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The Gurov—Reshetnyak Class of Functions

5.1 Embedding in the Gehring Class

The BM O-class is closely related to the class of functions, which was studied
first by Gurov and Reshetnyak in [21, 22]. This class could be also defined in
terms of mean oscillations of functions in the following way.

Let Qo C R? be a fixed cube. We will say that the non-negative function
f € L(Qo) satisfies the Gurov—Reshetnyak condition, if

2(f;Q) <efq, QCQo, (5.1)

where the constant € does not depend on the cube @Q. The class of all such
functions f is called the Gurov—Reshetnyak class. We will denote it by GR =
GR(g) = GR(g,Qq). Often inequality (5.1) is called the Gurov-Reshetnyak
inequality.

Remark 5.1. Obviously, for ¢ = 2 inequality (5.1) holds, but if ¢ < 2 in
general it is no more true. Indeed, for the function fy(z) = NX[Q,%] (x), z €

[0,1] = Qo, we have (fn)g, =1, 2(fn; Qo) =2 (1 — %), so that

2(fn; Qo) 9

(fN)Qo 7

Hence condition (5.1) is substantial only for 0 < ¢ < 2.

N — o0.

Remark 5.2. For any ¢ < 2 if the function f satisfies condition (5.1), then
it is either positive almost everywhere or equivalent to zero. This fact is a
consequence of the following statement.

Proposition 5.3. If f # 0 is a non-negative locally summable function such
that |[{z : f(x) =0} >0, then

sup =2. (5.2)
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Proof. Denote A = {z: f(x) = 0}. Since by virtue of Lebesgue theorem 1.1
almost every point of the set A is its density point for any J > 0 there exists
a cube () such that fg > 0 and

)
Bl <
1B < 21l
for E =@\ A. Then the equality

/ f@)de < fol{z € E: f(z) < fo}| =
{z€E: f(z)<fq}
{2 €E: f@) < fol

Q] /f

implies

{z e E: f(z)> foll

{z e E: fz)> fo}l +{z € B+ f(x) <fQ}|/f

\Ql
_|E|
= @/Ef(m)dx < §/Ef(ai)dx
Thus
9 :0) - 2~ 0)10) =
:/ (f(z) — fo)dx — 2T_5/ fz)dx =
{zeE: f(z)>fq} B
:/ f(x)de — fol{z € E: f(z) > fo}l—
{z€E: f(z)>fo}
Ry
Hz e E: f(z) > foll
dz — d
§ /{reE‘f(m><fQ}f(x) ’ Q| /f(gc) T
{z e E: f(z) > fo} o
" Q R R e
ie.,
W,

Since § > 0 is arbitrary equality (5.2) follows. O

The fundamental property of the G R-class, which stipulates numerous
applications, is described by the following theorem.
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Theorem 5.4 (Gurov, Reshetnyak, [22]). There exists a number g =
eo(d), 0 < &g < 2 such that for anye, 0 < & < g, one can find po = po(e,d) >
1 such that if the function f satisfies condition (5.1), then f € LP(Qq) for any
P < Dpo-

Various proofs, generalizations and refinements of this theorem were found
by a number of different authors ([27, 4, 15, 76, 13, 14] and others). In what
follows we will derive this theorem as a corollary of a more general result (see
Corollary 5.8).

Let us introduce the following quantity

v(fio) = l(gg Q(J{;Q)

s 0<J§1(Q0)

The supremum here is taken over all cubes @ C Qg such that their side-
lengths (@) are less or equal than ¢. In addition, if fg = 0 for some cube
Q C Qo, then 2(f; Q) =0, provided f is non-negative on Qq. In this case we
assume that %f?) = 0. According to Remark 5.1, for any f € L(Qq) we have
v(f;o) < 2for 0 <o <1(Qp). Some properties of the function f in terms of
v(f;o) were studied in [13, 14].

Theorem 5.5 ([37]). Let Qo C R? be a cube , and let the function f € L(Qo)
be non-negative. Then

1/0 )= £ ()] du < 3-2% (F22079) (1), 0< 1 <270 |Qul
(5.3)

For the proof of this theorem we will need the following refinement of
Calderén—Zygmund lemma 1.14.

Lemma 5.6 (Calderén, Zygmund, [70]). Let f be a non-negative function,
summable on the cube Qo C RY, and let a > \Qilol fQo f(x)dx. Then there exist

cubes Q; C Q; C Qo, j =1,2,..., with pairwise disjoint interiors such that
Q] =271Q;,
d
fo, <a < fq; < 2%, (5.4)
and
f(@) <a for almost all x € Qo \ U Q; |- (5.5)
j>1

Proof. Essentially the proof of this lemma repeats the proof of Lemma 1.14.
We only have to notice that as the cube Q;- it is enough to take the cube,
whose partition results the dyadic cube Q;, 7 =1,2,.... Clearly, in this case
the left inequality of (5.4) holds true. The other statements of the lemma
follow from Lemma 1.14. O
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Proof of Theorem 5.5. Let us fix some t, 0 < t < 279|Qqy|. Applying
Lemma 5.6 with a = f**(t), we obtain the cubes Q; and @, which satisfy

the properties stated by this lemma.
Denote E' = U;>1Q);. Using Property 2.1, together with the definition of

the rearrangement f* and (5.5), we obtain

[ 17w - Oldu=2f (-

:2/ (f(x)—a)dmzZ/ (F(z) — a) da.
{z€Qo: f(z)>a} {z€Qo: f(z)>a}nNE

Since the interiors of the cubes Q); are pairwise disjoint

= « d =
/ |f )‘ o 1/{9”6@0: f($)>a}an (f(l') ) i

=2 f(2) = fa,) do+
;/{%Qj:f(r)w}( (@) = fa,) do

+2Z(fQj —a){z€Q;: flz)>a}|=

Jj=1

=2 (f(:c) — fQ].) dx+

; /{wer: f@)>fo,}

49 f(x) = fq,) dz+
i>1 [{IGQJ* 04<f(@)§fQj}( ) ¢ )

+22(f@j —a)|{x€Qj : f(.’l?) >Oé}| =51+ 55 + 5;5. (56)
j=1
In order the estimate S;, ¢ = 1,2, 3, let us notice that, by (5.4),

1
157 [, e = |E|Z

j>1

P me] > 1E] =Dl =

7j>1

Therefore, by the definition of the rearrangement f*,
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E/Of(u)du:f (t)a§|E|/Ef(:c)dr§|E|/O f*(u) du

From here it follows that
|B| <t, (5.7)

provided f* is monotone, so that |Q;| < ¢ and |Q;| < 2% 5 =1,2,....
Therefore, by Property 2.1,

si=2y [ (f(2) - fa,) dfo/ ~ fo,| dz =

§>1 {wer:f($)>fQj} i>1
f Q] 1/d
= flx)de <v(fit z)dr <
; i / < (f: ); v
( tl/d)z (5.8)
j>1

provided v(f; o) is monotone. Further, by (5.4)7

$5=23" (Jo, ~ @)tz € Qs 1) > e}l <23 (fo, — Joy ) Q1] <

Jj=21 Jj=21

<2E — for dm<2§ — for | dx =

J>1/ “ / “

_2§ d <2y 2t1/d > 5.9
fQ’ o f(z)dz f j>1/ f(z (5.9)

j>1

Taking into account that Sz < 0, from (5.6), (5.8), (5.9) and from the
monotonicity of v(f; o) we obtain

/ 5 (u) — F( )\du<31/(f 2t1/d)z (z) dz.
j>1 Q/
Now the application of (5.4) and (5.7) leads to the inequality

/ () — £ 0] du < 30 (F:2077) -0 3015 =

Jj=1

=3a-2% (f;2t1/d) Z Q,] = 3a- 2% (f;Qtl/d> |E| < 3a-2%v (f;2t1/d> 4

Jj=1

Since a = f**(t) the last inequality is equivalent to (5.3). O
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Inequality (5.3) leads to the following estimate of the rearrangement of the
function f in terms of v(f;0).

Theorem 5.7 ([37]). There exist constants ¢; = c1(d) and ca = ca(d) such
that for any cube Qo C RY and for any non-negative function f € L(Qq)

1(Qo) do
() < cifo, - exp (Q/t v(f;o) 0) , 0<t<|Qol. (5.10)

1/d

Proof. Applying Lemma 2.2 to the function ¢ = f* with ¢ = 2 and using
Theorem 5.5, for 0 < t < 27¢|Qq| we get

o (5) - o<t [ 15 - sl de <ot (r200) £,

or, equivalently,

o <;) < (1+3~2du (f;2t1/d)> £, 0<t<27Qol.

The recurrent application of the last inequality yields

£ 1Qol) < 5 (2 1ol) - TT (13- 20 (127 o)) ) =

=1

=77 (271Qol) - exp <§ In (1432 (27 (QO)))> -

=0

<17 (27Qo) - exp( 2dZ (#2701 Qo))> ST bR

On the other hand,

o1/d 270D/ (Qo) do
Fr27id] Q())i / fi =1, s—1,
( ( ) 21/d — 1 2—i/dl(Q0) ( )

provided v(f;o) is monotone. Therefore, taking into account that v(f;
1(Qo)) <2, we get

f** (2—d—s |QO|) S exp (3 . 2d+1) f** (2—d |Q0|) %

21/d s—1 2—(i—1)/dl(Q0) d
xexp<3-2d-2/ v(f; ) z <

o1/d — 1 =1 2-i/41(Qq)
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21/d 1(Qo) do
< 24 3. 2041 3-2‘1.7/ v(fio) — |.
- exp( ) JQu exp 21/d _ 1 2—(s=1)/d1(Qy) i) o

Fix some ¢ € (0,]|Qo|] and choose s € N such that 27°|Qy| < t <
275711Qp|. Then, since f** is monotone the last inequality implies

£ < (270 Qol) < (27970 Qo) <

<2%exp (3-27H) f 3.0t 20 /Z(QO) 'y ) <
ex . ex : "o1/d _ 1 R ) =
< p Qo €XP 214 — 1 Jo—ssny/ag(gq) .

