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Stability of Grasping in a Static or Dynamic
Sense

The first part of this chapter studies the geometry of grasping or immobilisa-
tion of a solid object by a number of frictionless fingers or fixtures. It shows
that at least four frictionless contact points or four fixtures are required to
immobilise planar objects. In particular, we show that three contact points
are necessary and sufficient for immobilising a two-dimensional (2-D) trian-
gular object but that four frictionless contacts or four fixtures are necessary
and sufficient to immobilise a parallelepiped or to establish force/torque clo-
sure grasp. In the case of 3-D polyhedra, seven frictionless contact points are
sufficient to establish a force/torque closure grasp.

The latter half of this chapter addresses another type of problem of grasp-
ing or immobilisation of a 2-D rigid object, in a dynamic sense: the simplest
but most fundamental problem for stopping or immobilising rotational motion
of a 2-D object with a flat side surface by a multi-joint robot finger where the
object can only pivot around a single axis. It is assumed that rotational motion
of the object pivoted around the fixed axis is frictionless and the finger-end is
hemispherical and therefore rolling between the finger-end and object surfaces
is induced without incurring any slip. Lagrange’s equation of motion of such
a testbed finger/object system is derived together with two constraints, the
point contact constraint and the rolling contact constraint. It is shown that
there arises a rolling constraint force tangential to both the finger-end sphere
and the object surface originates at the contact point. Another simple testbed
problem of dynamic grasping of a 2-D object by two one-DOF fingers with
spherical ends is proposed, where motion of the overall system is confined
to the horizontal plane. Rolling contacts play an essential role in stabilisa-
tion of dynamic grasping through force/torque balance. In the final section, a
class of coordinated motor-control signals based on fingers–thumb opposition
is shown to establish force/torque balance in a blind manner without knowing
the object kinematics or using visual or tactile sensing.
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2.1 Immobilisation of 2-D Objects

The problem of achieving a firm grip on an object is one of the most funda-
mental issues underlying the design and control of multi-fingered hands. There
are two approaches for defining the motion of a firm grip; form closure and
immobilisation. In this section, we deal with the problem of immobilising a
planar polygonal object. In the case of three-dimensional polyhedral objects,
we only show theoretical results without giving the proof.

Given a planar shape P in the horizontal plane, a set of points S is said
to immobilise P if any rigid motion of P in the plane forces at least one point
of S to penetrate the interior of P . By shape we mean a two-dimensional
set of points bounded by a Jordan curve. Evidently, any minimal S contains
only points belonging to the boundary of P . For the sake of gaining physical
intuition into the problem, we treat only polygonal objects (therefore, the disc
is excluded from this consideration).

For example, consider the parallelepiped shown in Figure 2.1 and choose
four points on the boundary as S = {P1, P2, P3, P4}. Apparently the set S
immobilises this parallelepiped. However, if any one of points in S is excluded,
then the set S′ = {Pi1, Pi2, Pi3} consisting of the remaining points does not
immobilise the object. Indeed, for example, the set S′ = {P1, P2, P3}, any
movement of P to the right does not make any point of S′ penetrate the
interior of P (that is, any fixed point Pi cannot get inside P by a certain
infinitesimally small translational movement of P ). Physically, a boundary
point Pi of the set S for a shape P can be regarded as a contact with the
boundary of P externally made by a rigid body, which is called a fixture
(mainly, in the case of immobilisation) and a frictionless finger (in the case of
form closure).

Next consider the problem of how many fixtures are necessary and suffi-
cient to immobilise triangles. In general, four fixtures are enough to immobilise
polygonal objects. We show the solution to the problem below.

Theorem 2.1. Three fixtures are necessary and sufficient to immobilise
any triangle.

To find a set of such contact points S = {P1, P2, P3} for the triangle P , let
us consider the maximally inscribed circle of P [see Figure 2.1(b)] and choose
S = {P1, P2, P3} by picking every point at which the inscribed circle touches
the boundary of P . Intuitively this set S = {P1, P2, P3} seems to immobilise
the triangle P . Nevertheless, the proof is not trivial.

To confirm this, first observe that each contact point should lie on a dif-
ferent side of the triangle. Next, the three orthogonal lines to the boundary
at the points P1, P2, and P3 should meet at a common point. To show this,
suppose that the three othogonal lines do not meet at a single point. Then,
these three orthogonals constitute a triangle as shown in Figure 2.2, where we
denote the original triangle by its vertices {A,B,C}. Let O be a point in the
interior of the triangle constituted by the three orthogonals. Then, the three
angles ∠OP1B, ∠OP2C and ∠OP3A are all acute, as shown in Figure 2.2.
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Fig. 2.1. Three fixtures are necessary and sufficient to immobilise triangles. In
general, four fixtures are enough to immobilise polygonal objects.

Or, for some choices for S = {P1, P2, P3}, all three of these angles become
obtuse. Therefore, in the case shown in Figure 2.2, the triangle {A,B,C}
can be rotated counterclockwise by a small angle around O and the points
{P1, P2, P3} remain outside the interior of {A,B,C}. In the latter case, the
triangle {A,B,C} can be rotated clockwise by a small angle. In either case,
the existence of such a rotation around O contradicts immobilisation of the
triangle. It is also possible to prove that the concurrency of the three or-
thogonals at the contact points {P1, P2, P3} is also a sufficient condition for
immobilisation of the triangle. However, we omit the proof of this sufficiency
but state this main result in the following theorem.
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Fig. 2.2. The set S = {P1, P2, P3} cannot immobilise this triangle

Theorem 2.2. A necessary and sufficient condition for immobilising a
triangle {A,B,C, } by the contact points S = {P1, P2, P3} is that the three
orthogonals at Pi (i = 1, 2, 3) to the corresponding sides meet at a common
single point.

Finally, we mention the following two results without proof.
Theorem 2.3. Any polygonal object in the plane can always be immo-

bilised by using four fixtures (contact points).
Theorem 2.4. Any polygonal object containing no parallel sides can

be immobilised by finding three fixtures.
Further, we summarize the theoretical results about immobilisation of

polyhedra obtained and proved in the literature in the following two theo-
rems.

Theorem 2.5. Any three-dimensional polyhedron can be immobilised
by using six fixtures.

Theorem 2.6. Any n-dimensional polytope can be immobilised by using
2n fixtures.

2.2 Force/Torque Closure

Another concept of a firm grip on a rigid object is form closure (equivalently
called force/torque closure), which is a finite set of wrench vectors (force–
moment combinations) applied on the object with the property that any other
wrench vector acting on the object can be balanced by a positive combination
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Fig. 2.3. The set of four forces {f1, f2, f3, f4} directed normally to the four sides
of the parallelepiped, respectively, achieves force/torque closure

of the original ones. It has already been pointed out that the form closure
of a two-dimensional object requires at least four wrench vectors and that of
a three-dimensional object requires at least seven wrench vectors. It is also
known that these numbers can be achieved by wrench vectors realisable as
forces normal to the surface of the object. Such wrench vectors are equivalent
to the supposition of frictionless fingers contacting pointwise to the object
surface. To gain physical insight into the concept of form closure, we discuss
first a problem of firm grip of a parallelepiped as an illustrative example of
two-dimensional objects.

Consider now a rigid parallelepiped lying on a horizontal xy-plane with
four sides as shown in Figure 2.3, and suppose that four forces f i (i = 1, 2, 3, 4)
are acting on different sides as in the figure. If we denote the magnitude of
the force vector f i by the positive number fi and set the coordinates (x, y)
as shown in Figure 2.3, the forces f i (i = 1, · · · , 4) can be expressed by the
vectors f1 = (f1, 0)T, f2 = (−f2, 0)T, f = (0,−f3)T and f4 = (0, f4)T. When
the force f1 is exerted on the object, the rotational moment with a magnitude
|f1Y1| arises clockwise around the object mass centre Oc.m. as shown in Figure
2.3. In the figure, all variables Yi (i = 1, 2) and Xi (i = 3, 4) are defined. If we
append such a rotational moment fiYi (i = 1, 2) or fiXi (i = 3, 4) to f i by
letting the sign of a counter-clockwise moment be positive, then it is possible
to consider the following four three-dimensional vectors:

w1 =

⎛
⎝ f1

0
−f1Y1

⎞
⎠ , w2 =

⎛
⎝ −f2

0
f2Y2

⎞
⎠ , w3 =

⎛
⎝ 0

−f3
−f3X3

⎞
⎠ , w4 =

⎛
⎝ 0

f4
f4X4

⎞
⎠ . (2.1)
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Such a vector wi is called a two-dimensional wrench vector. In the three-
dimensional case, such a wrench vector is expressed by the six-dimensional
vector w = (f , r×f)T, where f stands for the three-dimensional force vector
acting at a contact point normally to the object boundary surface and r is
the position vector originating from the object mass centre and terminating
at the contact point. The symbol × means the vector outer product.

Definition 2.1. Suppose that n frictionless fingers are applied to a
rigid object at different points with n wrench vectors W = {w1, · · · ,wn}. If
any external wrench wex applied to the object can be balanced by pressing
fingertips against the object at the selected contact points, the grasp with the
set W of wrench vectors is said to be form-closure (or force/torque closure).

