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Summary. A partial Laplace transform is used to study the valuation of American
call options with constant dividend yield, and to derive an integral equation for the
location of the optimal exercise boundary, which is the main result of this paper.

The integral equation differs depending on whether the dividend yield is less
than or exceeds the risk-free rate.

1 Introduction

One of the defining events in mathematical finance was the publication in 1973
of the Black-Scholes-Merton model for the pricing of equity options, for which
the 1997 Nobel Prize in Economics was awarded. Using this model, in which
the volatility σ, interest rate r, and dividend yield D were assumed constant,
it was possible to obtain closed form expressions for European call and put
options, which have pay-offs at expiry of max(S − E, 0) and max(E − S, 0)
respectively, where S is the price of the stock upon which the option is written
and E is the strike price.

Although the Black-Scholes-Merton model made it possible to obtain
closed form prices for many European options, which can be exercised only
at expiry, American options, which can be exercised at or before expiry at
the discretion of the holder, are rather more difficult to price. American call
and put options have the same pay-offs when exercised early as when held
to expiry, that is max(S −E, 0) and max(E − S, 0) respectively. The right to
exercise early leads to the issue of when and if an option should be exercised,
which leads to an interesting free boundary problem similar to the Stefan
problem which arises in melting and solidification, and it is precisely this free
boundary problem which makes American options both difficult to price and
mathematically interesting. To date, a closed form pricing formula for Amer-
ican options has remained elusive, except in a couple of special cases. One
such special case is the American call with either no dividends, when exercise
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is never optimal so that the value of the option is the same as that of a Eu-
ropean call, or discrete dividends [9, 10, 23, 27]. For those cases where exact
solutions are not known, practitioners are of course able to price American
options numerically, or use one of the approximate or series solutions which
appear in the literature.

In the present study, we will consider the free boundary, or optimal exercise
boundary , for an American call option. This boundary separates the region
where it is optimal for an investor to retain an option from that where exercise
is optimal, and closed form expressions for the location of the boundary have
remained as elusive as a closed form pricing formula for American options,
although, as with the price of the option, numerical and approximate and
series solutions can be used. The location of the free boundary is key to
pricing an American option. In our analysis, we will use a partial Laplace
transform to arrive at an integral equation giving the location of the free
boundary, which we regard as a curve in (S,t) space, denoted by S = Sf (t)
or the inverse relation t = Tf (S).

We are of course not the first to apply integral equation methods to Amer-
ican options: on the contrary, it has been a very popular approach, including
such studies as the early work of [18, 26], which drew on the pioneering work
of [15] on Stefan problems, the studies by [4, 11, 13, 21], all of which looked
at the difference between European and American prices, and the recent work
of [1, 8, 14, 16, 25]. We will touch upon the differences between some of those
studies and our own in the final section.

The partial Laplace transform approach used here was developed by [7]
for diffusion problems, specifically the recrystallization of an infinite metal
slab, and an overview of the technique can be found in [6]. The solidification
problem considered in [7] was governed by the diffusion equation, and the
Black-Scholes-Merton partial differential equation used in our analysis can of
course be recast as that equation. [7] were able to use a partial Laplace trans-
form, which we shall define shortly, to give an integral equation formulation
of their problem, and were then able to find a series solution of that inte-
gral equation. For the problem considered here, the boundary conditions at
the free boundary cause the kernel in our integral equation to be much more
complicated than that in [7].