1(Qo) do
ot o [ 2.
tl/d g

g1/d

. O

where ¢; = 2%exp (3 . 2‘”1) , g =324
Corollary 5.8 (Gurov-Reshetnyak theorem 5.4). For any ¢ such that

d d(2Y4-1)

0<e<eg(d) = =3 .9d g

there exists po = po(e,d) > 1 such that if the function f satisfies condi-
tion (5.1), then f € LP (Qq) for any p < po.

Proof. Condition (5.1) is equivalent to the inequality v(f;0) < e for 0 < o <
1(Qop). Thus (5.10) implies

c @
7o) < ennfaprexn (% oD g, (1) o<t <janl.
(5.11)
Since € < g¢(d) we have
_ Eo(d) N 1 d(21/d — 1)
pole,d) === = - T oromg > L (5.12)

If p < po(e,d), then, by (5.11),

<ﬂ%WsﬁumV()”d,(mt9%«

|Qol |Qol
= [ oy s [T ds d D qul (o) 0
(5.13)
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Remark 5.9. Fix the cube Qo C R? and choose some @ C Qo. Then (5.1)
implies that f € GR(e, Q). Hence, applying Corollary 5.8 to the cube @, one
can rewrite inequality (5.13) in the following way:

1 . 1/p 1
{|Q|/Qf (x)dx} §03|Q|/Qf(x)dx, Q C Qo, (5.14)

where 1 < p < po(e,d), ¢3 = c3(e,p,d), and c3 does not depend on Q C
Qo. Inequality (5.14) is called the reverse Holder inequality, or the Gehring
inequality [18].

Corollary 5.10. If the function f is non-negative on the cube Qo C R% and
satisfies Gurov—Reshetnyak condition (5.1) for some ¢ < eo(d), then it also
satisfies Gehring inequality (5.14) for all p < po(e,d).

Remark 5.11. In Gurov—Reshetnyak theorem 5.4 we have found that pg
(e,d) = EOTM) — 00 as € — 0+. The estimate py(e,d) = O (), £ — 0+, was
first obtained in [4, 76]. As it was noticed in [4], it turns out that this limit-
ing behavior cannot be improved. In what follows we will find the maximal
possible value of py(e,1) (see Corollary 5.35).

Remark 5.12. The proof of inequality (5.10) is based on the application of
Lemma 2.2 with a = 2. Generally speaking, the parameter ¢ > 1 in Lemma 2.2
could be chosen in the “better way” in order to minimize the value of the
constant ¢y in the exponent in right-hand side of (5.10). This could allow to
slightly increase the values of £¢(d) and po(e,d), obtained in Corollary 5.8.
However, this method does not lead to the desired result (i.e. go(d) = 2
and maximal possible py(g,d)), because in order to prove (5.9) we have used
estimate (5.3), which is overstated in the sense of constants.

From Theorem 5.7 one can derive the following

Corollary 5.13 (Franciosi, [13]). If the function f € L(Qq) is non-negative
on the cube Qo C R? and v(f;0) — 0 as 0 — 0+, then f € LP (Qo) for any
p < o0.

Proof. Take some p < oo and choose g, 0 < tg < |Qq|, such that v(f;0) <
i for 0 < o < ty/?. Then, by (5.10), for 0 < t < to

2cap
[Qol do to 3
o= fo e <02 /téfd v(fio) 0) . (t) '

Obviously this implies that the function (f**)” is summable on [0, |Qo|], and
hence f € L? (Qp). O

It is clear that inequality (5.10) provides the sufficient conditions for f to
belong to the various Orlicz spaces in terms of the order of v(f;0) as 0 — 0+.
If v(f;0) is such that
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1(Qo) d

/ v(f;o) 2 < 00, (5.15)
0 g

then (5.10) immediately implies the following result.

Corollary 5.14. If the function f € L(Qg) is non-negative on the cube
Qo C R? and satisfies (5.15), then f € L™ (Qo)-

Corollary 5.14 can be sharpen. In order to show this, we will need one
result due to Spanne [69] (see also [7, 57]). Denote

vi(f;0) = sup  2(f:Q), 0<<1U(Qo).
QCQo, U(Q)<S

Theorem 5.15 (Spanne, [69]). If f € L(Qo) is such that

1(Qo) ds
/ n(f:8) 5 < oo, (5.16)
0

then to any cube Q C Qo with I(Q) < %Z(QO)

2U(Q)
ess sup |(f — fq) (z)] Scd/ ul(f;é)%(s, (5.17)
z€Q 0

where the constant cq depends only on the dimension d of the space.

Proof. Fix the cube @ C Q) such that I(Q) < 1(Qo)/2. In order to prove (5.17)
without loss of generality we can assume fg = 0. According to Lebesgue
theorem 1.1, we have f(z) = lim;_. fg, for almost every x € @, where
Q; is a sequence of dyadic (with respect to @) cubes of order j = 1,2,...,
contractible to z. Thus, for the proof of (5.17) it is enough to show that

20(Q) ds .
|fa,| Scd/ n(fid) 5, J=12 (5.18)
0
Let us prove (5.18). For i > 1

<

’fQ'i+1 - fQi ‘f(ﬂf) - fQ1| dr <

1
Qi1 Qit1

1
Qil Ja.
while the condition fg = 0 implies

|fau| < 2% (f;1(Q)).

<2

f(2) = fo.| dz < 2% (f51(Qs)),

Therefore



108 5 The Gurov—Reshetnyak Class of Functions

j—1 00
|RMSLm1+z]meﬂmiST(MU#QD+§)40MQM>S
=1

=1
1 21(Q) 1 Q)
df — v (f;6)dd + —— v (f;6)ds
=2 (l(Q) /I(Q) 1(f39) +Z(Q)_Z(Q1)/Z(Q1) 1(f;0)doF
0 1 (Qi-1)
_— ;0)do | =
*;Q@Fo—u@xﬁ@)l“f’ )
1 21(Q) 1 Q)
=20 — :0)dé + —— :0)dé
? (l(Q) /Z(Q) nilf39) +l(Q1) /z(Ql)yl(f ) dot

(Qi-1)

=1
vi(f;0)dd
+§;@04®) (£:6) )s

20(Q) ds HQ) ds S UQi-1) ds
< d+1 . - . it =] =
<2 <[ Vﬁ@5+[)mM®5+;[ AL

(Q) (@1 (Qi)

21(Q)
= 2d+1/ v1(f;0) %5 a
0

From Spanne’s theorem 5.15 and condition (5.16) it follows immediately,
that the function f is equivalent to some function g, which is continuous on
Qo and such that its modulus of continuity w(g; o) satisfies the condition

27 do 1
slgo)= s g)-gwl e [ nfi0) T 0<o <3G
®,9€Qo, |lz—y|<o 0
(5.19)

Indeed, by Lebesgue theorem 1.1, the function g(z) = limyg)—¢ fq for = € Qo
is equivalent to f. If z,y € Qp and |z — y| < o, then we choose the cube
Q@ C Qo, which contains z,y, and such that [(Q) < o. Then

lg(z) — g(W)| < lg(@) — fol +9(y) — fol < 268568511) I(f = fq) (z)]

and Theorem 5.15 imply (5.19).

Now let us suppose that f is non-negative on the cube @y and satis-
fies (5.15). Then (5.10) implies

1(Qo) do
| flloo < K = c1fg, exp 62/ V(f;0)7 .
0
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Hence for any cube Q C Qg

fo < | fllee < K.
Therefore

o Q20£Q) 1 1 ,
v(f;0) = l(g};é i 2 = l(s%p 2(f;Q) = e (f;0), 0<6<1(Qo)-.
(5.20)

So condition (5.15) implies

1(Qo) [Qol
/ f (5 — < K/ v(f;0) —
0

i.e., condition (5.16) is also satisfied. Now, applying Spanne theorem 5.15,
from (5.20) we obtain the following statement.

Theorem 5.16. Let f be a non-negative function on the cube Qp C RY,
satisfying condition (5.15). Then for any cube Q C Qo with [(Q) < %Z (Qo)

2l
ess sup|(f — fo) ()] <ch/ uf:0) %
TeQ

In the same way as the estimate of the modulus of continuity follows from
Spanne theorem 5.15, the last Theorem implies

Corollary 5.17 ([37]). If the function f is non-negative on the cube Qo C R?
and satisfies condition (5.15), then f is equivalent to the function g, which is
continuous on Qg and

s
w(g;6) =0 (/0 v(f; )dg>, §— 0.

Remark 5.18. Inequality (5.20) was obtained under assumption (5.15). This
assumption is necessary to guarantee that v(f;d) dominates vy (f;6). Indeed,
let us consider the function fo(z) = In %, 0 <z < By, where By > 0 is small
enough. Then, as it was shown in Example 2.24, v1(fo;0) = £2(f;[0,4]) = %,
and

1 2/e
W) < 0 10.0) = 5 0<5< i
HE IHE

So, for the function fj inequality (5.20) fails for any K, which does not depend
on ﬁo.

Let us come back to Gurov—Reshetnyak theorem 5.4. As we remarked in
Corollary 5.8, Gurov-Reshetnyak condition (5.1) for 0 < ¢ < g¢(d) implies
that f is summable for some p > 1. On the other hand, condition (5.1) is
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non-trivial for any € < 2. In this context the following question is natural. For
which € < 2 one can increase the exponent of summability of the function f,
using condition (5.1) ? The next theorem provides the answer to this question.

Theorem 5.19 (Coifman, Fefferman, [8]). Let f € L(Qo) be a non-

negative summable function on the cube Qo C R?. If

HzeQ: flz)>0-fo}| >0-|Ql, QC Qo (5.21)

where the constants 0 < 0,0 < 1 do not depends on @, then there ezists
r=r(0,0,d) > 0 such that f € L**"(Qq) and

1

L[ porimad™ ok
{|Qo| o, 7 (x) dx < c|Q0| o, f(z)dx (5.22)

with ¢ = ¢(o,0,d, 7).

