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1.1 Introduction

Since its discovery by H. Kamerlingh Onnes in Lei-
den [1] almost 100 years ago, superconductivity has
remained an important area of solid state physics
with continuing surprises. Its first observation in Hg,
illustrated for historical reasons in Fig. 1.1, resulted
from general advances in low temperature physics
(liquefying He).The important continuing discovery

Fig. 1.1. Illustration of Kamerlingh Onnes’ discovery of su-
perconductivity and vanishing of the electrical resistivity
� in 1911

of new superconductors resulted from advances in
material science physics. By 1980 superconductivity
hadbeen observed in many metals andalloys thereof.
For an illustration see Fig. 1.2 [2]. Remarkably, the
classical ferromagnets like Ni, Fe, etc. did not exhibit
superconductivity. Only for the non-magnetic state
and under (strong) pressure has superconductivity
been reported (for example in iron, Tc = 2K) [3].
From the beginning a strong motivation was to find
superconductors with a high transition temperature
Tc. However, until about 1980 the A-15 compound
Nb3Ge remained the superconductor with the high-
est Tc at about 30 K, see Fig. 1.3. In order to achieve
higher Tc values also many alloys and the effect of
applying pressure were studied.

Soon after 1980 exciting new superconductorsbe-
longing to rather different material classes were dis-
covered. The situation including the high Tc cuprate
superconductors discovered by Bednorz and Müller
[4] in 1986 is illustrated in Fig. 1.4. For several rea-
sons this tremendously stimulated the minds of the
physics community. High-Tc cuprate superconduc-
tivity exhibited puzzling new behavior. Perhaps this
helped the birth of new surprises which were yet to
come.

One may note that the history of superconductiv-
ity exhibits similar alternating periods of great ex-
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Fig. 1.2. Overview of superconducting metals
(blue) in the periodic table.Note the absence of
superconductivity in the ferromagnetic transi-
tion metals and rare-earth and actinide metals.
Other superconductors (under pressure) are
marked in red.The superconducting transition
temperature Tc is indicated

Fig. 1.3. Historyof the transition temperature Tc for the
first 70 years following the discovery of superconduc-
tivity in 1911. The A-15 compounds were of particular
interest in the search for higher Tc-superconductors

Fig. 1.4. High-Tc cuprate superconductors discovered
by Bednorz and Müller in 1986. For La2−xBaxCuO4 a
Tc � 35 K, for YBa2Cu3O7−ı a Tc = 92 K, and for
HgBa2Ca2Cu3O8+ı a Tc = 133 K was observed, for ex-
ample

citement and phases that were more quiet, as was
the case for other important classical problems in
physics. Generally, the study of superconductivity
was a motor for new experimental techniques as well
as for methods in theoretical physics, in many-body
physics and quantum field theory, and was responsi-

ble for new concepts of quite general significance in
physics. The noticeable interplay of experiment and
theory was particularly fruitful as history shows, in
particular regarding the electronic mechanism for
phonon-mediated superconductivity and the sym-
metry of the superconducting state.



1 History and Overview 5

Fig. 1.5. Meissner effect for type I superconductors: If a
superconductor in an external magnetic field H is cooled
below its superconducting transition temperature Tc , the
magnetic flux B is abruptly expelled. For particular val-
ues of B it penetrates the superconductor only within the
penetration depth � at the surface (B = H + 4�M)

Cornerstones in the early history of superconduc-
tivity were:

1. Observation of vanishing resistivity �(R) at a
critical temperature Tc � 4.2 K in Hg by Kamer-
lingh Onnes [1] in 1911.

2. Observation of the diamagnetic behavior of type
I superconductors by Meissner and Ochsenfeld
in 1933, which opened the way towards a deeper
understanding of superconductivity; see Fig. 1.5
for an illustration of the Meissner effect [5].

3. The London theory in 1935, which described the
Meissner effect flux repulsion, by using for the
superconducting current driven by the vector
potential A the formula [6]

js = −
(
c/4��2

L

)
A , (1.1)

with �L = (mc2/4�e2ns)1/2, and ns the den-
sity of the superfluid. Then, from rotj s and the
Maxwell equations one gets the Meissner effect
(see (4�/c)rotjs = ∇ × ∇ × B).

4. The Isotope effect [7], Tc ∝ M−˛ , ˛ ≈ 0.5 for
Hg, observed by Maxwell 1950 and which sug-
gested that the electron–phonon coupling might
be responsible for superconductivity.

5. The Ginzburg–Landau theory in 1950, which ex-
tended the London theory and introduced the
order parameter [8]

 (r, t) =|  | ei' (r) , (1.2)

with ns ∝|  |2 and

js = 2e |  |2 vs

=
2e�
m∗
|  |2

(
∇' −

2e
�c

A
)

.
(1.3)

6. The breakthrough by the famous and most ele-
gant theory of Bardeen,Cooper,Schrieffer (BCS)
in 1956 which after almost 45 years gave a defi-
nite electronic explanation of superconductivity
in terms of Cooper pairs (k ↑, −k ↓) forming
in an energy shell �!D (!D denotes the Debye
frequency) around the Fermi energy "F resulting
from the electron–phonon interaction [9].

The BCS theory became one of the most elegant and
successful theories in physics [9]. It was further com-
pleted by the field theoretical approaches of Gor’kov
[10], Abrikosov and Gor’kov [11], and Eliashberg
[12]. Important in understanding (magnetic) field-
dependence was Abrikosov’s analysis based on the
Ginzburg–Landau theory of type I superconductors
(� < 1/

√
2,� ≡ �/� ,� is thepenetration depth,� the

coherence length referring to the stiffness of  ) and
type II ones (� > 1/

√
2), which allow magnetic flux

� to penetrate the superconductor in a regular array,
quantized in units of the elementary flux quantum
�0 = hc/2e [13]. Important was also the observation
of flux quantization in a ring, flux � = (n + 1

2 ) hc
e ,

(n = 0,±1, . . .), by Doll and Näbauer, and Deaver
and Fairbank [16]. This is illustrated in Fig. 1.6.

A further step was Josephson’s tunneling theory
in 1962 describing also tunneling of Cooper pairs
through a barrier between two superconductors[14].
The current is given by j(t) = j0 + �j(�' ), where
�' = '2 − '1 is the phase difference between the
two superconductors 1 and 2 separated by a tunnel
barrier (�' = ' 0

2 − ' 0
1 − (2e�c)

∫ 2
1 dxAx). Then one

may get for the Cooper pair current (A = 0 and volt-
age V)

j(t) = j0 + j1 sin
(
' 0

2 − ' 0
1 −

2e
�

V21t
)

,

(
V21 =

�

2e
'̇21

)
. (1.4)

Very important was also the study of the tunneling
density of statesby Schrieffer, Scalapino andWilkens
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Fig. 1.6. Illustration of flux quantization in a superconduct-
ing Pb-cylinder.The signal I is proportional to the flux and
B denotes the frozen-in field

in 1963 explaining observed detailed structure in the
tunneling current and superconducting order pa-
rameter �(!) as due to the electron–phonon cou-
pling (NT (!) = N(	F)Re [!/

√
!2 − �2(!)]) [15].

It seemed that the electronic theory for supercon-
ductivity, which had replaced largely the early phe-
nomenological theories by Casimir, Gorter (two-
fluidmodel for ns, nn),by London for theMeissner ef-
fect andby Ginzburg–Landau,was largely completed.

The thermodynamical and electrodynamical be-
havior of type I superconductors for which theMeiss-
ner effect holds up to the critical magnetic field Hc

and type II superconductorswith magnetic flux pen-
etration below Bc2 and Meissner effect below Bc1 was
characterized by the influence of external fields on
the Cooper pairs and the phase diagrams Tc(B(T))
and Tc(j, B). Typical results are shown in Fig. 1.7.
Clearly this behavior also sheds light on the interde-
pendence of superconductivity and magnetism.Met-
als with parallel magnetic and superconducting ac-
tivity are of central interest. Triplet Cooper pairing
relates suchsuperconductors intimately to superfluid
3He. Superconductors with quantum-critical points
are of special interest with respect to basic questions
of quantum mechanics.

