Chapter 2

Mittag-Leffler Functions and Fractional
Calculus

[This chapter is based on the lectures of Professor R. K. Saxena of Jai Narain Vyas University,
Jodhpur, Rajasthan, India.]

2.0 Introduction

This section deals with Mittag-Leffler function and its generalizations. Its
importance is realized during the last one and a half decades due to its direct
involvement in the problems of physics, biology, engineering and applied sciences.
Mittag-Leffler function naturally occurs as the solution of fractional order dif-
ferential equations and fractional order integral equations. Various properties of
Mittag-Leffler functions are described in this section. Among the various results
presented by various researchers, the important ones deal with Laplace transform
and asymptotic expansions of these functions, which are directly applicable in the
solution of differential equations and in the study of the behavior of the solution for
small and large values of the argument. Hille and Tamarkin in 1920 have presented
a solution of Abel-Volterra type integral equation

¢(x)r(/l)/ox( ?() —dr=f(x), 0<x<1

o x—1)l-
in terms of Mittag-Leffler function. Dzherbashyan (1966) has shown that both the
functions defined by (2.1.1) and (2.1.2) are entire functions of order p = é and type
o = 1. A detailed account of the basic properties of these functions is given in the
third volume of Batemann Manuscript Project written by Erdélyi et al (1955) under
the heading “Miscellaneous Functions”.

2.1 Mittag-Leffler Function

Notation 2.1.1. E,(x): Mittag-Leffler function

Notation 2.1.2. E, g(x): Generalized Mittag-Leffler function

79



80 2 Mittag-Leffler Functions and Fractional Calculus

Note 2.1.1: According to Erdélyi, et al (1955) both Eq(x) and E, g(x) are
called Mittag-Leffler functions.

Definition 2.1.1.

o k
Z
Ea(Z):kglom, OtEC,EK(OL)>O. 2.1.1)
Definition 2.1.2.
0o k
Z
Ea’ﬁ(Z)—kgom, (X,ﬁ EC79i(a)>O,SK([5)>0. 2.1.2)

The function Ey(z) was defined and studied by Mittag-Leffler in the year 1903. It is
a direct generalization of the exponential series. For o = 1 we have the exponential
series. The function defined by (2.1.2) gives a generalization of (2.1.1). This gener-
alization was studied by Wiman in 1905, Agarwal in 1953, Humbert and Agarwal
in 1953, and others.

Example 2.1.1. Prove that £ »(z) = <=L

z

Solution 2.1.1: We have

o0 . Z
F1az) :Z()F(kﬂ) :k;o(kﬂ)! N E,;O k+1)! 2D

Definition 2.1.3. Hyperbolic function of order n.

fd an+r71

—1
hr(z,n>=,§om:z’ Eyp(2"), r=1.2,... (2.1.3)

Definition 2.1.4. Trigonometric functions of order n.

K( )_ oo ( l)kzknJrrfl B rflE ( ; 514
Ei (2) = ii—ezzerfc(—z) (2.1.5)
3.1 = ’ o

where erfc is complementary to the error function erf.

Definition 2.1.5. Error function.

2 oo
erfc(z) = *1/ e du= 1 —erf(z), z€C. (2.1.6)

w2 Jz
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To derive (2.1.5), we see that Dzherbashyan (1966, P.297, Eq.7.1.) reads as

w(z) = e erfe(—iz) 2.1.7)
whereas Dzherbashyan (1966, P.297, Eq.7.1.8) is

& (i)
w(z) =Y, NCEnE (2.1.8)

n=0

From (2.1.7) and (2.1.8) we easily obtain (2.1.5). In passing, we note that w(z) is
also an error function (Dzherbashyan (1966)).

Definition 2.1.6. Mellin-Ross function.

(v,a) =t" Z v+k+l) =t"Ey y+1(at). (2.1.9)
Definition 2.1.7. Robotov’s function.
Ra(Bor) =10y — P ap B L)
0=t =1 1,a+1(P? . .
“ S T(1+a)(k+1)) arlot
Example 2.1.2. Prove that E; 3(z) = €51,
Solution 2.1.2: We have
o k o k42
z 1 z
(@) k;)r(k+3) 22,;,(k+2)v
1 Z
= S(ef—z—1
2 (ef—z—1)

Example 2.1.3. Prove that

1 rfzzk
Ei,(2) = e e”—z a0 r=1,2,....

The proof is similar to that in Example 2.1.2.

Revision Exercises 2.1.

2.1.1. Prove that

1,1 [_|(a,A) _ a1 S M
H, [x‘(aA),(O,l)} =A k:ZE)r(1+(k+a)A)’
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and write the right side in terms of a generalized Mittag-Leffler function.

2.1.2. Prove that

S [aflen) o] =mis e o]

k+l—a
A

Lann] e DA
LA g

2.2 Basic Properties of Mittag-Leffler Function

T(1—(k+1—a)/A)

As a consequence of the definitions (2.1.1) and (2.1.2) the following results hold:

Theorem 2.2.1.  There hold the following relations:
. 1
(i) Ea,ﬁ (z) = ZEa,aJrﬁ (z) + W

(1) Bup (2) = BEecp1(2) + @2 Fap 12

—m)>0,m=0,1,....

Solutions 2.2.1: (i) We have

oo & oo et
Z pr— P—
) ,;)F(ak+ﬁ) kzlr(a+ﬁ+ak)

=2Eq q1p(2) + ﬁ, R(B) > 0.

(i) We have

k

§ =
RH.S. =pE -
PEapnlc +O‘Zdzkzor ak+ﬁ+1)

i (otk+B)* i
S T(ak+B+1) kzorakﬂi
Eqp(z) =LH.S.

E
(iii) (‘i)m [ZﬁflEa,ﬁ(z“)} :zﬁ*’”*lEa_ﬁim(za)’
(B

2.2.1)

(2.2.2)

(2.2.3)

(2.2.4)
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(iii)
d\"e ok+B—1
LH.S.— (d) > i
oo Zotk+/3—m 1
:,;)F(ak+l3—m)’ (B —m) >0,
since

v (9N akpory vy TOKHB)  gripome
kzo<dz> (z ) ,;)r(<xk+ﬁ—m)Z

=P g (2%), m=0,1,2,...

=RH.S.
Following special cases of (2.2.3) are worth mentioning. If we set @ = 7!, m,n =
1,2,... then
d " m m
(d) [ZB*IE%,L%(ZW)} =P En g ()
z
mk
_ Z/3—m—1 zn
ST (5 +B—m)
for R(B —m) > 0, (replacing k by k +n)
m(k+n)
B—m—1
=z
k;n ﬁ + mk)
" —mk
_ 1 o 1 _
=P En (%) + 2P~ Z ) mn=1,2,3.
k=1 n
(2.2.5)

d\" - m — m Z
<dz) [zﬁ 'E,p(z )} ='E, 5z )+m, R(B-—m)>0. (2.2.6)

Putting z = tm in (2.2.3) it yields

ma-n N
(nt dt> e

D1

n g (1)] :f(ﬁ_l)%E%.ﬂ(t)

§\=

Zn: nky R(B-—m) >0, mn=1,2,... (22.7)

When m =1, (2.2.7) reduces to

tl n d —1)n —1)n
= [(B 1n Elﬁ(t)} — (B~ E%’ﬁ(,)ﬂ(ﬁ ny

n’

—_
—
—
=~
[
S|
~—
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for R(B) > 1, which can be written as

1d il =k
- (B—1)n _ (Bn—1 Bn—1
% [t E%,ﬁ(t)} t E%_’ﬁ(t)th 1;:1 ) By R(B) >1. (2.2.8)

2.2.1 Mittag-Leffler functions of rational order

Now we consider the Mittag-Leffler functions of rational order o = £ with p,q =
1,2,.... relatively prime. The following relations readily follow from the definitions
(2.1.1) and (2.1.2).

. d\?”
0 (&) B6=E) 229)
d\” P I U

i) [ — ) Ep(zd)=Ep(z9)+ ) —75——, 2.2.10

() (dz) p(27) = Eg(27) k;r(kgﬂ—p) (2.2.10)
qg=1,2,3,.... We now derive the relation

1 -1 Y( 7kvz)

(111) Eé(zq):ez l+kzl 1“(1 _q@) R 2.2.11)
= q

where ¢ = 2,3, ... and y(a,z) is the incomplete gamma function, defined by

z
Y(e,z2) :/ e U914y
0

To prove (2.2.11), set p = 1 in (2.2.10) and multiply both sides by e "¢ and use the
definition of y(¢t, z). Thus we have

k

di‘z B, (9] = e—ZZiI F(Zlk) (2.2.12)
q

Integrating (2.2.12) with respect to z, we obtain (2.2.11).

2.2.2 Euler transform of Mittag-Leffler function

By virtue of beta function formula it is not difficult to show that

Lo _ (1,1
/Ozp (1= 2)° Eq g (x")dz = T(6)2v [ﬂﬁ;;ﬁ)&#pm} 2.2.13)
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where R(a) > 0,R(B) > 0,R(c) > 0,7 > 0. Here ,y, is the generalized Wright
function and , B,p,0 € C.

Special cases of (2.2.13):
(i) When p =8,y = «, (2.2.13) yields
/01 P 1-2) By 5 (x2%)dz = T(0)Eg 6.5 (%), (2.2.14)
where & > 0; 8,06 € C,R(B) > 0,%R(c) > 0 and,
(i1)

1
|2 =P B pla(1=2))d = T(0)Ea ) (22.15)

where o > 0; 8,06 € C,R(B) > 0,%R(oc) > 0.

(iii) When oo = 8 = 1 we have

[ #7102 ez = (@) [ 2700, ]
0 (1L,1),(c+p,7)
—T(0)1 v [x|§g’fw)} : (2.2.16)

where y > 0,p,0 € C,R(p) > 0,R(c) > 0.

2.2.3 Laplace transform of Mittag-Leffler function

Notation 2.2.1. F(s) = L{f(¢);s} = (Lf)(s) : Laplace transform of f(r) with
parameter s.

