Chapter 2
Schechter—Tintarev Linking

The relationship between the classical linking theorem and the sign-changing
critical point is established. The abstract theory is applied to elliptic equa-
tions with miscellaneous resonance.

2.1 Schechter—Tintarev Linking

Let E be a Hilbert space endowed with an inner product (-,-) and the asso-
ciated norm || - ||. Define a class of contractions of E as follows.

re,)ec(o1]xEE), I0,)=id,

for each t € [0,1), I'(t,-) is a homeomorphism of E
~ onto itself and I'"*(¢,-) is continuous on [0,1) x E;
" there exists a ¢y € E such that I'(1,2) = x¢

for each x € E and that I'(t,x) — xg as t — 1

uniformly on bounded subsets of E

Obviously, I'(t,u) = (1 — t)u € P.

Definition 2.1. A subset A of F is linked to a subset B of Eif ANB =10
and, for every I' € @, there is a t € [0, 1] such that I'(¢, A) N B # 0.

Proposition 2.2. Let H € C(E,RY) and Q C E be such that Hy = H|q is
a homeomorphism of Q onto the closure of a bounded open subset £2 of RY .
Let p € 2; then Hy ' (002) links H='(p).

Proof. Assume by negation that H, '(942) does not link H~'(p). Then there
is a I' € @ such that

(2.2) Lt Hy ' 02)nH Y(p) =0, tec]o,1].
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42 2 Schechter—Tintarev Linking

That is,

(2.3) H(I(t,Hy ' (002)) N {p} =0, t € 10,1].
Set

(2.4) O(t):= HoI'(t,-)o Hy "

Then we see that 6(t) € C(£2,R") for each ¢ € [0,1] and 6(0) = id on £2. If
I'(1,E) = g, then 6(1)xz = Haxy # p for all € 2 because by (2.2)—(2.4),

H(I(1, Hy ' (002)) N {p} = 0.
By Brouwer’s degree,
deg(0(t), 2,p) = deg(6(1), 2,p) =1, vVt el0,1].
This is a contradiction. ]

Proposition 2.3. Let A, B be two closed bounded subsets of E such that E\ A
is path connected. If A links B, then B links A as well.

Proof. Assume by negation that B does not link A. Then we may find a
I' € @ such that

(2.5) rtB)NA=0, Vtelo1].

By the definition of @, we assume that I'(1, E) = xg, hence xg ¢ A. Let {2
be a closed ball such that A C {2. Note that E\A is path connected; then
there is a path v connecting 2o € A to a point 21 & (2. Let ¢t € [0, 1) be such
that the diameter of I'(to, B) — x¢ is less than min{dist(y, A), dist(z1, 2)}.
Parameterize 7 in such a way that it is given by v(¢),to <t < 1,~v(to) = xo,
(1) = 1. Then

(2.6) (I'(to, B) +~(t) —x0) N A =10, to<t<1

and

(2.7) (I'(ty, B) + 1 — ) N 2 = 0.

Define I'(t,z) for ¢t € [0, to]
fit.z) = {F(t;,x) —ug +7(t) forte [t(;, i],

By (2.5), we see that I (¢, B)N A =0 for all ¢ € [0,1]. Hence,

(2.8) BNIy'(t,A) =0, Ytelo1].
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By (2.7),
(2.9) I(1,B)n 2 =1.
Let I'> be any map in @ such that I'x(¢, 2) C (2 for all t. Take
Iy(2t,)~t for all t € [0,1/2],

Bt = {F1(1, Y loly(2—1,)  forall (1/2,1].

It is easy to check that I3 € ¢. But Equations (2.8)—(2.9) imply that
BNIs(t,A) =0, t €]0,1].

It contradicts the fact that A links B. O

Proposition 2.4. Let E = M @Y, where M,Y are closed subspaces with one
of them finite-dimensional. If yo € M\{0} and 0 < p < R, then the sets

A={u=v+sy:veY,s>0,]|ull=R}U[Y NBg|,
B:=MnNoB,

link each other in the sense of Definition 2.1, where By :={u € E : ||u|| < r}.

Proof. We first consider the case of dimY < oo and identify ¥ with some
RY. We may assume that |yo|| = 1. Let

Q={syo+v:veY,s>0,|syo+v| <R}

Then A = 0Q in RV, Let u = v +w with v € Y,w € M; we define Fu =
v+ |Jw|lyo. Then F|g = id and B = F~!(pyo). We can apply Proposition 2.2
to conclude that A links B. Because A and B are bounded and E\ A is path
connected, B links A as well. a

Proposition 2.5. Let E = M ® Y, where M,Y are closed subspaces with
dimY < co. Let B = {u € E : |Ju|| < R} and let A= 0BrNY,B = M.
Then A links B.

Proof. We identify Y with some RY and take 2 = BrNY,Q = (2. For
u=v+w,v € Y,w € M, define the projection Fu = v. Because F|g = id
and M = F~1(0), we observe by Proposition 2.2 that A links B. O

Proposition 2.6. Let B be an open set in E and A = {a,b} such that a € B,
b¢ B. Then A links 0B.

Proof. Let I' € . If I'(1, E) = wog, then I'(t,a) (I'(t,b)) is a curve in E
connecting a (b, respectively) with wug. If ug ¢ B, then I'(t,a) intersects dB.
If ug € B, then I'(t,b) intersects 0B. Hence A links 0B. O



44 2 Schechter—Tintarev Linking

Proposition 2.7. Let E = M &Y, where M,Y are closed subspaces with
dimY < oo. Let Br := {u € E : |Ju|| < R} and take A = OBr NY. Choose
20 # 0,20 €Y and let

B={ueM:|u|>6}U{u=sz0+v:veMs=>0,|sz+v| =27}
Then A links B with respect to @ for any R > 6 > 0.

Proof. Let Q = Br NY. For simplicity, we may assume that [|zp]| = 1 and
that R
E=Y &Rz ® M,

for each w = @ + szp + v with @ € Y,v € M. Define
U+ (s+06— (8% = [[ol|*)/%)20,  for [lv]| <,
H(u) =
U+ (s +9)zo, for |lv]| > 0.

We observe that H|g = id and that H~1(dz0) is precisely the set B. We
hence conclude by Proposition 2.2 that A links B. O

Proposition 2.8. Let E = M ® Y, where M,Y are closed subspaces with
dim N < oo. Let Bg :={u € E : ||lul]| < R} and take A = OBr NY. Choose
20 # 0,20 € Y,Ry >0 and let

B={szp+v:s<0;ve€ MR >|v|]|>d}
U{u=szg+v:ve M,s>0,|sz + vl =0}
Then A links B with respect to @ for any R > § > 0.

Proof. Let Q = Bg N'Y. For simplicity, we may assume that ||zo|| = 1 and
that ~
E=Y &Rz a M.

For each u = @ + szo + v with @ € Y, v € M. Define

@t (5468 = (0% = o)|*)/*)z, for [lv]| <4,

H(u) = a4+ (s + 0)z0 + (s +1)z9, for Ry > |jv]| > 0,

[[oll =6
Ry -4
0+ (s> +s+1+0)2, for ||v]| > Ry.

We observe that H|g = id and that H~1(dzg) is precisely the set B. We
hence conclude by Proposition 2.2 that A links B. O

Proposition 2.9. If B is any subset of a bounded open set {2 C E, then 02
links B.



2.1 Schechter—Tintarev Linking 45

Proof. Assume that 02 does not link B, and we seek a contradiction. In this
case, there is a I € @ such that

(2.10) I'(s,002)NB =10, Vs e0,1].
Hence,
(2.11) I'(1,002):=u ¢ B.

Let v be any point in B. We now show that

(2.12) |7 ~1(s,v)|| = o0, ass— 1.

If this were not true, we would have by the definition of @ that
v=TI(s,0)["(s,0)] = u,

which contradicts (2.11). Therefore, (2.12) is correct and thus

(2.13) I'(s,v) ¢ 2

for s close to 1 because {2 is bounded. Note that v = I'"1(0,v) € B C £2; we
may have an s € (0,1) such that

(2.14) I *(s9,v) € 092
To see this, let
so =sup{s € [0,1]: I'"(t,v) € 2,Vt € [0,5)}.

Then I'"1(sg,v) € £2. Otherwise, there would be an interval containing s in
which I'~1(s,v) € 2; this contradicts the definition of so. But

Q23T Ys,v) — I sp,v), ass— sg.

Hence, (2.14) holds and this means that v € I'(sg,0f2) which contradicts
(2.10). Thus, 042 links B. O

Proposition 2.10. Let E be a Hilbert space with the inner product (-,-) and
the corresponding norm ||-||. We assume that there is another norm |||« of E
such that |lullx < Cyllu|| for all uw € E; here Cy, > 0 is a constant. Moreover,
we assume that ||u, —u*||x — 0 whenever u, — u* weakly in (E,|-||). Write
E = MY, where M,Y are closed subspaces with dimY < oo. Ifyo € M\{0}
with |lyoll =1 and 0 < p < R with

R
RP™2||yo |2 + M > p, D, > 0,p > 2 are constants.

