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Properties of P-statistics

2.1 Preliminaries: Martingales

In order to discuss properties of P-statistics we first need to review briefly
the basic results on martingales. The theory of martingales is rich and pro-
found and reaches far beyond the basic results stated here. Interested reader
is referred to one of many excellent texts available, like for instance Billingsley
(1999), Chow and Teicher (1978) or Ethier and Kurtz (1986).

For T' C R consider an integrable stochastic process (X;)ier defined on a
probability space ({2, F, P).

Definition 2.1.1 (Martingale). A family of o-fields (Fi)ier is called a fil-
tration if Fy C F for anyt € T and Fs C Fy for any s < t, s,t € T. The
process (X, Fi)ter is called a martingale if

(a) X: is Fi-measurable for any t € T
(b) E(X¢|Fs) = X, for any s <t, s,t€T.

It turns out that in the theory of P-statistics a related concept of a backward
(or reversed) martingale is also useful.

Definition 2.1.2 (Backward martingale). Consider a family of o-fields
(Gi)ter such that Gy C F for anyt € T and G C G, for any s <, s,t € T.
The process (X, Gi)rer s called a backward martingale if

(a) X+ is Gi-measurable for any t € T
(b) E(X|G:) = Xt for any s <t, s,t €T.

Let us prove the following result known as the Doob or maximal inequality
(see, Chow and Teicher 1978, chapter 7 or Ethier and Kurtz 1986, chapter 2).

Theorem 2.1.1 (Maximal inequality for martingales). Let n be an
arbitrary positive integer and (Xi, Fi)ter be a martingale with a countable
index set T satisfying {0,n} C T C [0,00). Then for any e >0
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r sup | X¢| >¢e| <e?EX2
teTN[0,n]

Proof. Assume first that TN [0,n] = {0 = to,t1,...,tpr = n} is finite, ¢; <
tiv1,1=20,1,..., M — 1. For an arbitrary € > 0 define

A = N {IX < ey n{| X | > e}, k=0,..., M.

Note that Ag, £k =0,..., M, are disjoint, Ay € Fj for each k and

M
sup | Xy >ep = { max | Xy| > 5} = U Ag.
teTN[0,n] teTN[0,n] 0

Moreover, due to the martingale property,
El(Xn — X1,) X0, 1(Ar)] = E[Xy, I(Ap) B[ X — X4, |7, ]] = 0.
In view of the above, we may write

M
EX? =Y EXZI(A)
k=0

In order to prove the result for countable T consider a sequence Ty C 17 C
T, C ... of finite subsets of T such that {0,n} € Ty and |J, T = T Then by
continuity from below of the probability it follows that for any ¢ > 0

P| sup |Xy>e|=P U{ max |Xt|>€}
teTN[0,n] % teTrN[0,n]

= lim P< max |X¢| > €> <e?EX2

k—oo teT,N[0,n] O

The result above may be easily extended to the case of an uncountable index
set, say, T = [0, 1], if we assume some regularity conditions on the trajectories
of (Xt)tET-
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Proposition 2.1.1. Assume that T = [0,1] and the martingale (Xi)ter has
trajectories which are a.s. cadlag, i.e., are right continuous and have left-hand
limits a.s. Then
P(sup |Xi| >e¢) <e ?EX;i.
te[0,1]
O

In a similar way one may prove an analogous result for backward martingales.
Let us state it for the record as

Theorem 2.1.2 (Maximal inequality for backward martingales). Let
n be an arbitrary positive integer and (X, Gi)ter be a backward martingale
with {n} C T C [n,00) and T being a countable set. Then for any e >0

P( sup |Xi >e¢)<e ?EX2
teTN[n,00)

Proof. The proof is similar to that of Theorem 2.1.1 and thus omitted. O

2.2 H-decomposition of a P-statistic

We first give the result extending the H-decomposition (1.15) to an arbitrary
P-statistic.

Consider an infinite random matrix X () satisfying the assumptions (A1-
A2) as it was introduced in the previous chapter. We denote by X (i1, . .., ip|
Ji,--.,Jq) & sub-matrix constructed out of X (m:n) by taking only the entries
at the intersections of the selected p rows {i1,...,ip} C {1,...,m} and ¢
columns {j1,...,75¢} € {1,...,n}.

