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Homogenization for ODEs and SDEs

11.1 Introduction

In this chapter we continue our study of systems of SDEs with two widely separated
characteristic time scales. The setting is similar to the one considered in the previous
chapter. The difference is that in this chapter we seek to derive an effective equation
describing dynamics on the longer, diffusive time scale. This is the time scale of
interest when the effective drift F'(z) defined in Equation (10.3.1) vanishes due, for
example, to the symmetries of the problem. The vanishing of the effective drift is
captured in the centering condition; see Equation (11.2.5). In contrast to the case
considered in the previous chapter, in the diffusive time scale the effective equation
is stochastic, even when noise does not act directly on the slow variables, that is,
even when a(z,y) = 0 in Equation (11.2.1).

In Section 11.2 we present the SDEs that we will analyze in this chapter. Section
11.3 contains the simplified equations, which we derive in Section 11.4. In Section
11.5 we describe various properties of the simplified equations. The derivation as-
sumes that the fast process to be eliminated is stochastic. In Section 11.6 we show
how the deterministic case can be handled. In Section 11.7 we present various ap-
plications of the theory developed in this chapter: the case where the fast process
is of Ornstein—Uhlenbeck type is in Section 11.7.1 and the case where the fast pro-
cess is a chaotic deterministic process is in Section 11.7.2. Deriving the Stratonovich
stochastic integral as the limit of smooth approximations to white noise is consid-
ered in Section 11.7.3; Stokes’ law is studied in Section 11.7.4. The Green—Kubo
formula from statistical mechanics is derived in Section 11.7.5. The case where the
stochastic integral in the limiting equation can be interpreted in neither the It nor the
Stratonovich sense in considered in Section 11.7.6. Lévy area corrections are studied
in Section 11.7.7. Various extensions of the results presented in this chapter, together
with bibliographical remarks, are presented in Section 11.8.
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11.2 Full Equations

Consider the SDEs
de 1 dU
o gfo(ﬂf,y) + fi(z,y) + a($7y)E> z(0) = o, (11.2.1a)
dy 1 1 av
7 = 2@y + 2B y)— y(0) =y (11.2.1b)

Here U and V are indepenent standard Brownian motions. Both the = and y equa-

tions contain fast dynamics, but the dynamics in y is an order of magnitude faster

than in z. As discussed in Sections 4.1 and 6.1 x € X,y € YV,and X Y = Z.
For Equation (11.2.1), the backward Kolmogorov Equation (6.3.4) with ¢ =

é(x) is!

1 1
% = ?ﬁov + gﬁlv + Lov, for (x,y,t) € X x Y x RT, (11.2.2a)
v=¢(zx), for (z,y,t) € X xY x{0}, (11.2.2b)
where
1
Lo=g-Vy+5B:V,V,, (11.2.3a)
L1 = fo-Va, (11.2.3b)
1
Lo=f1-V,+ §A :VaVa, (11.2.3¢c)
with

Az, y) = a(z,y)a(z,y)",
B(l‘,y) = ﬁ(x’y)ﬁ<x’y)T

By using the method of multiple scales we eliminate the y dependence in this Kol-
mogorov equation, to identify a simplified equation for the dynamics of x alone.

In terms of the generator Ly, which is viewed as a differential operator in y,
in which x appears as a parameter, the natural ergodicity assumption to make for
variable elimination is the statement that £, has one-dimensional null space charac-
terized by

Lol(y) =0, (11.2.4a)

LEp™(y;z) = 0. (11.2.4b)

Here 1(y) denotes constants in y and p°°(y; x) is the density of an ergodic measure
wz(dy) = p™(y;x)dy. We also assume that fy(z,y) averages to zero under this
measure, so that the centering condition

! For simplicity we will take the initial condition of the backward Kolmogorov equation to
be independent of y. This is not necessary. See the discussion in Section 11.8
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/ fo(z,y)pe(dy) =0 Ve X (11.2.5)
Yy

holds. It can then be shown that the term involving fj in the = equation will, in the
limit € — 0, give rise to O(1) effective drift and noise contributions in an approxi-
mate equation for z.

As in the previous chapter, in the case where ) = T, the operators Lo and L] are
equipped with periodic boundary conditions. Then, assuming that B(x, y) is strictly
positive definite, uniformly in (z,y) € X x T¢, Theorem 6.16 justifies the statement
that the null space of L is one-dimensional. In more general situations, such as when
Y =R%orB (z,y) is degenerate, similar rigorous justifications are possible, but the
functional setting is more complicated, typically employing weighted LP-spaces that
characterize the decay of the invariant density at infinity.

When ) = T and B(z, y) is strictly positive definite, Theorem 7.9 also applies,
and we have a solvability theory for Poisson equations of the form

—Lob = h. (11.2.6)

In particular, the equation has a solution if and only if the right-hand side of the pre-
ceding equation is centered with respect to the invariant measure of the fast process

pa(dy):
/ hz,y) p(dy) =0 VzeX. (11.2.7)
Td

When (11.2.7) is satisfied, the solution of (11.2.6) is unique up to a constant in the
null space of L. We can fix this constant by requiring that

/w ¢(z,Y)pe(dy) =0 VzeX.

In more general situations, such as when Y = R? or B(z,y) is degenerate, the
question of existence and uniqueness of solutions to the Poisson Equation (11.2.6)
becomes more complicated; however, analogous results are posible in function space
settings that enforce appropriate decay properties at infinity. See the remarks and
references to the literature in Section 11.8.