The search for superconductors with higher tran-
sition temperatures, see Fig. 1.3,became increasingly
important. In this regard of particular interest was
the work by McMillan [17], which attempted to re-
late Tc,

Tc ∝< !ph > exp{−1/(� − 
∗)} , (1.5)

to characteristic parameters of the superconducting
metals like electron–phonon coupling g or �, elec-
tronic density of states at "F , etc. (� is the electron–
phonon coupling constant, � = 2

∫∞
0

˛2F(!)
! d! with

F(!) characterizing the phonon spectrum).
∗ refers
to the renormalized effective Coulomb interaction
between the Cooper pairs forming electrons. For a

Fig. 1.7. Typical behavior of superconductors in an external magnetic field H : (a) type II superconductors with critical
fields Hc2, below which flux penetrates, Hc1, below which perfect Meissner effect behavior occurs (magnetization M),
(b) dependence on H and current j of type I superconductivity (B = H + 4�M)
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Fig. 1.8. Structure of MgB2 (AlB2, etc.). The boron planes
seem to play an important role regarding superconductiv-
ity and Cooper pairing.Note that the Mg-B bonds are softer
than the B-B ones

long time one observed only superconductivity due
to the electron–phonon coupling and that the A-15
compounds likeV3Si, Nb3Ge, etc. had the highest Tc.
The superconducting order parameter  (r, t) had s-
wave symmetry.The prospects for finding supercon-
ductors with higher Tc was somewhat guided (and
affected) by the estimates of a maximal Tc given by
P.W. Anderson, Cohen, and Allen and others [18].
However, one expected that for increasing electron–
phonon coupling strength �, the resulting lattice in-
stability limited essentially the occurrence of super-
conductivity (Tc < Tmax

c ).

In view of this the recent discovery of the type
II superconductor MgB2 with Tc � 40K and quasi
two gaps, �1 � 4 meV and �2 � 7.5 meV due to
�–and � -type electrons was very remarkable. Both
gaps have s-symmetry and result from the highly
anisotropic layer-structureof the MgB2-lattice. Note,
boron planes consisting of hexagon-B-rings char-
acterize the structure, see Fig. 1.8. The dominating
bonds of �-type and � -type coupling to phonons
causes superconductivity. As a consequence of the
anisotropy one gets critical magnetic fields H||c2 and
H⊥c2. One estimates H⊥c2 ∼ (� ||)−2 ∼ 0.2 H||c2. Here
the H||c2 and H⊥c2 refer to in-plane and perpendicu-
lar to B-plane upper critical field, respectively. Note
that Hc2 � ¥0/��2, � ∼ �−1 , ¥0 refers to the ele-
mentary flux quantum. In Fig. 1.9 we illustrate the
anisotropic behaviour of Hc2(T) indicative of two
gaps. It is interesting that MgB2 can carry relatively
strong superconducting currents in magnetic fields
up to 3 T, which compares with that observed for
high-Tc cuprates. Note the isotope effect as well as
tunnel spectroscopy support phonon driven super-
conductivity. One gets that Mg11 −→Mg10 increases
Tc by about 1 K in accordance with Tc∝(Mg)−1/2. In-
terestingly AlB2 is not superconducting. Note that
MgB2 is another example of the interesting role
played by the lattice structure regarding supercon-
ductivity.

Over the years many interesting studies of coex-
istence of superconductivity and magnetism (for ex-
ample, the transition metals and their alloys, rare

Fig. 1.9. Critical upper magnetic fields H
′′
c2(T) and

H⊥c2(T) referring to the B-planes and directions per-
pendicular to it, respectively, in the layered structure of
MgB2. The anisotropic behavior of Hc2(T) is indicative
of the approximate two-gap behavior
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Fig. 1.10. Superconductivity in heavy–fermion metals

earth (RE) compounds, etc.) and of occurrence of
superconductivity in metals with strongly correlated
electrons and local spins were carried out (see, for
example, the heavy-fermion systems in Fig. 1.10).
That singlet Cooper pairs (k ↑, −k ↓) respond sen-
sitively to magnetism and correlation was, of course,
expected on general grounds, in view of the results
shown in Fig. 1.2 and of the thermodynamical be-
havior in an external magnetic field (see Fig. 1.7 for
illustration).

The studies of the effect of magnetism and mag-
netic fields were important for our understanding of
superconductivity (for strongly renormalized quasi-
particles, for polaronic type superconductivity, for
Bose–Einstein vs. BCS type pair-condensation, etc.)
and in particular for the search of superconductivity
with the Cooper pair wave function

 (r, t) =|  (r, t) | ei' (r,t) (1.6)

having non-s-wave symmetry, describing triplet
pairing, and pairing resulting not from electron–
phonon interaction. Here, the discovery by Osheroff
et al. [19] in 1972 observing spin-triplet pairing in
superfluid 3He, another Fermi-liquid besides the su-
perconducting metals, was very important for the
further history of superconductivity. Also, the study
by Berk and Schrieffer in 1966 of the interdepen-
dence of superconductivity and spin-fluctuations
prepared the development of new perspectives and
for new research routes [20]. In this context experi-
mental studies of superconductivity in UPt3, CeIn3,

CePd2Si2, U1−xMxPd2Al3, (M =Y, Th, etc.), exhibiting
spin-excitations,were important [21].Recent experi-
mental studies of the magnetically active intermetal-
lic compound UGe2, of MgCNi3 (Tc = 8K), of the
magnetic organometallic compound (BETS)2FeCl4
(where superconductivity is induced by a strong ex-
ternal magnetic field) and similar systems, for ex-
ample, clearly indicate the interdependence of mag-
netism and superconductivity.

To illustrate the exciting new observations re-
garding the interplay of superconductivity and mag-
netism we show typical phase diagrams. In Fig. 1.11
we present results for UGe2. Further studies should
reveal themechanism for Cooper pairing (triplet ver-
sus singlet pairing), magnetic activity and electronic

Fig. 1.11. Phase diagram of UGe2
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structure in the superconducting phase with rela-
tively low Tc . Note, the behavior of Tc(p). First Tc

increases with pressure p, but then decreases again,
and Tc → 0 for p ≈ 17 kbar.

Another compoundwith interesting magnetic and
superconducting properties is ZrZn2, which exhibits
itinerant ferromagnetism. It seems that supercon-
ductivity exists up to 22 kbar, but not in the para-
magnetic phase. The formation and character of the
Cooper pairs (triplet pairing?) must still be studied.
One can expect that there may be many compounds
withan interesting interdependenceof superconduc-
tivity and magnetism.

In Fig.1.12 we show the interesting results for iron
(Fe) under pressure. It is remarkable that Fe becomes
superconducting at low temperatures and for pres-
sure between 15 and 30 GPa in the non-magnetic
hexagonal-close-packed 	-phase. The Cooper pair-
ing needs to be studied as well as important proper-
ties revealing the electronic basis of the phase dia-
gram.

Fig. 1.12. Superconducting hexagonal 	-phase Fe under
strong pressure.˛,ˇ, 	 refers to the various Fe phases

In all conventional superconductors phase co-
herent Cooper pairing occurs at the transition-
temperature Tc. The structure of the order param-
eter �k(!), seen in the spectral-density, for example,
for conventional superconductors reflects character-
istic phonon frequencies involved in Cooper pairing.
The Meissner effect occurs at Tc for phase coherent
Cooper pairs.Also, in conventional superconductors
typically non-magnetic impurities reduce Tc rela-

tively weakly, while paramagnetic impurities have
a strong destructive effect and may destroy super-
conductivity.External magnetic fields and electrical
currents destroy the superconducting state, break up
Cooper pairs, and may even cause gapless supercon-
ductivity.