In more detail, the grasp W is form-closure if and only if for any external
wrench wex it is possible to find a set of non-negative parameters αi ≥ 0
(i = 1, · · · , n) that satisfy

n∑
i=1

αiwi + wex = 0. (2.2)

This formula expresses the fact that external wrench wex can be balanced by
the set of original fingers through modifying the magnitudes of the forces fi
to αifi (i = 1, · · · , n).

For example, in the case of the 2-D object shown in Figure 2.3, the set W
of four wrench vectors given in Equation (2.1) achieves force/torque closure
if fi (i = 1, · · · , 4) satisfies

f1 = f2 > 0, f3 = f4 > 0, f1Y1 = f3X3 (2.3)

provided that

Y1 + Y2 = 0, X3 +X4 = 0. (2.4)

This can be explicitly confirmed by the following argument.
For a given set of wrench vectors W = {w1, · · · ,wn}, let us consider the

normalised set of wrenches W̄ = {w̄1, · · · , w̄n}, where w̄i = wi/‖wi‖, i =
1, · · · , n, and ‖w‖ denotes the Euclidean norm of vectors w. Then, consider
a set of all points P such that

P =
n∑
i=1

γiwi,

n∑
i=1

γi = 1, γi ≥ 0 (i = 1, · · · , n) (2.5)

and denote the set by H(W ), and call it the convex hull of the set of original
wrench vectors W .

Theorem 2.7. A necessary and sufficient condition for a grasp with a
set of wrench vectors W to reach form-closure is that the origin of the wrench
space lies exactly inside the convex hull H(W ) of the original set W of wrench
vectors.
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In the case of the parallelepiped shown in Figure 2.3 with wrench vectors
W = {w1,w2,w3,w4} satisfying Equations (2.3) and (2.4), the convex hull of
W can easily be constructed as shown in Figure 2.4, from which it is possible
to see that the origin O is exactly inside H(W ). This shows that the grasp
with this W achieves force/torque closure.

Straightforwardly from Theorem 2.2, it follows that
Theorem 2.8. The form closure of a two-dimensional object requires

at least four wrenches and that of a three-dimensional object requires at least
seven wrenches.

Theorem 2.9. Form closure of any two-dimensional bounded object
(except a circle) can be achieved by four frictionless fingers. For three dimen-
sions, form closure of three-dimensional objects with rotational symmetries
can be achieved with seven frictionless fingers.

It is also shown that
Theorem 2.10. For any convex polygon, four contact points S =

{P1, · · · , P4} at which the set of wrenches achieves form closure can immobilise
a polygonal object.

It is interesting to note that any three wrench vectors constructed at three
contact points S = {P1, P2, P3} of a triangle shown in Figure 2.1(b) cannot
achieve form closure, even if the three orthogonals meet at a common point
(that is, S immobilises the triangle).
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2.3 Frictional Grasp of 2-D Objects

In our everyday life, we pick up small objects on a desk quite easily by using
a thumb and index finger without dropping them. As a matter of course, our
thumb and fingers are not rigid but soft and flexible. In fact, our finger-end has
a curved surface and makes contact with a rigid object with some contacted
area caused by deformation of the finger-end soft material. Then, there may
arise a frictional force in the direction tangent to the contact area due to both
static and viscous (dynamic) friction. Even if the finger-end is rigid but has a
curved surface, it may cause rolling on the object surface without sliding or
slipping. In the next section, we will show that such rolling constraint induces
a constraint force in the direction tangential to both the finger-end and object
surfaces. This tangential force is a constraint force and hence is irrelevant to
energy consumption during motion, unlike the viscous friction.

In this section, we treat a force/torque closure problem for a 2-D rect-
angular object by using a pair of frictional fingers. Two frictional forces F 1

and F 2 acting at points P1 and P2, respectively, against the object can be
regarded as a sum of components f i normal and λi tangent to the object side
(i = 1, 2), as shown in Figure 2.5. Suppose that two straight lines drawn from
P1 and P2 in the directions of F 1 and F 2, respectively, meet at a point O′.
In other words, assume that the direction of f2 is just opposite to that of f1

and the straight line including the line segment OO′ (where O denotes the
centre of the rectangular) splits the rectangular into two parts with the same
shape and size. If we regard the point O′ as the origin of (x, y)-coordinates as
in Figure 2.3, then the vectors f i and λi (i = 1, 2) can be expressed in the
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following way:

f1 =f1

(
1
0

)
, f2 =f2

(−1
0

)
, λ1 =λ1

(
0
−1

)
, λ2 =λ2

(
0
−1

)
, (2.6)

where all the fi and λi (i = 1, 2) are positive constants. Correspondingly to
these four force vectors, the wrench vectors are given as follows:

wf1 = f1

⎛
⎝ 1

0
Y1

⎞
⎠ , wf2 = f2

⎛
⎝ −1

0
−Y1

⎞
⎠ ,

wλ1 = λ1

⎛
⎝ 0

−1
−l/2

⎞
⎠ , wλ2 = λ2

⎛
⎝ 0

−1
l/2

⎞
⎠ . (2.7)

Evidently, the set of wrenches W = {wf1,wf2,wλ1,wλ2} does not realise
force/torque closure, because the sum of these four wrenches cannot be bal-
anced except for the case f1 = f2 = 0 and λ1 = λ2 = 0. That is, the origin
cannot be included inside H(W ), the convex hull of W . Then, let us consider
the situation that the external force F 3 is exerted on the rectangular object
in the direction of the y-axis, down from the top, as shown in Figure 2.5. If
this 2-D object with mass M is placed in a vertical plane and subjected to
gravity, this external force F 3 can be regarded as the gravity force expressed
by F 3 = Mg(0, 1)T. Then it is easy to see that the set of wrenches W and
this additional wrench wF3 = Mg(0, 1, 0)T can be balanced by setting

f1 = f2 > 0, λ1 = λ2 = Mg/2, (2.8)

which yields ∑
i=1,2

(wfi + wλi) + wF3 = 0. (2.9)

It is interesting to note that the set of five wrenches W ′ = {wf1,wf2,wλ1,
wλ2,wF3} achieves force/torque closure, because the convex hull H(W ′) ap-
parently includes the origin as an interior point. In fact, suppose that a small
external force with wrench wd = (εx, εy, εm)T is exerted on the rectangular
object. In order to balance wd by the set W ′, it is necessary and sufficient to
choose fi > 0 and λi > 0 while fixing the value Mg so that∑

i=1,2

(wfi + wλi) + wF3 + wd = 0. (2.10)

This equality can be satisfied by choosing fi > 0 and λi > 0 so that they
satisfy ⎧⎨

⎩
f1 − f2 = −εx, λ1 + λ2 = Mg + εy

−εxY1 − lλ1 +
l

2
(Mg + εy) + εm = 0

(2.11)
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Fig. 2.6. A single-joint finger robot receives an external force F in the direction
from P to O0

from which it follows that⎧⎪⎨
⎪⎩
fi = fd + (−1)i

εx
2

λi =
1
2
(Mg + εy) + (−1)i

εxY1 − εm
l

i = 1, 2. (2.12)

where fd is a certain appropriate positive constant. Conversely, it is easy to
check that if fi and λi are chosen by Equation (2.12) then the force/torque
balance expressed by Equation (2.10) is realized. The arguments imply a po-
tential way of controlling the grasp of a 2-D polygonal object by using a pair of
fingers that exert not only pressing forces on the object normal to the object
surface but also frictional (or rolling constraint) forces tangent to it.

2.4 Rolling Contact Constraint

Before discussing how rolling constraint force emerges from the physical inter-
action of rolling between a robot finger-end and a 2-D object surface and how
effectively it is used to balance the force/torque, we show how an external
force acting on a robot finger enters Lagrange’s equation of motion for the
finger. First, consider the single DOF finger depicted in Figure 2.6 on which
the external force F is exerted at a fixed point P at a distance from the cen-
tre of curvature O0 of the spherical finger-end r. The finger is composed of a
rigid link wiht length l whose end is rigidly connected to the finger-end and
therefore the link together with the finger-end is regarded as a single rigid
body. Denote the pivoted origin of the robot finger by O and set the (x, y)
coordinates as shown in Figure 2.6. Then, the positions O0 and P can be
expressed as
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O0 =

(
x0

y0

)
=

(
−l cos q
l sin q

)

P =

(
x1

y1

)
=

(
−l cos q − r cos(q + φ)
l sin q + r sin(q + φ)

) (2.13)

where the angles q and φ are defined in Figure 2.6. Since in this case the
xy-plane is regarded as horizontal, the effect of gravity can be ignored. At the
same time, we assume that rotational motion of the robot finger is frictionless.
Evidently, the kinetic energy of the robot finger is denoted by K = (1/2)Iq̇2

and the external force is expressed as

F = F (cos(q + φ), − sin(q + φ))T , (2.14)

where I denotes the moment of inertia of the finger around O and F de-
notes the magnitude of F . Then, applying the variational principle to the
Lagrangian L = K with the external force F yields

∫ t1

t0

{
δL+

∂(x1, y1)
∂q

F δq

}
dt = 0 (2.15)

from which it follows that

Iq̈ = JT(q)F , (2.16)

where

J(q) =
(
∂x1/∂q
∂y1/∂q

)
=
(
l sin q + r sin(q + φ)
l cos q + r cos(q + φ)

)
. (2.17)

Hence, the right-hand side of Equation (2.15) can be calculated by using the
expressions for F and J(q) [Equations (2.13) and (2.16)] in such a way that

JT(q)F = −lF {sin q cos(q + φ) − cos q sin(q + φ)}
−rF {sin(q + φ) cos(q + φ) − cos(q + φ) sin(q + φ)}

= −LF sinφ. (2.18)

Thus, Equation (2.15) can be written in the form

Iq̈ = −lF sinφ. (2.19)

This shows that the external force F acting at the finger-end surface in the
direction normal to it can be regarded as being acting at the centre of cur-
vature of the finger-end sphere in the same direction. Furthermore, suppose
that an appropriate servo-motor actuator is installed at the pivotal joint O
to generate control torque signals, and denote the control input torque by u.
Then, this control torque can be regarded as an external torque at joint O
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and hence it is possible to express the equation of motion of the robot finger
in the following form:

Iq̈ = −lF sinφ+ u. (2.20)

If all physical parameters l, F and φ are known, it is possible to design a control
input u to stop the rotational motion of the finger by setting u = lF sinφ so
as to withstand and balance the external force F .