L+ Dyllyoll«
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Let

Ai={u=v+syo:veYs>0,|u| = RU[Y N B,
P
l%:{ueﬂﬂnmn+ Lo ) p}

lul® Tl + Dl

where Br denotes the closed ball of E centered at zero with radius R. Then
A links B in the sense of Definition 2.1.

Proof. Tt is easy to check that AN B = (). We identify Y with some R"V. Let
Q={syo+v:veY,s>0,|syo+v| <R}
Then A = 0Q in RV, Let u = v + w with v € Y, w € M; we define

[Jul¥ [l el «
(2.15) €o(u) == llull®  lull + Duflull
0, if u=0.

if u#0,

Then & : E — E is continuous. We define
Fu= v+ &(w)yo.

Then for any u = v + syy € Q, we see that s € [0, R] and F'(u) = v + &y(s5y0)o-
Here &y(syo) = 0 iff s = 0. Otherwise

P
o togn) — o2 0l ollllvol s

lyoll* " Dillyoll + llwoll =

where a, b > 0 are two constants depending on yo only. Therefore, Fy = F|q is
a homeomorphism of Q onto the closure of a bounded open subset 2 of RV *1.
Let pyo € £2; then by Proposition 2.2, Fo_l(&Q) = 0Q links F~1(pyo) = B.
That is,

A links B.

0
Proposition 2.11. In Proposition 2.10, if we choose yo € M with ||yoll« = 1
and R > pllyol|, then A links B where B is replaced by B := {u € M :

l[ull« = o}
Proof. 1t is obvious. O

Notes and Comments. Definition 2.1 was introduced by Schechter and
Tintarev [278] and Propositions 2.2-2.4 were proved there (see also Schechter
[275]). Propositions 2.5-2.7 and 2.9 can be found in Schechter [275]. Propo-
sition 2.8 is a new one. More examples can be seen in Schechter [273, 275]
and Schechter and Zou [280, 283]. The original approach to linking required
A to be of a special nature (e.g., the boundary of a manifold) in order to
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link a set B. This severely restricted the kind of sets that could be used. The
linking in the current book seems more general and realistic. It only means
that A cannot be continuously shrunk to a point without intersecting B.
We refer readers to Benci and Rabinowitz’s linking (infinite-dimensional and
compact maps) in [55], Silva’s linking of deformation type in [295], Corvellec’s
linking on metric spaces in [109], Tintarev’s isotopic linking in [328], Li an
Liu’s local linking at zero in [197] (see also Chang [93], Brézis and Nirenberg
[70], and Li and Willem [200]), Benci’s homological linking in [51] (see also
Perera [241] and Liu [207]), and Ramos and Sanchez’s homotopical linking
in [261].

2.2 Sign-Changing Critical Points via Linking

Let E be a Hilbert space endowed with the inner product (-,-) and the
associated norm ||-||. Consider the following type of functional G' € C*(E, R).
Its gradient G’ is of the form

(2.16) G’ (u) = k(u)u — Ogu,

where k(u) : E — [1/2,1] is a locally Lipschitz continuous function; O¢ : E —
E is a continuous operator. Let K := {u € E : G'(u) = 0} and E := E\K.

Let V : E — E be a pseudo-gradient vector field for G(cf. Definition 1.53);
that is,

(1) (G'(u),V(u)) > ||G'(u)|? for all u € E.

(2) IV (u)| < 2||G’(u)]| for all u € E.

By Theorem 1.43, the following initial value problem
do(t,u)

dt
o(0,u) =ucE,

= _V(0<t’ u))7

has a unique solution (called flow or trajectory) o : [0,T(u)) — E, where
T(u) € (0,00] is the maximal time of the existence of the flow with initial
value u.

Let P be a closed convex and weakly closed subset of E such that

(P)\{0} # 0.
For any § > 0, define

(2.17) +D(§) := {u € E : dist(u, £P) < 4},
(2.18) D* :=D(5)U(-D(9)), S=FE\D"
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Then +D(d) are open convex, D* is open, +P C +D(6/2) C £D(J), and S
is closed. We make the following assumption.

(A1) There exists a 0 > 0 (small enough) such that O¢(£D(9)) C £D(6/2).

Lemma 2.11. Assume (A1). Then there ezists a locally Lipschitz continuous
map Lo : E — E such that Lo(xD(6) N E) C +D(6/2) and that V(u) :=
k(u)u— Lo(u) is a pseudo-gradient vector field of G. Furthermore, V' and Lg
can be chosen to be odd if G,k are even.

Proof. Note that ||G'(v)|| # 0 for any v € E. Define
I ! 1 ! 1 !
2(v) = que B |G (u)] > SIG W), [Ocu—Ocv| < G W)l -

Then {2(v) : v € E‘} is an open covering of E in the topology of E, and
we can find a locally finite refinement open covering {2(X) : A € A} of E,
where /A is the index set. For any A € A, only one of the following cases
occurs.

(1) £2(0)ND(8) =0, £(N) N (=D(5)) = b;
(2) 2)NDE) #0, 23N (=D(3)) = 0;
(3) 2 NDE) =0, 2NN (=D(3)) # b;
(4) £2(0) ND(6) N (=D(3)) # 0;

(5) 2(0)ND(8) #0, LX) N (=D(9)) # 0, 2(\) ND(5) N (~D(6)) = 0.

If the last case happens, we remove f?(/\) from the covering and replace it with
QM\D(6) and 2(A)\(=D(8)). In this way, we rearrange them so that the
new covering has only the properties (1)-(4). In particular, the new covering
is still a covering of E. To see this, we take any w € E; then we have a .Q(/\)
in the “old” covering {2(\) : A € A} of E such that w € 2()\). If 2()\)
is one of the cases (1)—(4), then w is covered by 2(\) which is also in the
new covering. If 2()) is of case (5), then we may distinguish the following

cases.

o Ifw & D(6), then w € 2(N)\D(4); hence, w is covered by the new covering.

o If w¢g —D(J), then w € f)()\)\( —D(8)); hence, w is covered by the new
covering.

e The remaining case is w € D(§) N (—D(J)); we now show that this will
not happen. Firstly, we observe that w ¢ D(d) N (—=D()). Otherwise, it
contradicts the fact that £2()) is of Case (5). So, we must have the following
cases.

(a) w & D(5),w € —D(J); hence, w € ID(d) N (=D(J)).
(b) w ¢ D(0),w & —D(6); hence, w € ID(0) N (—ID(0)).
(¢) weD(d),w ¢ —D(0); hence, w € D(§) N (—ID(9)).
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Because 0 € D(§) N (—=D(4)), which is open convex, then for these cases

(a)=(c),
tw = tw + (1 — )0 € DOB) N (~=D(S)),  te(0,1).

However, tw € 2(\) for t — 1~ because Q2(\) is open and w € 2(\). This
also contradicts the fact that £2(\) is of Case (5).
Therefore, we indeed get a new covering which has only the properties (1)—(4).
For each )\ € A, define

ax(u) -

1\ P o
S

AeA

ax(u) = dist(u, E\2y), oa(u) :=

then 0 < ¢x(u) < 1 and ¢, : E — Eis locally Lipschitz continuous. For
each A € A, choose ay € 2(\) such that ay is arbitrary in Case (1); ay €
2(N\)ND(8) in Case (2); ay € 2(N) N (=D(8)) in Case (3); and ay € 2(N) N
D(0) N (—=D(0)) in Case (4). Define

Lo(u) = Z oA (u)Ogay, ue k.
AEA

Then Lo : E — E is locally Lipschitz coninuous. Let
V(u) := k(u)u — Lou.

We prove that Ly and V' are what we want.

For any u € E, there are only finitely many numbers A1, ..., \s € A such
that v € 2(A\;) N --- N 2(\,). Moreover, there are wy, ..., w, € E such that
Q(N\;) € 2(w;) for i =1,...,s. Then

Lo(u) =) éx,(w)Ogan,,
i=1

where ay, € Q(N\;) for i =1,...,s. Note that

||@Gu — @Ga)\i

< ||9Gu — QGwZH -+ H@Gwi — @Ga)\i

1
< 116w

< SlEw)
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fori=1,...,s; it follows that

[©cu — Loul|

Ocu — Z(ﬁ,\ )Ocan,

u)(Ogu — Ogay,)

1 !
< 21l

Hence
219 V()

— Jln(u)u — Lo(w)]

< s — Ogul + [Ocu — Lo(w)|

<G (W)l + Z% )Ocu — Z¢A )Ocan,
(2:20) < 26/l

and [(G'(u),Ocu — Lou)| < £||G’(uw)||>. Furthermore,
(221)  (G'(u),V(w)) = |G (w)]* + (G'(u), Ocu — Lou) > —||G'( )

Inequalities (2.20) and (2.21) imply that V(u) := s(u)u — Lou is a pseudo-
gradient vector field for G. Next, we show that Lo(+D(6) N E) C +D(5/2).
In fact, for any uw € D(§) N E, there are finitely many ¢y (u), say ¢y, (u)
(i=1,...,s), which are nonzero. Then

Lou = ZQZ’)\ QGGA

and u € Q(\;) ND(S) for i = 1,...,s. Hence, ay, € 2(\;) ND(5) by the
definition of ay. It follows that Ogay, € D(6/2) by recalling the condition
(A7). Tt implies that Lo(u) € D(§/2), because D(6/2) is also convex. This
proves that Lo(D(8)NE) C D(§/2). Similarly, we have that Lo(—D(8)NE) C
—-D(6/2).

