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Properties of P -statistics

2.1 Preliminaries: Martingales

In order to discuss properties of P -statistics we first need to review briefly
the basic results on martingales. The theory of martingales is rich and pro-
found and reaches far beyond the basic results stated here. Interested reader
is referred to one of many excellent texts available, like for instance Billingsley
(1999), Chow and Teicher (1978) or Ethier and Kurtz (1986).

For T ⊂ R consider an integrable stochastic process (Xt)t∈T defined on a
probability space (Ω,F , P ).

Definition 2.1.1 (Martingale). A family of σ-fields (Ft)t∈T is called a fil-
tration if Ft ⊂ F for any t ∈ T and Fs ⊂ Ft for any s ≤ t, s, t ∈ T . The
process (Xt, Ft)t∈T is called a martingale if

(a)Xt is Ft-measurable for any t ∈ T

(b)E(Xt|Fs) = Xs for any s ≤ t, s, t ∈ T .

It turns out that in the theory of P -statistics a related concept of a backward
(or reversed) martingale is also useful.

Definition 2.1.2 (Backward martingale). Consider a family of σ-fields
(Gt)t∈T such that Gt ⊂ F for any t ∈ T and Gt ⊂ Gs for any s ≤ t, s, t ∈ T .
The process (Xt, Gt)t∈T is called a backward martingale if

(a)Xt is Gt-measurable for any t ∈ T

(b)E(Xs|Gt) = Xt for any s ≤ t, s, t ∈ T .

Let us prove the following result known as the Doob or maximal inequality
(see, Chow and Teicher 1978, chapter 7 or Ethier and Kurtz 1986, chapter 2).

Theorem 2.1.1 (Maximal inequality for martingales). Let n be an
arbitrary positive integer and (Xt,Ft)t∈T be a martingale with a countable
index set T satisfying {0, n} ⊂ T ⊂ [0,∞). Then for any ε > 0
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P

(
sup

t∈T∩[0,n]

|Xt| > ε

)
≤ ε−2EX2

n.

Proof. Assume first that T ∩ [0, n] = {0 = t0, t1, . . . , tM = n} is finite, ti <
ti+1, i = 0, 1, . . . ,M − 1. For an arbitrary ε > 0 define

Ak = ∩k−1
i=0 {|Xti | ≤ ε} ∩ {|Xtk | > ε}, k = 0, . . . ,M.

Note that Ak, k = 0, . . . ,M , are disjoint, Ak ∈ Fk for each k and{
sup

t∈T∩[0,n]

|Xt| > ε

}
=
{

max
t∈T∩[0,n]

|Xt| > ε

}
=

M⋃
k=0

Ak.

Moreover, due to the martingale property,

E[(Xn −Xtk)XtkI(Ak)] = E[XtkI(Ak)E[Xn −Xtk |Ftk ]] = 0.

In view of the above, we may write

EX2
n =

M∑
k=0

EX2
nI(Ak)

=
M∑

k=0

E[(Xn −Xtk)2I(Ak)] +E[X2
tkI(Ak)]

≥
M∑

k=0

E[X2
tkI(Ak)]

≥
M∑

k=0

ε2P (Ak) = ε2 P

(
M⋃

k=0

Ak

)

= ε2 P ( sup
t∈T∩[0,n]

|Xt| > ε).

In order to prove the result for countable T consider a sequence T0 ⊂ T1 ⊂
T2 ⊂ . . . of finite subsets of T such that {0, n} ∈ T0 and

⋃
k Tk = T . Then by

continuity from below of the probability it follows that for any ε > 0

P

(
sup

t∈T∩[0,n]

|Xt| > ε

)
= P

(⋃
k

{
max

t∈Tk∩[0,n]
|Xt| > ε

})

= lim
k→∞

P

(
max

t∈Tk∩[0,n]
|Xt| > ε

)
≤ ε−2EX2

n. �


The result above may be easily extended to the case of an uncountable index
set, say, T = [0, 1], if we assume some regularity conditions on the trajectories
of (Xt)t∈T .
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Proposition 2.1.1. Assume that T = [0, 1] and the martingale (Xt)t∈T has
trajectories which are a.s. cadlag, i.e., are right continuous and have left-hand
limits a.s. Then

P ( sup
t∈[0,1]

|Xt| > ε) ≤ ε−2EX2
1 .

