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Stochastic Integration with Respect to fBm
and Related Topics

2.1 Pathwise Stochastic Integration

2.1.1 Pathwise Stochastic Integration in the Fractional
Sobolev-type Spaces

In this subsection we consider pathwise integrals
∫ T

0
f(t)dBH

t for processes f
from the fractional Sobolev type spaces Iα

a+(Lp) for some p > 1. This approach
was developed by Zähle (Zah98), (Zah99), (Zah01).

Consider two nonrandom functions f and g defined on some interval
[a, b] ⊂ R and suppose that the limits f(u+) := limδ↓0 f(u + δ) and g(u−) :=
limδ↓0 g(u − δ), a ≤ u ≤ b, exist. Put fa+(x) := (f(x) − f(a+))1(a,b)(x),
gb−(x) := (g(b−) − g(x))1(a,b)(x). Suppose also that fa+ ∈ Iα

a+(Lp[a, b]),
gb− ∈ I1−α

b− (Lp[a, b]) for some p ≥ 1, q ≥ 1, 1/p + 1/q ≤ 1, 0 ≤ α ≤ 1. Then,
evidently, Dα

a+fa+ ∈ Lp[a, b], D1−α
b− gb− ∈ Lq[a, b].

Definition 2.1.1. The generalized (fractional) Lebesgue–Stieltjes integral
∫ b

a
f(x)dg(x) is defined as

∫ b

a

f(x)dg(x) :=
∫ b

a

(Dα
a+fa+)(x)(D1−α

b− gb−)(x)dx + f(a+)(g(b−) − g(a+)).

Lemma 2.1.2. Definition 2.1.1 does not depend on the possible choice of α.

Proof. Let fa+ ∈ (Iα
a+ ∩ Iα+β

a+ )(Lp[a, b]), gb− ∈ (I1−α
b− ∩ I1−α−β

b− )(Lq[a, b]) for
some α, β such that 0 ≤ α ≤ 1, 0 ≤ α + β ≤ 1, 1/p + 1/q ≤ 1. Then, ac-
cording to (1.1.5) (composition formula for fractional derivatives) and (1.1.6)
(integration-by-parts formula),

∫ b

a

(Dα+β
a+ fa+)(x)(D1−α−β

b− gb−)(x)dx
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=
∫ b

a

(Dβ
a+Dα

a+fa+)(x)(D1−α−β
b− gb−)(x)dx

=
∫ b

a

(Dα
a+fa+)(x)(Dβ

b−D1−α−β
b− gb−)(x)dx

=
∫ b

a

(Dα
a+fa+)(x)(D1−α

b− gb−)(x)dx.

��

Let αp < 1. Then fa+ ∈ Iα
a+(Lp[a, b]) if and only if f ∈ Iα

a+(Lp[a, b]) and
in this case we can simplify the formula for the generalized integral:
∫ b

a
f(x)dg(x) =

∫ b

a

(
(Dα

a+f)(x) − 1
Γ (1−α) ·

f(a+)
(x−a)α

)
(D1−α

b− gb−)(x)dx

+ f(a+)(g(b−) − g(a+)) =
∫ b

a
(Dα

a+f)(x)(D1−α
b− gb−)(x)dx

− f(a+)I1−α
b− (D1−α

b− g)(a) + f(a+)(g(b−) − g(a+))
=
∫ b

a
(Dα

a+f)(x)(D1−α
b− gb−)(x)dx.

(2.1.1)

Lemma 2.1.3. Let gb− ∈ I1−α
b− (Lq[a, b]) ∩ C[a, b] for some q > 1

1−α and
0 < α < 1. Then for any a < c < d < b

∫ b

a

(Dα
a+1[c,d))(x)(D1−α

b− gb−)(x)dx = g(d) − g(c). (2.1.2)

Proof. We have that

(Dα
a+1[c,d))(x) =

⎧
⎪⎨

⎪⎩

0, x ≤ c,
(x−c)−α

Γ (1−α) , c < x ≤ d,
(x−c)−α−(x−d)−α

Γ (1−α) , d ≤ x ≤ b.

Therefore, by using (2.1.1), we obtain for αp < 1, or q > 1
1−α , that

∫ b

a
(Dα

a+1[c,d))(x)(D1−α
b− gb−)(x)dx = 1

Γ (1−α)

∫ b

c
(x − c)−α(D1−α

b− gb−)(x)dx

− 1
Γ (1−α)

∫ b

d
(x − d)−α(D1−α

b− gb−)(x)dx = I1−α
b− (D1−α

b− gb−)(c)
− I1−α

b− (D1−α
b− gb−)(d) = g(d) − g(c).

��

Corollary 2.1.4. Let the function g ∈ Cλ[a, b] for some λ ≤ 1, then
gb− ∈ I1−α

b− (Lp[a, b]) for any p ≥ 1 and 1 − α < λ. So, we can put p > 2/λ,
α = 1 − λ/2 and obtain for g (2.1.2).

Corollary 2.1.5. For any step function fπ(x) =
n−1∑

k=0

ck1[xk,xk+1 )(x) with

a = x0 < · · · < xn = b and g satisfying the conditions of Lemma 2.1.3, we

have that
∫ b

a
f(x)dg(x) =

n−1∑

k=0

ck(g(xk+1) − g(xk)).
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Further we suppose that g(b−) = g(b) and g(a+) = g(a).
Denote by BV [a, b] the class of functions of bounded variation on [a, b].

Lemma 2.1.6. Let the functions fa+ ∈ Iα
a+(Lp[a, b]), gb− ∈ I1−α

b− (Lq[a, b]) ∩
BV [a, b] with p ≥ 1, q ≥ 1, 1/p + 1/q ≤ 1 and

∫ b

a

Iα
a+(|(Dα

a+f)|)(x)|g|(dx) < ∞. (2.1.3)

Then ∫ b

a

f(x)dg(x) = (L-S)
∫ b

a

f(x)dg(x).

Proof. We have that

(L-S)
∫ b

a
f(x)dg(x) = (L-S)

∫ b

a
Iα
a+(Dα

a+f)(x)dg(x)
= 1

Γ (1−α) (L-S)
∫ b

a
(
∫ x

a
(x − y)α−1(Dα

a+f)(y)dy)dg(x).
(2.1.4)

Condition (2.1.3) together with Fubini theorem permits us to change the order
of integration:

(L-S)
∫ b

a
(
∫ x

a
(x − y)α−1(Dα

a+f)(y)dy)dg(x)
=
∫ b

a
(Dα

a+f)(y)(
∫ b

y
(x − y)α−1dg(x))dy

= (α − 1)
∫ b

a
(Dα

a+f)(y)(
∫ b

y
(
∫∞

x
(z − y)α−2dz)dg(x))dy.

(2.1.5)

Further, if y ∈ (a, b) is the point of continuity of function g, then
∫ b

y
(
∫∞

x
(z − y)α−2dz)dg(x) =

∫ b

y
(
∫ z

y
dg(x))(z − y)α−2dz

+
∫∞

b
(
∫ b

y
dg(x))(z − y)α−2dz =

∫ b

y
g(z)−g(y)
(z−y)2−α dz

+ g(b)−g(y)
(α−1)(b−y)α−1 = Γ (α)

α−1 (D1−α
b− gb−)(y).

(2.1.6)

Since set of discontinuity points of g is at most countable , and taking (2.1.4)–
(2.1.6) together, we obtain the proof. ��

Now we consider the case of Hölder functions f and g. The existence of
(R-S)

∫ b

a
fdg for f ∈ Cλ[a, b], g ∈ Cµ[a, b] with λ + µ > 1 was established by

Kondurar (Kon37). Moreover, this integral coincides with
∫ b

a
fdg , as the next

theorem states.
Let f ∈ Cλ[a, b] for some 0 < λ ≤ 1 and |f(x) − f(y)| ≤ c(λ)|x − y|λ,

x, y ∈ [a, b]. Consider the following step function:

fπ(x) =
n−1∑

k=0

f(xk)1[xk,xk+1 )(x),

where the partition π = {a = x0 < x1 < · · · < xn = b}.
Evidently, lim|π|→0 supπ ‖fπ − f‖L∞[a,b] = 0.
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Theorem 2.1.7. 1) For any 0 < α < λ

lim
|π|→0

sup
π

∥
∥(Dα

a+fπ) − (Dα
a+f)

∥
∥

L1[a,b]
= 0.

2) Let f ∈ Cλ([a, b]), g ∈ Cµ[a, b] with λ + µ > 1, then (R-S)
∫ b

a
fdg exists

and ∫ b

a

fdg = (R-S)
∫ b

a

fdg.

Proof. 1) It is sufficient to prove that
∫ b

a
|fπ(x)−f(x)|

(x−a)α dx → 0 and
∫ b

a

∫ x

a
(x − y)−α−1|fπ(x) − f(x) − fπ(y) + f(y)|dy dx → 0 as |π| → 0. But

|fπ(x) − f(x)| ≤ |f(xk) − f(x)| ≤ c(λ)|π|λ for x ∈ [ xk, xk+1 ), therefore
∫ b

a
|fπ(x)−f(x)|

(x−a)α dx ≤ c(λ)|π|λ (b−a)1−α

1−α → 0 as |π| → 0. Also, for x ∈ [ xk, xk+1 )

A(x) :=
∫ x

a
(x − y)−α−1|fπ(x) − f(x) − fπ(y) + f(y)|dy

=
k−1∑

i=0

∫ xi+1

xi
(x − y)−α−1|f(xk) − f(x) − f(xi) + f(y)|dy

+
∫ x

xk
(x − y)−α−1|f(y) − f(x)|dy ≤ 2c(λ)

k−1∑

i=0

∫ xi+1

xi
(x − y)−α−1dy · |π|λ

+ c(λ)
∫ x

xk
(x − y)λ−α−1dy ≤ 2c(λ)|π|λ (x−xk)−α

1−α + c(λ) (x−xk)λ−α

λ−α

≤ 3c(λ) |π|
λ−α

λ−α ,

which means that
∫ b

a
A(x)dx → 0 as |π| → 0.

2) We take 1 − µ < α < λ, then the fractional derivatives Dα
a+f(x) and

(D1−α
b− g)b−(x) exist, and, moreover,

|(D1−α
b− g)b−(x)| ≤ 1

Γ (1−α)

(
|g(b)−g(x)|
(b−x)1−α + (1 − α)

∫ b

x
|g(y)−g(x)|
(y−x)2−α dy

)

≤ 1
Γ (1−α) · c(λ)(b − x)µ+α−1

(
1 + 1−α

µ+α−1

)
≤ C

for some constant C. Therefore, according to part 1) of the proof,

|
∫ b

a
fπdg −

∫ b

a
fdg| ≤

∫ b

a
|(Dα

a+fπ)(x) − (Dα
a+f)(x)||(D1−α

b− g)b−(x)|dx

≤ C
∫ b

a
|(Dα

a+fπ)(x) − (Dα
a+f)(x)|dx → 0,

(2.1.7)
as |π| → 0.

Furthermore, according to Corollary 2.1.5,

∫ b

a
fπdg =

n−1∑

k=0

f(xk)(g(xk+1) − g(xk)) → (R-S)
∫ b

a
fdg, (2.1.8)

and from (2.1.7)–(2.1.8) we obtain the desired equality. ��

Now we establish the properties of generalized integral
∫ t

s
fdg as the func-

tion of upper and lower boundaries.
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Lemma 2.1.8 ((Zah98)). 1) Let a ≤ s < t ≤ b and the functions f and g
satisfy the assumptions
(i) (f · 1(s,t)) ∈ Iα

+(Lp[a, b]), gb− ∈ I1−α
− (Lq[a, b]) for some 0 < α < 1,

p ≥ 1, q ≥ 1, 1/p + 1/q ≤ 1,
(ii) fs+ ∈ Iα′

+ (Lp′ [s, t]), gt− ∈ I1−α′

− (Lq′ [s, t]) for some 0 < α′ < 1,
p′ ≥ 1, q′ ≥ 1, 1/p′ + 1/q′ ≤ 1. Then

∫ b

a

1(s,t)fdg =
∫ t

s

fdg.