Finally, we show that V and Ly can be chosen to be odd if G and « are
even. Let Lo(u) = 1(Lou — Lo(—u)); then Ly : E — E is odd and locally
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Lipschitz continuous. Define V' := k() — Lo; then_V E—E is also odd and
locally Lipschitz continuous. We may show that Lo(£D(5) N E) C £D(0/2).
Indeed, for any v € £D(0) N E, then —u € £D(§) N E and hence

Lo(xu) € £D(6/2), —Lo(—u) € £D(§/2).
Therefore,
- 1 1
Lou = §L0'LL + 5(—L0(—U)) S iD(5/2)7
because £D(§/2) is convex. O

By checking the proof of Lemma 2.11, we readily have the following variant
of Lemma 2.11.

Lemma 2.12. Consider the functional G € C*(E,R). Its gradient G’ is of
the form

G'(u) = u — Ogu.
Let My, My be two closed convex (or open conver) subsets of E. Suppose that
(A2) @G(Ml) C Mia 1= 172
Then there exists a locally Lipschitz continuous map Lo : E — FE such that
Lo(M;NE) C M;, i =1,2 and that V(u) := u — Lo(u) is a pseudo-gradient
vector field of G. Furthermore, V' and Ly can be chosen to be odd if G is even
and M2 = —Ml.

From now on, let P denote a positive cone of E; that is, P is a closed
convex subset of E such that ¢tP C P for all t > 0 and PN (—=P) = {0}. We
always assume implicitly that P # {0}. We call —P a negative cone. Consider
the following vector field,

(L + [ul?V (u)
(L fulD? V(@) + 1

W(u) =

Then W is a locally Lipschitz continuous vector field on E. Obviously,
W ()| < flull +1
for all u € E. We denote
Kla,b] :={u € E:G'(u) =0,a < G(u) < b},
G :={ue E:G(u) <c}, Bgr(0) :={u € E: ||lu]| < R}.
Define
(2.22) ¢ ={led:I't,D")CD}.

Then I'(t,u) = (1 — t)u € &*.
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Theorem 2.13. Suppose that (2.16) and (A1) hold. Assume that a compact
subset A of E links a closed subset B of S and

ag :=sup G < by :=inf G.
A B

Define
d* := inf sup  G(u);
I'ed* p((0,1,A)ns ()
then
dr e [bo, sup  G((1-— t)u)}
(t,u)€[0,1]x A
Furthermore, if G satisfies the (w-PS). condition for any ¢ with
ce [bo, sup  G((1-— t)u)},
(t,u)€[0,1]x A

then
Kld* —e,d* +e]N(E\(-PUP)) £

for all e > 0 small. Moreover, if d* = bg, then K[d*,d*] C B.

Proof. Obviously, d* is well defined because A links B and B C S. Moreover,

dr e [bo, sup  G((1 —t)u)l|.
(t,u)€[0,1]x A

We first consider the case of d* > by. By contradiction, we assume that
(2.23) Kld* —g0,d" + eo] N (E\(-PUP)) =0
for some gg > 0 small enough. Then
(2.24) K[d* = eg,d" + &0 C (=P UP).
Case 1. Assume K[d* — gq,d* + 9] # 0.

K[d* — g0,d* 4 €¢] is compact, thus we may assume that dist(K[d* — e,
d* +60],S) =0 > 0.

By the (w-PS) condition, there is an € > 0 such that

(1 + [ulD?IG" (w)]*
(L4 [lu)?[1G"(w)][2 +1

V

g

(2.25)

for
u € G_l[d* —&,d"+\(K[d* — eg,d" + 60])50/27

where (7). := {u € E : dist(u,T) < ¢}. By decreasing &, we may assume
that € < d* — by, & < g¢/3; then
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(G'(u), W (u)) > &/8

for any

ue G A" —&,d* + E\(K[d* — 0, d" + £0))s, /2-
Let

0 ={ueE:|Gu)—d| >3}, 2 ={ue E:|Gu)—d| <2}
and di 0
19(“) - — 1bt(ua -1) )
dist(u, £21) + dist(u, £25)

Let B(u) : E — [0, 1] be locally Lipschitz continuous such that

(2.26) Blu) = {1 for all u € E\(K[d* — e0,d* + €0])s, /25

0 forall u € (K[d* —eo,d* +c0])s,/3-

Let W(u) = 9(u)B(u)W (u) for u € E; W(u) = 0 otherwise. Then W is a
locally Lipschitz vector field on E. We consider the following Cauchy initial
value problem,

dp(t,u) _ G "
. WO 3ot w),

©(0,u) = u,
which has a unique continuous solution ¢(¢,u) in E. Evidently,

dG(p(t, )

<0.
dt -

By the definition of d*, there exists a I' € @* such that
r(o,1,A)ns c G*+.
Therefore, I'([0,1], A) is a subset of G¢ T2 U D*. Denote
Ay :=T1([0,1], A).

We claim that there exists a 77 > 0 such that o(71, 41) C G —E/4 D>,
First, if u € D*, we show that ¢(t,u) € D* for all t > 0. Without loss
of generality, we may assume that u € D(d). Suppose there exists a tg > 0
such that ¢(tg,u) € D(§). We may choose a neighborhood N, of u such
that NV,, C D(d) because D(9) is open. By the theory of ordinary differential
equations in Banach space, we can find a neighborhood N, of ¢(tg,u) such
that ¢(to,) : Ny — Ny, is a homeomorphism. Because ¢(to,u) ¢ D(4), we
can take a w € N, \D(§). Correspondingly, we find a v € A, such that
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¢(to,v) = w. Hence, we may find a t; € (0,%) such that ¢(t1,v) € 9D(9)
and p(t,v) € D(9) for all ¢ € (t1,tg).

On the other hand, for any z € D(§) N K, W(z) = 0, hence
(2.28) dist(z + A(=W(2)),D(5)) =0, for all A > 0.

For any z € D(6)NE, we have Lo(z) € D(§/2) because Lo(D(5)NE) C D(6/2)
in view of Lemma 2.11. Therefore, by a property of the cone P: xP+yP C P
for all x,y > 0, we have

dist(z + A(=W(z)), P)
= dist(z — A (2)B(2)W (2), P)

e (1 MEBEA R
- t((l A+ DAV + 1 )

AI(2)B()(1 + [2])?
A+ IRV + 1 O(Z)’P)

(1 MEBEAH )RR | MWEBE |2
= dist ((l A+ D2V ()Z +1 ) T A V@R 41

LO(Z)a

_ M(2)BR)A +[l2])*k(2) M(2)B(2) (1 + ||=)*
(1 L+ [lzD2V ()2 +1 ) P AT Iver+ 1P>

< (1 _ MEBE)A + [2l)?A()

@+ 2DV ()% + 1 ) dist(z, P)

M(2)B(2) (1 + ||=()
T+ 1DV ()IZ +1

_ M(2)B()(A + ||z])?k (=) M(2)B(2)(1 + [|21)* o
= (1 T+ =DV I +1 ) P T D IVE) R +1 2

dist(Lo(2),P)

< Mo

for A > 0 small enough because x(z) > 3. That is, z + A(—=W(z)) € D(d) for
A small. Once again, we get

(2.29) dist(z + A(=W(2)),D(6)) =0, for all A > 0 small enough.
Combining (2.28) and (2.29), we thus obtain

lim dist(z + AM(—=W(2)), D(9)) —0, vz € D(9).
A—0+ A
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Consider the following initial value problem

W = —W(p(t, p(t1,v))),

©(0,¢(t1,v)) = p(t1,v) € D(0).

It has a unique solution ¢(t, ¢(t1,v)). By Theorem 1.49, there is a 6 > 0 such
that
o(t, o(t1,v)) € D(8) for allt € [0,9).

Hence, by the semigroup property, ¢(t, v) € D(6) for all t € [t1,t1 +6), which
contradicts the definition of ¢;. Therefore, p(t,u) € D* for all ¢ > 0.

