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5.2 Elements of Multibody Systems

A multibody system is composed of rigid bodies, of joints and of force ele-
ments. Another important element called the carrier body will be explained
further below.

Joints and force elements have in common that they connect bodies and
that they exert forces of equal magnitude and opposite direction on the two
connected bodies. The difference between joints and force elements is the
nature of these forces.

In a force element the force vector (direction and magnitude) is a known
function of the positions and/or the velocities of the two bodies connected by
the force element. The simplest force elements are springs and dampers. They
are passive elements. Also active force elements (actuators) are admitted in
which the force is determined by a given control law from observed position
and velocity variables. The essential feature of force elements is that they do
not create kinematical constraints.

In contrast, the force exerted on two bodies by a joint connecting these
bodies is a pure kinematical constraint force. It is caused by frictionless rigid-
body contacts. It cannot be expressed as function of position and velocity
variables. Constraint forces do not enter the equations of motion because they
have zero virtual work and zero virtual power. Note the following definition
of joint. The joint connecting two bodies is the complete system of rigid-body
contacts between these bodies. This definition has the consequence that two
bodies cannot be connected by more than one joint. What this means is illus-
trated in Fig. 5.1. The two bodies are not connected by two spherical joints
but by a single joint. This joint is a revolute joint with a single joint variable.
Note also the following convention. A single joint cannot interconnect more
than two bodies. What this means is illustrated in Figs. 5.2a,b. The three
bodies in Fig. 5.2a are mounted on a single shaft. This shaft produces two
revolute joints as is shown in Fig. 5.2b.

Depending on the nature of constraints the degree of freedom f of a joint
is any number 1 ≤ f ≤ 5. Figures 5.3a–e show as examples five joints which
have, in this order, the degrees of freedom f = 1, 2, 3, 4 and 5. In Fig. 5.3c
two plane surfaces, one on each body, are in contact. In Fig. 5.3d one of the

Fig. 5.1. Revolute joint connecting
two bodies

Fig. 5.2. The bodies in (a) are con-
nected by two joints as is shown in (b)
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Fig. 5.3a–f. Joints with degrees of freedom 1, 2, 3, 4, 5 and 6

bodies is a pendulum whose suspension point is free to move along a guide
which is fixed on the other body. In Fig. 5.3e each body has its own guide.
The guides are constrained to touch each other but they are free to slip along
each other.

In Fig. 5.3f two bodies without any material contact are shown. If it is
decided to specify the position of one of the two bodies relative to the other
by six variables then the two bodies are said to be connected by a six-degree-
of-freedom joint. Such joints must be defined whenever without them the
position of a single body or of a subsystem relative to the rest of the system
would be unspecified.

The carrier body: Most multibody systems are connected by joints and/or
by force elements to a frame which is fixed in inertial space. More general
is the case when the system is connected to a moving carrier body the mo-
tion of which is prescribed as a function of time. Typical examples are the

Fig. 5.4. Two systems with tree structure coupled to a carrier body, the motion
of which is prescribed
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Fig. 5.5. Two systems with tree structure without kinematical constraints to in-
ertial space

double-pendulum with a moving suspension point shown in Fig. 5.4a and the
human figure on a moving escalator shown in Fig. 5.4b. It is obvious that the
dimensions and inertia properties of the carrier body are irrelevant since its
motion is prescribed. It is represented by a moving base e0. The prescribed
motion of e0 as well as the properties of joints and of force elements between
e0 and the multibody system enter the equations of motion to be developed.

The multibody satellite in Fig. 5.5a and the human figure in Fig. 5.5b
are examples of multibody systems without kinematical constraints to iner-
tial space. For describing the position of such systems in inertial space it is
necessary to define a six-degree-of-freedom joint connecting one arbitrarily
chosen body of the system to a reference base e0. In the two figures this
joint is indicated by a broken line. Also in these cases the base e0 is referred
to as carrier body. When six-degree-of-freedom joints are taken into account
then every multibody system is a connected system. By this is meant that
between any two bodies of the system including body 0 there exists at least
one path along a sequence of bodies and of joints such that no joint is passed
more than once. A system is said to have tree structure if the path between
any two bodies of the system is uniquely defined. The systems in Figs. 5.4a,b
and 5.5a,b have tree structure. Tree-structured systems have the important
property that the joint variables of all joints are kinematically unconstrained.
This has the consequence that the total degree of freedom of the entire system
equals the sum of the degrees of freedom of the individual joints.

In a system without tree structure the path between two bodies is not
uniquely defined for all pairs of bodies. As an example, consider the system
in Fig. 5.4b when both feet are in contact with the escalator. The legs, the
trunk, the escalator and the connecting ankle, knee and hip joints form what
is called a closed kinematic chain. The closure of this chain establishes con-
straints for the joint variables of the joints in the closed chain (and of these
joints only). This has the consequence that the total degree of freedom of
the entire system is smaller than the sum of the degrees of freedom of the
individual joints. Constraint equations must be formulated for every closed
kinematic chain individually. From these remarks it is seen that systems with
tree structure are more easily analyzed than systems without tree structure.
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Furthermore, it is seen that a system without tree structure can be analyzed
by adding constraint equations to a system with tree structure. For this rea-
son tree-structured systems are investigated first. They are the subject of
Sect. 5.5. Section 5.6 is devoted to the formulation and to the incorporation
of constraint equations for closed kinematic chains.

A final remark: Most multibody systems found in engineering have closed
kinematic chains. However, systems with tree structure are not as excep-
tional as the Figs. 5.4a,b and 5.5a,b might suggest. In a road vehicle, for
example, the engine is connected to the chassis not by joints but by bush-
ings. A bushing is a force element with an internal force which is known as
function of displacement and of velocity of the two connected bodies relative
to one another. The same is true for the tires connecting the vehicle to the
road. Neither bushings nor tires create closed kinematic chains.

5.3 Interconnection Structure of Multibody Systems

In this section mathematical tools are introduced for the description of in-
terconnection structures of multibody systems (Wittenburg [98]). Because of
their abstract nature these tools are applicable to interconnections by joints
alone, to interconnections by force elements alone and also to interconnec-
tions by joints and by force elements in combination. In what follows joints
and force elements in combination are considered. As illustrative example the
system in Fig. 5.6 is used. The bodies are labeled 0, . . . , n and the connections
are labeled 1, . . . ,m. In the example n = 7 and m = 10. Both labelings are
arbitrary except that body 0 represents the carrier body. The connections la-
beled 1, . . . , 7 symbolize joints of unspecified nature whereas the connections
8, 9, 10 are drawn as force elements. For what follows this distinction is not
important, however. The figure points to the fact that two bodies may be
connected by more than a single force element.

Fig. 5.6. Multibody system with joints and force elements. Carrier body 0
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5.3.1 Directed System Graph. Associated Matrices

The basic idea is to display the interconnection structure of a multibody
system by a graph. The graph consists of points called vertices and of lines
connecting the vertices called arcs. The vertices 0, . . . , n represent the bodies
of the system, and the arcs 1, . . . ,m represent the connections. Since a graph
displays neither locations nor physical properties of bodies or connections the
vertices can be placed arbitrarily and the arcs can be drawn as straight or
as curved lines. Figure 5.7a shows the graph for the system of Fig. 5.6. The
graph is connected since the multibody system is connected by its joints (see
the text following Figs. 5.5a,b).

To each arc of the graph an arbitrary sense of direction is assigned. It
is indicated by the arrows in Fig. 5.7a. The resulting graph is called a di-
rected graph. The sense of direction allows to distinguish the two vertices
connected by an arc. This is necessary for two reasons. When formulating
the kinematics of motion of two joint-connected bodies relative to one an-
other it must be specified unambiguously which motion relative to which
body is meant. Forces produced by a force element act with opposite signs
on the two connected bodies. When formulating system dynamics it must be
specified unambiguously on which body a force is acting with a positive sign
and on which with a negative.