Next consider the case of a two-DOF finger robot with a spherical end
with an external force −F exerted at the point P (= (x1, y1)) as shown in
Figure 2.7. For the convenience of discussions in subsequent sections, in this
case we use a minus sign to express the external force. This external force can
be regarded as the sum of two components −f and −λ as shown in Figure
2.7. Here the direction of −f is normal to the finger-end surface and that
of −λ is tangential to it. In order to derive Lagrange’s equation of motion,
denote the kinetic energy of the finger robot with two joints by

K = K(q, q̇) =
1
2
q̇T(t)H(q(t))q̇(t) (2.21)

where q = (q1, q2)T and H(q) denotes the inertia matrix of the planar robot
finger with two DOFs as expressed in Equation (1.107). Then, the variational
principle in this case can be described by the following form:∫ t1

t0

[
δK +

{
∂(x0, y0)

∂q
f +

∂(x1, y1)
∂q

λ + uTδq

}]
dt = 0. (2.22)

where u = (u1, u2)T denotes the control torques generated at joint actuators.
Note that −f and −λ can be described as
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−f = f

(
cos(q1 + q2 + φ)
− sin(q1 + q2 + φ)

)
= −f

(
cos θ
− sin θ

)
,

−λ = −λ
(

sin(q1 + q2 + φ)
cos(q1 + q2 + φ)

)
= λ

(
sin θ
cos θ

)
,

(2.23)

where θ denotes the angle from the x-axis to the direction of the external force
f . Since the sign of the angle in a counter-clockwise direction is taken to be
positive, the angle θ in the case of Figure 2.7 is negative. Furthermore, it is
possible to write the position P relative to the position O0 in the following
way:

(
x1

y1

)
=
(
x0 + r cos(q1 + q2 + φ)
y0 − r sin(q1 + q2 + φ)

)
=
(
x0

y0

)
+ r

(
cos θ
− sin θ

)
. (2.24)

Futher, it follows that

∂(x1, y1)
∂q

= JT
0 (q) − r

(
sin θ cos θ
sin θ cos θ

)
, (2.25)

where

JT
0 (q) =

∂(x0, y0)
∂q

. (2.26)

Hence, from Equations (2.23) and (2.25) it follows that

−∂(x1, y1)
∂q

f = −fJT
0 (q)

(
cos θ
− sin θ

)
, (2.27)

−∂(x1, y1)
∂q

λ = λ

{
JT

0 (q)
(

sin θ
cos θ

)
− r

(
1
1

)}
. (2.28)

Thus, it follows from the variational principle expressed as Equation (1.85)
that

H(q)q̈ +
{

1
2
Ḣ(q) + S(q, q̇)

}
+ fJT

0 (q)
(

cos θ
− sin θ

)

−λ
{
JT

0 (q)
(

sin θ
cos θ

)
− r

(
1
1

)}
= u. (2.29)

It is important to note that, for the generation of two torque components to
counter-balance the torques exerted by the external force −F whose direction
is changing instantaneously (φ is not constant), two independent actuators
installed separately at two joints are necessary. In other words, if u is a scalar
control variable and hence JT

0 (q) is a 1× 2 matrix, the total sum of the third
and fourth terms of the left-hand side of Equation (2.29) cannot be restored
into such two original terms.
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2.5 Testbed Problems for Dynamically Stable Grasp

For the study of stable grasping and dexterious manipulation by a human-
like multi-fingered hand, a simple but canonical testbed problem underlying
control of motion of the simplest robot mechanism is very useful for gaining
both physical and mathematical insights into the problem. Such a prototype
problem may play a similar role to the well-known problem of stability and
control of the inverted pendulum that has contributed to advances in lin-
ear and non-linear control theory of mechanical systems. However, there is a
noteworthy difference between the two testbed problems. Even in the case of
the simpler testbed problems of stable grasp, Lagrange’s equation of motion
for a robot mechanism is subject to geometric constraints and therefore con-
trol inputs cannot enter explicitly into the equation of motion of the object
to be controlled. Grasping an object should be controlled indirectly through
constraint forces.

For the sake of mechanical simplicity but still to show the key role of the
rolling constraint, let us consider the mechanical setup shown in Figure 2.8,
which is composed of a two-DOF robot finger with a hemispherical finger-
end and a rigid rectangular 2-D object pinned at a point Om but pivoting
around it. It is assumed that the xy-plane is horizontal and the whole motion
of the finger and object is confined to this plane and therefore the effect of
gravity can be ignored. For convenience and simplicity, we assume further
that rotational motion of the object around the Om is frictionless. Comparing
Figure 2.8 with Figure 2.7, we can easily see that the equation of rotational
motion of the object follows directly from Newton’s law of action and reaction
in the following form:
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Iθ̈ − fY1 + λl = 0, (2.30)

where I denotes the inertia moment of the object around Om, l the distance
from Om to the left rectilinear side of the object as shown in Figure 2.8 and
Y1 the Y -component of the (X,Y )-coordinates of position O1 attached at the
object. The equation of motion of the finger is the same as that described
by Equation (2.29) in the previous section. These two equations are derived,
however, by assuming that there arises a force F pressing the object in the
direction shown in Figure 2.8 and a reactive force −F affecting the finger at
the common point O1 in the opposite direction.

We now show that these active and reactive forces F and −F , which
have tangential components λ and −λ, actually arise at the contact point O1

between the finger-end and the object surface. In reality, the physical situation
of contacting of the finger-end with the object should be expressed firstly by
the algebraic equation

r + l = (xm − x0) cos θ + (ym − y0) sin θ. (2.31)

Since the length of the line from O0 to P (see Figure 2.8) is r+ l it must also
be equal to the right-hand side of Equation (2.31). Here, P is a point at which
the extended straight line from O0 to O1 crosses the Y -axis originates from the
origin Om. Secondly, if the spherical finger-end is rolling on the object surface
without slipping then the contact point velocity expressed on the finger-end
must be equal to that expressed on the object surface. This can be written as

d
dt

(rφ) = − d
dt
Y1, (2.32)

where φ denotes the angle specified in Figure 2.7. It is easy to verify that

φ = π + θ − q1 − q2 = π + θ − qTe, (2.33)
Y1 = (x0 − xm) sin θ + (y0 − ym) cos θ, (2.34)

where e = (1, 1)T and q = (q1, q2)T. Note that Equation (2.32) can be inte-
grated as follows:

rφ(t) = −Y1(t) − c0, (2.35)

where c0 denotes a constant of integration. Thus, it follows from Equation
(2.31) and substituting Equations (2.33) and (2.34) into Equation (2.35) that

Q(q, θ) = −(r + l) + (xm − x0) cos θ − (ym − y0) sin θ
= 0, (2.36)

R(q, θ) = c0 + Y + rφ

= c0 + (x0 − xm) sin θ + (y0 − ym) cos θ + r(π + θ − qTe)
= 0. (2.37)
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We call Equation (2.36) the contact constraint and Equation (2.37) the rolling
constraint. Both constraints can be regarded as holonomic. Then, by intro-
ducing Lagrange’s multipliers f and λ for Equations (2.36) and (2.37), respec-
tively, we can define the Lagrangian

L = K + fQ+ λR, (2.38)

where K denotes the kinetic energy expressed by Equation (2.21). Applying
the variational principle described by Equation (1.76) to this Lagrangian, we
obtain the following Lagrange’s equation of motion:

H(q)q̈ +
{

1
2
Ḣ(q) + S(q, q̇)

}
q̇ − f

∂Q

∂q
− λ

∂R

∂q
= u, (2.39)

Iθ̈ − f
∂Q

∂θ
− λ

∂R

∂θ
= 0. (2.40)

Obviously, Equation (2.39) expresses the motion of the robot finger and Equa-
tion (2.40) the rotational motion of the object. The gradient vectors ∂Q/∂q
and ∂R/∂q and partial differentials of Q and R with respect to θ can be
calculated as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂Q

∂q
= −∂(x0, y0)

∂q

(
cos θ
− sin θ

)
= −JT

0 (q)

(
cos θ
− sin θ

)
,

∂R

∂q
=
∂(x0, y0)

∂q

(
sin θ
cos θ

)
− re = JT

0 (q)

(
sin θ
cos θ

)
− re,

∂Q

∂θ
= Y1,

∂R

∂θ
= −l.

