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Weak Convergence of P -statistics

In this chapter we shall prove a result on the weak convergence of generalized
permanents which extends the results on random permanents presented in
Chapter 3. Herein we return to the discussions of Chapter 1 where we intro-
duced a matrix permanent function as a way to describe properties of perfect
matchings in bipartite graphs. Consequently, the asymptotic properties which
will be developed in this chapter for P -statistics can be immediately trans-
lated into the language of the graph theory as the properties of matchings
in some bipartite random graphs. This will be done in Section 5.3, where
we shall revisit some of the examples introduced in Chapter 1. In order to
establish the main results of this chapter we will explore the path connecting
the asymptotic behavior of U - and P -statistics. An important mathemati-
cal object which will be encountered here is a class of real random variables
known as multiple Wiener-Itô integrals. The concept of the Wiener-Itô integral
is related to that of a stochastic integral with respect to martingales intro-
duced in Chapter 4, though its definition adopted in this chapter is somewhat
different - it uses Hermité polynomial representations. It will be introduced in
the next section. We shall start our discussion of asymptotics for P -statistics
by first introducing the classical result for U -statistics with fixed kernel due to
Dynkin and Mandelbaum, then obtaining a limit theorem for U -statistics with
kernels of increasing order, and finally extending the latter to P -statistics.

The main theoretical results herein are given in Section 5.2 as Theo-
rems 5.2.1 and 5.2.2 and describe the asymptotics for P -statistics of random
matrices with independent identically distributed random entries as the num-
ber of columns and rows increases. The result of Theorem 5.2.2 is used in
Section 5.3 in order to derive some asymptotic distributions for several func-
tions of perfect matchings in random bipartite graphs under the assumption
that the corresponding matrices of weights X have independent and iden-
tically distributed entries (e.g., the edges appear randomly or are randomly
colored). Throughout this chapter we therefore strengthen the exchangeability
assumptions on the entries of matrix X

(∞) given by (A1)-(A2) in Chapter 1
to that of independence and identical distribution of the entries.
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5.1 Multiple Wiener-Itô Integral as a Limit Law
for U -statistics

5.1.1 Multiple Wiener-Itô Integral of a Symmetric Function

In this section we introduce the multiple Wiener-Itó integral, the object which
appears as the limit in distribution for properly normalized P -statistics.

Let X be a random variable on a probability space (Ω,F , P ) having
the distribution ν. Let J = {J1(φ) : φ ∈ L2(R,B, ν)} be a Gaussian sys-
tem (possibly on a different probability space ( ˜Ω, ˜F ,P) with the expecta-
tion operator denoted by E) with zero means, unit variances and covariances
E(J1(φ)J1(ψ)) = E(φ(X)ψ(X)) for any φ, ψ ∈ L2(R,B, ν).

For any functions fi : Ui → V , where Ui is an arbitrary set and V is
an algebraic structure with multiplication, i = 1, . . . ,m, the tensor product
f1 ⊗ . . .⊗ fm : U1 × . . .× Um → V is defined as

f1 ⊗ . . .⊗ fm(x) = f1(x1) . . . fm(xm)

for any x = (x1, . . . , xm) ∈ U1× . . .×Um. In particular, for f : U → V we have

f⊗m(x) = f(x1) . . . f(xm)

for any x = (x1, . . . , xm) ∈ Um.
For φ⊗m, where φ ∈ L2(R,B, ν) is such that Eφ(X) = 0 and Eφ2(X) = 1,

the m-th multiple Wiener-Itô integral Jm is defined as

Jm(φ⊗m) =
1√
m!

Hm (J1(φ)) ,

where Hm is the m-th monic Hermité polynomial (see Definition 3.2.2).
Moreover the linearity property is imposed on Jm, i.e. for any φ, ψ ∈

L2(R,B, ν), such that E φ(X) = 0 = E ψ(X) and E φ2(X) = 1 = E ψ2(X)
and for any real numbers a and b it is required that

Jm(aφ⊗m + bψ⊗m) = aJm(φ⊗m) + bJm(ψ⊗m).

Consequently, Jm is linear on the space

T (m)
s = span

(

φ⊗m : φ ∈ L2(R,B, ν), E φ(X) = 0, E φ2(X) = 1
)

which is a subspace of the space of symmetric functions L2
s(Rm,Bm, νm) ⊂

L2(Rm,Bm, νm). Here Bm is the Borel σ-algebra in Rm and νm = ν⊗m is the
product measure.

As noted in Chapter 3 Section 3.2.3 it is well known that Hermité polyno-
mials are orthogonal basis in the space L2(R,B, PN ), where N is a standard
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normal variable and E(H2
m(N )) = m!, m = 0, 1, . . . Note that for any φ, ψ ∈

L2(R,B, ν), such that E φ(X) = 0 = E ψ(X) and E φ2(X) = 1 = E ψ2(X)

m!E J2
m

(

aφ⊗m + bψ⊗m
)

= m!E
(

aJm(φ⊗m) + bJm(ψ⊗m)
)2

= a2 E H2
m(J1(φ)) + 2ab E Hm(J1(φ))Hm(J1(ψ)) + b2 E H2

m(J1(ψ)).

To continue the computations, we need to recall the classical Mehler for-
mula (see, for instance, Bryc 1995, theorem 2.4.1). It says that for a bivariate
Gaussian vector (X,Y ) with E(X) = E(Y ) = 0, E(X2) = E(Y 2) = 1 and
E(XY ) = ρ the joint density f of (X,Y ) has the form

f(x, y) =
∞
∑

k=0

ρk

k!
Hk(x)Hk(y)fX(x)fY (y), (5.1)

where fX(x) = fY (x) = 1√
2π

exp
(

−x2

2

)

is the marginal density of X and Y .
Note that (5.1) yields

E(Hm(X)|Y ) = ρmHm(Y )

for any m = 1, 2, . . .. This is easily visible since for any bounded Borel function
g by orthogonality of Hermité polynomials we have

E E(Hm(X)|Y )g(Y ) = E Hm(X)g(Y )

=
∫

R

∫

R

Hm(x)g(y)

( ∞
∑

k=0

ρk

k!
Hk(x)Hk(y)fX(x)fY (y)

)

dxdy

=
∫

R

∫

R

g(y)
ρm

m!
H2

m(x)Hm(y)fX(x)fY (y) dxdy

=
∫

R

ρmHm(y)g(y)fY (y) dy = ρmE Hm(Y )g(Y ).

Thus

E J2
m(aφ⊗m +bψ⊗m) = a2

[

E φ2(X)
]m

+2ab [E φ(X)ψ(X)]m +b2
[

E ψ2(X)
]m

= E

(

a

m
∏

i=1

φ(Xi) + b

m
∏

i=1

ψk(Xi)

)2

= E
[(

aφ⊗m + bψ⊗m
)

(X1, . . . , Xm)
]2
,

where X1, . . . , Xm are independent copies of X (with distribution ν).
From the preceding computation it follows that Jm is a linear isometry

between the space T (m)
s and the subspace Jm

(

T (m)
s

)

of L2( ˜Ω, ˜F ,P).
In our next step leading to a definition of a multiple Wiener-Itô inte-

gral we shall prove that the space T (m)
s is dense in the symmetric subspace

L2
s(Rm,Bm, νm). To this end we need an auxiliary result which will be used in

the expansion for symmetric functions given later in Proposition 5.1.1. Recall
that Sm denotes the set of all possible permutations of the set {1, . . . ,m}.
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Lemma 5.1.1. Let a1, . . . , am ∈ V , where V is a linear space. Then

2m
∑

σ∈Sm

aσ(1) ⊗ . . .⊗ aσ(m) =
∑

ε∈{−1,1}m

(

m
∏

i=1

εi

)(

m
∑

i=1

εiai

)⊗m

, (5.2)

Proof. Note that the right hand side of (5.2) can be written as

R =
∑

ε∈{−1,1}m

(

m
∏

i=1

εi

)

∑

i∈{1,...,m}m

(

m
∏

r=1

εir

)

(ai1 ⊗ . . .⊗ aim)

=
∑

i∈{1,...,m}m
(ai1 ⊗ . . .⊗ aim)

∑

ε∈{−1,1}m

(

m
∏

i=1

εi

)(

m
∏

r=1

εir

)

with ε = (ε1, . . . , εm) and i = (i1, . . . , im). But

m
∏

r=1

εir =
m
∏

i=1

εδi
i ,

where
δi = #{j ∈ {i1, . . . , im} : j = i}, i = 1, . . . ,m.

Moreover, we have

∑

ε∈{−1,1}m

(

m
∏

i=1

εi

)(

m
∏

i=1

εδi
i

)

=
∑

ε∈{−1,1}m

m
∏

i=1

ε1+δi
i =

m
∏

i=1

⎛

⎝

∑

εi∈{−1,1}
ε1+δi

i

⎞

⎠

=
{

2m, if ∀i ∈ {1, . . . ,m} δi = 1,
0, otherwise.

Thus

R = 2m
∑

i∈{1,...,m}m
(ai1 ⊗ . . .⊗ aim) I({i1, . . . , im} = {1, . . . ,m})

= 2m
∑

σ∈Sm

aσ(1) ⊗ . . .⊗ aσ(m). �

With the result of the lemma established we may now prove that T (m)
s is

dense in L2
s(Rm,Bm, νm).