Proof. First we prove the inequality

/ fl@)de <d-al{zr€Qo: f(z)>o-a}, (5.23)
{z€Qo: f(z)>a}

where o > fo, and the constant ¢’ depends only on 6 and d. Let us fix
some o > fgo, and apply Caldrén-Zygmund lemma 1.14. Then we obtain a
collection of cubes @Q; C Qo, j =1,2,..., with pairwise disjoint interiors such
that

d d
|Q]| Q]f()x§2a7

and f(z) < a for almost all z € Qg \ (szl Qj). From here, using (5.21), we
have

dx < de <
/{IEQO: f(z)>al f(x) T Z f(x) T <

j>17Qi

<2010 < BN re @ f@) >0 fa )] <

ji>1 i>1

d
<2 0N reqs: fw >0 all<d a-l{reQo: [@)>0-a}l,
j>1

where ¢/ = 2%/6, and this proves (5.23).
Now, multiplying (5.23) by a"~! and integrating, we find that

/ ot </ f(z) dx) do <
fao {2€Qo: f@)>a}
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<c’/oooar|{x€Q0: f(x)>o-a}| da=

C/

= /0 Tz €Qo: flx)>7}Hdr = c"/ 7 (2) de, (5.24)

0

where ¢ = ¢’ - 07177 /(1 + 7). On the other hand, using the Fubini theorem
one can get the following estimate for the left hand-side of the last inequality

/ ! </ f(z) dx) do =
fao {z€Qo: f(z)>a}
f(x)
:/ flx) / o Vda | do =
{z€Qo: f(z)>fay} fao

1

r /{rEQo: F@)>fq, }

f@) (f7 (@) = (fQ,)") du >

> [ @ @ = e de = [ e = 1l g,y
QO 0

0
T T

From here and (5.24) it follows that

1 " 1 T ! Lt
(=) o [, /@< G

Choosing r > 0 so small that £ — ¢/ > 0, we obtain (5.22). O

Remark 5.20. The presented proof of Theorem 5.19 needs a small refinement.
Indeed, in (5.24) we a priori assumed that f € L'*" (Qy). This vicious circle
can be avoided in the following way.

For N > fo, let us consider the cut-off function [f]n(x) = min(N, f(z)) <
f(x), z € Qo. If fo, <a < N, then

{re€Qo: fl@)>al={r€Q: [fIn(z)>a}
and
{r€Qo: f(@)>0-a}={ze€Q: [fln(z) >0 a},
so that, by (5.23),

/ Flyv(@)de <d-al{z€Qo: [fln(x) >0 a}l. (5.25)
{z€Qo: [fln(z)>a}

Otherwise, if « > N, then (5.25) is trivial because the domain of the definition
of the integral in the left inequality is empty. So, (5.23) implies (5.25) for all
a > fo, and N > fo,. It is also clear that [f]y € L'™ (Qo) for any r > 0.
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Now we repeat the proof of Theorem 5.19. In the proof of (5.24), substituting
f by [f]ln, we have

{a | 1@ d}

ol fin(@)de. N> fo,.

|Qo| Qo

Finally, since |Q i fQ (x)dr < \Qo\ fQ x)dx in order to complete the
proof of (5.22) it is enough to send N — oo and use the Levi theorem.

Remark 5.21. Condition (5.21) is one of the equivalent forms of the so-called
Aso—Muckenhoupt condition (see [8, 72]).

We see that condition (5.21) allows to increase the exponent of sum-
mability of the function f. Therefore, in order to proof Gurov-Reshetnyak
theorem 5.4 it is enough to show that Gurov-Reshetnyak condition (5.1) im-
plies (5.21). Actually it turn out that conditions (5.1) and (5.21)are equivalent.
This fact is the content of the next theorem.

Theorem 5.22 ([42]). Let f € L(Qo) be a non-negative function on the
cube Qo C R%. Then

(@) if for some e, 0 < € < 2, the function f satisfies Gurov-Reshetnyak
condition (5.1), then there exist o and 6, 0 < 0,0 < 1, which depend only on
e and such that (5.21) holds true;

(it) if for some o and 0, 0 < 0,0 < 1, the function [ satisfies (5.21), then

2f;Q) <2(1-00)fq, QCQo.

Proof. To prove (i) let us choose a number A such that e < )\ < 2. Fix some
cube @ C @ and consider the set £ = {:c €Q: flx)>
S fo < fo— f(z) forallz € Q\ E we have

“fo < inf (fg—f(z)) <

9
RRCE it RV Jops /0TI

On the other hand, 2=

A—e

Q\E—{zEQ:f(x)g fQ}C{:L"GQ:f(a:)<fQ}.

Now applying Property 2.1 and condition (5.1) to the last inequality, we get

1

g
€. _ _ de —
Y fes VA eor f(m)<fQ}(fQ f(z)) dv
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1l e Q|
-5 [Q) <
2 e V=3 g\
Hence |Q \ E| < 3 -|Q, i.e. |E| > ( —2) - |Q|- This inequality coincides
with (5.21) for 0 = 22 and =1 — 3
Let us prove (ii). Fix some cube Q C Qg. By Property 2.1 and condi-
tion (5.21),

“fq-

2f;Q) = = (fo - f(z)) do =
1Q1 Jiveq: s0)<s0)
_2 (fo — f(x)) da+
Q) {z€Q: ofo<f(z)<fo}
+ 2 (fo - f(x)) dz <

QI Jizeq: fx)<ofa)

|l(l_g)|{azeQ f(@) > ofo}l+

0 le{er flx) <ofq}l =

Q)

‘Q| fo|(1-o)(QI-l{z € Q: f(x) <afo})+H{zeQ: flx) <ofo}l] =

Mf@[\@l olQl- e € Q: f(2) S ofo}l+olfz €Q: f(2) < ofo}l+

+{r€Q: f@) <ofoll] <

|Q‘ fa|IQI(1 = o) +o(1 = 0)|QI| =201~ 00)fg. D
As we have already mentioned above, the next result is the immediate
consequence of Theorems 5.19 and 5.22.

Corollary 5.23 ([42]). Let 0 < & < 2 and let f be a non-negative function on
the cube Qo C RY, satisfying Gurov-Reshetnyak condition (5.1). Then there
exists r > 0, which depends only on € and d, such that (5.22) holds true with c,
depending only on e, d and r.

Condition (5.1) of Corollary 5.23 can be replaced by the weaker condition

QfQ)<e-fo, Q@C Qo UQ) <6-1(Qo), (5.26)

where § € (0,1] is fixed. In other words, in the Gurov—Reshetnyak theorem it
is sufficient to require that the condition £2(f; Q) < ¢ - fq is verified on small
enough cubes. Indeed, we have

Corollary 5.24. Let 0 < & < 2 and let f be a non-negative function on the
cube Qo C R?, satisfying (5.26) for some § € (0,1]. Then there exists r > 0,
which depends only on & and d, such that f € L**" (Qq) and
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R d}
{|Qo| Qof (z) do <Cl|Qo| Qo

Here the constant ¢1 depends only on e,d,r and d.

f(z)dx. (5.27)

Proof. Let us partition the cube Qg into N = ([ﬂ + 1)d cubes Q; with
pairwise disjoint interiors, dividing each side of the cube @ into [%] +1 equal
parts. Then {(Q;) < 6 -1(Qo), 7 =1,...,N, and by virtue of (5.26) to each
cube @; we can apply Corollary 5.23. Then

L 147 T .
{IQj ij (J:)dx} |QJ| ng() j=1,...,N, (5.28)

where r = r(e,d) > 0 and ¢ = ¢(e,d, r). Since Qy = U;V 1 Q; inequality (5.28)
implies f € L'*"(Qo). Further, as |Q;| = |Q°| , 7=1,...,N, (5.28) yields

L 1+r 147 d
Qo Jo, T sz ol @S

1 N 1 1+7r 1 1+7r
< c1+riz (QJ| 0, f( ) ) < At (123%}(]\[ ‘QJ| o, f( ) ) <

1+r

N
< Cl+TN1+T‘Q0‘717T Z/ f(il?) dx _
i=17

1 147
— Cl+rN1+r < f > .

@l Jo, 7
This implies (5.27) with ¢; = eN < ¢ (3 + 1)d. O

Theorem 5.22 establish the equivalence of Gurov—Reshetnyak condition
(5.1) and As—Muckenhoupt condition (5.21). On the other hand, in [8] it
was shown that Muckenhoupt condition (5.21) is equivalent to Gehring in-
equality (5.22) for some r > 0. Thus Gurov—Reshetnyak condition (5.1) and
Gehring condition (5.22) are also equivalent. Now we will give another proof
of the equivalence of conditions (5.1), (5.21) and (5.22). Namely, besides
Theorems 5.19 and 5.22, one has to apply the following statement.

Theorem 5.25 ([44]). Let f be a non-negative function on the cube Qo C RY,
satisfying the Gehring condition

{|Q1|/pr(x)dx} <B- |Q|/f dz, Q C Qo, (5.29)

for some p, B > 1. Then there exists ¢, 0 < € < 2, which depends only on p
and B, such that Gurov—Reshetnyak inequality (5.1) holds true.
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Proof. Let us fix an arbitrary cube @ C Qo and denote E = {z € Q : f(x) >
fo}. We can assume that fg > 0. By the Holder inequality,

Q6HQ) 1 2 B 1 NE]
- = de = 222!
oo TaTal Jp U~ 9o de =2t [ S o2y <
|E|1{ ” }”p 1| _
a7 Um 7@ 2 <
E|>1 1/p 1 { p }l/p |E|
< (i3 gl f, e} g
On the other hand, by condition (5.29),
P(
o {1 [, e jarf "<
so that .y
2(f;Q) <|E|> -
Tk (B 0l @ (5.30)

Let us consider the function p(\) = B-A'"1/P — X, X > 0. The analysis of the
derivative shows, that ¢ is increasing on (0, Ag) and decreasing on (Ag, +00),
where Ao = (B(p — 1)/p)”. We also notice that from the trivial inequality

25Q) _,l@\B 1 (1-60) 1 <10\
o Q 1RVE] Jors =R

fo
it follows that

IEl | _IQ\El _, _12(5:Q)

=1- < (5.31)
Q) Q) 2 fq
First let us consider the case
» (p—1)/p
B < ( — 1) . (5.32)
Then "y »
p—1)/p
-1 -1
Ao < (p> b = b < 1.
p—1 p p
Assume that 0
Q) ~ 912 a). (5.33)
fo

12U59) “and (5.30) and (5.31) imply

Then)\021—2 o
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25:Q) <m> <_1QfQ>
fo =%\ =%\ 3

ZQ(BQ_;MQ@>“W_(I UQ»)

f
_ 1Mf@)lw 2(f;Q)
QB@ 2 fo S

provided ¢ is monotone on (0, Ag). Thus

1(F,Q)\ 7
(1o 322) "

or, equivalently,

‘Q(f Q) —p/(p—1
7 <2( 1- B/ >). (5.34)

Comparing the last inequality with (5.33), we find
1-X<1-—BP/FED (5.35)

But Ao = (B(p —1)/p)?, so that (5.35) is equivalent to

(p—1)/p
B> ( p 1) ,

which contradicts (5.32). Therefore, condition (5.32) excludes (5.33) and im-

plies ( )
205Q
fo -

. Taking into account that A\ is a point of maximum

2(1— X)), (5.36)

and so A\p < 1 — 1 Q(f 2)

of ¢, from (5.30) we obtaln

=2 () 2o ((#257) ) -

n((5)) - ()

2, 2(1 1(2(f;Q)>: 2 1 2(f;Q)
. .