In the previous section it has been shown that the kinematics of multibody
systems is simplest if the interconnection by joints is tree-structured. For
this reason graphs with tree structure are given special attention. A graph
is called tree-structured if between any two vertices there exists a unique
minimal chain of arcs and vertices connecting the two vertices. This chain is
called the path connecting the two vertices. In a tree-structured graph the
identity m = n holds. Proof: Starting with the single vertex 0 one must add
one arc every time one vertex is added to the graph.

From a connected graph with m > n arcs a graph with tree structure is
produced by deleting m−n suitably chosen arcs. In general, this can be done
in more than one way. In Fig. 5.7a the arcs 8, 9 and 10 are deleted. These
arcs are drawn with thin lines. The remaining arcs drawn with bold lines
constitute what is called a spanning tree of the complete graph. In Fig. 5.7b
this spanning tree is shown separately. The tree arcs are labeled 1, . . . , n in an

Fig. 5.7. Directed graph (a) and a spanning tree (b) for the system of Fig. 5.6
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Table 5.1. Integer functions of the directed graph in Fig. 5.7a

a 1 2 3 4 5 6 7 8 9 10

i+(a) 1 1 2 7 3 4 1 0 3 5

i−(a) 0 7 5 6 7 1 5 6 5 3

arbitrary order (in the present case this desired labeling was arranged from
the outset). The deleted arcs are called chords. They are labeled n+1, . . . ,m
in an arbitrary order. In order to simplify reading indices i and j refer to
vertices, indices a and b to arcs (both tree arcs and chords) and the index c
to chords alone.

In what follows the complete graph in Fig. 5.7a is considered, again. Each
arc a = 1, . . . ,m is incident with two vertices. Let i+(a) and i−(a) be the
labels of the two vertices at the starting point and at the terminating point
of arc a, respectively. Thus, i+(a) and i−(a) are the names of two integer
functions with integer arguments. Both functions can be read from the di-
rected graph. For the directed graph of Fig. 5.7a the two functions are given
in Table 5.1. Columns 1 to 7 are associated with the spanning tree. The di-
rected graph is easily reconstructed from its functions i+(a) and i−(a) (a =
1, . . . ,m). First, n+1 vertices labeled 0, . . . , n are marked on a sheet of paper.
Then, for every a = 1, . . . ,m an arc is drawn pointing from vertex i+(a) to
vertex i−(a). The result of this procedure is the original directed graph.

In what follows matrices are defined for directed graphs. The first matrix
called incidence matrix is defined for the complete graph. It has rows 0, . . . , n
and columns 1, . . . ,m. The rows correspond to vertices and the columns to
arcs. The matrix elements are denoted Sia (i = 0, . . . , n; a = 1, . . . ,m). They
are defined as follows:

Sia =

⎧
⎨

⎩

+1 (arc a is incident with and pointing away from vertex i)
−1 (arc a is incident with and pointing toward vertex i)

0 (arc a is not incident with vertex i)
(i = 0, . . . , n; a = 1, . . . ,m) .

(5.3)
This can be expressed in the form

Sia =

⎧
⎨

⎩

+1 (i = i+(a))
−1 (i = i−(a))

0 (else)
(i = 0, . . . , n; a = 1, . . . ,m) . (5.4)

Still simpler is the formula employing the Kronecker delta

Sia = δi,i+(a) − δi,i−(a) (i = 0, . . . , n; a = 1, . . . ,m) . (5.5)

The incidence matrix is partitioned into the row matrix S0 which corresponds
to vertex 0 and the (n × m)-matrix S composed of the elements Sia (i =
1, . . . , n; a = 1, . . . ,m). Both these matrices are further partitioned into
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submatrices S0t and St associated with the spanning tree (columns a =
1, . . . , n) and submatrices S0c and Sc associated with chords (columns a =
n+ 1, . . . ,m):

S0 = [ S0t Sc ] ,

S = [ St Sc ] .
(5.6)

Example: For the directed graph of Fig. 5.7a the matrices are

S0 =
[ −1 0 0 0 0 0 0 +1 0 0

]
, (5.7)

S =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

+1 +1 0 0 0 −1 +1 0 0 0
0 0 −1 0 0 0 0 0 0 0
0 0 0 0 +1 0 0 0 +1 −1
0 0 0 0 0 +1 0 0 0 0
0 0 +1 0 0 0 −1 0 −1 +1
0 0 0 −1 0 0 0 −1 0 0
0 −1 0 +1 −1 0 0 0 0 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5.8)

The submatrices to the left of the partitioning lines are associated with the
spanning tree. From the definition (5.4) it follows that every column of S0

and S together contains exactly one element +1 and one element −1. Hence,
the sum of rows 0, . . . , n is a row of zeros. Expressed in matrix form this is
the equation

S0 + 1TS = 0 (5.9)

with the row matrix 1T = [1 1 . . . 1].
In every row j (j = 0, . . . , n) the number of nonzero elements equals

the number of arcs which are incident with vertex j. If a row j of S has
a single nonzero element Sjb then the vertex j is incident with arc b alone.
This means that the vertex j is a terminal vertex of the graph. Example: The
graph in Fig. 5.7a has the terminal vertices 2 and 4, and the spanning tree
in Fig. 5.7b has the terminal vertices 2, 3, 4 and 6 (these are the rows of St

with a single nonzero element). The matrix S alone suffices to reconstruct the
directed graph and, hence, the functions i+(a) and i−(a) (a = 1, . . . ,m). The
matrix S0 is not required, because a single nonzero element in a column b of
S indicates that arc b is incident with vertex 0.

The second matrix called path matrix T is defined for tree-structured
directed graphs only. Also this matrix has elements +1, −1 and zero. Like
St it is an (n× n)-matrix. The elements are denoted Tai. The letters a and i
indicate that in this matrix rows correspond to arcs and columns to vertices.
The elements are defined as follows:

Tai =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

+1 (arc a is on the path between vertices 0 and i
and is directed toward vertex 0)

−1 (arc a is on the path between vertices 0 and i
and is directed toward vertex i)

0 (arc a is not on the path between vertices 0 and i)
(i, a = 1, . . . , n) . (5.10)
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There is no column corresponding to vertex 0. Example: The spanning tree
in Fig. 5.7b has the path matrix

T =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

+1 +1 +1 +1 +1 +1 +1
0 0 −1 0 0 −1 −1
0 +1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 +1 0 0 0 0
0 0 0 +1 0 0 0
0 −1 0 0 −1 0 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5.11)

From the definition (5.10) it follows that in every row of T all nonzero ele-
ments are identical. Every row has at least one nonzero element. If in row b
the element Tbj is the only nonzero element then vertex j is a terminal vertex
incident with arc b.

Since the spanning tree is uniquely determined by the matrix St also the
path matrix T is uniquely determined by St. Proposition 1: One matrix is
the inverse of the other:

T = S−1
t . (5.12)

Proposition 2: The matrices T and S0t are related through the equation

S0tT = −1T (5.13)

(the matrix 1T = [1 1 . . . 1] is known from (5.9)).
For proving (5.12) it suffices to show that T St is the unit matrix. This

product is an (n × n)-matrix with elements (T St)ab =
∑n

i=1 TaiSib (a, b =
1, . . . , n). According to (5.4) Sib is equal to +1 for i = i+(b), equal to −1 for
i = i−(b) and zero otherwise. Therefore, (T St)ab = Tai+(b) − Tai−(b). First,
the case b = a is considered. Arc a is either directed toward vertex 0 or away
from vertex 0. If the former is true then Ta,i+(a) = 1, Ta,i−(a) = 0. If the latter
is true then Ta,i+(a) = 0, Ta,i−(a) = −1. Hence, in either case (T St)aa = 1.
Next, the case b �= a is investigated. Consider the path between the vertices
0 and i+(b) and the path between the vertices 0 and i−(b). Arc a belongs
either to both paths or to none of them. In either case, Ta,i+(b) = Ta,i−(b)

and, hence, (T St)ab = 0. End of proof.
For proving (5.13) it must be shown that

∑n
a=1 S0aTai = −1 for i =

1, . . . , n. This is, indeed the case, since for every vertex i a single arc b(i)
satisfies the condition S0bTbi �= 0 (arc b is on the path between vertices 0 and
i and incident with vertex 0). Furthermore, S0bTbi = −1 independent of the
sense of direction of this arc b. End of proof.