Proposition 5.1.1. There exists a basis (ψr) in L2(R,B, ν) such that for any
f ∈ L2

s(Rm,Bm, νm)

f =
∞
∑

r=1

αrψ
⊗m
r (5.3)
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where (αr) is a sequence of real numbers such that the double series

||f ||2 =
∞
∑

r,s=1

αrαsρ
m(r, s) <∞, (5.4)

where ρ(r, s) = E(ψr(X)ψs(X)).

Proof. Since f is symmetric we have

f(x1, . . . , xm) =
1
m!

∑

σ∈Πm

f(xσ(1), . . . , xσ(m)).

Now, from the theory of Hilbert spaces, it follows that there exists an orthonor-
mal basis (φr) in L2(R,B, ν) such that

f(x1, . . . , xm) =
1
m!

∑

σ∈Sm

∑

i∈Nm

βi

m
∏

l=1

φil(xσ(l))

=
1
m!

∑

i∈Nm

βi

∑

σ∈Sm

m
∏

l=1

φil(xσ(l))

=
1
m!

⎛

⎝

∑

i∈Nm

βi

∑

σ∈Sm

φiσ(1) ⊗ . . .⊗ φiσ(m)

⎞

⎠ (x1, . . . , xm),

with
∑

i∈Nm β2
i <∞. By Lemma 5.1.1 we have

f =
1

2mm!

∑

i∈Nm

βi

∑

ε∈{−1,1}m

(

m
∏

l=1

εl

)(

m
∑

l=1

εlφil

)⊗m

=
∑

i∈Nm, ε∈{−1,1}m

βi

∏m
l=1 εl

2mm!

(

m
∑

l=1

εlφil

)⊗m

.

Define

cm(i, ε) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

m
∑

l=1

εlφil

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

= m+ 2
∑

1≤r<s≤m

εiεjδ(ir = is).

Then we have
f =

∑

i∈Nm, ε∈{−1,1}m
α(i,ε) ψ

⊗m
(i,ε) ,

where

α(i,ε) =

√

cm(i, ε)βi

∏m
l=1 εl

2mm!
and ψ(i,ε) =

1
√

cm(i, ε)

m
∑

l=1

εlφil .

Note that (ψ(i,ε))(i,ε) is a basis in L2(R,B, ν) and the double series of
(α(i,ε))(i,ε) is summable, that is (5.4) holds. �	
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It is obvious that in the expansion (5.3) the elements of the basis (ψk)
can be taken as standardized, that is except of

∫

R ψk(x) ν(dx) = 0 also
∫

R
ψ2

k(x) ν(dx) = 1, k = 1, 2, . . .
In view of the above result the multiple Wiener-Itô integral Jm(f) for

any symmetric function from the space L2
s(Rm,Bm, νm) may be now defined

through the unique extension of the linear isometry Jm from the space T (m)
s

to the whole symmetric space L2
s(Rm,Bm, νm). Thus, Jm is identified with

the unique functional on the Gaussian system J such that

E(J2
m(f)) = E(f2(X1, . . . , Xm)) for any f ∈ L2

s(Rm,Bm, νm) (5.5)

Moreover Jm(f) can be expanded as a series of Hermité polynomials.

Proposition 5.1.2. Let (φk) be a standardized basis in L2(R,B(R), ν) such
that for any symmetric function f ∈ L2(Rm,Bm, νm)

f =
∞
∑

r=1

αrφ
⊗m
r .

Then

Jm(f) =
∞
∑

r=1

αrHm(J1(φr)), (5.6)

Proof. To prove the result it suffices to show that (5.5) holds for Jm(f) defined
by (5.6). But we have

m!E(J2
m(f)) =

∞
∑

r,s=1

αrαsE [Hm(J1(φr))Hm(J1(φs))] = m!
∞
∑

r,s=1

αrαsρ
m(r, s),

where ρ(r, s) = E(φr(X)φs(X)).
On the other hand

E(f2(X1, . . . , Xm)) =
∞
∑

r,s=1

αrαs (E[φr(X)φs(X)])m
.

Now the result follows by the definition of the quantities ρ(r, s). �

5.1.2 Classical Limit Theorems for U-statistics

Let (Xk)k≥1 be a sequence of independent identically distributed random
variables. Let h ∈ L

(m)
s be a symmetric kernel. Consider the corresponding

U -statistic

U (m)
n (h) =

(

n

m

)−1

[πn
m(h)] (X1, . . . , Xn) (5.7)
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with its H-decomposition

Un(h) − E Un(h) =
m
∑

c=r

(

m

c

)(

n

c

)−1

[πn
c (gc)] (X1, . . . , Xn) (5.8)

where (see (1.11))

gc(x1, . . . , xc) =
c
∑

i=1

(−1)c−i
∑

1≤j1<...<ji≤c

h̃i(xj1 , . . . , xji). (5.9)

with h̃c = hc − E(h) and

hc(x1, . . . , xc) = E(h(x1, . . . , xc, Xc+1, . . . , Xm))

for c = 1, 2, . . . ,m. We may write the complete degeneracy property of gc

(1.12) more concisely as

E gc(x1, . . . , xc−1, Xc) = 0, c = 1, 2, . . . ,m, (5.10)

for any x1, . . . , xm.
Recall that the number r − 1 in (5.8) is the degeneration (or degeneracy)

level of the U -statistic where r = min{c ≥ 1 : hc �≡ 0}. In what follows we
also refer to r as non-degeneracy level. It appears that the non-degeneracy
level is essential for the limiting behavior of U -statistics.

For r = 1 it was proved by Hoeffding (1948) that
√
n[Un(h) − E(Un(h))] d→ mN (0, Eg2

1(Y1)).

The case of r = 2 waited for over three decades, until Serfling (1980)
showed that

n(Un(h) − E(Un(h))) d→
(

m

2

) ∞
∑

k=1

λk(Zk − 1),

where (Zk) is a sequence of independent chi-square with one degree of freedom
random variables, and (λk) are defined by the decomposition of g2:

g2(x1, x2) =
∞
∑

k=1

λkφk(x1)φk(x2),

where (φk) is an orthonormal basis in L2(R,B, ν), ν being the common dis-
tribution of Xi’s. Dynkin and Mandelbaum (1983) considered the case of an
arbitrary r ≥ 1. They showed that

(

m

r

)−1

nr/2(Un(h) − E(Un(h)) d→ Jr(gr), (5.11)

where Jr is the r-th multiple Wiener-Itô integral as defined in in the previous
section.
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5.1.3 Dynkin-Mandelbaum Theorem

This section is devoted to the detailed proof of the Dynkin and Mandelbaum
theorem. The proof we offer is more elementary than the original one.

Theorem 5.1.1. Let (Xn) be a sequence of iid rv’s. Let Un, n = m,m+1, . . .,
be a U -statistic for the sequence (Xn) defined by (5.7) (we assume that m is
fixed for all n’s). Assume that the non-degeneracy level of the kernel h is r
and that E(g2

r) <∞. Then the convergence (5.11) holds.

Proof. Note that by the representation (5.8) we have

(

m

r

)−1

nr/2 (Un − E(Un)

=
(

m

r

)−1

nr/2
m
∑

k=r+1

(

m

k

)(

n

k

)−1

πn
k (gk) + nr/2

(

n

r

)−1

πn
r (gr).

The first term, we call it Rn, in the above sum converges in probability to
zero. This is due to the following computation of its variance based on the
orthogonality of gk’s and the property (5.10)

V ar(Rn) =
(

m

r

)−2

nr
m
∑

k=c+1

(

m

k

)2(
n

k

)−2

V ar(πn
k (gk))

=
(

m

r

)−2

nr
m
∑

k=r+1

(

n

k

)−1

E(g2
k).

Due to the obvious inequality n(n − 1) . . . (n − k + 1) > (n/2)r+1 valid for
k > r and n sufficiently large we have

V ar(Rn) ≤ A

n

with

A = 2r+1

(

m

r

)−2 m
∑

k=r+1

(

m

k

)2

k!E(g2
k).

Thus we have to show that

nr/2

(

n

r

)−1

πn
r (gr) d→ Jr(gr).

Note that we can expand gr as in Proposition 5.1.1, i.e.

gr(x1, . . . , xr) =
∞
∑

k=1

αkψk(x1) . . . ψk(xr),
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where E(ψk(Xi)) = 0 and E(ψ2
k(Xi)) = 1, k = 1, 2, . . .. Moreover

∞
∑

j,k=1

αjαkρ
r(j, k) = E(g2

r) <∞, (5.12)

with ρ(j, k) =
∫

ψj(x)ψk(x) dP (x) - see Prop. 5.1.1. Now, for any K we have

nr

(

n

r

)−2

E

⎛

⎝

∞
∑

k=K+1

αk

∑

1≤j1<...<jr≤n

ψk(Xj1) . . . ψk(Xjr )

⎞

⎠

2

= nr

(

n

r

)−1 ∞
∑

j,k=K+1

αjαkρ
r(j, k).