Notation 2.2.2. L !'{F(s);t} : Inverse Laplace transform

Definition 2.2.1. The Laplace transform of a function f(¢), denoted by F(s), is
defined by the equation

F(s) = (Lf)(s) = L{f(t);s} = /U S f(t)de, (2.2.17)

where R(s) > 0, which may be symbolically written as

F(s)=L{f(t):s} or f(t) =L "{F(s):t},

provided that the function f(¢) is continuous for # > 0, it being tacitly assumed that
the integral in (2.2.17) exists.
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Example 2.2.1. Prove that

P!
L s P}=———, R(s)>0, R(p)>0. (2.2.18)
(7Y = Fpy X(9)> 0. R(p)
It follows from the Laplace integral
/ e P ldr = lps), R(s) >0, R(p) >0. (2.2.19)
0 s
F(s)

Example 2.2.2. Find the inverse Laplace transform of
R(s) > 0,F(s) = L{f(t);s}.

e 4,0 > 0; where

Solution 2.2.1: Let

1 ad o—ar 1 @
G(S):m:rga(—a)rs " |STX|<1'

Therefore,

LHG(s)} =g =L {i<_ay5am}

= 1" Eg q(—at®). (2.2.20)

Application of convolution theorem of Laplace transform yields the result

Ll{ F(S) 'l} _ /Ox(x_t)lx*]Ea’a(_a(x_t)a) f(l)dt 2221

a+s®’
where R(a) > 0.

By the application of Laplace integral, it follows that

0l —a 1 X (L1),(p.7)
/Ozp le ZEocﬁ(xz")dz:aT)zllll {ﬁhﬁ,a) }, (2.2.22)

where p,a,a,f8 € C,R(at) > 0,R(B) > 0,R(y) > 0,R(a) > 0,R(p) > 0 and
%| < 1. Special cases of (2.2.22) are worth mentioning.

(i) Forp =B,v=0o,R(ax) >0, (2.2.22) gives

o a—p
/ e—azZBflEa.‘B (xzo‘)dz _4 , (2.2.23)

0 a%*—x

where a, , f € C,R (o) > 0,R(B) > 0,] | < 1.



2.2 Basic Properties of Mittag-Leffler Function 87

When a = 1, (2.2.23) yields a known result.

o 1
/ e P Eq p(xz®)dz = —— x| < 1, (2.2.24)
0 ’ 1—x

where R(or) > 0,R(B) > 0. If we further take f = 1, (2.2.24) reduces to

< 1
/O e () dz = ] < 1.

(ii)) When 8 = 1, (2.2.23) gives

) a o a(X*l
/0 e “Eq(xz%)dz = o (2.2.25)
where R(a) > 0,R(«) >0, | < L.
2.2.4 Application of Lalace transform
From (2.2.23) we find that
1 Sa_ﬁ
L{xPEy (ax®)} = K (2.2.26)
where R(or) > 0,R(B) > 0. We also have
1 - 4
L{XY Ea,y(faxa)} = m (2227)
Now
0B $OY s2a—(B+7) )
g [s‘“ra} = a2 for R(s7) > R(a). (2.2.28)

By virtue of the convolution theorem of the Laplace transform, it readily follows
that

t
/0 uﬁflEa,ﬁ (au®)(t —u)" Eqy(—a(t —u)*)du = tﬁ+y—1E2a7ﬁ+y(a2t2a)7

(2.2.29)
where R(B) > 0,R(y) > 0. Further, if we use the identity

Lo s"P gy pan

5= [P sP ] (2.2.30)

and the relation
L{tP~ 15} =T(p)s?, (2.2.31)
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where R(p) > 0,R(s) > 0, we obtain

. _ N\1-B _ o \a—B+1
/ouﬁlEaﬁ(ua)[(t TS e gy = (2232)

r2-p) T(a-p+2)

where 0 < 8 < 2,R(a) > 0. Next we note that the following result (2.2.34) can be
derived by the application of inverse Laplace transform to the identity

g2o—p a $20—B §@—B 40
520 — 1 [s }7752a_1+s(17_17 (s%) > 1. (2.2.33)
We have
1 x 3 B - )
m/o (X—t)a 1E2a7ﬁ([2a)tﬁ ldt _ _xﬁ 1E20£,ﬁ (x206) +xﬁ 1Ea,ﬁ (xo!)7
(2.2.34)
where R(a) > 0,R(B) > 0. If we set § = 1 in (2.2.34), it reduces to
1 "X
m/o (x—1)* " Exq(12*)dt = Eq/(x*) — Eaq(x*%) (2.2.35)

where R(¢r) > 0.

2.2.5 Mittag-Leffler functions and the H-function

Both the Mittag-Leffler functions Eq(z) and E, g(z) belong to H-function family.
We derive their relations with the H-function.

Lemma 2.2.1: Let a € Ry = (0,%0). Then E4(z) is represented by the Mellin-
Barnes integral

1 Tl —=s)(—z)~*
Eq(2) = z—m/L (1= o) ds, |argz| < , (2.2.36)

where the contour of integration L, beginning at ¢ — ico and ending at ¢ + i, 0<c<1,
separates all poles s = —k,k=0,1,2,... to the left and all poles s = 1 +n,n =0, 1, ...
to the right.

Proof. We now evaluate the integral (2.2.36) as the sum of the residues at the
points s =0,—1,—2,.... We find that
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1 r(s)r(1—s)(—z)~° - HT(s)I'(1—s5)(—2)~°
RIYCUEDTC RS g (L DTEICS
2mi JL I'(1—os) k:()safk I'(1—as)
S (=DMT(1 +k)
_ Z ( Z)k
K'T(1+ ak)
:E(X(Z)7

which yields (2.2.36) in accordance with the definition (2.1.1). It readily follows
from the definition of the H-function and (2.2.36) that Ey(z) can be represented in
the form

(2.2.37)

Ea(Z):Hszl[ 2lion om}v (2.2.38)

where H 11 21 is the H-function, which is studied in Chapter 1.

Lemma 2.2.2: Leta € Ry =(0,00), € C, then

1 L)1 —s)(—z)~*
Eap(x) = 271?1/ I'(B—as)

The proof of (2.2.39) is similar to that of (2.2.36). Hence the proof is omitted. From
(2.2.39) and the definition of the H-function we obtain the relation

ds. (2.2.39)

Eap()=H3 [~2l01) g (2.2.40)

In particular, E(z) can be expressed in terms of generalized Wright function in the
form

Eq(z) =1y {mex))] : (2.2.41)
Similarly, we have

Eap(d) =1 [2lig0]- 2242

Next, if we calculate the residues at the poles of the gamma function ['(1 — s) at the
points s = 14+n,n=0,1,2,... it gives

1 T(s)T(1—s) v . (=1=n)(s)I(1 —s)(—2)~*
E/L Mi—as) =2 Osll?ln T(1— as)

= (1)1 +n)(—2) !
Z n!l'(1—a(l+n))

n=0

= —

Z 1 —a) (2.2.43)

n=1
for o # 1,2,---. Similarly for & # 1,2,--- ,Ey g(2), gives

(I—ys) s - "

oy /L W(—z) Sds = _;W' (2.2.44)
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Exercises 2.2.

2.2.1. Let

Then show that these functions respectively satisfy the following differential equa-
tions of Mittag-Leffler functions when m, n are relatively prime.

() 3010~ Ui0) =18~ knl W
R(B) >m,(mn=1,2,3,...);

., dam fmtB-1 .
(i) G U2() = Ualt) = gy R(B) >mm=1.2,.....
i) (2055 ) G- =P V2 3 m{kmk)

k=1 —n
mn=1273 .. R(B)>m

. 1[d . I
()1 | 00| i) = P

n=123,...RB) > 1

2.2.2. Prove that

ﬂ, X Ea(kta) _ o
F(a)/o o’ = Ea(Ax) —1,3(a) > 0.

2.2.3. Prove that

d, ., _ _
a[xy 'Eq p(ax®)] = x"?Eq g1 (ax®) + (y— B)x"*Eqp(ax®),B # .
2.2.4. Prove that

1 e _ _
By 0 B = P B (02,

R(B) > 0,R(v) > 0,R(cx) > 0.

2.2.5. Prove that

ﬁ /UZ(Z - t)a_lcosh(ﬂt)dt =2 41 (/112)’9{(&) > 0.
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2.2.6. Prove that

I B
FTO/O e (z— )% dt = 2%E} g1 (A2), R(at) > 0.

2.2.7. Prove that

L /O.Z(Z o t)ocfl Sinh(\/zt)

df = 2% By 12 (A22), R(at) > 0.

[(e) VA
2.2.8. Prove that
/meffxxﬁflEa.ﬁ (x*)dx = fi,%(s) > 1.
0 s%—1
2.2.9. Prove that
- . 1
/0 e Eq(t*)dt = m,E)t(s) >1

2.2.10. Prove that

/O.uy Eqy(yu®)(x—u)P'E, Blz(x—u)%]du

yEa Bﬂ/(yxa) ZEocﬁﬂ/(Zx ) (BHr-1
y )

where y,z€ C; y#£2z,7> 0,5 > 0.

2.3 Generalized Mittag-Leffler Function

Notation 2.3.1. Eg y( 7): Generalized Mittag-Leffler function

Definition 2.3.1.
0)nd"
ES (z) = (7”, (2.3.1)
52 E)F(Bn+y)n!
where f3,7,6 € C with R(B) > 0. For § = 1, it reduces to Mittag-Leffler function
(2.1.2). This function was introduced by T.R. Prabhakar in 1971. It is an entire
function of order p = [R(B)]~!.



92 2 Mittag-Leffler Functions and Fractional Calculus

2.3.1 Special cases of E g 1,(z)

(i) Ep(z) =Ep,(2) (2.32)
(i) Eg,y(z) =Ep,(2) (2.3.3)
(111) (p(’}/v S;Z) =1h (’Y;S;Z) = F(6)E]y75(z)a (2.34)

where ¢ (7, 8;z) is Kummer’s confluent hypergeometric function.

2.3.2 Mellin-Barnes integral representation

Lemma 2.3.1: Let B € R, = (0,0);7,8 € C,y# 0,R(8) > 0. Then Eg () is
represented by the Mellin-Barnes integral

5 11 L'(s)['(6—s) s
Eg (2) = mfm/Lm(*Z) ds, 2.3.5)

where |arg(z)| < m; the contour of integration beginning at ¢ — ico and ending at
c+ic0,0 < ¢ < R(D), separates all the poles at s = —k,k =0, 1,... to the left and all
the poles at s =n+ 6,n =0, 1,... to the right.

Proof. We will evaluate the integral on the R.H.S. of (2.3.5) as the sum of the
residues at the poles s =0,—1,—2,... . We have

1 / T(s)0(8 —s) - (s +K)C()T(8 —5)(—2)~*
L

2mi J. T(y—Bs) (=2)7ds = ,{;)s@k I'(y—Bs)

= (=K T(8+k)

Lt
S k

~-1(5) Y F(/gk)—ik—y); =T(8)E] ,(2)

k=0

which proves (2.3.5).