1.2 Novel Superconductors

(a) Cuprates (High-Transition Temperature
Superconductors)

The superconductivity research changed dramat-
ically when the high Tc-cuprate superconductors
with CuO2-layers like La2−xSrxCuO4, YBa2Cu3O7−8,
Tl2Ba2CaCu2O8, etc.were discovered by Bednorz and
Müller in 1986 with transition temperatures ranging
from Tc � 35 K to Tc � 160 K (under pressure) in
HgBa2CaCu2O6+ı [4]. The carriers in the cuprates,
with typical layered structure shown in Fig. 1.13,
are strongly correlated. As a result one observes
many unusual properties, non-Fermi-liquid behav-
ior, a rich phase diagram and antiferromagnetism.
Superconductivity depends sensitively on hole dop-
ing in the CuO2-planes, see Fig. 1.13 for illustra-

Fig. 1.13. Structure of the cuprate YBa2Cu3O7−ı with Tc up
to 92 K depending on hole doping ı. Singlet Cooper pair-
ing occurs essentially in the CuO2-planes like in the other
members of the cuprate family



10 K.H. Bennemann and J.B. Ketterson

tion [22]. It was important that experiments indi-
cated singlet Cooper pairing and d-wave symme-
try, see phase-sensitive measurements by Tsuei and
Kirtley [23]. Type II superconductivity and non-s-
symmetry of the order parameter, dx2−y2 -symmetry,
is observed. Tunnel spectroscopy, ARPES, and many
other experiments support this. Parallel activity (an-
tiferromagnetic and superconducting) occurs. Typ-
ically an interdependence of these activities is ob-
served. Singlet Cooper pairing is present. Due to
strong correlations unusual properties are exhib-
ited, see, for example, the temperature dependence
of the electrical resistivity (� ∝ T) and other trans-
port properties, a pseudo gap of dx2−y2-symmetry in
the quasi-particle dispersions for lower doping,non-
Fermi-liquid behavior (self-energy £(!) ∝ !, etc.),
and so on. As a consequence, the elementary exci-
tations in the cuprates seem to behave anomalously.
The doping dependence of Tc indicates that phase
fluctuations of Cooper pairs play a role, in particular
in underdoped cuprates with stronger correlations
among the quasi-particles. This seems reflected by

Tc ∝ ns , (1.7)

where ns denotes the doping dependent superfluid
density (ns = ns(x, T)).Whether Tc ∝ ns also occurs
for electron doping needs to be verified.It is expected
for low Cooper pair density.

Figure 1.14 illustrates the doping-dependent
phase diagram of hole doped (La2−xSrxCuO4)- and
electron (Nd2−xCexCuO4)-doped cuprates. In hole
doped cuprates for increasing doping x one gets that
Tc increases first due to increase of hole concen-
tration and itinerancy and then Tc decreases again
due to the disappearance of the antiferromagnetic
spin-excitations. Note that electron doping consists
largely of occupying the hybridized d-orbitals (up-
per Hubbard-band) of Cu,of quenching theCu-spins,
while hole doping of the oxygen p-states, destroy-
ing long-range antiferromagnetism due to frustra-
tion, consists mainly of emptying the oxygen p-band.
Thus with increasing hole doping antiferromagnetic
excitations are weakened and itinerancy of the cor-
relating hole-carriers is improved. One might expect
somewhat different behaviour of hole and electron
doped cuprates. Note too that due to correlations

Fig. 1.14. Doping dependence of the superconducting tran-
sition temperature Tc(x) of (a) hole (La2−xSrxCuO4 , . . .)
and (b) electron (Nd2−xCexCuO4, . . .) doped cuprates. T∗c
neglects C.P. phase fluctuations, T∗ refers to the onset of
pseudo-gap.A.F.refers to the anti-ferromagnetic phase and
ns to superfluid density.The inset in (a) is a calculated spec-
tral density.Note the asymmetry in the spectral density. In
(b) the inset refers to calculations of Tc . Here, Tc ∝ ns, see
the dashed curve, for electron doping is an open question
at present

one gets asymmetric peaks in the spectral density.
This asymmetry increases for decreasing hole dop-
ing.Hence, it is more difficult to add an electron than
to extract one in accordance with photoemission
experiments. For increasing pd-hybridization this
electron-hole asymmetry is expected to decrease.

Typical behavior of cuprate superconductors in
a magnetic field reflecting the stiffness of the su-
perconducting wave-function  (r, t) is shown in
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Fig. 1.15. The critical magnetic fields in high Tc-
superconductors. Note the steep slope of Hc2 near Tc .Var-
ious phases with vortices occur. Above Hm the melting of
the vortex system occurs. Hi refers to the irreversibility
field, below which vortices are pinned

Fig. 1.15. New phases of the vortex state were ob-
served. The behaviour in underdoped cuprates is
particularly interesting, since the vortex formation
is related to the Cooper pair phase ' and its stiff-
ness,  (r, t) =|  (r, t) | ei' (r,t). For decreasing dop-
ing x the density of Cooper pairs, ns, decreases and
thus phase disorder of the Cooper pairs is expected
to play an important role.

The debate on the Cooper pairing mechanism is
still under way [24]. Theories mainly by Pines et
al. [25], Emery et al. [26], Tewordt et al. [27], Benne-
mann et al. [28] and others attempt to explain many
properties and in particular d-wave superconduc-
tivity as resulting from the coupling of the holes in
the CuO2-planes to antiferromagnetic spin fluctua-
tions. In Fig. 1.16 an Eliashberg-type pairing theory
is indicated. In agreement with many experiments
one gets for the order parameter �(k,!) the re-
sults shown in Fig. 1.17. Furthermore, as expected
on general grounds one gets also for the electron-
doped cuprates like Nd2−xCexCuO4 a d-wave sym-
metry [29]. For results see Fig. 1.17, and experiments
in particular by Kirtley and Tsuei [23].

Note, after the discovery of high Tc super-
conductors the theoretical developments based on
hole-spin-fluctuation coupling were initiated by
Scalapino, Bickers [29, 30], Schmalian et al. [31],

Fig. 1.16. Cooper pairing in the cuprates due to coupling of
carriers (holes or electrons) in Cu-O planes to a.f. spin fluc-
tuations characterized by the spin susceptibility �(q,!)
(G refers to matrix Green’s function of quasi-particles,
Ueff is the effective coupling)

Fig. 1.17. d-symmetry order-parameter �(k,!) for hole
doped cuprates. In accordance with the CuO2-planes we
refer to the 2D Brillouin zone with kx and ky

and others extending the study by Berk, Schrief-
fer [20]. Important results were first achieved when
careful numerical results were obtained from a
self-consistent solution of the spin-fluctuation-type
Eliashberg-theory (see Fig. 1.16) [31].

The interesting d-wave symmetry of the super-
conducting order parameter �(r, t) or the renormal-
ized one �(k,!) can be most simply understood
from the general linearized gap function with pair-
ing potential Vk,k′ :

�k � −
∑

k′
Vk,k′

�k′

2Ek′
(

Ek =
√
"2

k + �2
k

)
, (1.8)

Clearly, for Vk,k′ < 0 (attractive) one may get for
constant potential V a k-independent s-symmetry
superconductivity. However, for Vk,k′ > 0 (repulsive,
as expected for the cuprates due to the strong corre-
lations and occurrence of antiferromagnetism) one
gets superconductivity, i.e. solutionsof Eq. (1.8),only
for k-dependent pairing Vk,k′ and�(k). In the case of
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Fig. 1.18. Illustration of d-wave symmetry Cooper pair-
ing due to exchange of antiferromagnetic spin fluctua-
tion with wave vector Qpair between two quasi-particles
at opposite parts of the Fermi surface. A quarter of the
first Brillouin zone is shown and the signs + and − re-
fer to areas where �k is positive or negative and a node
�k = 0 is indicated by dashed lines. If pairing occurs
also due to exchange of phonons, for example with wave
vector qpair, then deviations of d-symmetry are expected

Vk,k′ � Vk−k′ > 0 and k−k ′ ≈ Q,Q being the antifer-
romagnetic wavevector at which the spin susceptibil-
ity�(q,!) ismaximal,one then gets fromthe combi-
nation of the Fermi-surface topology in the cuprates
and �(q,!) an order parameter of mainly d-wave
symmetry (�k = �0

2

[
cos(kx) − cos(ky)

]
). Note that

Fig. 1.19. Spin excitation spectrum�(q = Q,!)
versus frequency as observed by inelastic neu-
tron scattering (INS) experiments in cuprates
[33]. Note the feedback of superconductivity
for the spin susceptibility and formation of a
so-called “resonance” peak

�(q,!) controls the transitions across the Fermi-
surface. Note that V = V{�}.

