3

Optimal Classical Control

Let 0 < T < oo be the given and fixed terminal time and let ¢ € [0,7)
be a variable initial time for the optimal classical control problem treated
in this chapter. The main theme of this chapter is to consider the infinite-
dimensional optimal classical control problem over a finite time horizon [¢, T).
The dynamics of the process z(-) = {z(s),s € [t — r,T]} being controlled
are governed by a stochastic hereditary differential equation (SHDE) with
a bounded memory of duration 0 < r < oo and are taking values in the
Banach space C = C([—r,0];%"). The formulation of the control problem
is given in Section 3.1. The value function V' : [0,7] x C — R of the op-
timal classical control problem is written as a function of the initial datum
(t,9) € [0, T] x C. The existence of optimal control is proved in Section 3.2.
In there, we consider an optimizing sequence of stochastic relaxed control
problems with its corresponding sequence of value functions that converges to
the value function of our original optimal control problem. Since the regular
optimal control is a special case of optimal relaxed control, the existence of
optimal control is therefore established. The Bellman-type dynamic program-
ming principle (DPP) originally due to Larssen [Lar02] is derived and proved
in Section 3.3. Based on the DDP, an infinite-dimensional Hamilton-Jacobi-
Bellman equation (HJBE) is heuristically derived in Section 3.4 for the value
function under the condition that it is sufficiently smooth. This HJBE involves
a first- and second-order Fréchet derivatives with respect to spatial variable
1 € C as well as an S-operator that is unique only to SHDE. However, it
is known in most optimal control problems, deterministic or stochastic, that
the value functions, although can be proven to be continuous, do not meet
these smoothness conditions and, therefore, cannot be a solution to the HBJE
in the classical sense. To overcome this difficulty, the concept of viscosity so-
lution to the infinite-dimensional HJBE is introduced in Section 3.5. Section
3.6 concerns the comparison principle between a super-viscosity solution and
a sub-viscosity solution. Based on this comparison principle, it is shown that
the value function is the unique viscosity solution to the HJBE. Due to the
lack of smoothness of the value function, a classical verification theorem will
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not be useful in characterizing the optimal control. A generalized verification
theorem in the framework of a viscosity solution is stated without a proof
in Section 3.7. In Section 3.8, we prove that, under some special conditions
on the controlled SHDE and the value function, the HIBE can take a finite-
dimensional form in which only regular partial derivatives but not Fréchet
derivatives are involved. Two application examples in this special form are
also illustrated in this section.

We give the following example as a motivation for studying optimal clas-
sical control problems. Two other completely worked-out examples are given
in Subsection 3.8.3.

Example. (Optimal Advertising Problem) (see Gossi and Marinelli [GMO04]
and Gossi et al. [GMS06])

Let y(-) = {y(s),s € [0,T]} denote the stock of advertising goodwill of
the product to be launched. The process y(:) is described by the following
one-dimensional controlled stochastic hereditary differential equation:

0
dy(s) = [aous) + [ ar(@)y(s+6)do + boa(s)

-7
0
v | biO)uls +0) de] ds +odW(s), se[0,T],
-
with the initial conditions yo = ¢ € C[-7,0] and ug = ¢ € L*([-r,0]) at
initial time ¢ = 0.

In the above (£2,F,P,F,W(.)) denotes an one-dimensional standard
Brownian motion and the control process u(-) = {u(s), s € [0,T]} denotes the
advertising expenditures as a process in L?([0,T],R,;F), the space of square
integrable non-negative processes adapted to F. Moreover, it is assumed that
the following conditions are satisfied:

(i) ap < 0 denotes a constant factor of image deterioration of the product in
absence of advertising.

(i) a1(-) € L3([-7,0],R) is the distribution of the forgetting time.

(iii) by > 0 denotes the effective constant of instantaneous advertising effect.
(iv) b1(-) € L*([-r,0],Ry) is the density function of the time lag between
the advertising expenditure u(-) and the corresponding effect on the goodwill
level.

(v) 9(-) and ¢(-) are non-negative and represent, respectively, the histories of
goodwill level and the advertising expenditure before time zero.

The objective of this optimal advertising problem is to seek an advertising
strategy u(-) that maximizes the objective functional

S, p3u(-) = E

T
(y(T)) - / L(u(s)) ds] ,

where ¥ : [0, 00) — [0, 00) is a concave utility function with polynomial growth
at infinity, L : [0,00) — [0,00) is a convex cost function which is superlinear
at infinity, that is,
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The above objective functional accounts for the balance between an utility of
terminal goodwill ¥(y(T")) and overall functional of advertising expenditures
fOT L(u(s)) ds over the period. Note that this model example involves the his-
tories of both the state and control processes. The general theory for optimal
control of stochastic systems with delays in both state and control processes
has yet to be developed. If b1 (-) = 0, then there is no aftereffect of previous
advertising expenditures on the goodwill level. In this case, it is a special case
of what to be developed in this chapter.

3.1 Problem Formulation

3.1.1 The Controlled SHDE

In the following, let (£2,F, P,F,W(-)) be a certain m-dimensional Brownian
stochastic basis.

Consider the following controlled SHDE with a bounded memory (or delay)
of duration 0 < r < oo:

dx(s) = f(s,zs,u(s)) ds + g(s,zs,u(s)) dW(s), se€t,T], (3.1)

with the given initial data (¢, z:) = (¢,9) € [0,T] x C and defined on a certain
m-~dimensional Brownian stochastic basis (2, F, P,F, W(-)) that is yet to be
determined.

In (3.1), the following is understood:
(1) The drift f:[0,T] x C x U — R™ and the diffusion coefficient g : [0,T] x
C x U — R™™™ are deterministic continuous functions.
(ii) U, the control set, is a complete metric space and is typically a subset of
an Euclidean space.
(i) u(-) = {u(s), s € [t,T]} is a U-valued F-progressively measurable process
that satisfies the following conditions:

E

/t u(s)stl < 00. (3.2)

Note that the control process u(-) = {u(s), s € [t,T]} defined on
(Qafv P F, W())

is said to be progressively measurable if u(-) = {u(s),t < s < T} in U is

F-adapted ( i.e., u(s) is F(s)-measurable for every s € [t,T]), and for each
€ [t,T] and A € B(U), the set {(s,w) |t < s < a,w € 2, u(s,w) € A}

belongs to the product o-field B([¢, a]) ® F(a); that is, if the mapping
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(s,w) = u(s,w) : ([t,a] x 2,B([t, a]) ® F(a)) — (U, B(U))

is measurable, for each a € [t,T.

Let L:[0,T]xCxU — Rand ¥ : C — R be two deterministic continuous
functions that represent the instantaneous and terminal reward functions,
respectively, for the optimal classical control problem.

Assumption 3.1.1 The assumptions on the functions f, g, L, and ¥ are
stated as follows:

(A3.1.1) (Lipschitz Continuity) The maps f(t, ¢, u), g(t, d,u), L(t, ,u), and
U(¢) are Lipschitz on [0,T] x C x U and Holder continuous in t € [0,T):
There is a constant Kj;, > 0 such that

|f(ta¢)vu) - f(5,<,0,v)| + ‘g(ta¢’a u) - Q(S,Sﬂavﬂ
+ [L(t, é,u) — L(s,0,v) + [¥(¢) — ¥(p)|
< Kip(Vt = sl + [|¢ — ol + [u —v]),

Vs,t €10, T],u,v € U, and ¢, € C.
(A3.1.2) (Linear Growth) There exists a constant Kgron > 0 such that

|f(ta¢7u)| + ‘g(ta(ba u)| < Kgrow(l + ||¢H)

and
|L(t, ¢, u)| + ()] < Kgrow(1+ [|¢ll2)", V(t,¢) €[0,T] x C, uel.

(A8.1.3) The initial function 1 belongs to the space L*(£2,C;F(t)) of F(t)-
measurable elements in L?(£2,C) such that

11220y = ElIYI) < oo

Condition (A3.1.2) in Assumption 3.1.1 stipulates that both L and ¥ sat-
isfy a polynomial growth in ¢ € C under the norm L2-norm || - ||z instead of
the sup-norm || - ||. This stronger requirement is needed in order to show that
the uniqueness of the viscosity solution of the HJIBE in Section 3.6.

The solution process of the controlled SHDE (3.1) is given next.

Definition 3.1.2 Given an m-dimensional Brownian stochastic basis
(2,F,P,F,W(-)) and the control process u(-) = {u(s),s € [t,T]}, a process
(5t Y, ul)) = {x(s; t, ¥, u(t)), s € [t—r, T} is said to be a (strong) solution
of the controlled SHDE (3.1) on the interval [t — r,T] and through the initial
datum (t, ) € [0,T] x L?*(£2,C; F(t)) if it satisfies the following conditions:

1. It(’t7wt7u()) - '(/Jt('), P-a.s.
2. x(s;t, e, ul-)) is F(s)-measurable for each s € [t,T];
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3. For1<i<mnandl <j<m, we have

P[/tT (‘fi(s’xs,u(s)ﬂ +gfj(s,xs,u(s))>d5 < oo] =1

4. The process {z(s;t, ¥, u(-)),s € [t,T|} is continuous and satisfies the fol-
lowing stochastic integral equation P-a.s.:

a@—wm»ﬂ[f@wMMMMA+Lluwhm»mwu»

In addition, the solution process {x(s;t, ¥, u(-)),s € [t — r, T} is said to be
(strongly) unique if {y(s;t,v,u(-)),s € [t —r,T]} is also a solution of (3.1)
on [t —r,T| with the control process u(-) and through the same initial datum
(t7 wt); then

Pla(s;t,,u() = y(s;it,,u(), Vs € [t,T]} = 1.

Theorem 3.1.3 Let (£2,F,P,F,W(-)) be an m-dimensional Brownian mo-
tion and let u(-) = {u(s), s € [t,T]} be a control process. Then for each initial
datum t, ;) € [0,T] x L?(£2,C; F(t)), the controlled SHDE (3.1) has a unique
strong solution process

z(it e u() ={z(st, b ul), s e[t,T]}
under Assumption 3.1.1. The following holds:
1. The map (s,w) + x(s;t, s, u(-)) belongs to the space L*(82,C([t —
r, T);R™)); F(s)), and the map (t,w) — x5(:;¢, 9, u(-)) belongs to the

space L?(82,C; F(s)). Moreover, there exists constants Ky > 0 and k > 1
such that

Blllzs(st, 90, u()IP] < Ko (L-B[l[v]*])*, Vs € [t,T] and u(-) € U[t, T).

(3.3)

2. The map ¥y — xs(-5t, 0, u(-)) is Lipschitz; that is, there is a constant
K > 0 such that for all s € [t,T] and wt(l), ,52) € L*(2,C; F(t)),

Ellzs(5t, 900 u() — 25 (.07 u( )] < KB[lwY — P[], (3.4)

Proof. Let the random functions f : [0,7] x C x 2 — R" and § : [0,T] x C x
2 — RN be defined as follows:

f(s;¢9,w) = f(s,0,u(s,w))
and
Q(S,¢, w) = g(s,¢7u(s,w)),

where u(-) = {u(s),s € [t,T]} is the control process. If the functions f and g
satisfy Assumption 3.1.1, then the random functions f and § defined above
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satisfy Assumptions 1.3.6 and 1.3.7 of Chapter 1 and, therefore, the controlled
system (3.1) has a unique strong solution process on [t —r, T] and through the
initial datum (t,1) € [0,T] x L?(§2, C; F(t)), which is denoted by

z(5 b, () = {2(st, ¢ ul), s € [t, 71}

(or simply z(-) when there is no danger of ambiguity) according to Theo-
rem 1.3.12 of Chapter 1. m

Remark 3.1.4 It is clear from the appearance of (3.1) that the use of the
term “classical control” (as opposed to “impulse control” in Chapter 7) be-
comes self-explanatory. This is due to the fact that an application of the control
u(s) at time s € [t,T] will only change the rate of the drift and the diffusion
coefficient and, therefore, the pathwise continuity of controlled state process
x(-) ={x(s),s € [t —r,T]} will not be affected by this action.

Definition 3.1.5 The (classical) control process u(-) is an Markov (or feed-
back) control if there exist a Borel measurable function n : [0,T] x C — U
such that

u(s) = n(s, zs),
where {xs,s € [t,T]} is the C-valued Markov process corresponding to the
solution process {x(s),s € [t —r,T|} of the following feedback equation:

da(s) = f(s,xs,n(s,25)) ds + g(s,25,1(s, 25)) AW (s) (3.5)
with the initial data (t,x:) = (t,v) € [0,T] x C.

3.1.2 Admissible Controls

Definition 3.1.6 For each t € [0,T], a siz-tuple (£2,F, P,F,W(-),u(-)) is
said to be an admissible control if it satisfies the following conditions:

1. (2,F,P,F,W (")) is a certain m-dimensional Brownian stochastic basis;

2. u:[t,T) x 2 = U is an F-adapted and is right-continuous at the initial
time t; that is, limg), u(s) = u(t)(say =uw € U ).

3. Under the control process u(-) = {u(s),s € [t,T]}, (5.1) admits a
unique strong solution x(-;t, v, u(-)) = {x(s;t,¢,u(-)),s € [t,T]} on
(2, F,P,F,W(-)) and through each initial datum (t,) € [0,T] x C.

4. The C-valued segment process {xs(t, ¥, u(-)),s € [t,T]} defined by

xs(e;tawvu(')) :$(5+9;t7¢,u('))7 0 e [773 0]7
is a strong Markov process with respect to the Brownian stochastic basis

(2, F,P,F,W(-)).

5. The control process u(-) is such that

T
B[ 10t vu0) u@) ds + Perit b)) < .
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where L : [0, T] x Cx U — R and ¥ : C — R represent the instantaneous
and the terminal reward functions, respectively.

The collection of admissible controls (2, F, P,F, W (-),u(-)) over the inter-
val [t,T] will be denoted by U|t, T].

We will write u(-) € U[t, T] or formally the 6-tuple
(2,F, P,F,W(-),u(-)) € U[t,T] interchangeably, whenever there is no danger
of ambiguity.
Remark 3.1.7 Definition 3.1.6 defines a weak formulation of an admissible
control in that the Brownian stochastic basis (£2,F, P,F,W(-)) is not prede-
termined and in fact is a part of the ingredients that constitute an admissible
control. This is contrary to the strong formulation of an admissible control in
which the Brownian stochastic basis (2, F, P,F,W(-)) is predetermined and
given.

Remark 3.1.8 To avoid using the yet-to-be-developed Ito formula for the the
C-valued process {xs(t,¥,u(-)),s € [t,T|} in the development of the HJB
theory, we make additional requirement in Condition 3 of Definition 3.1.6 that
it is a strong Markov process. This requirement is not a stringent one. In fact,
the class of admissible controls U[t,T] defined in Definition 3.1.6 includes all
Markov (or feedback) control (see Definition 3.1.5), where n: [0, T] x C — U
is Lipschitz with respect to the segment variable; that is, there exists a constant
K > 0 such that

In(t,0) —n(t, o) <ll¢ —l, V(t ¢),(t )€ 0,T] x C.

Throughout, we assume that the functions f : [0,7] x C x U — R",
g:[0,T)]xCxU— R L:[0,T]xCxU — R, and ¥ : C — R satisfy
Assumption 3.1.1.

Given an admissible control u(-) € U[t, T], let

.’E(, t, 9, 'LL()) = {.’E(S, t, 9, u('))ﬂ s € [t - T]}
be the solution of (3.1) through the initial datum (¢,1) € [0,T] x C. We again
consider the corresponding C-valued segment process {zs(:;t,¢,u(:)),s €
[t,T]}. For notational simplicity, we often write z(s) = x(s;t, 1, u(-)) and
x5 = xs(-;t, 9, u(-)) for s € [t,T] whenever there is no danger of ambiguity.

3.1.3 Statement of the Problem

Given any initial datum (¢,4) € [0,T] x C and any admissible control u(-) €
U[t, T), we define the objective functional

J(t, 5 u(s) = E[/ e T L(s,xo(5 9, u(-)), uls)) ds

+€7Q(T7t)q7($T(';tawau('))) ’ (36)

where o > 0 denotes a discount factor.
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For each initial datum (¢,1) € [0,7] x C, the optimal control problem is
to find u(-) € U[t,T)] so as to maximize the objective functional J(t,v;u(:))
defined above. In this case, the value function V' : [0,7] x C — R is defined
to be

Vt,9) = sup J(t,p;u(-). (3.7)
u(-)EUt,T]
The control process u*(-) = {u*(s),s € [t,T]} € U[t,T] is said to be an
optimal control for the optimal classical control problem if

V(t, ) = J(t 5 u™(-)). (3.8)

The (strong) solution process

a (5t 0,0t () ={a(sit, ¢, u” (), s € [t — 7, T}

of (3.1) corresponding to the optimal control v*(-)) will be called the optimal
state process corresponding to u*(-). The pair (u*(+),2*(-)) will be called the
optimal control-state pair.

The characterizations of the value function V : [0,7] x C —  and the
optimal control-state pair (u*(+), 2*(-)) will normally constitute an solution to
the control problem. The optimal classical control problem, Problem (OCCP),
is now formally formulated as follows.

Problem (OCCP). For each initial datum (¢,) € [0,7] x C:

1. Find an w*(-) € U[t, T] that maximizes J(t, 1;u(-)) defined in (3.6) among
Ui, T).

2. Characterize the value function V' : [0,T] x C — R defined in (3.7).

3. Identify the optimal control-state pair (u*(-),z*(+)).

3.2 Existence of Optimal Classical Control

In the class U[t, T] of admissible controls it may happen that there does not
exist an optimal control. The following artificial example of Kushner and
Dupuis [KDO01, p.86] shows that an optimal control does not exist even for a
controlled deterministic equation without a delay.

Example. Consider the following one-dimensional controlled deterministic
equation:

(s) = f(x(s),u(s)) = uls), s=0

with the control set U = [—1, 1]. Starting from the initial state 2(0) = x € R,
the objective is to find an admissible (deterministic) control u(-) = {u(s), s >
0} that minimizes the following discounted cost functional over the infinite
time horizon:



3.2 Existence of Optimal Classical Control 135

Twul)) = [ e+ (w(s) - 7] ds.
0
Again, let V' : ® — R be the value function of the control problem defined by

V(z) = inf J(x;u(-)).
(@)=, it ()
Note that V(0) = 0 and, in general, V(z) = 22/« for all z € R. To see this,
define the sequence of controls u*)(-) by

u™(s) = (=1)7 on the half-open interval [j/k, (j +1)/k), j = 0,1,2,. ...

It is not hard to see that J(0;u*)(-)) — 0 as k — oco. In a sense, when
2(0) = 0, the optimal control u*(-) wants to take values +1. However, it is
easy to check that u*(-) does not satisfy Definition 3.1.6. Therefore, an optimal
control u*(-) does not exist as defined.