�


In a similar way one may prove an analogous result for backward martingales.
Let us state it for the record as

Theorem 2.1.2 (Maximal inequality for backward martingales). Let
n be an arbitrary positive integer and (Xt,Gt)t∈T be a backward martingale
with {n} ⊂ T ⊂ [n,∞) and T being a countable set. Then for any ε > 0

P ( sup
t∈T∩[n,∞)

|Xt| > ε) ≤ ε−2EX2
n.

Proof. The proof is similar to that of Theorem 2.1.1 and thus omitted. �


2.2 H-decomposition of a P -statistic

We first give the result extending the H-decomposition (1.15) to an arbitrary
P -statistic.

Consider an infinite random matrix X
(∞) satisfying the assumptions (A1-

A2) as it was introduced in the previous chapter. We denote by X (i1, . . . , ip|
j1, . . . , jq) a sub-matrix constructed out of X

(m,n) by taking only the entries
at the intersections of the selected p rows {i1, . . . , ip} ⊆ {1, . . . ,m} and q
columns {j1, . . . , jq} ⊆ {1, . . . , n}.

Note that Perh X (i1, . . . , ip|j1, . . . , jq) may be regarded as either row- or
column- symmetric function. Thus we may apply to it, in both settings, the
general symmetrization operation defined by (1.2) with I = Rq, k = p, l = m
when regarded as a row function and with I = Rp, k = q, l = n when
regarded as a column function. Note that under the assumptions (A1-A2) the
exchangeability requirement for the random row or column vectors is satisfied.

Denote the row symmetrization of a generalized permanent by

Perh X (p|j1, . . . , jq) =
∑

1≤i1<...<ip≤m

Perh X (i1, . . . , ip|j1, . . . , jq)

= πm
p Perh X (·|j1, . . . , jq)

for any {j1, . . . , jq} ⊂ {1, . . . , n} and the similar column symmetrization by

Perh X (i1, . . . , ip|q) =
∑

1≤j1<...<jq≤n

Perh X (i1, . . . , ip|j1, . . . , jq)

= πn
q Perh X (i1, . . . , ip|·)
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for any {i1, . . . , ip} ⊂ {1, . . . ,m}.
Similarly,

Perh X (p|q) =
∑

1≤j1<...<jq≤n

Perh X (p|j1, . . . , jq)

=
∑

1≤i1<...<ip≤m

Perh X (i1, . . . , ip|q)

=
∑

1≤j1<...<jq≤n

∑
1≤i1<...<ip≤m

Perh X (i1, . . . , ip|j1, . . . , jq).

Using this notation, we may now easily extend the Laplace expansion formula
for permanents given by (1.1). Let us state it in the form of the following
lemma.

Lemma 2.2.1. Let X
(m,n) be an m× n-matrix with 1 ≤ m ≤ n. Then

Perh X
(m,n) = Perh X (1, 2, . . . ,m|m). (2.1)

�


The above formula suggests that in order to decompose Perh X , it suffices
to decompose a generalized permanent of a square submatrix with columns
j1 . . . , jm

Perh X (1, 2, . . . ,m|j1, j2, . . . , jm).

Assume for convenience that Eh = 0 (otherwise taking h̃ = h − Eh in what
follows).

Denote by Sq a set of permutations of {1, . . . , q}. In view of the above
(cf. (1.14)) the decomposition of Perh X (1, 2, . . . ,m|j1, j2, . . . , jm) can be
obtained as follows

Perh X (1, 2, . . . ,m|j1 . . . , jm)

=
∑

σ∈Sm

h(X1,jσ(1) , X2,jσ(2) , . . . , Xm,jσ(m))

=
∑

σ∈Sm

m∑
c=1

(πm
c gc)(X1,jσ(1) , X2,jσ(2) , . . . , Xm,jσ(m))

=
m∑

c=1

∑
1≤i1<...<ic≤m

∑
σ∈Sm

gc(Xi1,jσ(i1) , . . . , Xic,jσ(ic)
).