=2

This implies



5.1 Embedding in the Gehring Class 117
1 Qf; 2
(1 N > (1:Q) _
p—1

- fo “op-U
ie.,
mﬁ?)<; (5.37)
Notice, that condition (5.32) is equivalent to the following one
2
v <2(1—=Xo).
This means that bound (5.37) is stronger than (5.36).
It remains to consider the case
. (],>ualwp. 55
-1

If we suppose that condition (5.33) is satisfied, then, as before, we come to
inequality (5.34). Otherwise we obtain the opposite to (5.33) inequality (5.36).
Notice also that (5.38) implies

- <t<1_pw/e,
p

So, we conclude, that among estimates (5.34), (5.36) and (5.37), the estimate
provided by (5.34) is the best one that can be achieved in the case (5.38).
Finally, setting

T
7 2(1- B—p/(p—l)) . if B> (p/(p— 1))(11—1)/177

we get (5.1). O

For 1 < p < 0o and B > 1 we denote by G,(B) the class of all functions
f, which are non-negative on the cube Qy C R? and satisfy the Gehring
inequality

1 » 1/p 1
{|Q/Qf e} < By [ S@ i Qe

The set Gy, = g, Gp(B) is called the Gehring class .

Remark 5.26. In the proof of Theorem 5.25 we have found that (B, p) —
2 -0 as B — oo for any fixed p > 1. This fact is essential. Indeed, let us
consider the function fi,(x) = bX(—00,0)(%) + X[0,400) (%), € R for b > 1. An
easy computation shows that f, € GR (gp) with the minimal possible value

gg = eo(b) = 2% — 2—0as b — oo. In addition, f; € G, for any p > 1.
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This means that the Gurov—Reshetnyak class GR(g) does not contain the
Gehring class G}, for all € < 2. Moreover, this example shows that for ¢ < 2
the set (-, Gp does not belong to any GR(¢). On the other hand, if p > 1
and B — 1, then the value (B, p) = %, obtained in the proof of Theorem 5.25,
does not tend to zero. In this sense the constant (B, p) from Theorem 5.25
is overestimated. Indeed, as it was remarked in [4], for p > 2 and 1 < B < /5
the condition f € G,(B) implies f € G3(B), so that by Holder inequality

92<f;Q>s|§24|f<x>—fQ|2 dw=a/Qﬂ(x)dx—(a/Qf(w)dx)Qg

< (B*-1) (@/Qf(x)dm>2.

So, if G,(B) C GR(e) for p > 2, then one can assure that ¢ — 0 as B — 1.
Remark 5.27. Let us fix B > 1. Then (B, p) — 2% as p — oo. In other

words, we have

(] Go(B)C [ GR), (5.39)

1<p<oo e1<e<2

where £; = 2221 > 0. We do not know the minimal value of &1(B) (possibly
depending on d), which guarantees (5.39). Notice, that (5.39) fails for £; = 0.
Moreover, for the function fp, defined in Remark 5.26, if b = B then we
have fg € Gp,(B) for any p > 1. On the other hand, from Remark 5.26 we

know that fp ¢ GR(e) for any ¢ < g¢(B) = 2\/\/23. Hence (5.39) fails if

g1 < 2\/\/21, and moreover, it is easy to see that this fact is valid in the

space of any dimension d > 1. Therefore, if €1(B) is the minimal value such
that (5.39) holds, then

B-1 B-1
VB +1
Let us consider the other limit case p — 1+ 0. For some fixed B > 1 we have
e(B,p) =2 -0, ie.,

U G.(B)c |J GRe). (5.40)

1<p<oo 0<e<?2

The same example of the function f;, defined in Remark 5.26, shows that the
constant 2 in the right-hand side of (5.40) is sharp. Indeed, it is easy to see
that f, € G, (Bp,p) for the fixed value b > 1, where

(- He=D/p pp ] 1
oo = p 177 o gy o 0P (5.41)
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is the minimal possible value. Fix some B > 1, ¢; < 2 and choose b > 1
so big, that eg(b) = 2§+1 > ¢7. Then, due to (5.41), for this value of b
there exists p > 1 such that By, < B and fi, € U, Gp(B). Obviously,

fb ¢ U0<e<51 GR(E)-

Another proof of Theorem 5.25. Without loss of generality we can assume

B> Ll (5.42)

Fix an arbitrary cube Q C Qo and denote E = {z € Q : f(z) > fo}. Then
the properties of the oscillations together with the Holder inequality imply

Q26Q) 1 2
fo fol@Q

NS { . }”” 1B] _
%10 Ta e 21l =

E|)1 /p 4 { - }1/11 |E|
<2<@| @ @y g

Applying (5.29) to the integral in the right-hand side we have

E(f(ﬂf) — fq) dr <

2(f;Q) <|E|>““’ |B|
2B — - — 5.43
e =P\ Ql (543
Further, from the inequality
QfQ) _ JIQ\E| 1 < ﬂ@) |Q\ E|
=2 ———1]d 2
fa QA VB Jos\' " T ) T
it follows that

QI Rl = 2 fo

It is easy to see, that the function p()\) = BA'~Y/P — X, X > 0 increases on

(0, A0), Ao = (Bpp%l)p. Notice that due to (5.42), A\g > 1. Since the right-hand
side of (5.44) is less or equal than 1 inequalities (5.43) and (5.44) yield

40 () (-1

(o0 0)-
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_ _MMQ))“”_ 2(£;Q)
_2B<1 2 fq 2 fo

This inequality implies

. -1/p
B(l_lg(f7Q))1 ! 217
2 fq

or, equivalently,

Q(J{QQ) <2 (1 - B—P/<P—1>) .

Therefore, the function f satisfies inequality (5.1) for

P —p/(p—1)
e=2 1{max<B,1>} <2 0
p—

We conclude this section by one interesting property of functions that
satisfy the Gehring condition.

Theorem 5.28 (Iwaniec, [28]). Let f € L? (R?), p > 1 be a non-negative
function, satisfying the Gehring condition

{@/pr(x)dx} <B@/f dz, QCR? (5.45)

where the constant B > 1 does not depend on the cube Q. Then f is equivalent
to zero on R®.

Proof. Let us assume the contrary. Without loss of generality assume that

fP(x)dz >0
Qo

on the cube Qg = [~1,1]%. Then, by condition (5.45), for any cube Q D Qo
centered in the origin we have

B@/Qf(ac)dxz{mlgl/cgf”(x)d:r};z

{|Q| () d }‘1” —jQI b,

/Qf(sc) dz > 01|Q|17%, (5.46)

Thus
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where ¢; = B~l¢r > 0. Let us show that (5.46) contradicts the condition
ferr (Rd). Since the cube @ is fixed we can construct by induction a
sequence of cubes Qr D Qr—1, k=1,2,... such that

D

9 1
Qx| > (q/k 1f(x) dx) (5.47)

and il ;
k
0\ Q1] < 3 (5.48)
By (5.46),
Q|7 < |Q1’€|/Qk ) de =
1
" T (/Qk\QM fardas [ 1) dx) -
|Qk \ Qr—1] 1
= d -
Qrl  1Qk\ Qk—1] Jo,\0k . v |Ql /k .
Now, using (5.47) and (5.48), we obtain
1
VAT d
@@l Jouar T
@l o L
= |Qr \ Qi1 <Cl @ Qkl Jo,_, f(z) da:) 2
| Qx| -1 G -1 c 1
> G b, (107 -G 1) = Gl >
2 %1 (2)‘? |Qk \ Qk—1|_% =2 |Qk \Qk—1|_% .
Therefore, by the Holder inequality,
P(g) dop — P(2) dr + P(2) do —
]Rdf (z) dz Qof ey Z/Qk\Qk 1f (z)do
- 1
P(x)d [P [ P(2) d
Qof () $+};|Qk \ Qr-1l O\ Q] Joran s fP(x)dx >
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o] 1 p
P(x)d | v d
> | 1@ m+;|c2k\@k 1|<|Qk\Qk_1| o, @) x) >

> /Q ) de+ ) 1Qk \ Qr-1| B 1Qk \ Qra| ' = oo,

k=1

and this completes the proof. 0O

5.1.1 One-Dimensional Case

Let us consider more in detail the case d = 1. If in the proof of Theorem 5.5
instead of Calderén—Zygmund lemma 5.6 we use “rising sun lemma” 1.16,
which is sharper in the one-dimensional case, then we obtain the following
statement.

Theorem 5.29 ([38]). Let f be a non-negative function, summable on Iy C
R. Then

[ Ir@- Ol sror @, o<i<inl (649)
0

Proof. Essentially we will follow the proof of Theorem 5.5. Moreover, in the
present case the calculations are even simpler.