(2.41)

Thus, it is possible to confirm that substituting these partial differentials from
Equation (2.41) into Equations (2.39) and (2.40) yields Equations (2.29) and
(2.30). Evidently the Lagrange multiplier f acts at the contact point as a
pressing force against the object and induces the rotational moment −fY1 for
the object around Om. Similarly, another multiplier λ induces the rotational
moment λl for the object around Qm. Then, their two-dimensional wrenches
acting on the object are written as follows:

wf = f

⎛
⎝ cos θ

− sin θ
Y1

⎞
⎠ , wλ = λ

⎛
⎝− sin θ

− cos θ
−l

⎞
⎠ . (2.42)

Apparently, wf acts at the contact point as a pressing force for the object in
the direction normal to the object side and wλ acts at the same contact point
as a shear force along the object side. The typical testbed control problem for
the set of motion Equations (2.29) and (2.30) that are subject to the constraint



2.5 Testbed Problems for Dynamically Stable Grasp 57

q

x
O

l l
1 q

2
21

L

O'

Oc.m.

λ
λ

y
X

θ

Y

rr 22
f

O2
02

2

O
OO

f
1

01

1

1

1

O   = ( x   , y   )

O  = ( x  , y  )

01 01 01

1 1 1

O     = ( x , y )c.m.

O   = ( x   , y   )02 02 02

O  = ( x  , y  )2 2 2
θ

Fig. 2.9. A pair of single-DOF robot fingers grasping a 2-D rigid object with parallel
surfaces

Equations (2.36) and (2.37) is to design a controller for stabilising rotational
motion of the object by balancing induced moments of the object around Om
and maintaining some still state with a constant angle of θ and zero angular
velocity θ̇ = 0. Note that the control variables u = (u1, u2)T do not enter into
the dynamics of the object, i.e., Equation (2.30). The motion of the object
should be indirectly controlled and stabilised through the constraint forces
f and λ. This problem will be investigated in detail in subsequent sections,
which will help us in understanding physical meanings of control of precision
prehension by a pair of human-like robot fingers.

Next we shall propose another testbed problem of stable grasp with a sim-
ple mechanical structure. Let us consider a pair of single-DOF robot fingers
whose ends are spherical and a 2-D object which has parallel sides, as shown
in Figure 2.9. The motion of the overall fingers-object is confined to the hor-
izontal xy-plane. In this case, it is implicitly assumed that an object with
a flat bottom is placed on a desk and both the translational and rotational
motions of the object are frictionless. In contrast to the previous example of
Figure 2.8, the centre of mass Oc.m. of the object is free to move. Denote the
mass and the inertia moment of the object around Oc.m. by M and I, respec-
tively. All other physical variables are specified in Figure 2.9, as in Figures
2.7 and 2.8 except that in Figure 2.9 the position of the object centre of mass
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is expressed by the vector x = (x, y)T in terms of the frame coordinates with
origin O. Hence, the total kinetic energy of this overall fingers-object system
is expressed as

K =
∑
i=1,2

1
2
Iiq̇

2
i +

M

2
(ẋ2 + ẏ2) +

I

2
θ̇2, (2.43)

where I1 denotes the moment of inertia of the left finger around the origin O
and I2 that of the right finger around O′. In this case, the sign of angles q1
and θ is taken to be positive in the counter-clockwise direction but that of q2
is taken to be positive in the clockwise direction.

Now, in light of the arguments developed in the previous two sections,
it is rather evident that Lagrange’s equation of motion of this fingers-object
system is governed by the following set of equations:

Iiq̈i − fi
∂Qi
∂qi

− λi
∂Ri
∂qi

= ui, i = 1, 2, (2.44)

M

(
ẍ
ÿ

)
−
∑
i=1,2

{
fi

(
∂Qi/∂x
∂Qi/∂y

)
+ λi

(
∂Ri/∂x
∂Ri/∂y

)}
= 0, (2.45)

Iθ̈ −
∑
i=1,2

{fi(∂Qi/∂θ) + λi(∂Ri/∂θ)} = 0, (2.46)

where

Qi = −(li + ri) − (−1)i {(x− x0i) cos θ − (y − y0i) sin θ} = 0,
i = 1, 2 (2.47)

d
dt
riφi = −dYi

dt
, i = 1, 2 (2.48)

{
Yi = (x0i − x) sin θ + (y0i − y) cos θ
φi = π − (−1)iθ − qi

i = 1, 2 (2.49)

Ri = Yi + ri(φi − π) − c0i

= (x0i − x) sin θ + (y0i − y) cos θ − c0i − ri
{
(−1)iθ + qi

}
= 0, i = 1, 2 (2.50)

and c0i denotes an appropriate constant. Equation (2.47) for i signifies the
contact constraint at the contact point O0i and Equation (2.48) for i captures
the rolling constraint at the same point O0i. Since Equation (2.48) can be
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Table 2.1. Partial differentials of Qi and Ri

8
>>>>><

>>>>>:

∂Qi
∂qi

= (−1)iJT
0i(qi)

 
cos θ

− sin θ

!

∂Ri
∂qi

= JT
0i(qi)

 
sin θ

cos θ

!

− ri

i = 1, 2

8
>><

>>:

∂Qi
∂x

= (−1)i cos θ,
∂Qi
∂y

= (−1)i sin θ

∂Ri
∂x

= − sin θ,
∂Ri
∂y

= − cos θ

i = 1, 2

8
>><

>>:

∂Qi
∂θ

= −(−1)iYi

∂Ri
∂θ

= (−1)ili

i = 1, 2

JT
0i(qi) =

∂(x0i, y0i)

∂qi
= li

`
(−1)i sin qi, cos qi

´
, i = 1, 2

where l1 = the length of OO01

and l2 = that of O′O02

integrated and Yi and φi can be expressed as in Equation (2.49), the rolling
constraint can be rewritten in the form of the holonomic constraint shown
in Equation (2.50). Therefore, the Lagrangian L of the overall system can be
expressed as

L = K +
∑
i=1,2

{fiQi + λiRi} (2.51)

and thereby Equations (2.44) to (2.46) follow from applying the variational
principle for the Lagrangian L. For the sake of convenience, we have calculated
all partial differentials of Qi and Ri in qi, x, y and θ, which are given in Table
2.1. Substituting all these partial differentials into Equations (2.44) to (2.46)
leads to

Iiq̈i − fi(−1)iJT
0i(qi)

(
cos θ
− sin θ

)
− λi

{
JT

0i(qi)
(

sin θ
cos θ

)
− ri

}
= ui,

i = 1, 2 (2.52)

M

(
ẍ
ÿ

)
− (f1 − f2)

(
cos θ
− sin θ

)
+ (λ1 + λ2)

(
sin θ
cos θ

)
= 0, (2.53)
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Iθ̈ − f1Y1 + f2Y2 + l1λ1 − l2λ2 = 0. (2.54)

Since it follows from the meaning of the constraints expressed by Equations
(2.47) and (2.50) that

⎧⎪⎪⎨
⎪⎪⎩

dQi
dt

= q̇i
∂Qi
∂qi

+ ẋ
∂Qi
∂x

+ ẏ
∂Qi
∂y

+ θ̇
∂Qi
∂θ

dRi
dt

= q̇i
∂Ri
∂qi

+ ẋ
∂Ri
∂x

+ ẏ
∂Ri
∂y

+ θ̇
∂Ri
∂θ

i = 1, 2 (2.55)

the sum of multiplications of Equation (2.52) by q̇i (i = 1, 2) and Equation
(2.54) by θ̇ and inner product between Equation (2.53) and (ẋ, ẏ)T yields

d
dt
K =

∑
i=1,2

q̇iui. (2.56)

Now, we are ready to discuss how to design a controller that can stabilise
both translational and rotational motions of the object by balancing forces
and torques affecting the object. Obviously from Equations (2.53) and (2.54),
the wrench vectors exerted on the object are described as follows:

wf1 = f1

⎛
⎝− cos θ

sin θ
−Yi

⎞
⎠ , wf2 = f2

⎛
⎝ cos θ

− sin θ
Y2

⎞
⎠ ,

wλ1 = λ1

⎛
⎝ sin θ

cos θ
l1

⎞
⎠ , wλ2 = λ2

⎛
⎝ sin θ

cos θ
−l2

⎞
⎠ . (2.57)

In order that the sum of these four wrenches become zero, it is necessary and
sufficient that

f1 = f2 = fd, λ1 + λ2 = 0, −fd(Y1 − Y2) + λ1(l1 + l2) = 0, (2.58)

where fd must be some positive constant. One possible solution to the simul-
taneous conditions of Equation (2.58) is to control the overall system motion
so as to let fi → fd, Y1 − Y2 → 0 and λi → 0 (i = 1, 2). Following this
observation, we are able to devise the following control signal:

ui = −ciq̇i − (−1)ifd

{
JT

0i(qi)
(

cos θ
− sin θ

)
− ri
r1 + r2

(Y1 − Y2)
}

(2.59)

where f0 can be chosen as being equal to fd or any other positive constant.
Substituting Equation (2.59) into Equation (2.52) yields

Iiq̈i + ciq̇i − (−1)i
{

ΔfiJT
0i(qi)