11.3 Simplified Equations

We assume that the operator L satisfies the Fredholm alternative, Theorem 2.42,
and has one-dimensional null space characterized by (11.2.4). We define the cell
problem 2 as follows:

—Lo®@(z,y) = folz,y), /y@(x,y)poo(y;x)dy =0. (11.3.1)

2 The word “cell” here refers to the periodic unit cell, which sets the scale for the fast variable
in the case )V = T?. The terminology comes from the theory of periodic homogenization
for PDE:s.
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This is viewed as a PDE in y, with « a parameter. By the Fredholm alternative,
(11.3.1) has a unique solution, since fj satisfies (11.2.5). We may then define a vector
field F' by

F(z) = /y (Fr(@, ) + (Vad(z, ) folr, ) 9 (: 2)dy
= Fy(z) + Fy() (11.3.2)

and a diffusion matrix A(x) by

A@)A)" = Ay (z) + %(Ao(x) + AO(I)T), (11.3.3)
where

Aofe) =2 [ fola.) © )™ o5 2)d (113.4)

() = /y A, y)p™ (s 2)dy. (1135)

To make sure that A(x) is well defined, it is necessary to prove that the sum of A4; (z)
and the symmetric part of Ag(z) are positive semidefinite. This is done in Section
11.5.

Result 11.1. For ¢ < 1 and times t up to O(1), the process x(t), the solution of
(11.2.1), is approximated by the process X (t), the solution of

dX aw
— =FX)+AX)—
= — F(X) + AX)

X(0) = xo. (11.3.6)
Remark 11.2. Notice that knowledge of AA7 is not sufficient to determine A uniquely.
As aresult, Equation (11.3.3) does not determine the limiting SDE (11.3.6) uniquely.
This is a consequence of the fact that there may be many SDEs that have the same
generator. This in turn relates to the fact that the approximation of the solution to
(11.2.1) by the solution to (11.3.6) is only valid in the sense of weak convergence of
probability measures; see Chapter 18. O

11.4 Derivation
We seek a multiscale expansion for the solution of (11.2.2) with the form
v=wg+ev; + g+ . (11.4.1)

Here v; = v;(x,y,t). Substituting this expansion into (11.2.2) and equating powers
of € gives a hierarchy of equations, the first three of which are
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O(1/e*) = Lovy =0, (11.4.2a)
O(1/e) — Lovy = Lyvo, (11.4.2b)
O(l) — LOUQ = *% + £1U1 + LQUO. (1142C)

By (11.2.4) Equation (11.4.2a) implies that the first term in the expansion is indepen-
dent of y, vg = vo(z,t). We proceed now with Equation (11.4.2b). The solvability
condition is satisfied for this equation since, by assumption (11.2.5), fo(x,y) is cen-
tered with respect to the invariant measure for (% () and, from (11.2.3b),

Livo = fo(z,y) - Vavo(w,t).
Equation (11.4.2b) becomes
—Lov1 = fo(z,y) - Vavo(x,t). (11.4.3)

Since L is a differential operator in y alone with x appearing as a parameter, the
general solution of (11.4.3) has the form

vi(z,y,t) = P(x,y) - Vyvo(z,t) + D1(x,t). (11.4.4)

The function @4 plays no role in what follows so we set it to zero. Thus we represent
the solution v; as a linear operator acting on vg. As our aim is to find a closed
equation for vy, this form for v; is a useful representation of the solution. Substituting
for vy in (11.4.3) shows that @ solves the cell problem (11.3.1). Condition (11.2.5)
ensures that there is a solution to the cell problem and the normalization condition
makes it unique. Turning now to Equation (11.4.2c) we see that the right-hand side
takes the form

81}0
- (E — £2'UO - £1 (@ . Vm’l)())).
Hence solvability of (11.4.2c) for each fixed x requires
dvg - .
Tl P (y; ) Lovo(z, t)dy + [ p™(y;2)L4 (@(l’, y) - Vavo(z, t)) dy
y y
—I, + 1. (11.4.5)

We consider the two terms on the right-hand side separately. The first is
1
I = / p>=(y;x)(fi(z,y) - Vo + §A(x,y) : VaVa)vo(z, t)dy
y
1
= Fi(x) - Vyvo(z,t) + §A1($) 1 Vi Vavo(z, t).

Now for the second term I5, note that

L1(D - Vav) = fo® P : VoVt + (Vb fo) - Varo.



162 11 Homogenization for ODEs and SDEs
Hence I = I5 + I, where
= [ 000 (T ) fo(a.1) - Tet(r, ) dy
and
I = / p>(y; ) (fol(z,y) @ B(z,y) : VaVavo(a,t)) dy.
y
Thus 1
I, = Fy(z) - Vyvo(x,t) + §A0(JU) 1 Vi Vv (z,t).

Combining our simplifications of the right-hand side of (11.4.5) we obtain, since by
(2.2.2) only the symmetric part of Ay is required to calculate the Frobenius inner
product with another symmetric matrix, the following expression:

8’00

1

This is the backward equation corresponding to the reduced dynamics given in
(11.3.6).

11.5 Properties of the Simplified Equations

The effective SDE (11.3.6) is only well defined if A(z)A(z)? given by (11.3.3),
(11.3.5) is nonnegative definite. We now prove that this is indeed the case.

Theorem 11.3. Consider the case where )) = T% and Ly is equipped with periodic
boundary conditions. Then

(€, A1 (2)E + Ap(z)E) >0 Vz e X, 6 R

Hence the real-valued matrix function A(x) is well defined by (11.3.3) since A(x) A(z)T

is nonnegative definite.

Proof. Let ¢(x,y) = £ - &(x,y). Then ¢ solves

—ﬁo¢ = 5 : foo

By Theorem 6.12 we have
(€, A1 (@)€ + Ao()¢)
= [ (1ote.)"¢ = 2(£o0(a ot ))o w21
= /y (lata. )¢ +18(z. ), 0(w,y)?) o (g 2)dy

= 0.
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Thus

1
(6, AATE) = (&, A1) + (& (Ao + AT)E)
= (€, (A1 + 4)§) > 0.0
Two important remarks are in order.

