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25.1 Introduction

As the human lifespan increases, more and more people are becoming interested in
mortality rates at higher ages. Since 1909, the birth rate in the United States has
been decreasing except for a major significant increase after World War II, between
the years 1946 and 1964 [1], also known as the baby boom period. People born
during the baby boom are now between the ages of 44 and 62. According to the
National Center for Health Statistics, US Department Health and Human Services,
in 1900 – 1902 [2, 3], one could expect to live for 49 years on average.

Today, an infant can expect to live about 77 years. As of recent years and in pre-
diction, the life expectancy for an infant born may be even higher. With the human
lifespan increasing and a large part of the United States population aging, many re-
searchers in various fields have recently become interested in studying quantitative
models of mortality rates [4]. Scientists in biological fields are not only interested
in organisms and how they are made, they are also interested in what happens to
organisms over time. A study of yeast, which would interest biologists, showed the
effects of senescence as well as a model that accurately represents the experimental
data. It has been shown that the addition of a Sir2 gene can prolong life in yeast [5].
Once we can model human aging, we can look for ways to extend our lifespan and
counteract the negative aspects of aging.

Researchers in the medical field are interested in the cost effectiveness of new
medication with respect to old medication. The cost per life year saved can be eval-
uated for each of the two medications with respect to the mortality model. For this
type of work, it is important to use a model that will fit the mortality data for the
population in which the medication is to be distributed [6]. This implies that a mor-
tality model be chosen that accurately describes the data in question and indeed very
crucial, but that also depends on the modeling decision criteria [7].

In the mathematical and physical fields, researchers are interested in predicting
the failure of machines, or other man-made objects [8]. Through a series of ex-
periments and mathematical calculations, one can predict when an object will fail
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without a direct test on the object. This is useful because one can use available
data to create a model that can predict the remaining lifetime of humans. A direct
test would take the entire lifespan instead of the shorter time needed to create and
use the model. Physicists and mathematicians are also interested in creating models
that will depict how aging and environmental factors will effect the survival of the
human population [9].

Social scientists in the United States are currently very interested in projections
of life expectancy and aging due to the deteriorating system of social security. The
current “Pay-As-You-Go” system, which provides benefits for the elderly, is break-
ing down as the life expectancy is increasing and a large part of the population is
aging [10]. Many organizations, including insurance companies, today rely on mor-
tality models and projections of human aging.

This chapter first introduces the motives as well as the reasons why studying
mortality data is important. Some literature reviews on the mortality modeling and
analysis are then discussed. Several distributions applicable and common used to
human mortality studies are also mentioned.

25.2 Literature Discussions

Gavrilov and Gavrilova [8] discussed a brief overview of reliability theory, relating
it to mechanical systems and biological systems. They stated that organisms tend to
die according to the Gompertz law, while technical devices tend to die according to
the Weibull law. They also brought up the idea that the individuality and uniqueness
in humans is caused by different combinations of defects in the organism. Aging
is a direct result of system redundancy in organisms, and initial flaws in organisms
cause the tendency to follow the Gompertz law. Gavrilov and Gavrilova believed
that when the Gompertz law and Weibull law both fail, then mortality is following
a more general law in reliability theory. They believed that reliability theory pro-
vides a great predictive and explanatory power to theories of aging. Gavrilov and
Gavrilova provided insight into several different distributions found in reliability
theory and how they relate to organisms as well as machines, but did not compare
the distributions against experimental data.

Thatcher [11] explored a model showing that the probability of dying increases
with age, and believed that it is valid for both modern and historic data. First,
he studied three existing models, the “fixed frailty” model, the stochastic process
model, and a theory based on genetics, and tackled the question of why mortality
seems to follow the logistic model by analyzing four models such as the logistic
model, Gompertz model, Weibull model, and the law of mortality, for effectiveness
of modeling mortality at high ages. Out of the four methods, Thatcher found that
the logistic model out performed the other three models for data from 1980 to 1982,
from England and Wales. He also found that the logistic model fit best for the his-
toric data from these areas. In addition, he described several theories for predicting
the probability distribution of the highest age. One view was that there is a fixed
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upper limit to the length of human life. The other is that there will continue to be
a probability distribution for the highest age given the circumstances. Thatcher used
the data from several different areas of the United Kingdom, such as England and
Wales, but not from the United States. Since he was studying historic data, he chose
an area where he would have access to mortality records from the past, such as the
tenth and twelfth centuries. To analyze the models and fit them to the data, he used
a modified version of the maximum likelihood estimation method to accommodate
for using data from a life table.