But by the definition of a generalized permanent and in view of (2.1)
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σ∈Sm

gc(Xi1,jσ(i1) , . . . , Xic,jσ(ic)
)

=
∑

1≤l1<...<lc≤m

∑
τ∈Sc

gc(Xiτ(1),jl1
, . . . , Xiτ(c),jlc )

=
∑

1≤l1<...<lc≤m

PergcX (i1, . . . , ic|jl1 , . . . , jlc)

= PergcX (i1, . . . , ic|j1, . . . , jm).

Hence

Perh X (1, 2, . . . ,m|j1 . . . , jm)

=
m∑

c=1

∑
1≤i1<...<ic≤m

PergcX (i1, . . . , ic|j1, . . . , jm)

=
m∑

c=1

PergcX (c|j1, . . . , jm).

Thus, using again (2.1), we may write

Perh X
(m,n) = Perh X (1, 2, . . . ,m|m)

=
∑

1≤j1<...<jm≤n

Perh X (1, 2, . . . ,m|j1, . . . , jm)

=
∑

1≤j1<...<jm≤n

m∑
c=1

Pergc X (c|j1, . . . , jm)

=
m∑

c=1

(
n− c

m− c

)
(m− c)!

∑
1≤j1<...<jc≤n

Pergc X (c|j1, . . . , jc)

=
m∑

c=1

(
n− c

m− c

)
(m− c)!Pergc X (c|c).

Rewriting the above as

Perh X
(m,n) =

m∑
c=1

m!
(
n

m

)(
n

c

)−1

Pergc X (c|c)/c!

and denoting

U (m,n)
gc =

(
m

c

)−1(
n

c

)−1

Pergc X (c|c)/c! (2.2)

we may summarize the above considerations as follows.

Theorem 2.2.1. Under assumptions (A1-A2) on the entries of a matrix
X

(m,n), suppose also that the kernel h satisfies E|h| <∞. Then
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n

m

)−1 (
Perh X

(m,n) − EPerh X
(m,n)

)
/m! =

m∑
c=1

(
m

c

)
U (m,n)

gc ,

where the components U (m,n)
gc are defined by (2.2). �


If X
(m,n) = X that is, X

(m,n) is a one dimensional projection matrix then by
(1.22) a P -statistic is a U -statistic and the Theorem 2.2.1 reduces to the H-
decomposition (1.15). Let us also note that for any fixed c ≥ 1 the component
U

(m,n)
gc is simply a P -statistic obtained by symmetrization (with respect to

rows and columns of X
(m,n)) of a generalized permanent with a kernel function

gc based on a square c× c submatrix of X
(m,n).

For the purpose of illustration let us provide a simple example of an appli-
cation of Theorem 2.2.1.

Example 2.2.1 (Random permanent decomposition). Let EXi,j = µ �= 0 and
consider the kernel h(y1, . . . , ym) =

∏m
i=1(yi/µ). Then

gc(y1, . . . , yc) =
c∏

i=1

(yi − µ)µ−c

and by Theorem 2.2.1 we have

PerX
(m,n)(

n
m

)
m!µm

= 1 +
m∑

c=1

(
m

c

)
U (m,n)

c ,

where

U (m,n)
c =

(
n

c

)−1(
m

c

)−1

(µcc!)−1Per X̃ (c|c) (2.3)

=
(
n

c

)−1(
m

c

)−1

(µcc!)−1
∑

1≤i1<...<ic≤m∑
1≤j1<...<jc≤n

Per X̃ (i1, . . . , ic|j1, . . . , jc), (2.4)

for X̃i,j = Xi,j − µ, (i = 1, . . . ,m, j = 1, . . . , n).

The fact that the generalized H-decomposition given in Theorem 2.2.1
retains the uncorrelated martingale structure of the components U (m,n)

gc ’s is
verified in the following result.