Remark 11.4. Techniques similar to those used in the proof of the previous theorem,
using (6.3.11) instead of the Dirichlet form itself, show that

3 (4o +a0)T) = [ (vyé(ay)ﬁ(:ay)@vy¢<x7y>ﬁ<x7y>)p°°<y;azclzys.lu)

Remark 11.5. By virtue of Remark 6.13 we see that the proceeding theorem can be
extended to settings other than Y = T, 0O

11.6 Deterministic Problems

As in the previous chapter, it is useful to have representations of the effective equa-
tion in terms of time averages, both for numerical purposes and for deterministic
problems. To this end, a second representation of Ag(x) and Fy(x) is as follows. Let
¢¢(y) solve (10.5.1) and let E#= be the product measure formed from use of i, (-) on
initial data and standard independent Wiener measure on driving Brownian motions.
Using this notation we may now employ a time integral to represent the solution
of the cell problem, leading to the following representation formulae. Derivation is
given at the end of the section.

Result 11.6. Alternative representations of the vector field Fy(x) and diffusion ma-
trix Ag(x) can be found through the following integrals over time and E+=:

tofa) =2 [ B (e folw ) dt (1L6D

and, if the generator Ly is independent of x, then

Fow) = [ B (Voo D) de (162)

All these representations hold for any vy, by ergodicity.

The integral over ¢ in this result enables us to express the effective equations with-
out explicit reference to the solution of the cell problem ¢ and requires sufficiently
fast decay of correlations in order to be well-defined.

Another pair of alternative representations of F(z) and A(x)A(x)” may be
found by using time averaging (over s) to replace the expectations in the previous re-
sult. The expressions for Ay and Fj then involve two time integrals: the integral over
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s is an ergodic average, replacing averaging with respect to the stationary measure on
path space; the integral over ¢ expresses the effective equations without reference to
the solution of the cell problem @ and, again, requires sufficiently fast decay of cor-
relations in order to be well-defined. In fact the well posedness of the cell problem
(11.3.1) implies the decay of correlations property.

Result 11.7. Alternative representations of the vector field F' and diffusion matrix A
can be found through the following integrals over time:

Fi() =lm—f/.ﬁ 295y

T—oo 1
m@ = gim 1 [ 4 e as

and

Ap(z) = 2/0Oo hm —/ fo(z, @5 (y)) @ folz, @it (y ))ds) dt, (11.6.3)

T—oo T

where ' (y) solves (10.5.1). Furthermore, if the generator Ly is independent of x,
then

Riw) = | (i & [ oo o) ol i) ds ) .

All these representations hold for any vy, by ergodicity.

The following result will be useful to us in deriving the alternate representations
of Ap(x) and Fy(z) in the two preceding results. It uses ergodicity to represent the
solution of the cell problem, and related Poisson equations, as time integrals.

Result 11.8. Ler L be the generator of the ergodic Markov process y(t) on Y which

satisfies the SDE
d V
=9 +BW) . vt =y (11.64)

and let p(dy) denote the unique invariant measure. Assume that h is centered with

respect to [i:
/ h(y)p(dy) = 0.
Then the solution f(y) of the Poisson equation
—Lf =h, / fly)u(dy) =0

admits the representation formula

fly) = / N (e“'h)(y) dt. (11.6.5)

0
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Proof. We apply the It6 formula to f(y(t)) to obtain

f(y(t))*f(y):/ Ef(y(S))dS+/O (Vyf(y(s)), B(y(s)) dW (s))

0
= [ ~htats ds+ [ (9, F(0(6)), Bl(s) W)
0 0

We take expectation with respect to the Wiener measure and use the martingale prop-
erty of stochastic integrals and the fact that Eh(y(s)|y(0) = y) solves the backward
Kolmogorov equation to conclude that

F(y) =Ef(y(1) + /O (¢5°h) (y) ds.

We take the limit ¢ — oo and use the ergodicity of the process y(t), together with the
fact that f(y) is centered with respect to the invariant measure with density p™ (y; x),
to deduce that

f(y) = lim Ef(y(t)) + / (e ) () dt

t—o0

:/f(y)u(dy)Jr/oo(e“h)(y) dt
y 0
:/0 (eﬁth)(y) dt

and the proof is complete. O

Remark 11.9. Notice that the preceding result implies that we can write, at least for-

mally,
L= —/ eFt dt
0

when applied to functions centered with respect to p. Furthermore, the result is also
valid for the case where the coefficients in (11.6.4) depend on a parameter z. 0O

We complete the section by deriving the alternative expressions for A(z) and
F(x) through time integration, given in Results 11.7 and 11.6. The expressions for
Fi(x) and A;(x) in Result 11.7 are immediate from ergodicity, simply using the
fact that the time average equals the average against p>°. By use of Result 11.8, the
solution to the cell problem can be written as

E15(%1/)=/0 (e'“tfo)(x,y)dt=/O Efo(z, % (y)) dt (11.6.6)

where E denotes expectation with respect to the Wiener measure. Now

Folz) = /y (43 2) Vo B(z,y) o, y) dy.
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In the case where £ is z-independent so that ' (-) = !(-) is also z-independent,
as are fi, = pand p>°(-;x) = p°°(-), we may use (11.6.6) to see that

Fo(x) = /y (4 ) / T EV. fole, o' () fole,y) dt dy,

where E is expectation with respect to Wiener measure. Recal that E## denotes the
product measure formed from distributing y in its invariant measure, together with
the Brownian motion driving the equation for (! (y). Changing the order of integra-
tion we find that

Folo) = [ "B (Vofale D)) de L)

as required for the expression in Result 11.6. Now we replace averages over E* by
time averaging to obtain, for all y,

Ro) = [ (im, g [ el o ot 5 ) )

and so we obtain the desired formula for Result 11.7.

A similar calculation to that yielding (11.6.7) gives (11.6.1) for Ag(x) in Result
11.6. Replacing the average against E#= by time average we arrive at the desired
formula for Ag(z) in Result 11.7.