2 Analysis

Under the Black-Scholes-Merton model, in which the volatility σ, interest rate
r, and dividend yield D are assumed constant, the value V (S, t) of an option
on an equity obeys the Black-Scholes-Merton partial differential equation or
PDE [2, 19],

∂V

∂t
+

σ2S2

2
∂2V

∂S2
+ (r −D)S

∂V

∂S
− rV = 0, (1)
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where S is the price of the underlying and t < T is the time, with T being the
expiry when the holder will receive a pay-off of max(S −E, 0) for a call with
a strike of E. To simplify the analysis, we will work in terms of the remaining
life of the option, τ = T − t, so that (1) is replaced by

∂V

∂τ
=

σ2S2

2
∂2V

∂S2
+ (r −D)S

∂V

∂S
− rV. (2)

For European options, (2) is valid for τ ≥ 0. For options where early exercise
is permitted, (2) is only valid when it is optimal to hold the option, and must
be solved together with the appropriate conditions at the optimal exercise
boundary, whose location is unknown and must be solved for. We will label
the position of the free boundary as S = Sf (τ), which we can invert to give
τf (S) as the time at which early exercise should occur.

A review of the properties of the free boundary and the option price can be
found in [20]. In our analysis, we will make use of a number of these including:
(i) The price of an American call option is given by a value function. Where
it is optimal to hold the option the value function is smooth with V (S, τ) >
max (S − E, 0) and 0 ≤ ∂V/∂S < 1 [18, 26].
(ii) There is an optimal exercise policy for American options and an optimal
stopping time [12].
(iii) At the free boundary the value of the option is equal to the pay-off from
immediate exercise [11, 18], Vf (S, τ) = S − E.
(iv) At the free boundary the value of the option’s delta, or derivative of its
value with respect to the stock price, is ∂Vf/∂S = 1. This high contact or
smooth-pasting condition [24] has been shown to be both a necessary [19] and
sufficient [3] condition for the optimality of the boundary.
(v) At expiry [18, 26], the location of the free boundary is

Sf (0) = S0 =

{
Er/D > E r > D

E D ≥ r,

which we can write as τf (S0) = 0.
(vi) As τ →∞, from the perpetual American call [18, 19] we know Sf (τ) →
S1 = Eα

α−1 where α =
[

σ2

2 − (r −D) +
√(

r −D + σ2

2

)2
+ 2Dσ2

]
/σ2. We can

write this as τf (S) →∞ as S → S1 from below. As D → 0, S1 →∞ [19] and
a perpetual call on a stock with no dividends has the same value as the stock.
(vii) The free boundary is a strictly increasing function of τ [18, 26], which
enables us to define the inverse τf (S) mentioned above. The optimal exercise
boundary will move upwards as we move away from the expiration date and
will lie between the two limits, S0 ≤ Sf (τ) ≤ S1, with early exercise optimal
if S ≥ Sf (τ) and retaining the option optimal if 0 ≤ S < Sf (τ).
(viii) The free boundary is a continuous, differentiable function of τ [18, 26],
which enables us to take derivatives of τf (S).
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Having formulated the problem, we shall now attempt to solve it using a
Laplace transform in time. Because S0 differs depending on whether r > D or
D ≥ r, we will consider these two cases separately. Since (2) only holds where
it is optimal to retain the option, we will modify the usual Laplace trans-
form L(G)(p) =

∫∞
0

g(τ)e−pτdτ somewhat, and define the partial Laplace
transform for S ≤ S1,

V(S, p) =
∫ ∞

τf (S)

V (S, τ)e−pτdτ, (3)

with the lower limit of τ = τf (S) rather than τ = 0. As we mentioned in
Section 1, the partial Laplace transform is due to [7], and has been successfully
used to tackle diffusion problems in the past. This definition of the partial
Laplace transform, is of course equivalent to setting V (S, τ) = 0 in the region
where it is optimal not to hold. Because of this definition, the price of the
option V (S, τ) will obey (2) everywhere we integrate. We require the real part
of p to be positive for the integral in (3) to converge. In addition, we know
from the definition that V(S, p) → 0 as S → S1. We can also define an inverse
transform

V (S, τ) =
1

2πi

∫ γ+i∞

γ−i∞
V(S, p)epτdp, (4)

which of course is only meaningful where it is optimal to retain the option.
From our definition, the following transforms can be derived easily,