Since the first term is bounded uniformly with respect to n then by (5.12) it
follows that the above quantity converges to zero as K → ∞ uniformly in n.
Hence

nr/2

(

n

r

)−1 ∞
∑

k=K+1

αk

∑

1≤j1<...<jr≤n

ψk(Xj1) . . . ψk(Xjr )
P→ 0

as K → ∞ uniformly in n. Thus to study the limiting behaviour of nr/2
(

n
r

)−1

πn
r (gr) it suffices to consider the finite sum

n−r/2r!
K
∑

k=1

αk

∑

1≤j1<...<jr≤n

ψk(Xj1) . . . ψk(Xjr ).

Note that the inner sum is the elementary symmetric polynomial Sn(r) in
variables ψk(X1), . . . , ψk(Xn), which will be denoted by S(k)

n (r).
Due to the recursion formula for the elementary symmetric polynomials

(see Lemma 3.2.1) which can be rewritten as

cS(k)
n (c) =

c−1
∑

d=0

(−1)dS(k)
n (c− d− 1)

n
∑

j=1

ψd+1
k (Xj), k = 1, . . . ,K, (5.13)

it follows that for any c = 1, 2, . . . there exists a function Fc of c variables
such that for any n

c!n−c/2S(k)
n (c) = Fc

(

n−j/2
n
∑

i=1

ψj
k(Xi), j = 1, . . . , c

)

, k = 1, . . . ,K.

Moreover, it follows from (5.13) that

Fc(x, 1, 0, . . . , 0) = xFc−1(x, 1, 0, . . . , 0) − (c − 1)Fr−2(x, 1, 0, . . . , 0), c = 1, 2, . . . ,
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with F−1(x, 1, 0, . . . , 0) = 0 and F0(x, 1, 0, . . . , 0) = 1. Consequently, see the
recurrence for Hermité polynomials given in (3.7), Fc(x, 1, 0, . . . , 0) is a monic
Hermité polynomial Hc, c = 0, 1, . . ..

Note that, by the classical central limit theorem the weak convergence
(

1√
n

n
∑

i=1

ψk(Xi), k = 1, . . . ,K

)

d→ (J1(ψk), k = 1, . . . ,K)

holds for any K. Additionally, by the weak law of large numbers, it follows
that

(

1
n

n
∑

i=1

ψ2
k(Xi), k = 1, . . . ,K

)

P→ (1, . . . , 1)

and for j > 2 (see the weak law of large numbers - Theorem 3.2.4)
(

1
nj/2

n
∑

i=1

ψj
k(Xi), k = 1, . . . ,K

)

P→ (0, . . . , 0).

Consequently, since Fr is continuous, it further follows that

n−r/2r!
K
∑

k=1

αk

∑

1≤j1<...<jr≤n

ψk(Xj1) . . . ψk(Xjr ) d→
K
∑

k=1

αkHr(J1(ψk)).

Note that, by (5.12) the variance of the tail

V ar

( ∞
∑

k=K+1

αkHr(J1(ψk))

)

=
∞
∑

j,k=K+1

αjαkρ
r(j, k) → 0

as K → ∞. Thus the sequence
(

∑K
k=1 αkHr(J1(ψk))

)

converges in probabil-
ity to Jr(gr) as K → ∞. �	

5.1.4 Limit Theorem for U-statistics of Increasing Order

If the order m of the kernel h = hm of the U -statistic Un(h) = U
(m)
n increases

with n → ∞ in such a way that m/
√
n → λ ≥ 0 then under certain assump-

tions on the elements of the Hoeffding decomposition gm,c the limiting distri-
bution of U (m)

n as n→ ∞ can be represented as the distribution of a multiple
Wiener-Itô integral (in the case λ = 0) or as an infinite sum of multiple
Wiener-Itô integrals (in the case λ > 0). Such results were originally stated by
Korolyuk and Borovskikh (1990). Their derivations were based upon reducing
the problem to the main theorem of Dynkin and Mandelbaum (1983) paper,
which describes the limit of an infinite series of normalized elements of the
Hoeffding decomposition. Below we shall prove analogous results in a simpler
way, exploring the techniques which were developed in earlier chapters.

We start with the result for λ = 0. Here the proof borrows a lot from the
proof of the Dynkin-Mandelbaum theorem of the previous section.
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Theorem 5.1.2. Let (Xi) be a sequence of iid rv’s. Let (U (mn)
n ) be a sequence

of U -statistics defined for (Xi) such that they have the same non-degeneracy
level r. Assume that m2

n/n → λ > 0. Assume that Eh2
mn

< ∞ n = 1, 2, . . .
and that E(gmn,r − gr)2 → 0 as n→ ∞ for a function gr : Rr → R satisfying
(5.10). Let

mn
∑

k=r+1

(

m2
n

n

)k−r

k!
E g2

mn,k → 0. (5.14)

Then
(

mn

r

)−1

nr/2
[

U (mn)
n − E

(

U (mn)
n

)]

d→ Jr(gr).

Proof. As in the proof of Theorem 5.1.1 we decompose the normalized U -
statistic as

(

m

r

)−1

nr/2
(

U (k)
n − E(U (k)

n

)

= Rn + nr/2

(

n

r

)−1

πn
r (gmn,r),

where

Rn =
(

mn

r

)−1

nr/2
mn
∑

k=r+1

(

mn

k

)(

n

k

)−1

πn
k (gmn,k).

Note that

V ar(Rn) =
(

mn

r

)−2

nr
mn
∑

k=r+1

(

mn

k

)2(
n

k

)−1

E g2
mn,k

as well as, for any k = r + 1, . . . ,mn

(

mn

r

)−2(
mn

k

)2

≤
(

r!
k!

)2

m2(k−c)
n

and

nr

(

n

k

)−1

≤
(

n

n− r + 1

)r 1
(n− r) . . . (n− k + 1)

≤
(

n

n− r + 1

)r (
n

n−mn

)mn 1
nk−r

.

Since the first two terms on the right hand side of the last inequality are
bounded (each converges to 1), then it follows that

(

mn

r

)−2

nr

(

mn

k

)2(
n

k

)−1

≤ C

(

m2
n/n

)k−r

k!
,

where C is a constant. Consequently, by (5.14) it follows that V ar(Rn) → 0.
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Since, as in the proof of Theorem 5.1.1 it follows that

nr/2

(

n

r

)−1

πn
r (gr) d→ Jr(gr),

it suffices to show that

nr/2

(

n

r

)−1

(πn
r (gmn,r) − πn

r (gr)) P→ 0.

This follows from the fact that the second moment of this difference is

nr

(

n

r

)−1

E (gmn,r − gr)2 ≤
(

n

n− r + 1

)r

E (gmn,r − gr)2

and thus, the assumption of the theorem implies that it converges to 0. �	

The analogous result for λ > 0 is somewhat more difficult. In particular,
an infinite series of multiple Wiener-Itô integrals appears in the limit.

Theorem 5.1.3. Let (Xi) be a sequence of iid rv’s. Let (U (mn)
n ) be a sequence

of U -statistics defined for (Xi) such that they have the same non-degeneracy
level r. Assume that m2

n/n → λ > 0. Assume that Eh2
mn

< ∞ n = 1, 2, . . .,
and that there exists a sequence of functions g = (gk) such that gk is a sym-
metric function on Rk satisfying (5.10), k = r, r + 1, . . .. Moreover, let

∞
∑

k=r

λk

k!
E g2

k <∞ and
∞
∑

k=r

(

m2
n

n

)k

k!
E g2

k <∞ uniformly in n

(5.15)
and

mn
∑

k=r

(

m2
n

n

)k

k!
E (gmn,k − gk)2 → 0. (5.16)

Then

Zn = U (mn)
n − E

(

U (mn)
n

)

d→
∞
∑

k=r

λk/2

k!
Jk(gk).

Proof. Consider first the random variable

SN,n =
N
∑

k=r

(

m

k

)(

n

k

)−1

π
(n)
k (gk) =

N
∑

k=r

∞
∑

j=1

αj,k

(

m

k

)(

n

k

)−1

π
(n)
k ψ⊗k

j ,

where gk =
∑∞

j=1 αk,jψ
⊗k
j , k = r, . . . , N and m = mn. Note that the sequence

(ψj) is common for all k’s. This is possible by defining it for the largest
space L2(RN ,B(RN), P⊗N

X ). Moreover, E(ψj(Xi)) = 0 and E(ψ2
j (Xi)) = 1,

j = 1, 2, . . ..
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Since the above sum with respect to k is finite, similarly as in the proof of
the previous result it follows that

N
∑

k=r

∞
∑

j=K+1

αj,k

(

m

k

)(

n

k

)−1

π
(n)
k ψ⊗k

j
P→ 0

as K → ∞ uniformly in n. Thus using the fact the m2/n→ λ and properties
of elementary symmetric polynomials as in the previous proof we get

N
∑

k=r

K
∑

j=1

αj,k

(

m√
n

)k (m
k

)

mk

(
√
n)k

(

n
k

) π
(n)
k ψ⊗k

j
d→

N
∑

k=r

K
∑

j=1

αj,kλ
k/2Hk(J1(ψj))

Note that as K → ∞ the right hand side of the above expression converges
in probability (see the previous proof) to

∑N
k=r λ

k/2Jk(gk).
Note that by orthogonality (5.10) we have

An = E

(

m
∑

k=r

(

m
k

)

(

n
k

) π
(n)
k (gm,k − gk)

)2

=
m
∑

k=r

(

m
k

)2

(

n
k

) E(gm,k − gk)2.