2) The equality ∫ t

s

fdg +
∫ u

t

fdg =
∫ u

s

fdg

holds for a ≤ s < t < u ≤ b, if all the integrals exist as generalized Lebesgue–
Stieltjes integrals.

Proof. 1) Let {ϕn(x), x ∈ R} be a sequence of smooth kernels, i.e.
ϕn ∈ C∞(R), ϕn ≥ 0, ϕn = 0 outside [−1/n, 0] and

∫ 0

−1/n
ϕn(x)dx = 1. More

exactly, let ϕn(x) = nϕ(nx) for ϕ ∈ C∞(R), ϕ = 0 outside of [−1, 0]. Then
we can approximate the function gb− by smooth functions gn := gb− ∗ϕn, and
the following properties hold:

gn(b−) = n
∫
[x−b,x−a]∩[−1/n,0]

(g(b−) − g(x − t))ϕ(nt)dt |x=b−= 0;
(D1−α

b− gn)(x) = D1−α
b− (

∫
R

gb−(x − t)ϕn(t)dt)
= 1(a,b)(x)(Γ (1 − α))−1

(∫
R

gb−(x − t)ϕn(t)dt(b − x)α−1

+ α
∫ b

x
(y − x)2−α(

∫
R
(gb−(x − t) − gb−(y − t))ϕn(t)dt)dy

)

= 1(a,b)(x)

Γ (1−α)

∫
R

ϕn(t)
(

gb−(x−t)
(b−x)1−α + α

∫ b

x
gb−(x−t)−gb−(y−t)

(y−x)2−α dy
)

dt

= 1(a,b)(x)((D1−α
b− gb−) ∗ ϕn)(x);

(2.1.9)

∥
∥(D1−α

b− gn) − (D1−α
b− gb−)

∥
∥q

Lq [a,b]∥
∥(D1−α

b− gb−) ∗ ϕn − (D1−α
b− gb−)

∥
∥q

Lq [a,b]

=
∫ b

a
|
∫ 0

−1
((D1−α

b− gb−)(x − t
n ) − (D1−α

b− gb−)(x))ϕ(t)dt|qdx

≤ C
∫ b

a

∫ 0

−1
|(D1−α

b− gb−)(· − t
n ) − (D1−α

b− gb−)(·)|qdt dx → 0, n → ∞.

(2.1.10)
Therefore, from this Lq-convergence, from Lemma 2.1.2 and the properties

of convolutions,
∫ b

a
1(s,t)fdg =

∫ b

a
(Dα

a+1(s,t)f)(u)(D1−α
b− gb−)(u)du

= limn→∞
∫ b

a
(Dα

a+1(s,t)f)(u)(D1−α
b− gn)(u)du

= limn→∞
∫ b

a
(1(s,t)f)(u)g′n(u)du = limn→∞

∫ t

s
f(u)(gb− ∗ ϕ′

n)(u)du.

Further, for any c > 0 (c ∗ ϕ′
n)(u) = 0, therefore
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∫ t

s

f(u)(gb− ∗ ϕ′
n)(u)du =

∫ t

s

f(u)(g ∗ ϕ′
n)(u)du

=
∫ t

s

f(u)(gt− ∗ ϕ′
n)(u)du,

(2.1.11)

and

limn→∞
∫ t

s
f(u)(gb− ∗ ϕ′

n)(u)du = limn→∞
∫ t

s
f(u)(gt− ∗ ϕ′

n)(u)du

= limn→∞
∫ t

s
f(u)(gt− ∗ ϕn)′(u)du.

(2.1.12)

Thanks to Lemma 2.1.2, assumption (ii), (2.1.9) and (2.1.10), applied to t
instead of b,

limn→∞
∫ t

s
f(u)(gt− ∗ ϕn)′(u)du

= limn→∞
∫ t

s
(Dα′

s+fs+)(u)(D1−α′

t− (gt− ∗ ϕn))(u)du

= limn→∞
∫ t

s
(Dα′

s+fs+)(u)((D1−α′

t− gt−) ∗ ϕn)(u)du

=
∫ t

s
(Dα′

s+fs+)(u)(D1−α′

t− gt−)(u)du =
∫ t

s
fdg,

(2.1.13)

and we obtain the first statement. The second one we obtain by using some
of the equalities from (2.1.11):

∫ t

s
fdg +

∫ u

t
fdg = limn→∞

∫ t

s
f(r)(g ∗ ϕ′

n)(r)dr
+ limn→∞

∫ u

t
f(r)(g ∗ ϕ′

n)(r)dr = limn→∞
∫ u

s
f(r)(g ∗ ϕ′

n)(r)dr
=
∫ u

s
fdg.

��

2.1.2 Pathwise Stochastic Integration in Fractional Besov-type
Spaces

In this subsection we consider the approach to pathwise stochastic integration
in fractional Besov-type spaces, introduced by Nualart and Rǎşcanu (NR00)
(see also (CKR93) and (NO03a)).

Consider the following functional spaces. Let for 0 < β < 1
ϕβ

f (t) := |f(t)|+
∫ t

0
|f(t)−f(s)|(t−s)−β−1ds, and W β

0 = W β
0 [0T ] be the space

of real-valued measurable functions f : [0, T ] → R such that

‖f‖0,β := sup
t∈[0,T ]

ϕβ
f (t) < ∞.

Furthermore, let W β
1 = W β

1 [0, T ] be the space of real-valued measurable func-
tions f : [0, T ] → R such that

‖f‖1,β := sup
0≤s<t≤T

(
|f(t) − f(s)|

(t − s)β
+
∫ t

s

|f(u) − f(s)|
(u − s)1+β

du

)

< ∞
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and W β
2 = W β

2 [0, T ] be the space of real-valued measurable functions
f : [0, T ] → R such that

‖f‖2,β :=
∫ T

0

|f(s)|
sβ

ds +
∫ T

0

∫ s

0

|f(s) − f(u)|
(s − u)β+1

du < ∞.

Note that the spaces W β
i , i = 0, 2 are Banach spaces with respect to corre-

sponding norms and ‖f‖1,β is not the norm in a usual sense.
Moreover, for any 0 < ε < β ∧ (1 − β)

Cβ+ε[0, T ] ⊂ W β
i [0, T ] ⊂ Cβ−ε[0, T ], i = 0, 1, Cβ+ε[0, T ] ⊂ W β

2 [0, T ].

Therefore, the trajectories of fBm BH for a.a. ω ∈ Ω, any T > 0 and any
0 < β < H belong to W β

1 [0, T ].
Let f ∈ W β

1 [0, T ]. Then its restriction to [0, t] ⊂ [0, T ] belongs to
Iβ
−(L∞[0, t]) and

Λβ(f) := sup
0≤s<t≤T

|(Dβ
t−ft−)(s)| ≤ 1

Γ (1 − β)
‖f‖1,β < ∞.

The restriction of f ∈ W β
2 [0, T ] to [0, t] ⊂ [0, T ] belongs to Iβ

+(L1[0, t]).
Now, let f ∈ W β

2 [0, T ], g ∈ W 1−β
1 [0, T ]. Then for any 0 < t ≤ T there

exists the Lebesgue integral
∫ t

0
(Dβ

0+f)(x)(D1−β
t− gt−)(x)dx, so we can define

∫ t

0
fdg according to Definition 2.1.1 and formula (2.1.2). Moreover, for any

0 < t ≤ T
∫ t

0
fdg =

∫ T

0
1(0,t)fdg, and the integral

∫ t

0
fdg admits an estimate

|
∫ t

0
fdg| ≤

∫ t

0
|(Dβ

0+f)(x)||(D1−β
t− gt−)(x)|dx

≤ Λ1−β(g)‖f‖2,β ≤ (Γ (β))−1‖g‖1,1−β‖f‖2,β .

Further we fix some 0 < β < 1/2.

Lemma 2.1.9 ((NR00)). 1. Let f ∈ W β
0 [0, T ], g ∈ W 1−β

1 [0, T ], Gt(f) :=∫ t

0
fdg, t ∈ [0, T ]. Then

ϕβ
G·(f)(t) ≤ C1

β,T Λ1−β(g)
∫ t

0

((t − s)−2β + s−β)ϕβ
f (s)ds.

2. Let f ∈ W β
0 [0, T ], g ∈ W 1−β

1 [0, T ]. Then G·(f) ∈ C1−β [0, T ] and

‖G(f)‖1,1−β ≤ C2
β,T Λ1−β(g)‖f‖0,β .

Here Ci
β,T , i = 1, 2 depend only on T and β.

Proof. 1. It is not hard to check that for f ∈ W β
0 [0, T ] and g ∈ W 1−β

1 [0, T ]
condition 1) of Lemma 2.1.8 holds. Therefore, evidently,
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|Gt(f) − Gs(f)| = |
∫ t

s
fdg| ≤

∫ t

s
|(Dβ

s+f)(u)||(D1−β
t− gt−)(u)|du

≤ Λ1−β(g)
∫ t

s

(
|f(u)|
(u−s)β + β

∫ u

s
|f(u)−f(v)|
(u−v)β+1 dv

)
du.

(2.1.14)

From (2.1.14) it follows that
∫ t

0
|Gt(f)−Gu(f)|

(t−u)β+1 du ≤ Λ1−β(g)
(∫ t

0
|f(u)|(

∫ u

0
(t − s)−β−1(u − s)−βds)du

+
∫ t

0

∫ u

0
|f(u)−f(v)|
(u−v)β+1 (t − v)−βdv du

)
.

(2.1.15)
The first integral on the right-hand side of (2.1.15) can be estimated as
C
∫ t

0
|f(u)|(t − u)−2βdu with C =

∫∞
0

(1 + u)−β−1u−βdu, and the second one
can be estimated as

∫ t

0
(t − u)−β

∫ u

0
|f(u)−f(v)|
(u−v)β+1 dv du.

Since (t − u)−2β ≥ (t − u)−βT−β , we obtain from (2.1.15) that
∫ t

0

|Gt(f) − Gu(f)|
(t − u)β+1

du ≤ Λ1−β(g)(C + T β)
∫ t

0

(t − u)−2βϕβ
f (u)du. (2.1.16)

Further, from (2.1.14) it follows that

|Gt(f)| ≤ Λ1−β(g)
∫ t

0

(
|f(u)|

uβ + β
∫ u

0
|f(u)−f(v)|
(u−v)β+1 dv

)
du

≤ Λ1−β(g)(1 + βT β)
∫ t

0
u−βϕβ

f (u)du,
(2.1.17)

and the proof follows from (2.1.16)–(2.1.17).
2. It follows from (2.1.14) that

|Gt(f) − Gs(f)| ≤ Λ1−β(g)
1 + βT β

1 − β
‖f‖0,β(t − s)1−β ,

and from (2.1.17) we obtain that

|Gt(f)| ≤ Λ1−β(g)
1 + βT β

1 − β
T 1−β‖f‖0,β ,

whence the proof follows with C2
β,T = (1 ∨ T 1−β) 1+βT β

1−β . ��

Similar but more simple estimates hold for the Lebesgue integral Ft(f) =∫ t

0
f(s)ds, so we omit the proof of the following lemma.