2.3.3 Relations with the H-function and Wright function

It follows from (2.3.5) that El‘;y(z) can be represented in the form

1 _
§ _ L] _j(1=8.1)
Eﬁﬂ(z)_r(a)Hll[ Z|(0,1>,<1—y,ﬁ>} (2.3.6)
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where H 11;21 (z) is the H-function, the theory of which can be found in Chapter 1. This
function can also be represented by

s 1 (8.1)
Eg,(z) = o) H(%ﬁ)} (2.3.7)

where |y is the Wright hypergeometric function , y,(z).

2.3.4 Cases of reducibility

In this subsection we present some interesting cases of reducibility of the function
E g ‘ y(z). The results are given in the form of five theorems. The results are useful in
the investigation of the solutions of certain fractional order differential and integral
equations.The proofs of the following theorems can be developed on similar lines
to that of equation (2.2.1).

Theorem 2.3.1. If B,y,0 € C with R(B) > 0,R(y) > 0,R(y—B) > 0, then there
holds the relation

2B y(2) = By p(2) Byl (2). (238)

Corollary 2.3.1: If,y€ C,R(y) > R(B) > 0, then we have

1
2B (2) = Epyp(2) — B (2.3.9)

Theorem 2.3.2. If B,7,6 € C,R(B) > 0,R(y) > 1, then there holds the formula
BEj ,(2) = Epy1(2) + (1+B = 7)Ep (2). (2.3.10)

Theorem 2.3.3. If R(B) > 0,R(y) > 2+ R(B), then there holds the formula

ZEE,V(Z) - %Bz[Eﬁ-%BfZ(Z) —(2y=-3B-3)Egyp-1(2)
+(2B%+7 —3By+3B —2y+ Eg, 5(2)]. 23.11)

Theorem 2.3.4. I[f R(B) > 0,R(y) > 2, then there holds the formula

E}. () = ﬁwﬁ,w@ (3438~ 21)Ep 1 (2)

+(2B*+ 7V +3B 3By —2y+ 1)Ep,(2)]. (2.3.12)
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2.3.5 Differentiation of generalized Mittag-Leffler function

Theorem 2.3.5. Let B,7,0,p,w € C. Then for any n = 1,2, ... there holds the for-
mula, for R(y) > n,

d n
(dz) 7 ER WP ) = ER L (weP). (2.3.13)
In particular, for R(y) > n,
d n
(dz> (&7 Ep y(weP)] = 2" Ep o (weP) (2.3.14)
and for R(y) > n,
d\" r
<dz) (2719 (8;vswz)] = 1“(;/(1/)11)Zy_”_1¢(5;7n;wz). 23.15)

Proof. Using (2.3.1) and taking term by term differentiation under the summation
sign, which is possible in accordance with uniform convergence of the series in
(2.3.1) in any compact set of C, we obtain

d\". .,_ 2 () d\" | whePrtr-1
(dZ) [Zy 1Eg~,7(WZﬁ)]_k;01—~(Bk+y) (dZ) [ k! ]

=" Ef (i), R(y) >,

which establishes (2.3.13). Note that (2.3.14) follows from (2.3.13) when 6 = 1 due
to (2.3.3), and (2.3.15) follows from (2.3.13) when 8 = 1 on account of (2.3.4).

2.3.6 Integral property of generalized Mittag-Leffler function

Corollary 2.3.2: Let 3,7,8,w € C,R(y) > 0,R(B) > 0,R(5) > 0. Then

IR 5
| /0 ES (wiP)di = 7ES, (wPP) 2.3.16)
and (2.3.16) follows from (2.3.13). In particular,
Z
/ tV‘lEﬁ,y(th)dt =2"Eg 441 (wzP) (2.3.17)
0
and . :
/0 B9 (r, iwe)dr = 520 (1,8 + 1iwa) (23.18)

Remark 2.3.1: The relations (2.3.15) and (2.3.18) are well known.
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2.3.7 Integral transform of Eg y(z)

By appealing to the Mellin inversion formula, (2.3.5) yields the Mellin transform of
the generalized Mittag-Leffler function.

° ()6 —s)w™
s—1pé [ _
/0 t EM( wt )dt T (7—sB) " (2.3.19)
If we make use of the integral
> , F(3+p+v)T(3—p+v)
v—1.,—% _ 2 2
/0 Ve 2Wy (1)dt = T=A+v) (2.3.20)

where R(v £ ) > —1, we obtain the Whittaker transform of the Mittag-Leffler
function

-p

o1 ) 5 p
/0 P le ZPIWLH(pt)EB’y(wtO‘)dt:1_,(6)3%[

w|(5,1).(%iﬂ+Pv“> (2.3.21)

p7 (%ﬁ)v(lilJ”psa)

where 3y, is the generalized Wright function, and R(p) > [R(u)| — 5,R(p) >
0, |p%\ < 1.When A =0 and y = 4, then by virtue of the identity

Wy olt) = exp (f%) : (2.3.22)

the Laplace transform of the generalized Mittag-Leffler function is obtained.

oo -p
p—1 —pt -8 o 4 W (8,1),(p,x)
/o (e E y(wi)dr = ()" L,ahyﬁ) } (2:323)

1
where R(B) > 0,R(y) > 0,R(p) >0,R(p) >0, p > |w|*@ . In particular, for p =y
and oo = 3 we obtain a result given by Prabhakar (1971, Eq.2.5).

/ 7 le P ER (wiP)dt = p T (1—wpP)70 (2.3.24)
o :
1

where (B) > 0,(7) > 0,%(p) > 0 and p > |5,

The Euler transform of the generalized Mittag-Leffler function follows from the beta
function.

! I'()
a—1 b—118 ay g, (6,1),(a,)
/0 =) B () = v [x|(%ﬁ)‘(a+b7a)}, (2.3.25)

where R(a) > 0,R(b) > 0,%(5) > 0,R(B) > 0,K(y) > 0,R(ct) > 0.
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Theorem 2.3.6. We have

o0 -
—pt ok+B—1 (k) ¢ oy g, kip®
/0 — Byl = ot (23.26)
.. k k
where R(p) > |a|T@ R(ex) > 0,R(B) >0, and Ea’;; (y) = ;?Ea’ﬁ ().
Proof: We will use the following result:
°° 1
/0 e P E, p(a®)dt = =7 lz] < 1. (2.3.27)
The given integral
d R p—1 o
= @/0 e PtP Eq g(fat®)de
dk pa—ﬁ k!pa—B
= — = R(B)>0
a7 —a) ~ (pr—ayr )
Corollary 2.3.3:
kel (k) k!
e Pt BN (avi)dt = ———— 2328
/0 %7%(‘1\[) (/P —a)<! ( )

where R(p) > a*.
Exercises 2.3.

2.3.1. Prove that
1

F(a) /01 MY—l(l —u)a—lEg’y(mﬁ)du = Eg’ﬁa(z),ik(a) >0,R(B) > 0,KR(y) >0.

2.3.2. Prove that

where R(cr) > 0,R(y) > 0,%R(B) > 0.
2.3.3. Prove thatforn=1,2,...

1
E,‘zy(z) = @1E1(6;A(n;y);n*"z),

. Y y+l yn—1
where A(n; ) represents the sequence of n parameters ;, -~ _

P R n

2.3.4. Show that for R(B) > 0,R(y) >0,
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S+m
(dz> Eg(2) = (8)nEp 5 (2).
d

2.3.5. Prove that for () >0

R(y) >
2.3.6. Prove that for R(y) >

<y—ﬁ6—1>Eﬁ?y<z> =B, ()~ BSE]:!(2).
2.3.7. Prove that

X
/0 £ e— )R ED y[w(x— 1P S (wiP )dr = xBTYTTETLS (1P,

where p, 1, 7,v,0,w € C;R(p), R(u),R(v) > 0.

2.3.8. Find
L [s* (1 _ ;)_a}

and give the conditions of validity.
2.3.9. Prove that

_ _ A—1
A (BT 2R Yy
L [s (1 - ) (1 - ) } = F(A)<1>2(a17az,7t,mt7zzt)7

where R(A) > 0,R(s) > max[0,R(z;),R(z2)] and P, is the confluent hypergeo-
metric function of two variables defined by

d (b)k(b’)jukzj.

Dy (b,b'ciu,z) = . (2.3.29)
( ) k,j=0 (C)k+jk!]!
2.3.10. From the above result deduce the formula
1 A I\ —a tl71 A«
s 1—7*}=7 221), 23.30

where R(1) > 0,R(s) > max][0, |z|].

2.4 Fractional Integrals

This section deals with the definition and properties of various operators of frac-
tional integration and fractional differentiation of arbitrary order. Among the various
operators studied are the Riemann-Liouville fractional integral operators, Riemann-
Liouville fractional differential operators, Weyl operators, Kober operators etc. Be-
sides the basic properties of these operators, their behaviors under Laplace, Fourier
and Mellin transforms are also presented. Application of Riemann-Liouville op-
erators in the solution of fractional order differential and fractional order integral
equations is demonstrated.
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2.4.1 Riemann-Liouville fractional integrals of arbitrary order

Notation 2.4.1. ,I’,,D;",n € NUO: Fractional integral of integer order n

X

Definition 2.4.1.

i f(x) =Dy " f(x) = ﬁ /a x(x—z)"*l f(t)dt 2.4.1)

where n € NUO.

We begin our study of fractional calculus by introducing a fractional integral of
integer order n in the form of Cauchy formula.

WD f(x) = 1) /:(xft)"_lf(t)dt. (2.4.2)

)

It will be shown that the above integral can be expressed in terms of n-fold integral,
that is,

DI F(x) = /0 "y, / " / " s :"_] F(o)dr. (2.43)

Proof. When n =2, by using the well-known Dirichlet formula, namely

/ahdx/axf(x’”dy: /abdy/ybf(w)dx (2.4.4)

(2.4.3) becomes

= [ (x=0)f(t)dr. (2.4.5)

This shows that the two-fold integral can be reduced to a single integral with the
help of Dirichlet formula. For n = 3, the integral in (2.4.3) gives

D31 = [Can [Man [7 o

- /axdxl [/{;1 dx, /axzf(t)dt} : (2.4.6)

By using the result in (2.4.5) the integrals within big brackets simplify to yield

aa%w:KM¢fm—wmﬂ. (247)

If we use (2.4.4), then the above expression reduces to
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X t X (x — )2
oD f(x) = / def(7) / (x1 —1)dx; = / (xz!t) f(t)dr. (2.4.8)
Continuing this process, we finally obtain
—n _ 1 ‘X _ \n—1
DW= / (= 1) f£(r)dr. (2.4.9)

It is evident that the integral in (2.4.9) is meaningful for any number » provided its
real part is greater than zero.