Note that Pery, X (i1,...,4p|j1,.-.,Jq) may be regarded as either row- or
column- symmetric function. Thus we may apply to it, in both settings, the
general symmetrization operation defined by (1.2) withZ =R% k=p,l=m
when regarded as a row function and with Z = RP, k = ¢,l = n when
regarded as a column function. Note that under the assumptions (A1-A2) the
exchangeability requirement for the random row or column vectors is satisfied.

Denote the row symmetrization of a generalized permanent by

Pery, X (plj1, - -1 Jq) = > Pern X (i1, -y ipljis -5 Jq)

1<i1<...<ip<m
=m, " Pern X (|1, -, Jq)

for any {j1,...,Jq} C{1,...,n} and the similar column symmetrization by

Perp, X (i1, .. .,ip|q) = > Perp X (i1, -y iplji, - - -5 dq)
1<G1<..<jg<n

=y Perp X (i1, ..., i)
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for any {i1,...,ip} C {1,...,m}.
Similarly,

Pery, X (plq) = Z Pery X (plj1, .-, Jq)

1<51<...<jg<n

= Z Perp, X (i1, .. .,1p|q)

1<i1<...<ip<m

> > Pery, X (i1, ..., ipl1,- -1 Jq)-

1<51<...<jg<n 1<ii<...<ip<m

Using this notation, we may now easily extend the Laplace expansion formula
for permanents given by (1.1). Let us state it in the form of the following
lemma.

Lemma 2.2.1. Let X ™) be an m X n-matriz with 1 < m < n. Then
Per, X (™" = Per, X (1,2,...,m|m). (2.1)

O

The above formula suggests that in order to decompose Pery, X, it suffices
to decompose a generalized permanent of a square submatrix with columns
J1evyim

Perp, X(1,2,...,m|j1,J2, -+ Jm)-
Assume for convenience that Eh = 0 (otherwise taking h = h — Eh in what
follows).

Denote by S, a set of permutations of {1,...,¢}. In view of the above
(cf. (1.14)) the decomposition of Per,X(1,2,...,m|j1,j2,...,Jm) can be
obtained as follows

Perp, X(1,2,...,m|j1.. ., jm)
= Z h(XLja(l) ) X2$j<7(2)7 s ’Xm»ja(m,))

oESm

m
= Z Z(WZLQC)(XLJ}’(U ) X27ja(2) e ’Xm»ja(m,))

cESy, c=1

m
Z Z Z gC(Xil»ja(il)V"7Xic»ja(ic))'

c=11<i1<...<i. <M oESp,

But by the definition of a generalized permanent and in view of (2.1)
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§ gC(Xilvja(il) e 7Xicvja(ic))

TESH

= E E gC(Xir(l)vjll 7o 7Xir(c)7jlc)

1<l1<...<le<m TES,

= Z Pe,rgax(ilw"7ic|jl17"'7jla)

1< <...<lc.<m

= PGTQCX(il,. . .,ic|j1, e ,jm)
Hence

Perp, X(1,2,...,m|j1..., Jm)

m
:Z Z Perg X (i1, iclfis- - Jm)

c=1 1<41<...<i.<m

= Z Pery X (clji, ..., Jm)-
c=1

Thus, using again (2.1), we may write
Per, X (m") = Per), X (1,2,...,m|m)
= > PernX(1,2,...,mlj1,. .., jm)

1<ji1<...<jm<n

m
= > > Pery, X(clj1, .- jm)

1< <o <fm<n =1

i(;_i)(mc)! ST Pery, X(cljis- - je)

1<j1<...<je<n

_ i (” - C) (m — ¢)! Pery, X (cle).

m—c

Rewriting the above as

m -1
Perj, X (M) — g m! <n) (n) Perg, X (clc)/c!
m) \c

c=1

and denoting

gl = <m> - (Z) - Perg, X (c|c) /c! (2.2)

C

we may summarize the above considerations as follows.

Theorem 2.2.1. Under assumptions (A1l-A2) on the entries of a matriz
X (M) - suppose also that the kernel h satisfies E|h| < co. Then
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m

-1
n (m,n) _ (m,n) _ m (m,n)
<m> (Pe'rh X EPer, X > /m! = Z . u,mm,

c=1
where the components U(T’") are defined by (2.2). O

If X (m:n) = X that is, X ™™ is a one dimensional projection matrix then by
(1.22) a P-statistic is a U-statistic and the Theorem 2.2.1 reduces to the H-

decomposition (1.15). Let us also note that for any fixed ¢ > 1 the component

Ug(ln’n) is simply a P-statistic obtained by symmetrization (with respect to

rows and columns of X ("™)) of a generalized permanent with a kernel function
ge based on a square ¢ x ¢ submatrix of X ("),

For the purpose of illustration let us provide a simple example of an appli-
cation of Theorem 2.2.1.

