mSM scheduler is
strongly stable under any admissible traffic pattern.

The stability of mSM scheduling algorithms with S = 2 was first proved under a
weaker sense (rate stability) in [12] applying the fluid models methodology, and then
strengthened in [21, 22] applying the stochastic Lyapunov function methodology.
The proof we report is taken from [22].

Proof. Consider as Lyapunov function V (Xn) = XnQX
T
n , where Q ∈ IRN × IRN

is such that

qij =

⎧⎨⎩1 if j = (i+ lP ) mod N, l = 0, . . . , P − 1
1 if P bi/P c ≤ j < P bi/P c+ P
0 otherwise

i.e. XnQ =
P

l∈I(k) x
(l)
n is the number of cells stored in interfering queues. Fig-

ure 2.2 reports a sketch of the Q matrix structure.
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Q = +
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2P

3P-1

Figure 2.2. Schematic block for the Q operator used as Lyapunov function

We need to prove that inequality (2.7) holds to prove system stability. Thus, re-
calling that Xn+1 = Xn +An −Dn, we have

E[V (Xn+1)− V (Xn) | Xn]

= E[2XnQ(An −Dn)
T + (An −Dn)Q(An −Dn)

T | Xn]

being Q a symmetric matrix. For ||Xn||1 →∞, it holds that

E[2XnQ(An −Dn)
T + (An −Dn)Q(An −Dn)

T | Xn]

= 2E[XnQA
T
n | Xn]− 2E[XnQDT

n | Xn] + o(||Xn||1)

where lim||Xn||1→∞
o(||Xn||1)
||Xn||1 = 0. But E[An]Q ≤ ||Λ||maxL1I and

E[XnQA
T
n | Xn] = E[An]QX

T
n ≤ ||Λ||maxL||Xn||1 (2.30)

At the same time, for the definition of the mSM algorithm, which selects Dn com-
prising at least one cell from interfering set I(k), and given the speedup S ≥ 2,

(E[Dn]Q)
(k)X(k)

n ≥ 2x(k)n − 1P{x(k)n = 1 ∧ d(k)n = 1}
≥ 2x(k)n − P{d(k)n = 1} = 2x(k)n −E[d(k)n ] = 2x(k)n − λ(k)

Thus
E[XnQDT

n | Xn] ≥ 2||Xn||1 − ||Λ||1 (2.31)

Thus, there exist B > 0 and � > 0 such that:

E[V (Xn+1)− V (Xn) | Xn]

= 2E[XnQA
T
n | Xn]− 2E[XnQDT

n | Xn] + o(||Xn||1)
≤ −�||Xn||1 ∀Xn : ||Xn||1 > B
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Finally, we emphasize that several other scheduling policies which do not fall
into the class of mSM have been shown to achieve optimal throughput in switches
with speedup S ≥ 2 [21]. As an example, any scheduling policy according to which
the selected departure vector Dn is such that

XnD
T
n >

1

2
max
D∈DX

XnD
T

was proved to achieve optimal throughput in switches with speedup S ≥ 2 [21].

2.3.4 Scheduling Variable-size Packets

All the results shown so far through the Lyapunov methodology assume that fixed-
size cells are switched across the switching fabric. To apply these results in the con-
text of an IP router, the hardware architecture must include some modules which,
at the inputs, chop the variable-size packets into fixed-size cells and, at the outputs,
reassemble the cells. Even if this architecture is common in practice, it requires ad-
ditional complexity to handle the conversion between packets and cells; hence, other
architectures have been designed to switch variable-size packets. Fortunately, some
theoretical results have been produced in recent years on the achievable throughput
of IQ switches handling variable-size packets [1, 14].

Variable-length packets are modeled in this context as trains of fixed-size cells
which have to be transferred to output ports through synchronous fabrics in contigu-
ous time slots. In paper [1], applying the stochastic Lyapunov function methodology,
it has been proved that a pure IQ switch with no speedup, implementing a variant of
the MWM algorithm allowing the transfer of cells originated by the same packet in
contiguous time slots, still achieves 100% throughput.

More precisely, denote by Sn the set of VOQs from which the transfer of a packet
occurs at time slot n.

Theorem 6. An IQ switch with no speedup is strongly stable under any admissible
traffic pattern if at each time slot the departure vector is selected according to a
MWM scheduling algorithm

Dn = arg max
Di∈DX

WnD
T
i (2.32)

in which VOQ weights are

w(k)n =

(
x
(k)
n if k ∈/ Sn
∞ if k ∈ Sn

This result was extended in [14] under a wider class of arrival processes by ap-
plying the fluid model methodology.
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2.4 Networks of IQ Switches

Consider the case of a network interconnecting many IQ switches, each of them run-
ning a MWM scheduling algorithm, which guarantees to achieve 100% throughput
when each switch is studied in isolation. It was shown in [6] that a specific network of
IQ switches implementing a MWM scheduling policy can exhibit unstable behavior
even when none of the switches are overloaded. This counterintuitive result opened
new perspectives in the research on IQ and CIOQ switches, reducing the value of
most of the results obtained for switches in isolation. In [6] the authors propose a
policy named LIN that, if implemented in each switch of the network, leads to 100%
throughput under any admissible traffic pattern when each traffic flow in the network
is leaky-bucket compliant. The LIN policy, however, is based on pre-scheduling cell
transmissions at each switch in the network, thus relying on exact knowledge of the
traffic pattern at each switch, an approach not feasible in practice. In addition, the re-
sult proved in [6] cannot easily be extended to more general traffic patterns in which
flows are not leaky-bucket compliant.