Theorem 2.2.2. Assume m = mn is a non-decreasing sequence in n. Under
assumptions (A1-A2) on the entries of matrix X

(∞), for a fixed c ≥ 1

(i) if F (n)
c = σ{U (mn,n)

gc , U
(mn+1,n+1)
gc , . . .}, then for n0(c) = min{n : mn ≥ c}

E(U (mn,n)
gc |F (n+1)

c ) = U (mn+1,n+1)
gc , ∀ n = n0(c), n0(c) + 1, . . .

that is,
(
U

(mn,n)
gc ,F (n)

c

)
n=n0(c),n0(c)+1,...

is a backward martingale,
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(ii) the elements (U (m,n)
gc )c of the H-decomposition of a P -statistic are orthog-

onal, i.e.
Cov(U (m,n)

gc1
, U (m,n)

gc2
) = 0 if c1 �= c2.

Proof. (i) Let us denote by U
(mn,n)
gc (l1, . . . , lmn+1−mn ; k) an element of the

Hoeffding decomposition (as given in Theorem 2.2.1) of an mn × n matrix,
which is obtained by deleting the rows numbered l1, . . . , lmn+1−mn and the
k-th column from the mn+1 × (n+ 1) matrix, i.e.,

U (mn,n)
gc (l1, . . . , lmn+1−mn ; k) =

(
mn

c

)−1(
n

c

)−1

(c!)−1

×
∑

1 ≤ i1 < . . . < ic ≤ mn+1
{i1, . . . , ic} ∩ {l1, . . . , lmn+1−mn} = ∅

∑
1 ≤ j1 < . . . jc ≤ n + 1

k �∈ {j1, . . . , jc}

Pergc X (i1, . . . , ic|j1, . . . , jc).

Observe that

n+1∑
k=1

∑
1≤l1<...<lmn+1−mn≤mn+1

U (mn,n)
gc (l1, . . . , lmn+1−mn ; k)

=
(
mn+1 − c

mn − c

)
n+ 1 − c(

mn

c

)(
n
c

) Pergc X
(mn+1,n+1)(c|c)/c!,

where X
(mn+1,n+1) is the mn+1× (n+1) dimensional matrix created from the

left upper corner of the infinite matrix X
(∞). Since(

mn+1 − c

mn+1 −mn

)(
mn

c

)−1

=
(
mn+1

mn

)(
mn+1

c

)−1

,

the above entails

n+1∑
k=1

∑
1≤l1<...<lmn+1−mn≤mn+1

U (mn,n)
gc (l1, . . . , lmn+1−mn ; k)

= (n+ 1)
(
mn+1

mn

)
U (mn+1,n+1)

gc . (2.5)

Let us note that in view of the assumptions (A1-A2) it follows that the con-
ditional distribution of U (mn,n)

gc (l1, . . . , lmn+1−mn ; k) given F (n+1)
c is the same

for any particular choice of k ∈ {1, . . . , n + 1} and {l1, . . . , lmn+1−mn} ⊂
{1, . . . ,mn+1}. Consequently,

E[U (mn,n)
gc (l1, . . . , lmn+1−mn ; k)|F (n+1)

c ]

= E[U (mn,n)
gc (n+ 1, n+ 2, . . . ,mn+1;n+ 1)|F (n+1)

c ] = E[U (m,n)
gc |F (n+1)

c ]
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yielding

E

⎡
⎣n+1∑

k=1

∑
1≤l1<...<lmn+1−mn≤mn+1

U (mn,n)
gc (l1, . . . , lmn+1−mn ; k)

∣∣∣∣∣∣F (n+1)
c

⎤
⎦
(2.6)

= (n+ 1)
(
mn+1

mn

)
E(U (mn,n)

gc |F (n+1)
c ). (2.7)

On the other hand, in view of the identity (2.5), we have that (2.6) is equal
to

(n+1)
(
mn+1

mn

)
E(U (mn+1,n+1)

gc |F (n+1)
c ) = (n+1)

(
mn+1

mn

)
U (mn+1,n+1)

gc . (2.8)

Comparing the expression (2.7) with that at the right-hand side of (2.8), we
arrive at (i).