11.7 Applications

We give a number of examples illustrating the wide applicability of the ideas in this
chapter.

11.7.1 Fast Ornstein-Uhlenbeck Noise

Consider the equations

de 1

i g(l —y?)z, (11.7.1)
dy « 200 AV

E = —?y—i— 672%7 (1172)

where V (¢) is a standard one-dimensional Brownian motion. Here

folz,y) = (1 - y*)z and fi(z,y) = 0.

Recall that the equation for y is a time-rescaling of the OU process from Example
6.19, with A = «. Furthermore, these equations arise from the first application in
Section 10.6, in the case where A = « and after time rescaling to produce nonzero
effects.
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/OO (1—y*)zp™(y)dy =0,

— 00

‘We have that

where p>°(y) is the invariant density of the Ornstein—Uhlenbeck process, namely a

standard unit normal distribution. Thus the theory put forward in this chapter applies.
The generator of the process g(-) = () is

82

Loy = —ozy2 +o-—

3 By (11.7.3)

and the cell problem (Poisson equation) (11.3.1) becomes

0P 0’®

- - = a2
oy oy a@yz (1—y*)x.

The unique centered solution to this equation is

Ly

D(y,x) = %

Under the standard normal distribution, the fourth and second moments take values
3 and 1, respectively. Hence, the coefficients in the limiting Equation (11.3.6) are

F(z) = /_Z (—;ay (1- yz)x> p>(y) dy = éfc
and -
AP (x) = 2/_00 (—21(19293(1 - y2)x> p*(y) dy = %xQ-

The homogenized SDE is thus

dX _X \/5)( (11.7.4)

This is the geometric Brownian motion studied in Example 6.4. The solution is

X(t) = X(0) exp<\/gW(t)

It converges neither to 0 nor to oo, but subsequences in time attain both limits. This
should be compared with the behavior found in the first example in Section 10.6,
which gives rise to decay (resp. growth) if A > « (resp. A < «). Our example
corresponds to the case A = « with time rescaled to see nontrivial dynamics. It thus
lies between decay and growth. Notice that we could have also taken the function in
front of the white noise with a minus sign; see Remark 11.2.

Let us now obtain the coefficients of the homogenized equation by using the
alternative representations (11.6.1) and (11.6.2). To this end we need to study the
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variable ¢! (y) solving (10.5.1). From the calculations presented in Example 6.19 we
have that

t
A y) = ety + v/ / =) gy (s),
0

t t 2

(pt(y)Q —2at 2+\ﬁye at/ efa(tfs)dV(S)JrQa(/ e*"‘(t*S)dV(s)) .
0 0

(11.7.5)

In addition, by the Itd isometry,

t 2 t
IE(/ 67”‘(t75)dV(5)) = / e~ 2= s,
0 0

1
- (1= —2at>.
2a( ©

To construct the measure E** we take the initial condition y to be a standard unit
Gaussian distribution and an independent driving Brownian motion V. (The measure
is, in fact, independent of x in this particular example.) Thus, by stationarity under
this initial Gaussian distribution,

/p"°(y)y2 dy=1, E"¢'(y)?=1.

Furthermore

B+ ( / p“(y)y%t(y)z’dy) = e / P (y)y* dy
+2aFH (/Ot emot=s) dV(s))2

=3e 2 41 — g2

=14 22

Since fo(z,y) = (1 — y?)x, combining these calculations in (11.6.2) gives
Fofe) = [ B (1= )0 ) )t
0
= x/ 2e 2 dt
0
_— (11.7.6)

Similarly from (11.6.1) we obtain

Ao(z) = —

o .

This confirms that the effective equation is (11.7.4).
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11.7.2 Fast Chaotic Noise

We now consider an example that is entirely deterministic but behaves stochastically
when we eliminate a fast chaotic variable. In this context it is essential to use the
representation of the effective diffusion coefficient given in Result 11.7. This repre-
sentation uses time integrals, and makes no reference to averaging over the invariant
measure (which does not have a density with respect to Lebesgue measure in this
example; see Example 4.16). Consider the equations

d A

d—j =z —a’+ Sy, (11.7.7)
dyl 10

it = ?(yQ - 1),

dy 1

7: = 7(28311 — Y2 — Y1¥3),

dys _ 1( 8 )

dt 22 Y1Y2 — 31/3-

(11.7.8)

The vector y = (y1,y2,y3)" solves the Lorenz equations, at parameter values where
the solution is ergodic (see Example 4.16). In the invariant measure the component
12 has mean zero. Thus the centering condition holds. The equation for z is a scalar
ODE driven by a chaotic signal with characteristic time £2. Because fo(,%) o 2,
with invariant measure shown in Figure 4.2, and because f1 = (x,y) = f1(z) only,
the candidate equation for the approximate dynamics is

dX aw

— =X-X’+o0—— 11.7.9

di R (11.7.9)
where o is a constant. Now let 1! (y) = es - ¢*(y). Then the constant o can be found
by use of (11.6.3) giving

2 _9)2 /O Tlggo / () (y )ds)dt

This is the integrated autocorrelation function of y,. By ergodicity we expect the
value of o2 to be independent of y and to be determined by the SRB measure for
the Lorenz equations alone. Notice that the formula is expected to make sense, even
though the cell problem is not well-posed in this case because the generator of the
fast process is not elliptic.