L
[
∂V

∂τ

]
= pV − e−pτf (S)Vf (S, τf (S)),

L
[
∂V

∂S

]
=

dV
dS

+ e−pτf (S)τ ′f (S)Vf (S, τf (S)),

L
[
∂2V

∂S2

]
=

d

dS

(
L

[
∂V

∂S

])
+ e−pτf (S)τ ′f (S)

∂Vf

∂S
(S, τf (S)). (5)

In the above, we have adopted the convention that τf (S) is the location of
the free boundary for S0 < S < S1, while for S < S0, we set τf = 0 since it is
optimal to hold the option to expiry. Applying this partial Laplace transform
to (2), we arrive at the following (nonhomogeneous Euler) ordinary differential
equation for the transform of the option price,

[
σ2S2

2
d2

dS2
+ (r −D)S

d

dS
− (p + r)

]
V + F (S) = 0, (6)

where the nonhomogeneous term F (S) takes a different value in various re-
gions, as shown in Table 1:
with F0(S) =

(
1 + (r −D)Sτ ′f (S) + σ2S2

2

(
τ ′′f (S) + p0τ

′2
f (S)

))
(S − E) +

σ2S2τ ′f (S) and F1(S) = −σ2S2

2 (S − E) τ ′2f (S) in region (c) and p0 = (D−r)2

2σ2 +
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Table 1. The nonhomogeneous term F (S).

Region V (Sf (τ), τ) ∂V
∂S (Sf (τ), τ) τf (S) F (S)

(a) 0 < S < E 0 0 0 0
(b) E < S < S0 S − E 1 0 S − E
(c) S0 < S < S1 S − E 1 > 0 e−pτf (S) [F0(S) + (p + p0) F1(S)]

D+r
2 + σ2

8 . We would mention that in region (c), F (S) is fairly complicated,
being a function of τ ′f (S) and τ ′′f (S), the derivatives of the inverse of the
optimal exercise boundary, as are F0(S) and F1(S).

The three regions in Table 1 coexist when 0 < D < r. When D ≥ r, the
location of the free boundary at expiry is Sf (0) = S0 = E, so that the middle
region (b) vanishes and we are left with only two regions, (a) and (c), with
the nonhomogeneous terms in these two regions unchanged. For the moment,
we will perform our analysis for the case 0 < D < r, and explain later how
the analysis differs when D ≥ r.

2.1 0 < D < r

The general solution of (6) is

V = S
D−r+λ(p)

σ2 + 1
2

[
C1(p)−

∫
S̃−

D−r+λ(p)
σ2 − 3

2 F (S̃)dS̃

λ(p)

]

+ S
D−r−λ(p)

σ2 + 1
2

[
C2(p) +

∫
S̃−

D−r−λ(p)
σ2 − 3

2 F (S̃)dS̃

λ(p)

]
, (7)

where λ(p) =
√

2σ [p + p0]
1/2, and C1 and C2 are constants of integration,

which may depend on the transform variable p. Since r, D and σ are all
assumed to be positive, and we assume that p has a positive real part from
the definition of the Laplace transform, then the real part of the first exponent
D−r+λ(p)

σ2 + 1
2 is assumed positive, while the real part of the second exponent,

D−r−λ(p)
σ2 + 1

2 is assumed negative.
Applying this solution (7) to the three separate regions outlined above, we

find that in region (a) we must discard the second solution in order to satisfy
the boundary condition on S = 0 that V (0, t) = 0, and the corollary that
V(0, p) → 0 as p →∞, so in this region we have

V = C
(a)
1 (p)

(
S

E

)D−r+λ(p)
σ2 + 1

2

. (8)

In region (b), we find
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V =
S

p + D
− E

p + r
(9)

+ C
(b)
1 (p)

(
S

E

)D−r+λ(p)
σ2 + 1

2

+ C
(b)
2 (p)

(
S

E

)D−r−λ(p)
σ2 + 1

2

,

and in region (c), we have

V = S
D−r+λ(p)