2.4.2 Riemann-Liouville fractional integrals of order o

Notation 2.4.2. XI}?,XD;“,IEL: Riemann-Liouville right-sided fractional
integral of order o.

Definition 2.4.2. Let f(x) € L(a,b),a € C,R(cx) > 0, then

AT f(x) =D % f(x) =1 f(x) = F(loc) ./: (xfgg)la dr,x>a (2.4.10)

is called Riemann-Liouville left-sided fractional integral of order «.

Definition 2.4.3. Let f(x) € L(a,b),a € C,R(a) > 0, then

b
A f(x) =Dy “f(x) =1 f(x) = 1"(105) /x e _f)(c;)la dt,x<b (2.4.11)

is called Riemann-Liouville right-sided fractional integral of order c.

Example 2.4.1. If f(x) = (x—a)P~!, then find the value of ,/%f(x).

Solution 2.4.1: We have
o 1 " a—1 B—1
ol fx) = (@) /. (x=0)*"(t—a)"dr.
If we substitute 7 = a + y(x — @) in the above integral, it reduces to

L) parp
I'a+p)

where R(B) > 0. Thus

Jd%F(x) = _T) (x—a)*+B-1, (2.4.12)
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Example 2.4.2. It can be similarly shown that

Iy g(x) = %(bX)a+ﬁ_l,x<b (2.4.13)

where R(B) >0 and g(x) = (b—x)P~ 1.

Note 2.4.1: It may be noted that (2.4.12) and (2.4.13) give the Riemann-
Liouville integrals of the power functions f(x) = (x —a)#~! and g(x) = (b —
X)L R(B) > 0.

2.4.3 Basic properties of fractional integrals

Property: Fractional integrals obey the following properties:
alg aI)E(P = aI)?Hﬁ(b = alf al;?(p»
JE P = 1Py — 1P 1%, (2.4.14)

Proof: By virtue of the definition( 2.4.10), it follows that
1 By — 1 /X dr 1 /f o (u)du
T a) Ja (k=) T(B) Ja (1 —u)!-P

1 * B dr
B W/a duq)(u)/u (x—1)1=o(r —u)l-F" (24.15)

If we use the substitution y = ;:—Z, the value of the second integral is

1 ()c—u)""*'ﬁ’_1
L(o)T(B)(x —u)l=o=h Fla+pB) '

which, when substituted in (2.4.15) yields the first part of (2.4.14). The second part
can be similarly established. In particular,

1
/0 YW1 -y ldy =

IO =00 I8 fn € N,R(a) >0 (2.4.16)

which shows that the n-fold differentiation
dn
@al;”’o‘f(x) =J¢f(x),n e N,R(ax) >0 2.4.17)

for all x. When o = 0, we obtain
dn
F () = £ ol "F () = 2 f(6) = £ ). (24.18)

Note 2.4.2: The property given in (2.4.14) is called semigroup property of frac-
tional integration.
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Notation 2.4.3. L(a,b): space of Lebesgue measurable real or complex val-
ued functions.

Definition 2.4.4. L(a,b), consists of Lebesgue measurable real or complex
valued functions f(x) on [a,b]:

b
La,b) = {7 |Iflli~ [ 170ldr <. 24.19)

Note 2.4.3:  The operators ,/* and /¥ are defined on the space L(a,b).
Property: The following results hold:
b b
[ rwazear= [ g (ag)ar (2420)
a a

(2.4.20) can be established by interchanging the order of integration in the integral
on the left-hand side of (2.4.20) and then using the Dirichlet formula (2.4.4).

The above property is called the property of “integration by parts” for fractional
integrals.

2.4.4 A useful integral

We now evaluate the following integral given by Saxena and Nishimoto [Journal of
Fractional Calculus, Vol. 6, 1994, 65-75].

b
/ (t—a)% ' (b— )P~ (et + d)dt = (ac +d)!(b— a) %P~

<Bo P |, pias Bi o .
(2.4.21)

where R(er) > 0,R(B) > 0, |arg Ejﬂ:g | < m,a,c and d are constants.

Solution Let
b
1:/ (t—a)%  (b—1)P (et +d)dr
a

= (ac—&—d)y;) (_(L)jg:dy)),fck /ab(t —a)*™* (b —1)far

= (ac+d)"(b—a)*P~'B(a, B)2Fi (_% oo+ B E;lc_fc)l;) :
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In evaluating the inner integral the modified form of the beta function, namely
b
/ (t—a)®  (b—1)F~dr = (b— )P~ B(at, B), (2.422)
a

where R(ct) > 0,R(B) > 0, is used.

Example 2.4.3.  As a consequence of (2.4.21) it follows that

A (x—a)P (ex+a)") = (ac+d)y(x_a>“+ﬁ‘r(zc(%

X 2 Fy (B —1:a+B: ((Z;fz;) , (2.4.23)

where R(a) > 0,R(B) > 0, |arg EZ;% | < 7,a,c and d being constants. In a similar

manner we obtain the following result:

Example 2.4.4. We also have

(b —x)P (cx+d)Y = (cx-+d))(b—x)* B! F(Zt(ﬁ)ﬁ)

—b
X 2Fy <a7—y;a+[>‘; E)CCH;;) : (2.4.24)

where R(a) > 0,R(B) > 0, |arg E)C‘;fgg\ < T

Example 2.4.5. On the other hand if we set y = —a — 8 in (2.4.21) it is found
that

T'(B)

m(ac—i—d)*a(x—a)aﬂs*l(d—kcx)*ﬁ,

(2.4.25)

D (x—a)P N (ex+d) " P =

where R(er) > 0,R(B) > 0.

Example 2.4.6. Similarly, we have

AF(b—x)P (ex+d)~* P = F(l;t(ﬁ)ﬁ) (ex+d) P (be+d)~%(b—x)* P!
(2.4.26)

where R(at) > 0,R(B) > 0.
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2.4.5 The Weyl integral
Notation 2.4.4. W% .I%: Weyl integral of order o.

Definition 2.4.5. The Weyl fractional integral of f(x) of order c, denoted by
W2, is defined by

o _ 1 /D<7 _ o—1 —oo )
W f(x) = (o) ). (t—x)%"" f(r)dre, <x< (2.4.27)
where o € C,R(a) > 0. (2.4.27) is also denoted by [Z f(x).

Example 2.4.7.  Prove that

—Ax
WA — ela where R(a) > 0. (2.4.28)
Solution: We have
1 oo
we ‘“:—/ r—x)*leMdr, A >0
et = s [t
7/1)( oo
€ o—1_—u
= d
F(oc)lo‘/o u® e "du
e—kx

Notation 2.4.5. D%, D% Weyl fractional derivative.

Definition 2.4.6. The Weyl fractional derivative of order o, denoted by ,.DZ,
is defined by

DEF(x) = D (x) = ( ) s

d 5]
:(_1)'n( ) /x 1+oc _df, —eo<x <o (2.4.29)

wherem—1<a<m, acC,m=0,1,2,....
Example 2.4.8. Find ,D%** A > 0.

Solution: We have

m
ngeflx — (_l)m ( ) xwffaeflx

(2.4.30)

Il
T
=

3
7 N
Ela &la
SN—
3

>

B

2

&
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2.4.6 Basic properties of Weyl integral

Property: The following relation holds:

/ ) ¢ (x) (oI} w(x))dx = / ) (WE(x)) w(x)dx. (2.4.31)
0 0

(2.4.31) is called the formula for fractional integration by parts. It is also called
Parseval equality. (2.4.31) can be established by interchanging the order of integra-
tion.

Property: Weyl fractional integral obeys the semigroup property. That is,
(wewbr) = (wesbr) = (WEWEr). (2432)

Proof: We have

WEWE f(x) = ﬁ [“arte -0t

X ﬁ/xm(u—t)ﬁflf(u)du.

By using the modified form of the Dirichlet formula (2.4.4), namely
a a a
/ di(t —x)%! / (=11 F(u)du = B(at, B) / (=12 f ) du, (2.4.33)
X t t
and letting a — oo, (2.4.33) yields the desired result:
(wewls) = (weby). (2:434)

Notation 2.4.6. _.WZ, I? : Weyl integral with lower limit —co.

Definition 2.4.7. Another companion to the operator (2.4.27) is the following:

W) = IE) = s [ =0 0 o <x < @439)

where R(¢t) > 0.

Note 2.4.4: The operator defined by (2.4.35) is useful in fractional diffusion
problems in astrophysics and related areas.

Example 2.4.9. Prove that

W™ = = (2.4.36)
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Solution: We have the result by setting x —¢ = u.

Note 2.4.5: An alternative form of (2.4.35) in terms of convolution is given by

1 Sl
W f(x) = e L e Uf(x—1)dr (2.4.37)
where
w1 Jt¥ >0
197 =
0,t1<0

Example 2.4.10. Prove that
v -V l
Wy (cosax) =a " cos (ax+ 27rv) (2.4.38)

where a > 0,0 < R(v) < 1.

Solution: The result follows from the known integral

e _ I['(v) \Z1
— v—1 — -
/u (v =) cosax dr = — - cos (au+ : ) . (2.4.39)
Example 2.4.11.  Prove that
1
WY (sinax) = a” ¥ sin (ax+ va) . (2.4.40)

Hint: Use the integral

aV

= r 1
/ (o) sinax dx = ) §in (au+ zﬂv) (2.4.41)
u
where a > 0,0 < R(v) < 1.

Exercises 2.4.

2.4.1. Prove that

(=) = F(Fa(?m(xa)wﬁ—l, R(B) > 0.

2.4.2. Prove that

(atc)r!

(WGt = Ty

Q%A (11 —pa+ ;2
(x a)zl<, Y+aic-

where R(B) > 0,y€ Ca#¢, |%2| < 1.
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2.4.3. Prove that

L(B) (x—a)* !
(@) (b—a)7

(1=~ (b -2)"1) =
X 2F (ﬁJ}’;OHrﬁ;;C_Z)

where R(B) > 0,7€C, a<x<b.
2.4.4. Prove that

| 6= N TR (x—a)t
A b-—x)tB | ] T(a+B) (b—a)*(b—x)P

where R(B) >0, a<x<b.
2.4.5. Prove that

x—a)*tP-l
(a]f‘ {(x—a)ﬁil(xjic)yil}) = F(l;c(ﬁ)ﬁ) ( (a i)c)ly

X o Fy ([371—}’;06+ﬁ; (Z;x))a

c

where R(B) >0, ye C,a#c, || < 1.
2.4.6. Prove that for R(p) > 0,

(a,a <xa>ﬁ-1D L) (- b

a—x
= , <1.
(x+c)xth Lo+ B) (atc)¥(x£c)P |aic|

2.4.7. Prove that

(az;x [e“]) = M (x —a)?Ey g1 (Ax— Aa).