Thus the inequality m2/n > (m− 1)2/(n− 1) and the condition (5.16) imply

An ≤
m
∑

k=r

(

m2

n

)k

k!
E (gm,k − gk)2 → 0.

Moreover, the second part of (5.15) implies that

∞
∑

k=m+1

(

m2

n

)k

k!
Eg2

k → 0.

Consequently,

m
∑

k=r

(

m
k

)

(

n
k

) π
(n)
k gm,k and

∞
∑

k=r

(

m
k

)

(

n
k

) πn
k (gk)

are asymptotically (as n→ ∞) equivalent in distribution.
Note also that

∑∞
k=N

λk/2

k! Jk(gk) converges in probability to 0 as N → ∞:
by the orthogonality of gk’s and properties of the multiple Wiener-Itô integral
(see, Dynkin and Mandelbaum 1983, formula (2.2)) we get

E

( ∞
∑

k=N

λk/2

k!
Jk(gk)

)2

=
∞
∑

k=N

λk

k!
E g2

k,

which by (5.15) converges to 0 with N → ∞.
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Finally, we consider

TN,n =
m
∑

k=N+1

(

m
k

)

(

n
k

) πn
k (gk).

Observe that by the orthogonality of gk’s

E(T 2
N,n) =

m
∑

k=N+1

(

m
k

)2

(

n
k

) E(g2
k) ≤

m
∑

k=N+1

(

m2

n

)k

k!
E(g2

k)

and thus by the second part of (5.15) it follows that TN,n converges in prob-
ability (uniformly in n) as N → ∞ to 0.

Since for any ε > 0 and any x ∈ R we have

P (SN,n ≤ x−ε)−P (|TN,n| > ε)≤P (Zn ≤ x)≤P (SN,n≤x+ε)+P (|TN,n| > ε),

the relations which has already been used in Chapter 3, the result follows
because of the asymptotic properties of SN,n and TN,n derived in the course
of the proof.

5.2 Asymptotics for P -statistics

Let Mm×n be the space of m× n matrices with real entries and let h ∈ L
(m)
s .

Further, let X
(m,n) be a random matrix assuming values in Mm×n with iid

entries. Let E(|h(m)|) < ∞. Then from Theorem 2.2.1 we obtain for the
associated generalized permanent function (under slightly different notation)

Per
(m,n)

h(m) X
(m,n) = E

(

Per
(m,n)

h(m) X
(m,n)

)

+m!
(

n

m

) m
∑

k=1

(n− k)!
n!

W (m,n)
gm,k ,

where

W (m,n)
gm,k

=
∑

1≤i1<...<ik≤m

∑

1≤j1<...<jk≤n

∑

σ∈Πm

gm,k

(

Xiσ(1),j1 , . . . , Xiσ(k),jk

)

and

gm,k(w1, . . . , wc)

=
∫

Rm

h(m)(z1, . . . , zm)

(

k
∏

r=1

(δwr (dzr) − PX(dzr))

)(

m
∏

s=k+1

PX(dzs)

)

for PX being the distribution of X1,1. Recall that, similarly as for U -statistics,
we say that r is non-degeneracy level of P -statistics if g(m)

k ≡ 0 for k < r and
g
(m)
r �≡ 0.
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The main object of this section is to prove limit theorems for P -statistics
with mn/n→ λ ≥ 0. Similarly, as for U -statistics, two cases λ = 0 and λ > 0,
differ and they are treated separately. However in both cases the asymptotic
behaviour of the sequence of centered and normalized P -statistics

⎛

⎝

Per
(mn,n)

h(mn) (X (mn,n)) − E
(

Per
(mn,n)

h(mn) (X (mn,n))
)

(

n
mn

)

mn!

⎞

⎠

n

is compared to the asymptotics of respective U -statistics.
Again, as for U -statistics, we start with the case λ = 0.

Theorem 5.2.1. Let (X (mn,n)) be a sequence of matrices in Mmn×n embed-
ded in an infinite matrix X

(∞) of iid entries. Assume mn/n→ 0. Consider a
sequence of P -statistics

(

Per
(mn,n)

h(mn) (X (mn,n))
)

with a common level of non-

degeneracy equal to r. Assume that E
[

(h(mn))2
]

<∞, n = 1, 2, . . ., and that

mn
∑

k=r+1

(

mn

n

)k−r

k!
E g2

mn,k → 0 . (5.17)

Assume also that E(gmn,r − gr)2 → 0 as n → ∞ for a symmetric function
gr : Rr → R satisfying (5.10).

Then

r!
(

n

mn

)r/2 Per
(mn,n)

h(mn) (X (mn,n)) − E
(

Per
(mn,n)

h(mn) (X (mn,n))
)

(

n
mn

)

mn!
d→ Jr(gr).

Proof. Write m = mn. Consider a U -statistic U (m)
mn with the kernel hm based

on an iid sample of mnn random variables: X1,1, . . . , Xm,n. Then m2/(mn) =
m/n→ λ. Consequently, the assumptions of Theorem 5.1.2 are satisfied (with
n changed into mn) and thus

(

m

r

)−1

(mn)r/2
(

U (mn)
mn − E(U (m)

mn )
)

d→ Jr(gr).

To complete the proof we will argue that

r!nr/2
[

Per
(m,n)

h(m) (X (m,n)) − E
(

Per
(m,n)

h(m) (X (m,n))
)]

mr/2
(

n
m

)

m!

−
(mn)r/2

[

U
(m)
mn − E(U (m)

mn )
]

(

m
r

)

= Ωn(gm) P→ 0.
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Note that symmetry of the kernels gm,k’s entails

Cov

(

(k!)−1

(

n

k

)−1

W (m,n)
gm,k ,

(

m

k

)(

mn

k

)−1

πk
mn(gm,k)

)

= V ar

(

(

m

k

)(

mn

k

)−1

πk
mn(gm,k)

)

=

(

m
k

)2

(

mn
k

)E(g2
m,k) (5.18)

for any k = r, r + 1, . . . ,m. Note also that by (2.13) it follows that

V ar

(

(k!)−1

(

n

k

)−1

W (m,n)
gm,k

)

=

(

m
k

)

(

n
k

)

1
k!
E(g2

m,k). (5.19)

We will show that Ωn converges to 0 in L2. By orthogonality of (gm,k) it
follows that

V ar Ωn(gm) =
( n

m

)r m
∑

k=r

V ar

(

r!
Wgm,k

k!
(

n
k

) −
mr

(

m
k

)

πk
mn(gm,k)

(

m
r

)(

mn
k

)

)

.

Thus (5.18) and (5.19) applied to the first element of the above sum yields

( n

m

)r

V ar

(

r!
Wgm,r

r!
(

n
r

) −
mr

(

m
r

)

πr
mn(gm,r)

(

m
r

)(

mn
r

)

)

=
nr

mr

⎡

⎣(r!)2
(

m
r

)

(

n
r

)

r!
− 2r!

mr

(

m
r

)

(

m
r

)

(

mn
r

) +

(

mr

(

m
r

)

)2 (m
r

)2

(

mn
r

)

⎤

⎦

=

(

m
r

)

mr

[

r!nr

(

n
r

) − 2
r!(mn)r

(

mn
r

) +
mr

(

m
r

)

(mn)r

(

mn
r

)

]

(5.20)

Since the term in the square brackets above converges to zero and the factor
in front of it converges to r! we conclude that the whole quantity converges
to zero.

Note that

( n

m

)r m
∑

k=r+1

V ar

(

r!
Wgm,k

k!
(

n
k

) −
mr

(

m
k

)

πk
mn(gm,k)

(

m
r

)(

mn
k

)

)

≤
( n

m

)r m
∑

k=r+1

V ar

(

r!
Wgm,k

k!
(

n
k

)

)

+
( n

m

)r m
∑

k=r+1

V ar

(

mr
(

m
k

)

πk
mn(gm,k)

(

m
r

)(

mn
k

)

)

= I1(n) + I2(n) .

Now treat separately I1(n) and I2(n).
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For I1(n) we use the second line of (5.19) to get

I1(n) =
(r!)2nr

mr

m
∑

k=r+1

(

m
k

)

(

n
k

)

1
k!
E(g2

m,k)

≤ (r!)2
m
∑

k=r+1

mk−r

nk−r

1
(

1 − m
n

)k

E(g2
m,k)
k!

Since for n large enough m
n < 1

2 then for such n’s

I1(n) ≤ 2r(r!)2
m
∑

k=r+1

(m

n

)k−r E(g2
m,k)
k!

and thus by (5.17) it follows that I1(n) converges to zero.
For I2(n) we have

I2(n) =
( n

m

)r
(

mr

(

m
r

)

)2 m
∑

k=r+1

(

m
k

)2

(

mn
k

)E g2
m,k

=

(

mr

(

m
r

)

)2 m
∑

k=r+1

(

m
k

)

mr

nk
(

m
k

)

nk−r
(

mn
k

)E g2
m,k

≤
(

mr

(

m
r

)

)2
1

(

1 − 1
n

)m

m
∑

k=r+1

(

m
n

)k−c

k!
E g2

m,k.

