Preface

The present monograph is a revised and augmented edition to Direct Methods
in the Calculus of Variations [179] which is now out of print. The core and the
structure of the present book are essentially the one of [179], although it has now
almost doubled its size. While writing the present volume, it clearly appeared to
me that a new subject has emerged and that it deserves to be called “quasiconvex
analysis”. This name, of course, refers to “convex analysis”, although the new
subject is still in its infancy when compared with the classical one.

The calculus of variations is an immense and very active field. It is therefore,
when writing a book, necessary to make a severe selection. This was already
the case for [179] and is even more so for this new edition. Rather than super-
ficially covering a lot of materials, I preferred to privilege only some aspects
of the field. Here are some main features of the book. I strongly emphasized
the resemblances between convex and quasiconvex analysis as well as the “alge-
braic” aspect of the field, notably through the determinants and singular values.
Besides the classical results on lower semicontinuity and relaxation, an impor-
tant feature of the monograph is the emphasis on the existence of minimizers
for non convex problems.

In doing so I missed several important aspects of the calculus of vari-
ations such as regularity theory, study of stationary points, existence and
relaxation in BV spaces, minimal surfaces, Young measures and the mathe-
matical study of microstructures, I' convergence and homogenization. How-
ever there are already several excellent books on these subjects, some of
them very classical, such as: Almgren [18], Ambrosio-Fusco-Pallara [25],
Braides-Defranceschi [101], Buttazzo [112], Buttazzo-Giaquinta-Hildebrandt
[117], Dal Maso [217], Dierkes-Hildebrandt-Kiister-Wohlrab [248], Dolzmann
[249], Ekeland [263], Ekeland-Temam [264], Evans [271], Fonseca-Leoni [284],
Giaquinta [307], Giaquinta-Hildebrandt [309], Giaquinta-Modica-Soucek [312],
Gilbarg-Trudinger [313], Giusti [315], [316], Ladyzhenskaya-Uraltseva [388],
Mawhin-Willem [440], Morrey [455], Miiller [462], Nitsche [476], Pedregal [492],
Roubicek [517] or Struwe [546], [547]. I have also added in the bibliography
several articles which present important developments that I did not discuss in
the present monograph, but are still closely related.

For a reader not very familiar with the calculus of variations, it might be
advisable to start with an introductory book such as [180], which could be con-
sidered as a companion to the present one. Nevertheless, the present monograph,
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which is essentially a reference book on the subject of quasiconvex analysis, can
be used, as was [179], for an advanced course on the calculus of variations.

I would next like to reiterate my thanks to the people who helped me while
writing the earlier version [179], namely J.M. Ball, L. Boccardo, P. Ciarlet,
I. Ekeland, J.C. Evard, B. Kawohl, P. Marcellini, J. Moser, C.A. Stuart,
E. Zehnder and B. Zwahlen.

However, since then I have benefited of many other important discussions.
Surely the most influential ones were with P. Marcellini, with whom I have a long
standing collaboration. We have written together several articles and a book
[202], which helped me in writing Part IIT of the present monograph. I want also
to recall fruitful discussions with E. Acerbi, J.J. Alibert, N. Ansini, G. Aubert,
S. Bandyopadhyay, A.C. Barroso, H. Brézis, G. Buttazzo, P. Cardaliaguet,
A. Cellina, G. Croce, G. Dal Maso, F. De Blasi, E. De Giorgi, O. Dosly,
J. Douchet, A. Ferriero, I. Fonseca, N. Fusco, W. Gangbo, N. Georgy,
F. Gianetti, J.P. Haeberly, H. Hartwig, S. Hildebrandt, T. Iwaniec, O. Kneuss,
H. Koshigoe, P.L. Lions, J. Maly, P. Maréchal, A. Martinaglia, E. Mascolo,
J. Matias, P. Metzener, G. Mingione, G. Modica, S. Miiller, F. Murat,
G. Pianigiani, G. Pisante, L. Poggiolini, A.M. Ribeiro, N. Rochat, C. Sbordone,
K.D. Semmler, V. Sverak, M. Sychev, R. Tahraoui, C. Tanteri, L. Tartar,
M. Troyanov and K. Zhang.

My thanks also go to Mme. G. Rime, who typed the manuscript of [179],
and to Mme. M.F. De Carmine, who typed an earlier version of the present
monograph. Finally, M. Héagler and C. Hebeisen prepared for me all the figures
included in the book.

During the past several years, I have benefited from grants from the Fonds
National Suisse and the Troisieme Cycle Romand. Of course, particular thanks
go to the Section de Mathématiques of the Ecole Polytechnique Fédérale de
Lausanne.
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