Lemma 2.1.10 ((NR00)). 1. Let 0 < β < 1 and f : [0, T ] → R be a measur-
able function with supt∈[0,T ]

∫ t

0
|f(s)|(t − s)−βds < ∞.

Then

ϕβ
F·(f)(t) ≤ C3

β,T

∫ t

0

|f(s)|(t − s)−βds,

with C3
β,T = T β + 1/β.

2. Let f be bounded on [0, T ]. Then F (f) ∈ C1[0, T ] and
‖F (f)‖0,β ≤ C4

β,T f∗
T , where f∗

T := supt∈[0,T ] |f(t)|, C4
β,T depends on β and T .
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2.2 Pathwise Stochastic Integration w.r.t.
Multi-parameter fBm

2.2.1 Some Additional Properties of Two-parameter Fractional
Integrals and Derivatives

Throughout this section we consider two-parameter functions and fields. The
first result can be proved similarly to the one-parameter case. Let the rectangle
P = [a, b] be fixed.

Lemma 2.2.1. 1. Let f ∈ Iβ1β2
± (Lp(P)) for some p > 1. Then

limβ1→0,β2→0 Dβ1β2
a+(b−)f(x) = f(x), where the limit is in Lp(P). 2. Let, in

addition, the function f be twice continuously differentiable in the neighbor-
hood of the point x. Then limβ1→1,β2→1 Dβ1β2

a+(b−)f(x) = ∂2f
∂x1∂x2

(x). So, we can
put D00

a+(b−)f := f , D11
a+(b−)f := f .

Theorem 2.2.2. Let 0 < βi < 1 and 1 < p < β−1
1 ∨ β−1

2 . Then the operator
Iβ1β2
a+ is bounded from Lp(P) into Lq(P), where

1 < q < p((1 − β1p)−1 ∧ (1 − β2p)−1).

Proof. Denote r := p((1−β1p)−1∨ (1−β2p)−1). Since r > p, it is sufficient to
consider q ∈ (p, r). Then for 1

p′ + 1
p = 1, 1

p′
i
+ 1

r = 1−βi, from the generalized
Hölder inequality, it holds that

|(Iβ1β2
a+ f)(x)| ≤ C

(∫

[a,x]

|f(u)|p
∏

i=1,2

(xi − ui)(βi−1)γqdu
) 1

q

×
(∫

[a,x]

|f(u)|pdu
) 1

p− 1
q
(∫

[a,x]

∏

i=1,2

(xi − ui)(βi−1)(1−γ)p′
dui

) 1
p′

≤ C ‖f‖1− p
q

Lp(P)

(∫

[a,x]

|f(u)|p
∏

i=1,2

(xi − ui)(βi−1)γqdu
) 1

q

.

Here we choose γ satisfying the inequalities (1 − βi)γq < 1 and (1 − βi)(1 −
γ)p′ < 1, which is equivalent to 1 − (p′(1 − βi))−1 < γ < (q(1 − βi))−1. Such
a choice is possible, since the inequality 1 − (p′(1 − βi))−1 < (q(1 − βi))−1 is
equivalent to q < p(1−βip)−1, and this is evident under our suppositions. By
integration over P we obtain that

∥
∥
∥Iβ1β2

a+ f
∥
∥
∥

Lq(P)
≤ C ‖f‖1− p

q

Lp(P)

(∫

P
|f(u)|pdu ·

∫

P

∏

i=1,2

(xi − ui)(βi−1)γqdx

) 1
q

≤ C ‖f‖Lp(P) .

��



132 2 Stochastic Integration with Respect to fBm and Related Topics

Corollary 2.2.3. Let f ∈ Lp(P), g ∈ Lq(P), Iβ1β2
a+ g ∈ Lr(P) for 1/p+1/r =

1 and r < q((1 − β1q)−1 ∧ (1 − β2q)−1), i.e. 1/p + 1/q < 1 + β1 ∧ β2. Then
∫

P
f(u)Iβ1β2

a+ g(u)du =
∫

P
g(u)Iβ1β2

b− f(u)du.

Evidently,
Iρ1ρ2
± Iβ1β2

± = Iρ1+β1ρ2+β2
± on L1(P);

for f ∈ Iρ1+β1ρ2+β2
± (L1(P)), ρi, βi ≥ 0, ρi + βi ≤ 1

Dρ1ρ2
a+(b−)D

β1β2
a+(b−)f = Dρ1+β1ρ2+β2

a+(b−) f ;

for f ∈ Iρ1ρ2
a+(b−)(Lp(P)), g ∈ Iρ1ρ2

b− (Lq(P)), p, q > 1, 1/p + 1/q < 1 + ρ1 ∧ ρ2

∫

P
Dρ1ρ2

a+ f(u)g(u)du =
∫

P
f(u)Dρ1ρ2

b− g(u)du.

2.2.2 Generalized Two-parameter Lebesgue–Stieltjes Integrals

We suppose that all the functions, considered on some rectangle P = [a, b],
belong to the space D(P), i.e. they have the limits in all the quadrants,

Q++(x) = {s ∈ P|s ≥ x}, Q+−(x) = {s ∈ P|s1 ≥ x1, s2 < x2},
Q−+(x) = {s ∈ P|s1 < x1, s2 ≥ x2}, Q−−(x) = {s ∈ P|s < x},

f(x) = lims→x,s≥x f(s), and on the sides of rectangle the limits that can be de-
fined are supposed to exist and denoted as f(x1, b2−), f(b1−, x2), f(b−). De-
note fa+(x) = ∆af(x), x ∈ P, and fb−(x) := f(x)−f(x1, b2−)−f(b1−, x2)+
f(b−).

Definition 2.2.4. Let f, g : P → R. The generalized two-parameter
Lebesgue–Stieltjes integral of f w.r.t. g is defined by
∫

P
fdg :=

∫

P
(Dβ1β2

a+ fa+)(u)(D1−β11−β2
b− gb−)(u)du

+
∑

i=1,2

∫ bi

ai

(Dβi

ai+fai+)(u, ai)(D
1−βi

bi− )(gbi−(u, bi−) − gbi−(u, bi−))du

+ f(a)∆ag(b), (2.2.1)

under the assumption that all the integrals on the right-hand side exist.

A more convenient formula for
∫
P fdg has a form

∫

P
fdg =

∫

P
(Dβ1β2

a+ f)(u)(D1−β11−β2
b− gb−)(u)du.

(We do not specify here the conditions ensuring the latter equality but it is
very easy to do it, similarly to the one-parameter case.) The next results also
can be proved similarly to the one-parameter case ((SKM93) and (Zah98)).
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Theorem 2.2.5. Definition 2.2.4 is correct, i.e. the right-hand side of (2.2.1)
does not depend on the choice of βi, i = 1, 2.

Theorem 2.2.6. Let f : P → R, f ∈ Cλ1λ2(P) and λi + βi < 1, i = 1, 2,
0 < βi < 1. Then Iβ1β2

a+(b−)(fa+(b−)) ∈ Cλ1+β1λ2+β2(P).

Theorem 2.2.7. Let the function f ∈ Cλ1λ2(P). Then for any p ≥ 1 and
0 < εi < λi, i = 1, 2

fa+(b−) ∈ Iε1ε2
± (Lp(P))

and
Dε1ε2

a+(b−)fa+(b−) ∈ Cλ1−ε1λ2−ε2(P).

Theorem 2.2.8. Let f ∈ C(P), g ∈ BV (P), f ∈ Iβ1β2
+ (Lp(P)), gb− ∈

I1−β11−β2
− (Lq(P)), i = 1, 2, j = 3 − i, 1

p + 1
q ≤ 1, 0 ≤ βi ≤ 1, i = 1, 2.

Then the generalized two-parameter Lebesgue–Stieltjes integral
∫
P fdg equals

the Riemann–Stieltjes integral
∫
P f(x)dg(x).

Theorem 2.2.9. 1. Let g ∈ Cλ1λ2(P) for some 0 < λi ≤ 1, i = 1, 2. Then
for any P1 = [c, d) ⊂ P ∫

P
1P1dg = ∆cg(d).

2. Let g ∈ Cλ1λ2(P) and let the partition π = π1 ×π2, where πi = {ai = xi
0 <

· · · < xi
ni

= bi} be the partition of [ai, bi].

Also, let fπ(x) =
∑

i=1,2

ni−1∑

ji=0

fj1j21Pj1j2
(x), where Pj1j2 =

∏
i=1,2[x

i
ji

, xi
ji+1).

Then
∫
P fπdg =

∑

i=1,2

ni−1∑

ji=0

fj1j2∆xj
g(xj+1), where xj = (x1

j1
, x2

j2
).

Now, let πn be the sequence of partitions of rectangle P, πn ⊂ πn+1

and |πn| = maxi=1,2 max0≤ji≤ni,n−1(x
i,n
ji+1 − xi,n

ji
). Let f : P → R, fj1j2 =

f(xn
ji+1). We say that the partitions πn are uniform, if n

(n)
1 = n

(n)
2 and xi,n

ji+1−
xi,n

ji
= bi−ai

n
(n)
1

, i = 1, 2.

Theorem 2.2.10. 1. Let f ∈ Cλ1λ2(P) for some 0 < λi ≤ 1, i = 1, 2. Then

lim
n→∞

sup
πn

‖fπn
− f‖L∞(P) = 0,

where supπn
is taken over all the sequences of partitions mentioned above.

2. limn→∞ supπ′
n

∥
∥
∥Dβ1β2

a+ (fπ′
n
)a+ − Dβ1β2

a+ fa+

∥
∥
∥

L1(P)
= 0,

for any β1 ∨ β2 < λ1 ∧ λ2 and all the sequences of uniform partitions of P.
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Proof. The first statement is a direct consequence of uniform continuity f on
P. Further, let gn(x) = fπ′

n
(x)−f(x). For the second statement it is sufficient

to prove that any of the following functions

Gn
1 (x) := gn(x)(x − a1)−β1(y − a2)−β2 ,

Gn
2 (x) := (x2 − a2)−β2

∫ x1

a1

(
gn(x) − gn(s1, x2)

)
(x1 − s1)−1−β1ds1,

Gn
3 (x) := (x1 − a1)−β1

∫ x2

a2

(
gn(x) − gn(x1, s2)

)
(x2 − s2)−1−β2ds2,

Gn
4 (x) :=

∫

[a,x]

∆sgn(x)
∏

i=1,2

(xi − si)−1−βids

tends to zero in L1(P). First, note that |gn(x)| ≤ C(|πn|λ1 + |πn|λ2), whence
‖Gn

1‖L1(P) ≤ C(|πn|λ1 + |πn|λ2)
∏

i=1,2

(bi − ai)1−βi → 0, n → ∞. Further, let

the point x ∈ Pn
j :=

∏
i=1,2[x

i,n
ji

, xi,n
ji+1

) =: [xn
j , xn

j+1). Then it holds that

Gn
2 (x) = (x2 − a2)−β2

(
j1−1∑

k=0

∫ x1,n
k+1

x1,n
k

(x1 − s1)−1−β1ds1

+
∫ x1

xj1

gn(x, xn
j , s1)(x1 − s1)−1−β1ds1

)

,

where gn(x, xn
j , s1) = f(xn

j ) − f(x) − f(x1,n
k , x2,n

j2
) + f(s1, x2). Therefore,

|Gn
2 (x)|I{x ∈ Pn

j }

≤ C(x2 − a2)−β2

⎡

⎣
( ∑

i=1,2

|xi,n
ji

− xi|λi

)∫ x1,n
j1

a1

(x1 − s1)−1−β1ds1

+
j1−1∑

k=0

(
(x1,n

k+1 − x1,n
k )λ1 + (x2,n

j2+1 − x2,n
j2

)λ2
) ∫ x1,n

k+1

x1,n
k

(x1 − s1)−1−β1ds1

+
∫ x

xj1

(x1 − s1)λ1−1−β1ds1

]