Since the expression standing just in front of the sum above is bounded then
(5.17) implies that I2(n) → 0.

Thus V ar Ωn(gm) → 0 implying Ωn(gm) P→ 0. �	

In our next result we consider the case λ > 0.

Theorem 5.2.2. Let (X (mn,n)) be a sequence of matrices in Mmn×n embed-
ded in an infinite matrix X

(∞) of iid entries. Assume mn/n → λ > 0. Con-
sider a sequence of P -statistics

(

Per
(mn,n)

h(mn) (X (mn,n))
)

with a common level of

non-degeneracy equal to r. Assume that E
[

(h(mn))2
]

< ∞, n = 1, 2, . . ., and
that there exists a sequence of functions g = (gk), such that gk is a symmetric
function on Rk satisfying (5.10), k = c, c+ 1, . . . as well as

∞
∑

k=r

λk

k!
E g2

k <∞ and
∞
∑

k=r

(

mn

n

)k

k!
E g2

k <∞ uniformly in n

(5.21)
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and
mn
∑

k=r

(

mn

n

)k

k!
E (gmn,k − gk)2 → 0. (5.22)

Then

Per
(mn,n)

h(mn) (X (mn,n)) − E Per
(mn,n)

h(mn) (X (mn,n))
(

n
mn

)

mn!
d→

∞
∑

k=r

λk/2

k!
Jk(gk).

Proof. Consider a U -statistic U
(mn)
mnn with the kernel hmn based on an iid

sample X1,1, . . . , Xmn,n. Then m2
n/(mnn) = mn/n → λ. Consequently, the

assumptions of Theorem 5.1.3 are satisfied (with n changed into mnn) and
thus (writing m = mn)

U (m)
mn − E U (m)

mn
d→

∞
∑

k=c

λk/2

k!
Jk(gk).

To complete the proof we will argue that

1
(

n
m

)

m!

[

Per
(m,n)

h(m) (X (m,n)) − E Per
(m,n)

h(m) (X (m,n))
]

−
[

U (m)
mn − E U (m)

mn

]

=
m
∑

k=r

(k!)−1

(

n

k

)−1

W (m,n)
gm,k (X (m,n)) −

m
∑

k=r

(

m

k

)(

mn

k

)−1

πk
mn(gm,k)(X (m,n))

= Ωn(gm) P→ 0. (5.23)

Firstly, note that by orthogonality of (gmn,k)k and (gk)k and due to (5.22)

E

(

m
∑

k=r

(k!)−1

(

n

k

)−1
[

W (m,n)
gm,k −W (m,n)

gk

]

)2

=
m
∑

k=r

(

m
k

)

(

n
k

)

k!
E(gm,k − gk)2 → 0.

Similarly, by the inequality
(

mn

k

)

>

(

m

k

)(

n

k

)

k! (5.24)

it follows that

E

(

m
∑

k=r

(

m

k

)(

mn

k

)−1
[

πk
mn(gm,k) − πk

mn(gk)
]

)

=
m
∑

k=r

(

m

k

)2(
mn

k

)−1

E(gm,k − gk)2

≤
m
∑

k=r

(

m
k

)

(

n
k

)

k!
E(gm,k − gk)2 → 0.
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Thus to show the relation (5.23) it suffices to prove that

Ωn(g) P→ 0. (5.25)

This will be accomplished by showing that the variance of the respective
difference tends to zero. Note that symmetry of the kernel gk’s entails

Cov

(

m
∑

k=r

(k!)−1

(

n

k

)−1

W (m,n)
gk

,

m
∑

k=r

(

m

k

)(

mn

k

)−1

πk
mn(gk)

)

= V ar

(

m
∑

k=c

(

m

k

)(

mn

k

)−1

πk
mn(gk)

)

=
m
∑

k=r

(

m
k

)2

(

mn
k

)E(g2
k).

Note also that by (2.13) it follows that

V ar

(

m
∑

k=r

(k!)−1

(

n

k

)−1

W (m,n)
gk

)

=
m
∑

k=r

(

m
k

)

(

n
k

)

1
k!
E(g2

k).

Thus

V ar (Ωn(g)) =
m
∑

k=r

[

(

m
k

)

(

n
k

)

1
k!

−
(

m
k

)2

(

mn
k

)

]

E(g2
k).

Hence, by the second part of (5.21), we have

m
∑

k=N

(

m
k

)

(

n
k

)

1
k!
E(g2

k) → 0

uniformly in n as N → ∞. Similarly, using once again the inequality (5.24),
we get

m
∑

k=N

(

m
k

)2

(

mn
k

)E(g2
k) → 0

uniformly in n as N → ∞. Now, fixing N sufficiently large we see that

N
∑

k=r

[

(

m
k

)

(

n
k

)

1
k!

−
(

m
k

)2

(

mn
k

)

]

E(g2
k) → 0

as n→ ∞ since both
(

m
k

)

(

n
k

)

1
k!

and

(

m
k

)2

(

mn
k

)

converge, as n→ ∞ to the same limit λk

k! and k assumes only finite number of
values 1, . . . , N . Hence (5.25) follows and the proof of the result is complete.

�	
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Let us note that in practice the assumptions 5.21 and 5.22 of the above
theorem may be often replaced by a set of alternative conditions being easier
to verify. We outline them in the remarks below.

Remark 5.2.1. Suppose that exist positive constants A, B, C and D such that

|gk| ≤ ABk for any k = r, r + 1, . . . (5.26)

and

|gmn,k| ≤ CDk for any k = r, r + 1, . . . ,mn n = 1, 2, . . . , (5.27)

as well as for any k = r, r + 1, . . ., a point-wise convergence

gmn,k → gk as n→ ∞ (5.28)

holds, then the assumptions (5.21) and (5.22) of Theorem 5.2.2 are satisfied.

Remark 5.2.2. Since by (5.9)

gmn,k =
k
∑

i=1

(−1)k−iπk
i (h̃mn,i), (5.29)

where

h̃mn,i(x1, . . . , xi) = E(hmn(x1, . . . , xi, Xi+1, . . . , Xmn)) − E(hmn),

then it follows that if there exist positive constants a and b such that

|h̃mn,i| < abi

for any i = r, r + 1, . . . and any n = 1, 2, . . ., then

|gmn,k| ≤
k
∑

i=1

(

k

i

)

abi ≤ a(1 + b)k

for any k = r, r + 1, . . . ,mn and any n = 1, 2, . . . and therefore (5.27) is
satisfied.

Remark 5.2.3. Assume that there exist positive constants A, B, C and D
such that

E(g2
k) ≤ ABk for any k = r, r + 1, . . . (5.30)

and

E(g2
mn,k) ≤ CDk for any k = r, r + 1, . . . ,mn and any n = 1, 2, . . . (5.31)
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It is worthy to note that due to the formula (1.19) written is our current
notation as

E(g2
mn,k) =

k
∑

i=1

(−1)k−i

(

k

i

)

E(h̃2
mn,i),

it follows that (5.31) is implied by the following condition: there exist positive
constants c and d such that

E(h̃2
mn,k) ≤ cdk for any k = r, r + 1, . . . ,mn and for any n = 1, 2, . . . .

(5.32)

It is quite easy to see that (5.30) and (5.31) (or (5.26) and (5.27)) and the
point-wise convergence (5.28) imply that the assumptions of Theorem 5.2.2
hold true: The first part of (5.21) is obvious. The second part of (5.21) follows
immediately from the fact that the sequence (mn/n) is bounded. To see that
(5.22) is also satisfied, let us for any ε > 0 choose M large enough to have

∞
∑

k=M+1

(

mn

n

)k

k!
(

ABk + CDk
)

< ε/2.

Note that M does not depend on n. Then, by (5.28), we can take N large
enough to have for n ≥ N

M
∑

k=r

(

mn

n

)k

k!
E(gmn,k − gk)2) < ε/2.

Remark 5.2.4. Note that (5.31) implies

mn
∑

k=r+1

(

mn

n

)k−r

k!
E g2

mn,k ≤ mn

n
CDr+1

∞
∑

l=0

(

Dmn

n

)l

l!
= CDr+1mn

n
e
Dmn
n → 0.

Thus (5.17) is satisfied and Theorem 5.2.1 holds. Similarly from Remark 5.2.3
it follows that (5.32) implies (5.17).

5.3 Examples

In this section we shall illustrate the applicability of the results from the pre-
vious section by revisiting some of the examples introduced in Chapter 1. We
shall simplify slightly the notation by writing Per (hm) for Per(mn,n)

h(mn) X
(m,n)

also m for mn while continuing to assume that, as in Theorem 5.2.2, m/n→
λ > 0.
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Example 5.3.1 (Number of monochromatic matchings in multicolored graph).
In the setting of Example 1.7.2, let as before P (X = k) = pk, k = 0, 1, . . . , N ,
where N ≤ ∞ and Xi,j

d= X . If

hm(x1, . . . , xm) =
N
∑

k=1

m
∏

i=1

I(xi = k).