The existence of the path matrix T for tree-structured graphs and the
two equations (5.12) and (5.13) are the mathematical reasons why multibody
systems with tree structure are simpler than systems without tree structure.

In contrast to the matrix St the matrix T is not easily determined directly
from the two functions i+(a) and i−(a) of the spanning tree. It is equally dif-
ficult to reconstruct i+(a) and i−(a) from T . An efficient method is described
in Sect. 5.3.3 on regular labeling.
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Problem 5.1. Give a direct proof for the statement StT = I in (5.12).

Problem 5.2. Draw a tree-structured directed graph as follows. Arc a is directed
from vertex a toward vertex 0 (a = 1, . . . , n). Determine the functions i+(a) and
i−(a) and the matrices S0t, St and T .

Problem 5.3. Delete in Fig. 5.7a arcs 1, . . . , 7 and give to arcs 8, 9, 10 the new
labels 1, 2, 3, respectively. The unconnected directed graph thus defined has func-
tions i+(a) and i−(a) (a = 1, 2, 3) and an (8 × 3) incidence matrix with elements
Sia (i = 0, . . . , 7 , a = 1, 2, 3) defined by (5.3). Determine this incidence matrix.

For connected directed graphs without tree structure two more matrices
are defined. As illustrative example the graph in Fig. 5.7a is used, again. As
before it is referred to as complete graph in contrast to its spanning tree
shown in bold lines and separately in Fig. 5.7b.

Each arc of the spanning tree defines a cutset of the complete graph. It
consists of the tree arc itself and of the minimal set of chords which must
be cut in order to split the complete graph in two subgraphs. The cutset
associated with arc a is also called cutset a. Example: The cutset 7 of the
graph in Fig. 5.7a consists of the tree arc 7 and of the chords 9 and 10.
A chord belonging to cutset a is said to be positively directed (in the cutset)
if it points toward the same subgraph as arc a does. Otherwise it is negatively
directed.

Each chord defines a circuit of the complete graph. It consists of the
chord itself and of the minimal set of tree arcs creating a circuit. The circuit
associated with chord c is also called circuit c. Example: The circuit 8 of the
graph in Fig. 5.7a consists of the chord 8 and of the tree arcs 1, 2 and 4. A tree
arc belonging to circuit c is said to be positively directed (in the circuit) if its
sense of direction around the circuit is the same as that of chord c. Otherwise
it is negatively directed.

After this introduction the (n×m) cutset matrix P and the [(m−n)×m]
circuit matrix U are defined. Their elements are denoted Pab and Uca, respec-
tively. Each row of P corresponds to a cutset and each row of U corresponds
to a circuit. The columns of both matrices correspond to the arcs a = 1, . . . ,m
of the complete graph. The matrix elements are defined as follows:

Pab =

⎧
⎨

⎩

+1 (arc b belongs to cutset a and is positively directed)
−1 (arc b belongs to cutset a and is negatively directed)

0 (arc b does not belong to cutset a)
(a = 1, . . . , n; b = 1, . . . ,m) ,

(5.14)

Uca =

⎧
⎨

⎩

+1 (arc a belongs to circuit c and is positively directed)
−1 (arc a belongs to circuit c and is negatively directed)

0 (arc a does not belong to circuit c)
(c = n+ 1, . . . ,m; a = 1, . . . ,m) .

(5.15)
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Like the matrices S0 and S also P and U are partitioned into submatrices
P t, P c and U t, U c associated with the spanning tree and with chords, respec-
tively. From the definitions it follows that P t and Uc are both unit matrices
(of different dimensions). Thus

P = [ I P c] , U = [U t I ] . (5.16)

For the directed graph and its spanning tree shown in Figs. 5.7a and b the
matrices are

P =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

+1 0 0 0 0 0 0 −1 0 0
0 +1 0 0 0 0 0 +1 −1 +1
0 0 +1 0 0 0 0 0 0 0
0 0 0 +1 0 0 0 +1 0 0
0 0 0 0 +1 0 0 0 +1 −1
0 0 0 0 0 +1 0 0 0 0
0 0 0 0 0 0 +1 0 +1 −1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (5.17)

U =

⎡

⎣
+1 −1 0 −1 0 0 0 +1 0 0

0 +1 0 0 −1 0 −1 0 +1 0
0 −1 0 0 +1 0 +1 0 0 +1

⎤

⎦ . (5.18)

Between the matrices P , U , S and T there exist numerous relationships.
First, the orthogonality relationship

S UT = 0 . (5.19)

Proof: A single element of the product is

(S UT )ic =
m∑

a=1

SiaUca =
n∑

a=1

SiaUca +
m∑

a=n+1

Sia Uca︸︷︷︸
δca

=
n∑

a=1

SiaUca + Sic

(5.20)
(i = 1, . . . , n; c = n + 1, . . . ,m). Two cases must be distinguished. Case 1:
Vertex i is incident with chord c (Sic �= 0). Then, vertex i is incident with
exactly one tree arc, and the sum over a is equal to −Sic independent of the
senses of direction of chord c and of this single tree arc. Case 2: Vertex i is
not incident with chord c (Sic = 0). Then, vertex i is incident with two tree
arcs, and the sum over a is equal to zero independent of whether these two
tree arcs belong to circuit c or not. End of proof.

The next relationship is
T Sc = P c . (5.21)

Proof: A single element of the product is

(T Sc)ac =
n∑

i=1

TaiSic = Ta,i+(c) −Ta,i−(c) (a = 1, . . . , n; c = n+1, . . . ,m) .

(5.22)
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Two cases must be distinguished. Case 1: Chord c belongs to cutset a. Then,
independent of the senses of direction of arc a and of chord c, Ta,i+(c) −
Ta,i−(c) = Pac �= 0. Case 2: Chord c does not belong to cutset a. Then,
Ta,i+(c) = Ta,i−(c) and, hence, Ta,i+(c) − Ta,i−(c) = 0 = Pac. End of proof.

Equations (5.12) and (5.21) together establish the relationship

T S = P . (5.23)

When this is postmultiplied by UT one gets, due to (5.19), the equation

P UT = 0 . (5.24)

This represents another orthogonality relationship. Using the partitioning of
(5.16), the equation takes the form UTt + P c = 0 or

UTt = −P c . (5.25)

The matrices S, P and U were known to mathematicians for a long time
(see Busacker/Saaty [12]). The path matrix T was first defined by Branin [8]
for electrical networks and independently by Roberson/Wittenburg [66] for
multibody systems.

5.3.2 Directed Graphs with Tree Structure

For graphs with tree structure a few more definitions are introduced. For
every arc a = 1, . . . , n a number σa is defined:

σa =
{

+1 (arc a is directed toward vertex 0)
−1 (arc a is directed away from vertex 0) (a = 1, . . . , n) .

(5.26)
Examples: The graph in Fig. 5.7b has σ3 = +1 and σ4 = −1.