If u € Ay, u ¢ D*, then we observe that G(u) < d* +¢&. If G(u) < d* — ¢,
then

Gle(t,u) <Gu) <d” —&

for all t > 0. Assume G(u) > d* — . Then u € G~Y[d* — &,d* + &]. If
(2.30) dist(¢([0, 00),u), K[d" — g, d™ + &0]) < do/2,

then there exists a t,, such that dist(p(tm,u),S) > d0/4; that is, @(tm,,u) €
D. Assume that

(231) diSt((p([O, OO),U),’C[d* —¢€g,d" + SQD > 50/2 > 0.

Similarly, we assume that G(¢(t,u)) > d* — & for all t > 0 (otherwise, we are
done). Then, by (2.26)—(2.31), we have that
(2.32)
(L + ot wID2IG" (et u)|I?
L+ llo(t, wD2IG" (p(t, w)) > + 1

for all ¢ > 0. Therefore, by (2.32),

>&  dp(tu) = B(e(tu) =1

24
(2.33) G(p(24,u)) = G(u) Jr/o dG(p(s,u)) < d* —2¢.

By combining the above arguments, we see that for any u € A;\D*, there
exists a T,, > 0 such that (T, u) € G4 ~5/2UD*. By continuity, there exists
a neighborhood U,, such that ¢(T,,U,) C G* ~¢/3 U D*. Because A;\D* is
compact, we get a T} > 0 such that (T}, A;\D*) € G¥ ~¢/* U D*. Then

(2.34) o(Ty, Ay) € G¥ —¥/4y D,

Case 2. 1If K[d* — eo,d* + g9] = 0, then (2.26) holds with (K[d* — e,
d* 4 €0])s, /2 = 0 and (u) = 1. Then, trivially, (2.32)—(2.34) are still true.
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Now we define

[ (s,u) = ¢(2T15,u), 5€10,1/2],
(T, T2s — L), s e [1/2,1]

Then, I'* € ¢*. If s € [0,1/2], we have that
I'(s,A)NS C p(2T15,A)NS CG*™NS C Ga—e/4,
If s € [1/2,1], then

I'*(s,A)NS C o(T1,I'(2s —1,A)) NS
C QD(Tl, Al) nsS
c(GT#1uD)NS
ca¥—=Mlns
c GY e/,
It follows that G(I™*([0,1],4) NS) < d* — £/4, a contradiction.
Next we consider the case of d* = by. Here we have to construct a different

vector field and need a careful analysis of the flow. We prove that K[d*, d*]N
B # (). If it were not true, there would exist numbers €1, €2, €3 such that

A+ ul2lG" @I o

(2.35) L+ L+ [uD?NG )2 =

for |G(u) — d*| < ey and dist(u, B) < e3. By decreasing 2, we may assume
that €9 < £163/16. Let

25 :={u € FE:dist(u, B) <e3/2,|G(u) — d*| < e9/2},
Q24 :={u € E :dist(u, B) <e3/3,|G(u) — d*| < e3/3}.
Then K C E\{23. Choose I" € ¢* such that

(2.36) sup  G(u) < d*+¢e2/3.
r([0,1],A)NS

We can find a ug € I'([0,1], A) N BN'S # () because A links B and B C S.
This implies that

(2.37) bp < G(up) < sup  G(u) <d* +e9/3;
r([0,1],4)ns

that is, ug € 24 C 23. Let

B dist(u, E\§23)
 dist(u, E\§23) + dist(u, $24)’

ﬂl(u)
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and consider the following Cauchy initial value problem,

% = —V1(1(t, w)) W (p1(t,u)),

¢1(0,u) =u € E,

which has a unique continuous solution ¢4 (¢, u) in E. Obviously, by (2.35),

dG(p1(t, u))

(2.38) b

€
< =g et w).
If u e G¥+e2/3 then

G(p1(t,u)) < G(u) < d" +e4/3

for all ¢ > 0. If there is a t; < e3/4 such that ¢1(t;,u) € (24, then either
G(p1(t1,u)) < d* —e3/3 or dist(p(ti,u), B) > e3/3. For the latter case,
we observe that dist(pq(¢,u), B) > e€3/12, and hence, ¢(t,u) ¢ B for all
t €[0,e3/4]. If @1 (t,u) € 24 for all t € [0,e3/4], then

G (<p1 (%,u)) = G(u) + /63/4 dG(p1(t,u))

0

£9 £3€1
<dr4 23t
- +3 32
&2
<d - —=.
- 6

That is, either
G(<p1(53/47u)) <d" - 52/6 =by — 62/6

or p1(t,u) ¢ B for all t € [0,e3/4] and each u € G T2/3. Tt follows that
©1(e3/4,u) ¢ B for any u € G¥ +52/3, Next we prove that for all u € At €
[0,e5/4], we must have o1 (t,u) ¢ B. Note that if u € A,u ¢ S, then u € D*.
Following an argument similar to that of the proof of the first case, we see
that ¢ (¢t,u) € D*. Hence ¢1(t,u) ¢ B C S for all ¢ > 0. Therefore, we may
only consider the case u € AN S. Evidently, ¢1(e3/4,u) ¢ B. Furthermore,
by (2.38), we see that

Glia(t.u) < Glu) = 3 [ nGea(t )i
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If o1 (t,u) € B, then G(p1(t,u)) > by = d*, and we must have ¥ (1 (s,u)) =
0 for s € [0,t]. This implies that ¢1(s,u) ¢ 24 and either G(¢1(s,u)) <
d* — e9/3 or dist(pi(s,u), B) > e3/3 for all s € [0,t]. Both cases imply
©1(t,u) € B. This proves that ¢;([0,e3/4], A) N B = (. Let

{%(21?63/4#)7 0<t<1/2,

Fl(t,u)
p1(e3/4, (2t — 1,u)), 1/2<t<1

Then it is easy to check that I'y € &*. But by the above arguments,
Fl([07 1]5A) NB= wa
which contradicts the fact that A links B. O

Theorem 2.14. Suppose that (2.16) and (A1) hold and that O¢ : E — E is
a compact operator. Assume that E =Y & M,1 <dimY < oo, and that

(1) G(v) < « for all v € Y, where « is a positive constant,

(2) G(w) > « for allw € B :={w:w e M,||w|| = p} CS, where p is a
positive constant,

(8) G(swo +v) < Ty for all s > 0,v € Y; wg € M\{0} is a fized element,
and Ty is a constant.

If G satisfies the (w-PS). condition for all ¢ > 0, then there exists a sequence
{un} C E\(=P UP) such that

@) =0, Clum) = un,  Glun) =

where {T,} is a bounded sequence and ¢ € [a/2, 2T].

Proof. Define ¢ € C>*(R) such that ¢ = 0 in (—00,1/2) and ¢ = 1 in
(1,00),0 < b < 1. We may assume that ||wg| = 1. Write u € F as u =
v+w,v €Y, we M. Let

Gn(u):G(u)—<To+%)w<w)7 n=1,2....

n
Then
2
6/t~ Gt =2 (1o + 5 ) v (145 ) 2,
n n n
16 () — G (] < Tin 2.

We claim that G,, satisfies (w-PS) for each n sufficiently large if G does.
In fact, assume that {uy} is a (w-PS) sequence: G,(ur) — ¢ and (1 +
llug])GL, (ug) — 0 as k — oo. If, for a renamed subsequence, |jug||*/n > 1,
then ¢/ (||ug||?/n) = 0 and
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(1 [Juk NG (ur) = (1 + [lur )G (ur) — 0.

Then {uz} has a convergent subsequence. If |lug||?/n < 1, then {ug} is
bounded and (w-PS) follows immediately. To see this, note that

2
G'(u) — 2 (To + %) W (u%) % o

Take n so large that

b(u) = k() — {2 (TO + %) W ('“T”2> /n]

is bounded and bounded away from 0. Then
b(ug)ur — Ogur, — 0 as k — oo.

Because the {u} is bounded, there is a renamed subsequence such that
both b(ux) and Oguy, converge. Hence, this subsequence converges as well.
Thus, in both cases, the (w-PS) condition is satisfied. Moreover, G,,(v) < «
for all v € Y. For any w € M, if |[w|| = p, then ¢ (||w||?*/n) = 0 for n > 2p?
and consequently G, (w) = G(w) > a. Choose |[swy + v|| := n'/? := R,.
Then R,, > p if n large enough, and

< -=.
n n

G (swo+v) = G(swy +v) — (To + 1/n)y <|5w0+1}||2> 1

Let
Bi={weM:|w|=p},
and
Ay ={veY ||v| <R,}U{swog+v:s>0,veY,|swy+v| =Ry}

Then A, links B, and G,, satisfies all the conditions of Theorem 2.13. Hence,
there exists a u,, € E\(—P UP) such that

G (uy) =0, Gn(u,) € |a/2, sup Gn((1 —t)u)|.
(t,u)€[0,1]x A,

Evidently,
IG" (un) = G (un)|| = |G (un)|| < Tin™ Y2 — 0,
a2 < Gp(up) < G(uy) < Gpluy) +To+ 1/n,

sup Gn((1—1t)u) <Tp.
(t,u)€[0,1]x A,
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Therefore, G(u,) — ¢ € [a/2,2T}]. Finally,

n n

G/(un) _ G/(un) _ G;(Un) =2 (TO =+ %) w/ (M) U_n = %Una

where {T},} is a bounded sequence. O

The statement G’(u,) = (T,,/n)u, in Theorem 2.14 is quite helpful for
getting a sign-changing limit of the sequence {u,,}.