Then Perhm,n = M(m,n) counts monochromatic perfect matchings in a cor-
responding random bipartite graph (G, [yi,j ]).

Note that E(hm) =
∑N

k=1 p
m
k and, moreover,

gm,k(x1, . . . , xk) =
N
∑

i=1

pm
i

k
∏

l=1

(

1
pi
I(xl = i) − 1

)

.

Consider first the case of N <∞ and pi = p, i = 1, . . . , N . Then E(hm) =
Npm and changing hm into h̃m = hm/(Npm) we get

gm,k(x1, . . . , xk)

= gk(x1, . . . , xk) =
1
N

N
∑

i=1

k
∏

l=1

(

1
p
I(xl = i) − 1

)

=
1
N

(

1 − p

p

)k/2 N
∑

i=1

φ⊗k
i (x1, . . . , xk) ,

where

φi(x) =
I(x = i) − p
√

p(1 − p)
, i = 1, . . . , N,

are standardized. Thus if m/n→ λ > 0 then from Theorem 5.2.2 we conclude
that

M(m,n)
Npm

(

n
m

)

m!
d→ 1 +

1
N

∞
∑

k=1

(

λ1−p
p

)k/2

k!

N
∑

i=1

Hk(J1(φi))

=
1
N

exp
(

−λ(1 − p)
2p

) N
∑

i=1

exp
(√

λZi

)

,

where (Z1, . . . , ZN ) is an N -variate centered normal random vector with
covariances: E(ZiZj) = −1 for i �= j and EZ2

i = (1−p)p−1, i, j ∈ {1, . . . , N}.
If m/n→ 0 then Remark 5.2.4 and Theorem 5.2.1 imply

√

n

m

(

M(m,n)
pm

(

n
m

)

m!
−N

)

d→ Z,
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where Z is a zero mean Gaussian random variable with variance V ar(Z) =
N2 1−p

p .
In the general case, i.e. N ≤ ∞, let p = max1≤i≤N pi and let j1, . . . , jK be

such that pjs = p, s = 1, . . . ,K. Then we define h̃m = hm/(Kpm) and note
that Eh̃m → 1 as n→ ∞ since

∣

∣

∣Eh̃m − 1
∣

∣

∣ =
∣

∣

∣

∣

∑

i≥1 p
m
i

Kpm
− 1

∣

∣

∣

∣

=
∑

i�∈{j1,...,jK}

(

pi

p

)m

≤
( supi�∈{j1,...,jK} pi

p

)m−1
∑

i�∈{j1,...,jK}

pi

p
→ 0

on noting that supi�∈{j1,...,jK} pi < p. Consequently,

gm,k(x1, . . . , xk) =
1
K

N
∑

i=1

(

pi

p

)m k
∏

l=1

(

1
pi
I(xl = i) − 1

)

Define

gk(x1, . . . , xk) =
1
K

K
∑

s=1

k
∏

l=1

(

1
p
I(xl = js) − 1

)

=
1
K

(

1 − p

p

)k/2 K
∑

s=1

ψ⊗k
s (x1, . . . , xk),

where ψs = φjs , s = 1, . . . ,K, are standardized and k = 1, 2, . . .. Then |gk| ≤
Ck and (5.21) is satisfied. Moreover,

|gm,k(x1, . . . , xk) − gk(x1, . . . , xk)|

=
1
K

∑

i�∈{0,j1,...,jK}

(

pi

p

)m k
∏

l=1

(

1
pi
I(xl = i) − 1

)

≤ Ck
∑

i�∈{j1,...,jK}

(

pi

p

)m

≤ Ckδm−1
∑

i�∈{j1,...,jK}

pi

p
≤ δm−1Ck/p→ 0,

since δ = supi�∈{j1,...,jK} pi < p and thus (5.22) is also satisfied. Consequently,
in the case m/n→ λ > 0 Theorem 5.2.2 implies

M(m,n)
Kpm

(

n
m

)

m!
d→ 1 +

1
K

∞
∑

k=1

(

λ1−p
p

)k/2

k!

K
∑

i=1

Hk(J1(φji ))

=
1
K

exp
(

−λ(1 − p)
2p

) K
∑

i=1

exp
(√

λZi

)

,
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where (Z1, . . . , ZK) is a K-dimensional centered normal random vector with
covariancesE(ZiZj) = −1 for i �= j and E(Z2

i ) = (1−p)p−1, i, j ∈ {1, . . . ,K}.
Alternatively, if m/n → 0 then it follows from Theorem 5.2.1 (via

Remark 5.2.4) that

√

n

m

(

M(m,n)
pm

(

n
m

)

m!
−K

)

d→ Z,

where Z is a zero mean Gaussian random variable with variance V ar(Z) =
K2 1−p

p .

In our remaining examples we consider always a set of weights in a complete
bipartite graph K(m,n).

Example 5.3.2 (Number of matchings with L red edges in bicolored graph).
Consider a random bicolored complete bipartite graph K(m,n) from Exam-
ple 1.7.3 with edges which are either red (Xi,j = 1) with probability p or black
(Xi,j = 0) with probability 1− p. We are interested in the number K(n, α) of
perfect matchings with a given number Ln of red edges as n→ ∞, assuming
that Ln/m→ α ∈ [0, 1]. Thus K(n, α) = Per(hm) for

hm(x1, . . . , xm) = I(x1 + . . .+ xm = Ln), xj ∈ {0, 1}.

Note that

E(hm) =
(

m

Ln

)

pLn(1 − p)m−Ln .

Moreover,

hm,i(x1, . . . , xi)

=
(

m− i

Ln − x1 − . . .− xi

)

pLn−x1−...−xi(1−p)m−i−Ln+x1+...+xi , xj ∈ {0, 1}.

Consequently,

h̃m,i(x1, . . . , xi)

=
hm,i(x1, . . . , xi) − E(hm)

E(hm)
=

(

m−i
Ln−x1−...−xi

)

(

m
Ln

)

(

1 − p

p

)x1+...+xi

(1 − p)−i − 1.

and thus by (5.9) we have

gm,k(x1, . . . , xk) =
k
∑

i=1

(−1)k−i
∑

1≤j1<...<ji≤k

h̃m,i(xj1 , . . . , xji)

=
k
∑

i=1

(−1)k−i

⎛

⎝

∑

1≤j1<...<ji≤k

(

m−i
Ln−xj1−...−xji

)

(

m
Ln

)

(

1 − p

p

)xj1+...+xji

(1−p)−i−1

⎞

⎠ .
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Since

lim
n→∞

(

m−i
Ln−j

)

(

m
Ln

) = αj(1 − α)i−j

then

gm,k(x1, . . . , xk)

→
k
∑

i=1

(−1)k−i

⎛

⎝

∑

1≤j1<...<ji≤k

(

α

p

)xj1+...+xji
(

1 − α

1 − p

)i−xj1−...−xji

− 1

⎞

⎠

=
k
∏

i=1

[

(

α

p

)xi (1 − α

1 − p

)1−xi

− 1

]

=

(

|α− p|
√

p(1 − p)

)k k
∏

i=1

φ(xi) = gk(x1, . . . , xk),

with a standardized

φ(x) =

√

p(1 − p)
|α− p|

[

(

α

p

)x (1 − α

1 − p

)1−x

− 1

]

, x ∈ {0, 1}.

Note that for any k ≥ c

|gk| ≤
(

max
{∣

∣

∣

∣

α

p
− 1

∣

∣

∣

∣

,

∣

∣

∣

∣

1 − α

1 − p
− 1

∣

∣

∣

∣

})k

.

Also, denoting s = x1 + . . .+ xi, we have

|h̃m,i| ≤
(

Ln

m

)s (

1 − Ln

mn

)i−s 1
ps

1
(1 − p)i−s

+ 1 ≤ 2
(

1
min{p, 1 − p}

)i

.

Thus by (5.26), (5.27) and (5.28) we conclude that the assumptions of Theo-
rems 5.2.2 and 5.2.1 are satisfied.

Then if m/n→ λ > 0

K(n, α)
(

n
mn

)

mn!
(

mn

Ln

)

pLn(1 − p)m−Ln

d→ 1 +
∞
∑

k=1

(√
λ |α−p|√

p(1−p)

)k

k!
Hk(J1(φ))

= exp
(√

λZ − λ(α − p)2

2p(1 − p)

)

,

where Z is a Gaussian random variable with zero mean and variance V ar(Z) =
(α−p)2

2p(1−p) .
If m/n→ 0 then

√

n

m

(

K(n, α)
(

n
mn

)

mn!
(

mn

Ln

)

pLn(1 − p)m−Ln
− 1

)

d→ Z.
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Example 5.3.3 (Number of heavy normal matchings). Consider a complete
graph K(m,n) with random weights X

(m,n) = [Xi,j ] which are iid N (0, 1)
random variables. We are interested in asymptotics of the number W(n, α)
of perfect matchings for which the average total weight exceeds given level
α > 0. More precisely, let

hm(x1, . . . , xm) = I(x1 + . . .+ xm > αm).

Then
Wn(α) = Per(hm).