(
cos θ
− sin θ

)
+

rifd
r1 + r2

(Y1 − Y2)
}

−λi
{
JT

0i(qi)
(

sin θ
cos θ

)
− ri

}
= 0, (2.60)
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where Δfi = fi − f0 (i = 1, 2). We conveniently rewrite Equations (2.53) and
(2.54) in the following equivalent formulae:

M

(
ẍ
ÿ

)
− (Δf1 − Δf2)

(
cos θ
− sin θ

)
+ (λ1 + λ2)

(
sin θ
cos θ

)
= 0, (2.61)

Iθ̈ − Δf1Y1 + Δf2Y2 − fd(Y1 − Y2) + l1λ1 − l2λ2 = 0. (2.62)

Similarly to the derivation of Equation (2.56) by referring to Equation (2.55),
the sum of the multiplications of Equation (2.60) by q̇i for i = 1, 2, Equation
(2.62) by θ̇, and the inner product between Equation (2.61) and (ẋ, ẏ)T takes
the form

d
dt
K +

∑
i=1,2

{
ciq̇

2
i − (−1)i

rifd
r1 + r2

q̇i(Y1 − Y2)
}
− fdθ̇(Y1 − Y2) = 0. (2.63)

Since from Equations (2.48) and (2.49) it follows that

Ẏ1 − Ẏ2 = −r1φ̇1 + r2φ̇2 = −r1(θ̇ − q̇1) + r2(−θ̇ − q̇2)
= −(r1 + r2)θ̇ + (r1q̇1 − r2q̇2) (2.64)

Equation (2.63) can be reduced to

d
dt
E(X , Ẋ) = −

∑
i=1,2

ciq̇
2
i , (2.65)

where X = (q1, q2, x, y, θ)T,

P =
fd

2(r1 + r2)
(Y1 − Y2)2, (2.66)

E(X , Ẋ) = K + P

=
∑
i=1,2

Ii
2
q̇2i +

M

2
(ẋ2 + ẏ2) +

I

2
θ̇2 +

fd
2(r1 + r2)

(Y1 − Y2)2, (2.67)

and K is the total kinetic energy already given by Equation (2.43). Equation
(2.65) can be interpreted as stating that the time rate of the total energy
E(X) is equal to the instantaneous energy dissipation rate. Hence, we call
the scalar function P the artificial potential. It is important to note that
the closed-loop dynamics of Equations (2.60–2.62) is equivalent to Lagrange’s
equation of motion for the Lagrangian

L = K − P +
∑
i=1,2

{ΔfiQi + λiRi} . (2.68)
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Note that the overall fingers–object system of Figure 2.9 has a single DOF be-
cause the system has five independent position variables X = (q1, q2, x, y, θ)T

but they are subject to four independent holonomic constraints. Therefore P
is positive definite with respect to X under the four constraints and therefore
the total energy E(X , Ẋ) is positive definite for the state variables (X, Ẋ)
under the following eight constraints

⎧⎨
⎩
Qi = 0, Ri = 0

Q̇i = Ẋ
T ∂Qi
∂X

= 0, Ṙi = Ẋ
T ∂Ri
∂X

= 0
i = 1, 2. (2.69)

Hence, due to Dirichlet’s theorem of stability, the equilibrium state (X∞, Ẋ∞ =
0) that satisfies Y1 − Y2 = 0 at X = X∞ is stable.

Now, we show that the equilibrium state (X∞, 0) is asymptotically stable
for the system of Equations (2.60–2.62), i.e., there exists a positive number
δ > 0 such that any solution (X(t), Ẋ(t)) of Equations (2.60–2.62) subject
to constraints (2.69) starting from an arbitrary initial state (X(0), Ẋ(0)) sat-
isfying E(X(0), Ẋ(0)) ≤ δ converges asymptotically to the equilibrium state
(X∞, 0) as t→ ∞. For the sake of convenience for proving this, we rewrite the
closed-loop dynamics of Equations (2.60–2.62) into the single matrix–vector
form:

HẌ + CẊ −AΔλ − fd
r1 + r2

(Y1 − Y2)e = 0 (2.70)

where

H =

⎛
⎜⎜⎜⎜⎝

I1 0 0 0 0
0 I2 0 0 0
0 0 M 0 0
0 0 0 M 0
0 0 0 0 I

⎞
⎟⎟⎟⎟⎠ , Δλ =

⎛
⎜⎜⎝

Δf1
Δf2
λ1

λ2

⎞
⎟⎟⎠ , e =

⎛
⎜⎜⎜⎜⎝

−r1
r2
0
0

r1 + r2

⎞
⎟⎟⎟⎟⎠ , (2.71)

A =

⎛
⎜⎜⎝

−JT
01rX 0 JT

01rY − r1 0
0 JT

02rX 0 JT
02rY − r2

rX −rX −rY −rY
Y1 −Y2 −l1 l2

⎞
⎟⎟⎠ , (2.72)

C =

⎛
⎝ c1 0 02×30 c2

03×2 03×3

⎞
⎠ , rX =

(
cos θ
− sin θ

)
, rY =

(
sin θ
cos θ

)
. (2.73)

Obviously, the 5 × 4 matrix A is of full rank [i.e., rank (A) = 4] when the
pair of fingers in contact with the object takes an ordinary position like that
shown in Figure 2.9. The proof should go in the follows steps.
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1) According to the energy relation of Equation (2.68), E(X(t), Ẋ(t)) ≤
E(X(0), Ẋ(0)) ≤ δ for any t > 0. Hence, Ẋ(t) is uniformly bounded and
Y1 − Y2 is also bounded, in particular

|Y1(t) − Y2(t)| ≤
√

2(r1 + r2)δ
fd

. (2.74)

2) Next, note that

0 = Ṙ1 − Ṙ2 = (ẋ01 − ẋ02) sin θ + (ẏ01 − ẏ02) cos θ
−θ̇(l1 + l2 + r1 + r2) + (r1 + r2)θ̇ − r1q̇1 − r2q̇2 (2.75)

from which it follows that

θ̇ =
1

l1 + l2
{−r1q̇1 + r2q̇2 + (ẋ01 − ẋ02) sin θ + (ẏ01 − ẏ02) cos θ} . (2.76)

Hence, |θ̇| is bounded. Similarly, it follows from differentiations of Q1 and R1

with respect to t that

RT
θ

(
ẋ
ẏ

)
−RT

θ

(
ẋ01

ẏ01

)
+
(

Y1θ̇

r1q̇1 − l1θ̇

)
= 0, (2.77)

where

Rθ =
(
rX rY

)
=
(

cos θ sin θ
− sin θ cos θ

)
. (2.78)

Since Rθ is an orthogonal matrix, R−1
θ = RT

θ and therefore Equation (2.77)
is reduced to

(
ẋ
ẏ

)
=
(
ẋ01

ẏ01

)
−Rθ

(
Y1θ̇

r1q̇1 − l1θ̇

)
(2.79)

from which (ẋ, ẏ)T is also bounded.
3) Note that multiplication of Equation (2.70) from the left by ATH−1

yields

−ȦTẊ +ATH−1CẊ −ATH−1AΔλ

− fd
r1 + r2

(Y1 − Y2)ATH−1e = 0, (2.80)

where we used the relation

0 =
d
dt

(ATẊ) = ATẌ + ȦTẊ. (2.81)

Multiplying Equation (2.80) by (ATH−1A)−1 from the left yields
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Δλ = (ATH−1A)−1

{
− ȦTẊ +ATH−1CẊ

− fd
r1 + r2

(Y1 − Y2)ATH−1e

}
. (2.82)

Since A is of full rank at the equilibrium state X = X∞, it is possible
to choose δ > 0 small enough that A is nondegenerate for all X satisfying
E(X, Ẋ) ≤ δ together with constraints of Equation (2.69). Hence, Δλ is also
bounded.

4) Since Y1 − Y2, Ẋ, and Δλ are all uniformly bounded, Ẍ must be
uniformly bounded according to Equation (2.70). This implies that Ẋ is uni-
formly continuous. In particular, q̇1 and q̇2 are uniformly continuous and also
belong to L2(0,∞) from the energy relation of Equation (2.65). Thus, on ac-
count of Lemma 2 of Appendix A, q̇1(t) and q̇2(t) converge to zero as t→ ∞.
Then, according to Equations (2.76) and (2.79), θ̇(t) → 0 as t → ∞ and
subsequently ẋ(t) and ẏ(t) must converge to zero as t→ ∞.

5) Since Ẋ and Y1−Y2 are uniformly continuous in t, Ẍ(t) is also uniformly
continuous. Since Ẍ is uniformly continuous and Ẋ(t) → 0 as t→ ∞, Lemma
A of Appendix A implies that Ẍ(t) → 0 as t→ ∞.