Ezxample 2.2.1 (Random permanent decomposition). Let EX; ; = p # 0 and
consider the kernel h(y1,...,ym) =[]/~ (yi/p). Then

c

gc(y1, .. .,yc) — H<yz _ ﬁ') N’_C

i=1
and by Theorem 2.2.1 we have
Per X (m:n) - i (m) [rimm),
('::I) m'/j/m c=1 ¢ ‘

where

1<i1<...<ie<m

> PerX(in,...icljr, - de)s (2.4)

1<51<...<je<n
for X; =X, —p, (i=1,...,m,j=1,...,n).

The fact that the generalized H-decomposition given in Theorem 2.2.1

retains the uncorrelated martingale structure of the components Ug(ln’n)’s is
verified in the following result.

Theorem 2.2.2. Assume m = m,, is a non-decreasing sequence in n. Under
assumptions (A1-A2) on the entries of matriz X (°°), for a fived ¢ > 1

(i) if Fi = J{Uézn”’"), Uéln"“’nﬂ), ...}, then for ng(c) = min{n : m, > c}

E(Umem|Fnt D) = ylmesnth - n = ng(c), no(c) + 1,

that is, (Ug(ln"’n), c(n) 1s a backward martingale,

)n=n0(c),n0(c)+1,...
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(i) the elements (U(Zn’"))C of the H-decomposition of a P-statistic are orthog-
onal, i.e.
CO’U(U(m ) Ué:’; ")) 0 if ¢1 # co.
Proof. (i) Let us denote by U(m’“n)(ll, o slmyii—m, k) an element of the
Hoeffding decomposition (as given in Theorem 2.2.1) of an m,, X n matrix,
which is obtained by deleting the rows numbered I1,...,l, ,—m, and the
k-th column from the m, 41 X (n + 1) matrix, i.e.,

U™ ™1y, by —ma s k) = ( ) ( )
x > >
1<i <. <de SMpga 1<j1<...J¢

n +
{ilw-wic}m{llv'”vlmn+1*mn}_(D kg{]lv“ }

Pergcx(il’-'-vic|j1>---a.70)-

<n+1
s Je

Observe that

n+1

> > U™ (L, Lo s )

k=1 1<hi<..<lm, 1 -mp<Mni1

mn—c ) (") (C)
where X (Mn+1:741) s the m,, 41 X (n+1) dimensional matrix created from the
left upper corner of the infinite matrix X (>). Since

-1 -1
Mpy1 —C mp o Mn41 Mn+1
Myl — My c My, c ’

the above entails

n+1

> DD 7 o (F TP MRS )

k=1 1<li<..<lm, 1 —mnp <Mni1

=(n+1)( ) U{meent), 2.5

) (" o (25)

Let us note that in view of the assumptions (A1-A2) it follows that the con-
ditional distribution of Ug(:n”’n)(ll, e ,lmn+1 mn; k) given ]-"(n+ ) is the same
for any particular choice of k € {1,...,n + 1} and {l1,...,ln,.;—m,.} C

{1,...,mp41}. Consequently,

E[Uézn"m)(h, eyl R[]
= E[Ug(ln"»n) (n+1l,n+2,....mui1;n+ ]_)|fc(n+1)] — E[Ué:@,n) |];-C(n+1)]



26 2 Properties of P-statistics

yielding
n+1
E Z Z Ug(lnmn) (l1’ s 7lmn+1_mn; k) fc(’n+1)
k=1 1§l1<"'<lm'n+1*mn§mn+1
(2.6)
=(n+1) (m7;+1)E(U§Tm")|J-‘C("+1)). (2.7)

On the other hand, in view of the identity (2.5), we have that (2.6) is equal
to

) (M B ) = o (T Y, )

m’l’l n

Comparing the expression (2.7) with that at the right-hand side of (2.8), we
arrive at (i).
In order to prove (ii) it is enough to show that for ¢; # co2 we have

Cov (Perg,, X (c1ler), Perg,, X (cafe2)) = 0.