≤ C(x2 − a2)−β2

⎡

⎣
∑

i=1,2

(x1 − x1,n
j1

)λi(x1 − x1,n
j1

)−β1

+
j1−1∑

k=0

((x1,n
k+1 − x1,n

k )λ1 + (x2,n
j2+1 − x2,n

j2
)λ2)

∫ x1,n
k+1

x1,n
k

(x1 − s1)−1−β1ds1

+ (x1 − x1,n
j1

)λ1−β1

]
,
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and

‖Gn
1‖L1(P) ≤

∑

j1,j2

‖Gn
1‖L1(Pn

j ) ≤ C
∑

j1,j2

(∫

Pn
j

(
(x2 − a2)−β2(x1 − x1,n

j1
)λ1−β1

+ (x2 − a2)−β2(x2 − x2,n
j2

)λ2(x1 − x1,n
j1

)−β1

+
j1−1∑

k=0

(x1,n
k+1 − x1,n

k )λ1(x2 − a2)−β2

∫ x1,n
k+1

x1,n
k

(x1 − s1)−1−β1ds1

+ (x2 − a2)−β2(x2,n
j2+1 − x2,n

j2
)λ1

j1−1∑

k=0

∫ x1,n
k+1

x1,n
k

(x1 − s1)−1−β1ds1

+ (x2 − a2)−β2(x1 − x1,n
j1

)λ1−β1

)
dx
)

≤ C(b2 − a2)1−β2

⎛

⎝|πn|λ1−β1 + |πn|λ2

n
(n)
1∑

j1=1

(x1,n
j1+1 − x1,n

j1
)1−β1

+
n

(n)
1 −1∑

j1=0

(x1,n
k+1 − x1,n

k )λ1

∫ x1,n
k+1

x1,n
k

(
∫ b1

x1,n
k+1

(x1 − s1)−1−β1dx1)ds1

+ |πn|λ2

n
(n)
1 −1∑

j1=0

∫ x1,n
k+1

x1,n
k

∫ x1,n
k

a1

(x1 − s1)−1−β1ds1dx1 + |πn|λ1−β1

⎞

⎠ .

(2.2.2)
The first, third and fifth terms on the right-hand side of (2.2.2) are bounded
from above by C|πn|λ1−β1 → 0, n → ∞, and it is true for any πn. The second
and fourth terms can be effectively estimated when πn = π′

n is uniform. In
this case

|π′
n|λ2

n
(n)
1∑

j1=1

(x1,n
j1+1 − x1,n

j1
)1−β1 ≤ C

(n(n)
1 )λ2−β1

→ 0, n → ∞,

and

|π′
n|λ2

n
(n)
1 −1∑

j1=0

∫ x1,n
k+1

x1,n
k

∫ x1,n
k

a1
(x1 − s1)−1−β1ds1dx1

≤ |π′
n|λ2

n
(n)
1∑

j1=1

(x1,n
j1+1 − x1,n

j1
)1−β1 → 0, n → ∞.

Gn
3 and Gn

4 can be estimated in a similar way. ��

Definition 2.2.11. We say that the two-parameter left Riemann–Stieltjes
integral l-

∫
P fdg exists if the sums Sn have the limit for all sequences of

uniform partitions of P with vanishing diameter.
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Theorem 2.2.12. Let f ∈ Cλ1λ2(P), g ∈ Cµ1µ2(P) and λi +µi > 1, i = 1, 2.
Then the generalized two-parameter Lebesgue–Stieltjes integrals

∫
P fdg and

l-
∫
P fdg exist and coincide.

Proof. It is sufficient to prove that Sn →
∫

P
fdg. But the sums Sn equal

Sn =
∫

P
fπn

dg. Denote f (n) := fπn
. Then

∫

P
f (n)dg =

∫

P
Dβ1β2

a+ f (n)(x)D1−β11−β2
b− gb−(x)dx

for any 1−µi < βi < λi. According to previous theorem, Dβ1β2
a+ f (n) → Dβ1β2

a+ f
in L1(P), whence the proof follows. ��

Remark 2.2.13. We can use the Hölder properties of f in order to establish
that

∫
P fdg = lim S̃n, where

S̃n =
∑

j1j2

(f(x1,n
j1

, ξ2,n
j2

) + f(ξ1,n
j1

, x2,n
j2

) − f(ξn
j ))∆xn

j
g(xn

j+1)

and ξn
j is any point of Pn

j .

2.2.3 Generalized Integrals of Two-parameter fBm in the Case of
the Integrand Depending on fBm

Since the trajectories of two-parameter fBm BH1H2 a.s. belong to
CH1−ε1H2−ε2(P) for any rectangle P ⊂ R

2
+ and any 0 < εi < Hi, the next

result is a direct consequence of Theorem 2.2.12.

Theorem 2.2.14. Let BH1H2 be a two-parameter fBm with Hi ∈ (1/2, 1), and
the function F : R+ × R → R, F ∈ C1(R+ × R). Then there exists the gener-
alized two-parameter Lebesgue–Stieltjes integral

∫
P F (·, BH1H2)dBH1H2 which

coincides with the left Riemann–Stieltjes integral l-
∫

P
F (·, BH1H2)dBH1H2 .

Remark 2.2.15. Theorem 2.2.14 holds if we replace F (·, BH1H2) with any
Hölder field f ∈ Cλ1λ2(P), such that λi + Hi > 1. It means that for such an
f , we can consider the integral

∫
P

fdBH1H2 for any ω ∈ Ω′, P (Ω′) = 1 as the
limit of corresponding integral sums.

2.2.4 Pathwise Integration in Two-parameter Besov Spaces

According to the form of two-parameter forward and backward fractional
Marchaud derivatives (Definition 1.20.8), the Besov type spaces in this case
receive the following form.

Let Pt := [0, t] =
∏

i=1,2[0, ti],

ϕβ1
1 (f)(t) :=

∫ t1
0

|f(t) − f(s1, t2)|(t1 − s1)−β1−1ds1,
ϕβ2

2 (f)(t) :=
∫ t2
0

|f(t) − f(t1, s2)|(t2 − s2)−β2−1ds2,
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ϕβ1β2
3 (f)(t) :=

∫
Pt

|∆sf(t)|(ϕ(t, s, 1 + β))−1ds, 0 < βi < 1,

and ϕβ1β2
f (t) := |f(t)| +

∑

i=1,2

ϕβi

i (f)(t) + ϕβ1β2
3 (f)(t).

Denote by W β1,β2
0 (PT ) the Banach space of measurable functions f : PT →

R, such that
‖f‖0,β1,β2 := sup

t∈PT

ϕβ1β2
f (t) < ∞,

W β1,β2
1 (PT ) the Banach space of measurable functions f : PT → R, such that

‖f‖1,β1,β2 := sup0<s≤t<T

(
|∆sf(t)|

∏

i=1,2

(ti − si)−βi

+ (t2 − s2)−β2
∫ t1

s1
|ft−(u, s2) − ft−(s)|(u − s1)−1−β1du

+ (t1 − s1)−β1
∫ t2

s2
|ft−(s1, v) − ft−(s)|(v − s2)−1−β2dv

+
∫
[s,t]

|∆sf(r)|(ϕ(r, s, 1 + β))−1dr
)

< ∞

(for the notation of ϕ(r, s, β) see Definition 1.20.3) and W β1,β2
2 (PT ) the Ba-

nach space of measurable functions f : PT → R, such that

‖f‖2,β1,β2 :=
∫
PT

(
|f(s)|

∏

i=1,2

s−βi

i + s−β2
2 ϕβ1

1 (f)(s)

+ s−β1
1 ϕβ2

2 (f)(s) + ϕβ1β2
3 (f)(s)

)
ds < ∞.

Similarly to Lemmas 2.1.9 and 2.1.10, the following bounds can be established.
Let 0 < βi < 1/2, i = 1, 2, Gt(f) =

∫
Pt

fdg, Ft(f) =
∫
Pt

fds.

Lemma 2.2.16. 1. Let f ∈ W β1β2
2 (PT ), g ∈ W 1−β1,1−β2

1 (PT ). Then

ϕβ1β2
G·(f)(t) ≤ C1

β1,β2,T Λ1−β11−β2(g)
∫

Pt

∏

i=1,2

(r−βi

i + (ti − ri)−2βi)ϕβ1β2
f (r)dr.

2. Let f ∈ W β1β2
0 (PT ), g ∈ W 1−β1,1−β2

1 (PT ). Then G·(f) ∈ C1−β11−β2(PT )
and

‖G(f)‖1−β1,1−β2 ≤ C2
β1,β2,T Λ1−β11−β2(g)‖f‖0,β1,β2 .

3. Let 0 < βi < 1 and f∗
T := supt∈PT

|f(t)| < ∞. Then
F·(f) ∈ W β1β2

0 (PT ) ∩ C2(PT ) and

‖F (f)‖0,β1,β2 ≤ C3
β1,β2,T f∗

T .

2.2.5 The Existence of the Integrals of the Second Kind of a
Two-parameter fBm

We fix the rectangle P = [0, T ] ⊂ R
2
+ and consider the sequence of uniform

partitions
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πn = {tnj = (T1j1 · 2−n, T2j2 · 2−n), 0 ≤ ji ≤ 2n}.

Let the functions f, g : P → R, f |∂R
2
+

= f0 ∈ R, g|∂R
2
+

= g0 ∈ R,
f ∈ Cλ1λ2(P) and g ∈ Cµ1µ2(P).

Consider the sequence of integral sums of the second kind, i.e.

S̃n :=
2n−1∑

j1,j2=0

f(tnj )∆1
jg∆2

jg,

where ∆1
jg = g(tnj1+1j2

) − g(tnj ), ∆2
jg = g(tnj1j2+1) − g(tnj ).

Theorem 2.2.17. Let λi, µi > 1
2 , λi +µ1 +µ2 > 2, i = 1, 2. Then there exists

limn→∞ S̃n =: S̃. This limit will be called the integral of the second kind of f
w.r.t. g and denoted as S̃ =

∫
P

fd1gd2g.

Proof. Let, for technical simplicity, T1 = T2 = 1. Also, let m > n. Consider
the difference Sn − Sm = Sn − Smn + Smn − Sm, where

Smn =
2n−1∑

j1,j2=0

∑

r∈Aj1

f(r2−m, j22−n)(g((r + 1)2−m, j22−n) − g(r2−m, j22−n))

× (g(r2−m, (j2 + 1)2−n) − g(r2−m, j22−n)),

Aj1 = {r : j12m−n ≤ r < (j1 + 1)2m−n}.

It is sufficient to estimate only Sn−Smn, because Smn−Sm can be estimated
similarly. We have that

|Sn − Smn| ≤ |∆1
mn| + |∆2

mn|,

where

∆1
mn =

2n−1∑

j1,j2=0

∑

r∈Aj1

f(tnj )∆jrg∆1
j2rg,∆2

mn =
2n−1∑

j1,j2=0

∑

r∈Aj1

∆1
jrf∆1

j2rg∆2
j2rg,

∆jrg = ∆tn
j
g(r2−m, (j2 + 1)2−n),

∆1
j2rg = ∆1

(r2−m,j22−n)g((r + 1)2−m, (j2 + 1)2−n),
∆1

jrf = ∆1
tn
j
f(r2−m, j22−n), (j2 + 1)2−n),

∆2
j2rg = ∆2

(r2−m,j22−n)g(r2−m, (j2 + 1)2−n).