Pletcher and Neuhauser [4] studied the creation of criteria for modeling aging,
which they felt would create more consistency in the research of aging in different
fields. They found five experimental results in the field of biodemography, which
impacts the study of aging. They noted that in reliability theory, many models are
useful in looking at biological aging, but felt that the models lack biological realism.
They proceeded to examine models in the four research areas: molecular biology,
physics, reliability engineering, and evolutionary biology/population genetics. They
noted that the experimental results from one field of study may fail to model the
same data in using another field’s criterion. They also outlined a simple mechanistic
model that built from all four fields and, through simulations, upheld the experimen-
tally found results. They realized that with further investigation and simulations,
their model would not hold up; however, their purpose was to open communication
and research between the different fields. Pletcher and Neuhauser realized the need
to find a way to join different scientific fields under common criteria.

Bongaarts [12,13] used the data from the Human Mortality Database for females
and males aged 25–109 in 14 different countries, to test the fit of logistic models
for the force of mortality. He also proposed a new shifting logistic model that he
hoped would better predict age-specific rates of adult mortality. He compared his
model to the Lee–Carter method [14, 15] for modeling and forecasting mortality by
age. Bongaarts found that his model addressed several weaknesses in the Lee–Carter
model, and believed that it provided a basis for age-specific mortality projections.
Higgins [16] examined several mathematical models including the Gompertz, Perks,
Polynomial, and Wittstein models used to describe and explain human mortality. He
discussed the importance of cohorts in models as well as requirements for the ideal
model; however, it required a complicated function and is not yet defined.

Pletcher [17, 18] stated that “well-defined statistical techniques for quantifying
patterns of morality within a cohort and identifying differences in age-specific mor-
tality among cohorts are needed”. He examined ways to find the parameters for each
of the models using the maximum likelihood estimates. He also set a minimum for
the number of individuals needed in a specific cohort to make the experiments ef-
fective, and noted that no fewer than 100–500 individuals are needed in each cohort,
and that combining cohorts to achieve these numbers are much more helpful in ac-
curately estimating mortalities for age groups, rather than keeping them separate.
Pletcher explained how Gompertz parameters were traditionally estimated with lin-
ear regression, which has a much higher bias than the maximum likelihood method.
He concluded that the extended use of the maximum likelihood methods provide for
much better analysis of the mathematical models.
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25.3 Mortality Modeling

This section briefly discusses six common used distributions in the area of aging
and mortality modeling. Table 25.1 presents a list of common distributions such
as Gompertz, Gompertz–Makeham, Logistic, log logistic, loglog and Weibull that
commonly used on mortality modeling and analysis. The probability density func-
tion (pdf) and hazard rate of each distribution are listed in Table 25.1, column 2
and 3 respectively. The hazard rate function is also known as the failure rate in re-
liability engineering; the force of mortality in demography, the intensity function in
stochastic processes, and the age-specific failure rate in epidemiology.

In the context of reliability modeling, the interrelationships between the pdf f (t),
failure rate function h(t), cumulative failure rate function H(t), and reliability func-
tion R(t), for a continuous lifetime t can be summarized as

h(t) =
f (t)
R(t)

H(t) =
∫ t

0
h(x)dx

R(t) = e−H(t)

Note that the cumulative failure rate functions must be a non-decreasing function
for all t ≥ 0 and lim

t→∞
H(t) = ∞.