We now assume that there is another norm || - ||, of E such that [jul, <
Cyllu|| for all u € E; here C, > 0 is a constant. Moreover, we assume that
[lwn, — u*|lx — 0 whenever u,, — u* weakly in (E,|| - ). In the sequel, all
properties are with respect to the norm || - || if without specific indication.
Write E = M @Y, where Y, M := Y are closed subspaces with dimY < oo
and (M\{0}) N (=P UP) = 0; that is, the nontrivial elements of M are
sign-changing. Let yo € M\{0} with |lyo|| =1 and 0 < p < R with

Rllyoll«

R |lyoll? + ~——
HyOH* 1+D*||y0||*

> p, D, > 0,p > 2 are constants.

Let

A={u=v+sys:veY,s>0,|ul| =R}U[Y N Bz,

¥ [l llull«
B = {u eM: + =p;,.
[ull>  [lull + Dallull

Then by Proposition 2.10, A links B in the sense of Definition 2.1. Choose

(2.39) a, > sup G((1—t)u)+2.
[0,1]x A

Define

(2.40) B*:=BNG".

Choose I'(t,u) = (1 — t)u € &*; then I'(t,a) € B for some (¢t,a) € [0,1] x A.
Moreover, I'(t,a) € G*, hence, B* := BN G% # (). Set

(2.41) & = {I € & . I'([0,1], A) C G }.

Then I'(t,u) = (1 — t)u € o* N P**.

Lemma 2.15. ||lu||. < ¢, Vu € B; here ¢; is a constant.

(A3) Assume that for any a,b > 0, there is a ¢ = ¢(a,b) > 0 such that

Glu)<a and Julls <b = |ul| <ec
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Lemma 2.16. Assume (A3). Then we have that
dist(B* := BN G*,P) :=d; > 0.

Proof. By negation, we assume that dist (B*7 P) = 0. Then we find {u,} C
B*,{pn} C P such that ||u, — pp| — 0. Then {uy,}, hence {p,}, is bounded
in both (E,| -|) and (E, | - |l.). We assume that u, — u* € E; p, — p* €
P weakly in (E, | - ||); u, — u* strongly in (E, || -||«). Then we observe that
u* € M. Because

[ [unllunllx

[[wnl? lunll + Dylltnllx

and |lu, — u*[|, — 0, then u* # 0. However, because u* = p*, we get a
contradiction in as much as all nonzero elements of M are sign-changing. [J

In view of Lemma 2.16, we may assume that B* C S as long as the § of
Condition (A;) is small enough; this is indeed true in our applications.

Theorem 2.17. Suppose that (2.16), (A1), and (Ag) hold. Assume

ap :=supG < by :=1inf G.
A B

Define
d* := inf sup  G(u);
Ie®* po0,1],A)ns (
then
d*e[b5, sup  G((1-1t)u).
(t,u)€[0,1]x A

Furthermore, if G satisfies the (w-PS). condition for any ¢ with

celby, sup  G((1-1t)u),
(t,u)€[0,1]x A

then
Kld* —e,d* +¢]n (E\(=PUP)) #0

for all e > 0 small. Moreover, if d* = bf, then K[d*,d*] C B*.

Proof. Tt suffices to note that any flow ¢ considered in the proof of Theo-
rem 2.13 is nonincreasing in the sense that G(¢(t,u)) is nonincreasing in ¢.
Then the proof of this theorem is the same as that of Theorem 2.13 where B
is replaced by B*. O

Theorem 2.18. Suppose that (Az) holds. Theorem 2.14 is still true if we
replace B by B* and ay, := Ty + 2.

Notes and Comments. The ideas of the proofs for Lemmas 2.11 and 2.12 first
come from Sun [316] (see also Guo [163] and a paper by Liu and Sun [211]). In
[316], D* itself is a convex set. In [211], it is assumed that O (0D(8)) C D(0)
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and that G’ = id — ©g. Lemma 2.11 and Theorems 2.13 and 2.14 are proved
in Schechter and Zou [288].

Condition (A4;) is applied in Conti et al. [107]. In particular, [107] is the
pioneering paper where the neighborhood of a cone is introduced which satis-
fies the type of condition (Ay). By using the invariant sets of flows and lower
(upper) solutions, Conti et al. obtained the existence of multiple solutions
with ordering relations. Similar ideas are also used in Conti et al. [108] for
the existence of many solutions for superlinear elliptic systems. Later, this
idea of the neighborhood of a cone is used by Bartsch et al., Liu and Wang,
Schechter and Zou, and Zou, among others.

In Theorem 2.14, Ty is an arbitrary constant that is not necessarily equal
to a. This novelty makes it powerful in applications, especially in dealing
with asymptotically linear equations. Note that Ty must be equal to « in
classical linking (cf. Benci and Rabinowitz [55], Brézis and Nirenberg [70], Li
and Liu [197], Li and Willem [200], Silva [295], and Tintarev [328]).

2.3 Jumping Dirichlet Equations

Consider the sign-changing solutions to the following Dirichlet boundary
value problem

(2.42) {—Au = f(z,u), in £,

u =0, on 012,

where 2 C R” is a bounded domain with the smooth boundary 92 and
finite measure meas 2 := |{2|.

Let E := H(£2) be the usual Sobolev space endowed with the inner
product

(u,v) ::/(Vuvv)dx
7
for u,v € F and the norm ||ul| := (u, u)/2. Let
D<A < e <A < oo

denote the distinct Dirichlet eigenvalues of —A on {2 with zero boundary
value. Then each Aj has finite multiplicity. The principal eigenvalue A; is
simple with a positive eigenfunction ¢;, and the eigenfunctions ¢ corres-
ponding to \x (k > 2) are sign-changing. Let Ny denote the eigenspace of
Ak. Then dim Ny, < co. We fix k and let Ej, := N1 @ --- @ Ng. In this section,
we consider the case of

(2.43) im L&D g0, im 8D g

t——+oo t t——o0 t
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uniformly for x € (2. In particular,
Ap < Be(x) < ¢, where ¢ > 0is a fixed constant.

Throughout this section, we assume

(B1) f is a Carathéodory function and f(x,t)t > 0 for (x,t) € 2 x R;
}in(l)(f(x,t))/t = 0 uniformly for x € £2.

(B2) 2F(x t) > Mat? —coforallz € 2t € R, where F(x,t) =
fo x, s ds cp > 0 is a constant.

By the above assumptions, we may find a C'r > 0 such that
(244)  Flat) < imtﬁ L OpltP, VeeQ,  teR;
here 2 < p < 2*. Also, we can get another constant Ay > 0 such that
(2.45) 2F (x,t) < Agt?  for all z € £2, teR.
Recall the Gagliardo—Nirenberg inequality,
(2.46) lully < cpllall*llulls' ™, weE,

where « € (0,1) is defined by

1 1 1 1
2.4 = — 1—a)=
(2.47) a(3-7)+a-a;
On the other hand, we have a constant A, > 0 such that
(2.48) lully < Apllull,  ueE.

Without loss of generality, we assume that A, > 1 and ¢, > 1. Set

(2.49) Ay := min {W7 (4/112,01(9”2))(1/(1’2))} ’
(2.50) T = min{)\g*”‘)(””), /\](leoz)h
(2.51) Ty = min{@, (8C)~ 1/ o 2))}
(Bs) Assume that
co < 4|(2| (/1*) TNT,.

The first result deals with the case of a jump not crossing eigenvalues: \; <
B+ (z) < Agy1. Resonance may occur at Agq.
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Theorem 2.19. Assume that (By)—(Bs) and (2.43) hold with A\, < B+(x) <
Ait1- If either B (z) < A1 for x € 2 or f_(x) < Apq1 for x € 2, then
Equation (2.42) has a sign-changing solution.

If we strengthen the condition on f, we have the following theorem where
the jump is allowed to cross an arbitrarily finite number of eigen-values.

Theorem 2.20. Assume that (By)—(Bs) and (2.43) hold. If A\, < B+(x) for
x € (2, and

(Ba4) there exists a Co(z) € L*(2) such that

(i) f(x,t)t — 2F (x,t) > Co(x), for (x,t) € 2 x R,
(i1) ltl‘iinoo(f(x,t)t —2F(x,t)) =00 forxz € .

then Equation (2.42) has a sign-changing solution.

Theorem 2.20 permits (i (x) to be arbitrary bounded functions greater
than \; and to cross an arbitrarily finite number of eigenvalues of —A with
zero boundary value condition. Therefore, the jump has much more freedom.