σ2 + 1
2

[
C1(p)−

∫ S

S0

S̃−
D−r+λ(p)

σ2 − 3
2 F (S̃)dS̃

λ(p)

]

+ S
D−r−λ(p)

σ2 + 1
2

[
C2(p) +

∫ S

S0

S̃−
D−r−λ(p)

σ2 − 3
2 F (S̃)dS̃

λ(p)

]
, (10)

with F given in Table 1. Applying the condition that V(S, p) → 0 as S → S1,
we require

C
(c)
1 (p) =

1
λ(p)

∫ S1

S0

S̃−
D−r+λ(p)

σ2 − 3
2 F (S̃)dS̃,

C
(c)
2 (p) = − 1

λ(p)

∫ S1

S0

S̃−
D−r−λ(p)

σ2 − 3
2 F (S̃)dS̃, (11)

so that the solution in region (c) becomes

V =
∫ S1

S

(
S̃

S

)−D−r

σ2 − 3
2




(
S̃

S

)−λ(p)
σ2

−
(

S̃

S

)λ(p)
σ2


 F (S̃)dS̃

λ(p)S
. (12)

We must now match the solutions in these three regions together. We will
require that V and dV/dS are continuous across S = E and S = S0. Matching
regions (b) and (c) together at S = S0, we find we can write C

(b)
1 (p) and

C
(b)
2 (p) in terms of C

(c)
1 (p) and C

(c)
2 (p), which were given in (11) above,

C
(b)
1 = C

(c)
1 E

D−r+λ(p)
σ2 + 1

2

+
1

2λ(p)

(
E

S0

)D−r+λ(p)
σ2 + 1

2

×



(
D − r − σ2

2 − λ(p)
)

S0

p + D
−

(
D − r + σ2

2 − λ(p)
)

E

p + r


 ,

C
(b)
2 = C

(c)
2 E

D−r−λ(p)
σ2 + 1

2 (13)

− 1
2λ(p)

(
E

S0

)D−r−λ(p)
σ2 + 1

2

×



(
D − r − σ2

2 + λ(p)
)

S0

p + D
−

(
D − r + σ2

2 + λ(p)
)

E

p + r


 .
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Similarly, matching regions (a) and (b) together at S = E, we find we can
write C

(a)
1 (p) in terms of C

(b)
1 (p) and C

(b)
2 (p), which we just found,

C
(a)
1 (p) = E

(
1

p + D
− 1

p + r

)
+ C

(b)
1 (p) + C

(b)
2 (p), (14)

but we also arrive at another expression for C
(b)
2 (p),

C
(b)
2 (p) =

E

2λ(p)

[(
D − r + σ2

2 + λ(p)
p + r

)
−

(
D − r − σ2

2 + λ(p)
p + D

)]
, (15)

and comparing this to the earlier expression we found for C
(b)
2 (p), we arrive

at the following equation

C
(c)
2 =

1
2λ(p)

S
−D−r−λ(p)

σ2 − 1
2

0

×

S0

(
D − r − σ2

2 + λ(p)
)

p + D
−

E
(
D − r + σ2

2 + λ(p)
)

p + r




+
1

2λ(p)
E−D−r−λ(p)

σ2 + 1
2

×
[

D − r + σ2

2 + λ(p)
p + r

− D − r − σ2

2 + λ(p)
p + D

]
, (16)

or using (11),
∫ S1

S0

S̃−
D−rλ(p)

σ2 − 3
2 F (S̃)dS̃

=
1
2
S
−D−r−λ(p)

σ2 − 1
2

0

×

E

(
D − r + σ2

2 + λ(p)
)

p + r
−

S0

(
D − r − σ2

2 + λ(p)
)

p + D




+
1
2
E−D−r−λ(p)

σ2 + 1
2

×
[

D − r − σ2

2 + λ(p)
p + D

− D − r + σ2

2 + λ(p)
p + r

]
, (17)

where again F (S) is given in Table 1.
We should comment on why (13), which came from matching regions (b)

and (c), appears to be more complicated than (14,15) which came from match-
ing (a) and (b). Because we wrote S/E in the homogeneous terms in (8,9), the
matching at S = E was greatly simplified. If we had instead written S/S0 in
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those terms, the matching at S = S0 would have become much simpler, while
that at S = E would have become correspondingly more complex. Another
reason for the complexity in (13) is of course that the nonhomogeneous terms
in region (c) are fairly lengthy, while those in region (a) vanish.