In order to establish the existence of an optimal control for Problem
(OCCP), we will enlarge the class of controls, allowing the so-called relaxed
controls, so that the existence of an optimal (relaxed) control is guaranteed,
and the supremum of the expected objective functional over this new class
of controls coincides with the value function V' : [0,7] x C — R of the origi-
nal optimal classical control problem defined by (3.7). The idea to show the
existence of an optimal relaxed control is to consider a maximizing sequence
of admissible relaxed controls {u(® (-, )}52, on the Borel measurable space
([0,T] x U,B([0,T] x U)) and the corresponding sequence of objective func-
tionals {J(t,¢; u™(-,-))}22,. By the fact that [0,T] x U is compact (and
hence the maximizing sequence of admissible relaxed controls {4 (-,-)}52
is compact in the Prohorov metric) and the fact that J (t,; p(-,-)) is up-
per semicontinuous in admissible relaxed controls u(,-), one can show that
the sequence {u*)(-,-)}22, converges weakly to an admissible relaxed control
w*(+,+). This p*(+,-) can be shown to be optimal among the class of admissible
relaxed controls and that its value function coincides with the value function
of Problem (OCCP). We also prove that an optimal (classical) control exists
if the value function V(¢,) is finite for each initial datum (¢,1) € [0,7] x C.

We recall the concept and characterizations of weak convergence of proba-
bility measures without proofs as follows. The detail can be found in Billings-
ley [Bil99)].

Let (=,d) be a generic metric space with the Borel o-algebra denoted by
B(Z). Let P(Z) (or simply P whenever there is no ambiguity) be the collection
of probability measures defined on (=, B(Z)). We will equip the space P(Z)
with the Prohorov metric 7 : P(Z) x P(Z) — [0, 00) defined by

m(p,v) =inf{e > 0| u(A°) <v(A)+efor all closed A € B(2)},  (3.9)
where A€ is the e-neighborhood of A € B(Z), that is,

A ={y € Z |d(x,y) < € for some x € 5}.
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If p® k = 1,2,..., is a sequence in P(Z), we say that the sequence
p®) k= 1,2,..., converges weakly to u € P(Z) and is to be denoted by
p®) = 1 as k — oo if

lim [ B()u® (dx) = / B(x)u(dx), Vb€ Cy(Z), (3.10)

k—oo = =

where Cy(Z) is the space of bounded and continuous functions @ : & — R
equipped with the sup-norm:

||¢||Cb(5) = 51611::) |¢(X)‘> P c Cb(E)

In the case where p*) and p € P(Z) are probability measures induced by
Z-valued random variables X*) and X, respectively, we often say that X ()
converges weakly to X and is to be denoted by X(*) = X as k — oco. A direct
consequence of the definition of weak convergence is that X(*¥) = X implies
that &(X*) = ¢(X) for any continuous function @ from = to another metric
space.

We state the following results without proofs. The details of these results
can be found in [Bil99].

Theorem 3.2.1 If = is complete and separable, then P(Z) is complete and
separable under the Prohorov metric. Furthermore, if £ is compact, then P(Z)
1S compact.

Let {u™M, X € A} € P(5), where A is an arbitrary index set.

Definition 3.2.2 The collection of probability measure {u™, X € A} is called
tight if for each € > 0, there exists a compact set K. C = such that
inf uM(K,)>1—e 11
inf fV(K) =1 —e (3.11)
If the measures p(* are the induced measures defined by some random vari-
ables XM then we also refer to the collection {X™M} as tight. Condition

(3.11) then reads (in the special case where all the random variables are de-
fined on the same space)

inf P{XMN € K} >1—e
reA

Theorem 3.2.3 (Prohorov’s Theorem) If = is complete and separable,
then a set {u™ X\ € A} C P(Z) has compact closure in the Prohorov metric
if and only if {p™M, X € A} is tight.

Remark 3.2.4 Let =7 and Z5 be two complete and separable metric spaces,
and consider the space = = =1 X S5 with the usual product space topology. For
(L™ X € A} C P(E), let {pM, X € A} € P(5)), fori = 1,2, be defined by
taking /,LE)‘) to be the marginal distribution of u™ on Z;. Then {M(A), A e A}

is tight if and only if {,ug)‘), A€ A} and {ué)‘), A € A} are tight.
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Theorem 3.2.5 Let = be a metric space and let p®) k = 1,2,..., and p
be probability measures in P(Z) satisfying p®) = 1. Let @ be a real-valued
measurable function on = and define D(®) to be the measurable set of points
at which ® is not continuous. Let X*) and X be Z-valued random variables
defined on a probability space (2, F, P) that induce the measures pw) and p
on Z, respectively. Then &(X®)) = &(X) whenever P{X € D(®)} = 0.

Theorem 3.2.6 (Aldous Criterion) Let X*)(-) = {X®)(¢),t € [0,T]},k =
1,2,..., be a sequence of Z-valued continuous processes (defined on the same
filtered probability space (2, F, P,F)). Then the sequence {X ) (:)}%, con-
verges weakly if and only if the following condition is satisfied: Given k =
1,2,..., any bounded F-stopping time 7, and § > 0, we have

E®[XH) (7 +6) = XF ()L | F®(1)] < 2K25(5 +1).

We also recall the following Skorokhod representation theorem that is often
used to prove convergence with probability 1. The proof can be found in Ethier
and Kurtz [EK86].

Theorem 3.2.7 (Skorokhod Representation Theorem) Let = be a separable
metric space and assume the probability measures {u*) 12 | C P(Z) converges
weakly to p € P(E). Then there exists a probability space (f), F, ﬁ) on which
there are defined =-valued random variables {X®)1° | and X such that for
all Borel sets B € B(Z) and allk =1,2,...,

P{X™® e By =™ (B),  P{X e B}=u(B)
and such that R ~ R
P{lim X = X} =1.

k—oo

3.2.1 Admissible Relaxed Controls

We first define a deterministic relazed control as follows.
Definition 3.2.8 A deterministic relaxed control is a positive measure p on
the Borel o-algebra B([0,T] x U) such that

w([0,] x U) =t, telo,T) (3.12)

For each G € B(U), the function ¢t — p([0,¢] x G) is absolutely continuous with
respect to Lebesque measure on ([0,77], B([0,T]) by virtue of (3.12). Denote
by i(-,G) = 4 1([0,t] x G) any Lebesque density of 1([0,t] x G). The family
of densities {f(-,G),G € B(U)} is a probability measure on B(U) for each
t €10,T], and

T
B = [ [ Loaematat,du) (3.13)

T
:/ /1{(t’u)63}u(t,du)dt, VB € B([0,T] x U).
0 U
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Denote by R the space of deterministic relaxed controls that is equipped with
the weak compact topology induced by the following notion of convergence: A
sequence {u®) k =1,2,...} of relaxed controls converges (weakly) to p € R
if
lim WPt = [ tadut, @1
k—oo Jio,)xU [0, T]xU
Vy e C.([0,T] x U),

where C.([0,T] x U) is the space of all real-valued continuous functions on
[0, T] x U having compact support. Note that if U is compact then C.([0, T] x
U) = C([0,T] x U). Under the weak-compact topology defined above, R is a
(sequentially) compact space; that is, every sequence in R has a subsequence
that converges to an element in R in the sense of (3.14).

Now, we introduce a suitable filtration for R as follows. We first identify
each ¢ € R as a linear functional on C([0,7] x U) in the following way:

T
u(s) = /O /U o(t.u(dt,du), s € C([0,T] x U).

For any ¢ € C([0,7] x U) and t € [t,T], define ¢* € C([0,T] x U) by
SH(s,u) = (s At,u).

Since C([0,T] x U) is separable (and therefore has a countable dense subset),
we may let {c(®)}2° | be countable dense subset (with respect to the uniform
norm). Tt is easy to see that {¢(*)*}2  is dense in the set {s* | ¢ € C([0,T] x
U)}. Define

BJR)=o{{peR|uc) e B} |seC(0,T] xU),t€0,s],B € BR)}.

One can easily show that Bs(R) can be generated by cylinder sets of the
following form:

c{{peR|uc®) e(a,b)}|s>teQk=1,2,...,a,b€Q}). (3.15)

Definition 3.2.9 A relaxzed control process is an R-valued random variable
i, defined on a Brownian stochastic basis (£2,F,P,F,W(-)), such that the
mapping w — u([0,t] x G)(w) is F(t)-measurable for all t € [0,T] and G €
B(U).

Using the relaxed control process p(-,-) € R, the controlled state equation
can be written as

dm(s):/[]f(s,xs,u)ﬂ(s,du) ds+/[]g(s,xs,u)/l(s,du) aw(s), selt,T],

or, equivalently, in the form of the stochastic integral equation:
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2(s) = b(0) + / / FOL 2, w)i(\, du) dA (3.16)
t U
S
[ [ s wptndn av . se )
t U

with the initial datum (¢,4) € [0,7] x C. The objective functional can be
written as

T
Heawsno) = B[ [ [ Lot ) uids.duy s
+ W(ar (it v, u(, )], (3.17)

where {z(s;t,v¢, u(-,-)),s € [t,T]} is the solution process of (3.16) when the
relaxed control process u(-,-) € R is applied.
We now define an admissible relaxed control as follows.

Definition 3.2.10 For each initial datum (t,v) € [0,T] x C, a siz-tuple
(2, F,PE,W(),u(-,-)) is said to be an admissible relazed control at (t,v) €
[0,T] x C if it satisfies the following conditions:

1. (2,F,P,F,W(-)) is a certain m-dimensional Brownian stochastic basis.

2. u(-,+) € R is a relazed control defined on the Brownian stochastic basis
(2,F,P,F, W(.)).

3. Under the relax control process u(-,-), (3.16) admits a unique strong solu-
tion z(-5t, 9, u(-, ) = {x(s;t, 0, u(-, ), s € [t, T} and through each initial
datum (t,+) € [0,T] x C.

4. The control process u(-,+) is such that

sl ] U0, i) 5) ds
+ [ (ar (st ()] < oo,

The collection of admissible relaved controls (£2,F, P,F, W (-), u(:,)) over the
interval [t,T] will be denoted by U[t,T|. Again, when there is no ambiguity,
we often write u(-,-) € U[t, T instead of (2, F, P,F, W (-), u(-,")).

The optimal relaxed control problem can be stated as follows.
Problem (ORCP) Find an optimal relaxed control p*(-,-) € U[t, T] that max-
imizes (3.17) subject to (3.16).

We again define the value function V : [0,7] x C — R for the Problem
(ORCP) by

Vit,y)= sup  J(tP;u(-,-). (3.18)

/L(',')El;[[t,T]

We have the following existence theorem for Problem (ORCP).
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Theorem 3.2.11 Let Assumption 3.1.1 hold. Given any initial datum (t,1)) €
[0,T] x C, then Problem (ORCP) admits an optimal relazed control p*(-,-),
and its value function V coincides with the value function V' of Problem

(0CCP).

We will postpone proof of Theorem 3.2.11 until the end of the next sub-
section.

3.2.2 Existence Result

For the existence of an optimal control for Problem (OCCP), we need the

following Roxin condition:
(Roxin’s Condition). For every (¢,4) € [0,T] x C, the set

(£r997, L) (t,0,0) = { (filt ¥,0), (99 )ity 0), Lt 0, w) |
wel,ij= 1,2,...,n}

is convex in RPNt
The main purpose of this subsection is to prove the existence theorem.

Theorem 3.2.12 Let Assumption 3.1.1 and the Roxin condition hold. Given
any initial datum (t,) € [0,T] x C, then Problem (OCCP) admits an optimal
classical control u*(-) € U[t, T] if the value function V (t,v) is finite.

Proof. Without loss of generality, we can and will assume that t = 0 in the
following for notational simplicity. The proof is similar to that of Theorem
2.5.3 in Yong and Zhou [YZ99] and will be carried out by the following steps:
Step 1. Since V(0,4)) is finite, we can find a sequence of maximizing admis-
sible controls in U[t, T,

such that
Jim (0,930 (-)) = V(0,4). (3.19)

Let ) () = {z(-;0,4,u® (.)), s € [0,T]} be the solution of (3.1) correspond-
ing to u(®)(-). Define

X(k)(.) = (x(k)(-),F(’“)(-),G(’“)(-),L(’“)(-), W(k)(.))’ (3.20)

where the processes F'(®)(.), G*¥)(.), and L(¥)(.) are defined as follows:

F®(s) = /Sf(t»fﬂik)(';O,wau(’“)()),u(’“)(t))dt,
0

G®(s) = /OSg(t,m?“)(-;o,w,u<k><->>,u<k><t>>dWW(t),
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and
L®)(s) = / e L(t,aM (50,9, u® (), u® (1)) dt, s € [0,T).
0

Step 2. We prove the following lemma:

Lemma 3.2.13 Assume Assumption 3.1.1 holds. Then there exists a con-
stant K > 0 such that

4
E(k) |:‘X(k)(sl> _X(k)(82)‘ :| < K|51_52|27 v51752 € [O’T]’ Vk = 1727"',

where E*) [--] is the expectation with respect to the probability measure P,

Proof of the Lemma. Let us fix k, 0 < 51 < 5o < T, and consider

T
(/ N <f»fc§’“)(-;o,w,u<k><.>>,u<k>(t>>\2dt>2]

2 * 2 (k) (k) (k) 2
<lsi—sof? [ Ko E® | (14 2P (v, u® ()]) |t

E*) [|F(k)(51) _ F(k)(52)|4}

< E*)

/ (50,48, u® (), u® (1))t

< |81 — so2EM

Since mgk)(-; 0,%,u*)(+)) is continuous P*)-a.s. in ¢ on the compact interval
[0,T7, it can be shown that there exists a constant K > 0 such that

* 2
/sl Ko B [(HIIxi’“)(-;o,w,u<k>(-))) }dt<K.
Therefore,
E®) {|F(’C)(sl) fF(k)(82)|4] < K51 — 5a?, Wsp.sa € [0.T], VE=1,2,....
Similar conclusion holds for L*); that is,
E® (|10 (s1) = L0 (55)*] < Kls1 = s, V1,50 € [0,7], ¥k =1,2,....
We consider

BW {16 (s1) = G0 (sa)

< E®)

/52 g(t,xgk)(,;07¢7u(k)(.)),u(k) (£))dW ™ (1)

T
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< atsw =) (759 ottt 0,00 000 [ )

for some constant K7 > 0

S2 2
<lsi—sal [ KiKZ g, (14 1087 (:0,0,uP()]) dt.

grow
S1

< K|s; — s9|? for some constant K > 0.
It is clear that

E® [[W ) (s1) = Wh (s3)[| = B [[WH (55— s1)[*] < Kls1 = 52,

since W) (s — 51) is Gaussian with mean zero and variance 1™ (s — s1).
The above estimates give

4
E® UX(’“)(sl) . XU“)(SQ)‘ ] < K|sy — a2, Vsi,82€[0,T], VE=1,2,....
This completes the proof of the lemma. |

From the above lemma, we use the following well-known results to conclude
that {(X®) (), prum () )32, is tight as a sequence of C([0,T7],R3+m+1),
since R is compact.

Proposition 3.2.14 Let {¢®(:)}22, be a sequence of d-dimensional con-
tinuous processes over [0,T] on a probability space (§2,F,P) satisfying the
following conditions:

sup E[|¢™(0)]] < oo
k>1

and

sup BIIC0(1) = W ()] < Ko = ], b5 € [0,7),

for some constants a,b,c > 0. Then {¢® ()}, is tight as C(]0,T], R%)-
valued random variables. As a consequence there exists a subsequence {k;},
d-dimensional continuous processes {é(kf)(')};?‘;l and C(+) defined on a proba-
bility space (975’:—, 13) such that

P(¢*) () e A) = P((™) () e 4), VA e B(C(]0,T],R%)
and

lim (*9) () = () in C([0,T], R, P-a.s.

j—oo
Corollary 3.2.15 Let {(:) be a d-dimensional process over [0,T] such that
ElI¢(t) = ¢(s)|") < K[t —s|'™**, ¥t,5 €0,T],

for some constants a,b > 0. Then there exists a d-dimensional continuous
process that is stochastically equivalent to ((-).
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We refer the readers to Ikeda and Watanabe [IW81, pp.17-20] for a proof
of the above proposition and corollary.

Step 3. Since
{(X(k)(')vuu(k)('7 ))}zozl

is tight as a sequence in C([0, T], R3"T™+1), by the Skorokhod representation
theorem (see Theorem 3.2.7), one can choose a subsequence (still labeled as
{k}) and have

{()‘((k)(.)’ﬂ(k)(., N} = {(j;(k)(.%p(k)(.%@(k)(.)’j(k)(.%W(k)(.),p(k)(.’ N}

and

(X(),a(,0) = @(), F(),G(), L), W (), Al )
on a suitable common probability space ({2, F, P) such that
law of (X®)(.), a®)(-,-)) = law of (X®) (), u®) (-, )), Vk>1, (3.21)
and P-a.s.,
X® () = X(-) uniformly on [0, 7] (3.22)

and
i® (-, ) = f(-,-) weakly on R. (3.23)
Step 4. Construct the filtration F*) = {F*)(s), s > 0} and F = {F,s > 0},
where - ~
FW(s) = o{(WH (1), 20(1)),t < s} v (1)1 (Bs(R))

and -
F(s) = o{(W(t),2(1),t < s}V ()" (Bs(R)), s>0.

By the definition of Bs(R) and the fact that the o-algebra generated by the
cylinder sets of C([0,T]; R?) coincides with B(C([0,T]; R%)), F*)(s) is the
o-algebra generated by

W (), ..., W @), 28 (t1), ..., 2% (&), g (¢t L pR) ()t

t1,....t1 <s, <Y eC(0,T],U) and j,1 =1,2,....

A similar statement can be made for F(s). B
We need to show that W) (.) = {WH)(s),s > 0} is an F*) Brownian
motion. We first note that W*)(-) is a Brownian motion with respect to

{AW @), 20 0).t < s}V (ud (BR)), 5 > 0]

This implies that for any 0 < ¢t < s < T and any bounded function H on
RUm+n+b (p is a positive integer), we have

E*) [ H(y®)yw® (s) — w® (t)ﬂ =0,
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where
®) = (W ® (¢,), 28 (¢;), u® (ot )}
V<0<t <t <--- <t <t,a=1,2,...,0b
We have B ) )
EW | H(G®) (W™ (s) —=wH(1)| =0,
where
g = (WO (1), 20 (1), 10 (1)}
VO<t; <tp<--- <0<t <t,a=1,2,...,b,
since

law of (X®)(.), a®)(-,.)) = law of (X®) (), u®)(-,.)), Vk>1.
We therefore have
BRIV ® (5) ~ W (1)) | 70 ()] =0,
In order to show W®*)(.) is an F*) Brownian motion, we need
E®[W® (s) = W) (WP (s) = WP ()T | FO(0)] = (s — )1,

This can be shown similarly.
Step 5. Again, since

law of (X®)(), 4®)(-,-)) = law of (XW(), uM) (), Vk > 1,

the following stochastic integral equation (defined on (£2, F, F*) P)) holds:

20 ( /ftx"“),ﬂ“) dt
4 / 3t 2 g®) aw ) (p),
0

where

Ft, 80, 5™ / £tz ) a® (¢, du)

and
g(t. 7", ) = /Ug(t,fi’“%u)ﬁ"“)(t,du).