For every pair of arcs a, b a set κab of vertices is defined as follows. Cutting
two arcs a and b (a, b = 1, . . . , n) results either in three subgraphs (a �= b)
or in two subgraphs (a = b). In the case a �= b κab is the set of vertices of
that subgraph which contains no vertex which is incident with arc b. In the
case a = b κaa is the set of vertices of that subgraph which does not contain
vertex 0. Examples: In the graph of Fig. 5.7b κ25 is the set of vertices 0, 1,
2, 4, 5 and κ55 contains only vertex 3.

For arcs as well as for vertices weak ordering relationships are defined.
For two arcs a and b �= a the ordering relationship arc a < arc b means that
arc a is on the path from vertex 0 to vertex ii+(b) (and also on the path from
vertex 0 to vertex ii−(b)). Note that two arcs a and b located on different
branches of the tree as seen from vertex 0 satisfy neither the relationship
arc a < arc b nor the relationship arc b < arc a.

Similarly, the relationship vertex i < vertex j means that vertex i is
on the path from vertex 0 to vertex j, but that it is not vertex j. In some
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places this is written in the short form vi < vj . Two vertices i and j located
on different branches as seen from vertex 0 satisfy neither the relationship
vi < vj nor the relationship vj < vi.

Next, the inboard arc of a vertex and the inboard vertex of a vertex are
defined. The inboard arc of a vertex j �= 0 is the arc which is located on
the path between the vertices 0 and j and which, furthermore, is incident
with vertex j. The inboard vertex of a vertex j �= 0 is the vertex which is
connected with vertex j by the inboard arc of vertex j. Example: In the graph
of Fig. 5.7b arc 7 and vertex 1 are the inboard arc and the inboard vertex,
respectively, of vertex 5.

Problem 5.4. For the graph in Fig. 5.7b specify the sets κ52 and κ22.

Problem 5.5. For the graph in Fig. 5.7b specify the sets of all vertices i which
satisfy the following conditions (one at a time) for k = 3 and for k = 5
1. vi < vk , 2. vk < vi.

5.3.3 Regular Tree Graphs

In Fig. 5.7b the labeling of vertices and arcs and the sense of directions of
the arcs were intentionally unsystematic in order to show that (5.12) relat-
ing the matrix St and the path matrix T is universally valid for directed
tree-structured graphs. In what follows a regular labeling and regular arc
directions are defined.

A tree-structured graph is regularly directed if all arcs 1, . . . , n are point-
ing toward vertex 0. A labeling is called regular if the following two conditions
are satisfied

• along every branch starting from vertex 0 the sequence of vertex numbers
is monotonically increasing

• the inboard arc of vertex j (j = 1, . . . , n) is arc j.

In general, there is more than one way in which numbers can be assigned
satisfying these conditions. Any such labeling is called regular. A directed
tree graph is called regular if it has regular labeling and regular arc directions.
Then, the two functions i+(a) and i−(a) have the properties

i+(a) = a , i−(a) < a (a = 1, . . . , n) . (5.27)

Under these conditions the function i−(a) alone suffices for defining the in-
terconnection structure. Furthermore, the matrices St and T are both upper
triangular matrices. Both matrices have elements +1 along the diagonal, and
all nonzero elements of T are +1.

In what follows an algorithm is explained which starts out from given
functions i+(a) and i−(a) of an unsystematically labeled and unsystemati-
cally directed graph. The vertices and arcs are regularly relabeled and the arcs
are regularly redirected. Between the original and the new labeling a one-to-
one relationship is established. The method is explained by taking as example
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Table 5.2. Conversion from old labeling to new regular labeling

1 arc a; old labeling 1 2 3 4 5 6 7

2 vertex i+(a); old labeling 1 1 2 7 3 4 1

3 vertex i−(a); old labeling 0 7 5 6 7 1 5

4 vertex; old labeling 1 7 2 6 3 4 5

5 vertex and inboard arc j; new labeling 1 2 7 4 3 5 6

6 inboard vertex i−(j); new labeling 0 1 6 2 2 1 1

the graph in Fig. 5.7b. Its functions i+(a) and i−(a) are copied from Table 5.1
into rows 1, 2 and 3 of Table 5.2. Imagine that rows 4, 5 and 6 of the table
are still empty. Following Table 5.1 it has been explained that a terminal
vertex together with its inboard arc and inboard vertex is identified by the
fact that the vertex number occurs only once in rows 2 and 3. Furthermore,
if this vertex number occurs in row 2 (in row 3) then the inboard arc a is
pointing toward vertex 0 (away from vertex 0). The numbers occurring only
once are 2, 3, 4 and 6. Arbitrarily, the number 2 in column a = 3 is chosen.
Arc 3 is pointing toward vertex 0. To the vertex 2 the new number 7 is given
(n = 7 is the highest number available). In column 3 the numbers 2 and
7 are repeated in rows 4 and 5, respectively. In row 6 no entry is made at
this point. Following this procedure column 3 in rows 1, 2 and 3 is deleted.
This means that one terminal body and its inboard arc are removed from
the graph. For the resulting smaller graph the same procedure is repeated.
The vertex numbers occurring only once are 3, 4, 5 and 6. Arbitrarily, the
number 5 in column a = 7 is chosen. To the vertex with the old number 5 the
new number 6 is given (the highest number still available). The numbers 5
(old) and 6 (new) are filled into rows 4 and 5, respectively, of column 7. This
procedure is repeated until only the vertex number 1 is left. By the same pro-
cedure it is given the new number 1. As final step row 6 is filled in. Consider
column 3 again. The vertex labeled 2 (old) and 7 (new) is connected by its
inboard arc a = 3 (old) to its inboard vertex 5 (old). According to rows 4
and 5 this inboard vertex has the new number 6. This number 6 is the entry
in row 6. The same procedure is repeated in every column.

Fig. 5.8. Directed graph of Fig. 5.7b regularly relabeled and regularly redirected
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Rows 4 and 5 of the table relate old to new vertex numbers and vice
versa. Rows 1 and 5 relate old to new arc numbers and vice versa. Rows 5
and 6 together define the function i−(j) of the regularly labeled and regularly
directed graph. This graph is shown in Fig. 5.8. The matrix St and the path
matrix T of this graph are

St =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

+1 −1 0 0 −1 −1 0
0 +1 −1 −1 0 0 0
0 0 +1 0 0 0 0
0 0 0 +1 0 0 0
0 0 0 0 +1 0 0
0 0 0 0 0 +1 −1
0 0 0 0 0 0 +1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

, T =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

+1 +1 +1 +1 +1 +1 +1
0 +1 +1 +1 0 0 0
0 0 +1 0 0 0 0
0 0 0 +1 0 0 0
0 0 0 0 +1 0 0
0 0 0 0 0 +1 +1
0 0 0 0 0 0 +1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(5.28)
The matrix T is constructed from rows 5 and 6 of Table 5.2 as follows. For
arbitrary j (j = 1, . . . , n) the arcs on the path from sj to s0 have the numbers
j, i−(j), i−(i−(j)), i−(i−(i−(j))), . . . , 1. In column j of T the elements in
these rows are +1. All other elements are zero. Example: j = 7 yields the
sequence 7, i−(7) = 6 and i−(6) = 1. Hence, T77 = T67 = T17 = +1. This is
in accordance with (5.28).

Problem 5.6. For a system of bodies i = 0, . . . , n interconnected by joints a =
1, . . . ,m the following quantities are defined

• absolute angular velocity ωi of body i (i = 1, . . . , n) ; ω0 = 0
• angular velocity Ωa of body i−(a) relative to body i+(a) in joint a (a =

1, . . . ,m)
• internal forces +Fa and −Fa produced by a spring in joint a (a = 1, . . . ,m);

+Fa is applied to body i+(a) and −Fa to body i−(a)
• resultant force Fires on body i produced by the springs in all joints on body i

(i = 1, . . . , n).