2.4.8. Prove that

(P ) = g gy e R Bt i Aa)

where R(B) > 0,R(a) > 0.
2.4.9. Prove that

(azg [(x—a)%fv(x\/m)}) - (i)a(x_a)"mw(am),

where R(v) > —1.
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2.4.10. Prove that

(at? [tr= a2 viBin-a)] )

L(B)

=i "9 A iV Bidr = da),

where R(B) > 0.

2.4.7 Laplace transform of the fractional integral

We have | N
v _ -1
o) = F | @0 sy, (2.4.42)

where R(v) > 0. Application of convolution theorem of the Laplace transform
gives

v—I1

L{olxvf(x)};s=L{tF(v)}L{f(t);s}

=5 "F(s), (2.4.43)

where R(s) >0, R(v) > 0.

2.4.8 Laplace transform of the fractional derivative

If n € N, then by the theory of the Laplace transform, we know that
d" . n = n—k—1 ¢(k)
Leqs fisp=s F(s) — kgs R0+ (2.4.44)
n—1
=5"F(s)— Y s 0 0+), (n—1< o <n) (2.4.45)
k=0

where R(s) >0 and F(s) is the Laplace transform of f(¢). By virtue of the defi-
nition of the derivative, we find that

R
L{oDY f:s} :L{dxnolx af;S}

n—1 dnfkfl
=s'L{} " f;s} -} s =% f(0+)
k

0
dxnfkfl
-0
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n—1
=s*F(s) — Z sSKD* KL F(04), <D = (?x)
=0

k=

=5%F(s)— Zn: sSSIDYK F(0+)
k=1

where R(s) > 0.

2.4.9 Laplace transform of Caputo derivative

Notation 2.4.7. g oD%

(2.4.46)

(2.4.47)

Definition 2.4.8. The Caputo derivative of a casual function f(r) ( thatis f(r) =0

for t < 0) with & > 0 was defined by Caputo (1969) in the form

n

d —(n—a
CuDEF() =l (o f (@) =D " f 1)

X dx"
1

— m/ax(x_t)n_a_lf(n)(t)dt’(n_1 < OC<n)

where n € N.
From (2.4.43) and (2.4.49), it follows that

LIC oDf ft)is} =5 “L{f ().

On using (2.4.44), we see that
n—1
L{C D¢ (t)is} =5~ |9'F(s) — ¥ " 10 0+)
k=0

n—1
=s*F(s) — Zsafkflf(k)(o—k), (n—1<a<n),
k=0

where R(s) >0 and FR(a) > 0.

Note 2.4.6: From (2.4.48), it can be seen that

%‘ oD¥A = 0, where A is a constant,

whereas the Riemann-Liouville derivative

At ¢

DIA = —
T T - )

) (a;«él,2,~--)7

which is a surprising result.

(2.4.48)

(2.4.49)

(2.4.50)

(2.4.51)

(2.4.52)
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Exercises 2.4.

2.4.11. Prove that
(oY f(x)) = L7'sVL{f (x):5}, (2.4.53)
where R(v) > 0.

2.4.12. Prove that the solution of Abel integral equation of the second kind

qﬁ(x)—r(’l )/Ox( o(t)dt =f(x),0<x<1

o x—1)l-«

o > 0, is given by
d X
o(x) = e /0 Eq[A(x—1)%] f(t) dt, (2.4.54)

where Eq(x) is the Mittag-Leffler function defined by equation (2.1.1).

2.4.13. Show that

A x E(x(},ta) _ o
F(a)/o el = EaA) =1, a>0. (2.455)

2.5 Mellin Transform of the Fractional Integrals
and the Fractional Derivatives

2.5.1 Mellin transform
Notation 2.5.1. m{f(x); s}, f*(s): The Mellin transform

Notation 2.5.2. m~'{f*(s); x}: Inverse Mellin transform

Definition 2.5.1. The Mellin transform of a function f(x), denoted by f*(s), is
defined by

() =m{f(x); s} = /Ooo 71 f(x)dx, x> 0. (2.5.1)

The inverse Mellin transform is given by the contour integral

2T Syioo

fx) =m Y f*(s): x} 1 /Y+ioo FE(s)xSds, i=+v/—1 (2.5.2)
Y

where 7y is real.
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2.5.2 Mellin transform of the fractional integral

Theorem 2.5.1. The following result holds true.

m(oly f)(s) = Wf*(w ), (2.5.3)

where R(a) >0 and R(o+s) < 1.

Proof 2.5.1: We have
oo 1 z
ol D) = [ gy | (e ) e

= 1 - © s _ a—l
= o) /0 f@)de /, F N z—1)*"dz (2.5.4)

On setting z = L, the z-integral becomes

1
tOH'S_I/ w0 (1 —u)* du=r*""1B(a, 1 —a—s), (2.5.5)
0

where R(o) > 0, R(ex+5) < 1. Putting the above value of z-integral, the result
follows.
Similarly we can establish

Theorem 2.5.2. The following result holds true.

I'(s)
I'(s+a)
I'(s)

“Toray 6T (25.6)

m(g f)(s) =

m {1 f(t); s}

where R(a) >0, R(s) > 0.

Note 2.5.1: If we set f(x) =x~*¢(x), then using the property of the Mellin trans-
form

X9 (x) = ¢ (s+a), 2.5.7)
the results (2.5.3) and (2.5.6) become
I'il—a—
I )6) = T 76, 0.59)
where R(et) >0, R(a+s) <1 and
r
(23S (0)6) = s 165 (25.9)

where R(et) >0, and R(s) > 0, respectively.
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2.5.3 Mellin transform of the fractional derivative

Theorem 2.5.3. If n € N and lim; ..t f")(t) =0, v=0,1,--- ,n, then

{0 (9} = (1) 1

where R(s) > 0,R(s —n) > 0.

m{f(t); s—n}, (2.5.10)

Proof 2.5.2: Integrate by parts and using the definition of the Mellin transform,
the result follows.

Example 2.5.1. Find the Mellin transform of the fractional derivative.

Solution 2.5.1: We have
oDy f=0oDy oDy ™" f = oDy oy % f.

Therefore,

(=1)"TI'(s)

[(s—n)

_ E=D)"Tr - (s—a))
T(s—n)(1—s+n)

where R(s) > 0,R(s) < 1+ R(ax).

m(oD¥ f)(s) = m{oll* f}(s—n),(n—1<R(a) <n) (2.5.11)

m{f(t);s—a}, (2.5.12)

Remark 2.5.1: An alternative form of (2.5.12) is given in Exercise 2.5.2.
Exercises 2.5.

2.5.1. Prove Theorem 2.5.2.

2.5.2. Prove that the Mellin transform of fractional derivative is given by

3 _ (=1)"T(s)sin[x(s —n)]
m(oDy f)(s) = I'(s—a)sin[m(s— )]

where R(s) > 0,R(a —s) > —1.

m{f(t);s—o}, (2.5.13)

2.5.3. Find the Mellin transform of (1+x%)~%;a,b > 0.

2.6 Kober Operators

Kober operators are the generalization of Riemann-Liouville and Weyl operators.
These operators have been used by many authors in deriving the solution of sin-
gle, dual and triple integral equations possessing special functions of mathematical
physics, as their kernels.
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Notation 2.6.1. Kober operator of the first kind

IF ()], Mo, = f(0), Lo, n)f(x), Egy' f, 10 f.

Notation 2.6.2. Kober operator of the second kind

RIf(x)], R, : f(x)], R, §)f(x),KLS f. K .

Definition 2.6.1.

=119 f= /x(x—t)“*lr"f(t)dt, (2.6.1)
0
where R(¢r) > 0.
Definition 2.6.2.
R[f(x)] =Ra,{ : f(x)] = R(e, §) f(x) = K&E f

xg

:KXC-& f= (o) /xm(t—x)o‘*lfgfo‘f(t)dt7 (2.6.2)

where R(¢r) > 0.

(2.6.1) and (2.6.2) hold true under the following conditions:

1 11 1
fEL,(0,00),%R(ct) >0,%R(1) > ——R()>——,—+-=1,p> 1.
p(0,00), R (x) (n) . (¢) Fira

When 1) =0, (2.6.1) reduces to Riemann-Liouville operator. That is,
190 f = x~% gI%f. (2.6.3)
For { =0, (2.6.2) yields the Weyl operator of % f(¢). That is,
K2 = W2 %f(r). (2.6.4)
Theorem 2.6.1. [Kober (1940)].

If R(@) > 0,R(n —s) > —1,f € Ly(0,),
subspace of Ly(0,%) and p >2 ), R(n) > —

<p<2 (or feMy(o,),a
1
q

formula

1
l, 1,1 1, then there holds the
q’p

_+n—s)

m{l(a,n)f}(s) = F(Ot—i—n—f—l—s)m{f(x);s}’ (2.6.5)
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Proof 2.6.1: It is similar to the proof of Theorem 2.6.1.

In a similar manner, we can establish
Theorem 2.6.2. [Kober (1940)].

IfR(at) >0,R(s+C8) >0,f€Ly(0,0),1<p<2 (or fe&Mpyo,),asub-
space of Ly(0,) and p >?2)

then,

@ OH0) = oo e i), 266)

(a+{+s)
Semigroup property of the Kober operators has been given in the form of

Theorem 2.6.3.If f € L,(0,),8 € Ly(0,),

Ll LR > LR >
—%,1 <p<2,(or f€My(o,), asubspace of L,

+
(0,00) and p > 2 ), then

| swen: mwae= [ re@@n )@ (2.6.7)

Proof 2.6.2: Interchange the order of integration.

Remark 2.6.1: Operators defined by (2.6.1.) and (2.6.2) are also called Erdélyi-
Kober operators.

Exercises 2.6.

2.6.1. Prove Theorem 2.6.1.

2.6.2. For the modified Erdélyi-Kober operators, defined by the following equations
form > 0:

L(oe, 1 = m) f(x) = I(f(x) - &t,1,m)
_ Lx— —ma+m—1 i _ mya—1
) M=mot+ /ot"(x”‘ ™) %7 f(r)de, (2.6.8)

and

R(aac : m)f(x) - R(f(x) - a, Cam)

mx [
- —C—ma+m—1/m _ _myo—1
") / ! (" =" f(e)dr, (2.6.9)
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where f € L,(0,00),R(c) > 0,%(n) > —1,R({) > —1, 1+ L =1, find the Mellin
transforms of (i) I(a,n:m)f(x) and (ii)) R(e, & :m)f(x), giving the condi-
tions of validity.