Note that
E(hm) = P (X1 + . . .+Xm ≥ αm),

where (Xi) are iid N (0, 1) random variables. Thus

E(hm) = 1 − Φ(α
√
m),

where Φ denotes the distribution function of the standard normal distribution.
Similarly

hm,i(x1, . . . , xi) = P (Xi+1 + . . .+Xm ≥ αm− s) = 1 − Φ

(

αm− s√
m− i

)

,

where s = x1 + . . .+ xi. Thus

h̃m,i =
1 − Φ

(

αm−s√
m−i

)

1 − Φ(α
√
m)

− 1 , i = 1, . . . ,m− 1. (5.33)

Now we use the classical double inequality for the tail of the distribution
function of the standard normal distribution (see for instance Feller 1968,
chapter 7).

1√
2π

e−
x2
2

(

1
x
− 1
x3

)

< 1 − Φ(x) <
1√
2π

e−
x2
2

1
x

(5.34)

for any x > 0.
Since for large n the arguments of Φ in (5.33) are positive we can use

(5.34) respectively to the numerator and denominator in (5.33) to get the
double inequality

exp
[

−1
2

(

(αm− s)2

m− i
− α2m

)]

α
√

m(m− i) [(αm− s)2 −m+ i]
(αm− s)3

< h̃m,i + 1 < exp
[

−1
2

(

(αm− s)2

m− i
− α2m

)]

α3m3/2
√
m− i

(αm− s)(α2m− 1)
.

(5.35)
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Passing to the limit as n→ ∞ in (5.35) we get

h̃m,i → eαs− iα2
2 − 1.

Consequently, by (5.9)

gm,k(x1, . . . , xk)

=
k
∑

i=1

(−1)k−i
∑

1≤j1<...<ji≤k

h̃m,i(xj1 , . . . , xji)

→
k
∑

i=1

(−1)k−i
∑

1≤j1<...<ji≤k

(

eα(xj1+...+xji )− iα2
2 − 1

)

=
k
∏

i=1

(

eαxi−α2
2 − 1

)

=
(

eα2 − 1
)k/2 k

∏

i=1

φ⊗k(x1, . . . , xk) = gk(x1, . . . , xk) ,

where

φ(x) =
eαx−α2

2 − 1√
eα2 − 1

is standardized. Note that

E(g2
k) =

[

E
(

eαN−α2
2 − 1

)2
]k

.

and thus (5.21) is satisfied.
Since h̃m,i is not bounded we will use Remark 5.2.3. We need to show (5.32).
Note that

E(h̃2
m,i) =

E
[

Φ(α
√
m) − Φ

(

αm−Si√
m−i

)]2

(1 − Φ(α
√
m))2

,

where Si ∼ N (0, i), i = 1, . . . ,m− 1. The numerator is bounded as follows

E

[

Φ(α
√
m) − Φ

(

αm− Si√
m− i

)]2

≤ 1
2π
E

(

e
−min

{

α2m,
(αm−Si)2

m−i

}

(

α
√
m− αm− Si√

m− i

)2
)

≤ 1
2π

[

e−α2mE

(

α
√
m+

Si − αm√
m− i

)2

+E

(

e−
(Si−αm)2

m−i

(

α
√
m+

Si − αm√
m− i

)2
)]

.
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Since Z = Si−αm√
m−i

∼ N (− αm√
m−i

, i
m−i) = N (ν, σ2) then

E(Z + α
√
m)2 = σ2 + ν2 + 2α

√
mν + α2m =

i

m− i

(

1 +
α2m

√
m+

√
m− i

)

≤ (m− 1)(1 + α2
√
m) ≤ (m− 1)(1 + 2α2m)eα2i

where the particular form of the last inequality is convenient to compare with
the inequality for the second part derived below.

For the second part, we proceed as follows

E
[

(Z + α
√
m)2e−Z2

]

= EZ2e−Z2
+ 2α

√
mEZe−Z2

+ α2mEe−Z2

Since

Ee−Z2
=

1√
1 + 2σ2

e
− ν2

1+2σ2

EZe−Z2
=

ν

(1 + 2σ2)3/2
e
− ν2

1+2σ2

EZ2e−Z2
=

1
(1 + 2σ2)3/2

(

σ2 +
ν2

1 + 2σ2

)

e
− ν2

1+2σ2

Thus

E
[

(Z + α
√
m)2e−Z2

]

= e−α2m

(

m− i

m+ i

)3/2 [
i

m− i
+ α2m

(

m

m+ i
− 2

√

m

m− i
+
m+ i

m− i

)]

e
α2m
m+i i

≤ e−α2m(m− 1)(1 + 2α2m)eα2i.

Consequently,

E

[

Φ(α
√
m) − Φ

(

αm− Si√
m− i

)]2

≤ 1
π
e−α2m(1 + 2α2m)eα2i.

Finally, we use the left inequality from (5.34) to get for large n and i =
1, . . . ,m− 1

E(h̃2
m,i) ≤

1
π
e−α2m(1 + 2α2m)eα2i

√
2πe

α2m
2

m3/2α3

α2m− 1
≤ C

(

eα2
)i

.

Additionally, for i = m we have

E(h̃2
m,m) = E

(

I(X1 + . . .+Xm > αm)
1 − Φ(α

√
m)

− 1
)2

=
Φ(α

√
m)

1 − Φ(α
√
m)

.
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Again using the left inequality from (5.34) we get for large n that

E(h̃2
m,m) <

√
2πe

α2m
2

α3m3/2

α2m− 1
=

√
2π

[

e−
α2m

2
α3m3/2

α2m− 1

]

eα2m ≤ C
(

eα2
)m

.

Thus (5.32) is satisfied and we conclude that the assumptions of Theo-
rem 5.2.2 are satisfied. Note that by (5.35)

E(hm)
√

2πα
√
me

α2m
2 → 1.

Consequently, if m/n→ λ > 0 then using Theorem 5.2.2 we obtain

√
me

α2m
2 W(n, α)
(

n
m

)

m!
d→ 1
α
√

2π
exp

[

√
λ Z − λ(eα2 − 1)

2

]

,

where Z is a zero mean Gaussian variable with variance V ar (Z) = eα2 − 1.
Similarly, if m/n→ 0 then Theorem 5.2.1 implies

√

n

m

(

W(n, α)
(1 − Φ(α

√
m))

(

n
m

)

m!
− 1

)

d→ Z.

Example 5.3.4 (Number of perfect matchings with few light edges). Consider
again K(m,n) and let F denotes the common distribution function of the
random weights Xi,j ’s. We are interested in a number Rn(r, α) of perfect
matchings for which the r-th smallest weight (out of m weights) exceeds a
given threshold α. That is

Rn(r, α) = Per(hm)

for hm(x1, . . . , xm) = I(xr:m > α), where xr:m denotes the rth order statistic
out of m observations.

Note that

I(xr:m > α) (5.36)

=
r−1
∑

s=0

∑

1≤i1<...<is≤m

∏

j∈{i1,...,is}
I(xj ≤ α)

∏

l∈{1,...,m}\{i1,...,is}
I(xl > α),

where the summand for s = 0 is understood as
∏m

l=1 I(xl > α). Thus, by
(5.36) we get

E(hm) =
r−1
∑

s=0

(

m

s

)

F s(α)F̄m−s(α),

where F̄ = 1 − F .
In order to calculate hm,i it is helpful to observe that the set
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{(x1, . . . , xm) : xr:m > α}

can be decomposed in disjoint sets of the form

{(x1, . . . , xm) : exactly s elements out of (xk+1, . . . , xm) are ≤ α and xr−s:k > α },

for s = 0, 1, . . . , r − 1.
We assume here that xj:n = −∞ if j ≤ 0 and xj:n = ∞ if j > n. Since

hm,i(x1, . . . , xi) = E(hm(x1, . . . , xi, Xi+1, . . . , Xm)) ,

where Xi+1, . . . , Xm are iid with the df F , then by the above remark it follows
that

hm,i(x1, . . . , xi) =
r−1
∑

s=0

(

m− i

s

)

F s(α)F̄m−i−s(α)I(xr−s:i > α)

Thus

h̃m,i(x1, . . . , xi)

=
∑r−1

s=0

(

m−i
s

)

F s(α)F̄m−i−s(α)I(xr−s:i > α)
∑r−1

s=0

(

m
s

)

F s(α)F̄m−s(α)
− 1

=
1

F̄ i(α)

∑r−1
s=0

(

m−i
s

)

F s(α)F̄ r−1−s(α)I(xr−s:i > α)
∑r−1

s=0

(

m
s

)

F s(α)F̄ r−1−s(α)
− 1 → I(x1:i > α)

F̄ i(α)
− 1.