2.2 D ≥ r

The analysis when D ≥ r is very similar to that for D < r, so we will merely
highlight the differences and give the main results. As mentioned earlier, when
D ≥ r, the location of the free boundary at expiry is Sf (0) = S0 = E. Because
of this, instead of the three regions (a)-(c) described above, the middle region
(b) vanishes and we are left with only two regions, (a) and (c), with the
nonhomogeneous terms in these two regions unchanged, and given in Table 1.
The general solutions in these two regions are also the same, namely (8,12).
However, the matching process will lead to constants that differ from those
found earlier. When D ≥ r, we have a single boundary to match across, and
we require that V and dV

dS are continuous across S = E. This tells us that

C
(a)
1 (p) = C

(c)
1 (p)E

D−r+λ(p)
σ2 + 1

2 ,

C
(c)
2 (p) = 0, (18)

the latter of which gives

∫ S1

E

S̃−
D−r−λ(p)

σ2 − 3
2 F (S̃)dS̃ = 0, (19)

with F (S) again given in Table 1.

3 The integral equations

The equations, (17) for 0 < D < r and (19) for D ≥ r, are integral equations in
transform space for the location of the free boundary τf (S), which appears in
equations via the nonhomogeneous term F (S). To be more specific, (17,19) are
nonlinear Fredholm integral equations, or to be even more specific, Urysohn
equations. When r = D, the integral equations for the two cases are the same.

Each of (17,19) is of course the Laplace transform of an integro-differential
equation in physical space, and we can obtain these latter equations by ap-
plying the inverse Laplace transform (4) to (17,19). The inversion process is
conceptually straightforward, but the algebra is somewhat complicated. To

invert (17), we first divide by (p + p0)3/2S
−D−r

σ2 − 3
2

0 (Sf (τ))λ(p)/σ2
, and rewrite

(17) as
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∫ S1

S0

exp

[
−

√
2(p + p0)

σ
ln

Sf (τ)
S̃

]

×
(

S̃

S0

)−D−r

σ2 − 3
2

e−pτf (S̃)

√
p + p0

[
F0(S̃)
p + p0

+ F1(S̃)

]
dS̃ =

=
S0

2 (p + p0)
exp

[
−

√
2(p + p0)

σ
ln

Sf (τ)
S0

]

×
(

E

p + r

[
D − r + σ2

2

(p + p0)
1/2

+ σ
√

2

]
− S0

p + D

[
D − r − σ2

2

(p + p0)
1/2

+ σ
√

2

])

+
S2

0

2 (p + p0)

(
E

S0

)−D−r

σ2 + 1
2

exp

[
−

√
2(p + p0)

σ
ln

Sf (τ)
E

]
(20)

×
(

1
p + D

[
D − r − σ2

2

(p + p0)
1/2

+ σ
√

2

]
− 1

2p + r

[
D − r + σ2

2

(p + p0)
1/2

+ σ
√

2

])
,

and then use the following standard inverse transforms [22],

L−1
[
e−apG(p)

]
= H (τ − a) g (τ − a) ,

L−1 [G(p + p0)] = e−p0τg(τ),

L−1 [G1(p)G2(p)] =
∫ τ

0

g1(τ − z)g2(z)dz,

L−1
[
p−1/2 exp

(
−ap1/2

)]
=

1√
πτ1/2

exp
[
−a2

4τ

]
,

L−1
[
p−1 exp

(
−ap1/2

)]
= erfc

[
a

2
√

τ

]
,

L−1
[
p−3/2 exp

(
−ap1/2

)]
=

2τ1/2

√
π

exp
[
−a2

4τ

]
− a erfc

[
a

2
√

τ

]
, (21)

where H(t) is the Heaviside step function, to obtain

∫ Sf (τ)