2.6.3. For the operators defined by (2.6.8) and (2.6.9.), show that

/:R(f(x) o, 1, m)g(x)dx = '/:f(x)}l(g(x) 0,1, m)dx, (2.6.10)

where the parameters ¢, 7, m are the same in both the operators I and R. Give
conditions of validity of (2.6.10).

2.6.4. For the Erdélyi-Kober operator, defined by

2)6720‘7217

Inaf(x)= “Ta)

/x(xz—tz)“*'tzn“f(t)dt, (2.6.11)
0

where R(or) > 0, establish the following results (Sneddon (1975)):

() Inoax®P f(x) =x*P 1y g o f(x) (2.6.12)
(11) 1n7aln+a7ﬁ = 17105+B = 1n+a7ﬁ’ln’a (2.6.13)
(i) Ik  =Iie-o (2.6.14)

Remark 2.6.2: The results of Exercise 2.6.4 also hold for the operator, defined by

2x21

Kpof(x) = @) /X m(zz —x?) %1 2e 24 () dy, (2.6.15)

where R(¢r) > 0.

Remark 2.6.3: Operators more general than the operators defined by (2.6.11) and
(2.6.15) are recently defined by Galué et al [Integral Transform & Spec. Funct. Vol.
9 (2000), No. 3, pp. 185-196] in the form

x n-a

HI)?’af(x) = r(a)

fx(x— D% N f(t)dt, (2.6.16)

where R(a) > 0.

2.7 Generalized Kober Operators

Notation 2.7.1. I[a,B,y:m,u,n,a: f(x)],I[f(x)]

Notation 2.7.2. I[a,B,y:m,u,8,a: f(x)],I[f(x)]
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Notation 2.7.3. R[/(x)J.R [§57 : /(x)]
Notation 2.7.4. K[f(x)],K [‘”"Yj : f(x)}

Notation 2.7.5. I§"7" f(x) (Saigo, 1978)
Notation 2.7.6. J% " f(x) (Saigo, 1978)

Definition 2.7.1.
I[f(x)] =Ia,B,y:mu,n.a: f(x)]

px !

— s o (B S ) o @71

where F] () is the Gauss hypergeometric function.

Definition 2.7.2.

I[f(x)] =1[et, B,y:m,u,6,a: f(x)]
ux®

o i
= m/ 2F (aﬁ +m;)/;a;;> 071 f(t)dr. (2.7.2)

Operators defined by (2.7.1) and (2.7.2) exist under the following conditions:

(i) 1<p, g<e, p'+q =1, arg(1-a)| <7
) R —-oa) >mR(n) > —5,9((5) > —— EK(}/ o—pB—m)>—1,mée Ny;
Y#Oa_lv_zf"
(iii) f € Ly(0,00)
Equations (2.7.1) and (2.7.2) are introduced by Kalla and Saxena (1969).

For y=f, (2.7.1) and (2.7.2) reduce to generalized Kober operators, given by
Saxena (1967).

Definition 2.7.3.
RIf()] =R 551/ ()]

x~o°p

I'(p)

Definition 2.7.4.

K] =K [§57 p()]

X0

_ F(p)/x 0P —P o (o Bira(1-3) | far @74

YO =P LR (e Bsya (1 —i)}f(t)dt. (2.73)

S~
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The conditions of validity of the operators (2.7.3) and (2.7.4) are given below:

i) p>1,qg<oo, pl+glt=1, |arg(l—a)| <.
(ii) 9?(6)>—$,‘K(5)>—%,5K(p)>0.

(iii) y#0,—1,-2,--;R(y—a—B) > 0.

(iv) f € Ly(0,).

The operators defined by (2.7.3) and (2.7.4) are given by Saxena and Kumbhat
(1973). When a is replaced by ¢ and o tends to infinity, the operators defined by
(2.7.3) and (2.7.4) reduce to the following operators associated with confluent hy-
pergeometric functions.

Definition 2.7.5.

R[50 (0)] = im & 207 (o)

Oo—0

N XF:P)p ./oxcp [B’%“ (1 - j})} tO(x—t)P f(t)dr.  (2.7.5)

Definition 2.7.6.

K [0l ()] = lim K [30 1(0)]

Of— 00
S

~ I(p) /:’(D [B’”“O*),ﬁ)]f_é_”(f*@”‘lf(t)dr, (2.7.6)

where R(p) > 0,%R(5) > 0.

Remark 2.7.1: Many interesting and useful properties of the operators defined by
(2.7.3) and (2.7.4) are investigated by Saxena and Kumbhat (1975), which deal with
relations of these operators with well-known integral transforms, such as Laplace,
Mellin and Hankel transforms. Equation (2.7.3) was first considered by Love (1967).

Remark 2.7.2: In the special case, when « is replaced by o+ 3,7 by @, 0 by
zero, p by a and 3 by —m, then (2.7.3) reduces to the operator (2.7.7) considered
by Saigo (1978). Similarly, (2.7.4) reduces to another operator (2.7.9) introduced by
Saigo (1978).

Definition 2.7.7. Let o, 8,1 € C, and let x € R the fractional integral (R(a) > 0)
and the fractional derivative (R (o) < 0) of the first kind of a function f(x) on R
are defined by Saigo (1978) in the form

x B px
B2 10 =Ry | =0

% oF (a+B,—nsas1 - %) F(6)dt, R(er) >0 2.1.7)

_ %zgj”ﬁ—"m—" £, 0<R(a)+n<1, (neNy).  (27.8)
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Definition 2.7.8. The fractional integral (R(o) > 0) and fractional derivative
(R(a) < 0) of the second kind of a function f(x) on R are given by Saigo (1978)
in the form

FEBN f0) = o [Tt

I'(a)
X oF] (a B Mol — th) F(0)dr, R(a) >0 (2.7.9)
- (_1)"(%@:"#"7” Fx), 0<R(@)+n <1, (neNo). (27.10)

Example 2.7.1. Find the value of
Igf)’cﬁ‘n {xo_l 2Fi(a,byc;—d'x)} .
Solution 2.7.1: We have

K= Igff’n {x"fl 2Fi(a,b;c;—d'x)}

_ i (a),(b),(—1)’(a’)’[a,57nxr+67]
= ¢)r! O.x '
Applying the result of Exercise 2.7.1, we obtain

K= ob Ly @0 TE TG =B+ n (@)

= (e)r! T(o—B+rT(a+n+oc+r)

o _TOT(c+n-p)

I(c—B)(c+a+n)
X 4F3(a7b56a6+n_ﬁ;cac_B7G+a+n;_a/x)a

where R(a) > 0,R(0) >0,R(c+n—PB)>0,c#0,—1,-2,---; |a'x| < L.

Example 2.7.2. Find the value of

a/
Jff;f’n ()c)L »F (a,b;c; )) )
' X

Solution 2.7.2: Following a similar procedure and using the result of Exercise
2.7.3, it gives

cl (X}L . (a’b;c; i)) B F(—F?(LI)SF_(S )+F1(3n+—nl—)x)xlﬁ

/
X 4F3 (a7b7ﬁ_)’7n_z';c7_a’aa+ﬁ+n_)‘;a)7
X

where R(at) > 0,R(B—-21) >0,R(MN—A)>0,x>0,c£0,—1,-2,---; |x| > |d|.
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Remark 2.7.3: Special cases of the operators Igf )’Cﬁ T and J;. B are the operators
of Riemann -Liouville: '

I ®" f(x) = oDy 4 f(x) = ﬁ /0 x(x—tw*‘ f(O)dr, (R(e) >0)  (2.7.11)
the Weyl:
Joa O f(x) = WL f(x) = ﬁ/xm(t—x)a_lf(t)dt, R(a)>0)  (2.7.12)

and the Erdélyi-Kober operators:

o /x(x—z)afltﬂf(t)dt, (R(a) >0) (2.7.13)

53 10 =BG ) = Ty )

and

S 50 = KD 700 = 2o [0 i T p(a, (R(@) > 0)
2.7.14)

Example 2.7.3. Prove the following theorem.

If R(a) > 0 and R(s) < 1+ min[0, R(n — B)], then the following formula holds
for f(x) € L,(0,00) with 1 < p <2 or f(x) € M,(0,00) with p > 2:

m{PIPN = F(E(l S_s);)(?(;ﬁ;;s)s)m{f(x)}. (2.7.15)

Solution 2.7.3: Use the integral

s _ o X I(re)(y+o—a—p)
/X u= M (u—x)"" 5F (a’ﬁ’y’l_;)du_ [(y+o—a)[(y+c—B)’

(2.7.16)
where R(y) >0, R(c) >0, R(y+o—a—)>0.
Exercises 2.7.
2.7.1. Prove that
jabn g LOHATA+A40-B) ;.4 @2.7.17)

o T TArA Bt Atrarn)

and give the conditions of validity.
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2.7.2. Find the Mellin transform of x# J ff B f(x), giving conditions of its validity.

2.7.3. Prove that

Jopa A _ L(B-A)I'(n—-2) B
= T AN+ Brn—A)

(2.7.18)

and give the conditions of validity.

2.7.4. Prove that
- T(k+DI(n+k=B+1) 4
JOBN ((ke—Axy _ kP
0x " (Fe™) Tk—B+DI(at+n+k+1)
X oF(k+1,n+k—B+1; k—B+1,00+n+k+1;—2Ax),

2.7.19)
and give the conditions of validity.
2.7.5. Prove that
- pl'(B—n)
JOB.M o—sx — n\M—B d(l—a—B.1 —B:—
X,00 € §TX F(a—FB) ( (o 137 +77 13 S)C)
I'(n—p)
P _Zlo(l—a—n,1+B—-1;— 2.7.20
S St (I—a—mn,1+p—n;—sx), ( )

and give the conditions of its validity. Deduce the results for L[ ;W f](s) and
LI K f1(5)-

2.7.6. Prove that [Saxena and Nishimoto (2002)]

OO +1-B) o p
(c-B)T(c+o+n)

Igf)’(ﬁ’n X Na+bx)] = aCF

b
X 3P <6,6+n—ﬁ,—c; G—ﬁ,G—FOt—i—T];—:),

(2.7.21)
where R(o) > max[0,R(B —n)], |%x\ <1.
2.7.7. Evaluate 5 (@)
a,p,n -1 N 2, Aapy
i {x" H [ax \(b:,B;’)} } A >0, (2.7.22)
and give the conditions of its validity.
2.7.8. Evaluate
a,p, —1 5 —A (ahA >
JeBn {xc H [ax \<b;_35)} } A>0, (2.7.23)

and give the conditions of its validity.
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2.7.9. Establish the following property of Saigo operators called “Integration by
parts”.
|5 (687e) war = [ o) (3287) (a

2.7.10. From Exercise 2.7.6, deduce the formula for

Ios *Ma+bx)", (2.7.24)
given by B. Ross (1993).
2.7.11. Prove that C(ka1
ol = r(a(+4/;+)1)xk+a’ (2.7.25)
where R(or) > 0, R(k) > —1,
2.7.12. Prove that
Wk = F(F_(O_‘;)k)x’(*“, (2.7.26)

where R(ot) > 0, R(k) < —R(x).
2.7.13. Show that
JEBN (e = AP G [ Ny ’l} : (2.7.27)

where G;g() is the Meijer’s G-function, R(px) > 0, R(a) >0

Hint: Use the integral

—px __ i . s
P = 2m_/LF( s)(px)°ds. (2.7.28)

2.7.14. Evaluate
I&&B»ﬂxcfll_]zﬁ]n |: 7l| a/uA/; :| 7 2> 0, (2.7.29)

giving the conditions of its validity.