In order to prove (ii) it is enough to show that for c1 �= c2 we have

Cov
(
Pergc1 X (c1|c1), P ergc2 X (c2|c2)

)
= 0.

To this end we will show that for any pairs of fixed sets of rows {i1, . . . , ic1},
{k1, . . . , kc2} and columns {j1, . . . , jc1}, {l1, . . . , lc2}

Cov
[
Pergc1 X (i1, . . . , ic1 |j1, . . . , jc1), P ergc2 X (k1, . . . , kc2 |l1, . . . , lc2)

]
= 0.
(2.9)

Consider an arbitrary pair of fixed sets of rows {i1, . . . , ic1}, {k1, . . . , kc2} and
columns {j1, . . . , jc1}, {l1, . . . , lc2}. Let us note that by linearity of the covari-
ance operator

Cov
[
Pergc1 X (i1, . . . , ic1 |j1, . . . , jc1), P ergc2 X (k1, . . . , kc2 |l1, . . . , lc2)

]
=

∑
σ∈Sc1 , τ∈Sc2

E
(
gc1(Xi1,jσ(1) , . . . , Xic1 ,jσ(c1)) gc2(Xk1,lτ(1) , . . . , Xkc2 ,lτ(c2))

)
.

Since c1 �= c2 we may assume without loosing generality that c1 > c2. It
follows that there exist at least one column js ∈ {j1, . . . , jc1} such that js /∈
{l1, . . . , lc2}. But by the assumption of the independence of columns and the
property of canonical functions (1.12) the standard conditioning argument
implies now that all the summands above are zero and thus (2.9) follows. The
proof of the result is complete. �


2.3 Variance Formula for a P -statistic

Using the representation of Theorem 2.2.1 it is possible to derive a general
formula for the variance of a P -statistic which proves very useful later on.
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Theorem 2.3.1 (The variance formula for a P-statistic). Under the
assumptions (A1-A2) on X

(∞) let us suppose Eh2 <∞. Then for c = 1, . . . ,m

V ar U (m,n)
c =

(
n

c

)−1(
m

c

)−1 c∑
d=0

(
m− d

c− d

)
D(c, d)
d!

where

D(c, d) =
d∑

s=0

(
d

s

)
(−1)d−sρc,s

for d = 0, 1, . . . , c and

ρc,s = E
[
gc(X11, . . . , Xss, Xis+1,s+1 . . . , Xic,c)×

gc(X11, . . . , Xss, Xjs+1,s+1 . . . , Xjc,c)
]

where ik �= jk for k = s+ 1, . . . , c and s = 0, . . . , c.

Proof. First, let us note that by Theorem 2.2.2 it follows that

V ar
Perh X(

n
m

)
m!

=
m∑

c=1

(
m

c

)2

V ar U (m,n)
gc +

∑
1≤c1 �=c2≤m

(
m

c1

)(
m

c2

)

Cov
[
U (m,n)

gc1
, U (m,n)

gc2

]
=

m∑
c=1

(
m

c

)2

V ar U (m,n)
gc . (2.10)

Now, for c = 1, . . .m(
n

c

)2(
m

c

)2

c!2 V ar U (m,n)
gc = V ar Pergc X (c|c)

=
∑

1≤j1<...<jc≤n

V ar (Pergc X (c|j1, . . . , jc))

since, by independence of columns of X
(∞), we have (cf. also the proof of part

(ii) of the Theorem 2.2.2)

Cov [Pergc X (c|j1, . . . , jc), P ergc X (c|l1, . . . , lc)] = 0

if only {j1, . . . , jc} �= {l1, . . . , lc}.
Since the columns of X

(∞) are identically distributed, we obtain
(
n

c

)(
m

c

)2

c!2 V ar U (m,n)
gc = V ar (Pergc X (c|1, . . . , c)).