Another way to derive this result is as follows. Gaussian white noise O'W, the
time derivative of Brownian motion, may be thought of as a delta-correlated station-
ary process. The integral of its autocorrelation function on [0, 0o) gives 2 /2. On the
assumption that y5 has a correlation function that decays in time, and noting that this
has time scale €2, the autocorrelation of ?1#5/ e (y) at timelag ¢ may be calculated
and integrated from 0 to oo; matching this with the known result for Gaussian white
noise gives the desired result for o'2.
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11.7.3 Stratonovich Corrections

When white noise is approximated by a smooth process this often leads to Stratonovich
interpretations of stochastic integrals, at least in one dimension. We use multiscale
analysis to illustrate this phenomenon by means of a simple example. Consider the
equations

dr 1
ar gf(l")%
dy ay 2a0dV
— =—— —— 11.7.10
dt 2T\ ( )
with V' being a standard one-dimensional Brownian motion.
Assume for simplicity that y(0) = 0. Then
E(y(t)y(s)) = e ="
and, consequently,
2
lim E ((t)(s)) = —4(t—s),
e—0 3 € «
which implies the heuristic
. y(®) 2dV
lim — =4/ ——. 11.7.11
oy € a dt ( )
Another way of seeing this is by solving (11.7.10) for y/e:
y_ 2V _cdy (11.7.12)

e Vad adt

If we neglect the O(e) term on the right-hand side, then we arrive, again, at the
heuristic (11.7.11).
Both of these arguments lead us to conjecture a limiting equation of the form

dX 2 dv
= \/;f(X)dt' (11.7.13)

We will show that, as applied, the heuristic gives the incorrect limit: this is because,
in one dimension, whenever white noise is approximated by a smooth process, the
limiting equation should be interpreted in the Stratonovich sense, giving

dX 2 av
— =/ —f(X)o — 11.7.14
7 =\ X e— ( )
in this case. We now derive this limit equation by the techniques introduced in this
chapter.
The cell problem is

—Lo®(z,y) = f(z)y
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with £y given by (11.7.3). The solution is readily seen to be

1 1
P(z,y) = —f(a)y, Vab(z,y) = —f(2)y.
o o
The invariant density is

() = ——exp(- 1)
= exp(—=),
Py o p B
which is in the null space of £, and corresponds to a standard unit Gaussian A/ (0, 1)
random variable.
From Equation (11.3.2) we have

F@) = [ 2 f @@y
= @) @).
Also (11.3.3) gives
AP = [ Z5@Py )y
= 2 jap

The limiting equation is therefore the Itd6 SDE

ax 1
== \ff

This is the Itd form of (11.7.14), by Remark 6.2. Hence, the desired result is estab-
lished.

11.7.4 Stokes’ Law

The previous example may be viewed as describing the motion of a massless particle
with position z in a velocity field proportional to f(x)y, with y an OU process. If
the particle has mass m then it is natural to study the generalized equation

d?x 1 dx

— = - - — 11.7.1
72 8f(x)y prE ( 5a)
dy oy 20 dV

—- = — . 11.7.15b
dt = + g2 dt ( )

(Note that setting m = 0 gives the previous example.) Equation (11.7.15a) is Stokes’
law, stating that the force on the particle is proportional to a drag force,

dx

1
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which is equal to the difference between the fluid velocity and the particle velocity.
As in the previous example, y is a fluctuating OU process. For simplicity we consider
the case of unit mass, m = 1.

Using the heuristic argument from the previous section it is natural to conjecture

the limiting equation
cl2 X [2
—_— — 11.7.16
f dt dt ( )

In contrast to the previous apphcatlon, the conjecture that this is the limiting equa-
tion turns out to be correct. The reason is that, here, x is smoother and the It6 and
Stratonovich integrals coincide; there is no Itd correction to the Stratonovich inte-
gral. (To see this it is necessary to first write (11.7.16) as a first-order system; see
Exercise 2a). We verify the result by using the multiscale techniques introduced in
this chapter.

We first write (11.7.15) as the first-order system

do _
a ~ "

dr 1

w -+ gf(I)yv

dy 1 1%
W f\/2

at - 2T e

Here (x,r) are slow variables (x in (11.2.1)) and y the fast variables (y in (11.2.1)).
The cell problem is now given by

Lo®(z,1y) = —folz,1,9) = (_f(()x)y)7

with £y given by (11.7.3). The solution is

gZj(x’r’y):<if(()ﬂﬁ)y)’ Veen®@y) = ( f(z )yg)

Notice that f is in the null space of V., @, and hence (11.3.2) gives

F(X,R) = Fy\(X,R) = (_RR). (11.7.17)

From (11.3.3) we have

AXRAXRT = [ 251, Vo)W

Recall that p> (y) is the density of an A/ (0, 1) Gaussian random variable. Evaluating
the integral gives

A RIAX R = (¢ gf?Xy).
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Hence a natural choice for A(z) is

0
A(X,R) = <\/gf(X)>’

Thus from (11.7.17) and (11.7.18) we obtain the limiting equation

dX
ar =

t
dR /2 dW
= X))
dt B+ af( )dt’

which, upon elimination of R, is seen to coincide with the conjectured limit (11.7.16).

11.7.5 Green—Kubo Formula

In the previous application we encountered the equation of motion for a particle with
significant mass, subject to Stokes drag. Here we study the same equation of motion,
but where the velocity field is steady. We also assume that the particle is subject to
molecular diffusion. The equation of motion is thus

az T T T

Here U is a standard unit Brownian motion. We will study the effective diffusive
behavior of the particle z on large length and time scales, under the assumption that
f () is a mean zero periodic function. We show that, on appropriate large length and
time scales, the particle performs an effective Brownian motion, and we calculate its
diffusion coefficient.

To this end we rescale the equation of motion by setting z — /¢ and t — t/&?
to obtain

(11.7.18)

L L)ty
a2~ \e) @t A
Introducing the variables y = edx/dt and z = x:/e we obtain the system

dr 1

at &P

dy 1 1 o dW
@ = =Yt Rl g
dz 1

at ~ 2V

The process (y, z) is ergodic, with characteristic time scale 2, and plays the role of
y in (11.2.1); = plays the role of z in (11.2.1). The operator L is the generator of
the process (y, z). Furthermore

fl(.’E,y,Z):O, fO(mayaz):y'
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Thus, since the evolution of (y, z) is independent of z, $(x, y, z), the solution of the
cell problem, is also z—independent. Hence (11.3.2) gives F'(x) = 0. Turning now
to the effective diffusivity we find that, since a(x,y) = A(z,y) = 0, (11.3.3) gives
A(z)? = Ap(z). Now define 1 (y, 2) to be the component of ¢! (y, ) projected onto
the y coordinate. By Result 11.7 we have that

Ao(x)_Q/OOC Tlgr;o*/ U " (y)ds ) .