The behaviour of �(k) is illustrated in Fig. 1.17
[32]. If pairing mainly occurs due to exchange of
antiferromagnetic spin fluctuations with wave vec-
tor Q, then one expects this to be the strongest for
directions in the Brillouin Zone (BZ) where Q can
bridge corresponding portions of the Fermi surface.
This is more the case for (0,�) than (�,�) direc-
tions. Then, the dx2−y2-wave symmetry is expected
with nodes for the superconducting order parameter
along thediagonals of theBZ,seeFig.1.18 for an illus-
tration. Obviously, Fermi-surface topology (nesting)
plays an important role. In view of the Fermi-surface
topology and scattering largely by Q one expects
for underdoped cuprates that the spectral density
of the quasi-particles is broades for Q along (0,�)
than nodal direction (�,�). However, for increasing
doping and overdoped cuprates Q does not bridge
any more the Fermi-surface along (0,�) and thus
the spectral-density gets narrows and broades for Q-
directions (�,�).

One expects in agreement with experiment sig-
nificant feedback effects of superconductivityon the
dynamical spin susceptibility, �(q,!), see inelastic
neutron scattering experiments, and on the elemen-
tary excitations, see optical conductivity measure-
ments. This interesting interdependence of spin ex-
citations and superconductivity in the cuprates is
clearly seen by the change of the dynamical spin
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susceptibility as observed in inelastic neutron scat-
tering experiments (INS), see Fig. 1.19 for results.
Of course, this feedback of superconductivity on the
spin-susceptibility depends on the topology of the
Fermi-surface, distortions, number of CuO2-layers
per unit cell, doping, etc. Details may serve as a fin-
gerprint of the pairing mechanism. [33]

In Fig. 1.20 results are shown for � in elec-
tron doped superconductors like Nd2−xCeCuO4. Due
to different dispersions 	k and Fermi-surface nest-
ing one gets a lower Tc(x) than in the hole-doped
cuprates. Again, in electron-doped cuprates one also
has a d-wave symmetry order parameter, as has been
found by Tsuei and Kirtley [34]. Assuming pairing
due to an exchange of antiferromagnetic spin excita-
tions this is,of course, expected as shown in Fig. 1.20.
Further experiments are necessary to learn about
possible different behavior of the electron-doped
and hole-doped cuprates. Since in general electron–
phonon coupling may also cause superconductivity,
this should possibly be taken into account in par-
ticular when Tc is smaller. Note that phonon-driven
superconductivity yields an s-wave symmetry order
parameter. Hence, it might be possible that super-
conducting transitions due to spin excitations and
phonons act together and compete with each other.

Fig. 1.20. Superconductivity in electron-doped cuprates
(such asNd2−xCexCuO4): Symmetry of order–parameter in
the Brillouin zone (doping x = 0.15, T/Tc = 0.8) [32]. The
phase diagram for Tc(x) is shown in Fig. 1.14

(b) Ruthenates

One may say that the study of the high Tc super-
conductors (exhibiting many interesting features like
stripe-structures) during the last 15 years largely oc-
cupied the research activity and amusingly enough
this might have helped the preparation of new sur-
prises like the triplet Cooper pairing occurring likely
in Sr2RuO4, UPt3 and possibly other systems, i.e.
superconductivity in organic materials, and also of
the new singlet high Tc superconductor MgB2 with
Tc � 39 K. Due to advances in crystal growth the
ruthenates have become a very interesting material
class in condensed matter physics [35–38]. There are
structural similarities with the cuprates [39,40]. In
Sr2RuO4 layers of RuO2 are separated by Sr and O
atoms, in SrRuO3 one has RuO2-layers with Sr in be-
tween, and in Sr3Ru2O7 a similar, but a more 3D-
type structure is present. Sr2RuO4 is a novel su-
perconductor with Tc=1.5 K observed in 1994 by
Maeno [36,37].Several measurements indicate triplet
Cooper pairing, see the experimental results (NMR–
Knight–Shift) shown in Fig. 1.21. Spin triplet Cooper
pairing with orbital angular momentum l = 1 yields
for the order parameter

 (k) = a |↑↑〉+ b |↓↓〉 + c |↑↓ + ↓↑〉.
It seems that in Sr2RuO4 due to spin-orbit coupling
only the last spin state with zero spin (along the z-
direction (perpendicular to the RuO2-planes) is in-

Fig. 1.21. Results for the uniform spin susceptibility in the
superconducting state of ruthenates as measured by NMR
Knight shift [35]. This seems to demontsrate that Sr2RuO4

is a triplet superconductor. Note that the dotted line would
occur in case of singlet Cooper pairing (K-Knight shift)
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volved. In the presence of a magnetic field also the
states |↑↑〉 and |↓↓〉may play a role. In Sr2RuO4 one
observes a likely p-symmetry for �:

�k ∝ z
(
kx + iky

)
. (1.9)

In Fig. 1.22 illustrates results showing the magnetic
anisotropy (due to spin–orbit coupling and lattice
structure). As a consequence, the anisotropy of Hc2

is even larger than in the cuprates. SrRuO3 is a fer-
romagnetic metal. Upon applying a magnetic field
one observes a magnetic quantum critical point in
Sr3Ru2O7.The Fermi surface of Sr2RuO4 is illustrated
in Fig. 1.23.

These facts already suggest that the ruthenates
are a most important class of new materials in con-
densed matter physics. In particular triplet Cooper
pairs (k ↑, −k ↑) in Sr2RuO4 may stimulate further
studies of triplet pairing in superconducting heavy-
fermion metals, in organic systems and ferromag-
netic metals like Fe under pressure and a unifying
view on superconductivity and 3He-superfluidity.

Note that superconductivity in Sr2RuO4 seems
related to both antiferromagnetic and ferromag-
netic activity. The superconducting order parameter
seems to be of p-symmetry [38,40]:

�k = �0z cos
kzc
2

{
sin

kxa
2

cos
kya

2

+ i sin
kya

2
cos

kxa
2

}
, (1.10)

with no nodes in the RuO2-planes, but with nodes
along the z-direction perpendicular to the planes.
The possible form of �k is illustrated in Fig. 1.24.
Note that the spin of the Cooper pairs is parallel to
the RuO2-planes, but with no preferable direction in
these planes. The orbital angular momentum l of the
Cooper pairs points in the z-direction perpendicular
to the planes [38,40–42].

Of course, triplet Cooper pairing (breaking time
reversal symmetry) is reflected by corresponding
thermodynamical and optical behavior. Due to the
usual coupling between the orbital angular momen-
tum l and the external magnetic field h one ex-
pects a rich response and different critical magnetic
fields (hc2(T)) depending on whether h is parallel to
the RuO2-planes or h||z perpendicular to the RuO2-

Fig. 1.22. Magnetic anisotropy�+−(T) and �zz(T) referring
to in plane and perpendicular to RuO2-plane response, re-
spectively, in Sr2RuO4. The experimental results refer to
spin relaxation (T1 , Knight-shift)

Fig. 1.23. 2D-Fermi surface topologyof Sr2RuO4 and RuO2-
planes. ˛, ˇ and 
 denote the FS of the corresponding hy-
bridized bands

planes. Furthermore, the breaking of time reversal
symmetry will be seen by corresponding optical re-
sponse, for example, its dependence on light polar-
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Fig. 1.24. Illustration of a possible form of the p-type
superconducting order parameter in Sr2RuO4. (a) Spin
triplet states in superconducting Sr2RuO4 corresponding
to � ∼ z(kx + iky), with angular momentum parallel to
z-axis and spins perpendicular, and � ∼ xkx + yky , with
vanishing angular momentum. Clearly, an external mag-
netic field and spin–orbit coupling will control the most
stable triplet state. (b) Illustration of the amplitude of the
order parameter. In principle incommensurability along
the z-axis may occur

ization. The magnetic anisotropy is expected to lift
the degeneracy of the three triplet states (|↑↑〉, |↓↓〉,
|↑↓〉+ |↓↑〉) [40].