Let us note that the number of pairs of c × c submatrices of X
(∞) having

exactly k rows in common equals
(
m
c

)(
c
k

)(
m−c
c−k

)
, for max(0, 2c−m) ≤ k ≤ c,

and each such pair has equal covariance (since the row vectors of X
(∞) are
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identically distributed). Hence, for given c, the above right-hand side can be
written as (

m

c

) c∑
k=max(0,2c−m)

(
c

k

)(
m− c

c− k

)

× Cov [Pergc X (1, . . . , k, ik+1, . . . , ic|1, . . . , c),

P ergc X (1, . . . , k, lk+1, . . . , lc|1, . . . , c)]

where {ik+1, . . . , ic} ∩ {lk+1, . . . , lc} = ∅.
Observe that each term of the above sum is itself a sum of the partial

covariance elements of the form

E
[
gc(Xi1,1, . . . , Xil,l, Xil+1,l+1 . . . , Xic,c)

gc(Xi1,1, . . . , Xil,l, Xjl+1,l+1 . . . , Xjc,c)
]

where il+1, . . . , ic and jl+1, . . . , jc are fixed non-overlapping subsets of {l +
1, . . . ,m} for some 0 ≤ l ≤ k. By the assumptions about the entries of the
matrix X

(∞) it follows that the partial covariances having exactly l (0 ≤ l ≤ k)
elements in common are the same and equal to

ρc,l = E
[
gc(X1,1, . . . , Xl,l, Xil+1,l+1 . . . , Xic,c)

gc(X1,1, . . . , Xl,l, Xjl+1,l+1 . . . , Xjc,c)
]

Now, to compute the covariance of such k×c permanents it suffices to find
the number of pairs of c-tuples of arguments of the function gc with exactly l
elements in common, (0 ≤ l ≤ k ≤ c). Observe that it equals to the number
of pairs of c-tuples having exactly l common elements in a permanent of the
matrix k×c, multiplied by (c−k)!2 – the number of all possible permutations
of ik+1, . . . , ic and lk+1, . . . , lc.

To compute the number of pairs of c-tuples with exactly l elements in com-
mon let us start with finding the number of c-tuples present in the defining for-
mula for Pergc Y[k, c], where Y[k, c] is a k×c matrix, having exactly l elements
in common with the diagonal entries y1,1, . . . , yk,k. First, we fix l factors in(
k
l

)
ways. If we assume that y1,1, . . . , yl,l are fixed, then the remaining factors,

in the c-tuples we are looking for, have to be of the form yl+1,jl+1 , . . . , yk,jk ,
where jd �= d, d = l + 1, . . . , k. Finding the number of such c-tuples (say,
Rl(k, c)) is equivalent to computing the number of summands in a permanent
of the matrix of dimensions (k− l)× (c− l) which do not contain any diagonal
entry. To this end, we subtract the number of all summands having at least
one factor being the diagonal entry, from the total number of all summands
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in that permanent. Using the exclusion-inclusion formula we get that

Rl(k, c) =
(
c− l

k − l

)
(k − l)! −

k−l∑
j=1

(−1)j+1

(
k − l

j

)(
c− l− j

k − l− j

)
(k − l − j)!,

where the absolute value of the j-th member of the above sum denotes the
number of c-tuples having exactly j factors being the diagonal entries (equal to
the number of choices of j positions on the diagonal) multiplied by the number
of c-tuples of k−l−j factors from the outside of the diagonal (equal to number
of c-tuples in the permanent of the matrix of dimensions (k−l−j)×(c−l−j)).
Thus, in a slightly more compact form,

Rl(k, c) =
k−l∑
j=0

(−1)j

(
k − l

j

)(
c− l − j

k − l − j

)
(k − l − j)!. (2.11)

Consequently, the number of pairs of c-tuples in PerY[k, c] with exactly l
factors in common equals to(

c

k

)
k!
(
k

l

)
Rl(k, c).

Hence, combining the above formula with an earlier one for the number of
pairs of c-tuples with l identical factors we arrive at

Cov [Pergc X (1, . . . , k, ik+1, . . . , ic|1, . . . , c),
P ergc X (1, . . . , k, lk+1, . . . , lc|1, . . . , c)]

= (c− k)!2
k∑

l=0

(
c

k

)
k!
(
k

l

)
ρc,lRl(k, c) .