Use the incidence matrix for expressing Ωa (a = 1, . . . ,m) in terms of ωi (i =
1, . . . , n) and Fires (i = 1, . . . , n) in terms of Fa (a = 1, . . . ,m).

Consider the special case of a system with tree structure with bodies i = 0, . . . , n
and joints a = 1, . . . , n. Define the column matrices ω = [ω1 . . . ωn]T , Ω =
[Ω1 . . . Ωn]T , F = [F1 . . . Fn]T and Fres = [F1res . . . Fnres ]

T and write the two
sets of n equations each in matrix form. Use the path matrix for resolving these
equations for ω and for F.

Denote by ci+(a),a the vector from the center of mass of body i+(a) to the
point of application of the spring force +Fa on this body and, likewise, by ci−(a),a

the vector from the center of mass of body i−(a) to the point of application of
the spring force −Fa on this body. Define, furthermore, the vectors Cia = Siacia
(i, a = 1, . . . , n) and the (n × n)-matrix C with these vectors as elements. It is
a weighted incidence matrix. Express with this matrix the column matrix Mres =
[M1res . . . Mnres ]

T of resultant spring torques on the bodies i = 1, . . . , n.
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5.4 Principle of Virtual Power for Multibody Systems

Dynamics equations of motion can be obtained either by analytical methods
or by the synthetical method starting from Newton’s and Euler’s equations for
isolated bodies. In this section the analytical method based on the principle
of virtual power is chosen. In Sect. 3.5 the principle of virtual power has been
formulated for a single rigid body (see (3.44)). For an arbitrary system of n
rigid bodies the principle has the form

n∑

i=1

[δṙi · (mir̈i − Fi) + δωi · (Ji · ω̇i + ωi × Ji · ωi − Mi)] = 0 . (5.29)

Each quantity carries the index i of the individual body. The carrier body
0 is excluded from the sum because its virtual velocity change is zero. The
index C referring to the body center of mass has been omitted. So, ri is
the position vector of the body i center of mass, Fi is the resultant force
acting on body i and applied at the body i center of mass, and Mi is the
resultant torque about the body i center of mass. Contributions to Fi and to
Mi are made by gravity, by force elements, by sliding friction and by other
forces which contribute to virtual power. Constraint forces caused by ideal
kinematical constraints in joints do not contribute because for any pair of
constraint forces, say F1 = +F and F2 = −F (actio = reactio) the term
δṙ1 · F1 + δṙ2 ·F2 is equal to zero.

In (5.29) the quantities δṙi, δωi, r̈i and ω̇i appear in linear form. For this
reason the following matrix formulation of the equation is possible:

δṙT · (m r̈ − F) + δωT · (J · ω̇ − M∗) = 0 (5.30)

(column matrices r = [r1 . . . rn]T , ω = [ω1 . . .ωn]T , F = [F1 . . .Fn]T , diago-
nal mass matrix m, diagonal matrix J of inertia tensors). The column matrix
M∗ is introduced for abbreviation. It has the elements

M∗
i = Mi − ωi × Ji · ωi (i = 1, . . . , n) . (5.31)

5.4.1 Systems Without Constraints to Inertial Space

If a system is free of constraints to inertial space such as an orbiting spacecraft
or a flying or freely falling system then Newton’s equation of motion for the
composite system center of mass C can be decoupled from the remaining
equations. This is done as follows. The radius vector of the composite system
center of mass C is called rC and the vector from C to the body i center of
mass is called Ri. Thus, by definition

ri = rC + Ri (i = 1, . . . , n) ,
n∑

i=1

Rimi = 0 . (5.32)
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The expression for ri is substituted into (5.29). Multiplying out and using
the second Eq. (5.32) one obtains the equation

δṙC ·
(
M r̈C −

n∑

i=1

Fi

)
+

n∑

i=1

[
δṘi · (miR̈i − Fi) + δωi · (Ji · ω̇i − M∗

i )
]

= 0

(5.33)
withM being the total system mass. The special property of a system without
constraints to inertial space is the independence of δṙC. From this follows the
equation

M r̈C =
n∑

i=1

Fi . (5.34)

This is Newton’s law for the composite system center of mass. The rest of
the equation is written in the matrix form

δṘ
T · (m R̈ − F) + δωT · (J · ω̇ − M∗) = 0 . (5.35)

The formal difference between this equation and (5.30) for arbitrary systems
is that R replaces r. Between R and r exists a simple relationship. By defi-
nition, the radius vector of the composite system center of mass is

rC =
1
M

n∑

j=1

mjrj . (5.36)

Substitution into the first Eq. (5.32) yields

Ri =
n∑

j=1

(
δij − mj

M

)
rj (i = 1, . . . , n) . (5.37)

Let μ be the dimensionless constant matrix with elements

μij = δij − mi

M
(i, j = 1, . . . , n) . (5.38)

Then, the matrix form of all n Eqs. (5.37) is

R = μT r . (5.39)

The matrix μ has remarkable properties. It satisfies the three equations

μT 1 = 0 , μ μ = μ , μm = mμT = μmμT . (5.40)

The first equation states that the sum of all rows is a row of zeros which means
that μ is singular. Hence, (5.39) cannot be resolved for r. This is obvious for
physical reasons. The positions r of the body centers of mass in inertial space
cannot be determined if only the positions relative to the composite system
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center of mass are known. For a proof of the other two equations1 one must
show that (μμ)ij = μij and that (μmμT )ij = (μm)ij = μijmj . For this
purpose one calculates

(μμ)ij =
n∑

k=1

μikμkj =
n∑

k=1

μik

(
δkj − mk

M

)
= μij − 1

M

n∑

k=1

μikmk ,

(μmμT )ij =
n∑

k=1

μikmkμjk =
n∑

k=1

μikmk

(
δjk − mj

M

)

= μijmj − mj

M

n∑

k=1

μikmk .

The sum
∑n
k=1 μikmk appearing in both equations equals zero. End of proof.

Note: Newton’s law (5.34) for the composite system center of mass is
valid not only for rigid-body systems but for arbitrary systems. So are the
definition (5.36) of the composite system center of mass and the relationship
(5.39).

5.4.2 Generalized Coordinates

Let q = [q1, . . . , qN ]T be an arbitrary set of generalized coordinates which
are suitable for specifying the location and the orientation of a multibody
system. The coordinates may be either joint variables or variables of position
relative to inertial space or a combination of the two. At this point it is
also not necessary to know whether q represents a minimal set of variables
equal in number to the degree of freedom of the entire system or whether N
exceeds the degree of freedom so that there exist constraint equations for the
variables.

The radius vectors ri of the body i centers of mass (i = 1, . . . , n) can be ex-
pressed as some more or less complicated nonlinear functions ri(q1, . . . , qN , t)
of the chosen variables and of time t. Time t appears explicitly because the
position of the carrier body 0 is prescribed as function of time. Differentiation
with respect to time produces equations of the general matrix forms

ṙ = a1q̇ + a10 , δṙ = a1δq̇ , r̈ = a1q̈ + b1 . (5.41)

Here, a1 is an (n × N)-matrix of as yet unknown vectors which depend on
q1, . . . , qN . The elements of the column matrix a10 are the partial derivatives
∂ri(q1, . . . , qN , t)/∂t. They depend on q1, . . . , qN and on t. The column matrix
b1 depends on q1, . . . , qN , on t and, in addition, on q̇1, . . . , q̇N . If the carrier

1 A matrix having the property μμ = μ is said to be idempotent (Gantmacher

[19]). Every idempotent matrix can be expressed in the form AΔA−1 where Δ is
a diagonal matrix with elements 0 and 1 along the diagonal. From this it follows
that the unit matrix is the only nonsingular idempotent matrix.
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body is inertial space then time t does not appear explicitly, whence follows,
in particular, that a10 = 0. The formula given for δṙ is explained by the fact,
that time t as well as q1, . . . , qN are held fixed.