Transform ∆1
mn into the sum

∆1
mn =

2n−1∑

j1,j2=0

∑

r∈Aj1

f(tnj )∆j2rg∆1
jrg,

where ∆j2rg = ∆(r2−m,j22−n)(g((r + 1)2−m(j2 + 1)2−n)),
and ∆1

jrg = ∆1
(r2−m,j22−n)g(tnj1+1j2

). The increments ∆j2rg correspond to the
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rectangles ∆j2r = ( r2−m, (r + 1)2−m ] × ( j22−n, (j2 + 1)2−n ], that do not
intersect, and ∪∆j2r = ( 0, 1 ]2. Therefore the sum ∆1

n,m can be presented as
a two-parameter generalized Lebesgue–Stieltjes integral

∫
P f̃mndg, where

f̃mn(s) = f(tnj )∆1
jrg · 1{s∈∆j2r}.

In turn, ∫

P
f̃mndg =

∫

P
(Dβ1β2

0+ f̃mn)(s)(D1−β11−β2
1− g1−)(s)ds,

where 1 = (1, 1), 0 = (0, 0), 1 − µi < βi < λi, i = 1, 2. With such a choice
of βi D1−β11−β2

1− g1− ∈ Cµ1+β1−1µ2+β2−1(P), in particular, there exists such
a C > 0 that |(D1−β11−β2

1− g1−)(s)| ≤ C, s ∈ P. Therefore, it is sufficient to
prove that

∫
P |(Dβ1β2

0+ f̃mn)(s)|ds → 0, n,m → ∞. Since Dβ1β2
0+ f̃mn consists of

four terms, we must consider them separately. Estimate only
∫
P |ϕmni(s)|ds,

where
ϕmn1(s) = s−β2

2

∫ s1

0
(f̃mn(s) − f̃mn(u1, s2))(s1 − u1)−1−β1du1,

and
ϕmn2(s) =

∫
[0,s]

∆uf̃mn(s)
∏

i=1,2

(si − ui)−1−βidu1;

the other two terms can be considered similarly.
Let s ∈ ∆j2r. Then, taking into account that |f(s)| ≤ C for some C > 0,

we obtain that

|ϕmn1(s)| ≤ s−β2
2 (

∫ j12
−n

0
+
∫ r2−m

j12−n )|f̃mn(s) − f̃mn(u1, s2)|(s1 − u1)−1−β1du1

≤ s−β2
2

∫ j12
−n

0
(|f̃mn(s)| + |f̃mn(u1, s2)|)(s1 − u1)−1−β1du1

+ Cs−β2
2

∫ r2−m

j12−n |f(tnj )|(s1 − u1 + 2−m)µ1(s1 − u1)−1−β1du1 ≤ Cs−β2
2

×(2−nµ1(s1 − j12−n)−β1 + (s1 − r2−m)µ1−β1 + 2−mµ1(s1 − r2−m)−β1),

whence

∫
P |ϕmn1(s)|ds ≤ C

2n−1∑

j1,j2=0

∑

r∈Aj1

(
2−nµ1

∫
∆j2r

s−β2
2 (s1 − j12−n)ds

+
∫

∆j2r
s−β2
2 (s1 − r2−m)µ1−β1ds + 2−mµ1

∫
∆j2r

s−β2
2 (s1 − r2−m)−β1ds

)

≤ C(1 − β2)−1(2n(β1−µ1) + 2m(β1−µ1)) → 0, m, n → ∞.

Further, from Hölder properties of f and g, it follows that for
u ≤ (j12−n, j22−n) we have the estimate |∆uf̃mn(s)| ≤ 2(s2 − u2 +
2−n)λ22−nµ1 + C(s2 − u2 + 2−n)µ2(s1 − u1)−nµ1 , for u ∈ (j12−n, r2−m) ×
(0, j22−n) the estimate is |∆uf̃mn(s)| ≤ 2(s2−u2 +2−n)λ2(s1−u1 +2−m)µ1 +
C2−mµ1(s2 − u2 + 2−n)µ2 , and ∆uf̃mn(s) = 0 otherwise. Hence,

|ϕmn2(s)| ≤ C2−nµ1(s1 − j22−n)−β1(s2 − (j1 − 1)2−n)λ2∧µ2−β2

+ C(s1 + j22−n + 2−m)µ1−β1(s2 − j22−m + 2−n)µ2∧µ2−β2 ,
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and
∫
P |ϕmn2(s)|ds ≤ C2n(β1+β2−µ1−µ2∧λ2) → 0,m, n → ∞. So,

|∆1
mn| → 0,m, n → ∞. Now we want to prove that |∆2

mn| → 0,m, n → ∞.
We can present ∆2

mn as

∆2
mn =

2n−1∑

j2=0

∆2,j2
mn ,

where

∆2,j2
mn =

2n−1∑

j1=0

∑

r∈Aj1

∆1
jrf∆1

j2rg∆2
j2rg.

Moreover, ∆2,j2
mn can be presented as one-parameter generalized

Lebesgue–Stieltjes integral
∫ 1

0
ψj2(u)d1g(u, j22−n), where ψj2(u) =

∆1
jrf∆2

j2rg1{r2−m≤u<(r+1)2−m}, ψ(0) = 0. Then
∫ 1

0
ψj2(u)d1g(u, j22−n) =

∫ 1

0
(Dβ

0+ψj2)(u)(D1−β
1− g1−)(u, j22−n)du, where 1 − µ1 < β < 1/2. Evidently,

|(D1−β
1− g1−)(u, j22−n)| ≤ C, therefore, it is sufficient to prove that

2n−1∑

j2=0

∫ 1

0

|(Dβ
0+ψj2)(u)|du → 0,m, n → ∞.

Note that

(Dβ
0+ψj2)(u) = (Γ (1 − β))−1

(
ψj2(u)u−β

+ β

∫ u

0

(ψj2(u) − ψj2(z))(u − z)−1−βdz
)
,

and |ψj2(u)| ≤ C2−n(λ1+µ2), whence

2n−1∑

j2=0

∫ 1

0

|ψj2(u)|u−βdu ≤ C

∫ 1

0

u−βdu · 2n(1−λ1−µ2) → 0, n → ∞.

Further, for j12−n ≤ r2−m ≤ u < (r + 1)2−m ≤ (j1 + 1)2−n,
∫ u

0

(ψj2(u) − ψj2(z))(u − z)−1−βdz =
∫ j12

−n

0

+
∫ r2−m

j12−n

,

and
|ψj2(u) − ψj2(z)| ≤ |ψj2(u)| + |ψj2(z)| ≤ C2−n(λ1+µ2).

From here,

2n−1∑

j2=0

∫ 1

0
|
∫ j12

−n

0
(ψj2(u) − ψj2(z))(u − z)−1−βdz|du

≤ C2−n(λ1+µ2)
2n−1∑

j1,j2=0

∑

r∈Aj1

∫ (r+1)2−m

r2−m |
∫ j12

−n

0
(u − z)−1−βdz|du

≤ C2n(1+β−λ1−µ2) → 0, n → ∞,
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since under assumption λ1 + µ1 + µ2 > 2 we can choose 1
2 > β > 1 − µ1 in

such a way that 1 + β −λ1 −µ2 < 0. Finally, for j12−n ≤ z ≤ u ≤ (r + 1)2−m

|ψj2(u) − ψj2(z)| ≤ 2−nµ2(u − z + 2−m)λ1 ,

and
2n−1∑

j2=0

∫ 1

0
|
∫ r2−m

j1r−n (ψj2(u) − ψj2(z))(u − z)−1−βdz|du

≤ C2m(1+β1−λ1−µ2) → 0,m → ∞.

��

Remark 2.2.18. For f(s) = C ∆2
mn = 0, and it is easy to see from the bounds

of ∆1
mn that the theorem will hold under the assumption λi, µi > 1

2 , i = 1, 2.

Remark 2.2.19. Multiple stochastic fractional integral with Hurst parameter
less than 1/2 was considered in (BJ06).

2.3 Wick Integration with Respect to fBm with
H ∈ [1/2, 1) as S∗-integration

2.3.1 Wick Products and S∗-integration

Recall (see Sections 1.4–1.5), that the random variable F on the probability
space S′(R) belongs to S∗ if F admits the formal expansion (1.5.1) with finite
negative norm

‖F‖2
−q =

∑

α∈I
α! c2

α(2N)−qα < ∞

for at least one q ∈ N. Introduce the following notations:

(i) Let the function Z : R → S∗, and for any F ∈ S we have that
〈〈Z(t), F 〉〉 ∈ L1(R) as a function of t ∈ R.

(ii) In this case, define
∫

R
Z(t)dt as the unique element of S∗ such that

〈〈∫

R

Z(t)dt, F

〉〉

=
∫

R

〈〈Z(t), F 〉〉 dt,

and say that Z is integrable in S∗.
(iii) Define the Wick products: for F (ω) =

∑
α cαHα(ω), and

G(ω) =
∑

β dβHβ(ω), put (F ♦G)(ω) =
∑

α,β cαdβHα+β(ω).
According to the (HOUZ96), for F,G,H ∈ S it holds that

(iv) F ♦G = G♦F ;
(v) (F ♦G)♦H = F ♦(G♦H);
(vi) H ♦(F + G) = H ♦F + H ♦G;
(vii) F ♦G ∈ S if F,G ∈ S; F ♦G ∈ S∗ if F,G ∈ S∗.

In this section we consider only the case H ∈ [1/2, 1).
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Theorem 2.3.1. Let the process Y (t) ∈ S∗ and admit an expansion
Y (t) =

∑
α cα(t)Hα(ω), t ∈ R, with the coefficients, satisfying the inequality

K := sup
α

{α! ‖cα‖2
L1(R) (2N)−qα} < ∞

for some q > 0.
Then the Wick product Y (t)♦ ḂM

t is S∗-integrable, and, moreover,
∫

R

Y (t)♦ ḂM
t dt =

∑

α,k

∫

R

cα(t)M+h̃k(t)dt · Hα+εk
(ω). (2.3.1)

Proof. Consider only ḂH
t , and for arbitrary ḂM

t the proof is the same. Since
〈h̃k, ω〉 = Hεk

(ω), we have that the Wick product Y (t)♦ ḂH
t ∈ S∗ and

equals
∑

α,k cα(t)MH
+ h̃k(t)Hα+εk

(ω). According to (HOUZ96, Lemmas 2.5.6
and 2.5.7), the S∗-integrability of Y (t)♦ ḂH

t follows from the inequality

∑

β∈I
β!

∥
∥
∥
∥
∥
∥

∑

α,k:α+εk=β

cα(t)MH
+ h̃k(t)

∥
∥
∥
∥
∥
∥

2

L1(R)

(2N)−pβ < ∞

for some p > 0. According to estimate (1.5.3),∣
∣
∣MH

+ h̃k(t)
∣
∣
∣ ≤ Ck2/3−H/2 < Ck5/12 for any k ≥ 1 and some C > 0.

Therefore,
∫

R

∣
∣
∣cα(t)MH

+ h̃k(t)
∣
∣
∣ dt ≤ Ck5/12 ‖cα‖L1(R) ,

and
∥
∥
∥
∥
∥
∥

∑

α,k:α+εk=β

cα(t)MH
+ h̃k(t)

∥
∥
∥
∥
∥
∥

2

L1(R)

≤

⎛

⎝
∑

α,k:α+εk=β

∥
∥
∥cα(t)MH

+ h̃k(t)
∥
∥
∥

L1(R)

⎞

⎠

2

≤ C

⎛

⎝
∑

α,k:α+εk=β

k5/12 ‖cα‖L1(R)

⎞

⎠

2

.