S0

√
τ − τf (S̃)

(
S̃

S0

)−D−r

σ2 − 3
2

e−p0(τ−τf (S̃))

×


 1√

π

(
2F0(S̃) +

F1(S̃)
τ − τf (S̃)

)
exp


−

(
ln(Sf (τ)/S̃)

)2

2σ2(τ − τf (S̃))




−F0(S̃)
√

2 ln(Sf (τ)/S̃)
σ(τ − τf (S̃))

erfc


 ln(Sf (τ)/S̃)

σ
√

2(τ − τf (S̃))





 dS̃ =
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= S0

∫ τ

0

[
E

(
D − r +

σ2

2

)
e−r(τ−z) − S0

(
D − r − σ2

2

)
e−D(τ−z)

]
e−p0z

×
(

z1/2

√
π

exp

[
− [ln(Sf (z)/S0)]

2

2σ2z

]
− ln(Sf (z)/S0)

σ
√

2
erfc

[
ln(Sf (z)/S0)

σ
√

2z

])
dz

+ S2
0

(
E

S0

)−D−r

σ2 + 1
2

×
∫ τ

0

[(
D − r − σ2

2

)
e−D(τ−z) −

(
D − r +

σ2

2

)
e−r(τ−z)

]
e−p0z

×
(

z1/2

√
π

exp

[
− [ln(Sf (z)/E)]2

2σ2z

]
− ln(Sf (z)/E)

σ
√

2
erfc

[
ln(Sf (z)/E)

σ
√

2z

])
dz

+
S0σ√

2

∫ τ

0

(
Ee−r(τ−z) − S0e

−D(τ−z)
)

e−p0zerfc
[
ln(Sf (z)/S0)

σ
√

2z

]
dz

+
S2

0σ√
2

(
E

S0

)−D−r

σ2 + 1
2

×
∫ τ

0

(
e−D(τ−z) − e−r(τ−z)

)
e−p0zerfc

[
ln(Sf (z)/E)

σ
√

2z

]
dz, (22)

which is an integro-differential equation in physical space for the location of
the free boundary for the call with 0 < D < r, and is the inverse transform of
the equation in transform space (17). The equation for D ≥ r can be obtained
by setting the right-hand side of (22) to zero,

∫ Sf (τ)

S0

√
τ − τf (S̃)

(
S̃

S0

)−D−r

σ2 − 3
2

e−p0(τ−τf (S̃))

×


 1√

π

(
2F0(S̃) +

F1(S̃)
τ − τf (S̃)

)
exp


−

(
ln(Sf (τ)/S̃)

)2

2σ2(τ − τf (S̃))




−F0(S̃)
√

2 ln(Sf (τ)/S̃)
σ(τ − τf (S̃))

erfc


 ln(Sf (τ)/S̃)

σ
√

2(τ − τf (S̃))





 dS̃ = 0, (23)

which is an integro-differential equation in physical space for the location of
the free boundary for the call with D ≥ r, and is the inverse transform of the
equation in transform space (19).

4 Discussion

The purpose of this study was to apply one of the tools of classical applied
mathematics, the Laplace transform, to the pricing of American options, us-



Laplace Transforms and the American Call Option 25

ing the partial Laplace transform method developed by [7] for diffusion prob-
lems. The resulting integral equations for the location of the free boundary,
(17,19) in transform space and their inverses (22,23) in physical space, form
the main result of this paper. These equations were obtained by applying a
partial Laplace transform [7] to the Black-Scholes-Merton PDE and solving
the resultant ordinary differential equation in transform space. The equations
when D ≥ r are somewhat simpler than those when 0 < D < r. It should
be recalled that the nonhomogeneous term F (S) in these equations is a func-
tion of τ ′f (S) and τ ′′f (S), the derivatives of the inverse of the optimal exercise
boundary, so that (17,19,22,23) involve the first and second derivatives of the
unknown boundary and because of this, the integral equations are more com-
plicated than those in [4, 11, 13, 21] which involve the boundary but not the
derivatives.