Note that the above integrals are well defined, since W *)(-) is a F(*) Brownian
motion. Moreover, for each s € [0, T,

klim/ft‘(),‘ )dt = /ftzt,
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lim e—ati(t,gzﬁ’“),ﬁ(k))dt:/ et L(t, 7y, p)dt, P-as.,
0 0

k—oo

e T=0g gy e T-Dy(z7), P-as.,

and

lm [ a0 7, 70y a ® (r)

/ / (t, 2y, 1) AW (t), P-as.,
where

f(t, 24, 1 / f(t, z,w)ji(t, du),

L(t, 7", ) = /U L(t, 3" w) i (t, du),
i(t7ftaﬂ):/ L(tvftau)ﬁ(t7du)7
U

and

mM%mzlgm@mmmmy

We have by taking the limit k — oo
+ /0 f(t @, i) dt
+/Osg(t,xt,u) dW(t), Vsel[0,T], P— a.s.
Moreover,

T
memwowﬂff L1, 2, 7 ®) dt + e (@)
0

— sup J(0,45u())

u(-)eU[0,T]

as k — oc.
Step 6. Let us consider the sequence
AW (s) = (g57)(s,200, 8 ™), s €0, 7).

By the Lipschitz continuity and linear growth conditions on f and g, it is
tedious but straight forward to show that

T
/ |/~1(k)(s)|2d5] < 0.
0

sup B
k
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Hence the sequence {A®)1%  is weakly relatively compact in the space
L2([0,T] x £2,8™), where 8" is the space of symmetric n x n matrices.
We can then find a subsequence (still labelled by {k}) and a function
A e L2([0,T] x £2,8™) such that

A® — A weakly on L2([0,T] x 2,8"). (3.24)

Denoting by flij the (ij) entry of the matrix A, we claim that for almost all
(s,w),

lim;,_ AL (s,0) < Ajj(s,w)

< T A (s,0), 4,5 =1,2,...,n.  (3.25)

Indeed, if (3.25) is not true and on a set A C [0,T] x (2 of positive measure,

himkaAEf) (Sa w) > Aij(87 OJ),

then, by Fatou’s lemma, we have
liimk._wo/ AEE)(S,w)dsdp(w) > / Ajj(s,w)dsdP(w),
A A

which is a contradiction to (3.24). The same can be said for lim, which proves
(3.25). Moreover, by the Lipschitz continuity and linear growth of f and g
and the fact that X*)(-) — X(-) uniformly on [0, T], for almost all (s,w), we
have

limy,  A® (s)

—limy o (55 )(s, 20, 7P, (s,0) €[0,T]x 2, (3.26)

and

B A9 ()
= mk—»oo(gg )( 5, T )7 (va) € [OvT] X Qv (327)

Then, combining (3.25), (3.26), (3.27) and the Roxin condition, we have
A(s,w) € (997 )(5,Z5(w),U), a.e.(s,w). (3.28)

Modify A on a null set, if necessary, so that (3. .28) holds for all (s,w) €
[0, T] x £2. One can snnllarly prove that there are f and L € L2([0,T] x 2,R)
such that

fo — f L") weakly on L2([0,T] x 2, R), (3.29)

and
f(s,w) € f(s,Ts(w),U), f/(s,w) € L(s,Ts(w),U), (3.30)
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V(s,w) € [0,7T] x £2.

By (3.28), (3.30) the Roxin condition, and a measurable selection theorem (see
Corollary 2.26 of Li and Yong [LY91, p102]), there is a U-valued, F-adapted
process (-) such that

(f, A, L)(s,w) = (f,99 ", L) (s, 25 (w), u(s,w)), (3.31)
V(s,w) € [0,7T] x £2.

Step 7. The last step is to use Roxin condition to show that there exists
an m-dimensional Brownian motion defined on the filtered space ({2, F, P, F)

which extends the filtered probability space ({2, F, P, F). We, then, conclude
that o

(2,7, P, F,W(),u(-)) € U[0,T]
is an optimal control.

We next prove that the Ito’s integral process 1(g)(-) = {I(g)(s),s € [0, T]}
is an F-martingale, where

1)) = [ st maio, se .1,
0
To see this, once again, let 0 <t < s < T, and define

g® = (W (1), 25 (t,), p®) (b))},

and B )
y={W(t:),z(t;), p(*")},
0§t1§t2§"'§tl§s7 a:1727"'7b'

Since ™) (g)(-) is a F*)-martingale, for any bounded continuous function
H : Rmn+b)l _ R we have

0 = E[@(5" (I (g)(s) - I™(9)(1))]
— E[@(5(1(3)(s) — L(g)(®))], (3.32)

since X(®)(.) — X (-) uniformly on [0, 7] and (%) — fi weakly on R and by the
dominated convergence theorem. This proves that I(§)(-) is an F-martingale.
Furthermore,

I9@)s) = [ A%t
0
where (I®)(§)) is the quadratic variation of T*)(§)(-). Hence,

mmmuw@f—éﬁmmﬁ

is an F(*)-martingale. Recalling /Nl(k)(-) — A() weakly on L2([0,T] x £2), we
have for any ¢,s € [0, 77,
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/ AR (N)d\ — / (99T )\, Zn, w(N))dA,  weakly on L2(£2).
t t

On the other hand, by the dominated convergence theorem, we have, for real-
valued function H of appropriate dimension,

H(g"®) — H(y), strongly on L2(2).

Thus,
£ |a®) [ A90a| ~ 2|16 [0 a0)n) .

Therefore, using an argument similar to the above, we obtain that M(-) =
{M(s),s € [0,T]} is an F-martingale, where

W(s) = (1) T () - | " (9Tt 0, 5.
This implies that .
f(g)(S)Z/O (99 7)(t, Z¢, u(t))dt.

By a martingale representation theorem (see Subsection of Chapter 1), there
is an extension (§2, F,F, P) of (2, F,F, P) on which lives an m-dimensional
F Brownian motion W (:) = {W(s),s > 0}, such that

T(g)(s) = / gtz () AW ().

Similarly, one can show that

F(s) = /0 "t T, (1)) dt.

Putting into

with

T
B[ eteaawya v o] = it I0.0u0)),

we arrive at the conclusion that
('(27 ‘7:-7 F7 Pa W()7 ’H’()) € Z/[[O, T]

is an optimal control. This prove the theorem. O
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Proof of Theorem 3.2.11.

The idea in proving the existence of an optimal relaxed control p*(,-) is
to (1) observe that the space of relaxed control R is sequentially compact,
since [0,T] x U is compact (see Theorem 3.2.1), and hence every sequence in
R has a convergent subsequence under the weak compact topology defined
by (3.14); (2) check that J(t,4;-) : R — R is a (sequentially) upper semi-
continuous function defined on the sequentially compact space R; 3) provoke
a classical theorem (see, e.g., Rudin [Rud71]) that states any (sequentially)
upper semicontinuous real-valued function defined on a (sequentially) com-
pact space attends a maximum in the space, and hence J (t, ;) attains its
maximum at some point p*(+,-) € R (see, e.g., Yong and Zhou [YZ99, p.65]);
and (4) show that the value function for the Problem (ORCP) coincides with
that of the original Optimal Classical Control Problem (OCCP).

First, the following proposition is analogous to Theorem 10.1.1 of Kushner
and Dupuis [KDO01, pp.271-275] for our setting. The detail of the proof is very
similar to that of Theorem 3.2.12 and, therefore, only a sketch is provided
here.

Proposition 3.2.16 Let Assumption 3.1.1 hold. Let
{(Q(k)7f(k)7p(k)7F(k)7W(k)()’M(k)(7 ))}/i:“;l

be any sequence of admissible relazed controls in Z][L T]. For eachk =1,2,...,
let {x®)(s;t,4h, n®)(--)),s € [t —r,T]} be the corresponding strong solution
of (3.16) through the initial datum (t,4»*)) € [0,T] x C. Assume that the
sequence of initial functions {1p®) k = 1,2,---} converges to 1» € C. The
sequence

(@O (), WO (), 1B (), =1,2,....}

),
is tight. Denote by (x(-), W(-), u(+)) the limit point of the sequence
{@® O, WP, () k=1,2,..)
Define the filtration {H(s),s € [t,T]} by
H(s) = o((x(N), W(A), (A, G)), t < A< 5,G € B(U)).

Then W (-) is is an (H(t, s), s € [t, T])-adapted Brownian motion, the siz-tuple

{(Qv '7:; P, Fv W()a :u('a ))}
is an admissible relazed control and the process

x() = {J}(S, t? 1/), N(? ))7 s € [t - T]}

is the strong solution process to (3.16) defined on

{(Qv j:a P, F, W()a :U'('v ))}
and with the initial datum (t,v) € [0,T] x C.
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A Sketch of Proof. Without loss of generality, we can and will assume that
{(2®, 70, PO FO WO (), l(, ), k=12, }

is the maximizing sequence of admissible relazed controls for Problem (ORCP).
We claim that the sequence of triplets

{WO), w1 (,),2® )k =1,2,..} (3.33)

is tight and therefore has a subsequence that is also to be denoted by (3.33),
which converges weakly to some triplet (W(-), u(-,-),z(-)), where W(-) is a
standard Brownian motion, u(-,-) is the optimal relaxed control process, and
x(+) is the optimal state process (corresponding to the optimal relaxed control
process) that satisfies (3.16). Componentwise tightness implies tightness of the
products (cf. Remark 3.2.4 or [Bil99,p.65]). We therefore prove the following
componentwise results.

First, we observe that the sequence {VV(’“)()}%’:1 is tight. This is because
they all have the same (Wiener) probability measure. Note that W®*)(.) is
continuous for each k = 1,2,..., so is its limit W (:). To show that W ()
is an m-dimensional standard Brownian motion, we will use the martingale
characterization theorem in Section 1.2.1 of Chapter 1 by showing that if ¢ €
C2(R™) (the space of real-valued twice continuously differentiable functions
on R™ and with compact support), then Mg(-) is a F-martingale, where

Ma(s) = B(W(s)) — &(0) — /0 LuB(W(B)dt, s >0,

and L,, is the differential operator defined by (1.8). To prove this, we have by
the fact that W®*)(.) is F(*)_-Brownian motion,

t+A
x (@(W(k)(t—i—)\)) — WE (1)) — / ,cqu(ww(s))dsﬂ —0.

By the probability 1 convergence which is implied by the Skorokhod repre-
sentation theorem,
] — 0.

H(x(t;), W(t:), u(ti),i < p) (3.35)

t+A t+A
/ L, d(WH (5))ds — L, (W (s))ds

t

E

Using this result and taking limits in (3.34) yields

E

t+A
x <¢(W(t+)\)) — W) — / LWQ(W(s))ds>] ~0.
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The set of random variables H (x(t;), W(t;), u(t:),i < p), as H(-), p, and ;
vary over all possibilities, induces the o-algebra F(t). Thus (3.35) implies

that s
(P(W(s) — d(0) — /0 L, P(W(t

is an F-martingale for all ¢ of chosen class. Thus W(:) is a standard
F-Brownian motion.

Second, the sequence {(u*)(-,-),k = 1,2,...} is tight, because the space
R is (sequentially) weak compact. Furthermore, its weak limit u(-) € R and
w([0,¢;U) =t for all ¢t € [0,T7].

Third, the tightness of the sequence of processes {z(*)(-),k = 1,2,...}
follows from the Aldous criterion (cf. Theorem 3.2.6 or [Bil99, pp. 176-179):
Given k = 1,2,..., any bounded F-stopping time 7, and ¢ > 0, we have

E® (|20 (r 4+ 8) — 2B ()2 | FR(r)] < 2K25(5 + 1)

as a consequence of Assumption 3.1.1 and 1t6’s isometry. To show that its limit
process z(-) = {z(s),s € [t,T]} satisfies (3.16), we note that the weak limit
((-), W(),u(-,-)) is continuous on the time interval [¢,7]. This is because
it has been shown in the proof of Theorem 3.2.12 that both the pathwise
convergence of the Lebesque integral

hm//fo(j), )R (O, du) dX = //foA, i\, du)d), P-as.,

k—oo

and of the stochastic integral
Jim / / A 2 w)dw ® (2) @ ®) (A, du)dA

/ / A, zx, w)p(A, du)dW (X)),  P-as.

We assume that the probability spaces are chosen as required by the Sko-
rokhod representation (Theorem 3.2.7), so that we can suppose that the con-

vergence of
{WP ), 1), 2B ()1

to its limit is with probability 1 in the topology of the path spaces of the
processes. Thus,

//fmw VO, du) d >\—>//f)\m, A, du)d A
// W)™ (X, du) dW®) (A _>// (X, 2, w)p(X, du) dW (N)
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as k — oo uniformly on [t, T] with probability 1. The sequence {z®)(-,-)}32,
converges weakly. In particular, for any @ € Cy,([0,T] x U),

/tT/UdS(/\,u)u(k)(d)\,du) —>/tT/U¢()\,u)u(d)\,du).

Now, the Skorokhod representation theorem 3.2.7 and weak convergence imply
that

//f (k)/\dud)\—>//f>\$A, fu(A; du) dX
// )i (O, du) dW® () _>// O aa, w)ji(\, du) dIW (A)

as k — oo uniformly on [t, T] with probability 1. Since ¢/*) € C converges to
1 € C, we therefore prove that

/ /f)\:m, L(A, du) dA

// (A, zx, W)\, du) dW(N). s € [t,T), (3.36)

We next claim that the weak limit (z(-), W (-), u(-,-)) is continuous on the
time interval [¢, T]. First, z(-) is a continuous process; this is because both the
pathwise Lebesque integral

lim/ /fog’”, P\, du) dX\ = //an:x, Wi\, du) d), P-as.,

k—o0

and the stochastic integral

lim / / g0 2P ) A (N, du) dW ) ()

k—o00
/ / A\ zxn,w) (A du) dW(X),  P-as.

Similarly,

T T
/ / ea(sft)L(S7 s, u)ﬂ(k)(s, du) ds — / / ea(S*t)L(57 Ts, u) (s, du) ds,
t JuU t JuU

e_("(T_t)y'/(xg,fﬁ)) — e_“(T_t)Q/(xT)
as k — oo with probability 1. O

We have therefore proved the following two propositions.



3.3 Dynamic Programming Principle 153

Proposition 3.2.17 Let Assumption 3.1.1 hold. Suppose the sequence of ini-
tial segment functions {¢(k)}?;1 C C converges to 1 € C. Then

Jim Vit (k) = V().

Proposition 3.2.18 Let Assumption 3.1.1 hold. Let pu(-,-) € Ult,T] be the
relazed control representation of u(-) € U[t,T| via (3.13). Then

V(t,y):= sup J(t,su()=V(t,y) = sup  J(tP;u(,-).
u(-)EU[0,T] wn(-,-)EU[0,T)

Proof of Theorem 3.2.11 The theorem follows immediately from Proposi-
tions 3.2.17 and 3.2.18. a

3.3 Dynamic Programming Principle

3.3.1 Some Probabilistic Results

To establish and prove the dynamics programming principle (DDP), we need
some probabilistic results as follows.

First, we recall that if O is a nonempty set and if O is a collection of
subsets of O, the collection O is called a m-system if it is closed under the
finite intersection; that is, A, B € O imply that AN B € O. It is a A-system
if the following three conditions are satisfied: (i) O € O; (ii) 4,B € O and
A C B imply that B— A € O; and (iii)) 4; € O, A; 1 A,i = 1,2,..., implies
that A € O.

The following lemmas will be used later.

Lemma 3.3.1 Let O and O be two collections of subsets of O with O C 0.
Suppose O is a w-system and O is a A\-system. Then o(O) C O, where o(O)
is the smallest o-algebra containing O.

Proof. This is the well-known monotone class theorem, the proof of which
can be found in Lemma 1.1.2 of [YZ99).

Lemma 3.3.2 Let O be a w-system on O. Let H be a linear space of functions
from O to R such that

1eH; In€H, VAc€O,

and
0 e H with 0 < o 1 @, ¢ is finite = p € H.

Then H contains all o(O)-measurable functions from O to R, where 1 is the
constant function of value 1 and 14 is the indicator function of A.
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Proof. Let B
O={ACO|14€H}

Then O is a A-system containing O. From Lemma 3.3.1 it can be shown that
c(0) C O.
Now, for any o(O)-measurable function ¢ : O — R, we set for t = 1,2, ...

P =3 J2 I jamicpt ()<}

=20

where p = max{p, 0} denotes the positive part of . Clearly, ¢(*) € H and
0 < o) 1 uT. Hence, by our assumption, ¢t € H. Similarly, o~ € H, where
©T = max{—p,0} denotes the negative part of p. Thus, ¢ € H. This proves
the lemma. m|

First, let us introduce some notation. Define

Ci([0, T[; R™) := {n(- At) | n € C([0, TT; R™)},
By(C([0, T[; R™)) == o (B(C:([0, T]; ®™))),
By (C([0,T]; R™)) == N Bs(C([0, T, R™))), t € 0,77,
where o(B(C:([0,T]; R™))) denotes the smallest o-algebra in C([0,T]; R™)

that contains B(Cy([0, T]; R"™)). Clearly, both of the following are filtered mea-
surable spaces:

(C([()» T]; §Rm)7 B(C([O7 T]; g:em))’ {Bt(C([O, T]; 8?m))}tzo)

and

(C([0, TT; ®™), B(C([0, T]; 1™)), {Be+ (C([0, TT; R™)) }eo0)-
However,
Bt_;,_(C([O,T]; %m)) 7A Bt(c([ovT]v %m))’ vt e [O’T]
A set B C C([0,T); R™) is called a Borel cylinder if there exists a partition
7={0<t <ty <---<t; <T}of [0,7] and A € B((R™)7) such that
B=r1"1(A)={€ € C(0,T;R™) | (§(t1),€(t2),- ... &(t;)) € A} (3.37)

For s € [0,T], let C(s) be the set of all Borel cylinder in Cs([0, T]; R™) of the
form (3.37) with partition 7 C [0, s].

Lemma 3.3.3 The o-algebra o(C(T)) generated by C(T) coincides with the
Borel o-algebra B(C[0,T]; ®™)) of C([0,T]; R™).