For the vectors from the composite system center of mass to the body
centers of mass the kinematical relationship (5.39), R = μT r, has been es-
tablished. From this it follows that

Ṙ = μT (a1q̇ + a10) , δṘ = μTa1δq̇ , R̈ = μT (a1q̈ + b1) . (5.42)

In analogy to (5.41) there exist relationships of the forms

ω = a2q̇ + a20 , δω = a2δq̇ , ω̇ = a2q̈ + b2 (5.43)

with other matrices a2, a20 and b2.
The expressions (5.43) and (5.41) are substituted into (5.30) of the prin-

ciple of virtual power. The terms δṙT = δq̇TaT1 and δωT = δq̇TaT2 allow
factoring out δq̇T . Ordering of terms results in the equation

δq̇T
{(

aT1 ·m a1 + aT2 · J · a2

)
q̈− [

aT1 · (F−mb1) + aT2 · (M∗ − J · b2)
]}

= 0
(5.44)

or abbreviated
δq̇T (Aq̈ −B) = 0 (5.45)

with the matrices

A = aT1 ·m a1 + aT2 · J · a2 ,

B = aT1 · (F −mb1) + aT2 · (M∗ − J · b2) .

}
(5.46)

For systems without constraints to inertial space such as orbiting space-
craft and freely falling systems the principle of virtual power has the form
(5.35). Substitution of the expressions (5.42) and (5.43) into this equation
results in the equation

δq̇T (Âq̈ − B̂) = 0 (5.47)

with matrices (replace in (5.46) a1 by μTa1 and b1 by μTb1)

Â = aT1 μ ·mμTa1 + aT2 · J · a2 ,

B̂ = aT1 μ · (F −mμTb1) + aT2 · (M∗ − J · b2) .

}
(5.48)

In what follows it is assumed that the variables q1, . . . , qN represent a min-
imal set of independent variables equal in number to the degree of freedom
of the system under consideration. Then, the variations δq̇ in (5.45) and
(5.47) are independent. Hence, two minimal sets of differential equations are
obtained in the forms

A q̈ = B , (5.49)

Âq̈ = B̂ . (5.50)
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The second set of equations is valid only for systems without constraints to
inertial space, while the first set is valid for arbitrary systems. The column
matrices B and B̂ depend explicitly on q1, . . . , qN , on t and, in addition, on
q̇1, . . . , q̇N . The matrices A and Â depend explicitly on q1, . . . , qN only. They
are symmetric. They are also positive definite. For A this is shown in the case
when the carrier body is inertial space (a10 = 0, a20 = 0). The total kinetic
energy T of the system is

2T =
n∑

i=1

(
miṙ2

i + ωi · Ji · ωi

)
= ṙT ·m ṙ + ωT · J · ω

= q̇T
(
aT1 ·m a1 + aT2 · J · a2

)
q̇ = q̇TA q̇ . (5.51)

Thus, the matrix A is the coefficient matrix of the total kinetic energy. Since
the kinetic energy is positive definite also the matrix A is.

As a conclusion of this section it can be stated that a minimal set of
equations of motion for a multibody system is explicitly available as soon as
the kinematical matrices a1, a10, b1 and a2, a20, b2 in (5.41) and (5.43)
are known in terms of a minimal set of independent variables. Compact ex-
pressions can be formulated most easily for multibody systems with tree
structure. The next section is devoted to such systems. Based on formula-
tions for tree-structured systems also systems without tree structure can be
handled. This is shown in Sect. 5.6.

5.5 Systems with Tree Structure

Systems with tree structure are simple for two reasons which have already
been explained. The first reason is the kinematical independence of joint
variables. For this reason equations of motion are formulated for joint vari-
ables. The second reason is the existence of the path matrix as inverse of
the incidence matrix. The kinematics of individual joints in terms of joint
variables is the subject of Sect. 5.5.1. In Sect. 5.5.2 the kinematics of entire
systems is formulated with the help of path matrix and incidence matrix.
Sects. 5.5.3–5.5.6 are devoted to various aspects of the resulting equations of
motion.

5.5.1 Kinematics of Individual Joints

This section focuses on a single joint of a multibody system. In the directed
system graph arc a is pointing from vertex i+(a) toward vertex i−(a). In
Fig. 5.9 a single joint a is shown schematically without indication of its na-
ture. The joint connects the bodies i+(a) and i−(a). The arrow indicates the
sense of direction of arc a in the directed graph. Body-fixed reference bases
ei

+(a) and ei
−(a) are attached to the two bodies at the body centers of mass.
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Fig. 5.9. Vectors on two bodies coupled by joint a of unspecified nature

Exception: The center of mass of the carrier body 0 is of no interest. The
base e0 on this body is attached at some conveniently chosen point. Joint a
has a degree of freedom in the range 1 ≤ fa ≤ 6 (see Figs. 5.3a–f). An equal
number of joint variables qa� (� = 1, . . . , fa) is chosen. For the majority of
joints the variables are rotation angles about certain axes or cartesian coor-
dinates. Other types of variables are not ruled out, however. The following
sign convention is adopted. The joint variables describe the position of body
i−(a) relative to body i+(a).

Altogether six kinematical quantities are formulated for joint a as func-
tions of joint variables. Three of them are the angular orientation, the angular
velocity and the angular acceleration of body i−(a) relative to body i+(a).
First, the other three quantities are explained. These are the position, the
velocity and the acceleration relative to body i+(a) of a single point fixed
on body i−(a). How to choose this point will be explained later. The chosen
point is referred to as articulation point a. Its constant position on body i−(a)
is specified by the vector ci−(a),a in base ei

−(a) (see Fig. 5.9). The constant
coordinates in this base are system parameters. The position vector of the
articulation point in base ei

−(a) is denoted ci+(a),a. It is a known function of
some or of all joint variables of joint a. More precisely, the coordinates of the
vector in base ei

+(a) are known functions. The articulation point is chosen
such that these functions are as simple as possible. Examples: If joint a is
a spherical joint then the center of the sphere is chosen. If joint a is a Hooke’s
joint then the intersection point of the two joint axes on the central cross is
chosen. If joint a is a revolute joint then an arbitrary point on the joint axis
is chosen. In all three cases the articulation point is fixed on both bodies
coupled by joint a, i.e. ci+(a),a = const on body i+(a).

The next two kinematical quantities are the velocity and the acceleration
of the articulation point relative to body i+(a). They are denoted va and aa,
respectively. They are the first and the second time derivatives of ci+(a),a in
base ei

+(a). They have the forms

va =
fa∑

�=1

ka�q̇a� , aa =
fa∑

�=1

ka�q̈a� + sa . (5.52)
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A vector sa �= 0 exists only if at least one of the vectors ka� is not fixed on
body i+(a).
Examples:

1. Spherical, Hooke’s and revolute joints with articulation points chosen as
described: va = 0, aa = 0.

2. Cylindrical joint with articulation point on the joint axis, with unit vector
n along the joint axis, with cartesian coordinate qa1 along n and with
rotation angle qa2 about n: ka1 = n, ka2 = 0, sa = 0.

Next, the angular orientation, the angular velocity and the angular accel-
eration of body i−(a) relative to body i+(a) are expressed in terms of joint
variables. The quantity determining the angular orientation is the direction
cosine matrix Aa relating the bases ei

+(a) and ei
−(a). The definition is

ei
−(a) = Aae

i+(a) . (5.53)

The matrix is a function of the angular variables among the joint variables
of joint a. Example: In a cylindrical joint with variables qa1 and qa2 as before
Aa is a function of qa2 only.