For the Dirichlet boundary value problem (2.42), it is usually called jum-
ping nonlinearity at £oo if

flx,t)/t > a ae x€ ast— —oo,
flz,t)/t = b ae zefast— .

The existence of solutions of (2.42) is closely related to the equation
—Au=but —au”, where uF = max{4u,0}.
Conventionally, the set
Y :={(a,b) € R*: —Au = bu™ — au™ has nontrivial solutions}

is called the Fucik spectrum of —A (see Dancer [127], Fucéik [151], and
Schechter [269]). It plays a key role in most results of this aspect. However,
so far no complete description of X' has been found. If

D<A <o <A < -0

are the distinct Dirichlet eigenvalues of —A on {2 with zero boundary value,
it was shown in Schechter [269] that in the square (\;_1, \j1+1)? there are
decreasing curves Cjy, Cja (which may or may not coincide) passing through
the point (A\;, A;) such that all points above or below both curves in the square
(the so-called type (I) region) are not in X, whereas points on the curves are
in . Usually, the status of points between the curves (referred to as the
type (IT) region if the curves do not coincide) is unknown. However, it was
shown in Gallouét and Kavian [154] that when X is a simple eigenvalue, then
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points of the type (II) region are not in X. On the other hand, Margulies
and Margulies [223] have shown that there are boundary value problems for
which many curves in X' emanate from a point (A;, A;) when )\; is a multiple
eigenvalue. Certainly, these curves are contained in region (II).

Next we proceed to prove the above theorems. Define

G(u) = ! ]| 7/ F(z,u)dz, RSO
2 19
Then G € CY(E,R) and G'(u) = u — Og(u),u € E, where Og : E — E is a
compact operator. Actually, O¢(u) = (—A) 7 (f(z,u)).

Lemma 2.21. Under the assumptions of Theorems 2.19-2.20, G(u) — —oo
foru € Ey, as |lul]| — oc.

Proof. Rewrite G as
6w = glulP= [ (5@ + 35 @+ Hlow) ) do, ue B,
where H(z,u) := [} h(z,t)dt;

Wz, t) = f(a,t) = (By (@) — B-(@)7); 5 = max{+1,0}.

Therefore,
G(u)

1o

= —|ul® = | H(x,u)dx
2 Q

1 _
- ( / . ) (B ) + - (@) ™))
B—(z)>p+(x) B—(z)<pB+(x)

1 1

— §||u||2 — 5/ B (z)udx

B—(x)>p+(x)

1
_ _(x) — x))(u— le‘
2/6_(@2%)@ (@) - B (@) ()

1
—= / B (z)u’dx
2 Jp_(2)<p(2)

_1 xr) — ) (uT 2 v — - w)da
2/5—(r)<5+(z)(ﬁ+( ) ﬂ—( ))( )d /QH( , )d )

Note min{f (z), - (x)} > A, and recall the variational characterization of
eigenvalues {\}; we have the following estimates for any u € Fj.
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G (u)

1 1
<l -3 [ B (o)
B—(2)>B+(x)

1
——/ ﬁ_(x)UQda:—/ H(x,u)dx
2 Jp-(@)<ps (@) o

el =5 [ min(8y @), 6-@)ide ~ [ Houda

IN

IN

—ﬂWW—:/fﬂauM%
0

where 0 > 0 is a constant. The last inequality is due to the finite dimension
of Ej and the Schechter—Simon Theorem 1.62. Therefore,

G(u) <6
|u||—o0,u€Ey ||UH2

because (ot

im 2EY _

t—00 t
and dim F;, < co. O
Lemma 2.22. Assume (Bs3). Then

N
Glu) < CO|2 Y

Proof. For u € Ey_1,

GM=%MW—Amem

1 1 1
_||’LL||2— —/ )\k,1U2d.T+—/ Codl’
2 2/, 2/,

co|£2|
2 0

IN

<

For p > 2 given in (2.44), we let

[ ][l
Il ) + Xl
0, if u=0,

if u# 0,

(2.52) Eolu) :
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where 8 = (1 — a)(p — 2). Then &, : E — E is continuous. Set
(2.53) So:={u € Ei- | : &(u) = p}, pi=-=>0.

For u € Sp, by (2.48) we have

_ g el [l

p g
lull® ™ flal) + Xl

2
el l[ellp [l
= 2(lul A lllp) 2 Mllf?

_ ()
2(\)1/2

ullp >

2 —2
+ A [Jullp

_ (4)"2u]

+ Apllullp =
22 P

By the Gagliardo—Nirenberg inequality in (2.46) and (2.47),
(2.54) lully = < 2l "l 7.

But u € E,i-_l; we see that

1
Allull < [luf*  and IIUHzﬁwHUII-

k
Hence,
-2 -2 -2y —((1=a)(p—2))/2)
(2.55) ullp™ < g™ llulP=7A, :
Therefore,
< Wl Plull 4 vz 2y o2y (=) 0-2)/2)
iz

1 1 2 p—2 p—2
g( (Af)w+A§€(1_a)(,,_2)/2)><2A,,cp ) masc ull ulP~2}.

Then we have that
A;ﬂ(lfa)(pﬁ))/?

p < maxc{[ul], [|ulP~2}.

67
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Lemma 2.23. For all u € Sy,
ull > A% ming A G272 \(0-a02y e o1/ G-2)y
Lemma 2.24. ||u||§/|\u||2 <p, YuelbS.
Lemma 2.25. ||ull, <ec1, Yu e S.
Proof. If ||ul|, — oo, then so does |lu|| — oo; hence

el ]l

lull + gl

)

a contradiction. O

By (2.44), we know that F(z,u) < A1 /4jul?> + CrlulP, Vz € 2, u € R.
Consider the functional

Glu) = %HUHQ —/ Flo,u)de, e HNQ).
2
Then

1 A1
Glw) = Sllull® = ZHful - Crlull

Y%

1
ull® = Crlull}

Ll
nu2(——cF Ay
1 O ap

Combining Lemma 2.23 and Lemma 2.24, we have the following.

vV

Lemma 2.26. For any u € Sy, we have that

1 1

Lemma 2.27. Under the assumptions of Theorem 2.19, G satisfies the
(w-PS) condition.

Proof. Assume that {u,} is a (w-PS) sequence:
G(uy) — ¢, (1 + [Jun )G’ (ur) — 0.

By negation, we assume that ||u, || — oo as n — co. Let wy,, = w,,/||uy,||. Then
|lwn]| = 1 and there is a renamed subsequence such that w,, — w weakly in
E, strongly in L?(£2), and a.e. in £2. Moreover,
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(G (1), 0) = (11, v / F(,un)vdz — 0

and
f T, Uy )V

[

wnv d — O
y (2.43), we see that
—Aw = prwt — p_w™.

Because

Gun)/llunl® = 1/2 - /QF(ﬂé‘aun)dx/HunH2 =0,

we see that [(,(64(wh)? + B_(w™)?)dz = 1. It implies that w # 0. Let w :=
w_ 4wy with w_ € By, wy € B, = wy —w_. Let ¢(z) = B4 (x) when
w(z) > 0; q(z) = f—(z) when w(z) < 0. Then we have that —Aw = ¢(x)w
and hence

e |2 — flu_|? = / a(x) (wy)?da — / 4(z) (w_)?dz.
(9] 0
It follows that

0 < fJws* = Mg w3 < s * = /Qq(ﬂf)(m)zdﬂﬂ

— oo - /Q 4(x)(w_)2de < [l |2 — n /Q (w_)?dz < 0.

That is, [|w+||* = [, ¢( . The only way this can happen is ¢(z) = A
when w_(z) # 0 and q( ) = )\k+1 when w, (z) # 0 and therefore, either
w_ is an eigenfunction of Ay or wy is an eigenfunction of Axiq. But the
first case cannot occur because S+ > Ag. If wy is an eigenfunction of g4,
then w, is sign-changing. Because —Aw, = (. (x)wi — - (xz)w], we have

[— = Agt1 on a subset of {2 of positive measure and ;. = Apy1 on an-
other subset of 2 of positive measure. This contradicts the assumption of the
theorem. N

Lemma 2.28. Under the assumptions of Theorem 2.20, G satisfies the
(w-PS) condition.

Proof. Assume that {u,} is a (w-PS) sequence: (1 + [|u,||)||G’(uy)|] — 0 and
{G(uy)} is bounded. Then

(257) Glun) = 56 wn).un) = [

2

(%f(x,un)un - F(m,un)> dr < c
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and )
§||un||2 < c+/ F(z,up)dx < c—|—/ AguZ dz.
Q Q
If {||un ||} is unbounded, then, for a renamed subsequence,
2

1< 24, lim Un _ g,

n=o0 /o [unl?
It follows that lim,, .. |u,|? = 0o on a subset of {2 with a positive measure.