6) Thus, from Equation (2.70) it follows that

−[A, e]
[

Δλ
−fd(Y1 − Y2)/(r1 + r2)

]
→ 0 as t→ ∞. (2.83)

Since the 5×5-matrix [A, e] is nonsingular obviously, Equation (2.83) implies

Y1(t) − Y2(t) → 0, fi(t) → fd, λi(t) → 0, i = 1, 2 (2.84)

as t→ ∞.
Thus, the proof of the asymptotic stability of the equilibrium state (X∞, 0)

that satisfies Y1−Y2 = 0 together with fi = fd and λi = 0 has been completed.
However, there still remain uncertainties in the mathematical rigour of

the proof and the practical effectiveness of the control scheme given by Equa-
tion (2.59). In fact, we could not argue how rapidly the solution trajectory
(X(t), Ẋ(t)) of Equation (2.70) converges to the equilibrium state (X∞, 0).
We could not find out how large a neighbourhood of the equilibrium point
(X∞, 0) characterised by E(X(0), Ẋ(0)) ≤ δ with δ > 0 can be selected. If
any solution trajectories starting from any initial state inside such a neigh-
bourhood of (X∞, 0) converge asymptotically to (X∞, 0), the neighbourhood
is called an attractor of the equilibrium point (X∞, 0). In the process of prov-
ing the asymptotic convergence, we needed to show that boundedness of the
finger angular velocities q̇1 and q̇2 implies that of the velocities of the ob-
ject variables (x, y, θ) based on Equations (2.76) and (2.79) owing to the four
contact constraints. However, Equation (2.76) shows that the attractor of
(X∞, 0) may not be selected large enough if the object width l1 + l2 is very
small. Another problem is whether both contacts between the finger-ends and
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Fig. 2.10. A pair of single-DOF robot fingers grasping a 2-D object with parallel
flat sides

object surfaces are maintained during the motion of the overall system. In the
next section, a more mathematically rigorous treatment of the problem will
be presented by introducing a far more important class of coordinated motor
control signals for stable grasping.

2.6 Blind Grasping and Robustness Problems

Consider again a pair of dual single-DOF robot fingers contacting a 2-D rect-
angular object as shown in Figure 2.10. Now, let us consider the following
class of control signals:

ui = −ciq̇i + (−1)i
fd

r1 + r2
JT

0i(qi)
(
x01 − x02

y01 − y02

)
, i = 1, 2. (2.85)

The first term on the right-hand side indicates damping injection for finger
joint motion and the second term is introduced to exert an approximated
opposition force, denoted by F i in Figure 2.10, that presses the object coordi-
natedly from the left by the left finger (i = 1) and from the right by the right
one (i = 2). If in the construction of the control signal of Equation (2.85) any
information about the object is not available, i.e., the positions of the contact
points O1 and O2 are uncertain, we must use the information only about finger
kinematics and measured data on finger joint angles. Hence we assume that
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the Jacobian matrices J0i(qi) for i = 1, 2 are known and the orientation vector
(x01 − x02, y01 − y02)T that has the same direction of O01O02 is also known
and available for the construction of the control signal. In other words, it is
expected that the direction of the opposition force, coincident with the line
O1O2 but unknown, can be well approximated by the known axis of O01O02.

Next, note that multiplication of Equation (2.85) by q̇i and summing the
resutant equations for i = 1, 2 yields
∑
i=1,2

q̇iui

= −
∑
i=1,2

ciq̇
2
i −

d
dt

[
fd

2(r1 + r2)
{
(x01 − x02)2 + (y01 − y02)2

}]
. (2.86)

Then, it is easy to show (see Figure 2.10) that

(x01 − x02)2 + (y01 − y02)2 = (Y1 − Y2)2 + l2w, (2.87)

lw = r1 + r2 + l1 + l2. (2.88)

On the other hand, it follows from Equations (2.47) and (2.48) that

RT
θ

(
x01 − x02

y01 − y02

)
=
( −lw
Y1 − Y2

)
(2.89)

from which it follows that(
x01 − x02

y01 − y02

)
= Rθ

( −lw
Y1 − Y2

)
= −lwrX + (Y1 − Y2)rY . (2.90)

Thus, the control signals ui (i = 1, 2) can be recast into the form

ui = −ciq̇i − (−1)if0JT
0i(qi)rX +

fd
r1 + r2

(Y1 − Y2)(−1)i
{
JT

0i(qi)rY − ri
}

+(−1)i
rifd
r1 + r2

(Y1 − Y2), (2.91)

where

f0 =
(

1 +
l1 + l2
r1 + r2

)
fd. (2.92)

Substituting Equation (2.91) into Equation (2.52) yields

Iiq̈i − (−1)iΔfiJT
0i(qi)rX − Δλi

{
JT

0i(qi)rY − ri
}

−(−1)i
rifd
r1 + r2

(Y1 − Y2) = 0, i = 1, 2, (2.93)
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where

Δfi = fi − f0, Δλi = λi + (−1)i
fd

r1 + r2
(Y1 − Y2), i = 1, 2. (2.94)

Note that Equation (2.93) becomes the same as Equation (2.60) if Δλi is
replaced with λi. Equations (2.53) and (2.54) can be rewritten as

M

(
ẍ
ÿ

)
− (Δf1 − Δf2) rX + (Δλ1 + Δλ2) rY = 0, (2.95)

Iθ̈ − Δf1Y1 + Δf2Y2 + Δλ1l1 − Δλ2l2 − fd(Y1 − Y2) = 0. (2.96)

These are also the same as Equation (2.61) and Equation (2.62), respectively,
if Δλi is replaced by λi for i = 1, 2. Thus, similarly to derivation of Equation
(2.70), Equations (2.93), (2.95) and (2.96) can be recast in the vector-matrix
equation:

HẌ + CẊ −AΔλ − fd
r1 + r2

(Y1 − Y2)e = 0, (2.97)

where

Δλ = (Δf1,Δf2,Δλ1,Δλ2)
T
. (2.98)

Note that this Δλ differs slightly from that in Equation (2.71). Similarly, by
taking inner product between Equation (2.97) and Ẋ or substituting Equation
(2.86) into Equation (2.56), we obtain

d
dt
E(X , Ẋ) = −

∑
i=1,2

ciq̇
2
i , (2.99)

where E is given by Equation (2.67). This relation is the same as Equation
(2.65).

It can easily be reconfirmed that the closed-loop dynamics of Equations
(2.93–2.96) is derived as Lagrange’s equation of motion for the Lagrangian

L = K − P +
∑
i=1,2

{ΔfiQi + ΔλiRi} , (2.100)

where Qi and Ri (i = 1, 2) are defined by (2.47) and (2.50), K is given by
(2.43) and P is the same artificial potential as given in (2.66). This means
that the same argument developed in the previous section for proving the
convergence of solution trajectories of Equation (2.70) can apply to Equations
(2.93), (2.95) and (2.96) or Equation (2.97). Then, it is concluded that

Y1(t) − Y2(t) → 0, Δfi(t) → 0, Δλi(t) → 0, i = 1, 2 (2.101)

as t→ ∞. This means that
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Table 2.2. Physical parameters

m11 = m21 link mass 0.025[kg]

I11 = I21 inertia moment 3.333 × 10−6[kg · m2]

l11 = l21 link length 0.040[m]

r1 = r2 radius 0.01[m]

M object mass 0.027[kg]

h object height 0.025[m]

w = (l1 + l2) object width 0.03[m]

I object inertia moment 3.431 × 10−6[kg · m2]

l1 = l2 object length 0.015[m]

Table 2.3. Parameters of the control signals

fd internal force 1.0[N]

c1 = c2 damping coefficient 0.002[msN]

γf CSM gain 1500.0

γλ CSM gain 3000.0

fi(t) → f0, λi(t) → 0, i = 1, 2 (2.102)

as t → ∞. This concludes that solution trajectories of Equation (2.97) con-
verge asymptotically to the equilibrium state.

In order to see how rapidly such solution trajectories converge to the equi-
librium state, we will show results of numerical simulation conducted on the
basis of physical models of robot fingers and a 2-D rectangular object with
regular size and weight as shown in Table 2.2. In this simulation, Baumgarte’s
constraint stabilisation method (CSM) is employed by introducing a class of
over-damped second-order differential equation with gains γf and γλ to ap-
proximate the holonomic constraints well. The details of the CSM method
will be given in Section 4.5. By using the control gains given in Table 2.3 and
starting from the initial state with Ẋ(0) = 0 given in Table 2.3, we can obtain
a numerical solution to Equation (2.97). In Figure 2.11 we show the transient
behaviours of the key physical variables involved in Equation (2.97). As can
be seen from Figure 2.11, Y1−Y2, fi and λi (i = 1, 2) converge asymptotically
to each expected constant value. As a matter of course, the rotational angle
θ of the object also converges asymptotically to a certain constant. Further-
more, all the transient behaviours of the physical variables suggest that the
speed of all these convergences must be exponential in t. In the next section,
we shall confirm this exponential convergence of the solution trajectories in a
rigorous mathematical way.