Note that it is of utmost significance to identify
definitely triplet pairing and the pairing field (spin-
excitations).

c) Heavy-Fermion Metals

The heavy-fermion metals like CeIn3, UPt3, etc., are
characterized by an unusually large electronic den-
sity of states (DOS) near the Fermi energy, N(0).
Thus, the effective mass m of the carriers is much
larger then the bare electronic mass m0. Note, m may
range up to 100 m0 or more. Typical heavy-fermion
metals are listed in Table 1.1 [42–45].

Table 1.1. List ofheavy-fermion metals.m and m0 are the ef-
fective and bare electron mass and Tc the superconducting
transition temperature.Note the interesting dependence of
Tc on pressure

UPt3 UBe13 UPd2Al3 UGe2

m/m0 360 1100 210 100

Tc(K) 0.55 0.85 2 0.7

Due to the large electronic density of states (DOS)
the heavy-fermion metals exhibit simultaneously in-
teresting magnetic and superconducting behaviour.
Multiple magnetic and superconducting phases and
generally complex thermodynamical behaviour ex-
ist [45,46]. For example, this is demonstrated by the
phase diagrams of Tc(h) and Tc(P) of UPt3 shown in
Fig. 1.25.

Note, while in conventional type II superconduc-
tors there are two superconducting phases in the h–T
plane (a low fieldMeissner phase and ahigh fieldvor-
tex phase abovehc1(T)); in UPt3 there are five phases:
vortex phase C, and phases A and B each exhibiting a
Meissner and vortex phase.The phase diagram Tc(P)
also exhibits the superconducting phaseA,appearing
for pressure P=0 at Tc≥ 5 K, and phase B appearing

Fig. 1.25. The phase diagram (a) Tc(P)
and (b) Tc(h) of the heavy-fermion
metal UPt3 is shown (h denotes the ex-
ternal magnetic field, p the pressure).
A,B,C refers to different superconduct-
ing states
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for P=0 at Tc� 0.44 K. The symmetry of the order
parameter is certainly not simply s-wave like, but
different for Tc(P,h). This is still being analyzed as
well as the mechanism for Cooper pairing. However,
spin-excitations are probably involved.

Several studieshave been performed for analyzing
the superconducting phases by using a Ginzburg–
Landau theory and allowing a more complex or-
der parameter including triplet Cooper pairing.Note
that the free-energy change may be described by

�F = ˛1(T − Tc1)|�1|2 + ˛2(T − Tc2)|�2|2
+ ˇ1|�1|4 + ˇ2|�2|4
+ ˇ12|�1|2|�2|2 + . . . (1.11)

Here, �1, �2 refer to the order parameter of the dif-
ferent phase transitions.The coefficients arepressure
dependent.Then in the usual way one attempts to de-
rive the observed phase diagrams from Eq. 1.11.

In Fig. 1.26 we show more data on heavy-fermion
metals indicating the role played by magnetic excita-
tions. The superconducting transition-temperature
Tc(p) of CeIn3 may be of particular interest due to
quantumcriticality at p�28 kbar where theNéel tem-
perature decreases (TN → 0) and superconductivity

Fig. 1.26. Phase diagram of the heavy-fermion CeIn3. Note
the appearance of superconductivity at larger pressure. A
quantum critical point occurs at about 28 kbar

appears [46]. This, however, needs further studies.
Note the interplay of a.f. and superconductivity and
the changes due to pressure (itineracy of carriers is
expected to increase with pressure). As in CePd2Sr2

and other heavy-fermions a quantum critical point
seems present. An interesting phase diagram is also
observed for UGe2 with an interplay of ferromag-
netism and superconductivity. Here a ferromagnetic
quantum critical point possibly plays a role. The be-
haviour of Fe under pressure effects in particular
the important interplay of structure, ferromagnetism
and superconductivity. The origin of superconduc-
tivity needs to be studied.

It is of utmost interest to determine for UPt3

and the other heavy-fermion, for Fe and UGe2, see
Fig. 1.27, and related metals the interplay of mag-

Fig. 1.27. (a) Phase diagram of UGe2. (b) Superconducting
hexagonal 	-phase Fe under strong pressure.˛, 
 , 	 refers
to the various Fe phases (˛: bcc, ": hcp)
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Fig. 1.28. Superconductivity in heavy-fermion systems:
(a) Typical complex phase diagram, (b) pressure induced
superconductivity. (Here, TN refers to the Neél temper-
ature, TSG to the spin-glass temperature, NFL to nearly
Fermi-liquid behavior, and � to the electrical resistivity)

netism and superconductivity, the symmetry of the
superconducting order parameter, the thermody-
namical properties and the role played by quantum
critical points (Q.C.P.). Besides Ginzburg–Landau
type analysis electronic theories are needed to un-
derstand superconductivity in these systems.

To summarize, the interdependence of magnetism
and superconductivity has been a classical prob-
lem and nowadays seems to have regained interest
due to technical advances. Note that the Larkin–
Ovchinnikov state of a superconductor in the pres-
ence of an exchange field [47]

�k ∼ cos (k · r) (1.12)

also indicates that magnetism and superconductiv-
ity may seek a compromising arrangement. This is
also known from Ginzburg–Landau theory with two
order parameters,which may coexist or exclude each
other, depending on the parameters controlling the
energetics.

Further interesting phase diagrams are shown in
Fig.1.28.Not much is known about the pairing mech-
anism and symmetry of the superconducting state
appearing upon alloying and applying pressure.Such
typical phase diagrams are again indicative of the
interplay of structure, antiferromagnetism or ferro-
magnetism and Cooper pairing. Note that further
experiments may somewhat modify these interest-
ing phase diagrams and offer new insight.

Organic Superconductors

Recently,many studies have shown that organic met-
als are most interesting. A large class of crystalline
organic systems are quasi-two-dimensional charge-
transfer salts. Many become superconducting [48].
Variousproperties of these organic metals are shared
with the cuprates, such as layered structures, strong
correlations causing also antiferromagnetism and
non-s-symmetry Cooper pairing.The organic metals
are very clean, nearly impurity free systems. More-
over, astonishingly, superconductivity may be in-
duced by strong magnetic fields.

In Fig. 1.29 the interesting phase diagram of �-
(BEDT-TTF)2 -Cu[N(CN)2]Br, a typical composition of
a charge-transfer salt, is shown. Such molecules are
stacked into layers. Planes of Cu[N(CN)2]Br an-
ions separate these layers. Within these layers the
molecules form dimers and electrons or holes can
then hop easily from one molecule to the next, but
not perpendicular to the layers (hence: quasi 2D-
behavior). Thus, salts consist of conducting layers
separated by a non-conducting environment (an-
ions).

Clearly,bond-length changes,also due to pressure,
will sensitively change the electrical properties.Also
applying a magnetic field perpendicular to the lay-
ers (along the c-axis) affects the system due to the
formation of Landau-levels that will pass the Fermi
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Fig. 1.29. Phase diagram of the organic metal �-
(BEDT-TTF)2 -Cu[N(CN)2]Br (Bisethylenedithio–tera-
thiofulene–X type salt) from N.M.R. and A.C. suscepti-
bility

energy as the external magnetic field varies (see de
Haas–van Alphen oscillations). In stronger magnetic
fields quantum mechanical interband tunneling also
occurs, see Singleton et al. [48].

Superconductivity occurs at relatively low tem-
peratures usually upon applying pressure, see
Fig. 1.29. Various experiments indicate unconven-
tional Cooper pairing (2�0∼7kBTc, non-s-symmetry
of �k). Note superconductivity occurs close to the
antiferromagnetic-state like in the cuprates and
heavy-fermion metals. Experiments indicate that the
long rangemagnetic order is due to localized spinson
the dimer and not due to the hopping carriers (holes
or electrons). Antiferromagnetic spin-fluctuations
occur as aprecursor of superconductivity.Howmuch
these and phonons are involved in Cooper pairing
must be clarified by further analysis. Theoretical
studies are presented by Schmalian and others.