2.7.15. Evaluate
J)‘(’ff*"x“_lH,’jf’"{ o ] A>0 (27.30)

and give the conditions of validity of the result.

2.7.16. With the help of the following chain rules for Saigo operators ( Saigo, 1985)
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a.B.nyy.8.a4n o _ joty,p+68.n
IO,X IO,X fﬁIO_,x f7

and

Jgf-,njxyﬁfownf — Jg:7=ﬁ+5=nf’

derive the inverses

Py — —o,—p,o+
(IPmyt =g ePer,

and

(]gf.n)—l :J;gfﬁ.a+n.

121

(2.7.31)

(2.7.32)

(2.7.33)

(2.7.34)

2.8 Compositions of Riemann-Liouville Fractional Calculus

Operators and Generalized Mittag-Leffler Functions

In this section, composition relations between Riemann-Liouville fractional calcu-
lus operators and generalized Mittag-Leffler functions are derived. These relations
may be useful in the solution of fractional differintegral equations. For details, one
can refer to the work of Saxena and Saigo (2005). For ready reference some of the

definitions are repeated here.

2.8.1 Composition Relations Between R-L Operators and Eg, y5 ()

Notation 2.8.1. E,(x) : Mittag-Leffler function.
Notation 2.8.2. E, g(x) : Generalized Mittag-Leffler function.
Notation 2.8.3. [§, f : Riemann-Liouville left-sided integral.

Notation 2.8.4. % : Riemann-Liouville right-sided integral.

Notation 2.8.5. Dg, f : Riemann-Liouville left-sided derivative.

Notation 2.8.6. D : Riemann-Liouville right-sided derivative.

Notation 2.8.7. Egiy(z) : Generalized Mittag-Leffler function (Prabhakar, 1971).
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Definition 2.8.1.

oo Zk
Ea(z)zkgbm, (a€C,R(a)>0). (2.8.1)
Definition 2.8.2.
o k
Eqp(z)=Y m (a,B € C,R(a) >0,R(B) > 0). (2.8.2)
k=0
Definition 2.8.3.
(18 1)(x) = F(la) /OX e fg)]a dr, R(a) > 0. (2.8.3)
Definition 2.8.4.
p Lo fQ)
N0 = Fa / et X(@) >0 (2.8.4)
Definition 2.8.5.
[o]+1
(D f)(x) = (i) <Ié+{“})(x); R(a) >0 (2.8.5)
1 d\ 9 e r)
- r(l—{a})<dx> /0 mdz, R(x) >0.  (2.8.6)
Definition 2.8.6.
[a]+1
onw=(5) 07N, R >0 87)
1 d [a]+1 e f(t)
= m (_dx) /x mdt, ER((X) > 0. (2.8.8)

Remark 2.8.1: Here [«] means the maximal integer not exceeding ¢ and {a}
is the fractional part of a. Note that T'(1 — {a}) =T(m— a),[o] + 1 = m,{a} =
l+o—m.

Definition 2.8.7.

(8)i*

Ejy(2) = k;) C(Bk+ k!’

(B,y,6 € C;R(y) > 0,R(B) > 0). (2.8.9)

For 6 = 1, (2.8.9) reduces to (2.8.2).



2.8 Riemann-Liouville Fractional Calculus 123

Theorem 2.8.1. Let x>0, >0, y>0 and a € R. Let I, be the left-sided
operator of Riemann-Liouville fractional integral (2.8.3). Then there holds the for-
mula

(I3 [0 ER J(atP))) (x) = x*HTER L (axP). (2.8.10)

Proof 2.8.1: By virtue of (2.8.3) and (2.8.9), we have
ntn[ﬂ-y 1

K= (I&[IY_IEEYY(atﬁ)D(X) = ﬁ/{)x ) 1 Z ﬁn—H/ n! Tnrpm

Interchanging the order of integration and summation and evaluating the inner inte-
gral by means of beta-function formula, it gives
= xotr-1 Z axﬁ)
(o + Bn +7)(n)!

= xo‘*Y*lEg,a+y(axB).

This completes the proof of Theorem 2.8.1.
Corollary 2.8.1: Fora > 0,8 > 0,7 > 0 and a € R, there holds the formula

(I 17" Ep oy (atP)]) (x) = x* T Ep gy (axP). (2.8.11)

Remark 2.8.2: For 8 = «, (2.8.11) reduces to

vl 1
(17 Ealar™))) () = — | Eay(@®) - ) @0 es2
by virtue of the identity
1
Eqy(x) = ) +xEq.a4y(x),(a#0). (2.8.13)

Theorem 2.8.2. Lera > 0,3 >0,y >0and a € R, (a #0) and let I§, be the left-
sided operator of Riemann-Liouville fractional integral (2.8.3). Then there holds the
formula

_ 1 B -
U5 7 Eg (@) (x) = xS oy p(axf) =Bl plar®)).
(2.8.14)

Proof. Use Theorem 2.8.1.

The following two theorems can be established in the same way.
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Theorem 2.8.3. Let o > 0,8 > 0,y > 0 and o € R and let I® be the right-sided
operator of Riemann-Liouville fractional integral (2.8.4). Then we arrive at the fol-
lowing result:

(1% *VEg (at P)))(x) = xVE] ., (axP)] (2.8.15)

Corollary 2.8.2: Fora > 0,5 >0,7y> 0and a € R, there holds the formulas:

(1% % YEp ,(at™P)))(x) = x V[Ep gy y(axP)] (2.8.16)
and

(1% * " Eg(atP))(x) = x ' [Ep g1 (axP)). (2.8.17)

Theorem 2.8.4. Let o > 0,8 >0,y >0, € R, (a#0),004+7 > B and let I* be
the right-sided operator of Riemann-Liouville fractional integral (2.8.4). Then there
holds the formula

(%[> VEg (at P)])(x) = lxﬁ_y[Eg’aH_ﬁ(ax_ﬁ) —ESL  (axPY).

a ﬁaOH'Y—B
(2.8.18)

Corollary 2.8.3: Foro >0,8>0,y>0witho+y> 3 andfor o € R, (a+#0),
there holds the formula

(1B ar P (x) = 2 [Eﬁw—ﬁ(‘”‘ﬁ) B mﬁy_ﬁ)} |
(2.8.19)

Remark 2.8.3: (Kilbas and Saigo, (1998) )

o —o— —a _ X —a 1
(1%t~ * TEqy(ar™%)])(x) = p {any(ax ) — F(y)] ,(@#£0)  (2.8.20)
o1
(1%t Eq(at=*)])(x) = - [Eq(ax™%)—1], (a #£0). (2.8.21)

Theorem 2.8.5. Let o« > 0, > 0,y > 0,y > o, @ € R and let Df, be the left-
sided operator of Riemann -Liouville fractional derivative (2.8.6). Then there holds
the formula.

(D§, [t Ef (atP))) (x) = x" ' E] _ (axP). (2.8.22)

Proof 2.8.2: By virtue of (2.8.9) and (2.8.6), we have
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) [a]+1 (I(;+{a} [t”’lEg#(atﬁ)} ) (x)

aﬂ(g)n d o] +1 . ) »
¢« T(y+nB)T(1—{a})n! (dx) /0 Pl (x —p) (o} g

&l

K = (DG ES(ai)])(x) = (

[ ngk

n

_ i a'(8), <d> [a]+1xnﬁ+7—{a}
= T(y+nB+1—{a})n! \ dx

— a”(5)nx7+"ﬁ—a—1 o 5
= —_ = E
ngf) C(nB +7y—o)n! * ﬁ,y—a(ax )s

which proves the theorem.

By using a similar procedure, we arrive at the following theorem.

Theorem 2.8.6. Let a > 0,y > B > 0,a € R, (a #0), y > o+ and let D§,
be the left-sided operator of Riemann-Liouville fractional derivative (2.8.6). Then
there holds the formula

_ | _
(0§17 B arP))) () = @ B[ pladP) 3L plad)].
(2.8.23)

Corollary 2.8.4: Let oo > 0,y>f > 0,a €R, (a#0), v > a+ B, then there
holds the formula.

(D{ﬁ [tyflEﬁ_y(atﬁ)]) (x)= éxy")‘*ﬁ*l [Eﬁ,yaﬁ (axﬁ) - F(},laﬁ)} .
(28.24)

Theorem 2.8.7. Letra >0,y >0, y—a >0withy—a+{a} > 1,o € R, and let
D% be the right-sided operator of Riemann-Liouville fractional derivative (2.8.8).
Then there holds the formula.

(DZ [t“*VEg’y(afﬁ)]) (1) =x7ES 4 (axP). (2.8.25)

Theorem 2.8.8. Let o0 > 0,8 >0 withy—{a} > 1, a €R, y> a+f, (a#0)
and let D% be the right-sided operator of Riemann-Liouville fractional derivative
(2.8.8). Then there holds the formula

(D21 7E] (ar P)]) () = L

5 - 5 -
[Eﬁ,yiaiﬁ(ax ﬁ)—Eﬁ7yla7ﬁ(ax ﬁ) )
(2.8.26)

a



126 2 Mittag-Leffler Functions and Fractional Calculus

Exercises 2.8.