Before closing the section we will show another coordinated control signal
for establishing force/torque balance for the physical setup shown in Figure
2.10. This is of the form
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Fig. 2.11. The transient responses of physical variables along a solution to Equation
(2.97) when the control signals of Equation (2.85) are exerted on finger joints
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ui = −ciq̇i + (−1)i
fd

r1 + r2
JT

0i(qi)
(
x01 − x02

y01 − y02

)
− riN̂i, i = 1, 2 (2.103)

where

N̂i(t) = N̂i(0) + γ−1
i

∫ t

0

riq̇i(τ) dτ

= N̂i(0) + (ri/γi) {qi(t) − qi(0)} , i = 1, 2. (2.104)

The closed-loop dynamics obtained by substituting Equation (2.103) into
Equation (2.52) can be written as the vector–matrix form

HẌ + CẊ −AΔλ − fd
r1 + r2

(Y1 − Y2)e +
∑
i=1,2

riN̂iei = 0, (2.105)

where

e1 = (1, 0, 0, 0, 0)T, e2 = (0, 1, 0, 0, 0)T. (2.106)

Then, it is easy to see that taking inner product between Equation (2.105)
and Ẋ yields

d
dt
EN (X, Ẋ) = −

∑
i=1,2

ciq̇
2
i , (2.107)

where

EN (X , Ẋ) = K + PN , (2.108)

PN =
fd

2(r1 + r2)
(Y1 − Y2)2 +

∑
i=1,2

γi
2
N̂2
i . (2.109)

Applying a similar argument to that given in verifying the convergence of
solution trajectories to Equation (2.97), we can conclude that Ẋ and Ẍ tend
to vanish as t→ ∞ and thereby as t→ ∞

AΔλ +
fd

r1 + r2
(Y1 − Y2)e −

∑
i=1,2

riN̂iei → 0. (2.110)

Since matrix [A, e] is of 5 × 5 and non-singular at a regular position of the
fingers–object setup shown in Figure 2.10, it is expected from Equation (2.110)
that as t→ ∞ physical variables Δfi, Δλi (i = 1, 2), Y1−Y2 and N̂i (i = 1, 2)
may converge to some constant respectively. More explicitly, let us consider
the minimisation problem:



2.6 Blind Grasping and Robustness Problems 71

2

02OO01
1

O1

f1

f
2

1 2

O2

F

F

Fig. 2.12. Pressing forces F 1 and F 2 on the object must be collinear and oppositely
directed

Table 2.4. Parameters of the control signals

fd internal force 1.0[N]

c1 = c2 = cm damping coefficient 0.002[msN]

γi(i = 1, 2) regressor gain 0.001

N̂i(0)(i = 1, 2) initial estimate value 0.0

γf CSM gain 1500.0

γλ CSM gain 3000.0

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Minimise PN =
fd

2(r1 + r2)
(Y1 − Y2)2 +

γ1

2
N̂2

1 +
γ2

2
N̂2

2

under the constraints
Q1 = 0, Q2 = 0, R1 = 0, R2 = 0

Then, the solution X = X∗ that minimises PN under the above constraints
must satisfy the equations

AΔλ +
fd

r1 + r2
(Y1 − Y2)e = r1N̂1e1 + r2N̂2e2. (2.111)

The minimising position state X = X∗ actually happens in a physical state
as shown in Figure 2.12 where the pressing force F 1 to the object from the left
finger and F 2 from the right finger must be collinear and oppositely directed.
Before asertaining this observation theoretically, we show how fast a solution
to Equation (2.105) tends to the position X = X∗ that attains force/torque
balance with the aid of computer simulation. Again, numerical simulation for
the closed-loop dynamics of Equation (2.105) has been carried out by using
the same physical parameters of the fingers–object system given in Table 2.2
and the control gains given in Table 2.4. We show the transient responses of
the key physical variables in Figure 2.13. Apparently from the last two graphs
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Fig. 2.13. The transient responses of physical variables along a solution to the
closed-loop equation when the control signals of Equation (2.103) are used
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of the figure, the solution converges to satisfy

fi(Y1 − Y2) + (−1)iλi(l1 + l2) = 0, i = 1, 2, (2.112)

which shows that as t→ ∞ force/torque balance is established.
Let us now find a solution satisfying Equation (2.111). Since x and y

components of Equation (2.105) are the same as Equation (2.95), it should
follow that

Δf1 = Δf2, Δλ1 = −Δλ2. (2.113)

Substituting this into Equation (2.96), we obtain

−Δf1(Y1 − Y2) + Δλ1(l1 + l2) − fd(Y1 − Y2) = 0. (2.114)

Subsequently, substituting Equation (2.94) into this equation yields

f1(Y1 − Y2) + λ1(l1 + l2) = 0, (2.115)

which together with Equation (2.113) implies Equation (2.112). Thus, once
f1 is determined, the other magnitudes of the constraint forces f2, λ1, and
λ2 can be determined through Equations (2.113) and (2.115). The remaining
six optimal values for the five components of X and f1 can be determined
by six equations, which are 1) the first two components of Equation (2.105),
where f2 and λ2 are substituted by f1 and −λ1, respectively, and again λ1 is
substituted by −f1(Y1 − Y2)/(l1 + l2) owing to Equation (2.115) and 2) the
four constraint equations Qi = 0 and Ri = 0 for i = 1, 2. Finally, we remark
that the last term −riN̂i of the control signal of Equation (2.103) plays a role
of saving abundant joint movements from initial angles.

In view of these theoretical arguments and simulation results shown in
Figure 2.13, Y1 − Y2 may not tend to zero as t → ∞ and therefore the λi
(i = 1, 2) also do not vanish with increasing t. This means that, around the
state of force/torque balance of the fingers–object system (see Figure 2.9 or
2.10), the control torque inputs of Equation (2.103) generated at the finger
joints are transmitted to the fingertips so as to withstand the reaction forces
−F i that are exerted on the contact points Oi for i = 1, 2. In other words,
in this case non-zero tangential forces λi at the contact points to the object
should be sustained by finger joint actuators even when the fingers–object
state converges approximately to a still state attaining force/torque balance.

One of the advantages of using the coordinated control signal of Equation
(2.103) is that it may be robust against the geometrical shapes of objects.
In fact, the signals of Equation (2.103) can be constructed without knowing
the geometrical shape of the object surface. In the next chapter, we shall
discuss stability problems of the closed-loop dynamics when the same control
signals as Equation (2.103) are used for 2-D objects with non-parallel but flat
surfaces. Robustness problems of the control signals of Equation (2.103) for a
general class of 2-D objects with smooth convex sides remain unsolved.
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2.7 Exponential Convergence to Force/Torque Balance

Some of the arguments of the last two sections can be brought out more clearly
and rigorously by discussing the speed of convergences of solution trajecto-
ries of the closed-loop dynamics toward the equilibrium point satisfying the
balance of forces and torques acting on the object.

We consider the closed-loop Equation (2.97) of motion of the fingers–object
system depicted in Figure 2.9 when the co-ordinated control signals of Equa-
tion (2.85) are used. First, we introduce a scale factor r > 0 and transform x
and y to x̄ and ȳ in such a way that

x̄ = r−1x, ȳ = r−1y. (2.116)

Then, by defining M̄ = r2M , we see that
1
2
M
(
ẋ2 + ẏ2

)
=

1
2
M̄
(
˙̄x2 + ˙̄y2

)
. (2.117)

The reason why such a scale transformation is required is that Equation (2.61)
expresses translational motion of the obejct on the basis of physical units [m]
but Equations (2.60) and (2.62) express the rotational motion based on physi-
cal units [radian]. This was caused by the adoption of the generalized position
coordinates X = (q1, q2, x, y, θ)T mixed with physical units [m] and [radian].
This also causes imbalance among the eigenvalues of the inertia matrix H de-
fined in Equation (2.71). Therefore, once Equation (2.61) for the translational
motion of the object is rewritten by this scale transformation as

M̄

(
¨̄x
¨̄y

)
− r (Δf1 − Δf2) rX + r (λ1 + λ2) rY = 0 (2.118)

Equation (2.70) can be written in the form

H̄ ¨̄X + C ˙̄X − ĀΔλ − fd
r1 + r2

(Y1 − Y2)e = 0, (2.119)

where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

X̄ =
(
q1, q2, r

−1x, r−1y, θ
)
, r̄X = r

(
cos θ
− sin θ

)
,

H̄ =

⎛
⎜⎜⎜⎜⎜⎜⎝

I1 0 0 0 0
0 I2 0 0 0
0 0 r2M 0 0
0 0 0 r2M 0
0 0 0 0 I

⎞
⎟⎟⎟⎟⎟⎟⎠
, r̄Y = r

(
sin θ
cos θ

)
,

Ā =

⎛
⎜⎜⎜⎝

−JT
01rX 0 JT

01rY − r1 0
0 JT

02rX 0 JT
02rY − r2

r̄X −r̄X −r̄Y −r̄Y

Y1 −Y2 −l1 l2

⎞
⎟⎟⎟⎠ .