In an external magnetic field interesting be-
haviour may result due to the layered structure,
Landau-level formation and spin-split bands. Possi-
bly Cooper pairs (k ↑, −k+q ↓) may form.A Larkin-
Ovchinnikov state [47, 48] with �k ∼ cos(kr) may
occur. In general, the response to an external mag-
netic field is highly anisotropic. Furthermore, it is
interesting that superconductivity may be induced
in �-(BETS)2FeCl4 by a magnetic field h, which de-
stroys long range magnetic order of the Fe3+. Field
induced superconductivity may also occur in ˛-
(BEDT-TTF)2KHg(SCN)4 by affecting with the exter-
nal magnetic field h the charge-density-wave (CDW)
present in this system.

Clearly further experiments are needed to clar-
ify the situation. However, rich behaviour may be
expected in general, since CDW, SDW excitations,
Landau levels and 2D properties are present. The
different excitations and phases may cause inhomo-
geneities (as a compromise to gain maximal energy).

1.3 Granular Superconductors, Mesoscopic
Systems, Josephson Junctions

As early studies by Buckel and Hielsch and oth-
ers have shown strongly disordered lattices and
amorphous metals may affect superconductivity
due to changes in the electron–phonon coupling,
the phonon-spectrum, the electronic parameters
(DOS:N(0)) and surface effects.As a result supercon-
ductivity changes and might be strengthened, there
is an increase of Tc, and generally thermodynamical
properties might change favorably, seeGarland,Ben-
nemann [49], and Deutscher and references therein.
In the amorphous state some non-metallic systems
become metallic and then also superconducting. In
Table 1.2 we illustrate the situation.

Remarkable is also the occurrence of supercon-
ductivity in PdH-systems where dramatic changes
in Tc (that are dependent on H-doping and disorder)
are observed,see experiments by Buckel et al. [49,50].

This is a good example of the potential of ma-
terial science regarding superconductivity studies.
Similarly this is the case for superconductivity in ful-
lerides.
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Table 1.2. Superconductivity in disordered and amor-
phous metals.Estimates of thesuperconducting transition-
temperature Tc by Bennemann et al. [49] (Tc0 refers to the
crystalline structure)

material (Tc/Tc0)expt (Tc/Tc0)calc.

Al ∼ 5 4.9

Pb ∼ 0 0

Ga ∼ 8 8

Sn ∼ 1.3 2

In ∼ 1.3 1.2

Extending these studies of granular materials,
small particles, nanostructures and metals consist-
ing of an ensemble of small metallic grains and
clusters have been investigated [51], see Fig. 1.30.
Thus, quantum size effects occur (discretization of
electronic energy spectrum: 	k → 	n, granular size
l ∼ �, �; � is the coherence length and � the pene-
tration depth).

In such granular superconductors surface effects
and proximity effects become important. As a func-
tion of grain size metal insulator transitions and
strong quantum-mechanical behaviour occurs. Note
that on general grounds one expects, for example,
that in reduced dimensions fluctuations play a more
important role.(Also,different Cooper pairing mech-
anisms and singlet and triplet pairing are expected
to depend differently on particle size.)

The discretization of the electronic energy spec-
trum, 	k → 	n, is illustrated in Fig. 1.31. Of course,
the level spacing ı(T) affects various properties such
as the coherence-length �(n) and penetration depth
�(n) and thus the thermodynamical and optical
properties. Note that � /R∼N2/3 and hence � �R due
to N2/3 � 1. One expects that superconductivity dis-
appears below a critical particle size (R< �). The
behaviour of small particles due to changes in the
number n of electrons, for example n → n± 1, and
Cooper pairs by 1, for example, is very interesting
and may play a role in achieving a two-level super-
conducting state (two charged states). This may pos-
sibly be used for information technology (informa-
tion storage, optical imprinting technology).

The charging of small particles is controlled by
the electrostatic energy. The change of the charge

Fig. 1.30. Illustration of an ensemble of small particles,
grains which are in the normal (n) or superconducting (s)
state. For small particle size (radius R) and volume V the
electronic energy spectrum gets discrete with level spacing
ı(ı = (N(0)V )−1 ≈ 	F/n = (�VF/R)(RkF)−2; N(0) = DOS
at 	F ,n = no of electrons).The grains may be in the normal
(n) or superconducting (s) state. In such a grain structure
some sites may be empty (0).Note,such a lattice-like struc-
ture may resemble an alloy of s and n state grains and also
a nanostructure if small particles are removed irregularly
from the lattice (empty sites)

Fig. 1.31. Illustration of size effects in small particles hav-
ing a diameter of the order of R and n–electrons. The level
spacing is ı ≈ 	F/n ≈ (�VF/R)(kF R)−2 and the coherence
length � ∼ (Rı/kTc)(RkF )2=ı0N2/3R. Here, we introduced
the dimensionless size parameter ı0 = ı/kTc

Q = en → Q ± 1 causes an energy change e2/2C; C
is the capacitance of the small particle and this may
lead to a Coulomb blockade (in tunneling, for exam-
ple).Approximately at temperatures T � 0 due to the
electrostatic energy (Q = e�n, Q′ = C′V being the
charge at the electrodes of the applied voltage) it is

En =
Q2

2C
−

Q
C

C′V (1.13)

(C, C
′

capacitances, V=external potential). The
Coulomb blockade is periodically lifted as a function
of n and V when En+1 = En . In the superconducting
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Fig. 1.32. Charging up behavior of a small superconduc-
tor with capacitance C and charge Q = en, n-even, in a
potential (� > e2/2C). This behavior (2e-jumps and 2e-
periodicity in V) follows from En = En+2 and n-even and
reflects Cooper pair formation.One has also En = En+1 +�,
where En+1 has one unpaired electron. Then Q changes by
2e at corresponding external voltage. Again one has a 2e-
periodicity in the energy level structure

state for T �0 and � > e2/2C one has the situation
illustrated in Fig. 1.32. From En+2 = En, n-even and
a large Cooper pair sea, one gets a period-doubling
with respect to the normal state of the charge period-
ically of energy levels, of the jumps in Q at voltagesV
which lift the Coulomb blockade (V∝ (2n +2)).Note
that En+2 = En might not hold for smaller density
of Cooper pairs. For En+1 with one unpaired elec-
tron at energy � above the ground-state one has
En = En+1 +� to determine the 2e charge periodicity.
This gives the even–odd number parity, see Tinkham
et al.and Nozarov [52].Charge transfer occurs for the
small particle when energy levels cross.

In view of the strong quantum-mechanical be-
havior of small particles structures consisting of a
larger number of small particles seem very interest-
ing (mesoscopic systems). Note that the charging up
behavior will reflect spin and thus may be different
for singlet and triplet Cooper pairing. Also the be-
haviour of grains is related to the one of Fermions in
optical lattices.

An ensemble of grains may exhibit transitions
to superconductivity at Tc1, where the single grains
are superconducting, and at Tc2 where globally and
phase coherently the whole ensemble becomes su-
perconducting (Tc2 ≤ Tc1 and zEJ ≥ Ec); for an
illustration see Fig. 1.33. Generally an ensemble of
grains may resemble an alloy like array of S/S and

Fig. 1.33. Transitions in an ensemble of superconducting
quantum dots controlled by the Josephson energy EJ and
the Coulomb energy Ec = e2/2C. Tc refers to the global
superconducting transition-temperature of the ensemble.
Phase O below Tc refers to a globally ordered supercon-
ducting state of the ensemble and phase d above Tc to
superconducting grains with no global Cooper pair phase
coherence. z is the coordination number

S/N junctions. (S = superconducting, N = normal
state grains.)