The angular velocity and the angular acceleration of body i−(a) relative
to body i+(a) are denoted Ωa and εa, respectively. They have the forms

Ωa =
fa∑

�=1

pa�q̇a� , εa =
fa∑

�=1

pa�q̈a� + wa . (5.54)

Examples:

1. Prismatic joint: Ωa = 0, εa = 0.
2. Cylindrical joint with unit vector n and with variables qa1 and qa2 as

before: pa1 = 0, pa2 = n, wa = 0.
3. Hooke’s joint with axial unit vectors pa1 fixed on body i+(a) and pa2 fixed

on body i−(a): Ωa = pa1q̇a1+pa2q̇a2, εa = pa1q̈a1+pa2q̈a2+Ωa×pa2q̇a2,
whence follows wa = pa1 × pa2q̇a1q̇a2.

Alternative formulation for spherical joints: It is known that three angular
joint variables (Euler angles or Bryan angles) can be inconvenient. More
convenient is the following choice of variables. The matrix Aa is expressed in
the form (2.35) as function of Euler–Rodrigues parameters. Equations (5.54)
are replaced by the equations

Ωa =
3∑

�=1

pa�Ωa� , εa =
3∑

�=1

pa�Ω̇a� . (5.55)

The scalars Ωa� (� = 1, 2, 3) are the coordinates of Ωa in base ei
−(a), and the

vectors pa� (� = 1, 2, 3) are the base vectors themselves. The Euler–Rodrigues
parameters and the coordinates Ωa� are related through the kinematical dif-
ferential equations (2.119).
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Fig. 5.10. Two massless rods creating a 1-d.o.f. joint

The chosen formulations for the six kinematical quantities of a joint are
applicable not only to standard joints but to arbitrarily sophisticated joints.
This is demonstrated by the joint shown in Fig. 5.10. The two bodies labeled
i+(a) and i−(a) are coupled by two rods with revolute joints at both ends.
The lengths �1, �2, �3, �4 form a planar fourbar. It is assumed that the rods
are massless. This has the effect that the two rods together create a 1-d.o.f.
joint connecting the bodies i+(a) and i−(a). The crank angle φ is chosen as
joint variable qa1 and the point P as articulation point. The figure explains
the angle ψ, the unit vector e along the crank and the unit vector p normal
to the plane. The angle ψ is a function of φ. It is left to the reader to show
that it is determined by the equation2 A cosψ+B sinψ = C with coefficients
A = −2�3(�1 − �2 cosφ), B = 2�2�3 sinφ, C = 2�1�2 cosφ− (�21 + �22 + �23− �24).
The six kinematical quantities are

ci+(a),a = �2e + const , va = φ̇p × �2e , aa = φ̈p × �2e− φ̇2�2e ,

Aa =

⎡

⎣
cosψ sinψ 0

− sinψ cosψ 0
0 0 1

⎤

⎦ , Ωa = p
dψ
dφ

φ̇ , εa = p
(

dψ
dφ

φ̈+
d2ψ

dφ2
φ̇2

)
.

The vectors aa and εa have the forms (5.52) and (5.54), respectively, with
vectors ka1 = �2p×e, sa = −φ̇2�2e, pa1 = p dψ/dφ and wa = pφ̇2 d2ψ/dφ2.
The coordinates of these vectors in base ei

+(a) are functions of φ.
In preparation for the following section (5.52) and (5.54) are written in

the matrix forms

va = kTa q̇a , aa = kTa q̈a + sa , (5.56)

Ωa = pT
a
q̇
a
, εa = pT

a
q̈
a

+ wa (5.57)

with row matrices kTa = [ka1 . . . kafa ] and pT
a

= [pa1 . . . pafa ]. For
a multibody system with joints a = 1, . . . , n column matrices v, a, s, Ω,
2 Cartesian coordinates xB and yB of the point B are functions of ϕ and ψ. These

expressions are substituted into the constraint equation (�1 − xB)2 + y2
B = �24.

Each angle φ is associated with two (not necessarily real) angles ψ.
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ε and w of n vectors each are defined, for example v = [v1 . . . vn]T and
w = [w1 . . . wn]T . In terms of these matrices the four sets of n equations
each are combined in the matrix forms

v = kT q̇ , a = kT q̈ + s , (5.58)

Ω = pT q̇ , ε = pT q̈ + w . (5.59)

The matrices kT and pT have block-diagonal form with the row matrices
kTa and pT

a
along the diagonal, and q̈ is the column matrix composed of the

blocks q̈
a

(a = 1, . . . , n).

5.5.2 Kinematics of Entire Systems

As illustrative example for the general formalism to be developed the tree-
structured system shown in Fig. 5.11 is used. It is the system from Fig. 5.6
without force elements. Its directed graph is shown in Fig. 5.7b. For the asso-
ciated incidence and path matrices see (5.7), (5.8) and (5.11). Each joint is of
the general form shown in Fig. 5.9. Dots stand for the articulation points of
joints. For joint a = 2 the vectors c72 = ci+(a),a and c12 = ci−(a),a are shown
as examples. The carrier body 0 happens to be connected to a single body.
The formalism to be developed is not restricted to this special case. Body 0
can be connected to several tree-structured subsystems. As in Fig. 5.7b the
labeling of the bodies 1, . . . , n and of the joints 1, . . . , n as well as the direc-
tions of arcs in the graph are arbitrary. The following convention is adopted,
however. All arcs incident with vertex 0 are directed toward vertex 0. This
has the following consequences. The articulation points of all joints located
on body 0 are fixed on body 0. The associated vectors c0a are fixed in base
e0 the origin of which has, in inertial space, the prescribed position vector
r0(t). The position vector r0(t) + c0a of the articulation point in inertial
space is a prescribed function of time, too, and so are the absolute velocity

Fig. 5.11. Multibody system with tree structure and with joints of unspecified
nature. Dots in joints and vectors are explained in Fig. 5.9
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ṙ0(t) + ω0(t) × c0a and the absolute acceleration

r̈0(t) + ω̇0(t) × c0a + ω0(t) × [ω0(t) × c0a] . (5.60)

Without loss of generality let it be assumed that the origin of the base e0

with the prescribed position vector r0(t) is one of the articulation points
fixed on body 0. Then, the associated vector c0a is zero. The advantage of
this assumption is that systems with a single joint on body 0 do not have
nonzero vectors c0a. This is the situation shown in Fig. 5.11 with the vector
c01 = 0 in joint 1.

The goal of this section is to express the matrices a1, a10, b1, a2, a20

and b2 in the relationships ṙ = a1q̇ + a10, r̈ = a1q̈ + b1 and ω = a2q̇ +
a20, ω̇ = a2q̈ + b2 (see (5.41) and (5.43)) in terms of joint variables and of
time derivatives of joint variables. First, angular velocities are considered.
Figure 5.11 shows that the absolute angular velocity ωi of an arbitrary body
i is the sum of ω0 and of all vectors Ωa (some positive and some negative)
along the path from body 0 to body i. The formula for ωi is

ωi = ω0 −
n∑

a=1

TaiΩa (i = 1, . . . , n) . (5.61)

The elements Tai of the path matrix sort out the direct path from body 0 to
body i and they provide the correct signs as well. Differentiation with respect
to time yields

ω̇i = ω̇0 −
n∑

a=1

Tai(εa + ωi−(a) × Ωa︸ ︷︷ ︸
fa

) (i = 1, . . . , n) . (5.62)

The matrix forms of these equations are3

ω = ω01 − T TΩ , ω̇ = ω̇01 − TTε − TT f . (5.63)

Into these equations the expressions (5.59) are substituted. This results in
the equations