Consider the sum

S :=
∑

β∈I
β!

⎛

⎝
∑

α,k:α+εk=β

k5/12 ‖cα‖L1(R)

⎞

⎠

2

(2N)−pβ

≤
∑

β∈I
β!(l(β))5/6

⎛

⎝
∑

α,k:α+εk=β

‖cα‖L1(R)

⎞

⎠

2

(2N)−pβ ,
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where l(β) equals the number of the last nonzero element in the index β (the
length of the index β). Further, for any α, β there exists no more than one k,
such that α + εk = β. Therefore,

⎛

⎝
∑

α,k:α+εk=β

‖cα‖L1(R)

⎞

⎠

2

≤ l2(β)
∑

α,k:α+εk=β

‖cα‖2
L1(R) .

It means that

S ≤
∑

α,k

(α + εk)!(l(α + εk))17/6 ‖cα‖2
L1(R) (2N)−pα−pεk

≤ K
∑

α,k

(α + εk)!
α!

(l(α + εk))3(2N)−(p−q)α−pεk

≤ K
∑

α,k

(|α| + 1)42−|α|(p−q)k−p < ∞,

for p > q + 1, and we have established the S∗-integrability of Y (t)♦ ḂH
t .

Now, for any F =
∑

β,k dβ,kHβ+εk
(ω) ∈ S, we have from the definition of the

S∗-integral and of Wick product, that

〈〈∫

R

Y (t)♦ ḂH
t dt, F

〉〉

=
∫

R

〈〈
∑

α,k

cα(t)MH
+ h̃k(t)Hα+εk

(ω), F

〉〉

dt

=
∫

R

∑

α,k

(α + εk)!cα(t)dα,kMH
+ h̃k(t)(ω)dt.

(2.3.2)

Note that
∑

α,k

(α + εk)! |dα,k|2 (2N)2q(α+εk) =: Cq < ∞

for any q ∈ N. Therefore

∑

α,k

∫

R

(α + εk)! |cα(t)| |dα,k|
∣
∣
∣MH

+ h̃k(t)
∣
∣
∣ dt ≤

∑

α,k

(α + εk)! |dα,k| k5/12 ‖cα‖L1(R)

≤

⎛

⎝
∑

α,k

βk! |dα,k|2 (2N)2qβk

∑

α,k

k5/6 ‖cα‖2
L1(R) βk!(2N)−2q(α+εk)

⎞

⎠

1/2

≤

⎛

⎝CqK
∑

α,k

k5/6 βk!
α!

(2N)−q|α|k−2q

⎞

⎠

1/2

< ∞
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for q > 11/12, βk = α + εk, because
∑

α
βk!
α! (2N)−q|α| ≤

∑
α(|α| + 1)2−q|α| <

∞. So, we can change the signs of sum and integral in (2.3.2) and obtain
〈〈∫

R

Y (t)♦ ḂH
t dt, F

〉〉

=
∑

α,k

(α + εk)!dα,k

∫

R

cα(t)MH
+ h̃k(t)(ω)dt

=

〈〈
∑

α,k

∫

R

cα(t)MH
+ h̃k(t)(ω)dt, F

〉〉

,

whence (2.3.1) follows. ��

Corollary 2.3.2. Let Y (t) =
∑

α cα(t)Hα(ω) ∈ S∗ be a process such that
∫ T

0
EY 2(t)dt < ∞ for some T > 0. Then

∑
α α!

∫ T

0
c2
α(t)dt =

∫ T

0
EY 2(t)dt <

∞, whence K := supα{α! ‖cα‖2
L1(R) (2N)−qα} < ∞ for any q > 0 (hereafter

we put cα(t) := cα(t)1[0,T ](t)).

So, we can use Theorem 2.3.1 and conclude that Y (t)♦ ḂM
t is

S∗-integrable, and, moreover, equality (2.3.1) holds.

Corollary 2.3.3. Let Y (t) ≡ 1. Then the previous corollary holds with
c0(t) = 1, cα(t) = 0 for α �= 0,whence

∫ T

0

ḂM
t dt =

∑

k

∫ T

0

M+h̃k(t)dt · Hεk
(ω) = BM

T .

In this connection, we can say that the fractional noise is the S∗-derivative of
fBm.

As a consequence, we can define
∫

R
Yt ♦ dBM

t :=
∫

R
Yt ♦ ḂM

t dt for the
process Yt, satisfying the conditions of Theorem 2.3.1.

Now, let Y ∈ L2[0, T ] be some nonrandom function, H ∈ (1/2, 1).
Then cα(t) = Y (t) = cα(t), for α = 0 and cα ≡ 0 for other α, so, by using

Theorem 2.3.1, we obtain that

∫ T

0

Y (t)♦ ḂH
t dt =

∑

k

∫ T

0

Y (t)MH
+ h̃k(t)dt · 〈h̃k, ω〉.

Further, even for Y ∈ L1[0, T ] we can replace the operator MH
+ and obtain

∫ T

0
Y (t)MH

+ h̃k(t)dt =
∫ T

0
MH

− Y (t)h̃k(t)dt, whence

∫ T

0

Y (t)♦ ḂH
t dt =

∑

k

∫

R

MH
− Y (t)h̃k(t)dt · 〈h̃k, ω〉

=
∑

k

∫

R

MH
− Y (t)h̃k(t)dt · Hεk

(ω),
(2.3.3)
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where Y (t) = Y (t)1[0,T ](t). The right-hand side of (2.3.3) corresponds to
(HOUZ96, representation (2.5.22)) of the integral

∫ T

0
MH

− Y (t)♦ Ḃtdt, where
Ḃt = Ḃ

1/2
t is a white noise:

∫ T

0

MH
− Y (t)♦ Ḃtdt =

∑

α,k

∫ T

0

cα(t)h̃k(t)dt · Hα+εk
(ω).

Therefore, for Y ∈ LH
2 [0, T ]

∫ T

0

Y (t)♦ ḂM
t dt =

∫

R

M−Y (t)♦ Ḃtdt =
∫

R

M−Y (t) · Ḃtdt. (2.3.4)

2.3.2 Comparison of Wick and Pathwise Integrals for “Markov”
Integrands

In this subsection we can, without losing generality, consider instead of S′(R)
the probability space Ω = C0(R+, R) of real-valued continuous functions on
R+ with the initial value zero and the topology of local uniform convergence.
There exists a probability measure P on (Ω,F), where F is the Borel σ-field,
such that on the probability space (Ω,F , P ) the coordinate process B : Ω → R

defined as,
Bt(ω) = ω(t), ω ∈ Ω

is the Wiener process.

(i) Recall the notion of a stochastic derivative. Let F be a square-integrable
random variable, and suppose that the limit

lim
β→0

1
β

(

F (ω. + β

∫ .

0

h(s)ds) − F (ω.)
)

exists in L2(P )

for any h ∈ L2(R). Then this limit is called the directional derivative DhF .
(ii) If the directional derivative DhF , h ∈ L2(R), is absolutely continuous

w.r.t. the measure h(x)dx, i.e.

Dh(F ) =
∫

R

dDh(F )
dh

(x) · h(x)dx,

and (dDh(F ))/(dh) does not depend on h, then the Radon–Nikodym deriv-
ative (dDh(F ))/(dh) is called the stochastic derivative of F and is denoted
by DxF .

(iii) We have a chain rule for the stochastic derivative: if DxF exists and
ϕ ∈ C1(R), then Dxϕ(F ) has the stochastic derivative

Dxϕ(F ) = ϕ′(F )DxF.
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(iv) Let u ∈ L2(R) be a nonrandom function. Then it follows from (NP95,
Proposition 5.5), that

Dx

∫

R

usdBs = ux a.e.

(v) Recall the notion of the class D1,2. This is the Banach space, obtained
as a completion of the set P0 of smooth functionals F = f(Bt1 , . . . , Bti

),
w.r.t. the norm ‖F‖1,2 := ‖F‖L2(P ) +

∥
∥ ‖DxF‖HS

∥
∥

L1(P )
, where F ∈ P0,

and ‖·‖HS denotes the Hilbert–Schmidt norm.

Denote LM
2 (R) = {f : R → R :

∫
R
|M−f(x)|2 dx < ∞}.

Lemma 2.3.4. Let F ∈ D1,2, f ∈ LM
2 (R). Suppose that the integrals

∫

R

(M−f)(s) · DsFds and F ·
∫

R

(M−f)(s)dBs = F ·
∫

R

f(s)dBM
s

belong to L2(P ). Then F ♦
∫

R
f(s)dBM

s exists and

F ♦
∫

R

f(s)dBM
s =

∫

R

(F · M−f)(s)δBs

= F ·
∫

R

f(s)dBM
s −

∫

R

(M−f)(s) · DsFds. (2.3.5)

Proof. By using (HOUZ96, Corollary 2.5.12) and (NP95, Theorem 3.2), we
obtain for nonrandom f that

F ♦
∫

R

f(s)dBM
s = F ♦

∫

R

(M−f)(s)dBs

=
∫

R

(F ♦M−f)(s)δBs =
∫

R

(F · M−f)(s)δBs

= F ·
∫

R

(M−f)(s)dBs −
∫

R

(M−f)(s) · DsFds

= F ·
∫

R

f(s)dBM
s −

∫

R

(M−f)(s) · DsFds.

(Note that according to (NP95, Theorem 3.2), the Skorohod integral∫
R

F · (M−f)(s)δBs exists if and only if the difference F ·
∫

R
(M−f)(s)dBs

−
∫

R
(M−f)(s) · DsFds belongs to L2(P )). ��

Using this result, we can compare the Wick integral and the pathwise
integral w.r.t. fBm BH

t , H ∈ (1/2, 1)(the latter integral coincides with
Stratonovich integral). Therefore, now M± = MH

± .
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Lemma 2.3.5. Let ϕ ∈ C1(R), Ft = ϕ(BH
t ), f(s) = 1[t,t+h](s), t, h > 0. If

ϕ′(BH
t ) and Ft · (BH

t+h − BH
t ) belong to L2(P ), then

Ft ♦(BH
t+h − BH

t ) = F · (BH
t+h − BH

t )

− Hϕ′(BH
t )t2αh + c(ω)(t2α−1h2 + h2H),

where c(ω) is a.s. finite and independent of t and h.

Proof. According to equation (2.3.5), we can rewrite formally the left-hand
side of the previous equality:

Ft ♦(BH
t+h − BH

t ) = Ft · (BH
t+h − BH

t )

−
∫

R

(
MH

− 1[t,t+h]

)
(s)Dsϕ(BH

t )ds. (2.3.6)

Further, according to the chain rule (iii), it holds that

Dsϕ(BH
t ) = ϕ′(BH

t )DsB
H
t ,

and
DsB

H
t = Ds

∫

R

(
MH

− 1[0,t]

)
(u)dBu = (MH

− 1[0,t])(s).

Therefore,

Ft ♦(BH
t+h − BH

t ) = Ft · (BH
t+h − BH

t )

− ϕ′(BH
t )
∫

R

(
MH

− 1[t,t+h]

)
(s)
(
MH

− 1[0,t]

)
(s)ds,

and under the conditions of the lemma the right-hand side of equation (2.3.6)
is well-defined. Finally,

∫

R

(MH
− 1[t,t+h])(s)(MH

− 1[0,t])(s)ds = E(BH
t+h − BH

t )BH
t

=
1
2
((t + h)2H − t2H − h2H) = Ht2αh + 2Hαθ2α−1h2 − h2H ,

where θ ∈ (t, t + h). The lemma is proved. ��

Remark 2.3.6. Evidently, the assumption E
(
ϕ(BH

t )
)2+ε

< ∞ for some ε > 0
is sufficient for Ft(BH

t+h − BH
t ) to belong to L2(P ).