As we mentioned briefly in section 1, integral equation methods have
been used to analyze American options before, including the studies of
[4, 8, 11, 13, 14, 16, 18, 21, 25, 26]. However, those studies tackled the problem
in very different ways to that used here, and ended up with equations of a
somewhat different form to those found by us. For example, in their recent
studies, [8, 16] used Green’s functions to solve the Black-Scholes PDE for
American options, and their results involved an integral equation for Sf (τ),
whereas we have an integral equation for the inverse of that function, τf (S).
As with our equation, those authors were unable to obtain exact solutions
of their integral equations. [25] used a Fourier transform method, while [14]
essentially took a Mellin transform with respect to the stock price, and each
obtained a (different) integral equation for Sf (τ). Obviously some connection
exists between our results and those other studies, since the integral equations
from each study describe the same boundary. It is interesting to note that
the Laplace transform, Mellin transform, and Green’s function approaches all
yield the same expression for the value of a European option but each yields
a different integral equation for the free boundary of an American option.

Moving on to the issue of the value of the option, in (8,9,12), we have a
series of expressions for V(p, S), the transform of the option price V (S, t). The
constants which appear in these expressions were also given in the previous
sections. In theory, given these expressions, we could apply the inverse trans-
form (4), and then we would arrive at the option price itself. Unfortunately,
these expressions involve τf (S), the location of the free boundary, which we
know only abstractly as the solution of the applicable integral equation; how-
ever, if τf (S) were known explicitly, taking the inverse Laplace transform
would give the value of the option.

Although the results presented in this study were for the call, it is straight-
forward to apply them to the put using the well-known put-call ‘symmetry’
condition of [5, 17], under which the prices of the American call and put are
related by

C [S,E, D, r] = P [E, S, r,D] , (24)
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and the positions of the optimal exercise boundary for the call and put are
related by

Sc
f [t, E, r,D] = E2/Sp

f [t, E, D, r] . (25)

Of course, (24,25) can also be applied to other studies of American options,
such as [4, 11, 13, 21] where the price of the option is given as a closed form
expression involving the location of the free boundary.

At this point it behooves us to mention that although we have derived the
integro-differential equations (22,23) for the location of the free boundary, we
have not addressed either the existence or the regularity or the uniqueness of
any solutions to these equations, and these issues remain open, although obvi-
ously we would expect the physical free boundary to be a solution. We would
suggest that a study addressing these important issues would be a worthwhile
endeavor. Indeed, the existence, regularity and uniqueness of solutions remain
unresolved for many of the other integral equation formulations of the Amer-
ican option pricing problem mentioned in Section 1, the noticeable exception
of course being [4, 11, 13, 21] for which these issues have been successfully
resolved. For the integral equations in [4, 11, 13, 21], which involve the bound-
ary but not the derivatives, the existence of solutions follows from the fixed
point theorem, while uniqueness has very recently finally been resolved [21].

Finally, we would address the usefulness of the equations (22,23), which
describe the location of the free boundary. Although we would not pretend to
be proficient in the numerical solution of integral equations, it is reasonable to
assume that (22,23) could be used to compute the optimal exercise boundary
numerically, as has been done for many of the other integral equation formu-
lations of the American option pricing problem, and we would suggest this,
along with a local solution close to expiry, as possible directions for future
research. Of course, with such a numerical solution, great care must be taken
to verify that any solution of the integral equations corresponds to a solution
of the underlying optimal stopping problem, and it would also be of interest
to compare the boundary computed using (22,23) with those computed using
the other integral equation formulations.
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