Hence by (5.9) we get

gm,k(x1, . . . , xk) →
k
∏

i=1

(

I(xi > α)
F̄ (α)

− 1
)

=
(

F (α)
F̄ (α)

)k/2 k
∏

i=1

φ⊗k(x1, . . . , xk) = gk(x1, . . . , xk),

where

φ(x) =
I(x > α) − F̄ (α)
√

F (α)F̄ (α)

is standardized.
Note that |gk| ≤

(

max{1, F (α)

F̄ (α)
}
)k

and thus (5.26) is satisfied. Also

|h̃m,i(x1, . . . , xi)| ≤
1

F̄ i(α)

∑r−1
s=0

(

m−i
s

)

F s(α)F̄ r−1−s(α)
∑r−1

s=0

(

m
s

)

F s(α)F̄ r−1−s(α)
+ 1 < 2

(

1
F̄ (α)

)i

,

and by Remark 5.2.2 it follows that the assumptions of Theorem 5.2.2 are
satisfied. Since
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E(hm)
mr−1F r−1(α)F̄m−r+1(α)

→ 1,

in the case mn/n→ λ Theorem 5.2.2 implies

Rn(r, α)
(

n
m

)

m!mr−1F̄m(α)
d→
(

F (α)
F̄ (α)

)r−1

e
√

λZ−λF (α)
2F̄ (α) ,

where Z is a zero mean Gaussian variable with variance V ar(Z) = F (α)

F̄ (α)
.

Note that the case r = 1 is the case of a classical permanent (Defini-
tion 1.20) since the kernel hm is a product of the form

∏m
i=1 I(xi > α). Thus

the above asymptotics in this particular case follows from Theorem 3.4.3.
Alternatively, if m/n→ 0 then using Theorem 5.2.1 we get

√

n

m

(

Rn(r, α)
(

n
m

)

m!
∑r−1

s=0

(

m
s

)

F s(α)F̄m−s(α)
− 1

)

d→ Z.

Example 5.3.5 (Sum of products of zero-mean weights for perfect matchings).
Let Xi,j ’s have zero mean and unit variance. Let r ≥ 1 be fixed. For K(m,n)
consider Per(hm) with

hm(x1, . . . , xm) =
m
∑

l=r

∑

1≤j1<...<jl≤m

l
∏

s=1

xjs .

Obviously, E(hm) = 0. Moreover, hi(x1, . . . , xi) = 0 for i = 1, . . . , r − 1, and

hm,i(x1, . . . , xi) =
i
∑

l=r

∑

1≤s1<...<sl≤i

l
∏

w=1

xsw

for i = r, r+ 1, . . . ,m, i.e. r is the common degeneracy level of all P -statistics
in this example. Note that hm,i’s do not depend on m. Using (5.9) we obtain

gm,k(x1, . . . , xk) =
k
∑

i=r

(−1)k−i
∑

1≤j1<...<ji≤k

i
∑

l=r

∑

1≤s1<...<sl≤i

l
∏

w=1

xjsw

=
k
∑

i=r

∑

1≤j1<...<ji≤k

i
∏

w=1

xjw

(

k−i
∑

l=0

(

k − i

l

)

(−1)k−(i+l)

)

.

Noting that the expression in the parantheses in the above formula is zero
except in the case i = k we obtain

gm,k(x1, . . . , xk) =
k
∏

l=1

xl = gk(x1, . . . , xk),



118 5 Weak Convergence of P -statistics

i.e. φ(x) = x (standardized). Since E(g2
m,k) = E(g2

k) = 1 the assumptions of
Theorems 5.2.2 and 5.2.1 apparently are satisfied.

Consequently, for m/n→ λ > 0,

Per(hm)
(

n
m

)

m!
d→ e

√
λN−λ

2 −
r−1
∑

k=0

λk/2

k!
Hk(N ).

In particular, if r = 2 the limiting law is the distribution of the random
variable e

√
λN−λ

2 − 1 −
√
λN .

For m/n→ 0
√

n

m

Per(hm)
(

n
m

)

m!
d→ Hc(N ).

Let us note that in the first four examples above we had:

hm,i(x1, . . . , xi)
E(hm)

→ 1
L

L
∑

r=1

i
∏

l=1

ψr(xl)

for some natural number L, a positive number α and some functions ψr,
satisfying E(ψ2

r(X)) = 1, r = 1, . . . , L. If this is the case then in general

gm,k(x1, . . . , xk) → 1
L

L
∑

r=1

k
∏

l=1

(ψr(xl) − 1) = gk(x1, . . . , xk).

Consequently, if only the assumptions of Theorem 5.2.2 are satisfied then

Per(hm)
(

n
m

)

m!E(hm)
→ 1

L

L
∑

r=1

e
√

λZr−λ(Eψ2
r(X)−1)
2 (5.37)

where (Z1, . . . , ZL) is a zero-mean Gaussian vector with covariances

E(ZrZs) = E(ψr(X)ψs(X)) − 1.

If in the situation just described the edges [yi,j ] in a bipartite graph appear
independently with the same probability q and independently of the weight
matrix X

(∞), then we have to modify the kernel of a P -statistic as follows

ĥm((x1, y1), . . . , (xm, ym)) = hm(x1, . . . , xm)
m
∏

l=1

I(yl = 1),

where yl = 1 if the respective edge is present in the graph, otherwise yl = 0
(see also Section 1.7). Then, it is easy to see that
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ĥm,i((x1, y1), . . . , (xi, yi))
E(ĥm)

=
hm,i(x1, . . . , xi)

E(hm)

i
∏

l=1

I(yl = 1)
q

→ 1
L

L
∑

r=1

i
∏

l=1

ψr(xl)
I(yl = 1)

q
.

Consequently,

gm,k((x1, y1), . . . , (xk, yk)) → 1
L

L
∑

r=1

k
∏

l=1

(

ψr(xl)
I(yl = 1)

q
− 1

)

= gk((x1, y1), . . . , (xk, yk)).

In this situation the convergence result (5.37) has to be modified as follows.
If the assumptions of Theorem 5.2.2 are satisfied then

Per(ĥm)
(

n
m

)

m!qmE(hm)
→ 1

L

L
∑

r=1

exp
(√

λẐr −
λ(Eψ2

r (X) − q)
2q

)

, (5.38)

where (Ẑ1, . . . , ẐL) is a zero-mean Gaussian random vector with covariances

E(ẐrẐs) =
E(ψr(X)ψs(X))

q
− 1.

For instance if the edges appear at random, as described above, in the
Examples 5.3.2–5.3.4 we obtain the following modifications of the limiting
behavior for m/n→ λ > 0:

In Example 5.3.2 for the number of red edges K(n, α):

K(n, α)
(

n
m

)

m!
(

m
Ln

)

pLn(1 − p)m−Lnqm
→ exp

(√
λ Z− λ[(α− p)2+(1 − q)p(1 − p)]

2qp(1 − p)

)

,

where Z is a zero mean Gaussian variable with variance V ar(Z) = (α−p)2

qp(1−p) +
1−q

q .
In Example 5.3.3 for the number of heavy normal matchings W(n, α):

√
me

α2m
2 W(n, α)

(

n
m

)

m!qm

d→ 1
α
√

2π
exp

[

√
λZ − λ(eα2 − q)

2q

]

,

where Z is a zero mean Gaussian variable with variance V ar(Z) = eα
2−q
q .

Example 5.3.4 for the number of matchings with few light edges Rn(r, α):

Rn(r, α)
(

n
m

)

m!mr−1[qF̄ (α)]m
d→
(

F (α)
F̄ (α)

)r−1

e
√

λZ−λ(1−qF̄ (α))
2qF̄ (α) ,

where Z is a zero mean Gaussian variable with the variance V ar(Z) =
1−qF̄ (α)

qF̄ (α)
.
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5.4 Bibliographic Details

Multiple Wiener-Itô integral was introduced by Itô (1951) who considerably
modified the original idea of homogeneous chaos introduced by Wiener (1938).
A detailed description can be found in the monograph by Major (1981) which
is devoted solely to this issue. A concise and quite accessible exposition of the
topic has been given recently in Kuo (2006). Here we adopted an approach
which borrowed the first step from Dynkin and Mandelbaum (1983) and was
especially convenient in the context of symmetric functions, which were of the
primary interest.

The fundamental result on the weak convergence of non-degenerate U -
statistics was obtained by Hoeffding (1948) in his seminal paper on the sub-
ject. Subsequent results for degenerate cases were obtained by Serfling (1980),
Rubin and Vitale (1980) and Dynkin and Mandelbaum (1983) who were the
first to introduce the idea of writing a limiting distribution in terms of multiple
Wiener-Itô integrals. For a general review of the subject of multiple stochas-
tic integration in the context of symmetric functions see e.g., monographs
by Major (1981) or Lee (1990, chapter 4). There are also several other good
monographs that consider, among other topics, the issue of weak convergence
of U -statistics both in the case of finite order kernels as well as the sequences
of kernels of increasing dimensions, like e.g., Koroljuk and Borovskich (1994).
Some interesting results related to the limiting behavior of so called ‘decou-
pled’ U -statistics, which are similar to our P -statistics in the case of matrix
X

(∞) having independent and identically distributed entries, are presented in
de la Peña and Giné (1999, chapter 4). For some related results on the weak
convergence of both classical and decoupled U -statistics the reader may also
wish to consult e.g., the papers of Giné and Zinn (1994), Lata�la and Zinn
(2000), and Giné et al. (2001).

The material on weak convergence of P -statistics presented in this chapter
is essentially new and comes from the yet unpublished manuscript
Rempa�la and Weso�lowski (2007).
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