Now, fix some T > 0 and consider the sequence πn = {0 = tn0 < · · · <
tnn = T} of partitions of [0, T ], such that πn ⊂ πn+1 and |πn| → 0 as n → ∞.
Suppose that

ϕ′(BH
t ) ∈ L2(P ), ϕ(BH

t ) ∈ L2+ε(P ), t ∈ [0, T ] (2.3.7)
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for some ε > 0.
According to Lemma 2.3.5, we can write

n∑

i=1

ϕ(BH
tn
i−1

)♦∆BH
i,n =

n∑

i=1

ϕ(BH
tn
i−1

)∆BH
i,n

− H
n∑

i=1

ϕ′(BH
tn
i−1

)(tni−1)
2α∆ti,n + Rn(T ),

where ∆ti,n = tni − tni−1, ∆BH
i,n = BH

tn
i
− BH

tn
i−1

. Here Rn(T ) is a remainder
term and Rn(T ) → 0 a.s. as n → ∞. Furthermore, the process Ct := ϕ(BH

t )
is Hölder continuous up to order H. Also, by Theorem 2.1.7, part 2), the
sum

∑n
i=1 ϕ(BH

tn
i−1

)∆BH
i,n converges a.s. as n → ∞ to the pathwise integral

∫ T

0
ϕ(BH

s )dBH
s . Clearly,

n∑

i=1

ϕ′(BH
tn
i−1

)(tni−1)
2α∆ti,n →

∫ T

0

ϕ′(BH
s )s2αds a.s.

Therefore,

lim
n→∞

n∑

i=1

ϕ(BH
tn
i−1

)♦∆BH
i,n =

∫ T

0

ϕ(BH
s )dBH

s − H

∫ T

0

ϕ′(BH
s )s2αds a.s.

Moreover, under assumption (2.3.7) and

E

∫ T

0

(
ϕ(BH

s )
)2

ds < ∞, (2.3.8)

there exists the Wick integral
∫ T

0
ϕ(BH

s )♦ dBH
s . Now we are in a position to

prove that

∫ T

0

ϕ(BH
s )♦ dBH

s = lim
n→∞

n∑

i=1

ϕ(BH
tn
i−1

)♦∆BH
i,n. (2.3.9)

Theorem 2.3.7. Under conditions (2.3.7) and

E sup
s≤T

(
ϕ(BH

s )
)2

+ E sup
s≤T

(ϕ′(BH
s ))2 < ∞ (2.3.10)

equality (2.3.8) and (2.3.9), consequently, the equality

∫ T

0

ϕ(BH
s )♦ dBH

s =
∫ T

0

ϕ(BH
s )dBH

s − H

∫ T

0

ϕ′(BH
s )s2αds

holds a.s.
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Proof. Let the random variables F,G ∈ D1,2. According to equality (2.3.5)
and (NP95, Theorem 3.2), for i ≤ k

E
[
F ♦∆BH

i,n · G♦∆BH
k,n

]

= E

[∫

R

FMH
− 1[tn

i−1,tn
i ](s)δBs ·

∫

R

GMH
− 1[tn

k−1,tn
k ](s)δBs

]

= E

[∫

R

FGMH
− 1[tn

i−1,tn
i ](s)MH

− 1[tn
k−1,tn

k ](s)ds

]

+ E

[∫

R×R

DtFDsGMH
− 1[tn

i−1,tn
i ](t)MH

− 1[tn
k−1,tn

k ](s)ds dt

]

=
1
2
E[FGrik]

+ E

[∫

R

DtFMH
− 1[tn

i−1,tn
i ](t)dt ·

∫

R

DsGMH
− 1[tn

k−1,tn
k ](s)ds

]

,

(2.3.11)

where

rik =
∣
∣tnk−1 − tni

∣
∣2H + (tnk − tni−1)

2H − (tnk − tni )2H − (tnk−1 − tni−1)
2H .

Put in (2.3.11) F = ϕ(BH
tn
i−1

), G = ϕ(BH
tn
k−1

) and take the sum over
1 ≤ i ≤ k ≤ n. We obtain that

E

(
n∑

i=1

ϕ(BH
tn
i−1

)♦∆BH
i,n

)2

= Sn
1 + Sn

2 ,

where

Sn
1 =

∑

1≤i≤k≤n

Eϕ(BH
tn
i−1

)ϕ(BH
tn
k−1

)rik,

and

Sn
2 =

∑

1≤i≤k≤n

E

∫

R

ϕ′(BH
tn
i−1

)MH
− 1[tn

i−1,tn
i ](t)MH

− 1[0,tn
i−1]

(t)dt

×
∫

R

ϕ′(BH
tn
k−1

)MH
− 1[tn

k−1,tn
k ](s)MH

− 1[0,tn
k−1]

(s)ds

=
1
4

∑

1≤i≤k≤n

Eϕ′(BH
tn
i−1

)ϕ′(BH
tn
k−1

)
(
(tnk )2H − (tnk−1)

2H − (∆tnk )2H
)

×
(
(tni )2H − (tni−1)

2H − (∆tni )2H
)
.

Evidently,

|Sn
2 | ≤ H2E

(
n∑

i=1

∣
∣
∣ϕ′(BH

tn
i−1

)
∣
∣
∣ t2α

i · ∆tni

)2

. (2.3.12)
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If the partition πn is uniform, i.e. tni = iT
n , then for some CH > 0

Sn
1 ≤ 2

∑

1≤i≤n

E
∣
∣
∣ϕ(BH

tn
i−1

)
∣
∣
∣
2
(

iT

n

)2H

+
(

T

n

)2H

CH

∑

1≤i≤k≤n

∣
∣
∣ϕ(BH

tn
i−1

)ϕ(BH
tn
k−1

)
∣
∣
∣ ·
∫ i

i−1

∫ k

k−1

(u − v)2α−1du dv.

(2.3.13)

Now it is very easy to conclude from (2.3.10)–(2.3.13), that the sums

Sn :=
n∑

k=1

ϕ(BH
tn
k
)♦∆BH

k,n

form a Cauchy sequence in L2(P ), at least, for uniform πn. From the estimate

|〈〈F, g〉〉| ≤ ‖F‖L2(P ) ‖g‖L2(P ) , F ∈ L2(P ), g ∈ S,

we obtain that 〈〈Sn − Sm, g〉〉 → 0, n,m → ∞ for any g ∈ S. This means
that {Sn} is a Cauchy sequence in the weak sense. If we establish the weak
convergence Sn → S̃ :=

∫ T

0
ϕ(BH

s )♦ dBH
s , then the theorem will be proved,

since the convergence will be in L2(P ), as well. According to (2.3.1) and
Corollary 2.3.2, we have that

S̃ =
∫ T

0

ϕ(BH
t )♦ ḂH

t dt =
∑

α,k

∫ T

0

cα(t)MH
+ h̃k(t)dt · Hα+εk

(ω),

Sn =
∫ T

0

ϕn(t)♦ ḂH
t dt =

∑

α,k

∫ T

0

cn
α(t)MH

+ h̃k(t)dt · Hα+εk
(ω),

where

ϕn(t) =
n∑

i=1

ϕ(BH
tn
i−1

)1[tn
i−1,tn

i )(t),

ϕ(BH
t ) =

∑

α

cα(t)Hα(ω), cn
α(t) =

n∑

i=1

cα(tni−1)1[tn
i−1,tn

i )(t).

Denote dn
α := cα − cn

α. Then

S − Sn =
∑

β

∑

α,k:α+εk=β

∫ T

0

dn
α(t)MH

+ h̃k(t)dt · Hβ(ω).

Furthermore, for any g =
∑

β gβHβ(ω) ∈ S and any q > 0
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∣
∣
∣
〈〈

S̃ − Sn, g
〉〉∣
∣
∣ ≤

∑

β

β!

∣
∣
∣
∣
∣
∣
gβ

∑

α,k:α+εk=β

∫ T

0

dn
α(t)MH

+ h̃k(t)dt

∣
∣
∣
∣
∣
∣

≤

⎛

⎝
∑

β

β!(gβ)2(2N)βq

⎞

⎠

1/2

×

⎛

⎜
⎝
∑

β

β!

∥
∥
∥
∥
∥
∥

∑

α,k:α+εk=β

∣
∣
∣dn

αMH
+ h̃k

∣
∣
∣

∥
∥
∥
∥
∥
∥

2

L1[0,T ]

(2N)−βq

⎞

⎟
⎠

1/2

.

We estimate only the second multiplicand. According to (1.5.3), for
H ∈ (1/2, 1)

∣
∣
∣MH

+ h̃k(t)
∣
∣
∣ ≤ Ck5/12 with constant C independent of t, k. So,

∥
∥
∥
∥
∥
∥

∑

α,k:α+εk=β

∣
∣
∣dn

αMH
+ h̃k

∣
∣
∣

∥
∥
∥
∥
∥
∥

2

L1[0,T ]

≤ C

⎛

⎝
∑

α,k:α+εk=β

k5/12 ‖dn
α‖L1[0,T ]

⎞

⎠

2

≤ C(l(β))5/6

⎛

⎝
∑

α,k:α+εk=β

‖dn
α‖L1[0,T ]

⎞

⎠

2

,

where l(β) equals the number of nonzero entries in β. Further,

∑

β

β! (2N)−βq

∥
∥
∥
∥
∥
∥

∑

α,k:α+εk=β

∣
∣
∣dn

αMH
+ h̃k

∣
∣
∣

∥
∥
∥
∥
∥
∥

2

L1[0,T ]

≤
∑

β

β! (2N)−βql(β)5/6

⎛

⎝
∑

α,k:α+εk=β

‖dn
α‖L1[0,T ]

⎞

⎠

2

≤
∑

β

β! l(β)17/6
∑

α:∃k,α+εk=β

‖dn
α‖L1[0,T ] (2N)−βq

≤
∑

α,k

(α + εk)!(l(α + εk))17/6 ‖dn
α‖

2
L1[0,T ] (2N)−q(α+εk)

≤ sup
α

{
α! ‖dn

α‖
2
L1[0,T ]

}∑

α,k

(α + εk)!
α!

(l(α + εk))17/6(2N)−qα(2N)−qεk

≤ sup
α

{
α! ‖dn

α‖
2
L1[0,T ]

}∑

α,k

(|α| + 1)23/62−|α|qk−q.

The last series converges for q > 1, and it follows from the continuity of ϕ
and condition (2.3.10), that
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sup
α

{
α! ‖dn

α‖
2
L1[0,T ]

}
≤
∑

α

α! ‖dn
α‖L2[0,T ] · T

= T
∥
∥ϕ(BH

· ) − ϕn(·)
∥
∥

L2[0,T ]
→ 0, n → ∞.

��

Theorem 2.3.7 can be generalized to the processes of the form

BM
t :=

m∑

k=1

σkBHk
t .

Suppose that H1 = 1
2 and Hk ∈ (1/2, 1), 2 ≤ k ≤ m.