Of course, the behavior of an ensemble of grains
depends on the coupling,i.e. on electron hopping be-
tween the grains. The structural order of the grains
also plays a role. A regular lattice-like arrangement
of the grains (1D,2D-topology) is of particular inter-
est. For small distances between the cluster particles
electron tunneling, inelastic Cooper pair tunneling
(Josephson coupling) occurs. Hence, charge fluctua-
tions are present in such granular superconductors.
The resultant interesting Josephson effect can be de-
scribed by [52]

H = HT − £i,j EJ
(
i, j
)
cos¥ij

+
2e2

C
£i,j
(
Ni − Nj

)2
+ . . . (1.14)

In Eq. (1.14) the first term refers to normal elec-
tron hopping between the grains, the second term
to Cooper pairs tunneling between neighboring su-
perconducting grains (Josephson effect), and the last
term is electrostatic energy due to different charges
of neighboring grains i, j. For simplicity, the same
capacitance C and EJ -Josephson energy is taken. The
phase difference ¥ij = ¥i − ¥j refers to the phases ¥i

of the superconductingorder parameter �i = |�i|ei¥i

of grain i. It is important to note that
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[¥ , N] = i , (1.15)

where N is the Cooper pair number operator [51,53].
Hence, ¥ and N are canonically conjugate vari-
ables. Treating these as classical variables from the
Hamilton–Jacobi equations one immediately finds
the Josephson equations

jJ = (EJ/e) sin�¥ (1.16)

and •
¥ = 2eV . (1.17)

Note that the commutator Eq. (1.15) implies the un-
certainty relation

�¥�N ∼ 1 . (1.18)

Consequently, large phase fluctuations, i.e. the phase
incoherence of the small particles imply a �N nd
thus N is a good quantum number. Hence, in view of
Eq. (1.18) in an ensemble of superconducting grains
one may expect an ensemble transition to a Mott-
insulator if the capacitance C becomes smaller and
thus the Josephson energy (∼ EJ ) becomes smaller
than the electrostatic energy ∼ 2e2/C) [51,52]. The
charge transport between the grains is suppressed
while each grain is still superconducting. This be-
haviour is illustrated in Fig. 1.33 [52].

Note that if the capacitance C becomes larger,�N
increases and then all grains become phase coher-
ent (�¥ → 0) [51,53]. These thoughts apply also to
fermions in optical lattices and corresponding phase
transitions.

For small particles (of size <10 nm, for exam-
ple) the proximity effect and the Andreev-reflection
[51,54] play an increasingly important role and may
cause anomalous behaviour of the diamagnetic sus-
ceptibility and of the maximal Josephson currents
as a function of particle size, temperature, etc. For
example, the Josephson currents (jJ = j0 sin�¥ ,
j0 = ��/2eRT , RT resistance of tunnel barrier) may
reverse (jJ → −jJ ,�-junctions) and themaximal cur-
rent j0 reflects quantum size effects. In a Josephson
lattice of quantum dots one has j0 = z e�

�
, where z is

the lattice coordination number [51]. The ensemble
topology of the small particles and their separation
plays a role, since mean free path effects and phase

coherency matter.A ring-like arrangement of Joseph-
son coupled quantum-dots is expected to bean inter-
esting physics toy regarding behaviour of two-state
superconductors and flux-pinning [52].

Tunnel Junctions

It is obvious that tunnel junctions have become an
interesting new area of solid state physics [55, 56].
The tunnel medium (metals, insulators, molecules)
can be manipulated, in particular optically, and new
non-equilibrium physics may result. In Fig. 1.34 we
illustrate a tunnel junction describing in particular
S/N/S, N/S/N junctions. Here, S may refer to singlet
or triplet superconductors and N to normal state sys-
tems, metals and ferromagnets [54]. In the case of an
S1/N2/S3 sandwich, where S1 and S3 are singlet BCS-
type superconductors, the spin tunnel current is zero.
If S1 is a singlet and S3 a triplet superconductor, one
expects for Josephson tunneling [54]

jj =
∑

n

(j1n sin n�� + j2n cosn��) .

Here, n = 1, 2, . . . and �� refers to the phase differ-
ence of the order parameter of S1 and S3.We assume
that the thickness 2d of N2 does not destroy phase
coherence of the tunneling electrons.Equation (1.19)
corresponds to a general Fourier-expansion of jJ . If
time reversal symmetry is present (both S1 and S3

Fig. 1.34. Illustration of a tunnel junction N1/N2/N3, where
Ni may refer to singlet and triplet superconductors and
to normal state metals, including ferromagnets, respec-
tively.The tunnel current jT may refer to single electrons or
Cooper pairs and transport of charge and spin.Depending
on the thickness 2d of the tunnel medium proximity effect
and Andreev-reflection at S/N interfaces plays a role. Note
that applying a voltage to the tunnel junction may yield
a two-level system with no or one extra Cooper pair on
superconductor 3 (qubit)
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are singlet B.C.S. superconductors) the second term
in Eq. (1.19) disappears, since �� → −�� implies
jJ → −jJ . Then one has approximately jJ ∼ sin�� .
If S3, for example, refers to a triplet superconductor,
then characteristically

jJ (n = 1) = 0 , (1.19)

since the superconducting wave functions  i =
�spin

i ' orbital
i of i = 1 and i = 3 are orthogonal [54].

Thus to lowest order for a (singlet/N2/ triplet) sand-
wich

jJ ∼ sin(2��) + . . . (1.20)

Clearly spin-active interfaces of the sandwich result-
ing from spin-orbit coupling or spin-excitations in
N2 may change the symmetry arguments and then
jJ (n).Note, in the case of spin-flip scattering selection
rules change and spin and orbital angular momen-
tum need not to be conserved separately, but only
the total angular momentum. As a consequence, one
might get contributions from j11 and j21 and from
higher jin .

In summary, one expects characteristic prop-
erties and differences for the (singlet/N2/singlet),
(singlet/N2/triplet), and (triplet/N2/triplet) junc-
tions. Similarly, if N2 is a ferromagnetic metal or
insulator it will affect differently and characteristi-
cally junctions involving only singlet superconduc-
tors and those involving a triplet superconductor.
Clearly, Josephson tunneling of singlet Cooper pairs
is more characteristically affected by a ferromagnet
N2 tunneling medium than jJ for triplet supercon-
ductors. In particular, recent studies have shown the
physical richness of behaviour expected for tunnel
currents, see Morr et al. for an illustration [56]. Sand-
wiches (F1/S/F3) involving a superconductor S be-
tween two ferromagnetsF1 andF3 withparallel or an-
tiparallel orientation of the magnetization will also
exhibit interesting behaviour. (We assume for sim-
plicity that the thickness 2d of S is smaller than the
spin-mean free path in S.) Then charge (jc)-tunnel
and spin (jsp)-tunnel currents are expected. Due to
spin-polarized tunnel currents provided by the ex-
change splitting of majority and minority bands in
the ferromagnets one gets, in general, the functional
behaviour

Fig. 1.35. Phase-diagram of an (F1/S/F3) sandwich. S refers
to a singlet superconductor and F1,F3 to ferromagnets with
Tc at P for parallel (P) orientation of their magnetization
and Tc at AP for antiparallel (AP) one. L.O. is the Larkin–
Ovchinnikov phase, h the exchange field and Tc and Tco

the superconducting transition-temperature in the pres-
ence and absence, respectively, of the exchange field. dF

and dS refer to the thickness of the ferromagnetic and su-
perconducting film, respectively

jT = jT{�, . . .} , � = �{jT , . . .} . (1.21)

The spin-polarized tunnel current jT may cause the
presence of unpaired single electrons at the Fermi
energy 	F besides Cooper pairs, and thus super-
conductivity is weakened. The effect should be dif-
ferent for singlet and triplet-Cooper pairs. A rich
thermodynamical behaviour is expected. Due to the
proximity effect and Andreev-reflection [51,54] the
F/S interface coupling may cause the induction of
a Larkin–Ovchinikov state [47] into the singlet su-
perconductor (�k → �0 cos kx + . . .), for example
if � ∼ 2d. Then the electrons in the superconduc-
tor may feel the exchange field present in the ferro-
magnets. Also the exchange field accompanying the
spin-polarized tunnel current might cause a similar
change of the Cooper pairing.

For sandwiches (F1 | S | F3) with a singlet su-
perconductor one gets the results shown in Fig. 1.35.
Corresponding results are expected for such a sand-
wich with a triplet superconductor. Then the phase
diagram is determined by the couplingof the Cooper
pair spin (angular momentum) to the exchange
field h. Applying Usadel-type and Eilenberger-type
equations [54] for Cooper pairing in external fields
h one has
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{
!
′
n + ih(r) +

1
2

vF · ∇
}

F = �
′
(r)G ,

!
′
n = !n +

1

2�

∫
d§

4�
G(r) ,

and

�′(r) = �(r) +
1

2�

∫
d§

4�
F(r) . (1.22)

Here, G and F are the usual Green’s functions and �
is the elastic scattering term. Thus, one obtains the
interesting phase diagram for (F1/S/F3) sandwiches
shown in Fig. 1.35. [54,55]

Recently, Nogueira and Bennemann discussed a
Josephson-like spin current jspin

J for (F1/N2/F3)- sand-
wiches [53]. If the thickness 2d is smaller than the
spin-mean free path the results could also be applied
if N2 is a superconductor.