Let us fix some ¢, 0 < ¢t < |Iy|, and apply Lemma 1.16 with o = f**(t). As
the result we obtain a family of pairwise disjoint intervals I; C Iy, j =1,2,...,
such that

1
— / f(z)dz = «, (5.50)
;] J,
f(z) <a foralmostall ze€ly\E, (5.51)

where ¥ = U;>11;. Using Property 2.1, the definition of the rearrangement
f*, formulas (5.50), (5.51) and the monotonicity of v(f; o), we obtain

[ ria—=z [ (f*(u) — ) du =

{us f*(w)>a}

2 [ (@)~ ) do=2 [ (f(z) - a) do =
{z€lp: f(z)>a} {z€lp: f(z)>a}NE

-2y [ (f(a) — ) do =
i>1 {z€l;: f(z)>a}

- — f1,) dz =
Z‘/{wEIj:f(w)>a} (f(z) = f1;) da

Jjz1
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=GR 1) <Y v (HILD ] fr, <

j=1 i>1

<u(f51B) D ] f1, = o |B| - v(f; | E)). (5.52)

Jj=1

On the other hand, (5.50) and the properties of the rearrangement imply

I 1 e
g/o fflu)ydu=f"t)=a= |E|/f E/O fr(w) du

so that |E| < t. Therefore the monotonicity of v(f; o) and (5.52) yield

/|f — W) du < ot (fi),

ie. (5.49). O

We will proceed with the further detalization of the case d = 1 in the
following two directions.

1). Refinement of Theorem 5.7 (i.e. sharpening of the constants in inequal-
ity (5.10)).

2). Refinement of Gurov-Reshetnyak Theorem 5.4.

The next theorem is the refined analog of Theorem 5.7 for the case d = 1.

Theorem 5.30 ([38]). Let f be a non-negative function, summable on
Iy CR. Then

ol
f“@écjnfm<;/ uquf>,o<tShu (5:53)
t

where ¢ = exp(l + e), and in general the coefficient /2 is sharp.

Proof. Let a > 1 (we will find the optimal value of this constant later). Apply-
ing Lemma 2.2 to the function ¢ = f* and using Theorem 5.29, for 0 < ¢ < ||
we have

() -0 it [ 1w roras oo

or, equivalently,
t a
ok - < hd . *% <
(L) < (14 ) 0, o<esinl 65

Let us fix some t € (O, %} and denote s = {ln a-ln u"‘] (here the
square brackets denote the integer part function). By (5.54),
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a) — a )i 2 ' -

<a- roHeXp< (fia ))=a-fzoeXp<gZu(f;a’“t)>. (5.55)

k=0
On the other hand,

akt1t

d
u(f;akt)-lnag/ u(f;a)—a, k=0,1,...,5s—1,
akt g

provided v(f;o) is monotone. Hence, taking into account the inequality
v(f;|lo|) <2, from (5.55) we obtain

o (5) < ffoexp<2lna (Z/ )L w(s |Io|)>> <
1 a ol do
<a- eXP( ) 1o ex <2lna/t V(f;‘ﬂg)-

Since the function 1 (a) = a/lna for a > 1 achieves its minimal value at a = e

we have -
e (S) et rew (; | vt i") (5.56)

where ¢ = exp(1 + e). This, together with the monotonicity of f**, im-
plies (5.53) for 0 <t < @. Ift e (@, |IO|}, then (5.53) follows from (5.56)

because f**(t) < f** (\Io )

It remains to show that the coefficient 2/e in the right-hand side of (5.53)
cannot be decreased. For this let us consider the function fy(x) = In %, 0<
x < [y, where the constant By > 0 is sufficiently small, we will define it later
in Proposition 5.31. In addition, we will show there that

2/e

V(fO;U): 1+11’ll’

0<o<p.

Thus if we put some constant a < £ in the exponent in (5.53), then the

2
right-hand side becomes

Bo do
c: (fO)[O,ﬂo] - exXp (a/t v (fo;0) 0) =
L 2a (P do B
_c(—l—nﬂo)exp e/t 70(14—111%) =
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1 1-2a/e 1 2a/e 1 2a/e
0

On the other hand, f3*(t) =1+ 1n%, 0 < t < (Bp. Comparing this equality
with the previous one, we see that for a < § inequality (5.53) fails. O

Proposition 5.31. For the function f(xz) =In %, 0 < x < By, where By is a
positive constant,

o 2/e

V(f,O')— 1+11’1l’

0<O’Sﬂ0.

Proof. Let us suppose that 5y = e~ where the number M > 1 is to be
defined later. Further, let 0 < ¢ < By and a > 0 be such that a + o < .
Denote I = [a,a + o]. Then

1 [ote 1 1
flzf/ In—dr=1+1n —gln(l—&—g).
a

o x a—+o o a

Let zg = e~ 7. Then ln% = fr and

a0 = o [18@ = filas=2 [7 (wl - 1) ao -

, (1+ g) {exp <ln(1—|—0/a) - 1) - ln(1+a/a)} |

ola o/a
In order to proof the proposition, it is enough to show that
QD) 2/ _ 92(f310.0])

= . 5.97
fr T 141In 1/0’ f[O,a] ( )

Let us denote

_9 5_71
T  1+Inl/c’

Then the conditions 0 < 0 < By =e ™ and a + o < By = e~ become

0<a<+oo,

j< 1 <
1+M+In(1+1) " 1+M

(5.58)

while inequality (5.57) can be rewritten in the following way
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e(l—i—é) [W—exp(@—l)} +1
B I (14 3)

Assume 0 < a < 1. Then, by virtue of (5.58), inequality (5.59) can be
derived from the inequality

e(l—i—é)[w—exp(w—lﬂ—l—l 1
>
Inlre) 4y (14 1) T 14+ M+4+ln(1+2)

> 8. (5.59)

which is equivalent to the following one

In(1+a)
e<1+) 11 ey | kMo
@/ |exp (1— 7n(1a+a)> a 1+M+In(1+1)

Let us prove (5.60). In order to find the upper bound for the left-hand side
of (5.60), set t =1 — w Notice that 0 <t < 1 —In2. Moreover,

1 ~ In(1+a)
exp (1 — 7111(1;0‘)) @

1
:eff+t—1§§t2.

Hence we have the following bound for the left-hand side of (5.60) (we denote
it by L)

2 oo k 2
ea+1 n(l+a) ea+1 k1O
L<- — -1 =
M[ }Mazwk]
k=1
1 k 0 k—2 2
_ea+ ka rOT
2 k=2
Since
i k-2
el 1
> (=1 —| <5 0<ac<l
k=2
we see that v
L<8a(a+1) e

The right-hand side of (5.60) can be estimate as follows

1+ M — nldde) M
1+M+In(1+1) = 1+ M+In(1+21)

Therefore, (5.60) follows from the inequality
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eq M
7 S 1)\°
4 T14+M+In(1+1)

or, which is the same, from
1
In <1+> <—-M-1 (5.61)
!

Inequality (5.61) is valid for @ = 1 whenever M > My, where M; =
(In2+1) /(2 —1). Otherwise, if 0 < a < 1, then (5.61) follows from the
fact that the function

14M 1
ga(oz)Mlln(lJr)
a e o

is decreasing on (0,1). This can be easily checked by calculation of the deriv-
ative of ¢.
In order to prove (5.59) in the case oo > 1 we rewrite it in the following

(o (22) 1)

<In(l+a) {e (1 + Cly) - ﬂ} —afln (1 + ;) — exp <ln(tra)> . (5.62)

Let us estimate the last two terms of the right-hand side. Denote t =
(+9) Then 0 < ¢ < In?2. Using the inequality e/ —1 < &, 0 <t <In2, we

« In2°
have

t In(1 1 In(1
1t e e (U, 1 Ita)
In2 «a In2 «a
1 1
aln<1—|—> <1 <= —6aln(1+> > —f.
! @

Therefore the right-hand side of (5.62) admits the following lower bound

In(1+ «) [e <1+;> —ﬂ] —afln <1+;> — exp (W) >

1 1 In(1
>In(l+a)le(l1+—) -7 _g_1_7M.
« In2 «
To estimate the left-hand side of (5.62) observe that
t t
e <l4+—,0<t<In2.
In2

Hence
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oo (MOFDY ) o 1 mt0) _Wmita)
« In2 « «Q

So, in order to prove (5.62) it is enough to show that

1 In(1+ )

Il +9) 4 q) [e(ui) —ﬁ] _po1- 2

In2 In2 «

or, equivalently,

1+5
In(1+a) > (efﬁ) (1+é)*5.

The proof of (5.63) splits into the following two cases.
1. 1 < a < 2; in this case % <1+ é <2, In(1+ «) > In2. The inequality

(5.63)

In2 >
% (e 11112)
implies that for the sufficiently small 3 (5 < M21+1)
1+ 1+06

In(l+a)>In2> > ,
sle—ma) =B (e—mz)(1+3)-8
and so (5.63) follows.

2. a > 2; in this case 1 + é > 1, In(1+ «) > In3. Since

1

1
€e— In2

In3 >

we have that for any sufficiently small § (ﬁ < M; +1)

1+p 1+p
In(14+«) >1n3 > > )
e-ma A (e—mz)(1+3) -0
and (5.63) follows in this case as well.
Setting M = max(M;, M, M3), we obtain (5.57). O

Let us come back to Gurov—Reshetnyak theorem 5.4. Theorem 5.30 has
the following immediate corollary.

Corollary 5.32 ([38]). Let f be a non-negative function on Iy C R, satisfying

condition (5.1) for some ¢ < 2/e. Then f € LP(Iy) for any p < pj, where
S _ 2.1

Py =pple) = P

Remark 5.33. We have already mentioned (see Remark 5.11) that in Gurov-

Reshetnyak theorem 5.4 the limiting exponent of summability of the func-
tion, satisfying Gurov—Reshetnyak condition (5.1), is equal to py(e,d) = EOT(D

(see (5.12)). Moreover, py(e,d) = O (1) as e — 0+, and this limiting behavior

g
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cannot be improved. In the case d = 1 Corollary 5.32 provides the bigger
limiting exponent of summability: pj(c) = 2 - 2 > py(e,1). The value pj(e) is
the maximal possible also in the sense of equivalence. In what follows we will
derive this fact as a corollary of Theorem 5.34. Moreover, Corollary 5.32 states
that Gurov—Reshetnyak condition (5.1) assures the possibility to increase the
exponent of summability of f only for € < %, and it leaves open the problem
in the case % < e < 2, though the possibility of a certain increment of the
exponent of summability for any € < 2 is provided by Corollary 5.23.