Combining this with (By), we have [, (5f(z,un)un — F(z,uy))dz — oo,
which contradicts (2.57). O

To prove Theorems 2.19 and 2.20, we apply Theorem 2.17. First, we let
P:={u€ E:u(zx)>0for ae zc 2}

Then P (—P) is the positive (negative) cone of E and +P has an empty
interior. Let

A={u=v+syy:v € Ex_1,5>0,|ul]| = R} U (Ex_1 N Bgr(0)),

where yo € Ei- |, |lyoll = 1 and R large enough. Let p be defined in (2.53).
By Proposition 2.10, A links Sy. Choose

(2.58) a, > sup G((1—t)u)+2.
[0,1]x A
Define
(2.59) B* :=5,nNG*.
In Lemmas 2.15 and 2.16, we chose || - ||, = - ||, Then by Lemma 2.16,

diSt(B* = Sp N G‘“J’) =041 > 0.

We define
D(uo) :={u € E : dist(u, P) < po}-

Lemma 2.29. Under the assumptions of (Bi1), there exists a po € (0,061)
such that Og(£D (o)) C £D(uo/2).

Proof. Write u™ = max{4u,0}. For any u € E,

e =

|| min ||u — w2
we(—P)
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1
< —= min |lu—w
< 573 i, =l

1
)\1

(2.60)

and, for each s € (2,2*], there exists a Cs > 0 such that
(2.61) |u®||s < Cydist(u, FP).

By assumption (By), for each &/ > 0 small enough, there exists a C.r > 0
such that

(2.62) fla, it <t +CultlP, z€2,teR,
where p > 2 is a constant. Let v = Og(u). Then by (2.60)—(2.62),
dist(v, —P)|lv||

< [l

o)

= (v

:/ flx,um)vtde
Q

< [ |+ Colutp ot
Q

< (%dist(u, —P) + C(dist(u, —P))p_1> Gl
That is,
dist(6g (u), —=P) < <§> dist(u, —P) + C(dist(u, =P))" ",

So, there exists a pg < d; such that dist(Og(u), —P) < %,uo for every u €
—D(po). Similarly, dist(O¢(u), P) < % po for every u € D(po). The conclusion
follows. O

Proofs of Theorems 2.19-2.20. By Theorem 2.17, there exists a u €
E\(—P UP) (sign-changing critical point) such that

G'(u) =0, Gu)e [bg—a sup G((l—t)u)+§],
(t,u)€[0,1]x A

where bj; = ¢o|£2|/2; £ is small enough. O

Notes and Comments. The study of the Fuéik spectrum began with
Ambrosetti and Prodi [17], Dancer [125], and Fucik [151]. They first realized
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that the set X' is an important factor in the study of semilinear elliptic
boundary value problems with jumping nonlinearities. There are many papers
on the existence of solutions to Dirichlet elliptic boundary value problems
with jumping nonlinearities; see Céc [75], Dancer [127, 128], Giannoni and
Micheletti [159], Hirano and Nishimura [169], Lazer and Mckenna [191, 192],
Liu and Wu [209], Margulies and Margulies [223], Marino and Saccon [220],
Perera and Schechter [244-246], Schechter [269, 272, 273, 275, 276], and
their references cited therein. They were mainly concerned with the exis-
tence results without sign-changingness of the solution. Dancer and Du [130]
(jumping at zero), Dancer and Zhang [132], Li and Zhang [201], and Schechter
et al. [279] got sign-changing solutions for Dirichlet zero-boundary value prob-
lems where the Fucik spectrum of Dirichlet boundary value problems is essen-
tial to their arguments. Note that in Schechter et al. [279], the authors first
proved that the sign-changing solutions of Dirichlet boundary value problems
are independent of the Fué¢ik spectrum. The Fuéik spectrum for Schrodinger
equations is an open question. Lemma 2.29 is due to Bartsch, Liu and
Weth [37], whose earlier ideas can be found in Conti, Merizzi and Terracini
[107, 108].

2.4 Oscillating Dirichlet Equations

In this section, we consider the following case,

(2.63) lim inf fat) =04 (x); lim sup

flz,t)
lim inf im sup 1= Vi (z),

where 0,91 € L*({2). Assumption (2.63) implies that the nonlinearities
are jumping and oscillating. Assume

(Bs) 2F(x,t) > max{\x_1t%, 0, (x)(tT)*+0_(x)(t)?} —co for z € 2,t € R;
cp > 0 is a constant.

Theorem 2.30. Assume (By),(Bs), and (Bs). For each pair of numbers
a, B in the interval (Mg, A1) there are numbers a— < A and B4 > A1
such that

ot < Oi(z) <Vi(z) < Pi, zEL

Then Equation (2.42) has a sign-changing solution.
Theorem 2.31. Assume (B1),(Bs), and (Bs). For each pair of numbers
a_, By in the interval (Mg, Apt1) there are numbers ay < A and B— > Ap41

such that
ay <Oi(z) <Vi(z) < Bx, z €0

Then Equation (2.42) has a sign-changing solution.
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Theorem 2.32. Assume (By),(B3), and (Bs). Suppose that
lv||? < / (0 +0_(v")?)de, Vo€ Ey; Di(x) <App1, T €0
RN

and that no eigenfunction corresponding to k41 satisfies
—Au+V(z)u =9 ut -9 _u",

and no function in Ex\{0} satisfies —Au + V(z)u = 04ut — 6_u~. Then
Equation (2.42) has a sign-changing solution.

Theorem 2.33. Assume (B1), (B3), and (Bs). Suppose that
A < O0p(x) <9 (x) < Ay, x e 2
and that no eigenfunction corresponding to A satisfies
—Au=0,ut —0_u"

and that no eigenfunction corresponding to A1 satisfies —Au = 9 u™ —
d_u~. Then Equation (2.42) has a sign-changing solution.

Some lemmas are necessary for proving the above theorems.

Lemma 2.34. For each pair of numbers ay, - € (Mg, Apt1), there are num-
bers a— < Ak, B4+ > Ap41 such that

(2.64) flul|? < A)(a+(u+)2 +a_(u)?)dz, Vu e Ep\{0};

@65) P> [ (Bl e Ve BE(0)

Proof. To prove (2.64), we define

Cop =  max <u||2—/ a+(u+)2da:—/ )\k(u_)2dx>.
u€ B, [luf2=1 o} Q

Because dim Ey, < oo, ¢y exists and is attained at a point ug € Ej with
||U()H2 = ]. Then,

Co = <||u0||2 - /Q )\kugd:c> + /Q()\k — a+)(uar)2d:n <0.

Note that both terms in the middle above are less than or equal to zero.
If |lugl|® — fQ Apuddr = 0, then uy € Ny is an eigenfunction of ;. Hence,
ug # 0 because the eigenfunction is sign-changing. Thus, the second term,
hence ¢y, is less than zero. Therefore, for all u € Ex\{0},
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Jul? - /Q (s ()2 + a_(u)2)de < (B + M — o) /Q e <0

for an appropriate a_ < A;. To prove (2.65), we define

dy = inf (||u||2—/ )\k+1(u+)2dx—/ B_(u_)de).
u€ B |lullz=1 Q Q

Note that [, Ap+1(u)?de < |Ju|? for all u € Ei; we see that
(2.66) [|]|? —/ Mey1(ut)?de —/ B (u™)?dx
o) o)

> [ (v = ) s
> 0.

It follows that dy > 0. It suffices to show that dy > 0. But, if this were not
true, we would have a sequence {u, } C Eif,||uy||2 = 1 such that

= Nl = [ NewaCwnPde— [ s = Bo) )Pz =0
7] 7]
as n — oo. It follows that

||un||2 S )\k-‘rl + dn

We may assume that u, — u, weakly in E and strongly in L?(§2), hence,
||ts]]2 = 1. Therefore,

l|us]|® — /RN o1 (uy)?de — /Q(Ak+1 — B)(u; )?dz < lim d, = 0.

n—oo

This implies that u, = 0 and

ol = [ Ml da.

All these mean that u. is a positive eigenfunction of A\;41. This contradiction
completes the proof of the lemma. O

Lemma 2.35. Under the assumptions of Theorem 2.30, G satisfies the (PS)
condition.

Proof. Lemma 2.34 and the conditions of Theorem 2.30 imply that

(2.67) |ul|* < /RN (O ()2 +0_(u)?)dx, Vu € Ep\{0};
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(2.68) flul|? > /9(19+(u+)2 +9_(u")?)de, Yu € Ei-\{0}.

Now let {u,} be a (PS) sequence: |G’ (uy,)|| — 0 and {G(uy,)} is bounded. We
just have to show that {u,} is bounded. To show this, assume that ||u,| — oco.
Let i, = Uy, /|[tn]|. Then i, — @ weakly in E, strongly in L?({2), and a.e. in
2. Because |f(xz,un)|/||un| < Foltn|, we may assume that (f(x,u,))/||wn.||
converges strongly in L?(£2) to a function h(z). Observe that

lim inf I (@, un) > @(z) lim inf —f(si’t)

=a(z)0y(x), ifu(x)>0.
In a similar way, we can show that

i(2)05 (2) < lim ing LE80) < jipy g £ Un)

n—oe lun|| n—oo|lunl|

f(xaun) < lim sup f(x,un)

—onoe | n—oo |lunll

< a(z)d4(z), if u(x) > 0;

IN

a(x)0_(xz), ifa(z)<O.