1.4 Outlook

In summary, this overview shows that the history
of superconductivity has been full of surprises and
that superconductivity is a stimulating and continu-
ing problem of physics.A theory like the BCS-theory
for phonon-mediated superconductivitywould be of
utmost significance for the novel superconductors.
The pairing mechanism, symmetry of the order pa-
rameter and the superfluid density are central is-
sues. More detailed knowledge on the magnetic ac-
tivity in the cuprates, etc., on local versus itinerant
magnetism (see �(q,!), etc.), and on short-range
spin ordering is needed. Correlations (local repul-
sion) cause a particle-hole asymmetry reflecting that
it is more difficult to add an electron than to remove
one and this affects many properties. Future studies
may change some parts of our present physical pic-
ture, will extend our knowledge, and will certainly
bring new discoveries.As was recently demonstrated
by Homes [57], the superconducting transition tem-
perature Tc may be scaled for many materials in a
unifying way according to

�s ∼ �DCTc . (1.23)

Here, �s and �DC refer to the superfluid density at
T=0 and the electrical conductivity,respectively.This

scaling follows immediately from the general for-
mula �s = (m/e2)! Im� (!). As a special result one
gets the Uemura scaling �s ∼ Tc for underdoped
high Tc-superconductors. Note,

�s = (!� ′′/� ′DCTc)!=0 · �DCTc = const.(�DCTc),

if �DCT is independent of temperature.
We have attempted to summarize recent develop-

ments in theareaof superconductivity.Superconduc-
tivity in MgB2, cuprates, ruthenates, heavy-fermion
metals (material) and organic systems shows that
new metals continue to keep the field alive. This
view is further supported by the results on small
particles, nanostructures and sandwich-structures.
The interdependence of structure and supercon-
ductivity and further of magnetism and supercon-
ductivity remains a key physical issue. In particu-
lar tunneling probing sensitively the superconduct-
ing state is of interest [56]. In tunnel junctions
(SC/FM/SC) the magnetic medium FM may affect
(tune) the phase between the superconductors (SC)
and cause spin-polarization of the tunnel current
and the current may be manipulated by an exter-
nal magnetic field. Extreme quantum-mechanical
behaviour due to T →0, reduced dimensionality,
correlations, quantum-fluctuations and in particu-
lar quantum critical points (QCP) might present new
surprises in the future. New non-equilibrium be-
haviour, optical studies probing the superconduct-
ing state and (fast) switching phenomena involving
superconductivity will be interesting. Of course, the
search for new superconductors still remains inter-
esting.Superconductivity in intercalated systems like
NaxCoO2(H2O)y , (for x�0.35 and y�1.3 Tc ≤5K [58]
may serve as an example. In liquid metallic hydro-
gen (H), obtained upon applying pressure, besides
other phases superconductivity may occur [59]. Un-
der pressure hydrogen becomes liquid and exhibits
an insulator to metal transition. One gets a ground-
state quantum-liquid metal. In the presence of a
magnetic field liquidmetallic hydrogen (free energy:
�F =

∑
i=e,p[| (∇ ± ieA) i |2/2mi + V(| i |2)] + B2

2 ,
B = ∇×A, i refers to electrons and protons) exhibits
several phase transitions with strong quantum me-
chanical features, superconductivity and superfluity
as was shown by Babaev, Sudbo, Ashcroft et al. [59].
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A liquid metal close to the ground state (T → 0)
and ordered quantum mechanical fluids (a super-
conductor or a superfluid of protons and electrons,
two-fluid system) are obtained. In the presence of an
external magnetic field several phase transitions to
ordered states, between superconductor and super-
fluid, occur. This may be of general significance, in
particular for astrophysics. Note, hydrogen amounts
to about 90% of all elements and constitutes due
to the light mass and zero–point energy strongly
quantum–mechanical systems. Metallic H may be-
come a type II superconductor and under higher
pressures electrons and protons form a 2 component
Fermi–liquid, Cooper pairs of protons and of elec-
trons form and may coexist. In a magnetic field in-
teresting novel structures of vorties may occur. The
pairing potentials needs to be studied by a micro-
scopic theory.

A unifying field theoretical analysis of non-Fermi
liquid behaviour and of superfluidity and of Bose–
Einstein condensation (BEC) remains a challenging
goal.UltracoldFermi gasmay becomesuperfluidand
then tuning the interactions (in an optical lattice,
for example) one observes a BCS-state, BEC and a
crossover transition.Asthe size of the singlet Cooper
pairs decreases these are expected to behave more
and more like bosonic molecules and consequently
a BEC should occur (see such transitions in opti-
cal lattices). The studies of this by Greiner et al. and
on the crossover transition BCS�BEC are of utmost
interest [60].For describing phase transitions (in op-
tical lattices with sites i) one uses the Bose–Hubbard
hamiltonian

H = −
∑

i,j

ta+
1 aj +

∑

i

("i − 
)ni +
1

2

∑

i

Uni(ni − 1).

Here, t denotes the hopping integral between
(atomic) sites i, the chemical potential 
 acts as a
Lagrange multiplier and the interaction U between
particles (atoms) tends to localize these. Note that
triplet Cooper pairs do not show a BEC transition.
Phase coherence of the Cooper pairs might affect the
BCS→BEC transition. Coulomb interactions might
suppress the pairing and cause a Mott transition.

Systems consisting of superconducting quantum
dots may become very useful for quantum informa-

tion technology, see the review by Schön et al. [61].
The charge changes in Fig. 1.32 are due to Cooper
pairs and describe the way to get two-level super-
conducting states [52,62]. Such quantum-state engi-
neering using low capacitance Josephson tunneling
junctions may yield quantum bits (qubits) for quan-
tum information processing. As discussed by Schön
et al. single-qubit and two-qubit quantum states can
be controlled by gate voltage (or in the case of phase
flux degrees of freedom by magnetic fields), see [62].
Applying Eq. (1.14) to the tunnel junction shown in
Fig. 1.34 one has

H = 4Ec(n − ng)2 − EJ cos�13 + . . . , (1.24)

if for low capacitance and large superconducting
gap energy � only tunneling of Cooper pairs oc-
curs. Ec is the charging energy, n the number of
extra Cooper pairs on system 3 (nop = −i�@/@��)
and ng = CgVg/2e acts as a control parameter, see
Fig 1.34. Here, we have applied a gate voltage Vg con-
necting an electrode to the superconductor 1 and
another one that acts on the superconductor 3 via a
gate capacitance Cg . This is a qubit yielding approxi-
mately a two-level system as illustrated in Fig. 1.36.A
qubit with Cooper–pair states zero or one is similar
to the 2 spin states (|↑〉 = (10), |↓〉 = (01)) and may
be described by the model Hamiltonian

HQ = −
1
2

Bz�z −
1
2

Bx�x ,

Fig. 1.36. Charging energy of superconducting electron
box (see (3) in Fig. 1.34) as a function of a gate voltage
Vg(˛ng ). The degenerate parabola (dashed curves) split
due to Josephson coupling mixing and one gets a two-level
quantum system with states a, b and so on. The supercon-
ducting box (3) becomes a qubit with states n = 0, n = 1
similar to two spin-states
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with Bz ≡ 4Ec(1 − 2ng) and Bx ≡ EJ . Combining
several such systems (several tunnel junctions) one
may achieve a behaviour that is useful for quantum-
mechanical information technology [61, 62]. Inter-
esting is also the case of a spin-polarized Josephson
current (triplet superconductivity, a ferromagnetic
medium 2, see Fig 1.34, etc.). A magnetic field could
manipulate the tunnel current. If strong correlations
occur in the tunnel medium (described by a Hubbard
like Hamiltonian) then in particular irradiation may
affect the electronic occupation of levels in the tun-

nel medium and thus manipulate the tunnel current
(ultrafast switching).
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