Theorem 5.34 ([34]). Let e, 0 < e < 2 be fized, and let pj = p{(e) > 1 be
a root of the equation
w2

W —_— g. (5.64)
Then

() if f is a non-negative function on Iy C R, satisfying Gurov—Reshetnyak
condition (5.1) with the given €, then

t

—1/py
> L 0<t<|hl, (5.65)
o]

7 < e £ (1Dl - (

where the constant c depends only on €;
(1) there exists a function fy € L([0,1]), satisfying (5.1) such that

tu%.ﬁq@2c>a 0<t<1. (5.66)

Proof. Let us denote

PP
= — Y > ].n

¢(p) =t
It is easy to see, that ¢'(p) > 0, lim,_140 ¢(p) = 1, lim,_ 4 ¢(p) = 400, i.e.
 is continuous and increasing between 1 and 4+oc0. Hence for any €, 0 < £ < 2,
the equation (5.64) has a unique root pjj = p{(e) > 1.

Let us prove (7). As condition (5.1) means that v(f;t) <e, 0 <t < |,
hence, by Theorem 5.29,

L[ 1@ olase @, 0<i<inl

Assume a > 1. According to Lemma 2.2,

t
r(L)-rross: [1rw-rrolas e o

a

so that
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o <t> <(5-ct1)frm 0<i<inl (5.67)

a
2 P(,J,
a:(”po ) > 1.
Po
€+

1)pg = a and hence (5.67) takes the form

Set

Then, by (5.64), we have (%

t "
I () < aPo . (), 0 <t < |l
a
The successive application of this inequality leads to the following one
F* (a7 |Io|) <a/P - (o)), j=1,2,... (5.68)

Ift, 0 <t < |Ip| is given, then we can choose j such that a=7|Io| < t <
a7 Iy|. Then (5.68) yields

£ < £ (@ 0l) < (a9)70 (i) <

o\ /7% ¢\ Mo
. () P o) = e £ (o) ()
t | o]

/

with ¢ = al/P0 = p,z,)o 7. Clearly, ¢ depends only on e.
0

In order to prove (ii), denote ¢ = p{] and set fo(x) = x~/9 + B with
B:q%l.ThenforO<t§1

t -1
Y9 (L) :tl/q-%/ folz)dx = /1. (i /(11 —|—B> >4 =g,
0 T
so that (5.66) holds true. It remains to show that the function fy satisfies
condition (5.1).

Denote g(z) = 279, > 0. Let I C [0,1]. If (fo)r < (fo)jo,1), then
we choose h, 0 < h < 1, such that (fo); = (fo)jo,n)- According to Prop-
erty 2.15, the monotonicity of fy on [0,h] implies £2(fo; 1) < £2(fo; [0, h]).
Further, £2(fo;[0,h]) = £2(g; [0, h]). Since, as it was shown in Example 2.28,

-2
. . 71/q (q - 1)q
Q(Q? [07 h]) =2h qq_l
we have
- (g=1)""2 _
Q(foiD) _ Agifo,n)) 2070 T (¢ -7

<2. =g,

(o) — ow  H VL5 +B " g1
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where the last equality follows from (5.64). In the case (fo)r > (fo)[,1] one
can find h > 1 such that (fo); = (fo)[o,n)- Then the same arguments lead to
the inequality

2(for 1) = (g:1) < 2g: 0, ) =2hVa . L=V
(-1 ¢

¢ q-1
Therefore, (5.1) is true for all intervals I C [0,1]. O

<2 e-B<e-(fo);-

Using the same arguments as in the proof of Proposition 5.9, from part
(i) of Theorem 5.34 we immediately obtain the following one-dimensional
Gurov—Reshetnyak theorem 5.4 with exact limiting exponent of summability.

Corollary 5.35 ([34]). Let f be a non-negative function on Iy C R, satisfying

the condition
Qf 1) <e-fr, 1IClIy,

for some € < 2. Then f satisfies the Gehring inequality

1 tr 1
{m/lfp(x)dx} Sc-m/[f(m)dﬂc, IC Iy,

for any p < py, where pj = py(e) > 1 is a root of equation (5.64), and the
constant ¢ = c¢(e,p) depends only on € and p (for example, one can take

(pg)ﬂrl/p

L
On the other hand, part (i4) of Theorem 5.34 shows, that in general the
limiting exponent p{ in Corollary 5.35 cannot be increased.

C =

Remark 5.36. It is easy to see that the root pj (¢) of equation (5.64) satisfies

the following relations:
2 2
e

1
py(e) > and pi(e)~=-=, e—0+.
e €

™ | =

Therefore Corollary 5.35 revises Corollary 5.32. On the other hand, since the
value p{j(g) is the maximal possible in Corollary 5.35 it follows that, as we
mentioned in Remark 5.33, the exponent of summability pj(e) = %é, obtained
in Corollary 5.32, is equivalent to the maximal exponent p{(g) as € — 0+.

5.1.2 Anisotropic Case

Let us come back to the multidimensional case. By analogy with BMO®-
class, let us define the anisotropic Gurov-Reshetnyak class GR® = GRE(e) =
GR% (e, Ry) as a class of all functions f that are non-negative on the segment
Ry C R? and satisfy the Gurov-Reshetnyak condition
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.Q(f, R) <e- fR7 R C Ry, (569)

where the constant ¢, 0 < ¢ < 2, does not depend on R. Clearly, GR®(e) C
GR(e) for any € € (0,2). The following example shows that in general the
opposite inclusion is not true.

Example 5.37. For a given ¢ € (0,2) let us construct a function from
the Gurov—Reshetnyak class GR(g), which does not belong GR(g,) for any
g1 < 2.

As in Example 2.32, we set

F@) =Y Xoarrpxfo, 1] @), 7= (@1,22) € (0,17 = Qo.
k=1
In Example 2.32 it was already shown that f € BMO (Qo). Therefore there
exists B such that £2(f;Q) < B for any cube @ C Q. Choose some ¢ € (0,2)
and set g(x) = f(x) + 2, 2 € Qo. Then

2(9:Q) _ 2(f;Q) B

< <e
B — B —
9Q fot 2 “fot+ 2

so that the function g satisfies Gurov—Reshetnyak condition (5.1), i.e. g €

GR (Ea QO)
On the other hand, let us show that g ¢ GRE(e;) for any &1 < 2. For this
we will use the following inequalities obtained in Example 2.32 (k > 100):

) QCQ07

k %)
1 1
Lp=[n(k+1)] <ln(k+1) < fr, = > g*E 275 <2+ 1nk,
s=1

s+k

s=1
Q(f;Ry) > 2L —2 —2In (L +1).
Here R = [0724”1] x [0, 1]. Thus

2(g; Re)  2(f; Re) >2L;€—2—21n(Lk+1) 2lnk —2Inlnk
IRy fr,+Z2 7 2+Ink+ 2 Ink

—

as k — oo. Hence the function g does not belong to the Gurov-Reshetnyak
class GRE(gy) for any g1 < 2. O

Let Ry C R? be a segment, and let f be a non-negative function on R.

Define
Q(f; R)

<o [frR

0<o< |]{0|7
where the supremum is taken over all segments R C Ry of measure smaller
than o. As before, if fp = 0, then we assume % =0.

Theorem 5.38 ([43]). Let f be a non-negative function, summable on the
segment Ry C R?. Then
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/|f O du < VR(fi0) - FHH), 0<t<|Rol  (5.70)

Proof. We will follow the same way as in the proof of Theorem 5.29. Fix
t, 0 <t < |Rpl|, and apply Lemma 1.30 with & = f**(¢). Then we obtain at
most countable family of segments R; C Ry, j =1,2,... such that

)
— f(z)dx = a, (5.71)
|R;| Jr,
f(z) <a for almost all z € Ry \ E, (5.72)
where F = U;>1 R;. Hence
[ e - au=2 ()~ ) du =
{u: f*(u)>a}

—2 | (@) =) do =2 (f(z) - ) do =
{w€Ro: f(z)>a} {v€R0: f(2)>a}NE

=2 ) de =
Z/{wERj: f(z)>a} (f(x) a) !

jz1

=9 — ) dx =
Z/{IGRj: flz)>a} (f(x) fR]) v

jz1

=D IR Q(f; Ry) <Y v (fi|R;|) IRy| - fr, <

j=>1 ji>1

<vR(HIE) D IR| - fr, = o |E|-vB(f;]E)).

j=1

But (5.71) implies

1 [t . _ B 1 |E| .
;/0 [ru)du= f(t) =a= |E|/f E/o f*(u)du, (5.73)

so that |E| < t. Therefore, using the monotonicity of v%(f; o), from (5.73) we
get

/|f W) du<a-t-v (f;t). O

Theorem 5.39 ([43]). Let ¢, 0 < & < 2 be given, and assume that pj =
py(e) > 1 is a root of equation (5.64). Then
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(i) if f is non-negative on the segment Ry C RY and satisfies Gurov—
Reshetnyak condition (5.69) with the given €, then

t

—1/pg
- . 0<t<|Ryl, 5.74
) Rl (57)

) < e £ (|Rol) - (

where the constant ¢ depends only on e;
(it) there exists a function fo € L ([0, 1}d), satisfying (5.69) such that

tP L et (t) > >0, 0<t<I

Proof. For the prof of (i) we will use Theorem 5.38. Condition (5.69) implies
that vR(f;t) <e, 0 <t <|Rg|, and so (5.70) becomes

1 ¢ * Kok ok
[ -l o, 0<e<in.
0
Further, as in the proof of Theorem 5.34, for a = (p{j/ (py — 1))1’3 > 1

t
£ () < (g et 1) £, 0<t<|Ro|.
a
Now the same arguments as in the proof of Theorem 5.34 lead to (5.74).
Part (i) can be proved in the same way as part (i) of Theorem 5.34.
Indeed, it is enough to consider the function

/!