Proof. Let the partition 7 = {0 < t; <ty < --- <t; <T} of [0,T] be given.
We define a point-mass projection map I : C([0,T]; R™) — (R™)’ associated
with the partition 7 as follows:

(&) = (§(t1), E(t2), -+, &(E5)), V& € C([0,T]; R™).
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Clearly, IT is continuous. Consequently, for any A € B((R™)7), it follows that
II=1(A) € B(C([0,T];R™)). This implies that

o(C(T)) € BUC(0, T R™)). (3.38)

Next, for any & € C([0, T];R™) and e > 0, the closed e-ball B(f; €) in
C([0,T]; R™) can be written as

B(&€) = {€ € C([0, T R™) | o £(t) — ()] < €} (3.39)
= () {£€C0,TER™) | |£(t) — £(1)] < e} € o(C(T)),
teQN[0,T]

since {€ € C([0,T}; R™) | |€(t) — £(t)] < €} is a Borel cylinder and Q is the
set of all rational numbers (which is countable). Because the set of all sets in
the form of the left-hand side of (3.39) is a basis of the closed (and therefore
open) sets in C([0,T]; R™), we have

B(C([0,T]; R™)) € o(C(T)). (3.40)

Combining (3.38) and (3.40), we obtain the conclusion of the lemma. a

Lemma 3.3.4 Let (£2,F, P) be a probability space and let ¢ : [0, T]x 2 — R™
be a continuous process. Then there exists an 29 € F with P(£2y) = 1 such
that ¢ : 20 — C([0,T); R™), and for any s € [0,T],

2 F<(5) = 20 [\ HBL(C0, T): 7)), (3.41)

where FS = {F¢(s),s € [0, T} is the filtration of sub-o-algebras generated by
the process (+); that is, for all s € [0,T],

Fo(s) =of{((t),0 <t < s}
Proof. Let t € [0, 5] and A € B(R™) be fixed. Then
B(t) ={¢ € C([0,T[; ™) [ £(t) € A} € C(s)
and

w e THB(t) <= ((,w) € B(t) <= ((t,w) € A
= weTH(t)(A).
Thus,
¢t )(A) = CTHB().
Then by Lemma 3.3.3, we obtain (3.41). ad
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Lemma 3.3.5 Let (2, F) and (£2, F) be two measurable spaces and let (=, d)
be a Polish (complete and separable) metric space. Let ¢ : 2 — 2 and ¢ :
2 — Z be two random variables. Then ¢ is o(()-measurable; that is,

¢ 1(B(2) c¢THF) (3.42)
if and only if there exists a measurable map 7 : Q2 — E such that
p(w) =n(((w)), VYwe . (3.43)

Proof. We only need to prove the necessity. First, we assume that = = R.
For this case, set

H = {n((-)|n: 2 — = is measurable}.

Then H is a linear space and 1 € H. We note here that C‘l(]}) forms a
m-system; that is, it is closed under finite intersections. Also, if A € o(¢) =
¢~Y(F), then for some B € F, I4(-) = I(¢(-)) € H. Now, suppose n) : 2 —
Z is measurable for i = 1,2,... and 7V ({(-)) € H such that 0 < n®(¢(-)) 1
&(+), which is finite. Set

A={we | supn(i)(@) < oo}

Then A € F and ((£2) C A. Define

0@ ifa
- Jsup;nW (@) i@
@) = { 0 itoe

Clearly, n : 2 — = is measurable and £(-) = n(¢(-)). Thus, £(-) € H. By
Lemma 3.3.2, H contains all o({)-measurable random variables, in particular,
¢ € H, which lead to (3.43). This proves our conclusion for the case U = R.

Now, let (Z,d) be an uncountable Polish space. Then it is known that
(2,d) is Borel isomorphic to the Borel measurable space of real numbers
(R, B(R)); that is, there exists a bijection h : = — R such that h(B(Z)) =
B(R). Consider the map ¢ = ho ¢ : 2 — R, which satisfies

e U B(Z)) c U

S
=
=
]
ﬁ\
o]
i
=
=
]

Thus, there exists an 7 : 2 — R such that

Pw) =17(((w)), Ywe L.

By taking n = h™! o 7}, we obtain the desired result.

Finally, if (£, d) is countable or finite, we can prove the result by replacing
R in the above by the set of natural numbers N or {1,2,...,n}. ]
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Later we will take = to be the control set U. Let A7 (U) be the set of all
B+ (C(]0, T]; R™))-progressively measurable processes

n:[0,T] x C([0, T]; R™) — U,

where U is the control set, which is assumed to be a Polish (complete and
separable) metric space.

Proposition 3.3.6 Let (£2,F, P) be a complete probability space and let U
be a Polish space. Let ¢ : [0,T] x 2 — R™ be a continuous process and
FS(s) = o(¢(t);0 <t < s). Then ¢ : [0,T] x 2 — U is {F(s)}-adapted if
and only if there exists an n € AT (U) such that

o(t,w) =n(t,((- ANt,w)), t€[0,T], P —a.s. w € {2.

Proof. We prove only the “only if” part. The “if” part is clear.
For any s € [0, T, we consider a mapping

0°(t,w) = (t A s, (- As,w) : [0,T] x £2—[0,s] x Ci([0,T]; R™).

By Lemma 3.3.4, we have B([0,s]) x F¢(s) = o(f*). On the other hand,
(t,w) — ot A s,w) is (B([0,s]) x F¢(s))/B(U)-measurable. Thus, by
Lemma 3.3.5, there exists a measurable map

n°® : ([0,T] x Cs([0, T); R™), B([0, s]) x Bs(C([0, T); R™)) — U
such that
et As,w)=n"(tNs,C(-As,w)), Ywe2,tel0,T]. (3.44)

Now, for any i > 1, let 0 = t§ < t{ < --- be a partition of [0, 7] (with the
mesh max;> [t; —t%_;| — 0 as i — 00) and define

N (t,¢) = n°(0,€(- A0) Ty () (3.45)
DM BEC A (@), ¥(E€) € 0,T] x C(0, T #™).

For any ¢ € [0, T, there exists j such that ¢;_, < <t’. Then

N, ¢ AL w) = 0" (1, A, w) = p(tw). (3.46)
Now, in the case U =R, N, {1,2,...,n}, we may define
n(t, €) = limy_een™(t, ) (3.47)

to get the desired result. In the case where U is a general Polish space, we
need to amend the proof in the same fasion as in that of Lemma 3.3.5. O
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3.3.2 Continuity of the Value Function

For each t € [0,T], the following lemma shows that the value function V'(¢,-) :
C — R is Lipschitz.

Lemma 3.3.7 Assume Assumptions (A3.1.1)-(A8.1.3) hold. The value func-
tion V' satisfies the following properties: There is a constant Ky > 0 not
greater than 3K,(T + 1)63T(T+4m)Klzw such that for all t € [0,T] and
#,6 € C, we have

V(t,¢) = V(L o)l < Kvlo— ¢
Proof. Let t € [0,T] and ¢, p € C. We have, by definition,

V(t,0) = V(o) < sup  |J(t dul-) = J(E 5 ul))]-
u(-)EU[t,T)

Let z(-) and y(-) be the solution processes of (3.1) under the control process
u(+) but with two different initial data: (¢, ¢) and (¢,¢) € [0,T] x C, respec-
tively. Then by (A3.1.3) of Assumption 3.1.1, we have for all u(-) € U[t, T,

[Tt dsu() = J(t @5 u(-))]

T
<E /t | L(s, s, u(s)) = L(s, ys, u(s))| ds + ¥ (z7) = ¥(yr)|

< Kpip(1+T —t)E | sup |z(s) — y(s)|2

s€[—r,T]

Now,

E

<28 | sup |z(s) —y(s)*| +2ll¢ — ¢l

s€[0,T]

sup [x(s) — y(s)|?
s€[—r,T]

while Holder’s inequality, Doob’s maximal inequality, It6’s isometry, Fubini’s
theorem and (A3.1.3) of Assumption 3.1.1 together yield

E

sup |z(s) — y($)|2]
s€[0,T]

< 3|¢(0) — ¢(0)]> + 3TE

T
/t |f(57xszu(5)) —f(S,ys,u(s))|2ds]

n m T
+ 3mZZE /t [(9i5 (s, xs,u(s)) — gij (s, ys, u(s))) de(s)d

i=1 j=1

T
< 316(0) — @(0)[ + BTK, / Bllls — ysll? ds
t
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+ 12mE /t S T 1(gi (s, s, uls)) — gij (s, s, uls)))| ds

i=1 j=1

sup [|l(A) —y(V)|? | ds.

AE[t—r,s]

T
< 36(0) — p(0)* + 3(T + 4m)K2, / E

Since |#(0) — ¢(0)] < ||¢ — ¢l|, Gronwall’s lemma gives

E| sup |x(s) —y(s)|*| <8¢ — (pH266T(T+4m)Kl2W.
s€t—r,T]
Combining the above estimates, we obtain the assertion. O

3.3.3 The DDP

The advantage of the weak formulation of the control problem will be apparent
in the following lemmas and its use in the proof of the DPP. Let ¢ € [0,T)
and u(-) € U[t, T]. Then under Assumption 3.1.1, for any F(¢)-stopping time
T € [t,T) and F(t,7)-measurable random variable & : 2 — C, we can solve
the following controlled SHDE:

dz(s) = f(s,zs,u(s)) ds + g(s, zs,u(s)) dW(s), s € [1,T], (3.48)

with the initial function z, = £ at the stopping time 7.

Lemma 3.3.8 Let t € [0,T] and (2, F,P,F,W(-),u(:)) € U[t,T]. Then for
any F-stopping time, 7 € [t,T), and any F(7)- measurable random variable
£:0 — C,

T
I () = B[ [ eI L i 6 ul).u)ds
+ e T (g7, & ul)|F(r) | (w)  P-a.s. w.

Proof. Since u(+) is F-adapted, where F is the P-augmented natural filtration
generated by W(-), by Propostion 3.3.6 there is a function n € A% (U) such
that

u(s,w) =n(s,W(As,w)), P—a.s weVseltT]

Then (3.48) can be written as
dz(s) = f(s,zs,n(s, W(- N s)))ds
+g(s,25,m(s, W (- N8)))dW(s), s € [r,T], (3.49)
with . = €. Due to Assumption 3.1.1, Theorem 1.3.12, and Theorem 1.3.16,

this equation has a strongly unique strong solution and, therefore, weak
uniqueness holds. In addition, we may write, for s > 7,
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U(S,LU) = 77(87 W( NS, w)) = 77(‘9’ W( A va) + W(Ta w))

where W (s) = W(s) — W(r). Since 7 is random, W (-) is not a Brownian
motion under the probability measure P. However, we may, under the weak
formulation of the control problem, change the probability measure P as fol-
lows. Note first that

P{w" | 7(w') = 7(w)|F(7) }w)
= E[1{ur(w)=r(@}F(7)] ()
- 1{w’:T(w’):‘r(u))}(w)
=1, P—a.s.we

This means that there is an 2y € F with P({29) = 1, so that for any fixed
wo € 29, T becomes a deterministic time 7(wp); that is, 7 = 7(wp) almost
surely in the new probability space (£2,F, P(-|F(7))), where P(:|F(7))) de-
notes the probability measure P restricted to the o-sub-algebra F (7). A sim-
ilar argument shows that W (7) almost surely equals a constant W (7 (wp), w)
and also that ¢ almost surely equals a constant £(wp) when we work in the
probability space (£2, F, P(-|F(7))(wp)). So, under the measure P(-|F(7))(wo),
for s > 7(wo), the process W (-) will be a standard Brownian motion

W (s) = W(s) = W(r(w0)),
and for any s > 7(wp),
u(s,w) =n(s, W(-As,w)+ W(r(wo),w)).

It follows then that u(-) is adapted to the filtration F(7(wo)) generated by
the standard Brownian motion W (s) for s > 7(wp). Hence, by the definition
of admissible controls,

(Q’]:aP('|]:(T))(W0)>W(')vuhﬂ'(wo),T]) € u[T(wO)’T]'
Note that for A € B(C),
P[¢ € A|F(7)](wo) = E[L{geay|F(7)](wo) = E[leeay] = P{€ € A}.
This means that the two weak solutions
(Q’]:a PvFv'T(')’W(')) and (Qa}—7P('|‘7:(T>(WO)>7Fam(')7W('))

of (3.1) have the same initial distribution. Then, by the weak uniqueness,

T
Irg)su()) = B0 [T eI u(s)) ds+ T W (ar)|

T

5] / L oI (s, (1, £, 0()), u(s)) ds

N efa(TfT)g/(xT(T’g,u(.))‘]—'(q-)} (W), P—as w. O
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The following dynamic programming principle (DDP) is due to Larssen
[Lar02].

Theorem 3.3.9 (Dynamic Programming Principle) Let Assumption 3.1.1
hold. Then for any initial datum (t,v) € [0,T] x C and F-stopping time
T € [t,T),

Vi) = s B[ [ e L (vl uls) ds
u(-)EUt,T] t

+ e Dy (r, J;T(.;t’w’u(.)))} (3.50)

Proof. Denote the right-hand side of (3.50) by V (¢,). Given any € > 0, there
exists an (2, F, P,F,W(-),u(:)) € U[t,T] such that

V(t, ) —e < J(t,;u(r)).
Equivalently,
V(t, ) —e < J(t,¥;u(-))
T
= E[/t e*a(sft)L(s,xS(.;t,yj’u(.))’u(s)) ds

e Tt v,u()))]

_ B /t’e—a<s—t>L<s7xs<~;t,w,u<~>>,u<s>>ds

T
n / e L(s, 2y (11,9, ul-)), u(s)) ds
e T (51, u()))]

Therefore,

V(t0) — e < B[ [ O (it b ul).uls) ds

+E{/TT6a<sT>L(3,xs(.;t7wju(,))’u(s))ds

+ e*a(TJ)y'/(xT(.;tﬂ/}’u(.)))’fﬁ)”
= E[/tf e G (s, wg (it 0, u(-), uls)) ds

e I (@ (40, u(); ()] (by Lemma 3.3.11)
< E[/tT e~ DL (s, w51, u(-)), u(s)) ds

+ e DY (g, x7(~;t7¢7u(‘))}7
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so by taking the supremum over u(-) € U[t,T], we have
V(t, ) —e < V(t,ah), Ve>O0.
This shows that
V(t, ) <V(t,4), V(t,ap)€0,T] x C. (3.51)
Conversely, we want to show that
V(t,y) > V(t,v), V() €l0,T]xC.
Let € > 0; by Lemma 3.3.7 and its proof, there is a 6= 5(6) such that whenever
[ — Il <4,
[ (r s u(-)) = T (. u())| + |V (7,9) = V(. 9)| < € Vu() € U, T]. (3.52)
Now, let {D;};>1 be a Borel partition of C. This means that
D; € B(C) for each j, Uj>1 D; =C, and D; N D; = if i # j.

We also assume that the D, are chosen so that |[¢ — ¢| < 6 whenever
¢ and ¢ are both in D;. Choose Pl e Dj. For each j, there exists an
(W), FO) PG W) (), u9)(.)) € U[r,T] such that

J(r Vs uD () < V(r ) +e (3.53)

For any ¢ € D;, (3.52) implies in particular that

J(r s u? () 2 J(r, 000D () — e and V(r,p10) > V(r,9) — e (3.54)
Combining the above two inequalities, we see that

(b u? () 2 J(r, D () —e 2 V(r ) —2 2 V(7,9) ~3e. (3.55)
By the definition of the five-tuple

(W, 7O pi) FO W& ) w9 () e Ulr,T),
there is a function ¢; € Ap(U) such that
u9 (s,w) = e (s, WD (- A s,w)), PY —as we V), Vselr,T).

Now, let (2, F, P,F,W(-),u(:)) € U[t,T] be arbitrary. Define the new control
a(-) = {u(s),s € [t,T]}, where

u(s,w) = u(s,w),if s € [t,7),
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and
(s, w) = W (s, WD (- As,w) = W(r,w)) if s € [r,T] and z4(t, 4, u(-)) € D;.
Then (2, F, P,F,W(-),a(-)) € U[t, T]. Thus,
V(t, ) = J(t, g5 a(-))
/T e OO L(s,xo(5t, 9, a(-), s)) ds

t

=F

+ e_a(T_t)![’(SCT(';t;waﬂ(')))]

>F

/t "D (s, 2y (1, u(-)), uls)) ds

T
) / e~ (s, wy (3 7 s (8,1, u(-)), (s)) ds

n e—a(Tft)w(xT(.; 7,2 (t Y, u(-)), a(-))) ’}“(T)] ] .
Therefore,

V(t,Y) > E

/T e GO L(s, 2o (8,0, ul-)), uls)) ds

t

+J(1, 2 (5 t,w,u()),d())] (by Lemma reflem:3.3.8)

>F

/t " Lis, 2t u()), u(s)) ds

+ V(r, 2 (56,9,u(4)) | — 3e (by (3.55).

Since this holds for arbitrary (£2, F, P,F(t), W(-),a(-)) € U[t, T], by taking
the supremum over U[t,T| we obtain

V(t, ) > V(t,) — 3¢, Ve>0. (3.56)
Letting € | 0, we conclude that
V(t, ) > V(t, ), Y(t¢)el[0,T] xC.

This proves the DDP. O
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Assumption 3.3.10 There exists a constant K > 0 such that
[f(t, ¢, w)[+g(t, ¢, u)| +|L(t, ¢, u)|[ +[W(9)| < K, V(t, b, u) €[0,T]x CxU.

In addition to its continuity in the initial function v € C as proved in
Lemma 3.3.7, the value function V has some regularity in the time variable as
well. By using Theorem 3.3.9, it can be shown below that the value function
V' is Holder continuous in time with respect to a parameter ~ for any v < %,
provided that the initial segment is at least y-Holder continuous. Notice that
the coefficients f, g, and L need not be Hélder continuous in time. Except for
the role of the initial segment, the statement and proof of the following lemma
are analogous to the nondelay case (see, e.g., Krylov [Kry80, p.167]). See also
Proposition 2 of Fischer and Nappo [FN06] for delay case.