The expression

T—oo T 0

is the velocity autocorrelation function. Thus the effective equation is
dX aw
— =\2D—
dt dt’

a Brownian motion with diffusion coefficient

D:/ C(t)dt
0

Thus, the effective diffusion coefficient is given by the integrated velocity autocor-
relation. This is an example of the Green—Kubo formula.

11.7.6 Neither Ito nor Stratonovich

We again use Stokes’ law (11.7.15a), now for a particle of small mass m = 71pe?
where 79 = O(1), and neglecting molecular diffusion. If we also assume that the
velocity field of the underlying fluid is of the form % f(x)n where 7 solves an SDE,
then we obtain

et S ==~ fwm, (11.7.19a)

a1 1 aw.
T = ot + =V2ol

We interpret equations (11.7.19b) in the It sense. We assume that g(n), o(n) are
such that there exists a unique stationary solution of the Fokker-Planck equation for
(11.7.19b), so that ) is ergodic.

We write (11.7.19) as a first-order system,

(11.7.19b)

dx 1

dt ¢ Tov’

dv  f(x)n v

dt g2 \/%  re?’

dn \/TdW

dat 52 € dt -’

(11.7.20)
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Equations (11.7.20) are of the form (11.2.1) and, under the assumption that the fast
process (v,n) is ergodic, the theory developed in this chapter applies. In order to
calculate the effective coefficients we need to solve the stationary Fokker—Planck
equation

ESP(% v,m) =0

and the cell problem
v

—Loh = — 11.7.21
0 Nk ( )
where ) (2)
0 0 flx)yy v\ 0
Loy = — — - =
0 9(77) an + U(n) 3772 + ( \/% ,]_0) v
Equation (11.7.21) can be simplified considerably: we look for a solution of the form

h(z,v,1) = (ﬁv + f(x)ﬁ(n)) . (11.7.22)

Substituting this expression in the cell problem we obtain, after some algebra, the
equation
—Lyh =n.

Here £,, denotes the generator of 1. We assume that the unique invariant measure
for n(t) has density p,,(n) with respect to Lebesgue measure; the centering condition

that ensures the well-posedness of the Poisson equation for & is

/Rnpn(n) dn = 0.

We assume that this holds. The homogenized SDE is
dX aw

—=F —_— .
7 = FX)+VDX)—-, (11.7.23)
where
v~
F)i= [ (=001 (@) o) dod
R2 T0
and
v o~
Dm::2/ (v2+h :10) x,v,n) dvdn.
() . N (mf(x) ) p(z, v, n) dvdn
In the case where 7)(t) is the Ornstein—Uhlenbeck process,
dn o 22X dW
— == A\ = — 11.7.24
dt 21V E ( )

we can compute the homogenized coefficients D(X) and B(X) explicitly. The ef-
fective SDE is

dx A ) 2) AW
T e [ Or X0+ \/;f(X)dt~ (11.7.25)



176 11 Homogenization for ODEs and SDEs

Note that in the limit 79 — oo we recover the Itd stochastic integral, as in Sub-
section 11.7.4, whereas in the limit 79 — 0 we recover the It6 interpretation of the
Stratonovich stochastic integral as in Subsection 11.7.3. For 7y € (0, 00) the limiting
equation is of neither the Itd nor the Stratonovich form. In fact, Equation (11.7.25)
can be written in the form

X(t) = w0 + / 2 FX)sdW (@),

where the definition of the stochastic integral through Riemann sums depends on the
value of 7. The fact that we recover this interesting limit is very much tied to the
scaling of the mass as O(g2). This scaling ensures that the time scale of the ergodic
process 1 and the relaxation time of the particle are the same. Resonance between
these time scales gives the desired effect.

11.7.7 The Lévy Area Correction®

In Section 11.7.3 we saw that smooth approximation to white noise in one dimension
leads to the Stratonovich stochastic integral. This is not true in general, however, in
the multidimensional case: an additional drift can appear in the limit. This extra drift
contribution is related to the properties of the Lévy area of the limit process (see the
discussion in Section 11.8).

Consider the fast—slow system

1
B =y, (11.7.26a)
3
) 1
Eo = —yp, (11.7.26b)
3
. 1
T3 = g (xlyZ — (L’2y1) s (11.7.26C)
. 1 1 1.
= — =y — a—ys + S, (11.7.26d)
9 S 3
_ 1 1 1.
Vo = — =1 + a—y1 + ~WWa, (11.7.26¢)
9 9 3

where o > 0. Here W7, W5 are standard independent Brownian motions.
Notice that Equations (11.7.26d) and (11.7.26e) may be written in the form

. 1 1 1.
y=—-=y+ zaJy+-W,
€ 5 5
where y = (y1, y2), W = (Wi, Wa), and J is the antisymmetric (symplectic)
matrix
0-1
7=(1%.)

3 This section was written in collaboration with M. Hairer.
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Applying the heuristic that

dw
~e(l —aJ)t—
yrel —al)"—
leads to the conjectured limiting equations
. 1 . .
h=iros (W1 _ aW2) , (11.7.27a)
_ 1 . :
R (W2 n an) : (11.7.27b)
1 . .
T3 = m ((Oé.’L‘l — .’Eg)Wl + (Oz.%‘g + xl)Wg) . (11.7.27¢)

We know from Subsections 11.7.3 and 11.7.6 that we must take care in conjectur-
ing such a limit as typically smooth approximations of white noise give rise to the
Stratonovich stochastic integral. However, in this case [t6 and Stratonovich coincide
so this issue does not arise. Nonetheless, the conjectured limit equation is wrong.