To this end we will show that for any pairs of fixed sets of rows {i1,...,4., },
{k1,... ke, } and columns {j1,..., 7, }, {1, len}

Cov [Perg, X (i1, ... ic, i1, Jer), Perg, X (k1, ... keylli, .. ley)] = 0.
(2.9)
Consider an arbitrary pair of fixed sets of rows {i1,...,%¢, },{k1,..., ke, } and
columns {j1,...,Je; }>{l1,---,lc, }- Let us note that by linearity of the covari-
ance operator

Cov [Perg, X(i1,... ic,|j1,- -1 Jer), Perg, X (ki ... keylli, .. le,)]

= E E (961 (Xilvja(l) Yo 7Xicl ﬁja(cl)) Geo (Xklvlr(l) ) Xkc27lT(02))> .

0€Sey, TESey

Since ¢; # ¢ we may assume without loosing generality that ¢; > co. It
follows that there exist at least one column js € {j1,...,Jc | such that js ¢
{li,...,lc,}. But by the assumption of the independence of columns and the
property of canonical functions (1.12) the standard conditioning argument
implies now that all the summands above are zero and thus (2.9) follows. The
proof of the result is complete. a

2.3 Variance Formula for a P-statistic

Using the representation of Theorem 2.2.1 it is possible to derive a general
formula for the variance of a P-statistic which proves very useful later on.
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Theorem 2.3.1 (The variance formula for a P-statistic). Under the
assumptions (A1-A2) on X () let us suppose Eh? < oo. Then forc=1,...,m

o= () (2) 5 ()%

d=0

where

D(c,d) = Zd: <f) (1) pe,s

s=0
ford=0,1,...,¢c and

Pec,s = E [gc(th . 7X557Xi5+1,5+1 . 7Xic,c)><
9e(Xa1, - Ko, Xy o1 -, Xjoo)]
where iy, # ji, fork=s+1,...,cand s=0,...,c.
Proof. First, let us note that by Theorem 2.2.2 it follows that

vap Pen ¥ _ i <m>2v Ny <m> <m)
“ (") m! _c=1 c 4 c1) \¢c2

1<ci1#c2<m

9eq 7Y Geg

m 2
Cov [UW") U<m»”>} = <7Z) Varufmm . (2.10)

c=1

Now, forc=1,...m

c C

2 2

= Z Var (Perg, X (c|ji1, .., Jc))

1<1<...<je<n

since, by independence of columns of X (°°)| we have (cf. also the proof of part
(ii) of the Theorem 2.2.2)

Cov [Pery, X (clj1,.--,Jc), Perg, X(c|li,...,1c)] =0

if only {jl, e ,jc} 7& {ll, e ,ZC}.
Since the columns of X (°) are identically distributed, we obtain

2
(Z) (T) c*Var Ug(ln’n) = Var (Perg, X(c[1,...,c)).

Let us note that the number of pairs of ¢ x ¢ submatrices of X (*) having
exactly k rows in common equals (T) (;) (’Zl:kc), for max(0,2c —m) < k < ¢,
and each such pair has equal covariance (since the row vectors of X () are
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identically distributed). Hence, for given ¢, the above right-hand side can be

M > ()0

k=max(0,2c—m)
x Cov [Perg, X(1,...,k,tk41,.-.,8c|1,...,0),
Perg, X(1,... .k, lky1,..., 1|1, ..., 0)]

where {igt1,. .- e N {lkt1,..., 0} =0.
Observe that each term of the above sum is itself a sum of the partial
covariance elements of the form

E [gc(Xil,la oo Xl Xil+1,l+1 ooy Xige)
9e(Xiy 15 Xig s X a1+ X )]

where 4;41,...,%. and jiy1,...,j. are fixed non-overlapping subsets of {l +
1,...,m} for some 0 <! < k. By the assumptions about the entries of the
matrix X () it follows that the partial covariances having exactly (0<I<k)
elements in common are the same and equal to

Peq =E[ge(X11,- -, Xig, Xy g1 -5 Xie)
9e(Xa s Xits X1 - Xjoe)]

Now, to compute the covariance of such k x ¢ permanents it suffices to find
the number of pairs of c-tuples of arguments of the function g. with exactly [
elements in common, (0 < < k < ¢). Observe that it equals to the number
of pairs of c-tuples having exactly I common elements in a permanent of the
matrix k x ¢, multiplied by (¢ —k)!? — the number of all possible permutations
of igt1,...,% and lgy1,...,1.