Lemma 3.3.11 Assume Assumptions 3.1.1 and 3.8.1 hold. Let the initial
function € C. If ) is y-Holder continuous with v < K(H), then the function
V(-,9) : [0,T] — R is Holder continuous; that is, there is a constant K(V) > 0
depending only on K(H), K (the Lipschitz constant in Assumption 3.1.1), T,
and the dimensions such that for all t,t € [0,T]

V() — V(i) < K(V) (|t v - ﬂ) |

Proof. Let the initial function ¢ € C be v-Hélder continuous with v < K(H).
Without loss of generality, we assume that s = ¢ + h for some h > 0. We may
also assume that h < 3, because we can choose K (V) > 4K (T + 1) so that
the asserted inequality holds for [t —s| > %. By the DDP (Theorem 3.3.9), we
see that

[V (t,9) = V(s,9)|

t+h
| s g / e L(s, 24 (1,0, (), u(s)) ds
u(-)eU[t,T) t

V(B et g ul)]

—V(t+h,z/))‘
t+h
< swp E / DL (s, 2y 1,0, ul-)), u(s)) ds
u(-)EU[E,T] t
+ sup  E[le*"V(t+ h,mn (it ¢,u(-) = V(E+ h,1p)]
u(+)EUt,T]

< Kh+ sup  L(V)E[[|zn(t4,u() — ],
u(-)EU[t,T]
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where K is the largest Lipschitz constant from Assumption 3.1.1 and L(V) is
the Lipschitz constant for V' in the segment variable according to Lemma 3.3.7.
Notice that ¢ = x¢(t,9,u(-)) for all u(-) € U[t,T]. By the linear growth
condition (Assumption 3.1.1) of f and g, the Holder inequality, Doob-Davis-
Gundy’s maximal inequality (Theorem 1.2.11), and It&’s isometry, we have
for arbitrary u(-),

Ellzern(5t,e,u() =9l < sup [9(0+h) —¢(0)[+ sup [(0)—(0)]
0e[—r,—h] 0e[—r,0]

t+h
+E/t lf(s,fvs(ﬁt,ﬂf,w)),U(S))IdS]

Nl

2
+E

t+h
/t g5, 2451, 6, u(-)), u(s)) AW (s)

< 2K(H)h" + Kh + 4KmVh.

Putting everything together, we have the assertion of the lemma. O

3.4 The Infinite-Dimensional HJB Equation

We will use the dynamic programming principle (Theorem 3.3.9) to derive the
HJBE. Recall that {z(-;t,%,u(-)),s € [t,T] is a C-valued (strong) Markov
process whenever u(-) € U[t, T|. Therefore, using Theorem 2.4.1, we have the
following.

Theorem 3.4.1 Suppose that & € C; ([O T] x C)ND(S). Let u(-) € U[t, T
with limg), u(s) = v € U and {xé( t s h,u(r)),s € [t,T]} be the C-valued
Markov process of (3.1) with the initial datum (t,+) € [0,T] x C. Then

E[(t + €, xipe(t, ¢, u(+))] — P(4,4)

hﬁ)l = 0:P(t,¢) + A"P(t, ), (3.57)
€ €
where
A D(t, ) = SP(t, 1)) + DD(t,¥)(f(t, v, u)1{0}) (3.58)
+5 ZDQ@ (t, 1, u)(e;) Loy, 9(t, 1, u)(e;)1i0y),
where e;,j =1,2,...,m, is the jth unit vector of the standard basis in R™.

Heuristic Derivation of the HJB Equation

Let u € U. We define the Fréchet differential operator A“ as follows:
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A“D(t, ) = S(P)(t,¢) + DP(t, ) (f (¢ ¥, u)1oy) (3.59)

R —
+ 5 ;DQQ(taq/})(g(tvd)7u)ejl{O}ag(t7w7u)e11{0})7

for any @ € C’lli’;([(), T x C)ND(S), where e; is the jth vector of the standard
basis in ™.
To recall the meaning of the terms involved in this differential operator,

we remind the readers of the following definitions given earlier in this volume.
First, S(P)(t, ) is defined (see (2.11) of Chapter 2) as

S(®)(t, ) = lim D(t, Yiie) — P(t,1))

im - (3.60)

and ¢ : [—r, T] — R" is the extension of ¢/ € C from [—7,0] to [—r,T] and is
defined by

=« [0) fort>0

() = {w(t) for t € [—r,0).

Second, D®(t,7)) € C* and D?®(t,)) € CT are the first- and second-
order Fréchet derivatives of @ with respect to its second argument ¢ € C.

In addition, D®(t,¢) € (C @ B)* is the extension of of DP(¢,v) from C* to

(C @ B)* (see Lemma 2.2.3 of Chapter 2) and D2V (t,v) € (C @ B) is the

extension of D2V (¢,9) from C' to (C @ B)' (see Lemma 2.2.4 of Chapter 2).
Finally, the function 1o} : [-r,0] — R is defined by

_ [ Ofor 6 e[-r0)
1{0}(0)_{1 for 6 = 0.

Without loss of generality, we can and will assume that for every u € U, the
domain of the generator A" is large enough to contain Clli’pZ([O, T xC)ND(S).

From the DDP (Theorem 3.3.9), if we take a constant control u(-) = u €
U[t, T), then for V6 > 0,

t+6
V) 2 B[ [ e Lt )0 ds
t
+ eiaév(t + 57 $t+5(ta 7/13 U)) .

From this principle, we have



3.4 HJB Equation 167

1 e et
>lim=-F als=t T, s(t d
0_6111016 |:l (& (571“(7 71/’711)7“) S

+ e_aév(t + 6a xt-ﬁ-ts('; tv ,(/)7 U)) - V(ta ¢)

t+6
- %%1 5E[/t e T L(s, w51, ), u) ds

1
+ lélg)l SE[e_aév(t + 57 xt+6('; t, 1/}7 u)) - e_aév(t + mt+5('; t, 1/% ’LL))]

+lim %E[e‘“‘;V(t, vty 0)) — e~V (£, )]

Hlim 5[~ DV v)
= —aV(t,0) + 8V (t,0) + AUV (t, ) + L(t,,u) (3.61)

for all (t,) € [0,7] x C, provided that V € C};%([0,T] x C) N D(S).
Moreover, if u*(-) € U[t,T] is the optimal control policy that satisfies

limg), u*(s) = v*, we should have, V6 > 0, that

t+48
Vitw) =B [ eI ai (b () (5) ds
t
+ eVt + 6,25 5(t, 0, ut ()], (3.62)

where x%(t,1,u*(-)) is the C-valued solution process corresponding to the
initial datum (¢,%) and the optimal control v*(-) € U[t,T)]. Similarly, under
the strong assumption on u*(-) (including the right-continuity at the initial
time t), we can get

0= —aV(L, ) + OV (t,9) + A" V(L) + L(t, v, v"). (3.63)
Inequalities (3.61) and (3.62) are equivalent to the HIBE

0= —aV(t,0) + V(L) +max [AV(t,%) + L(t, v, w)]

We therefore have the following result.

Theorem 3.4.2 Let V : [0, T]xC — R be the value function defined by (3.7).
Suppose V € C’Zli’;([(), T] x C)N'D(S). Then the value function V satisfies the
following HIBE:

aV(t, ) — 0V (t,4) — max [A"V(t,¢) + L(t, ¥, u)] =0 (3.64)

uelU

on [0,T] x C, and V(T, ) = ¥(v), Yy € C, where



168 3 Optimal Classical Control

1 m
+§ ; DQV(tv 1/’)(9(t7 IZ” u)ejl{O}v g(t7 7/’7 u)ejl{o})

Note that it is not known that the value function V satisfies the necessary
smoothness condition V' € C’lli’pQ([O,T] x C) N D(S). In fact, the following
simple example shows that the value function does not possess the smoothness
condition for it to be a classical solution of the HIBE (3.64) even for a very
simple deterministic control problem.

The following is an example taken from Example 2.3 of [FS93, p.57].

Example. Consider a one-dimensional simple deterministic control problem
described by @(s) = u(s),s € [0, 1), with the running cost function L = 0 and
the terminal cost function ¥ (z) = 2 € R and a control set U = [—a, a] with
some constant a > 0. Since the boundary data are increasing and the running
cost is zero, the optimal control is u*(s) = —a. Hence, the value function is

-1 ifet+at<a-—1

V(t’x):{erataiforatzal (3.65)

for (t,x) € [0, 1] x R. Note that the value function is differentiable except on
the set {(¢,z) | z + at = a — 1} and it is a generalized solution of

-0V (t,x) +aldzV(t,x)| =0, (3.66)
with the corresponding terminal boundary condition given by
V(,z2)=¥(x) =2, ze€l[-1,1]. (3.67)

The above example shows that in general we need to seek a weaker con-
dition for the HJBE (3.64) such as a viscosity solution instead of a solution
for HIBE (3.64) in the classical sense. In fact, it will be shown that the value
function is a unique viscosity solution of the HIBE (3.64). These results will
be given in Sections 3.5 and 3.6.

3.5 Viscosity Solution

In this section, we shall show that the value function V : [0,7] x C — R
defined by Equation (3.7) is actually a viscosity solution of the HIBE (3.64).

Definitions of Viscosity Solution

First, let us define the viscosity solution of (3.64) as follows.
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Definition 3.5.1 An upper semicontinuous (respectively, lower semicontin-
wous) function w : (0,T] x C) — R is said to be a viscosity subsolution

(respectively, supersolution) of the HIBE (8.64) if

w(T,¢) < (2)¥(¢), Vo eC,
and if, for every I € C}y 2([O T] x C)ND(S) and for every (t,v) € [0,T] x C
satisfying I' > (<)w on [O T] x C and I'(t,v) = w(t, ), we have
al'(t,Y) — o I(t,v) — max [AYT(t, ) + L(t,¥,v)] < (>) 0. (3.68)

We say that w is a viscosity solution of the HIBE (8.64) if it is both a viscosity
supersolution and a viscosity subsolution of the HIBE (3.64).

Definition 3.5.2 Let a function @ : [0,T] x C — R be given. We say that
(p,q, Q) € R x C* x C' belongs to D1+2 +QS(t @), the second-order superdiffer-
ntial of @ at (t,¢) € (0,T) x C, zf,forallwec s>t

B(5,) < B(t,0) + b5~ 1) + (v~ 6) (3.69)
+ 5QW =60 =)+ ols — t+ [~ 9I).

The second-order one-sided parabolic subdifferential of @ at (t,¢) € (0,T)x C,
Dtl_f(;gp( ®), is defined as those (p,q,Q) € R x C* x Ct such that the above
inequality is reversed; that is,

+5QW = pw =) tols—t+ - o). (37

Remark 3.5.3 The second-order one-sided parabolic subdifferential and
second-order one-sided parabolic superdifferential have the following relation-
ship:
Dy @(t,0) = =Dy (- 9)(t, ).

Lemma 3.5.4 Let w : (0,7] x C — R and let (t,¢) € (0,T) x C. Then
(p,q,Q) € Dtlfqﬁ+ (t,9) if and only if there exists a function ® € C*2((0,T)x
C) such that w — @ attains a strict global mazimum at (t,) relative to the
set of (s,¢) such that s >t and

(D(t,9), 0:D(t,9), DD(t, ), D*P(t, ) = (w(t, ¥),p,q, Q). (3.72)

Moreover, if w has polynomial growth (i.e., there exist positive constants K,
and k > 1 such that

w(s, @) < Kp(L+ [[6]2)", V(s,9) € (0,T) x C), (3.73)

then @ can be chosen so that ® 0,®, D®, and D*® satisfy (3.73) (with possibly
different constants Kp).
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Lemma 3.5.5 Let v be an upper—semzcontznuous function on (0,T) x C and
let (t,4) € (0,T) x C. Then (p,q,Q) € Dt+ V(s ) if and only if there exists
a function ® € CY2((0,T) x C) such that v — ® € C((0,T) x C) attains a
strict global mazimum at (£,v) relative to the set of (t,7)) € [t,T) x C and

(@(8,4), i D(L, ), DO(E, ), D*B(L,)) = (v(L,),p, ¢, Q). (3.74)

Moreover, if v has polynomial growth (i.e., if there exists a constant k > 1
such that
[o(t, )| < C(L+ [[¢]*) Y(t,¢) € [0,T] x C), (3.75)

then ® can be chosen so that &, 0;®, DP, and D*® satisfy (3.69) under the
appropriate norms and with possibly different constants C.

Proof. The proof of this lemma is an extension of Lemma 5.4 in Yong and
Zhou [YZ99, Chap.4] from an Euclidean space to the infinite-dimensional
space C.

Suppose (p,q,Q) € t+ wv( t,7). Define the function v : (0,7) x C — R
as

1
A
Pt =B~ (¥~ §) ~ 5Q6— .6~ W) VO
for (t,4) # (5,0),

and ~y(t,%) = 0 otherwise.
We also define the function € : ® — R by

e(r) = sup{y(t,0) | (,¥) € E,T] x C, t —t+ || — P[> <r}ifr >0

and €(r) = 0 if r < 0. Then it follows from the definition of Dt+ ,0(t, ) that

W(tv ¢) = [U(tv ¢) - 'U(t_’ 1/_1)

o(t, ) — () + ot~ )+ a6 — ) + £ Q6 — 6 — )]
< (L= T+ — GIP)elt — T+ [ — §]%) ¥(t,v) € [£,T] x C.

Define the function o : Ry — R by

2 2p T
:,/ /d@wmm>0 (3.76)
P Jo 0

Then it is easy to see that its first-order derivative

2p 2p
= ——/ / 0)dodr + — / () do
0

and its second order-derivative



3.5 Viscosity Solution 171
2p 8 2p 8
/ / 0)df dr — o / €(0) do + —€(2p).
0 p

32pe(2p)
P

Consequently,

la(p)] < 49e(20), |a(p)] < 1206(2p), and [(p)| <
Now, we define the function §: [0,7] x C — R by
) = [ SRR T D) 2 )

0 otherwise,

whete p(t, ) =t — £+ |6 — Gl
Finally, we define the function @ : [{,T] x C — R by

D(t,1)) —v( U) +p(t =) +q(v — V)
+§Q(¢ - ¢’¢ - ¢) + B(t’w)7 V(t,w) € [OvT} x C. (377)

We claim that @ € C’lli’pz([O,T] x C) and it satisfies the following three
conditions:
() v, 6) = B(7, ). -
(i) v(t, ) < Bt 0) for all (4,0) £ (E9).
(i) (B(7, ), HD(E, ), DB(E, ), D*B(E, 1)) = (u(F, 9, .4, Q).

Note that ( ) is trivial by the definition of @. The proofs for (ii) and (iii)
are very similar to those of Lemma 2.7 and Lemma 2.8 of Yong and Zhou
[YZ99] and are omitted here. O

Proposition 3.5.6 A function w € C([0,T] x C) is a viscosity solution of
the HIBE (8.64) if

—p— SIEII:U)' G(tv ¢7 u,q, Q) S 07 v(p7 q, Q) S Dtl_E;r (ta ¢)7V(t, ¢) € [07 T) X Ca

i 2 SZEG(t7¢7u7QaQ) Z 07 v(p7QaQ) € Dt+ ) ( ¢) (t ¢) [ ) X C7

and
w(T,¢) =¥(¢), V¢eC,

where the function G is defined as

G(t7¢vu7Q7Q) ( )( ) ( (t ¢7 )]—{O})
Z v)(ej)10y,9(t, ¥, v)(€j)1(0y). (3.78)

L\DM—*

Proof. The proposition follows immediately from Lemma 3.5.4 and
Lemma 3.5.5. a

For our value function V' defined by (3.7), we now show that it has the
following property.
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Lemma 3.5.7 Let V : [0,T] x C — R be the value function defined in (3.7).
Then there exists a constant k > 0 and a positive integer p such that for every
(t,¢) €[0,T] x C,

V(£ 9)] < K(L+[[v]2)". (3.79)
Proof. It is clear that V' has at most a polynomial growth, since L and &
have at most a polynomial growth. This proves the lemma. O

Theorem 3.5.8 The value function V : [0,T] x C — R defined in (3.7) is a
viscosity solution of the HJBE:

aV(t, ) — 0,V (t,4) — max [A°V(t,%) + L(t,1,v)] = 0 (3.80)

velU

on [0,T] x C, and V(T,v) = ¥(v),Vy € C, where

AUV(t, ¢) = SV(t, ¢) + DV(t’ ¢)(f(ta Y, U)l{O})

+% Z D2V (t,9)(g(t, v, v)(e;) 10y, 9(t, ¥, v) (€)1 0y), (3.81)

where e;,j = 1,2,...,m, is the jth unit vector of the standard basis in R'".

Proof. Let I' € C};2([0,T] x C) N D(S). For (t,9) € [0,7] x C such that
I' <V on [0,T] x C and I'(t,%) = V(t,v), we want to prove the viscosity
supersolution inequality, that is,

al(t, ) — 0L (t,0) — max [AYL(t,) + L(t,v,v)] > 0. (3.82)

Let u(-) € U[t,T). Since I' € C};;([O,T] x C) N D(S) (by virtue of Theo-
rem 3.4.1) for t < s < T, we have

E {e*a(s’t)F(s,zs(';t,¢,U('))) - I'(t,9)

=F

/ts e -1 (agr(g, we(-5t, 0, u(0)))

On the other hand, for any s € [¢t,T], the DDP (Theorem 3.3.9) gives,

V(t,¢) = max E{/5e_a(f_t)L(ff,xg(-;t,w,u(-)),U(E))dé

u(-)EUt,T] t

Y (s ot ) | (354)

Therefore, we have
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Vtw) > E[ / S ea@t>L<s,x§<-;t,w,u<->>,u<f>>ds}
+E [e_o‘(s_t)V(s,xs(-;t,w,u(-)))] . (3.85)

By virtue of (3.177) and using I’ <V, I'(¢,v) = V (¢, ), we can get
02 8] [ 0L st ]
L/
+ B[OV (s, 2y (5 1,0, u())| - Vit ¥)

> 5| / T D LE (11,00, u()), ule)) dg}

+ E[em 00 (s, 2t 0,u()] = It )
> E/tS e—alé=t) {— al (&, ze(-t, 0, u(-)) + 0e (€, xe (58,9, u(+)))
+ AUT(& we(t, 0, u(-)) + L& me (58,90, u(-)), u(€)) | dé.

Dividing both sides by (s — ), we have

0 |1 [Tt (ar st o)

BT (e we (st u())) — AOT(E a1, u()))
(e e t,w,uc)),u@») df} . (3.56)

Now, let s | ¢ in (3.86) and limg; u(s) = v, and we obtain
al'(t,9) = 0:I'(t, ) — [A"I (8, ¢) + L(t, ¢, v)] = 0. (3.87)

Since v € U is arbitrary, we prove that V is a viscosity supersolution.