(2.120)
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It is also necessary to introduce the pseudo-inverse of 4× 5 matrix ĀT, which
is defined as

(
ĀT

)+
= Ā

(
ĀTĀ

)−1
. (2.121)

Evidently it follows that

˙̄XT
(
ĀT

)+
= ˙̄XTĀ

(
ĀTĀ

)−1
= 0. (2.122)

Let us define another important 5 × 5 matrix

P = I5 −
(
ĀT

)+
ĀT = I5 − Ā

(
ĀTĀ

)−1
ĀT. (2.123)

Then, it is easy to see that

PĀ = 05×4 (2.124)

and it follows that

PT = P, PP = P, eTPe ≤ eTe (2.125)

for any five-dimensional vector e.
Now we are in a position to prove the exponential convergence of a solution

to Equation (2.119). First, note that taking inner product between Equation
(2.119) and Pe(Y1 − Y2) yields

eTPH̄ ¨̄X(Y1 − Y2) + eTPC ˙̄X(Y1 − Y2) − fd(Y1 − Y2)2

r1 + r2
eTPe = 0 (2.126)

from which it follows that

d
dt

{
−eTPH̄ ˙̄X(Y1 − Y2)

}

= −fd(Y1 − Y2)2

r1 + r2
eTPe + eTPC ˙̄X(Y1 − Y2) + h( ˙̄X), (2.127)

where

h( ˙̄X) = −eT
{
Ṗ H̄ ˙̄X(Y1 − Y2) + PH̄ ˙̄X(Ẏ1 − Ẏ2)

}
. (2.128)

Here, e signifies the five-dimensional vector defined in Equation (2.71). Since
in general it follows that for any γ > 0

|ab| ≤ 1
2
(
γa2 + (1/γ)b2

)
(2.129)

we see that

eTPC ˙̄X(Y1 − Y2) ≤ fd(Y1 − Y2)2

2(r1 + r2)
eTPe +

r1 + r2
2fd

(
c21q̇

2
1 + c22q̇

2
2

)
. (2.130)
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Now we assume that at the equilibrium state (X̄∞, 0) satisfying Y1 − Y2 = 0,
fi = fd, λi = 0 (i = 1, 2) as discussed in the paragraph containing Equation
(2.84) and its subsequent paragraphs, matrix Ā is of full rank (non-degenerate)
and the matrix [Ā, e] is non-singular. Then, obviously at X̄ = X̄∞, eTPe does
not vanish. Let us define

0 < γe =
eTPe

eTe
=

{
1 − eT

(
ĀT

)+
ĀTe

eTe

}
, (2.131)

which is evaluated at X̄ = X̄∞. At this stage, we note that the Lyapunov
function E(X, Ẋ) [or equivalently, E(X̄ , ˙̄X)] is positive definite with respect
to (X̄ , ˙̄X) under the constraints Qi = 0, Ri = 0, Q̇i = 0 and Ṙi = 0 (i = 1, 2)
in a neighbourhood of X̄ = X̄∞. Hence, it is possible to choose δ > 0 such
that, at any (X̄ , ˙̄X) satisfying

E
(
X̄, ˙̄X

)
= E

(
X, Ẋ

)
< δ (2.132)

and constraints Qi = 0 and Ri = 0 (i = 1, 2), eTPe also satisfies

eTPe/eTe ≥ 1
2
γe (2.133)

and in addition that the matrix Ā is non-degenerate. Further, we choose fd
and ci (i = 1, 2) so that they satisfy

(r1 + r2)ci
fdγeeTe

≤ 1
2

i = 1, 2. (2.134)

Then, by substituting inequality (2.130) into (2.127) and referring to Equa-
tions (2.133) and (2.134), we obtain

d
dt

{
− 2
γeeTe

eTPH̄ ˙̄X(Y1 − Y2)
}

≤ −fd(Y1 − Y2)2

2(r1 + r2)
+

1
2
(
c1q̇

2
1 + c2q̇

2
2

)
+

2
γeeTe

h( ˙̄X). (2.135)

Now, we define

Vα = E
(
X̄, ˙̄X

)
− 2α
γeeTe

eTPH̄ ˙̄X(Y1 − Y2), (2.136)

where α is a positive parameter such that 0 < α ≤ 1. Obviously, Vα is a
quadratic function of X̄, ˙̄X and Y1 − Y2 and, according to Equations (2.99)
and (2.135), the time derivative V̇α becomes

d
dt
Vα ≤ −

(
1 − α

2

) (
c1q̇

2
1 + c2q̇

2
2

)

− αfd
2(r1 + r2)

(Y1 − Y2)2 + αh̄( ˙̄X). (2.137)
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where

h̄( ˙̄X) =
2

γeeTe
h( ˙̄X)

= − 2
γeeTe

eT
{
Ṗ H̄ ˙̄X(Y1 − Y2) + PH̄ ˙̄X(Ẏ1 − Ẏ2)

}
. (2.138)

Note that this can be regarded as a quadratic function of ˙̄X and further
|Y1 − Y2| is at least of O(r1 + r2). Hence, there is a constant β of O(1) such
that

∣∣∣h̄( ˙̄X)
∣∣∣ ≤ β

γe
K(Ẋ) =

β

γe
K( ˙̄X), (2.139)

where K denotes the kinetic energy defined by Equation (2.43). To simplify
the mathematical argument, we assume at this stage that c1 = c2 = cmax and
r1 = r2 = rm. Furthermore, we assume that the object width l1 + l2 is not
so small relative to ri (= rm). Then, as discussed around the derivation of
Equations (2.76) and (2.79), it is possible to confirm that

{
θ̇2 ≤ βθ

(
q̇21 + q̇22

)
r−2

(
ẋ2 + ẏ2

) ≤ β0

(
q̇21 + q̇22

)
,

(2.140)

where βθ and β0 are positive constants of numerical order O(1), and the scale
factor r can be selected around r = 0.01–0.02 in relation to the physical
parameters given in Tables 2.2 and 2.3. Then, the total kinetic energy must
be of order

K( ˙̄X) = γ
(
q̇21 + q̇22

)
(2.141)

with a positive constant γ that is of O(10−5). Thus, referring to Equations
(2.139) and (2.141), we can conclude that

d
dt
Vα ≤ −

(
1 − α

2
− αβγ

γecm

)(
cmq̇

2
1 + cmq̇

2
2

)

− αfd
2(r1 + r2)

(Y1 − Y2)2. (2.142)

We now assume that γe defined by Equation (2.131) is large enough to satisfy
γe ≥ 0.2 and the finger joint damping coefficient cm (= c1 = c2) is chosen
around cm = 0.001–0.003 [Nms]. Then, βγ/γecm must be smaller than 1/4
and therefore inequality (2.142) can be reduced to, in reference to Equation
(2.141), the following fundamental inequality:

d
dt
Vα ≤ −αE

(
X̄, ˙̄X

)
. (2.143)

Next, we evaluate the upper bound of scalar function Vα in the following way:
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Vα ≤ E +
α

γeeTe

{
ηeTPe(Y1 − Y2)2 + η−1 ˙̄XTH̄H̄ ˙̄X

}
. (2.144)

Since eTe = (r1 + r2)2 + r21 + r22 = 6r2m and eTPe/eTe ≤ 1, choosing

η = γefd/8(r1 + r2) = γefd/16rm (2.145)

yields

Vα ≤ E +
αfd

8(r1 + r2)
(Y1 − Y2)2 +

8(r1 + r2)α
γ2
efde

Te
λM (H̄)K(Ẋ), (2.146)

where λM (H̄) denotes the maximum eigenvalue of H̄ . Since λM (H̄) is of nu-
merical order O(10−6) and

8(r1 + r2)
γ2
efde

Te
=

2 × 102

3rmfd
= O(104) (2.147)

as far as fd is of O(1) in [N], Equation (2.146) can be reduced to

Vα ≤ E +
α

4
E =

(
1 +

α

4

)
E
(
X, Ẋ

)
. (2.148)

From the same argument, it also follows that

Vα ≥
(
1 − α

4

)
E
(
X, Ẋ

)
, (2.149)

that is,
(
1 − α

4

)
E ≤ Vα ≤

(
1 +

α

4

)
E (2.150)

as far as 0 < α ≤ 1. Thus, it follows from Equations (2.143) and (2.150) that

d
dt
Vα(t) ≤ − 4α

4 + α
Vα(t). (2.151)

In particular, if we choose α = 1.0, then it follows from Equations (2.150) and
(2.151) that

E
(
X(t), Ẋ(t)

)
≤ 5

3
E
(
X(0), Ẋ(0)

)
e−0.8t. (2.152)

In conclusion, it has been proved that any solution (X(t), Ẋ(t)) start-
ing from an arbitrary initial state satisfying E(X(0), Ẋ(0)) < (3/5)δ and
constraints Qi = 0, Ri = 0, Q̇i = 0 and Ṙi = 0 for i = 1, 2 remains in
the neighbourhood M1(X∞) = {(X, Ẋ) : E(X , Ẋ) < δ and Qi = 0, Ri =
0, Q̇i = 0, Ṙi = 0 for i = 1, 2} of (X∞, 0) and converges exponentially to the
equilibrium point (X∞, 0).
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The proof presented is based upon the numerical orders of the physical
parameters of the fingers and object given in Table 2.2 and the control gains
given in Table 2.3. That is, the proof is not generic but context dependent as
is usually the case in human dexterity seen in our everyday life, as discussed
in Section 1.4. Notwithstanding such context dependency, a similar mathe-
matical argument can be developed for stability proof of grasping by similar
fingers–object mechanisms with different numerical orders. However, it should
be remarked that a synergistic choice for ci (the damping factors for finger
joints) and fd satisfying Equation (2.134) is vital to regulate the exponential
speed of convergence of solutions to the closed-loop dynamics. Furthermore, it
should be noted that, if the object width l1 + l2 becomes small relative to the
radius of the finger-end spheres, then the attracter region of convergence must
be shrunk and the parameter α in the definition of the function Vα should be
chosen considerably less than 1, that is, 0 < α << 1.0. Fortunately, however,
human finger-ends are not rigid but rather soft and deformable. In Chapter 6
we will show that the visco-elastic properties of the finger-end material widen
such attrator regions even if the object is very thin and light like a credit card
or a paper name card.

Finally, the exponential convergence of solutions to the closed-loop dy-
namics in the case that the control signals of Equation (2.103) are used will
be treated in Chapter 4 as a case of more general problems of grasping under
the effect of gravity and the condition that the object has non-parallel flat
surfaces.
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