To compute the number of pairs of c-tuples with exactly [ elements in com-
mon let us start with finding the number of c-tuples present in the defining for-
mula for Pery, Y[k, c], where Y[k, ] is a k x ¢ matrix, having exactly [ elements
in common with the diagonal entries yi 1,...,yr k. First, we fix [ factors in
(];) ways. If we assume that y1 1, ..., ¥, are fixed, then the remaining factors,
in the c-tuples we are looking for, have to be of the form y;41,5,,,,- -, Yk jp»
where jg # d, d = 1+ 1,...,k. Finding the number of such c-tuples (say,
Ri(k,c)) is equivalent to computing the number of summands in a permanent
of the matrix of dimensions (k —1) x (¢ —1) which do not contain any diagonal
entry. To this end, we subtract the number of all summands having at least
one factor being the diagonal entry, from the total number of all summands
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in that permanent. Using the exclusion-inclusion formula we get that

Rifk.o) = () )= o —§<—1>J’+1(k;‘) (A e

J=1

where the absolute value of the j-th member of the above sum denotes the
number of c-tuples having exactly j factors being the diagonal entries (equal to
the number of choices of j positions on the diagonal) multiplied by the number
of e-tuples of k—1— j factors from the outside of the diagonal (equal to number
of c-tuples in the permanent of the matrix of dimensions (k—1—j) X (c—1—7j)).
Thus, in a slightly more compact form,

Rl(k,c)kZ:l(1)j<k_l> <Z_é_§_>(klj)!. 2.11)

=0 /

Consequently, the number of pairs of c-tuples in Per Y[k, ¢] with exactly
factors in common equals to

(;)k!(';>nl(k,c).

Hence, combining the above formula with an earlier one for the number of
pairs of c-tuples with [ identical factors we arrive at

Cov[Perg, X(1,..., k,igq1,...,%]1,...,¢),
Perg, X(1,...,k, lkg1,. .., 1|1, ..., 0)]

= (c— k) g (;) k! <I;> peiRi(kc) .

Now, returning to the formula for the variance of Ug(ln’n) we obtain by
(2.11)

(n) (m) Var Ué:”’")
c/\ec g

c

a2 () me-norx(;

k=max(0,2c—m

> (1) () g o

k=max(0,2c—m)

g <l>pclRl(k,C) = lzk; <I;>pczdzi:l( 1)+ <z§> <Z—fl) (k — d)!
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(o

Observe that we can further simplify the expression (2.12), since

zc: m—c zk: c¢c—d\ D(c,d)
c—k k—d d!
k=max(0,2c—m) d=0

P SR R Vi [Pt ED S G B 2

k=max(d,2c—m d=0

where the last equality follows by applying the hypergeometric summation
rule for the inner sum. Thus, we can rewrite (2.12) as

-1 -1 ¢
(mm) _ (P m m —d\ D(c,d)
voue = () () 2057

d=0

which along with (2.10) completes the proof. O

Ezample 2.3.1 (Variance of a random permanent). Consider again the kernel
function as in Example 2.2.1. Let as before p # 0 be the common mean of
X; ; and additionally let 0 < 0 < oo be the common variance. By v = o /u
we denote the coefficient of variation and by p > 0 the correlation between
any two components from the same column. Then,

2c c—s

Pec,s =7 P

and thus
D(C, d) — ’Ychc d(l _ p)d.

As shown before in Example 2.2.1 the canonical function Uy, (M) of the H-
decomposition is given by (2.3). From Theorem 2.3.1 we have now that

-1 -1 c c—d d
may _ (M) (M) e (M d) 0 = p)°
VarUe (c) (c) 7 dz:%(cd d! ’
and hence by the orthogonality of U(:n’n) forc=1,2,...,m, it follows that

Var (12233&7M> il id, (m d)(lp)d/fd.