Po
pg—1’

fo (ml,...,wd) = x;l/po + ($17...,l‘d) S [0, 1}d. O

Let d > 1. Fix some segment Ry C R%. The application of Theorem 5.39 to
an arbitrary segment R C Ry immediately leads to the following multidimen-
stonal analog of the Gurov—Reshetnyak theorem with exact limiting exponent
of summability.

Corollary 5.40. Let f be a non-negative function on the segment Ry C R?
such that
Qf;R) <e-fr, RCRo,

for some € < 2. Then
(1) f satisfies the Gehring inequality

1/p
{;H/pr(x)dx} <c~|1R|/Rf(9c)dx, R C Ry,

for any p < p{, where p{(g) > 1 is a root of equation (5.64) and the constant
¢ = c(e,p) depends only on £ and p;
(i) the value of py in (i) cannot be increased.
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5.2 Embedding in the Muckenhoupt Class

By analogy with the Gehring class, let us consider the class A; = A,(C) of
the non-negative functions f, satisfying the reverse Hélder inequality with the
negative exponent

qg—1
Lol [ el <o gcon 6

Here the cube Qy C R? is fixed, and the constants ¢, C > 1 do not de-
pend on the cube @ C Q. Condition (5.75) is called the A,-Muckenhoupt
condition ([59]). The classes of Muckenhoupt functions are closely related to
Gehring classes. Namely, every Gehring class is contained in some Mucken-
houpt class and vice versa (see [8, 72]). In Section 5.1 we saw that Gehring
condition (5.14) is equivalent to Gurov-Reshetnyak condition (5.1). Therefore
Muckenhoupt condition (5.75) is also equivalent to Gurov—Reshetnyak condi-
tion (5.1). Here we will give the direct proof of this fact. First we prove that
every Muckenhoupt class is contained in some Gurov—Reshetnyak class.

Theorem 5.41 ([43]). Let f be a non-negative function on the cube Qo C RY,
satisfying Muckenhoupt condition (5.75) for some q,C > 1. Then f belongs
to the Gurov-Reshetnyak class GR(e) withe =2 (1 — (¢C)™1), 0 <e < 2.

Proof. Fix some cube Q) C Qp. Due to condition (5.75), for 0 < u < 1 we have

~(a-1)
fQSC{;'/Qfl/(QI)(x)dx} T

@l e
=c{@2| / (fxcz)*l/(ql)(t)dt} <

u\Q\ *(qfl)
<C {1 / (fxQ). Y (1) dt} < C(fxq), (WQ]) - u=b.

Q|
Thus,
1 £\t
()= Gha (i)~ 0<e<lal
Therefore, according to Property 2.1,
2
QfQ) = (fo — f(z)) da =

QI Jizeq: fx)<fa)
2

el Jfo—(f N t)) dt <
Q| {te(0,1Q)): (fXQ)*(thQ}( o — (fxq) ())
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) el e

This means that f € GR(e), where e =2 (1 — (¢C)™') <2. O

Now let us prove that every Gehring class is contained in some Muckenhoupt
class. This fact, joined to Theorem 5.41 and the results of Section 5.1, will com-
plete the proof of the equivalence of the Gurov—Reshetnyak and Muckenhoupt
classes.

Theorem 5.42 (Coifman, Fefferman, [8]). Let f be a non-negative func-
tion on the cube Qo C R, satisfying the Gehring condition

{612|/pr(x) dx}l/p < B~@A)f(x) dr, QCQo (5.76)

for some p, B > 1. Then there exist q, C > 1, which depend only on p, B
and d such that Muckenhoupt inequality (5.75) holds true.

In [8] this theorem was obtain as a consequence of a series of propositions.
Here we reconstruct the original proof from [8]. First we need some auxiliary
lemmas (see [8]).

Lemma 5.43. Let f be a non-negative function on the cube Qo C RY, sat-
isfying Gehring condition (5.76). Then for every 0, 0 < 0 < 1, there exists
o, 0 <o <1 such that for any cube Q C Qo and for any measurable subset
E C Q the condition LB > 1 — o implies

(9]
Jg f(x)dx
fQ f(x)dx

>1-9. (5.77)

Proof. Let 6, 0 < 6 < 1 and set 0 = (%)p/(pfl) ,0<o<1l.Let By CQbea

measurable set such that “%‘I < 0. Then, by the Holder inequality, from (5.76)

we obtain

1
QI JE,

L D Up{ 1 p/(p—1) }(p_l)/p
§{|Q/Qf (sc)dw} |Q|/><E1 (z)dx <
‘E |>(p—1)/p L
|Q|/f <|Q| S9|@/Qf("3)dg”

|E1‘ 0 p/(p—1) fEl f(x)dx
el <( ) = f@d

1
fla)de = /Q F(@)xe, () de <

So,
<é. (5.78)
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Now consider the measurable set £ C Q, |E| > (1 - (%)p/(pil)) |Q|. Denote
E;=Q\ E. Then

p/(p—1)
E1|—1—E|<(9> ,

el eI~ \B

so that, by virtue of (5.78),

Jp [ (@) da 1_ fEl f(z)dx

o f@d T f@de -

Lemma 5.44. Let f be a non-negative function on the cube Qo C R?, satis-
fying Gehring condition (5.76). Then for any 6, 0 < 0 < 1, and for any cube
Q C Qo

1
/ fla)de < —— /{ o F@)de.  (5.79)

Bp/(p—1)
Q Sel/(P*U fQ}

Proof. For o, defined in the previous lemma, set

or (YT gy
B B = Br/—D

and denote

E’:{meQ: f(x)>fﬂQ}.

Then condition (5.76) implies
_ 1/p
1 |E/>w_1 Ry <1> ’
7 (7 ARG
1 [ 1 1 \7* 11 1 \7?
<J“Q{|Q|//(f(m)> dx} <fQ{|@/Q(f<x>) dﬂ”} -

fa \1Ql Jq
ie.,
|E'|
< (BB =0
Q|
Denote E = qz € Q: f(x) < %‘Q} Then % =1- ‘Igl‘ > 1— ¢ and from

(5.77) we obtain
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Jp f(x)dx S1-0,
I, f@) do
which is equivalent to (5.79). O

Lemma 5.45. Let f be a non-negative function on the cube Qo C R?, satis-
fying Gehring condition (5.76). Then for any 6, 0 < 8 < 1, and for any cube
Q1 C Q C Q such that |Q1] =¢|Q|, 0 <t <1,

(2)dz > (1 —9)(1“%)/(1“ﬁ)+1/ (@) da, (5.80)
Q1 Q

where o is defined in Lemma 5.43.

Proof. Consider the cubes Q1 C @ C Qo, |Q1] = t|Q], 0 < t < 1. Let us
construct the cubes Q1 C Q2 C -+ C Q C @ such that |Q;| > (1—0)|Qi+1],
i=1,...,k—1, |Qk] > (1 —0)|Q|. Then

2 k
@< el < (125) el =< (155) 1,

1—0

where k is chosen in such a way that (1 — o)t <t < (1 —0)*, ie.

Int

k< ———— < k+1

_ln(1—0)< b
1n%

k= — |+ 1
ln—l_a

Then, by Lemma 5.43,

(x)dx > (1—0) f(:v)oi;v2~--2(1—9)k/f(ac)alac7
Q1 Q2 Q

fl@)de > (1 fa)(ln%)/(lnﬁw/ fz)de. O
Q1 Q

The next lemma is similar to Calderén-Zygmund lemma 1.14. But unlikely
the Calderéon-Zygmund lemma, the Gehring condition in this case is essential.

Lemma 5.46. Let f be a non-negative function on the cube Qo C R?, satis-
fying Gehring condition (5.76). Then for any cube Q C Qo and any X > %
there exists a collection of cubes Q; C Q, j = 1,2,..., with pairwise disjoint
interiors such that

1 1 1
f(z) > % for almost all = € Qo \ U Q; |, (5.82)

Jj=1

where 6 = §(B,0,d) > 0.
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Proof. Fix some cube Q C Q. Let us partition @ into 2¢ congruent cubes,
dividing in halves each side of the cube . Assume that Q' is one of the
obtained cubes. If for > +, then we partition the cube Q' again in the next
step. Otherwise, if for < &, then we assign to Q' the next number j. Then,

taking into account the equality |‘QQ‘| =277 and (5.80), we have
1 d
f( )dr =2 f( ) dz

Q' IQI

C(m29)/(n )41 1 Dde s st
> 91 (1 — g)(n2")/( |Q|/Qf( do > 55

where § = 2¢ (1 — 9)0“2(1)/(1“&)—Irl and o is defined in Lemma 5.43. This
means that the left inequality of (5.81) holds true. Sorting out all cubes @ in
this way, we pass to the next step.

As the result of the described process we obtain a collection of cubes @;
with pairwise disjoint interiors, which satisfy (5.81). Let € @\ (Uj21 Qj).