Now, returning to the formula for the variance of U (m,n)
gc we obtain by

(2.11)(
n

c

)(
m

c

)
V ar U (m,n)

gc

=
1
c!2

c∑
k=max(0,2c−m)

(
c

k

)2(
m− c

c− k

)
k!(c− k)!2

k∑
l=0

(
k

l

)
ρc,l Rl(k, c)

=
c∑

k=max(0,2c−m)

(
m− c

c− k

) k∑
d=0

(
c− d

k − d

)
1
d!
D(c, d), (2.12)

since
k∑

l=0

(
k

l

)
ρc,lRl(k, c) =

k∑
l=0

(
k

l

)
ρc,l

k∑
d=l

(−1)d−l

(
k − l

d− l

)(
c− d

k − d

)
(k − d)!

=
k∑

d=0

(
c− d

k − d

)
(k − d)!

(
k

d

) d∑
l=0

(
d

l

)
(−1)d−lρc,l
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=
k∑

d=0

(
c− d

k − d

)
k!
d!
D(c, d).

Observe that we can further simplify the expression (2.12), since

c∑
k=max(0,2c−m)

(
m− c

c− k

) k∑
d=0

(
c− d

k − d

)
D(c, d)
d!

=
c∑

d=0

D(c, d)
d!

c∑
k=max(d,2c−m)

(
m− c

c− k

)(
c− d

k − d

)
=

c∑
d=0

(
m− d

c− d

)
D(c, d)
d!

,

where the last equality follows by applying the hypergeometric summation
rule for the inner sum. Thus, we can rewrite (2.12) as

V ar U (m,n)
gc =

(
n

c

)−1(
m

c

)−1 c∑
d=0

(
m− d

c− d

)
D(c, d)
d!

,

which along with (2.10) completes the proof. �


Example 2.3.1 (Variance of a random permanent). Consider again the kernel
function as in Example 2.2.1. Let as before µ �= 0 be the common mean of
Xi,j and additionally let 0 < σ2 < ∞ be the common variance. By γ = σ/µ
we denote the coefficient of variation and by ρ > 0 the correlation between
any two components from the same column. Then,

ρc,s = γ2cρc−s

and thus
D(c, d) = γ2cρc−d(1 − ρ)d.

As shown before in Example 2.2.1 the canonical function U
(m,n)
gc of the H-

decomposition is given by (2.3). From Theorem 2.3.1 we have now that

V ar U (m,n)
c =

(
n

c

)−1(
m

c

)−1

γ2c
c∑

d=0

(
m− d

c− d

)
ρc−d(1 − ρ)d

d!
,

and hence by the orthogonality of U (m,n)
gc for c = 1, 2, . . . ,m, it follows that

V ar

(
PerX

(m,n)(
n
m

)
m!µm

)
=

m∑
c=1

(
m
c

)
γ2c(

n
c

) c∑
d=0

1
d!

(
m− d

c− d

)
(1 − ρ)dρc−d.

An important special case of Theorem 2.3.1 occurs when the rows of X
(∞)

are also independent. Then the matrix X
(∞) has all independent and identi-

cally distributed entries and

D(c, d) = 0 for d < c.
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Since ρ(c, c) = V ar gc, we see that for each canonical component U (m,n)
gc we

must have

V ar
(
U (m,n)

gc

)
=
(
m

c

)−1(
n

c

)−1
V ar gc

c!
,

which entails (by orthogonality) that the formula for the variance of a P -
statistic degenerate of degree r − 1 in case when X

(∞) has all independent
and identically distributed entries is

V ar

(
Perh X

(m,n)(
n
m

)
m!

)
=

m∑
c=r

(
m
c

)(
n
c

) V ar gc

c!
. (2.13)

Another important special case is that of a U -statistic which corresponds to
X

(∞) = X i.e., the one dimensional projection matrix. Then in Theorem 2.3.1
we have

D(c, s) = 0 for s > 0

and obtain the following variance formula for a U -statistic of degree of degen-
eration r − 1 as defined in Definition 1.4.1 with l = n and k = m

V ar

(
Perh X(

n
m

)
m!