Multiscale techniques, as described in this chapter, lead to the correct homoge-
nized system:

_ 1 . .
=1 (W1 _ aWQ) : (11.7.28a)
ir= <W2 + an) : (11.7.28b)
. 1 . . 6]
=T ((043?1 — z2)W1 + (a2 + xl)W2) Tirae (11.7.28¢)

Notice the additional constant drift that appears in Equation (11.7.28c). It is the
antisymmetric part in the equation for the fast process y that is responsible for the
presence of the additional drift in the homogenized equation. In particular, when
a = 0 the homogenized equation becomes

T, = Wh,
Ty = W,
T3 = —xoWh + 21 Wo,

which agrees with the original (in general incorrect) conjectured limit (11.7.27).

11.8 Discussion and Bibliography

The perturbation approach adopted in this chapter, and more general related ones, is
covered in a series of papers by Papanicolaou and co-workers — see [244, 241, 242,
240], building on original work of Khasminkii [165, 166]. See [155, 154, 31, 205,
244,242, 240, 155, 154] for further material. We adapted the general analysis to the
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simple case where )) = T¢. This may be extended to, for example R?, by working
in the appropriate functional setting; see [249, 250, 251].

The basic perturbation expansion outlined in this chapter can be rigorously jus-
tified and weak convergence of x to X proved as € — 0; see Kurtz [181] and Chap-
ter 18. The perturbation expansion that underlies the approach is clearly exposed
in [241]; see also [117; ch. 6; 321; 291]. Similar problems are analyzed in [27, ch.
8], by using eigenfunction expansions for the Fokker—Planck operator of the fast
process. Projection operator techniques are also often employed in the physics liter-
ature as a method for eliminating fast variables. See [117, ch. 6] and the references
therein.

Studying the derivation of effective stochastic models when the original system
is an ODE is a subject investigated in some generality in [242]. The specific ex-
ample in Section 11.7.2 relies on the ergodicity of the Lorenz equations, something
established in [318, 319]. Use of the integrated autocorrelation function to calcu-
late the effective diffusion coefficient numerically is highlighted in [322]; a different
approach to finding the effective diffusion coefficient is described in [125]. The pro-
gram described is carried out in discrete time by Beck [31], who uses a skew-product
structure to facilitate an analysis; the ideas can then be rigorously justified in some
cases. A skew-product setup is also employed in [322] and [125]. A rigorous limit
theorem for ODEs driven by a fast mixing system is proved in [225], using the large
deviation principle for dynamical systems developed in [224]. In the paper [208], the
idea that fast chaotic motion can introduce noise in slow variables is pursued for an
interesting physically motivated problem where the fast chaotic behavior arises from
the Burgers bath of [204]. Further numerical experiments on the Burgers bath are
reported in [209].

Related work can be found in [124], and similar ideas in continuous time are
addressed in [155, 154] for differential equations; however, rather than developing
a systematic expansion in powers of ¢, they find the exact solution of the Fokker—
Planck equation, projected into the space X', by use of the Mori-Zwanzig formalism
[65], and then make power series expansions in € of the resulting problem.

In Section 11.7.5 we derived a formula for the effective diffusion coefficient in
terms of the integral of the velocity autocorrelation function, giving the Green—Kubo
formula. This calculates a transport coefficient via the time integral of an autocorrela-
tion function. The Green—Kubo formula, and other transport coefficients, are studied
in many books on statistical mechanics; see, for example, [28, ch. 11, 269].

Applications of multiscale analysis to climate models, where the atmosphere
evolves quickly relative to the slow oceanic variations, are surveyed in Majda et
al. [205, 202]. Further applications to the atmospheric sciences may be found in
[206, 207]; see also [78]. Stokes’ law, Equation (11.7.15a) is a phenomenological
model for the motion of inertial particles in fluids; see [217]. Models of the form
(11.7.15), where the velocity field of the fluid in which the particles are immersed is
taken to be a Gaussian Markovian random field, were developed in [288, 289] and
analyzed further in [254]. Similar Gaussian models for passive tracers were studied
in [55, 56].
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The fact that smooth approximations to white noise in one dimension lead, in the
limit as we remove the regularization, to Stratonovich stochastic integrals (see Sec-
tion 11.7.3) is often called the Wong—Zakai theorem after [332]. Whether one should
interpret the stochastic integral in the sense of It6 or Stratonovich is usually called
the Itd-versus-Stratonovich problem. In cases where more than one fast time scale
is present, as in the example considered in Section 11.7.6, the correct interpretation
of the stochastic integral in the limiting SDE depends on the order with which we
take the limits; see [109, 280]. As was shown in Section 11.7.6, there are instances
where the stochastic integral in the limiting SDE can be interpreted in neither the Itd
nor the Stratonovich sense; see [129, 180, 255]. A similar phenomenon for the case
where the fast process is a discrete deterministic chaotic map was observed in [124].
An interesting setup to consider in this context is Stokes’ law (11.7.15) in the case
where the mass is small:

APz dx dU

o gf(m)y— E—’—U%’
dy  ay 2a0dV
@ T2 N Ea

Setting £ = 0 in the first equation, and invoking a white noise approximation for y /&
leads to the conjecture that the limit X of z satisfies a first-order SDE. The question
then becomes the interpretation of the stochastic integral. In [180] multiscale expan-
sions are used to derive the limiting equation satisfied by x in the cases a = 1,2,
and 3. The case a = 1 leads to the Itd equation in the limit, the case a = 3 to the
Stratonovich equation, and a = 2 to an intermediate limit between the two.

In higher dimensions smooth approximations to white noise result (in general,
and depending of the type of regularization) in an additional drift — apart from the
Stratonovich stochastic integral - which is related to the commutator between the row
vectors of the diffusion matrix; see [151]. A rigorous framework for understanding
examples such as that presented in Section 11.7.7, based on the theory of rough paths,
can be found in [198].

