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20.4.4 The stroboscopic method for FDEs . . . . . . . . . . . 301

21 Path-space measure for stochastic differential equation
with a coefficient of polynomial growth 306
by Toru Nakamura
21.1 Heuristic arguments and definitions . . . . . . . . . . . . . . . . 306
21.2 Bounds for the ∗-measure and the ∗-Green function . . . . . . . 309
21.3 Solution to the Fokker-Planck equation . . . . . . . . . . . . . . 310

22 Optimal control for Navier-Stokes equations 317
by Nigel J. Cutland and Katarzyna Grzesiak
22.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 317
22.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 319

22.2.1 Nonstandard analysis . . . . . . . . . . . . . . . . . . . 319
22.2.2 The stochastic Navier-Stokes equations . . . . . . . . . 319
22.2.3 Controls . . . . . . . . . . . . . . . . . . . . . . . . . . 323

22.3 Optimal control for d = 2 . . . . . . . . . . . . . . . . . . . . . 325
22.3.1 Controls with no feedback . . . . . . . . . . . . . . . . 325
22.3.2 Costs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 326
22.3.3 Solutions for internal controls . . . . . . . . . . . . . . 327
22.3.4 Optimal controls . . . . . . . . . . . . . . . . . . . . . . 328
22.3.5 Hölder continuous feedback controls (d = 2) . . . . . . 329
22.3.6 Controls based on digital observations (d = 2) . . . . . 331
22.3.7 The space H . . . . . . . . . . . . . . . . . . . . . . . . 331
22.3.8 The observations . . . . . . . . . . . . . . . . . . . . . . 332
22.3.9 Ordinary and relaxed feedback controls for digital

observations . . . . . . . . . . . . . . . . . . . . . . . . 332
22.3.10 Costs for digitally observed controls . . . . . . . . . . . 334



Contents xvii

22.3.11 Solution of the equations . . . . . . . . . . . . . . . . . 334
22.3.12 Optimal control . . . . . . . . . . . . . . . . . . . . . . 336

22.4 Optimal control for d = 3 . . . . . . . . . . . . . . . . . . . . . 337
22.4.1 Existence of solutions for any control . . . . . . . . . . 338
22.4.2 The control problem for 3D stochastic Navier-Stokes

equations . . . . . . . . . . . . . . . . . . . . . . . . . . 338
22.4.3 The space Ω . . . . . . . . . . . . . . . . . . . . . . . . 339
22.4.4 Approximate solutions . . . . . . . . . . . . . . . . . . 340
22.4.5 Optimal control . . . . . . . . . . . . . . . . . . . . . . 342
22.4.6 Hölder continuous feedback controls (d = 3) . . . . . . 343
22.4.7 Approximate solutions for Hölder continuous controls . 344

Appendix: Nonstandard representations of the
spaces Hr . . . . . . . . . . . . . . . . . . . . . . . . . 345

23 Local-in-time existence of strong solutions of the
n-dimensional Burgers equation via discretizations 349
by João Paulo Teixeira
23.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 349
23.2 A discretization for the diffusion-advection equations

in the torus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 351
23.3 Some standard estimates for the solution of the

discrete problem . . . . . . . . . . . . . . . . . . . . . . . . . . 353
23.4 Main estimates on the hyperfinite discrete problem . . . . . . . 356
23.5 Existence and uniqueness of solution . . . . . . . . . . . . . . . 361

V Infinitesimals and education 367

24 Calculus with infinitesimals 369
by Keith D. Stroyan
24.1 Intuitive proofs with “small” quantities . . . . . . . . . . . . . . 369

24.1.1 Continuity & extreme values . . . . . . . . . . . . . . . 369
24.1.2 Microscopic tangency in one variable . . . . . . . . . . 370
24.1.3 The Fundamental Theorem of Integral Calculus . . . . 372
24.1.4 Telescoping sums & derivatives . . . . . . . . . . . . . . 372
24.1.5 Continuity of the derivative . . . . . . . . . . . . . . . . 373
24.1.6 Trig, polar coordinates & Holditch’s formula . . . . . . 375
24.1.7 The polar area differential . . . . . . . . . . . . . . . . 376
24.1.8 Leibniz’s formula for radius of curvature . . . . . . . . 379
24.1.9 Changes . . . . . . . . . . . . . . . . . . . . . . . . . . 379
24.1.10 Small changes . . . . . . . . . . . . . . . . . . . . . . . 380
24.1.11 The natural exponential . . . . . . . . . . . . . . . . . 381



xviii Contents

24.1.12 Concerning the history of the calculus . . . . . . . . . . 382
24.2 Keisler’s axioms . . . . . . . . . . . . . . . . . . . . . . . . . . . 382

24.2.1 Small, medium, and large hyperreal numbers . . . . . . 382
24.2.2 Keisler’s algebra axiom . . . . . . . . . . . . . . . . . . 383
24.2.3 The uniform derivative of x3 . . . . . . . . . . . . . . . 385
24.2.4 Keisler’s function extension axiom . . . . . . . . . . . . 385
24.2.5 Logical real expressions . . . . . . . . . . . . . . . . . . 386
24.2.6 Logical real formulas . . . . . . . . . . . . . . . . . . . 386
24.2.7 Logical real statements . . . . . . . . . . . . . . . . . . 387
24.2.8 Continuity & extreme values . . . . . . . . . . . . . . . 388
24.2.9 Microscopic tangency in one variable . . . . . . . . . . 389
24.2.10 The Fundamental Theorem of Integral Calculus . . . . 390
24.2.11 The Local Inverse Function Theorem . . . . . . . . . . 391
24.2.12 Second differences and higher order smoothness . . . . 392

25 Pre-University Analysis 395
by Richard O’Donovan
25.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 395
25.2 Standard part . . . . . . . . . . . . . . . . . . . . . . . . . . . . 396
25.3 Stratified analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 397
25.4 Derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 399
25.5 Transfer and closure . . . . . . . . . . . . . . . . . . . . . . . . 400



http://www.springer.com/978-3-211-49904-7