The characteristic of the hazard rate function for the occurrence of a partic-
ular event can be increased, decreased, constant, bathtub shaped [21], and Vtub
shaped [20] that can help to describe the failure mechanism or symptoms. Distribu-
tion models with decreasing hazard rate functions are much less common but can
find in the applications of learning behaviors. Models with increasing hazard rates
often can be used in applications that reflect the aging or wear and tear. The bathtub-

Table 25.1 Probability density function and hazard rate of distributions

Distribution pdf Hazard rate

[19] f (t) = β e

[
θ t− β

θ (eθ t−1)
]

h(t) = β eθ t

Loglog [20] f (t) = β ln(θ) tβ−1 θ tβ e1−θ tβ
h(t) = β ln(θ) tβ−1 θ tβ

[21] f (t) = β
θ
(

t
θ
)β−1

e−( t
θ )β h(t) = β

θ
(

t
θ
)β−1

Gompertz–Makeham f (t) =
(
γ +β eθ t

)
e

[
− β

θ (eθ t−1)−γt
]

h(t) = γ+β eθ t

Logistic f (t) = β eθ t
[
1+ γβ

θ
(

eθ t −1
)]− γ+1

γ
h(t) = β eθ t

[
1+ γβ

θ (eθ t−1)
]

Log-logistic f (t) = β θ tβ−1

(1+θ tβ)2 h(t) = β θ tβ−1

(1+θ tβ)
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shaped hazard rate function plays an important role in reliability applications such
as human life and electronic devices [22].

In the Gompertz model, the two parameters β and θ are positive; β varies with
the level of mortality and θ measures the rate of increase in mortality with age.
The Gompertz model is used widely with biologists and demographers [18], and
assumes that the mortality increases exponentially with age. This model was de-
veloped by Benjamin Gompertz and published in the Philosophical Transactions of
the Royal Society of London in 1825 [19]. Although this distribution was developed
almost 200 years ago, it is still commonly used in modeling biological mortality.
In Messori’s study [6] of cost-effectiveness analysis, he states that the Gompertz
function best models the mortality data he used from England.

The Gompertz model has been extended with the addition of a constant γ to
take into account the background mortality due to causes unrelated to age (see
Table 25.1). This model is known as the Gompertz–Makeham model. The model
likely represents an improvement over the Gompertz model at younger ages, but
it still seems to over-estimate mortality at the oldest ages [11]. The Gompertz–
Makeham mortality law is also a widely used distribution in gerontological investi-
gation [23]. In Yu et al.’s conclusion, they do not recommend the model for human
populations because the distribution needs to be corrected for sex differences.

The Weibull distribution listed in Table 25.1 is a two-parameter distribution; one
parameter controls the scale and the other controls the shape of the distribution.
Gavrilov and Gavrilova [8] indicate that a difference between the applications of the
Weibull and Gompertz distributions is such that technical devices follow the Weibull
distribution, while organisms follow the Gompertz. Even though Weibull may have
been earmarked for technical devices, due to its flexibility depending on the param-
eters, it can also be applied to mortality and human population growth modeling.
A recent study by Pham and Lai [22] on the generalization of the Weibull can also
be applied in modeling the mortality and human population aspects. The Gompertz
and Weibull distributions are both commonly used in reliability engineering.

Table 25.2 Mortality modeling and distribution functions and analysis literature

Group References

General modeling and data analysis [8, 9, 15, 24–37]

Age-specific mortality [12, 13, 15, 16, 18, 38–41]

Gompertz and Weibull models [6, 19, 21, 42–44]

Logistic, Loglog, and other common models [7, 45]

Measurements, modeling fitting and criteria [7, 18, 43, 44]

Aging [4, 5, 8–10, 35, 42, 46–50]

Life expectancy [13, 15, 29, 43, 44, 51]

Mortality modeling [15–17,19,24,34,36–40,43,44,47,48,52–59]

Population data [6, 14, 38, 41, 60]

Forecasting [24, 43, 60, 61]
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The three-parameter logistic model is derived from the work of Pierre Verhulstin
in the early 1800s and is commonly used in many disciplines including mortality
human population, software reliability engineering, human factor analysis, cancer
medicine applications and applied engineering statistics. In Thatcher’s analysis of
highest attained age [11], he noted how the logistic model better predicted higher
ages for his data. In including this model, this study will be able to show whether
or not this model can also accurately predict for the entire age range, not just the
highest ages. A summary of references of research papers and books on mortality
modeling and analysis is given in Table 25.2.
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