This gives
w(x)ly(x) < h(x) <a(x)di(x), if a(x) > 0;
a(z)d_(z) < h(x) < a(z)0_(x), ifa(z)<O.

Let gq(z)

h(z)/u(zx) if u(z) # 0; otherwise, g(x) = 0. Then
(2.69) 0,(x) < q(e) < D4 (2), ifa(x) > 0
(2.70) 0_(x) <q(z) <dI_(x), ifa(r)<O0.
On the other hand, G'(u,) — 0 implies that
(2.71) (a(zx),v) 7/ h(z)vdr = (u(x),v) 7/ q(z)uvdr = 0.
e} e
Let u =0+ w with v € Ey, w € E,i-, and @ = w — v. Therefore, by (2.71),
er alP ol = | a@)?de = | g @Pds
Recalling (2.67)—(2.69) and (2.72), we have

0< /Q(t‘h(@*)2 +0_(v7)%)dx — |o]?

\2de — 11512
< /Q 4() (8)%dz — o]
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- /Q o(w)(@)2d — ||

wT)? (w7)dz — ||w]?
s/ﬁ(M )2+ 0 (7)) da — |

< 0.
It follows that
(2.73) [ O+ 057 e = ol
(2.74) [ @@+ 0@ = [l

Using (2.67) and (2.68) once again, we see that © = w = a4 = 0. Hence

<G’(un) “—”> =1-/ F@stn) o yaw - 1,

" luall? lual
providing a contradiction. |
By a similar argument, we can prove the following.

Lemma 2.36. Under the assumptions of Theorem 2.31, G satisfies the (PS)
condition.

Lemma 2.37. Under the assumptions of Theorem 2.32, G satisfies the (PS)
condition.

Proof. By the assumptions of the Theorem 2.32, we have

Jul < /Q (0, () +60_(u-))dz, ue By

el = A a3 > / (04 (u™)? +0_(u")*)dz, u€ Ey.
Q
Then (2.74) still holds. Hence

/ (Neg1 — O4) (w0 ) dx + / (Npg1 —9_) (0™ )%dx = 0.
2 2

It follows that ¥, = Apy1 if @ > 0, and J_ = A1 if @ < 0 and @ is an
eigenfunction of A;y1. Therefore,

— AW+ V(2)0 = A1 = 910" —I_w™,
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which implies that w = 0. Furthermore,

[ @@+ 0- e = [ a(o)ed

2 2

Thus, ¢(z) =04 (z) if a > 0; g(z) = 0_(z) if u < 0 and
~Au+V(r)a=0,u" —0_u".

It follows that u = v = 0. Using an argument similar to that used in proving
Lemma 2.35, we get a contradiction if the (PS) sequence is unbounded. O

Similarly, we have

Lemma 2.38. Under the assumptions of Theorem 2.33, G satisfies the (PS)
condition.

Proofs of Theorems 2.30-2.33. By Lemmas 2.22-2.26, we see that G(u) <
col$2|/2 for all u € Ey_q :=Y and G(u) > co|£2]/2 for all u € Sy. By (Bs),
(2.63), and (2.67), similar to the proof of Lemma 2.22, we have G(u) < Tj
for all w € Ey; here Tj is a constant. Then, G satisfies all the conditions of
Theorem 2.18. Therefore, there exists a sequence {ur} € E\(—P UP) such
that

1
G/(uk) — 0, G’(uk) = Ckuk/k,G(uk) € |:ZCOQ|,2TO] ,

as k — oo, where the sequence {Cj} is bounded. By Lemmas 2.35-2.38,
up — u, where u satisfies

Gw)=0, Gu)e [}lco|n|,2To} .

We now show that u is sign-changing. In fact, because G’ (uy) — Cruy/k = 0,
we have

+ +
[[u k||2__|| P = / fla,up) deff<—||uk\|2+0|| up [Ip-

It follows that ||uk || > so > 0, where s is a constant independent of k. This
implies that the limit u is sign-changing and G'(u) = 0, G(u) € [$co|92],2Tp].
O

Notes and Comments. The existence results of Theorems 2.30-2.33 are
essentially known (cf. Céc [75], Berestycki and de Figueiredo [58], Furtado
et al. [152, 153], Habets et al. [165], and Schechter [269]). But in those papers
the signs of the solutions cannot be decided. Theorems 2.30-2.33 are neither
consequences of the usual linking theorems nor straightforward results of the
methods developed in Bartsch [30], Li and Wang [199], and Bartsch et al. [37].
A similar result to that of Lemma 2.34 can be found in Céc [75], Lazer and
Mckenna [191], and Schechter [269].



78 2 Schechter—Tintarev Linking

2.5 Double Resonant Cases

Consider the following case,

(2.75) A < ¥y(x) :=liminf f@t < limsup f@t) = Us(x) < Mgy

|t|—oc [t|—o0
uniformly for € 2. We have the following.

Theorem 2.39. Assume that (B1)—(Bs) and (2.75) hold with ¥y (x) # Ag.
Then Equation (2.42) has a sign-changing solution.

Lemma 2.40. Under the assumptions of Theorem 2.59, G(u) — —oo for
u € By and ||lu]| — oo.

Proof. Because W (x) > A, W1 (x) £ A, and dim Ej, < 0o, by the variational
characterization of the eigenvalues {\}, there is a p > 0 such that

(2.76) [Jul|? — / Uy (x)ulde < —pllul|*  for all u € Ej.
Q

In fact, this is an immediate consequence of the Schechter—Simon Theo-
rem 1.62. Furthermore, by (2.75), for ¢ > 0 small enough, there exists a
C. > 0 such that

1 1
5%(::;)152 — F(z,t) < 55752 + C.
for all € 2,¢ € R. Therefore, combining (2.76),

sl =5 [ mneds s [ (G - Few) o

3 1
fi’nuuu/ —eu® +C. | dr
8 o \2

< —B||u||2+/ Code.
4 0

G(u)

IN

N

The lemma follows immediately. O

Proof of Theorem 2.39. Similar to Lemma 2.28, G satisfies the (w-PS) con-
dition. The remainder is analogous to the proof of Theorem 2.20. We leave
the details to the readers. (|

Notes and Comments. To study the sign-changing solutions, several authors
developed some methods. In Bartsch [30], the author established an abstract
critical theory in partially ordered Hilbert spaces by virtue of critical groups
and studied superlinear problems. In Li and Wang [199], a Ljusternik—
Schnirelman theory was established for studying the sign-changing solutions
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of an even functional. Some linking-type theorems were also obtained in
partially ordered Hilbert spaces. The methods and abstract critical point
theory of Bartsch [30], Bartsch and Weth [45], and Li and Wang [199, 198]
involved the dense Banach space C({2) of continuous functions in the Hilbert
space H}(2), where the cone has a nonempty interior. This plays a crucial
role. To fit that framework, much stronger hypotheses (e.g., boundedness of
the domain and stronger smoothness of the nonlinearities) were imposed. In
[37], the method of dealing with superlinear non-odd f was based on Liu
and Sun [211] by using arguments of invariant sets. In [37], this idea of the
neighborhood of a cone due to Conti et al. [107] was applied and modified
by the authors to construct the invariant set. Their idea also can be traced
back to Bartsch [29].

Under the Ambrosetti-Rabinowitz’s super-quadratic (ARS, for short),
Wang [331] obtained the existence result of three solutions (one is posi-
tive, another one is negative) on a superlinear Dirichlet elliptic equation and
later in Bartsch and Wang [40], the authors proved for semilinear Dirichlet
problems that the third solution is sign-changing. This result was general-
ized to nonlinear Schrédinger equations in Bartsch and Wang [41] where the
(ARS) condition plays an important role. Recall the papers of Coti Zelati
and Rabinowitz [121, 122], where V(x) and f(x,t) were periodic for each
2 variable and infinitely many sign-changing solutions were obtained by a
totally different theory.

In Bartsch and Wang [44], the existence of sign-changing entire solutions
defined on RY was studied. They constructed a series of Dirichlet problems
on the ball and then expanded the ball to whole space.

Other papers on sign-changing solutions include Bartsch et al. [31], Castro
et al. [80, 81], Castro and Finan [82], Dancer and Du [129], Dancer and Yan
[131], and Schechter et al. [279]. Other variants of the linking theorem can be
found in Schechter [273, 267, 270, 274, 271]. Finally, we mention other papers
on resonant problems. In Arcoya and Costa [18], Bartolo et al. [27], Bartsch
and Li [36], Hirano et al. [171], and Hirano and Nishimura [169], the strong
resonant elliptic equation was studied. In Schechter [276] and Zou and Liu
[348], general resonant problems were considered.
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