ω = ω01 − TTpT q̇ , ω̇ = ω̇01 − TTpT q̈ − TT (w + f) (5.64)

or finally

ω = −(pT )T q̇ + ω01 , ω̇ = −(pT )T q̈ + ω̇01 − TT (w + f) . (5.65)

3 The definition fa = ωi−(a) × Ωa is equivalent to fa = ωi+(a) ×Ωa.
The expression for ω can be obtained without making use of Fig. 5.11. Figure 5.9
yields Ωa = ωi−(a) − ωi+(a) or, with the definition of the incidence matrix,
Ωa = −Pn

i=0 Siaωi (a = 1, . . . , n). This is written in the matrix form Ω =
−ω0S

T
0 −STω. Multiplication from the left by T T and application of (5.12) and

(5.13) result in (5.63).
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These equations have the desired forms ω = a2q̇ + a20 and ω̇ = a2q̈ + b2.
The matrices are

a2 = −(pT )T , a20 = ω01 , b2 = ω̇01 − TT (w + f) . (5.66)

Next, the matrices a1, a10 and b1 are formulated. Figure 5.11 shows that
the position vector ri of body i is

ri = r0 −
n∑

a=1

Tai(ci+(a),a − ci−(a),a) (i = 1, . . . , n) . (5.67)

Of the two vectors ci+(a),a and ci−(a),a the latter one is fixed on body i−(a).
This explains the expressions for the first and for the second time derivative
of the difference vector:

ċi+(a),a − ċi−(a),a = −ci+(a),a × ωi+(a) +va
+ci−(a),a × ωi−(a) ,

c̈i+(a),a − c̈i−(a),a = −ci+(a),a × ω̇i+(a) +aa + ha
+ci−(a),a × ω̇i−(a)

⎫
⎪⎪⎬

⎪⎪⎭
(a = 1, . . . , n) . (5.68)

The vectors va and aa are known from (5.52), and ha is

ha = ωi+(a) × (ωi+(a) × ci+(a),a) − ωi−(a) × (ωi−(a) × ci−(a),a)
+ 2ωi+(a) × va (a = 1, . . . , n) . (5.69)

From the definition (5.4) of the incidence matrix it follows that the vector
differences in (5.67) and (5.68) can be written in the forms

ci+(a),a − ci−(a),a =
n∑

i=0

Siacia , (5.70)

ċi+(a),a − ċi−(a),a = −
n∑

i=0

Siacia × ωi + va , (5.71)

c̈i+(a),a − c̈i−(a),a = −
n∑

i=0

Siacia × ω̇i + aa + ha (5.72)

(a = 1, . . . , n). These formulations suggest to define the vectors

Cia = Siacia (i = 0, . . . , n; a = 1, . . . , n) (5.73)

and to construct a matrix with these vectors as elements4. This matrix repre-
sents a weighted incidence matrix. Like the incidence matrix it is partitioned

4 To be precise one must define that cia = 0 if Sia = 0 (i = 0, . . . , n; a = 1, . . . , n).
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into the row matrix C0 with elements C0a (a = 1, . . . , n) and the (n × n)-
matrix C with elements Cia (i, a = 1, . . . , n). With these matrices the n
Eqs. (5.67) are written in the matrix form r = r01 − TTCT

0 − TTCT 1 or5

r = r01 − (C0T )T − (CT )T 1 . (5.74)

For the first and for the second time derivative (5.71) and (5.72) yield the
expressions

ṙ = ṙ01 − ω0 × (C0T )T + (CT )T × ω − TTv , (5.75)
r̈ = r̈01 − ω̇0 × (C0T )T + (CT )T × ω̇ − TT (a + h) (5.76)

with column matrices v = [v1 . . .vn]T , a = [a1 . . .an]T and h = [h1 . . .hn]T .
For v and a the expressions (5.58) are substituted and for ω and ω̇ the
expressions ω = a2q̇ + ω01 and ω̇ = a2q̈ + b2 (see (5.65)). This yields

ṙ = [(CT )T × a2 − (kT )T ]q̇

+ ṙ01 − ω0 × [(C0T )T + (CT )T 1] , (5.77)

r̈ = [(CT )T × a2 − (kT )T ]q̈

+ r̈01 − ω̇0 × (C0T )T + (CT )T × b2 − TT (s + h) . (5.78)

These equations have the desired forms ṙ = a1q̇+ a10 and r̈ = a1q̈+b1. The
matrices are

a1 = (CT )T × a2 − (k T )T , (5.79)
a10 = ṙ01 − ω0 × [(C0T )T + (CT )T 1] , (5.80)
b1 = r̈01 − ω̇0 × (C0T )T + (CT )T × b2 − TT (s + h) . (5.81)

With these matrices and with the matrices in (5.66),

a2 = −(pT )T , a20 = ω01 , b2 = ω̇01 − T T (w + f) , (5.82)

the final goal of the analysis has been achieved.

5.5.3 Equations of Motion

The matrices (5.79)–(5.82) determine the matrices (cf. (5.46))

A = aT1 ·m a1 + aT2 · J · a2 ,

B = aT1 · (F −mb1) + aT2 · (M∗ − J · b2)

}
(5.83)

5 The expression for r can be obtained without making use of Fig. 5.11. Fig-
ure 5.9 yields ri+(a)−ri−(a) = ci−(a),a−ci+(a),a (a = 1, . . . , n) or

Pn
i=0 Siari =

−Pn
i=0 Cia (a = 1, . . . , n). This is written in the matrix form r0S

T
0 + ST r =

−CT
0 −CT 1. Multiplication from the left by T T yields (5.74).



5.5 Systems with Tree Structure 117

in the equations of motion (5.49) of tree-structured systems:

A q̈ = B . (5.84)

The prescribed motion of the carrier body is represented by the vectors ṙ0(t),
r̈0(t), ω0(t) and ω̇0(t) which enter the right-hand side B of the equations.
These terms are zero if the carrier body is inertial space. The term r̈01 −
ω̇0 × (C0T )T in (5.81) accounts for accelerations of articulation points fixed
on the carrier body. Following (5.60) it has been said that C0 equals zero if
the carrier body 0 is connected to the system via a single joint and if r0 is
defined as position vector of the articulation point chosen for this joint.

The equations of motion are particularly simple for systems which have
revolute joints only and which are mounted on a stationary body 0. Many
robots are systems of this kind. Each joint a has a single axial unit vector pa
and a single rotation angle qa around this vector. The matrix p is the diagonal
matrix of the vectors p1, . . . ,pn. As articulation points points on the joint
axes are chosen. This has the consequence that not only the vectors ci−(a),a

but also the vectors ci+(a),a and, hence, all vectors in the matrix C are body-
fixed vectors. Furthermore, k = 0, w = 0 and s = 0. The essential kinematics
equations have the special forms

ṙ = a1q̇ , r̈ = a1q̈ + b1 ,
ω = a2q̇ , ω̇ = a2q̈ + b2

}
(5.85)

with matrices

a1 = (CT )T × a2 , b1 = (CT )T × b2 − TTh ,

a2 = −(pT )T , b2 = −TT f .

}
(5.86)

In Sect. 5.7 systems are investigated in which all joints are spherical joints,
and in Sect. 5.8 the special case of planar motions of systems with revolute
joints is considered.

For systems without kinematical constraints to inertial space equations
of motion have the special form (5.50):

Âq̈ = B̂ . (5.87)

According to (5.48) the matrices Â and B̂ are obtained from (5.83) if a1 is
replaced by μTa1 and b1 by μTb1. These matrices are

μTa1 = (CT μ)T × a2 − (kT μ)T , (5.88)

μTb1 = (CT μ)T × b2 − (T μ)T (s + h) , b2 = −TT (w + f) . (5.89)

The terms representing the motion of body 0 are eliminated because of the
first Eq. (5.40).
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