2.8.1. Show that

axﬁEgﬁy(axﬁ) = Eg,y—ﬁ (axP) — Eg;l_ﬁ (axP), (a #0) (2.8.27)
2.8.2. Show that
_ 7 1
(I8 [t "Eqy(at®)]) (x) = xa Eq y(ax*) — ™™ (a#0). (2.8.28)

2.8.3. Prove Theorem 2.8.3.
2.8.4. Prove Theorem 2.8.4.
2.8.5. Prove Theorem 2.8.6.
2.8.6. Prove Theorem 2.8.7.
2.8.7. Prove Theorem 2.8.8.

2.8.8. Prove that

mn (ap,Ap) m,n+1 (-0,0),(apAp)
(o o163 ) 0 =2t [ g (e 2829

giving conditions of validity.

2.8.9. Evaluate

(If‘twygf,qn [’GQZZ.TQZ))D (%), (2.8.30)

and give the conditions of validity.

2.9 Fractional Differential Equations

Differential equations contain integer order derivatives, whereas fractional differen-
tial equations involve fractional derivatives, like d‘i—u;, which are defined for o > 0.
Here « is not necessarily an integer and can be rational, irrational or even complex-
valued. Today, fractional calculus models find applications in physical, biological,
engineering, biomedical and earth sciences. Most of the problems discussed involve
relaxation and diffusion models in the so called complex or disordered systems.
Thus, it gives rise to the generalization of initial value problems involving or-
dinary differential equations to generalized fractional-order differential equations
and Cauchy problems involving partial differential equations to fractional reaction,
fractional diffusion and fractional reaction-diffusion equations. Fractional calculus
plays a dominant role in the solution of all these physical problems.
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2.9.1 Fractional relaxation

In order to formulate a relaxation process, we require a physical law, say the relax-
ation equation

d 1
af(t)+zf(t):0,t>0,c>0, (2.9.1)

to be solved for the initial value f(r = 0) = fy. The unique solution of (2.9.1) is
given by
f(6)=fo e 6,1 >0,¢>0. (2.9.2)

Now the problem is as to how we can generalize the initial-value problem (2.9.1)
into a fractional value problem with physical motivation. If we incorporate the initial
value fj into the integrated relaxation equation (2.9.1), we find that

FO)— fo= —% oD (1), (293)

where oD; ! is the standard Riemann integral of f(z). On replacing % oD; ! f(1) by
& oD ® f(¢), it yields the fractional integral equation

ft)—fo=— <cla> oD f(t), >0 (2.9.4)

with initial value
fo=f(t=0).

Applying the Riemann-Liouville differential operator oD¥ from the left and making
use of the formula (2.4.16), we arrive at

ODt(X[f(‘x) 7f0} = 7C_af(t)a o> 07C > 07 (295)

with initial condition fy = f(r = 0).

Theorem 2.9.1. The solution of the fractional differential equation (2.9.4) is given
by

i 1\% 0,1
70 =113 | ()" 08 0| 296)
where o0 > 0,c¢ > 0.

Proof 2.9.1: If we apply the Laplace transform to equation (2.9.4), it gives

F(s)— fos ' = —is—“F(s), (2.9.7)

c®

where we have used the result (2.4.7) and F(s) is the Laplace transform of f(z).
Solving for F(s), we have
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128
51
F(s)=L =fo| ——|. 2938
6 =LUO} =5 | 5] 08)
Taking inverse Laplace transform, (2.9.8) gives
~1
=L HF@e)=fol ' | ———
10 =L PO} =l | )
:fOL71 [Z(_l)kcaksakll
k=0
o (_1)k(£)ak
=h), T(otk+1)
k=0
\N&
~ foFa [— () } : (2.9.9)
where Eq(-) is the Mittag-Leffler function. (2.9.9) can be written in terms of the
H-function as
1% 0,1
F(t) = foH {(6) |(0’1)7(07a>], (2.9.10)

where ¢ > 0, ¢ > 0. This completes the proof of the Theorem 2.9.1.

Alternative form of the solution. By virtue of the identity

A 1 (ap. )
Hoe {xﬂyggng:” = H15{,’;57; [x\ ’ Bﬁ;)] , (L>0) (2.9.11)
EA
the solution (2.9.10) can be written as
Jo 10108
F0) =5z | lo® o] (29.12)
where o > 0,¢ > 0.
Remark 2.9.1: 1In the limit as @ — 1, one recovers the result (2.9.2)
(2.9.13)

0 =foewp (=) = fofi (%)

In terms of Wright’s function, the solution (2.9.10) can be ex-

Remark 2.9.2:
(2.9.14)

pressed in the form
1,1 14
f(t)=forw [El.a)) ;(E)a} )

where o > 0,¢ > 0.
In a similar manner, we can establish Theorems 2.9.2 and 2.9.3 given below.
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Theorem 2.9.2. The solution of the fractional integral equation
N(t) = Not ™' = —¢¥ oD,V N(1), (2.9.15)

is given by
N(t) = NoD ()~ Ey u(—c¥1H), (2.9.16)

where Ey ,(-) is the generalized Mittag-Leffler function (2.1.2), v > 0,u > 0.

Remark 2.9.3: When y = 1, we obtain the result given by Haubold and Mathai
(2000).

Theorem 2.9.3. [f¢ > 0,v > 0,1 > 0, then for the solution of the integral equation
N(t) = No t"'EY y[—(et)'] = —coD; Y N(t), (2.9.17)
there holds the formula
N(t) = No " TETH [~ (er)"). (2.9.18)
Hint: Use the formula

L {s’ﬁ(l —as*“)*y} =PEY (a®), (2.9.19)

where R(o) > 0,R(B) > 0,R(s) > |a|%,9?(s) > 0.
Corollary 2.9.1: Ifc > 0,u > 0,v > 0, then for the solution of
N(t) = Nott ' Ey y[—c¥t¥] = —¢¥ oD; Y N(1), (2.9.20)
there holds the relation
_ No

N(1) = 7#‘*' [Eypu—1(—c"t")+(1+Vv—p)Ey 4 (—c"1")]. (2.9.21)

Theorem 2.9.4. The Cauchy problem for the integro-differential equation
oD¥ f(x)+A oD;Y f(x) =h(x), (A,u,veC) (2.9.22)
with the initial condition
DML £(0) = a, k=0,1,---, [u], (2.9.23)

where R(v) > 0,R(u) > 0 and h(x) is any integrable function on the finite interval
[0,b] has the unique solution, given by

1@ = [ =0 B2 G— 00

n—1
+ Y at T E i (— A ) (2.9.24)
k=0
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Proof 2.9.2: Exercise.

Theorem 2.9.5. The solution of the equation

oDz%f(f) +bf(t) =0; [thif(’)] =C, (2.9.25)
=0

where C is a constant is given by

=
I
Q
HI
=
S

11 (*bi%) ) (2.9.26)

where E| | (-) is the Mittag-Leffler function.

[N}
[}

Proof 2.9.3: Exercise see (2.4.47).

Remark 2.9.4: Theorem 2.9.5 gives the generalized form of the equation solved
by Oldham and Spanier (1974).

Exercises 2.9.

2.9.1. Prove that if ¢ > 0,v > 0, it > 0, then the solution of

N(t) = Not" 'Ej |, (c"1) = —c"oD; ¥ N(t), (2.9.27)
is given by
Nott—1
N([) :N()tl"l_lE?,!u(—Cvtv) = (;T |:Ev_’“2(—cvlv)

+{3(v+1)=2u}Eyy1(—c"t")

+{2v2+u2+3v—2u—3vu+1}Ew(—cvtv)], (2.9.28)

where R(v) >0, R(u) > 2.

2.9.2. Prove that if v > 0,¢ > 0,d > 0,u > 0,c # d, then for the solution of the
equation
N(t) = Nott ' Ey y(=d*t") = —c"oD; Y N(t), (2.9.29)

there holds the formula.

h—v—1
N(t) = Noﬁ [Eypu—v(=d"t") —Ey u—v(—c"1")]. (2.9.30)

2.9.3. Prove that if ¢ > 0,v > 0, t > 0, then for the solution of the equation
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N(t) = Not" 'Ey y(—c't") = —c"oD; Y N(1), (2.9.31)
the following result holds:

N(t) = %r“*‘ [Eypu—1(—c"t")+(1+V—p)Ey u(—c"1")]. (2.9.32)

2.9.4. Solve the equation

oDP f(t)+oDf £(t) = g(1),

where g — Q is not an integer or a half integer and the initial condition is

DI ) +oDE F(1)|  =cC (2.9.33)
t=0

where C is a constant.
2.9.5. Solve the equation

oD x(t) — Ax(t) = h(zr), (t >0), (2.9.34)

subject to the initial conditions

|:OD;xfk h(l):| = by, (k =1, ,I’l) (2.9.35)
wheren—1 < o < n.

2.9.6. Prove Theorem 2.9.4.

2.9.7. Prove Theorem 2.9.5.

2.9.2 Fractional diffusion

Theorem 2.9.6. The solution of the following initial value problem for the frac-
tional diffusion equation in one dimension

U (x,t)

oD* U (x,t) = 127, (t >0,—00 < x < o) (2.9.36)
with initial conditions :
lim U(x,1) =0;[oD{ " U(x,1)],_, = ¢ () (2.9.37)

X—rFoo

is given by
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Ut = [ G-, (2.9.38)
where
Glx,1) = % /m 1% E g o(—k2221%) cos kx dk. (2.9.39)
0

Solution 2.9.1: Let 0 < o < 1. Using the boundary conditions (2.9.37), the
Fourier transform of (2.9.36) with respect to variable x gives

oD U (k,t) + A*k*U (k,t) = 0 (2.9.40)

[oDF ' U (k,1)],_y = 0 (k). (2.9.41)

i

where k is a Fourier transform parameter and ¢ — ’ indicates Fourier transform.
Applying the Laplace transform to (2.9.40) and using (2.9.41), it gives

- 3(k)
(k) =

where ¢ ~ ’ indicates Laplace transform. The inverse Laplace transform of (2.9.42)
yields

(2.9.42)

U(k,t) = t* ' ¢ (k) Eq o (—A2K?), (2.9.43)

and then the solution is obtained by taking inverse Fourier transform. By taking
inverse Fourier transform of (2.9.43) and using the formula

Lo | e
— [ me”kxf(k)dk:E./O (k) cos(kx)dk (2.9.44)
we have
U= [ G- Lo, (2.9.45)
where
L= o 2,20
Glr.1) = /0 1% By o (K22 2%) cos (kx)dk (2.9.46)

with R(a) > 0,k > 0.

Exercises 2.9.

2.9.8. Evaluate the integral in (2.9.46).

2.9.9. Find the solution of the Fick’s diffusion equation

d 92
EP(X,[) = lwp(.x7t)7

with the initial condition P(x,7 = 0) = §(x), where §(x) is the Dirac delta function.
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