In this chapter we have considered equations of the form (11.2.1), where U and
V are independent Brownian motions. Frequently applications arise where the noise
in the two processes are correlated. We will cover such situations in Chapter 13,
where we study homogenization for parabolic PDEs. The structure of the linear
equations considered will be general enough to subsume the form of the backward
Kolmogorov equation, which arises from (11.2.1) when U and V are correlated —
in fact they are identical. The main change over the derivation in this chapter is that
the operator £; has additional terms arising from the correlation in the noises; see
Exercises 5 and 1.

When writing the backward Kolmogorov equation for the full system, Equation
(11.2.2), we assumed that the initial conditions depended only on the slow variable x.
This assumption simplifies the analysis but is not necessary. If the initial condition
is a function of both x and y, then an initial (or boundary) layer appears that has
to be resolved. This can be achieved by adding appropriate terms in the two—scale
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expansion that decay exponentially fast in time. This is done in [336] for continuous-
time Markov chains and in [167] for SDEs. In this case the initial conditions for the
homogenized SDE are obtained by averaging the initial conditions of the original
SDE with respect to the invariant measure of the fast process.

In this chapter we have studied homogenization for finite-dimensional stochastic
systems. Similar results can be proved for infinite-dimensional stochastic systems,
SPDEs. See [40] for an application of the techniques developed in this chapter to the
stochastic Burgers equation.

The use of the representations in Result 11.1 is discussed in [241]. The represen-
tations in Results 11.7 and 11.6 for the effective drift and diffusion can be used in the
design of coarse time-stepping algorithms; see [322]. In general, the presence of two
widely separated characteristic time scales in the SDEs (11.2.1) renders their numer-
ical solution a formidable task. New numerical methods have been developed that
aim at the efficient numerical solution of such problems. In the context of averaging
for Hamiltonian systems the subject is described in [116]; the subject is revisited,
in a more general setting, in [93]. Many of these methods exploit the fact that for
¢ sufficiently small the solution of (11.2.1a) can be approximated by the solution
of the homogenized Equation (11.3.6). The homogenized coefficients are computed
through formulae of the form (11.6.3) or (11.6.1), integrating Equation (11.2.1b)
over short time intervals; see [322, 81, 84, 123]. An ambitious program to numeri-
cally compute a subset of variables from a (possibly stochastic) dynamical system
is outlined in [162]; this approach does not use scale separation explicitly and finds
application in a range of different problems; see [163, 164, 149, 30, 190, 278, 334].
Numerical methods for multiscale problems are overviewed in [83]. For work on pa-
rameter estimation for multiscale SDEs see [258]. For other (partly computational)
work on dimension reduction in stochastic systems see [59, 148, 273].

11.9 Exercises

1. Find the homogenized equation for the SDEs

de 1 dU d

% - gfo(x7y) + fl(x7y) + O‘O(Ivy)ﬂ + al(x7y) dt ’ I(O) = Zo,
dy 1 1 1 av

o = 29@y) + oz, y) + ZAz,y)—m y(0) = v,

assuming that fj satisfies the centering condition and that U and V' are indepen-
dent Brownian motions.
2. a. Let Y denote either T or R%. What is the generator L for the process y € )
given by
dy dVv
A 27 9
o =9+ —

In the case where g(y) = —V¥(y) find a function in the null space of L*.
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b. Find the homogenized SDE arising from the system

dx 1

E - gf(xvy)a

dy 1 1dV
P ;29(9) + 7S

in the case where g = —V¥(y).

c. Define the cell problem, giving appropriate conditions to make the solution
unique in the case )) = T¢. State clearly any assumptions on f that are re-
quired in the preceding derivation.

. Use the It6 formula to derive the solution to the SDE (11.7.4). Convert this SDE

into Stratonovich form. What do you observe?
a. Let ) be either T? or R?. Write down the generator £ for the process y € )
given by: p p
d%f =9(y) + d%-
In the case where g is divergence-free, find a function in the null space of L.
b. Find the averaged SDE arising from the system

dx
E - f(m7y)a
@ 1 1 dV

o gg(y) + NCETA

in the case where g is divergence-free.
c. Find the homogenized SDE arising from the system

dx 1
ar gf(%y)a
@ 1 1dV

P ?g(y) + ~a

in the case where g is divergence-free.

d. Define the cell problem, giving appropriate conditions to make the solution
unique in the case ) = T<. Clearly state any assumptions on f that are re-
quired in the preceding derivation.

. Consider the equation of motion

X @) o
where f(z) is divergence-free and periodic with mean zero. It is of interest to
understand how = behaves on large length and time scales. To this end, rescale
the equation of motion by setting  — z /¢ and t — /&2 and introduce y = z /.
Write down a pair of coupled SDEs for x and y. Use the methods developed in
Exercise 1 to enable elimination of y to obtain an effective equation for x.
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6.

7.
8.
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Carry out the analysis presented in Section 11.7.6 in arbitrary dimensions. Does
the limiting equation have the same structure as in the one-dimensional case?
Derive Equation (11.7.25) from (11.7.23) when 7)(t) is given by (11.7.24).

(The Kramers to Smoluchowski limit) Consider the Langevin equation

A2z dx dW
27 — - -
€ 72 b(x) i + V20 i (11.9.1)

where the particle mass is assumed to be small, m = g2,

a. Write (11.9.1) as a first-order system by introducing the variable y = ei.
b. Use multiscale analysis to show that, when ¢ < 1 the solution of (11.9.1) is
well approximated by the solution of the Smoluchowski equation

dX dw

c. Calculate the first correction to the Smoluchowski equation.
Write Equations (11.7.16) as a first-order system and show that the It6 and
Stratonovich forms of the equation coincide.
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