As an example of counterintuitive behavior, consider the network of eight IQ
switches depicted in Figure. 2.3, in which continuous lines represent links between
switches, and dashed lines represent information flows and their routing in the net-
work. Note that each pair of adjacent IQ switches (all pairs are alike) is traversed by
a locally originated flow, a locally terminating flow, and an in-transit flow. We run
simulation experiments in which the cell arrival process at the source of each flow is
Bernoulli, and the arrival rate for each flow is 0.33 times the link data rate; hence, the
traffic is admissible. In-transit and terminating flows are given weight 10 times larger
than locally originating flows. Figure 2.4 shows that queue sizes exhibit a divergent

IQS1 IQS2

IQS6 IQS5

IQS3

IQS4

IQS8

IQS7

Figure 2.3. The network of IQ switches considered in our simulation
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Figure 2.4. Queue sizes versus time in slots for the three flows at IQS1, when a local MWM
is computed at each switch

oscillating behavior when a local MWM scheduling is adopted.
We show in the sequel how to modify the MWM to guarantee the maximum

throughput in a network.

2.4.1 Theoretical Performance

We consider a network of K IQ switches. Switch k, 0 ≤ k < K, has Pk input ports
and Pk output ports, all at the same cell rate. Each switch adopts VOQ at inputs.
Thus there are P 2k different VOQs at switch k.

Thus, the network of switches can be modeled as a system Q containing N =P
k P

2
k virtual queues. We restrict our study to the case Pk = P ∀k, so that N =

P 2K. Let S(q) be the function that returns the switch on which VOQ q is located; let
I(q) be the function that returns the index of the input card at switch S(q) on which
the VOQ is located; let O(q) be the function that returns the index of the output card
at switch S(q) to which VOQ cells are directed.

We adapt as follows the concept of ||Z||maxL to the case of a network of switches.

Definition 10 Given a vector Z ∈ IRN , Z = {z(n), n = P 2k + Pi + j, 0 ≤ k <
K, i, j = 0, 1, . . . , P − 1}, the norm ||Z||IO is defined as

||Z||IO = max
k = 0, . . . ,K − 1
i = 0, . . . , P − 1

⎧⎨⎩ X
n∈S−1(k)∩O−1(i)

|z(n)|,
X

n∈S−1(k)∩I−1(i)
|z(n)|

⎫⎬⎭
(2.33)

At each time slot, a set of non-contending cells departs from the VOQs of each
switch. More formally, we say that, at each time slot, the departure vector D ∈
{0, 1}N must satisfy the condition:
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||D||IO ≤ 1

The N ×N matrix R = [r(k,l)] is the routing matrix: element r(k,l) = 1 for cells
departing from VOQ k and entering VOQ l.

Definition 11 The traffic pattern loading a network of IQ switches is admissible if
and only if

||E||IO = ||Λ(I −R)−1||IO ≤ 1
Note that an admissible traffic pattern can be transferred without losses in a net-

work of OQ switches.
The following results are taken from [3].

Theorem 7. An open network of IQ switches implementing the F (X)-max-scalar
policy is rate stable under each admissible traffic pattern such that arrival sequences
at VOQs satisfy the strong law of large numbers, if:

• G(X) = F (X)[(I −R)−1]T defines a conservative field;
• F (X) satisfies conditions (2.21) and (2.22);
• F (αX) = αF (X) for all scalars α.

Similarly to the case of a single switch in isolation, for a network of switches it is
possible to extend the result to more general functions F (X) under any admissible
i.i.d traffic pattern (i.e. under a smaller class of traffic patterns with respect to the as-
sumptions of Theorem 7), by directly applying the Lyapunov function methodology
to equations describing the stochastic evolution of the system.

Theorem 8. An open network of IQ switches implementing the F (X)-max-scalar
policy is strongly stable under each i.i.d. admissible traffic pattern, if:

• G(X) = F (X)[(I −R)−1]T defines a conservative field;
• F (X) satisfies conditions (2.21) and (2.22).

As a consequence, the following result can be shown, corresponding to the policy
proposed in [33].

Theorem 9. An open network of IQ switches implementing the F (X)-max-scalar
policy, with F (X) = X(I−R)−1 is rate stable under each admissible traffic pattern
such that the sequences of arrivals at VOQs satisfy the strong law of large numbers.

The previous stable policy corresponds to a local MWM matching where the weight
w(q) associated to queue q of size x(q) is given by

w(q) = max{0, x(q)− x(d[q])}
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when d[q] is the downstream queue where cells from queue q are routed after
being served7.

The implementation of the F (X)-max-scalar policy can be performed in a dis-
tributed fashion; however, in this case, the implementation requires an exchange of
information among neighbor switches. Some other possible solutions have been stud-
ied in [2].

2.5 Conclusions

In this chapter we have shown how the stochastic Lyapunov function methodology
was employed during recent years as a powerful and versatile analytical tool to as-
sess the performance of input queued switches. Thanks to this approach, researchers
have been able to study throughput and/or delay performance not only for isolated
switches, but also for networks of switches.

The brief discussion of the results reported in this chapter hides the main dif-
ficulty in employing this methodology; indeed, the design of a Lyapunov function,
specific to the system under study and suited to prove its stability properties, re-
quires creative effort, which is the most difficult step in the theoretical investigation.
We strongly recommend the interested readers to refer to all the original papers and
proofs in order to gain insight into the identification of the most suitable Lyapunov
function for the system under study.
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