Next, we want to prove that V is a viscosity subsolution. Let I’ €
Ci2([0,T] x C)ND(S). For (t,¢) € [0,T] x C satisfying I' > V on [0,T] x C
and I'(t,v) = V(t,v), we want to prove that

ol (t,9) = 0L (t, ) — max [A"T(t,¢) + L(t,¢,v)] 0. (3.88)

We assume the contrary and try to obtain a contradiction. Let suppose that
there exit (t,¢)) € [0,T] x C, I' € C};2([0,T] x C) N D(S), with I' > V

n [0,7] x C and I'(t,v) = V(t,%), and 6 > 0 such that for all control
u(+) € U[t, T] with limg), u(s) = v,
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al(r,¢) — I (1,0) — A" L(1,¢) — L(1, $,v) > & (3.89)

for all (7, ¢) € N(t,v), where N(t,1) is a neighborhood of (¢,4). Let u(-) €
U[t, T] with limg ), u(s) = v, and ¢; such that for ¢ < s < ¢, the solution
x(s;t,1,u(-)) € N(t, ). Therefore, for any s € [t, 1], we have almost surely

al'(s,zs(t, 0, u(+)) — O (s, xs(-; t, 0, u(+)))
—A"I(s, 255t 9, u(-)) — L(s, 558, 4, u(-), uls)) = 6. (3.90)

On the other hand, since I' > V, using the definition of J and V', we can
get

t1
J(t,$u() < E [ / e O L(s,wo u(s))ds + eIV (81, 24,)
t
ty
< E[/ e GO L(s, 24, u(s)) ds
t

+e_o‘(t1_t)F(t17$t1 (t,MU()))}

Using (3.90), we have
S < B| [ e (<64 ar(sa it o)
— 0L (8,255 t,0,u(+))) — A“(S)F(s,xs(~;t,w,u(~)))) ds

+ eia(tlit)r(tlaxh (tad}au(')))] : (391)
In addition, similar to (3.86), we can get

B |00t (st u())| = It )
— " e—als—t) s.xo(e u(- u(S) (g (- u(-
_E[/ (asn, S, u())) + AT (s, 24 (5 1,5, u()

- aF(s,xs(-;t,w,u(-)))>ds]. (3.92)

Therefore, we can get

t1
J(t () < — / G5 ds + I'(t, )

t

- *%U — e M) 1 V(L)

Taking the supremum over all admissible controls u(-) € U[t, T], we have
)
V() < ——(1=e*07) + V(t,9).

This contradicts the fact that 6 > 0. Therefore, V(¢,4) is a viscosity subsolu-
tion. This completes the proof of the theorem. i
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3.6 Uniqueness

In this section, we will show that the value function V : [0,7] x C — R of
Problem (OCCP) is the unique viscosity solution of the HIBE (3.64). We first
need the following comparison principle.

Theorem 3.6.1 (Comparison Principle) Assume that Vi(t,v) and Va(t, 1)
are both continuous with respect to the argument (t,v) € [0,T] x C and are
respectively the viscosity subsolution and supersolution of (3.64) with at most
a polynomial growth (Lemma 3.5.7). In other words, there exists a real number
A >0 and a positive integer k > 1 such that

Vit )] < A+ [[9ll2)*, Y(t,¢) €0, T]xC, i=12

Then
Vi(t, ) < Va(t, ), Y(t,4) €[0,T] x C. (3.93)

Before we proceed to the proof of Theorem 3.6.1, we will use the following
result proven in Ekeland and Lebourg [EL76] and also in a general form in
Stegall [Ste78] and Bourgain [Bou79]. The reader is also referred to Crandall
et al. [CIL92] and Lions [Lio82, Lio89] for an application example of this result
in a setting similar but significantly different in details from what are to be
presented below. A similar proof of uniqueness of viscosity solution is also
done in Chang et al. [CPP07a].

Lemma 3.6.2 Let @ be a bounded and upper-semicontinuous real-valued
function on a closed ball B of a Banach space = that has the Radon-Nikodym
property. Then for any € > 0, there exists an element u* € =Z* with norm at
most €, where Z* is the topological dual of =, such that ® + u* attains its

mazimum on B.

Note that every separable Hilbert space (=] - ||z) satisfies the Radon-
Nikodym property (see, e.g., [EL76]). In order to apply Lemma 3.6.2, we
will therefore restrict ourself to a subspace = of the product space C x C
(C = C(]—r,0];R™)), which is a separable Hilbert space and dense in C x C.
A good candidates is the product space W12 ((—r,0); R") x WH2((—r,0); R"),
where W12((—r,0); R") is the Sobolev space defined by

W2((—r,0); R™") = {¢ € C | ¢ is absolutely continuous on (—r,0)

and [|§]|1 2 < oo},

Il 2 = 013 + llll3,

and ¢ is the derivative of ¢ in the distributional sense. Note that it can be
shown that the Hilbertian norm || - ||1,2 is weaker than the sup-norm || - ||; that
is, there exists a constant K > 0 such that

)2 < K], Vo e Wh3((—r,0);R"™).
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From the Sobolev embedding theorems (see, e.g., Adams [AdaT75]), it is
known that W12((—r,0); R*) C C and that W12((—r,0); R") is dense in C.
For more about Sobolev spaces and corresponding results, one can refer to
[AdaT5].

Before we proceed to the proof of the Comparison Principle, first let us
establish some results that will be needed in the proof.

Let V1 and V5 be respectively a viscosity subsolution and supersolution of
(3.64). For any 0 < d,7 < 1, and for all ¢,¢ € C and ¢, s € [0,T], define

Oont,5,,8) = 5 [ — S +10° — 6013 + It — sf? (3.94)
7 [ep(U+ 913 + [9013) + exp(1 + 1913 + 1°1)]

and

gpé’y(tv S, ¢7 (,b) = ‘/l(ta 7/1) - ‘/2(57 ¢) - @57(t7 S, 1/)7 ¢)’ (395)
where 9%, ¢* € C with ¢°(0) = Ly(—r — 0) and ¢°(0) = L ¢(—r — 0) for
6 € [-r,0].

Moreover, using the polynomial growth condition for Vi and V5, we have

ol o 77U 829 €) = —00. (3.96)
The function @5, is a real-valued function that is bounded above and con-
tinuous on [0,7] x [0,T] x Wh2((—=r,0); R?) x W2((—r,0); R?) (since the
Hilbertian norm || - ||1 2 is weaker than the sup-norm || - ||). Therefore, from
Lemma 3.6.2 (which is applicable by virtue of (3.96)), for any 1 > ¢ > 0
there exits a continuous linear functional T, in the topological dual of
WL2((—=r,0); R") x WH2((=r,0); R"), with norm at most €, such that the
function @4, + T. attains it maximum in [0, 7] x [0, 7] x W12((—r,0); R") x
WL2((=r,0); R") (see Lemma 3.6.2). Let us denote by

(tzs'ye, Syes wﬁfyea ¢6'ye)

the global maximum of @5, + T. on [0,7] x [0,T] x WH2((—r,0); R") x
WL2((—r,0); R™). Without loss of generality, we assume that for any given
0,7, and e, there exists a constant Ms,. such that the maximum value
Dsy + Te + Ms.e is zero. In other words, we have

4567(155"/6’ S6vyes %ye, ¢6’ye) + Te(w&yea ¢§’ye) + Mé'ye = 0. (397)
We have the following lemmas.

Lemma 3.6.3 (t5yc, S5ve, Vsyes Pove) @5 the global mazimum of $s, + T. in
[0,T] x [0,T] x C x C.

Proof. Let (t,s,1,¢) € [0,T] x [0,T] x C x C. By virtue of the density of
WL2((=r,0); R") in C, we can find a sequence (, sk, ¥, ¢r) in [0, 7] x [0, T] x
WLE2((=r,0); R™) x WH2((—r,0); R") such that
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(th, Sy Vi, o) — (t, 8,9, ¢) as k — oo.

It is known that

¢67 (tlm Sk '(/ka ¢k) + TE (wk:a ¢k) < ¢6’y (tts'yea S§yer ,(/}6767 ¢6’ye) + TE (,(/}6’)’6) ¢6’ye)~

Taking the limit as k goes to oo in the last inequality, we obtain

¢67(t7 S, "/}7 ¢) + T (1/}7 ¢) < ¢6'y (tévev Séves wﬁvev ¢5'ye) + T (%m ¢576)~

This shows that (t5ye, Ssvye, Ysyes Povye) is the global maximum over [0,7] x
[0,T] x C x C. O

Lemma 3.6.4 For each fized v > 0, we can find a constant Ay > 0 such that

[6yellz + [¥5ell2 + |@syell2 + 165, ll2 < A, (3.98)

and

Jim (e = Gamel3 + 98, = 0%,ell3 + e = s506?) =0, (3.99)

Proof. Noting that (t(;%, 85yes Woyes Psve) is the global maximum of &5, + T,
we can obtain

éé'y(té'yey t6’yea wé'yev ’(/}6’)/6) + Te(wévea wé'ye)
+ Doy (85%, 86~yes Dsyes ¢5’ye) + Te(¢§'yev (15675)
< 2¢6’y (té'yea S5yes 1/15»ye, (bé—ye) + 2T, (1/)6767 (rb(;"ys)'

It implies that

Vi(tsye, Yoye) = Valtsye, Yavye) — 2(exp(l+ [Ysyell3 + 195,c112))
+ Te(Vsyes Vsye) + Vi(Ssve, Dsve) — Va(Ssve, Dsve)
— 29(exp(1 + || @syells + [|65,e]13)) + Te(@sye, Pove)

< 2Vi(E5yes Vsye) — 2V (Ssye, Dsyve)

2
=2 e = OB+ 1085 = 8l + e = 5

= 2y((exp(L 4 el + [195yel13) + exp(1 + ll9sell3 + 165l
+ 2Te (1/)6'767 ¢6'ye)~ (3100)

From the above inequality, it is easy to obtain

2
2 152 = ol 18 = G818 + e = sl

< [‘/1 (téfye; 7/}6"/5) - Vl(sé’yev ¢6'ye)] + [‘/Q(téfyea 7/}6"/5) - V2(55’yev (rbé’ye)]
+ 2Te (%767 ¢6’ye) - [Te(wé'yea ¢6'y6) =+ TS(¢5"{67 ¢6’ye)]- (3~101)
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From the polynomial growth condition of V; and V5, and the fact that the
norm of T, is € € (0,1), we can find a constant A > 0 and a positive integer
k > 1 such that

2

5| 10— orell3+ 195, = 05yl + ltoye = sovel* | < A+ [[Payell2+ [ @orell2)"-
(3.102)

So,

[$5ye = Bovell + 1087 = D3-cll3 + [tsye = s5vel® < SAL+ [W5yell2 + [[dorel2)"-
(3.103)
On the other hand, because (tsye, Ssve, Usye, sve) is the global maximum

of @5 + T¢, we obtain

Qjé’y (t(;,yé, Syes 0, 0) + Te (07 0) S Qjé'y (té'ysa Syes %ye, ¢6'ye) + Te (7/)5757 ¢6'ye)
(3.104)
In addition, by the definition of @5, and the polynomial growth condition of
V1, Vo, we can get a A > 0 and a positive integer £ > 1 such that

@M(tévev S5ve> 0»0) + T€(0,0)| < A(l + ||¢576H2 + H¢576”2)k

and
Vl(t5'yea¢5'ye) - V2(55767¢6»ye) < A(l + Hwé'ye‘b + ||¢576H2)k'

Therefore, by virtue of (3.104) and the definition of @5, we have

v [exp( + [Psyells + 1198 l13) + exp(1 + | @syellz + 63, 113)]
< Vl(té'yea ¢5'ye) - VQ(S&yea ¢5’ye)

1
=3 Wt = 6B+ 108 = 8l e = 5

- qv)zs’y (té'yea Séves O, 0) + Te (%767 Qséfye) - Te (07 0)
S 3A(1 + H’(/J(S'yeHQ + H(bé'yeHQ)k- (3105)

It follows that

7 e+ WsrelB + 199, 13) + exp(1 + dsyel3 + 1165, )] _

< 34.
T+ ol + ol
Consequently, there exists A, < oo such that
[6vellz + 1¥5yell2 + 1 9srellz + [D5yell2 < Ay (3.106)

In order to obtain (3.99), we set J to zero in (3.103) using the above
inequality. |

Now, let us introduce a functional F': C — R defined by
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F(y) = 913 (3.107)

and the linear map H : C — C defined by
0
H()(0) = —v(-r—0) =¢°(),  6€[-r0]. (3.108)

Note that H(1)(0) = 4°(0) = 0 and H(¥)(—r) = ¢°(—r) = —1(0). It is not
hard to show that the map F' is Fréchet differentiable and its derivative is

given by
0

DF(g)h = 2/ o(0) - h(0) dO = 2(u, ),

-

where (-,-)2 and || - ||2 are the inner product and the Hilbertian norm in the
Hilbert space L?([—r,0]; R"). This comes from the fact that

1% + hl13 = 10113 = 20, h)2 + [|A13,

and we can always find a constant A > 0 such that

19 + hlI3 — 10113 — 20, h)o| _ [InlI3 _ AllR]
2] [ T

= Al|h]. (3.109)

Moreover, we have

2+ hy )2 — 2, )2 = 2(h, )2

We deduce that F' is twice differentiable and D?F(u)(h, k) = 2(h, k)2.

In addition, the map H is linear, thus twice Fréchet differentiable. There-
fore, DH(v)(h) = H(h) and D?H (+)(h,k) = 0, for all ¢, h, k € C.

From the definition of 85, and the definition of F', we obtain

1
O (b 5,9, 0) = 5| F(Y = 6) + F(4° — ¢") + [t — s
+ et TFWFFHE)) 4 1+ F(@)+F(H(9))]

The following chain rule, quoted in Theorem 5.2.5 in Siddiqi [Sid04], is needed
to get the Fréchet derivatives of Os.,:

Theorem 3.6.5 (Chain Rule) Let X,Y, and Z be real Banach spaces. If
S: X —>Yand T :Y — Z are Fréchet differentiable at x and y = S(x) € ),
respectively, then U = T o S is Fréchet differentiable at x and its Fréchet
derivative is given by

DyU(x) = DyT(S(x))DxS(x).

Given the above chain rule, we can say that ©s, is Fréchet differentiable.
Actually, for b,k € C, we can get
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DyOsy(t, 5,9, 9)(h)
= 2t 6.k + (H (W — 0), H(h)

+ 2! TEOTEHEN () by + (H(9), H(R)2].  (3.110)
Similarly,
DOy (5.6, &) (k)
= 2[(6 v, K)a + (H(6 — ), HF))
+ 2 HEOHEHE (6 k), + (H(g), H(K))).  (3.111)
Furthermore,
D%Os,(t, 5,1, 0)(h, k)

_2
5

+ 2y WP (45, )+ (H (), H(R))2) (0 )a+(H(6), H(h))2)

(s k) + (H(R), H(k)):]

+ (k, h)s + <H(k),H(h)>2}. (3.112)
Similarly,
D3Os(t, 5,1, 0)(h, k) (3.113)

_2

= [ ks + CH (0, H ()|

+ 29elFOTFED [5((6,k)s + (H(@), H(K))2) (9. h)s + (H(6), H(R)2)

+ (k. h)a + (H(K), H(R))a). (3.114)

By the Hahn-Banach theorem (see, e.g., [Sid04]), we can extent the continuous
linear functional T, to the space C x C and its norm is preserved. Thus, the
first-order Fréchet derivatives of T¢ is just T, that is,

DyTe(h, p)h = Te(h, §),
DyTe(y,p)k = Te(h, k) Vi, ¢, h, k € C.
For the second derivative, we have
DT (v, 6)(h,k) =0, (3.115)

D3T.(¢,¢)(h, k) =0, Vi, ¢,h,k € C.

Observe that we can extend DyOs.(t,s, v, $) and D?Z)@M(t,ss,zb,@7 the
first- and second-order Fréchet derivatives of ©s, with respect to 9, to the
space C @ B (see Lemma 2.2.3 and Lemma 2.2.4 in Chapter 2) by setting
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Dwégy(t,s,z/),gb)(thvl{o}) (3116)

= %[W — ¢, h+vlggy)o + (H( — ¢), H(h 4+ v1py)2

+ 2y PEWOTFHEWD [ b 4 01 10y) + (H (), H(h + v1{0}))a).

and

Di@5’y(t7 S7w7 (b)(h + Ul{o}, k + U)].{()})

_2
"o

+2ye! TFITEEHWN (4, k + wlioy)a + (H (), H(k +wlioy))2)
X((¢, h+v1oy)2 + (H(), H(h +v1o}))2)

+(k + wlyoy, h + ’l)l{o})z + (H(k+ wl{o}), H(h+ U1{0}>2):|7 (3.117)

[<h + 7)1{0}7 k+ ’wl{o})g + <H(h + vl{o})7 H(k + w1{0}>2}

for v,w € ™ and h, k € C.
Moreover, it is easy to see that these extensions are continuous in that
there exists a constant A > 0 such that

[ = &, h+ vlgoy)a| < [l = dll2 - |2+ v1oyll2
< Allyp = ll2([[R] + |v]), (3.118)

(0, b+ vLgoy)e| < [[9ll2 - [[h+ vl ll2
< Allll2([B]] + [v]), (3.119)

(¥, k +wlioy)2| < [[9fl2 - [k +wlioy]2
< Al ll2([k] + [wl), (3.120)

and

|<l€ + ’ll}].{o}7 h + U1{0}>2| S ||k‘ + ’LU].{(]}”QHh + ’Ul{()}”Q
< A& + Tw ) (IR] + [v]). (3.121)

Similarly, we can extend the first- and second-order Fréchet derivatives of
O5~ with respect to ¢ to the space C @ B and obtain similar expressions for
D¢@57(t, s, 0, 9)(k + wl{o}) and D;@(;W(t, s, 1, 0)(h+ vloy, b+ wl{o}).

The same is also true for the bounded linear functional T, whose extension
is still written as 7.

In addition, it is easy to verify that for any ¢ € C and v, w € R", we have

0
<¢,’Ul{0}>2 = - ¢(9) "Ul{o} (0)d0 = O7 (3.122)

0
<w1{0},vl{0}>2 = / wl{o}(ﬁ) . vl{o}(ﬁ)dé) = O, (3123)

-Tr
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H(’Ul{o}) = 1}1{,7‘}, (3124)
(H(),H(vlgy))2 =0, (H(wloy), H(vley))2 =0. (3.125)

These observations will be used later.
Next, we need several lemmas about the operator S.

Lemma 3.6.6 Given ¢ € C, we have
S(F)(¢) = [6(0)|* — (=), (3.126)

S(F)(6°) = —9(0), (3.127)
where F is the functional defined in (3.107) and S is the operator defined in
(5.60).

Proof. Recall that

S(F)(¢) = ltifg% [F(ist) — F(¢) (3.128)
for all ¢ € C, where ¢ : [—7,T] — R™ is an extension of ¢ defined by
<o fo) ifte]-r0)
o(t) = {¢(0) if1>0, (3.129)

and, again, g?)t € C is defined by

oe(0) = p(t +0), 0¢c[-r0].

Therefore, we have

S(F)6) = tim (|63~ ]3]

1[0 - 0
tl_i)r(r)1+¥ _/T|¢t(9)|2d9/r ‘¢(9)|2 d@]

! / |<z3<9+t>|2d9—/_0 R

LS —T

L[t ’
tl—i}& t _/_r+t |¢(9)‘2 a0 = /—7- |¢(9)|2 dQ}

s 170 7 2 . 2 ’ 2

=i 1[0 woras [soras- [ oo ol

IRT 1 o 2 ¢ 2 0 2

=3[ oo [wora- [ oo ol
1 r O 0

- t£%1+¥ _/r+t O do - —r |¢(0)|2d9}
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: 1 K . 1 —r+t
s g [ oo =t | [ o0
= 60} = |o(-r)P. (3.130)

Similarly, we have

S(F)(¢°) = [¢°(0)]> = [¢°(—=r)* = —|¢(0)]*. O
Let Sy and S, denote the operator S applied to ¢ and ¢, respectively. We
have the following lemma.