Then one can choose a sequence of cubes @;, contractible to x such that
fa, > 1. Then (5.82) follows from Lebesgue theorem 1.1. O

Proof of Theorem 5.42. Fix an arbitrary 6,0 < 8 < 1. Let Q C Qg, and assume
that § is as defined in Lemma 5.46 and A > %. Now we apply successively

condition (5.82), the left inequality of (5.81), condition (5.79) and the right
inequality of (5.81). Then

erQ f(x H > olQsl < AZ/f ) da <

j>1 Jjz1
; / f(x)dx <
=51 1/ {weqs @< B 1o, }
1 / flx)de <
5 zeQ] f(1)<§f//<(::11)) i}
1
57 /er f(= )<§f//<(5 11)) i} f(x) " (5.83)

provided the interiors of the cubes @);, obtained in Lemma 5.46, are pairwise
disjoint. Now let 0 < & < 1 (we will choose it later). Then (5.83) yields

o0 1
Pt P T —— > | d)
/wQ { €@ Ty H =

1 o0
7/ )\5/ ) f@)ded\ <
—0Jyye Heeo: pm<m= 1}

ol/(p—1) A

IN
Sl
—




IN
SN
—_

(x)dzd) =
pl/(p—1)
Bp/(p—1)
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>

1 oo
=R/
-0 0 {IEQ: He)

e (Bp/p ; ) / /
=-— z) dz du. (5.84)
51—0\ 6Y/-1) 2€0: f(m)>u}

Applying the Fubini theorem to the integral in the right-hand side, we get

- 1/f(z)
/0 " /{zeQ; f(ll)>u}f(x)dmduz/Qf(JU)/O u® dudr =
1 1 1+e 1 .
:l-l—e/Qf(x)(f(x)> dx:m/Qf (z) da

Therefore, (5.84) implies

- Aet { : L )\}'d)\
/1/fQ Teq f($)> =

1 1 Br/e-DN\'T" 4
<——— [ —— - —c . .
51-9(91/@1)) 1+5/Qf () dar (5.85)

Transforming the left-hand side of (5.85) we get

/1/0;)\6 {zEQ %) )\}'dA_

1/fa
:7/]” dx—/ P
e

The last integral can be estimated as follows:
1
{xEQ: >/\Hd)\§

1/fq e
/ 0

1/fo e
<ol [Tt () = Blie

{:z: €Q: % > )\}' dA. (5.86)
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so that (5.86) becomes

T L o
/1/fQ)\ {xe@. f(x)>)\}‘d)\>€/Qf (x)dz

Substitution of this estimate into (5.85) gives

1 1 1 /Br/e-o\'T 4 B Q.
<5_61—9<91/(P1)> 1+5>/Qf (@)dr < == (fo) ", (5.87)

where € > 0 is so small, that

Q| . \—e
- (fo) -

111 (BP/(PU)HE 1

A= Tsia\ee ) Tie 0
From (5.87) it follows that
1 . 1 (1 =
@'/Qf () d < Clg{@'/Qf(x)dx} . (5.88)
Setting € = q%l, i.e. ¢ =1+ 1, we rewrite (5.88) in the form

R s {1 }1”‘“)
|@Af <mm<quméﬂ@m 7

or, equivalently,

|Ql|/Qf(x)dx{Klg|/Qf1/(q1)(x)dx}ql ; <011€>q1

and this completes the proof of Muckenhoupt inequality (5.75). O

Il
Q

5.2.1 One-Dimensional Case

Theorem 5.47 ([43]). Let f be a non-negative function on Iy C R, satisfying
Gurov—Reshetnyak condition (5.1) for some e, 0 < e < 2. Then

t
V@ @ duse f, 0<t<inl Gs0)
0

Proof. Fix some t € (0, |Iy|] and let o = fix(t) < f1,. Using Lemma 1.18, let
us construct a collection of pairwise disjoint intervals I;, j = 1,2,..., such
that

|11j| /1 F(2)dz = a, (5.90)
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f(z) > a for almost all z € ly\E, (5.91)
where E = Uj21]j~ By (590)7

1 t

|E|

|E|Z/f )= g 10> g [

This implies |E| < t, provided f, is monotone. Hence, by (5.91) and (5.1),

/ o) — fur(t)] du =2 / (for(t) = fu(u) du =
{w: fu(u)<fuu(t)}

:2/ (fex(t) — dm—/|f — fax(t)| dz =
{z€lo: f(x)<fax(t)}

fZ/ F@) = fr| do < eSO 1, = foul B < et (),
7j>1 ji>1
and inequality (5.89) follows. O

The next theorem is the analog of Theorem 5.34 for the exact embedding
of the Gurov—Reshetnyak class in the Muckenhoupt class.

Theorem 5.48 ([43]). Let e, 0 < e < 2, and let ¢f = qg(e) > 1 be a root of
the equation

(q—1)g =D = % (5.92)

Then
(1) if f is a non-negative function on Iy C R, satisfying Gurov—Reshetnyak
condition (5.1) with the given €, then

ol ()
fe@z e f(nd (B) L o<esinl, sy

where the constant ¢ > 0 depends only on €;

(9) there exists fo € L([0,1]), which satisfies (5.1), and such that
(fo)u () Sext®™', 0<t<1, (5.94)

where the constant ¢1 does not depend on t.
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Proof. The function

o(q) = (¢g—1g~ =D ¢>1,

is continuous on (1,+00), limy—140¢(g) = 0 and lim,_, 4 ¢(g) = 1. More-
over, the analysis of the derivative shows that ¢ is strictly increasing on
(1, 4+00). These properties of ¢ imply that for any e, 0 < & < 2, equation (5.92)
has a unique root ¢j = ¢qj(¢) > 1.

Let us prove (i). Applying Theorem 5.47 and Lemma 2.3 to the function
[+, for a > 1 we have

Fax(t) = fux <) > Qt/ |fe(u) = fau( )|du§%f**(t), 0 <t < |,

or, equivalently,

t
o (a> (177) Furlt), 0<t<|lo|. (5.95)
Later we will choose the constant ¢ > 1 in such a way, that
1- £ >0 (5.96)
2
By (5.95),
for @10l > (1= %Y funh, j=12..  (597)
Let g§ > 1 be the root of equation (5.92). Set a = (q(’]’)l/(qg*l) > 1. Then
" 7 " 1
1= =1 )Y (g - ) () ) = >0,
0

so that (5.96) follows. In addition,

ag\ /(a5 ~1) m—1/(qy—1) 1
(1-%) = (@) =4

and hence (5.97) can be rewritten in the following form

For (@7 1)) > (@)~ fr =12, (5.98)

Now for the given t € (0, |Io|] we choose j > 1 such that a7 |[Ij] < t <
a9+ |Iy|. Then from (5.98), by virtue of the monotonicity of f.., we get

, (- , —(a5-1)
f**(t) > fax (a_] |IO|) > (a]) (qo 1) ro > ai(qo 71) (|ItO|> f107
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which is exactly (5.93) with ¢ = af(qg*l), i.e., ¢ depends only on €.

Let us prove (i7). Assume 0 < ¢ < 2 and let ¢j > 1 be defined by (5.92). Set
a = qj —1 > 0. Clearly, the function f(z) = z%, 0 <z < 1 satisfies (5.94).
Therefore it remains to show that f € GR(e), i.e., it remains to check the
inequality (5.1).

Consider an arbitrary I C [0, 1]. Let us choose ¢ > 0 such that J = [0,¢] D I
and f; = fr. Then, by Property 2.15,

()7 QD) < ()7 20f50) = (fon)  20f:[0,1]) =

= 2a(a+ 1)/ = 2 gy — 1) () E /) =,
and this completes the proof of the theorem. 0O
Part (i) of Theorem 5.48 has the following corollary.
Corollary 5.49 ([43]). Let f be a non-negative function on Iy C R such that

Qf 1) <e-fr, IClIy,

for some € < 2. Then f satisfies the Muckenhoupt inequality

a—1
o [f@a{ g [rewal < 1en )
I I

for any q > qf, where q = ¢(€) > 1 is a root of equation (5.92), and the
constant ¢ depends only on € and q.

Proof. Clearly, it is enough to give the proof for the case I = Iy. Let ¢ > ¢f).
Then for 0 < ¢ < |Iy| from (5.93) we obtain

Fa V) < gla-1)/(a-D) <|10| (fr) M@0

t

>((16/—1)/(q—1)

where a = a(e) is defined in the proof of Theorem 5.47. Integrating from 0 to

|Io| we find
ol

FM @y dt < e |Io| (fr,) MY,
0

where ¢; = a(q()/*l)/(q*l)(q —1)/ (g — ¢ff) depends only on ¢ and e. Therefore

1 LY L P
o | @ e = o [ e gar <
ol J1, Lol Jo

1 ol o
S m/ f**l/(q 1)(t)dt§cl (flo) 1/(q 1).
0

The last inequality implies (5.99) with ¢ = c‘fﬁl, which depends only on £ and
q. O
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Remark 5.50. Part (i¢) of Theorem 5.48 implies that for ¢ = ¢ Corol-
lary 5.49 fails.

" —

Remark 5.51. From equation (5.92) it is easy to see, that for ¢j = ¢/ (¢) and
e—0 5
"~ j
do o

Remark 5.52. Set ¢ = ;£5. Then equation (5.92) becomes

p* 2

PRS-

This is exactly equation (5.64). It defines the limiting exponent of Gehring
class, containing a function which satisfies the Gurov—Reshetnyak condition.

5.2.2 Anisotropic Case

For d > 2 one can prove the following analog of Theorem 5.47.

Theorem 5.53 ([46]). Let f be a non-negative function on the segment Ry C
R?, satisfying Gurov-Reshetnyak condition (5.69) for somee, 0 < & < 2. Then

t
%/umwwmmM§emm,o«smw (5.100)
0

Proof. Essentially it is enough to repeat the proof of Theorem 5.47 with the
only difference that now, instead of one-dimensional Lemma 1.18, one has
to apply Lemma 1.31, obtaining the following analogs of (5.90) and (5.91)
respectively

1
& flx)de=0a, j=1,2,..., (5.101)
jl JR;
f(z) > a for almost all = € Ry \ E. (5.102)

Here F = U;j>1R; and the interiors of the segments R; C Ry are pairwise
disjoint. The rest of the proof just repeats the proof of Theorem 5.47. O

As in the case d = 1, Theorem 5.53 implies the following results.

Theorem 5.54 ([46]). Let e, 0 < e < 2 be given, and let ¢f = q¢{j(e) > 1 be
a root of the equation

(q—1)g 7@ = g (5.103)

Then
(i) if f is a non-negative function on the segment Ry C R?, satisfying
Gurov—Reshetnyak condition (5.69) with some given e, then
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| Ro

()
Fez e ) () 0o < ml,

where the constant ¢ > 0 depends only on €;
(i1) there exists fo € L(]0,1]%), satisfying (5.69) such that

(fo),, () <ert®@ =1 0<t<1,

where ¢1 does not depend on t.

Corollary 5.55 ([46]). Let f be a non-negative function on the segment
Ry C R? such that
Q(f7R)§€fR7 RCROa

for some € < 2. Then f verifies the Muckenhoupt inequality

q—1
ulﬂ/f(x)dx{A/f—l/(q—l)(x)dx} <e¢, R C Ry,
R R

for any q > q, where ¢f = q{/(¢) > 1 is a root of equation (5.103), while the
constant ¢ depends only on € and q.

Remark 5.56. Part (i7) of Theorem 5.54 implies that for ¢ = ¢ Corol-
lary 5.55 fails.
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