)
= V ar

(
U (m)

n (h)
)

=
m∑

c=r

(
m
c

)2(
n
c

) V ar gc. (2.14)

We conclude this chapter with the following example illustrating one pos-
sible use of Theorem 2.3.1. The example could be considered as a warm-up
before the material of the next chapter. Recall that for a sequence of random
variables Xn and a sequence of real numbers an the notation Xn = op(an)
stands for ∀ε>0P (|Xn| > anε) → 0 as n → ∞. In this notation we may state
the following simple approximation theorem for non-degenerate P -statistics.

Example 2.3.2 (Approximation theorem for P -statistics). Assume (A1-A2) for
matrix X

(∞). Suppose m/
√
n → 0 as n → ∞, Eh2 < ∞ and V ar (g1) �= 0

where g1 does not depend on m,n, as well as for some non-random positive
constants M1 and M2 which do not depend upon m,n, we have for c =
1, 2, 3, . . .

∀d≤c D(c, d) ≤M c
1M

d
2 <∞.

Then
Perh X

(m,n)(
n
m

)
m!

− Eh =
1
n

∑
ij

g1(Xij) + op

(
m√
n

)
. (2.15)

The formula (2.15) is a simple consequence of the properties of P -statistics
summarized by Theorems 2.2.1, 2.2.2, and 2.3.1 in this chapter. Note that for
non-degenerate P -statistics (r = 1)

U (m,n)
g1

=
(
m

1

)−1(
n

1

)−1

Perg1X (1|1) =
1
mn

∑
ij

g1(xij)
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and thus by Theorem 2.2.1

Perh X
(m,n)(

n
m

)
m!

− Eh =
1
n

∑
ij

g1(xij) +Rm,n

where the two summands are orthogonal by Theorem 2.2.2. To complete the
proof it is enough then to show Rm,n = op(m/

√
n) which will follow if we can

argue that
n

m2
V arRm,n → 0

as n→ ∞ and m2/n→ 0. Under the assumptions of the example we have

V ar U (m,n)
gc =

(
n

c

)−1(
m

c

)−1 c∑
d=0

(
m− d

c− d

)
D(c, d)
d!

≤
(
n

c

)−1

exp(M2)M c
1

since
(
m−d
c−d

)
≤
(

m
c

)
for 1 ≤ d ≤ c ≤ m. Therefore by Theorem 2.3.1

n

m2
V arRm,n =

n

m2

m∑
c=2

(
m

c

)2

V ar U (m,n)
gc ≤ n

m2
exp(M2)

m∑
c=2

(
m

c

)2(
n

c

)−1

M c
1

≤ n

m2
exp(M2)

m∑
c=2

(
M1

m2

n

)c 1
c!
,

where the last inequality follows by

c!

(
m
c

)2(
n
c

) ≤
(
m2

n

)c

Consequently,

n

m2
V ar Rm,n ≤M2

1 exp(M2)
m2

n

m∑
c=0

(
M1m

2

n

)c 1
c!

→ 0,

since the sum above is bounded by a constant and m2/n→ 0.
In particular, continuing the case of random permanent (see Examples

2.2.1 and 2.3.1), we take h(y1, . . . , ym) =
∏m

i=1(yi/µ) such that Eh=µ �= 0.
Then [g1(Xi,j)] = µ−1[Xi,j −µ]. Thus the above formula provides the approx-
imation for the classical permanent function since then we may take (see the
formula for D(c, d) in Example 2.3.1) M1 = ργ2 and M2 = (1 − ρ)/ρ.

2.4 Bibliographic Details
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eral decomposition comes from the papers of Rempa�la and Weso�lowski (2003)
and Rempa�la (2001). The idea is related to a general canonical decomposition
of a symmetric functional as described in Dynkin and Mandelbaum (1983)
or in Lee (1990, chapter 4). Most of the material of this chapter discussed
in Sections 2 and 3 comes from the work of Rempa�la (2001), which, though
appeared earlier, extended to P -statistics the ideas developed for random per-
manents in Rempa�la and Weso�lowski (2002b) and Rempa�la and Weso�lowski
(2002c).
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