Lemma 3.6.7 Given ¢,¢ € C,
Sy (F) (6 =) + So(F) (¢ =) = [(0) = 6(0)[* = [1h(—r) — &(=r)|* (3.131)

and

Sy(F)(9° = ¢°) + Ss(F)(¢” — ¥°) = ~[4(0) - 6(0)[%, (3.132)

where F is the functional defined in (3.107) and S is the operator defined in
(3.60).

Proof. To proof the lemma, we need the following result, which can be easily
proved by definition provided that ¢ € D(S):

S(F)(¢) = DE)S(4), (3.133)

where DF (1)) is the Fréchet derivative of F(¢)) and S : D(S) € C — C is
defined by

5 Y=Y
S(d)):ltl%l _—

We first assume that ¢ € D(S), the domain of the operator S, consists of
those ¢ € C for which the above limit exists. It can be shown that

D(S) = {¢ € C| ¢ is absolutely continuous and 1)(0+) = 0}.

In this case, we have

S(F)(®) = DF()S(¥) = 2(41S ().
On the other hand, by virtue of Lemma 3.6.6, we have

S(F)(@) = [0 = [ (=)

Therefore, we have
o 1 2 2
(WIS = 5 IO - ()]
Since & is a linear operator, we have
(¥ — 0S(¥) — 8(¢)) = (¢ — ¢IS(¢b — ¢))
Dwm—mmﬁ—w&w—¢emﬂ«awa

—~

N |
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Given the above results, now we can get
Sy(F) (¢ — @) + Sp(F) (¢ — ¢)
= tim & [0 = 0113 — 1 = 813 + v = Gull3 — I = 0113]

w\»—n w\»—l

[nwtu 1912 + 162 — I

2 [(Bld) — (B16) + (W1d) - (M)@

= S(F)(®) + S(F)(¢) = 2(S(¥)|6) + (¥15(0))]
= 2(8IS (W) +2(41S(¢)) — 2(S(¥)|9) + (¥IS(4))]
=2(4 — ¢IS(v — 9))
— [4(0) — 6O ~ (1) - 6(-1IF,
(S

provided that v, ¢ € D(S).
For any 1,¢ € C, one can construct sequences {93}, and {¢x}72, in
D(S) such that

lim [l % =0 and lim [|g — @] = 0.
k— o0 k—o0

Consequently by the linearity of the S operator and continuity of F': C — R,
we have

So(F)(W = 9) +S5(F)( = ¢) =l (Sy(F) (e = dn) + So(F) (v — o))
= lim [[,(0) — Pr(0)]* = [ (=r) =1 (—7)]*]
= [[¥(0) = ¢(0)* = [(=r) — p(~r)I?].

By the same argument, we have

Sy(F) (W = 6°) + Ss(F)(v° = ¢%) = [¢°(0) = ¢"(0)]* — [¢° (=) — ¢°(~r)[?

~[¥(0) = ¢(0))%. D
Lemma 3.6.8 Given ¢ € C, we define a new operator G as follows
G(¢) = ! TF@OIHF ), (3.135)

We have .
S(G)(¢) = (—|p(—r)[?)e FFOFFE), (3.136)

where F is the functional defined in (4.88) and S is the operator defined in
(3.60).

Proof. Recall that

§(@)(¢) = lim + [G(6) ~ G(9)] (3137)
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for all ¢ € C, where ¢ : [-r,T] — R™ is an extension of ¢ defined by

s = {5 1250

and, again, ¢; € C is defined by

o(0) = p(t+6), 0¢€l[-r0].
We have
S(G)(9)

~ lim 1 [e“fff» 6e(0)[2 a0+ 2, |7 (8)]de
t—0+ ¢

_ M2, 16(0) 20+ )2, |¢°(9)\2d0]

~ i & (112, 160+ a0+2, 180 (0-+0)ds
t—0+ ¢
_ L o) o+ [0 |¢°(9>\2d9]

= lim L[l OO 1800
t—0+ ¢
_ M2 [(0)Pa0+ )2, |¢°(9>\2d9]

= tm& % [61+f8m [¢(6)12d0+ [5 |6(0)[2do+[° ., [6°(8)17d0+ [ |#°(0)|*do

_ ML 16(0) 7o+ )2, |¢°(9)\2d9]

= lim. % [ /2041 (OGO 12, 16°O) a4 O

_ el+f37, lp(0)[>do+[° |¢0(9)|2d9] ) (3.139)

Using the L’Hospital rule on the last equality, we obtain

S(G)(¢)

_ tlir& oISy [8(O)2d0+t16(0) [+ 2, 16°(0)|2d+1]6°(0)|? <|¢(0)|2

ol 47 + 160 = 6%(-r + O )
= (BO) — [6(=r)? = |6 (=r)P)et Hor PP, 197 OF
= (B(0) — [B(=r)|* = [6(0) )" /= HOFATELE, e
= —[p(—r)PHT@OFFE g (3.140)
Lemma 3.6.9 For any ¢, ¢ € C, we have

lim [Sy(T.)(6,9) =0 and L [Sy(T.)(%,6)| = 0. (3.141)
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Proof. We will only prove the first equality in the Lemma, since the second
one can be proved similarly. ~ ~ ~
We first assume that ¢ € D(S), where the operator S : D(S) C C — C

and D(S) are defined in the proof of Lemma 3.6.8. In this case,

ln S, (T.) (4 6)| = lim

€l0 [t]0 t

(=
(Te)ltlfg< ; ¢>'

< lim || T (‘ Jim Y=Y
€l0 t10 t

g Lelt2:9) = Te(w,@'

= lim

(E)
< lime (||| + [14]]) = 0. (3.142)

because T, is a bounded linear functional on C x C with norm equal to e.
For any 1, ¢ € C, one can construct a sequence of

¢kEID($~)) k:1527"'7

such that
Jim [l — ]| = 0.
—00
We have
Consequently,
lsn |,(7.) (6, 6)| = 0
by the limit process. O

Given all of the above results, now we are ready to prove Theorem 3.6.1.
Proof of Theorem 3.6.1. Define
I (t,9) = Va(Ssyes Pove) + Osy(t, Ssyes Vs Psve) — Te(, sye) — Msye (3.143)
and
Iy(s,0) = Vi(tsye, Ysve) — Osy(tsyes 5, Wove, @) + Te(Vsye, @) + Msye (3.144)
for all s,t € [0,7] and ¥, ¢ € C. Recall that
Psy (t, 5,9, 0) = Vi(t,¥) — Va(s, ¢) — Osy(t, 5,9, )

and that @5 + T, + M;s.. reaches its maximum value zero at (tts'ym S5ves Yoe,
¢s5ve) in [0,7] x [0,T] x C x C.
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By the definition of I} and I, it is easy to verify that for all ¢ and ¢, we
have

It y) > Vit y), Ia(s,¢) < Va(s,¢), Vt,s€[0,T] and ¢,% € C,
and

‘/l(tﬁ’yev ’(/}6’76) =11 (tﬁ'yea 1/)5’76) and ‘/2(85’)167 ¢5’\/6) = F2(35’y€7 ¢5’\{6)'

Using the definitions of the viscosity subsolution of V; and I}, we have

aV (té'yea QZ)(S’YC) — 01y (téfyev 1;/}6'\/5)

- SLEIB [Av (Fl)(té"/m 1/1575)*L(t5,y€, wé'yea U)]} <0. (3145)

By the definitions of the operator A¥ and I} and the fact that the second-
order Fréchet derivatives of T, = 0, we have, by combining (3.110), (3.111),
(3.112), (3.113), (3.116), (3.117), (3.122), (3.123), (3.124), and (3.125),

AU(Fl)(tévea wéve)

- DwTe (1/1575, ¢6'ye)(f(t6'ye, w&yéa U)]-{O})
= S(Fl)(t(s'yea "/}575) - Te(f(tzi'yev wé’yev v)]-{O}v ¢5’ye)~
Note that O (---) is an abbreviation for Os.(tsye, Ssve, Vsye, Psvye) in the

above equation and the following.
Inequality (3.145) and the above equation together yield that

aVl (tﬁ'ym ¢5'ye) - S(F1>(t6'yea "/}576) - atFI (té'ym d]é"{ﬁ) (3146)
- SEB [ - Te(f(té'ym wé’yev 0)1{0}7 ¢5'ye) + L(tﬁ'ye, 1/)576; U)] < 0.

Similarly, using the definitions of the viscosity supersolution of Vo and I'; and
by the virtue of the same techniques similar to (3.146), we have

a‘/Q(S(S’yev (bé'ye) - S(FZ)(Sé’yev Qsé'ye) - asFZ(Séfyea ¢6’ye)

- Sug [Te(¢5’753 f(S(;,YE, ¢6’ye> U)]-{O}) + L(Sé—ye, ¢5’yea U)] > 0. (3147)
veE

Inequality (3.146) is equivalent to

Oé‘/l (tzs'yea w&ye) - S(Fl)(t5'yea 1;[}675) - Q(t&ye - 5676)

- Sug [ - Te(f(t§'ye, 1/}5757 1))1{0}, ¢6’ye) + L(té'ysa ’ll}(s'ye)] < 0. (3148)
ve
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Similarly, Inequality (3.147) is equivalent to
a‘/Q(S&yea ¢5’ye) - S(FQ)(85’YE) ¢5’ye) - 2(5575 - té'ye)

- Sug [Te(wé'yea f(35'yea Dsye ’U)l{o}) + L(Sé'yev ¢5’763 U)] > 0. (3149)
ve

By virtue of (3.148) and (3.149), we obtain
a(Vl (té'yea w&ye) - ‘/2(8676, ¢6’ye))
< S(Fl)(té'yea w&ye) - S(FQ)(Séfye; ¢(5’7€) + 4(t6'ye - 85’)/6)

+ SUB [L(tﬁ'yea wé'yéa 'U) - TE (f(t5'yev /(/)6757 ’U)]_{()}, ¢5'ye)]
ve

- SlelB [L(sé'yea (bé'ye» ’U) + Te(w&yea f(sé'ye (bé'ya ’U)l{o})] (3150)

From definition (3.60) of S, it is clear that S is linear and takes the value zero
on constants. Recall that

I (ta ¢) = ‘/2(56'76’ (bts'ye) + @57(t7 S§yes 1/)7 ¢5’ye)
- Te('@[]? ¢5~/e) - Méwe (3‘151)

and

Iy (Sa ¢) =W (t&yev "/&576) - 967 (té'yea S, 1/)6767 (rb) (3152)
+ Te(wéfyea ¢) + M575~

Thus, we have

S<F1)(t5’ye7 1/)676> = S¢(957)(t5vea S5yes wé’yea ¢6'ye)

Sy (Te) (Ysves Pove) (3.153)
and
S(12)(S6ves Pove) = —Sp(Osy) (toyes Soves Woyes Poye)
+86(Te) (Vsve, Pore)- (3.154)
Therefore,

S(Fl)(t5'yea wﬁ’ye) - S(F2)(S(5'yey ¢6'ye)
= Sw(@gw)(t&ye, S5ves 1/}5’)/67 ¢5’ye) + S(b(@&y)(té'ysa S5yes 7/’57& ¢6ve)
- [Sw (Te)(1/}5'yea ¢6’ye) + S¢(Te)(w6’ye7 Qsé'ye)]- (3155)

Recall that

Osy(t, 5,9, 0) = < [F(¢ — ¢) + F(¥° = ¢°) + [t — s]°] +7(G(¥) + G(9)).

| =
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Therefore, we have
(8’1/1 (957) + Stﬁ(@éw)) (ttS'yev Séves '(/)6')/67 ¢6'y5)
= 811’ (957)(t5’yea S5yes ¢6'ye7 Qbé'ye)
+S¢(85’Y)(t5’ye» S8vyes 1/}6767 ¢5'ye)

1
= S[Sw (F) (7/}576 - ¢6’y€) + S¢(F) (7/}576 - ¢6'ye)
+S¢ (F) (ql}g’ye - ¢gfye) + S¢(F) (qug’ye - ¢g’ye)]
+ 7180 (G) (Wsve) + Sp(G) (Psye)]-
Using Lemma 3.6.7 and Lemma 3.6.8, we deduce that

(Sw (@5’7) + S¢(@5’y)) (t5'ye7 S§yes wts'yev ¢5'ye)
A= Wre(=r) = ds2e(=)P]

(3.156)

- (wm(—r) |261+F(¢576)+F(¢27£)

+I¢>5%(r)|2el+F<m>+F<¢g%>>

<0. (3.157)

Thus, by virtue of (3.155) and Lemma 3.6.9, we have
tim sup (ST (Esres ¥2) = S(T2) (353, 02)] < 0. (3.158)
0,e10
Moreover, we know that the norm of T, is less than ¢; thus, for any v > 0,
using (3.155) and taking the lim sup on both sides of (3.150) as ¢ and € go to

zero, we obtain
lim sup a(vl (t5we7 wzi'ye) - Vv2 (Sé'yea ¢5'ye))
€10,6]0
< h?(l) 211(? {S(Fl>(t5q/e7 wé’ye) - S<F2)(85'yea (Z)ﬁ’ye)

+ SIEJ-B [L(t5’767 ’(/}5’767 U) - Te(f(t7 ’(/}6767 'U>1{0}7 (Zsé'ye)]

D [Lsser does v) + To(res J T Do v)l{o}n}

velU
}. (3.159)

[L<t§'yea ,(/15"/67 1}) - L(85'ye; d)ﬁ"/ev ’U)]

< limsup { sup
€l0,610 LweU

Using the Lipschitz continuity of L and Lemma 3.6.2, we see that

lim sup sup |L(t5’yev wéfye» U) - L(S&yea ¢5’YE7 U)‘
§10,e]0 veU

< lim sup C’<|t5% — $5el + [s9e — ¢57€||2) —0; (3.160)

§10,el0
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moreover, by virtue of (3.160), we get

hrlré 21«%305(‘/1 (t5’}/671r/)(5’y€) - ‘/2(35767 ¢6’ye)) S 0. (3161)

Since (tsyes Ssves Yoyes Pore) is maximum of D5, + Te in [0,T] x [0,T] x C x C,
then, for all (¢,4) € [0,T] x C, we have

(Pé'y (t, tv 1/)7 1/1) +T5 (1/)7 w) < @57 (t&yev Syes {lpé'yev d)éﬁye) +Te (wéﬁyea ¢5'ye)' (3162)

Then we get

< %(té’)’ﬁ) wé'\/e) - ‘/2(86’767 (Z)(S'ye)

1
5 %6e — ¢5’YE”§ + ||7/’<(5)»ye - d)g’ye”% + [toye — 55’Y€|2

+2yexp(L+ [¢3 + [4°]13)
—y(exp(L + [[¥syell3 + 95y l13) + exp(L + [[dssell3 + [[05,l13))
FTe(Vsve, Psve) — Te(, 1))
< Vi(tsyes Ysve) — Va(Ssyes Dsve)
+2yexp(L+ 913 + [¥°)13) + Te(¥sre, dore) — Te(W, ), (3.164)
where the last inequality comes from the fact that 6 > 0 and v > 0. By virtue

of (3.161), when we take the limsup on (3.164) as d,¢ and v go to zero, we
can obtain

Vl(ta 'l/}) - V2(t7w) < limsup (Vl (tm,%ve) - VQ(SMQ ¢5'y€)
~10,e10,510

2y exp(L+ [0 + [0°13) + Te(ses d06) = Te(8,0))
<0. (3.165)

Therefore, we have
Vi(t,¥) < Va(t,9), V() €[0,T] x C. (3.166)

This completes the proof of Theorem 3.6.1. |

The uniqueness of the viscosity solution of (3.64) follows directly from this
theorem because any viscosity solution is both the viscosity subsolution and
supersolution.

Theorem 3.6.10 The value function V : [0, T] x C — R of Problem (OCCP)
defined by (3.7) is the unique viscosity solution of the HIBE (3.64).

Proof. Suppose V1,V, : [0,T] x C — R are two viscosity solutions of the
HJBE (3.64). Then they are both the viscosity subsolution and supersolution.
By Theorem 3.6.1, we have
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Va(t,¥) < Vi(t, ) < Va(t, @), Y(t,¢) €[0,T] x C.
This shows that

Vi(t, ) = Va(t, ), VY(t,v)€[0,T] x C.

Therefore, the value function V : [0,7] x C — R of Problem (OCCP) is the
unique viscosity solution of the HIBE (3.64). m

3.7 Verification Theorems

In this section, conjecture on a version of the verification theorem in the
framework of viscosity solutions is presented. The value function V : [0, 7] x
C — R for Problem (OCCP) has been shown to be the unique viscosity
solution of the HIBE (3.64) as shown in Sections 3.5 and 3.6. The remaining
question for completely solving Problem (OCCP) is the computation of the
optimal state-control pair (*(), u*(-)).

The classical verification theorem reads as follows.
Theorem 3.7.1 Let ¢ € Clli’;([O,T] x C)ND(S) be the (classical) solution
of the HIBE (5.64). Then the following hold:
(i) B(t,16) > J(t,05u()) for any (t,1) € [0,T] x C and any u(-) € Ult, T).
(i) Suppose that a given admissible pair (z*(-),u*()) for the optimal classical
control problem (OCP)(t,v) satisfies

0=8,D(s,xt) + A" Odb(s,z7) + L(s,2%,u*(s)) P —a.s., ae. s€elt,T],

then (z*(-),u*()) is an optimal pair for (OCP)(t, ).

Define the Hamiltonian function H : [0,7] x C x C* x CT x U — R as
follows:

1
H(tv¢7Q7Qv iz 1{0}ej7 (t ¢,U)1{0}€j)
(

(t, &, u)lioy) + L(t, ¢, u), (3.167)

where ¢ € (C @ B) is the continuous extension of ¢ from C* to (C & B)* and
Q € (C @ B) is the continuous extension of Q from C' to (C @ B). (see
Lemma 2.2.3 and Lemma 2.2.4 for details.)

We make the following conjecture on verification theorem in the viscosity
framework.

Conjecture. (The Generalized Verification Theorem). Let V' € C((0,7] x
C, R) be the viscosity supersolution of the HIBE (3.64) satisfying the following
polynomial growth condition

[V (t, )] < C(1 + ||1]|%) for some k > 1, (t,4) € (0,T) x C. (3.168)
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and such that V(T',1) = ¥(1). Then we have the following.

(1) V(t,9) > J(t,¢;u()) for any (t,9) € (0,T] x C and u(-) € U[t, T).