An important special case of Theorem 2.3.1 occurs when the rows of X (°°)
are also independent. Then the matrix X (°) has all independent and identi-
cally distributed entries and

D(c,d)=0 for d<ec.
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Since p(c,¢) = Var g., we see that for each canonical component Usm™™ e

must have
m\ ' /n\ ' Var Je
v (U(mm)) — 3
ar\Mge c c c!

which entails (by orthogonality) that the formula for the variance of a P-
statistic degenerate of degree r — 1 in case when X (°) has all independent
and identically distributed entries is

(mn) mo(m

=@

Another important special case is that of a U-statistic which corresponds to
X (=) = X i.e., the one dimensional projection matrix. Then in Theorem 2.3.1
we have

D(c,s)=0 for s>0

and obtain the following variance formula for a U-statistic of degree of degen-
eration 7 — 1 as defined in Definition 1.4.1 with l =n and k =m

Var (%) — Var (Uém)(h)) _ i (72)2

() m! = @

We conclude this chapter with the following example illustrating one pos-
sible use of Theorem 2.3.1. The example could be considered as a warm-up
before the material of the next chapter. Recall that for a sequence of random
variables X, and a sequence of real numbers a, the notation X,, = o,(ay)
stands for V.50 P(|Xy| > ane) — 0 as n — oco. In this notation we may state
the following simple approximation theorem for non-degenerate P-statistics.

Varge. (2.14)

Ezample 2.3.2 (Approximation theorem for P-statistics). Assume (A1-A2) for
matrix X (°). Suppose m/y/n — 0 as n — oo, Eh? < 0o and Var (g1) # 0
where g; does not depend on m,n, as well as for some non-random positive
constants M7 and M, which do not depend upon m,n, we have for ¢ =
1,2,3,...

Va<e D(c,d) < M{MY < oc.
Then

Pe'th(m’”) 1 m
—— —Fh=— E X — . 2.1
(:q) m! n ol J)+Op<\/ﬁ) (213)

The formula (2.15) is a simple consequence of the properties of P-statistics

summarized by Theorems 2.2.1, 2.2.2, and 2.3.1 in this chapter. Note that for
non-degenerate P-statistics (r = 1)

-1 -1
o m n 1
uimm) = <1) <1> Perg, X(11) = —3 " g1(w5)
j
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and thus by Theorem 2.2.1
Pery, X (m:n) 1
ni_Eh: - g1($ij)+Rm,n
BET >

where the two summands are orthogonal by Theorem 2.2.2. To complete the
proof it is enough then to show R, ,, = 0p(m//n) which will follow if we can
argue that

n
—2Var Rpn—0
m

as n — oo and m?/n — 0. Under the assumptions of the example we have

-1 -1 c -1
n n m m—d\ D(c,d n .
VarU{mm = (c) <C) Z <c—d> (d! ) < <c> exp(Mz) My

d=0

since (m_d) < (m) for 1 <d < ¢ < m. Therefore by Theorem 2.3.1

c—d c

n n o (m)? mn) T " m\? .
anrRm’nWCz:;<c) VarUéc’)gwexp(Mg)Z<c> (c) M7

c=2
n " m2\“ 1
< WGXP(MQ) Z My —

n ol
c=2 !

where the last inequality follows by
m)2 m2 c
< [ =
() ~\n
C

2 m 2\ ¢
n 9 m Mim 1
WVCW Ry < M7 exp(Ms) — ZO ( - ) J — 0,

—
o

c!

Consequently,

since the sum above is bounded by a constant and m?/n — 0.

In particular, continuing the case of random permanent (see Examples
2.2.1 and 2.3.1), we take h(y1,...,ym) = [[;o,(yi/p) such that Eh=p#0.
Then [g1(X; ;)] = p~'[X;,; — p]. Thus the above formula provides the approx-
imation for the classical permanent function since then we may take (see the
formula for D(c,d) in Example 2.3.1) My = py? and Ms = (1 — p)/p.

2.4 Bibliographic Details

The standard general references on the martingale theory are Chow and
Teicher (1978); Billingsley (1999) and for continuous time processes e.g.,
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Ethier and Kurtz (1986). The general martingale decomposition for a U-
statistic, which became latter known as the H-decomposition, was presented
for the first time in Hoeffding (1961). The notion of a P-statistic and its gen-
eral decomposition comes from the papers of Rempata and Wesolowski (2003)
and Rempala (2001). The idea is related to a general canonical decomposition
of a symmetric functional as described in Dynkin and Mandelbaum (1983)
or in Lee (1990, chapter 4). Most of the material of this chapter discussed
in Sections 2 and 3 comes from the work of Rempata (2001), which, though
appeared earlier, extended to P-statistics the ideas developed for random per-
manents in Rempala and Wesolowski (2002b) and Rempata and Wesotowski
(2002¢).
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