(ii) Fix any (¢,v) € (0,T) x C. Let (z*(-),u*(-)) be an admissible pair for
Problem (OCCP). Suppose that there exists

(p*()a q*()7 Q*()) € L%‘(t) (t7 T; 8%) X L%(t) (ta T; C*) X L%‘(t) (t7 T; CT)
such that, for a.e. s € [¢, T,
(p*(5),4"(s),Q"(s)) € Qif’w‘_/(s,w:)), P—a.s., (3.169)

and

T
E /t [p*(s) + H(s,2*(s),q"(s), Q" (s);u*(s))]ds | > 0. (3.170)

Then (2*(-),u*(+)) is an optimal pair for Problem (OCCP).

3.8 Finite-Dimensional HJB Equation

It is clear that the HIBE as described in (3.64) is infinite dimensional in
the sense that it is a generalized differential equation that involve a first-
and second-order Fréchet derivatives of a real-valued function defined on the
Banach space C as well as the infinitesimal generator S. The explicit solution
of this equation is not well understood in general. In this section, we investigate
some special cases of the infinite-dimensional HIBE (3.64) in which only the
regular partial derivatives are involved and of which explicit solutions can be
found. Much of the material presented in this section can be found in Larssen
and Risebro [LR03]. However, they can be shown to be a special case of (3.1)
and the general HIBE (3.64) treated in the previous sections.

3.8.1 Special Form of HJB Equation

In (3.1), we consider the one-dimensional case and assume that m = 1 and
n = 1. Let the controlled drift and diffusion f,g : [0,7] x C x U — R be
defined as follows:

0
£t dou) = b (t, $(0), / A (0) db, b(—), u> (3.171)

and 0

st = (100), [ Mo do(-n) (3172
for all (t,¢,u) € [0,T] x C x U, where b and o are some real-valued functions
defined on [0,7] x & x R x N x U that satisfy the following two conditions.
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Assumption 3.8.1 There exist constants Ky > 0, and Ky > 0 such that for
all (t,x,y,2), (t,Z,7,Z,u) €E[0,T] xRXxRxR and u € U,
b(t, 2, y, z,u)| + |o(t, 2, y, z,u)| < K (L+ [x] + [y| + [2])”
and
|b(t, x,y, z,u) — b(t,Z, g, Z,u)| + |o(t, z,y, z,u) — o(t, T, 7, Z,u)|
S K|z =zl + |y — gl + 2 — 2]).
It is easy to see that if Assumption 3.8.1 holds for b and o, then Assump-

tion 3.1.1 holds for f and g that are related through (3.171) and (3.172).
Consider the following one-dimensional control stochastic delay equation:

da(s) = b(s,x(s),y(s), 2(s), u(s)) ds
+o(s,2(s),y(s), 2(s), uls)) AW (s), s e (t,T],  (3.173)

with the initial data (¢,) € [0,T] x C[—r,0], where

0
y(s) = / eMr(s+6)dd (X >0is a given constant)

-

represents a weighted (by the factor e*') sliding average of x(-) over the time
interval [s —r, s], and z(s) = x(s—r) represents the discrete delay of the state
process z(-).

The objective of the control problem is to maximize among U[t,T] the
following expected performance index:

T
Htvsu() = B[ [ 1s.2(9).9(6),0(s)) ds + hla(T)u(T)], 3174

where [ : [0, T|xRxRxU — Rand h : RxR — R are the instantaneous reward
and the terminal reward functions, respectively, that satisfy the following
assumptions:

Assumption 3.8.2 There exist constants K, K >0 and k > 1 such that
Ut 2, y, )| + [h(x,y)] < K1+ [2] + [y])*
and
it 2, y,u) = U(t, 2, 5,u)| + |h(z,y) — h(@,§)] < K(|z— 2]+ |y - ]),
for all (t,z,y,u), (t,Z,75,u) € [0,T] x Rx R xU.

We again define the value function V' : [0, T x C[—r, 0] — % for the optimal
control problem (3.173) and (3.174) is defined by

V(t,¢) = sup J(t¢5u(-)). (3.175)

w(-)EU[t,T]
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As described in Problem (OCCP), the value function V' may depend on
the initial datum (¢,4) € [0,T] x C[—r,0] in a very general and complicated
way. In this section, we will show that for a certain class of systems of the
form (3.173), the value function depends on the initial function only through

the functional of = ¥(0), y = fET erM)(0) db. Let us therefore assume with

a little abuse of notation that the value function V' takes the following form:

V(t,p) =d (t,w(O),/ erp(0) de) = d(t,z,y), (3.176)

where @ : [0, 7] x £ x R — R. Then the DPP (Theorem 3.3.9) takes the form
otzg) = swp [ [ e s, 0(6),5(5),ue) ds
u(-)EUt,T] t
+(r,2(7), y(7))| (3.177)
for all F-stopping times 7 € 7,1 and initial datum (¢,(0), f?r eN(0) df) =
(t,z,y) € [0,T] x R%

Lemma 3.8.3 (The It6 Formula) If ® € C121([0,T] x R x R), then we have
the following Ité formula:

dd(s,x(s),y(s)) = L P(s,z(s), y(s))
+0.D(s,2(s),y(s))o(s,z(s),y(s)) dW(s), (3.178)
where L is the differential operator defined by
LYP(t,x,y) = b(t,x,y,2)0.D(t, z,y)
+%U2(t,x,y, 2)02(t, x,y)
+Hx — e Mz = \2)0,B(t, x,y). (3.179)

Proof. Note that if ¢ € C[t — r,T], then ¢, € C[—r,0] for each s € [t,T].
Since

0
y(zs) = / e*x(s +6)df (X constant),

—r

Dsy(zs) = Os (/O eMax(s+6) d9>

-Tr
S

s ( / y M) (1) dt)

=x(s) —e Ma(s —r) — )\/s A=) (t) dt

S—r

The result follows from the classical It6 formula (see Theorem 1.2.15). g

We have the following special form of the HIBE (3.64).
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Theorem 3.8.4 If we assume that (3.176) holds and that & € C121([0,T] x
R x R), then @ solves the following HIBE:

ad(t,z,y) — 0 P(t, z,y) — max [LYD(t, z,y) + 1(t,x,y,u)] =0, (3.180)

V(t,z,y) €[0,T] x R x R,
with the terminal condition ®(T,x,y) = h(x,y), where LY is the differential
operator defined by (3.179).

Note that (3.180) is also equivalent to the following:

Ol@(t, Z, y) - at@(tv Z, y) + Inelg [_’Cu@(tv T, y) - l(t, z,Y, u)} =0, (3181)

V(t,z,y) € [0,T] x R x R.

Proof. It is clear that @ : [0, 7] x Rx R defined above is a quasi-tame function.
From Ito’s formula (see Lemma 3.8.3 in Chapter 2), we have

dV(s,x(s),y(s)) = LV (s,x(s),y(s))ds (3.182)
Fo(s,2(s),y(s), 2(5))0aV (s, 2(s), y(s))dW (s),

where the differential operator £* is as defined in (3.179). We use the DDP
(Theorem 3.3.9) and proceed exactly as in Subsection 3.4.1 to obtain (3.180).
O

3.8.2 Finite Dimensionality of HJB Equation

Theorem 3.8.4 indicates that under the assumption that the value function
takes the form @ € C121([0,T] x R x R), we have a finite-dimensional HIBE
(3.180) in the sense that it only involves regular partial derivatives such as
0D, 0,®P, and 92 instead of the Fréchet derivatives and the S-operator as
required in (3.64). The question that remains to be answered is under what
conditions we can have the finite-dimensional HJBE (3.180). This question
will be answered in this subsection.
We consider the following one-dimensional controlled SHDE:

da(s) =[ (x(5), y(s))
( (s),y(5))z(s) = g(s,2(s), y(
+o(x(s),y(s)) dW(s), s € (L,

with the initial datum (¢,¢) € [0,T] x C([—r,0]; R), where, again, y(s) =
fET eMa(s+0)df and z(s) = z(s—r) are described in the previous subsection
and p,B,0 : Rx R — Rand g : [0,7] x R x R x U — R are the given
deterministic functions. Assume that the discount rate a = 0 for simplicity.
It will be shown in this subsection that the HJBE has a solution depending

s), u(s))] ds
], (3.183)
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only on (¢,z,y) provided that an auxiliary system of four first-order partial
differential equations (PDESs) involving u, 3, g, 0,1, and h has a solution. When
this is the case, the HIBE (3.180) reduces to an ”effective” equation in only
one spatial variable in addition to time.

For this model, the HIBE (3.180) takes the form

~0@ +min F — (z - e Mz~ M\y)9,d =0, VzeR, (3.184)

where

F = F(t,z,y,2,u,0,P,0,0,0:P)
= —LYD(t,x,y) — (L, x,y,u). (3.185)

Assume that F* = inf,cy F. Then
P+ F* — (x—e M2 My)9,d=0, VzeR (3.186)
Since this holds for all z, we must have
0,(F* — (x — ez — \y)9,®) = 0.

Now, Oy+ F* = 0 since u* € U is a minimizer of the function F. With 9, (x —
e Mz — \y) = —e ", this leads to 9, F* + e *"9,® = 0 or

0y ® = —e o, F*,
which we insert into (3.186) to obtain
—0 P+ F* + (z—e Mz — \y)eMo.F* = 0. (3.187)

Here, F* + (z — ez — \y)e*" 0, F* should not depend on z. In the following,
let H and G denote generic functions that may depend on ¢, z,y,u*, 0,9, 0,9,
and 92¢ but not on z. (H and G may change from line to line in a calculation.)
Then the following are equivalent:

F* 4+ e Meo,F* = H,

e MF* 4+ £0.F* = H,
5 (F*) _ fazF*—‘y-e_)‘rF* _ E
“\¢ & £’
where ¢ = 2 — ez — \y. Integrating this yields

F* dz d¢  —He\w
I & g 7H€)‘T s
£ & &2 £

so that F* = H + G¢, which implies that F'* is linear in z; that is,

+G,
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F* = H + Gz,

where H and G are functions that do not depend on z.
Motivated by the above reasoning, we investigate more closely a modified
version of (3.173) and consider

da(s) = [(x(s), y(s), 2(s)) — g(s,2(s), y(s), u(s))]ds
+o(2(s),y(s), 2(s))dW (s), s € (&, T], (3.188)

with the initial datum (¢,v) € [0,T] x C[—r,0]. Recall the performance func-
tional (3.174),

Kb = B[ [ 16.2(5). 909 ) ds-+ (D)), (3159)

and the value function @ : [0,T] x C[—r,0] — R defined by (3.176),

B(t,0) = (t,w«n, / i

—-Tr

M (6) d9> = d(t,z,y). (3.190)
It is known that if & = &(t,x,y), then & satisfies the HIBE

—0,P — 10, P — %528545 —(z—e 2= \y)0y®+ F(0,P,2,y,t) =0, (3.191)
with the terminal condition

(T, z,y) = h(z,y), (3.192)

where
F(t,z,y,p) = inf{(g(t, 2, y,u)p — (t,z,y,u)}. (3.193)

We wish to obtain conditions on fi,d, and F' that ensure that (3.191) has a
solution independent of z. Differentiating (3.191) with respect to z, we obtain

0y® — 0,10, D = e 0,702 P, (3.194)
where ¥ = 32 /2. Inserting this into (3.191), this equation now takes the form

— 0P — [i— (2 — N (x — \y))D.[i] 0, P
- [:)/ - (Z - e/\’r(x - )‘y))az;ﬂagds + F(@mgﬁ,x, yat) = Oa

If @ is to be independent of z, then the coefficients of 9, and 92@ must be
independent of z. By arguments analogous to the previous, we see that

ﬂ(x’y7 Z) = u(w,y) + 5($,y)z

and
¥z, y,2) = v(z,y) + (2, y)2
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for some functions pu, 3, v, and ¢ depending on = and y only. Now, since ¥ > 0
for all (x,y,z), we must have ( = 0, and, consequently, 9,5 = 0. Also note
that 0,1 = B and that (3.208) takes the form

0y® — " B(,y)0,P = 0. (3.195)
Using this in (3.191) we see that this equation now reads

— 0P — [z, y) + N (z — \y)B(x,y)]0,P

1
- 502(1;, Y)02d + F(0,P,2,y,t) = 0. (3.196)
Now, we introduce new variables & and g, such that
0 0 N 0 0 0
5 "oy ¢ Mg, md 5= o (8.197)

Then (3.195) states that 93 = 0. In order to be compatible with 0;@ = 0,
the coefficients of (3.196) and the function h must also be constant in ¢, or
Dyit — Bt = 0, (
Oyo — N BOo = 0, (
e pd,F 0,0+ 0,F — e B0, F =0, (3.200
Oyh — e B0 h = 0, (
where
plx,y) = plz,y) + N (z = Ay)B(z, ).
To see why 0z F = 0 is equivalent to (3.200), note that
O F = 0,F0,(0,P) + 0,F — " 3(9,F0, D, + 0, F)
= 0,F (02,0 — e\ BO2P) + 0, F — " B0, F
= 0, F[0,(0,8 — " 30, ®) + e 0,30, ] + 9, F — " 0, F
= Mpd,FO, 0+ 0,F — e’ B0, F by (3.195). (3.202)
Conversely, if it = p(z,y)+6(z,y)z and & = o(z,y), and (3.198)-(3.200) hold,

then we can find a solution of (3.195) that is independent of z.
We collect this in the following theorem.

Theorem 3.8.5 The HJBE (3.195) with terminal condition (T, x,y) =
h(z,y) has a viscosity solution ® = ®(t,x,y) if and only if o = p(x,y) +
B(x,y)z and & = o(x,y), and (3.198)-(3.201) hold. In this case, in the coor-
dinates given by (3.197), the HIBE (3.195) reads

1

—0D — U(3)02P + F (0D, %, t) — 502(:"&)8%@ =0 (3.203)

with the terminal condition

(T, %) = h(F). (3.204)
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3.8.3 Examples

In this subsection we present two examples that satisfy the requirements
(3.198)-(3.201), and also indicate why it is difficult to find more general ex-
amples that can be completely solvable.

Example 1 (Harvesting with Exponential Growth) Assume that the size z(-)
of a population obeys the linear SHDE

dx(s) = (ax(s) + by(s) + cz(s) —u(s))ds
+(o12(8) + 02y(s))dW (s), se€t,T], (3.205)

with the initial datum (¢,) € [0,T] x C[—r, 0]. We assume that x(s) > 0. The
population is harvested at a rate u(s) > 0, and we are given the performance
functional

Htsu()) = B0 [ [ a(s).5) + afu(s))} ds
+h(z(T)y(1))] (3.206)

where T is the stopping time defined by

T = {Tl,:igrg5 {z(s;t, ¥, u(-) = 0}} (3.207)

and Ty > t is some finite deterministic time. If the value function @ takes the
form &(t,x,y), then @ satisfies the HIBE

1
— 05D — (v — ez — \y)9, P — 5(0133 + 09)?0%D
+ inf{—(ax + by + cz — u)0, P — l1(z,y) — l2(w)} =0  (3.208)

Using Theorem 3.8.5, from (3.198) and (3.199) we find that the parameters
must satisfy the relations

oy = o1ce™, b —Aee™ = ce (a4 ce). (3.209)
The function F' defined in (3.193) now has the form
F(p,z,y) = inf {pu—lo(u)} = lu(z,y) = pu” — b(u”) = l(z,y),
where «* is the minimizer in U. Then from (3.200) we see that we must have
Dyly — ce 1y = 0, (3.210)

or I} = Iy (z +ce*y). Introducing the variable & = x + ce*y and the constant
k = a+ce’", we find that the “effective” equations (3.203) and (3.204) in this
case will be
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—0s® — (kT — u*)0zD — %0%:&2@%@ —14(%) — la(u*) =0, (3.211)
with the terminal condition
&(T,z) = h(2), (3.212)

assuming h satisfies (3.201). This corresponds to the control problem without
delay with system dynamics

dz(s) = (kZ(s) —u)ds + 012(s) dW (s), se€ (¢,T],

and Z(t) =& > 0.
To close the discussion of this example, let us be specific and choose

Liz,y) = —colx + ce™y —ml|, la(u) = cru — cpu®, h =0, (3.213)

where ¢y, ¢1, c2, and m are positive constants. Then (3.210) and (3.201) hold
and

F(p,z,y) = gng{CWz — (e1 = p)u} + colr + cey —ml.

We solve for u and find that the optimal harvesting rate is given by

—9,®
u* = max {0125 0} . (3.214)

Insert (3.213) and (3.214) into the HIBEs (3.211) and (3.212). The resulting
equation is a second-order PDE that may be solved numerically and the op-
timal control can be found provided that the solution of the HJBE really is
the value function.

Example 2 (Resource Allocation). Let z(-) = {z(s),s € [t — r,T]} denote a
population developing according to (3.205). One can think of z(-) as a wild
population that can be caught and bred in captivity and then harvested.
The population in captivity, &(-), develops according to

di(s) = (v2(s) + u(s) — v(s))ds, s e (tT], (3.215)

with Z(t) = & > 0, where v denotes the harvesting rate. The state and control

processes for the control problem are (z(-), Z(+)) and (u(-),v(-)), respectively.
For this case, we consider the gain functional

), 000) = B 020 [T 00) — ei(s) — s 5) ds

+h(@(T),y(T), &(T))] (3.216)

where T is again given by (3.207), {(v) denotes the utility from consumption
or sales of the animals, ¢c;Z models the cost of keeping the population, and
cou? models the cost of catch and transfer. Setting
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V(tﬂ%i“) = sup J(tawa-i;u(')av('))a

u>0,v

we find that if V' takes the special form V = &(t, z,y, &), then

1
— 0P — (ax + by + ¢2)0,P — vi£0; P — 5(011’ + 0oy + 032)202 P
— (= ez = M\)0y® + 18 + F(0,P,0:P) = 0 (3.217)
and &(T,x,y,&) = h(x,y, &), where

_ : 2 _ _ _
Fp.g)=  if  (cu” —ulg~p)+vg—1(v)).
Since v is independent of z, we must demand that the parameters satisfy
(3.209), and we introduce Z as before to find that & = &(¢, Z, &) satisfies

1
—0,P — KZO P — 720D — 505@2@%@ + 12+ F(0:9,0;0) =0, fort<T
(3.218)

and &(T,%,z) = h(Z, ). Again, the above PDE with the terminal condition
can be solved numerically.

3.9 Conclusions and Remarks

This chapter develops the infinite-dimensional HJBE for the value function of
the discounted optimal classical control problem over finite time horizon. The
HJBE involves extensions of first- and second-order Fréchet derivatives as well
as the shift operator, which are unique in controlled SHDESs. This distinguishes
them from all other infinite-dimensional stochastic control problems such as
the ones arising from stochastic partial differential equations. The main theme
of this chapter is to show under very reasonable assumptions that the value
function is the unique viscosity solution of the HIBE. Existence of optimal
control as well as special cases that lead to a finite dimensional HJIBE are
demonstrated. There is no attempt to treat the ergodic controls and/or the
combined classical-singular control problem. However, a combined classical-
impulse control arising from a hereditary portfolio optimization problem is
treated in Chapter 7 in detail.
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