Theorem 2.3.8. Assume that conditions (2.3.7), (2.3.8) and (2.3.10) hold
with BH

t replaced by BM
t . Then

∫ T

0

ϕ(BM
t )♦ dBM

t =
∫ T

0

ϕ(BM
t )dBM

t

−
n∑

i,k=1

σiσkC̃HiHk
(Hi + Hk)

∫ T

0

ϕ′(BM
s )sHi+Hk−1ds +

1
2
σ2

1

∫ T

0

ϕ′(BM
s )ds,

where

C̃HiHk
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C
(3)
Hi

C
(3)
Hk

B(Hi − 1/2, 2 − Hi − Hk)
(Hi + Hk)(Hi + Hk − 1)Γ (Hi − 1/2)Γ (Hk − 1/2)

,

Hi,Hk ∈ (1/2, 1),

C
(3)
Hk

Γ (Hk + 3/2)
, Hi = 1/2,Hk ∈ (1/2, 1),

0,Hi ∈ (1/2, 1),Hk = 1/2,

1
2
,Hi = Hk = 1/2.

Proof. We start with (2.3.5) and conclude that

ϕ(BM
t )♦(BM

t+h − BM
t ) = ϕ(BM

t ) · (BM
t+h − BM

t )

− ϕ′(BM
t )

m∑

i,k=1

σiσk

∫

R

MHi
− 1[t,t+h](s)M

Hk
− 1[0,t](s)ds.

Further, for f ∈ LHi
2 (R), g ∈ LHk

2 (R),Hi,Hk ∈ (1/2, 1)
∫

R

MHi
− f(s)MHk

− g(s)ds = C
(1)
i,k,H

∫

R

∫ ∞

s

(x − s)Hi−3/2f(x)dx

×
∫ ∞

s

(y − s)Hk−3/2g(y)dy ds = C
(1)
i,k,H

∫

R2
f(x)g(y)dx dy

×
∫ x∧y

−∞
(x − s)Hi−3/2(y − s)Hk−3/2ds,
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where C
(1)
i,k,H =

C
(3)
Hi

C
(3)
Hk

Γ (Hi−1/2)Γ (Hk−1/2) . Evidently,

∫ x∧y

−∞
(x − s)Hi−3/2(y − s)Hk−3/2ds

= |y − x|Hi+Hk−2
(
C

(2)
i,k,H1{y > x} + C

(2)
k,i,H1{y ≤ x}

)
.

with C
(2)
i,k,H =

∫∞
0

zHi−3/2(1+z)Hk−3/2dz = B(Hi−1/2, 2−Hi−Hk). There-
fore,
∫

R

MHi
− f(s)MHk

− g(s)ds = C
(1)
i,k,H

∫

R

f(x) |y − x|Hi+Hk−2

·
(
C

(2)
i,k,H1{x < y} + C

(2)
k,i,H1{y < x}

)
dx dy.

Let f(x) = 1[t,t+h](x), g(y) = 1[0,t](y). Then
∫

R

MHi
− 1[t,t+h](s)M

Hk
− 1[0,t](s)ds

=
∏

j=1,2

C
(j)
k,i,H

∫ t

0

∫ t+h

t

(y − x)Hi+Hk−2dy dx

=
∏

j=1,2

C
(j)
k,i,H((Hi + Hk)(Hi + Hk − 1))−1

×
[
(t + h)Hi+Hk − tHi+Hk − hHi+Hk

]

=: C̃HiHk

[
(t + h)Hi+Hk − tHi+Hk − hHi+Hk

]

= C̃HiHk

[
(Hi + Hk)tHi+Hk−1h + (Hi + Hk)(Hi + Hk − 1)θHi+Hk−1h2

− hHi+Hk
]
, θ ∈ (t, t + h).

(2.3.14)
For Hi = 1/2 and Hk ∈ (1/2, 1) we have that M

1/2
− = I is identity

operator, and
∫

R

M
1/2
− f(s)MHk

− g(s)ds =
C

(3)
Hk

Γ (Hk − 1/2)

∫

R

f(s)
∫ ∞

s

g(y)(y − s)Hk−3/2dy ds.

For f and g as above, the last integral equals

C
(3)
Hk

Γ (Hk − 1/2)

∫ t

0

∫ t+h

t

(y − s)Hk−3/2dy ds

=
C

(3)
Hk

Γ (Hk + 3/2)

[
(t + h)Hk+1/2 − tHk+1/2 − hHk+1/2

]

=: C̃ 1
2 Hk

[
(Hk + 1/2)tHk−1/2h

+ (Hk + 1/2)(Hk − 1/2)tHk−2h2 − hHk+1/2
]
. (2.3.15)
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At last, for Hi = Hk = 1/2
∫

R

M
1/2
− 1[0,t](s)M

1/2
− 1[t,t+h](s)ds = 0. (2.3.16)

Now we can proceed as in Lemma 2.3.5 and Theorem 2.3.7, put C̃ 1
2

1
2

:= 1
2 ,

take into account (2.3.14)–(2.3.16) and obtain the proof. ��

2.3.3 Comparison of Wick and Stratonovich Integrals for
“General” Integrands

Now we consider the general process Ft instead of ϕ(BM
t ). Suppose that fBm

{BH
t , t ≥ 0} is “one-sided”, H ∈ (1

2 , 1).

Theorem 2.3.9. Let {Ft,Ft, t ∈ [0, T ]} be the stochastic process satisfying
the conditions

(i) Ft ∈ D1,2 for any t ∈ [0, T ], E |Ft|2+ε
< ∞ for any t ∈ [0, T ] and

some ε > 0, sups,t∈[0,T ] |DsFt| is bounded in probability;

(ii) limh↓0 supt∈[0,T ] |DtFs − DtFs+h| = 0 in probability;

(iii) Ft is a.s. Hölder continuous of order α > 1 − H (this condition implies
the existence of the Stratonovich integral

∫ T

0
FtdBH

t , H ∈ (1/2, 1));

(iv) E
∫ T

0
F 2

t dt < ∞ (this condition implies the existence of the Wick
integral

∫ T

0
Ft ♦ dBH

t , according to Corollary 2.3.2);

(v) there exists a sequence of partitions {πn, n ≥ 1} with |πn| → 0 as n → ∞
such that the integral sums

∑n
k=1 Ftn

k−1
♦∆BH

k,n converge to
∫ T

0
Ft ♦ dBH

t

in probability.

Then
∫ T

0

Fs ♦ dBH
s =

∫ T

0

FsdBH
s − C

(3)
H

∫ T

0

(∫ s

0

(s − t)α−1DsFtdt

)

ds.

Proof. Consider for any 0 ≤ t < t + h ≤ T the function f(u) = 1[t,t+h](u).
Then we take into account that DsFt = 0 for s > t and s < 0 (since Ft is Ft-
adapted) and obtain that

∫
R

MH
− fDsFtds = C

(3)
H

∫ t

0

∫ t+h

t
(u−s)α−1duDsFtds,

where
∫ t+h

t
(u − s)α−1du ≤ hα

α . Hence,

E

(∫

R

MH
− fDsFtds

)2

≤

(
C

(3)
H

)2

α2
h2αtE

∫ t

0

|DsFt|2 ds < ∞.

Further, Ft ·
∫

R
MH

− fdBs = Ft ·
(
BH

t+h − BH
t

)
, and, according to (i),
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E
∣
∣Ft ·

(
BH

t+h − BH
t

)∣
∣2 ≤

(
E |Ft|2+ε

) 2
2+ε

(

E
∣
∣BH

t+h − BH
t

∣
∣
2(2+ε)

ε

) ε
2+ε

< ∞.

Therefore,
∫

R
MH

− f · DsFtds and Ft ·
∫

R
MH

− fdBs belong to L2(P ) and it
follows from Lemma 2.3.4 that the integral sums

∑n
k=1 Ftn

k−1
♦∆BH

k,n exist.
Moreover,

Ftn
k−1

♦∆BH
k,n = Ftn

k−1
· ∆BH

k,n −
∫

R

MH
− 1[tn

k−1,tn
k ](s)DsFtn

k−1
ds

= Ftn
k−1

· ∆BH
k,n −

∫

R

1[tn
k−1,tn

k ](s)
(
MH

+ (D.Ftn
k−1

)
)
(s)ds

= Ftn
k−1

· ∆BH
k,n − C

(3)
H

∫ tn
k

tn
k−1

∫ tn
k−1

0

(s − u)α−1DuFtn
k−1

du ds.

(2.3.17)
Consider the difference,
∣
∣
∣
∣
∣

n∑

k=1

∫ tn
k

tn
k−1

∫ tn
k−1

0

(s − u)α−1DuFtn
k−1

du ds

−
∫ T

0

∫ s

0

(s − u)α−1DuFtn
k−1

1[tn
k−1,tn

k )(s)du ds

∣
∣
∣
∣
∣

≤ C · sup
0≤u≤t≤T

|DuFt| · |πn|α · T → 0, (2.3.18)

as n → ∞ in probability, according to (i). Further, according to (i) and (ii),
∣
∣
∣
∣
∣

∫ T

0

∫ s

0

(s − u)α−1DuFtn
k−1

1[tn
k−1,tn

k )(s)du ds

−
∫ T

0

∫ s

0

(s − u)α−1DuFsdu ds

∣
∣
∣
∣
∣
→ 0 (2.3.19)

in probability. Now, the proof follows from (v) and (2.3.17)–(2.3.19). ��

Now consider one sufficient condition for (v) (condition (v) seems to be
the most artificial among other conditions (i)–(iv)). To this end, consider the
middle part of (2.3.11), from which we obtain that for any step processes
Fn(t) =

∑n
k=1 Fk,n1[tn

k−1,tn
k−1)

(t) and Gn(t) =
∑n

k=1 Gk,n1[tn
k−1,tn

k−1)
(t)

E

[
n∑

k=1

Fn(t)♦ dBH
t ·

n∑

k=1

Gn(t)♦ dBH
t

]

= E

∫

R

MH
− Fn(t)MH

− Gn(t)dt + E

∫

R2
MH

− DsFn(t)MH
− DtGn(s)ds dt.

(2.3.20)
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The next result was motivated by (Ben03a, Theorem 2.2.8).

Theorem 2.3.10. Let the stochastic process {Ft,Ft, t ∈ [0, T ]} satisfy the
assumptions (i)–(iv) and

(vi) E
∫ T

0
F 2

t dt < ∞;
(vii) the operator Ft : [0, T ] → D1,2 is continuous in L2([0, T ] × P ).

Then the integral sums
∑n

k=1 Ftn
k−1

♦∆BH
k,n exist, the integral

∫ T

0
Fs ♦ dBH

s

exists and
∫ T

0

Fs ♦ dBH
s = lim

n→∞

n∑

k=1

Ftn
k−1

♦∆BH
k,n in L2(P )

for any sequence of increasing partitions πn with |πn| → 0 as n → ∞.

Proof. Under condition (vi), the existence of sums
∑n

k=1 Ftn
k−1

♦∆BH
k,n and

the integral
∫ T

0
Fs ♦ dBH

s was established in Theorem 2.3.9. Further, using
(2.3.20) and (vii), we obtain that

E

∣
∣
∣
∣
∣

∫ T

0

Ft ♦ dBH
t −

n∑

k=1

Ftn
k−1

♦∆BH
k,n

∣
∣
∣
∣
∣

2

= E

∫

R

[
MH

− (F· − Fn
· )(t)

]2
dt

+
∫

R2
E
[
MH

− (DtF· − DtF
n
· )(s)

]2
dsdt =: En < ∞

From the Hardy–Littlewood theorem (Theorem 1.1.1) with q = 2, α =
H − 1/2 and p = 1

H
∫

R

[
MH

− (F· − Fn
· )(t)

]2
dt ≤ CH ‖F· − Fn

· ‖
2
L 1

H
[0,T ]

and from condition (vii) it follows that
∫

R

[
MH

− (DtF· − DtF
n
· )(s)

]2
ds ≤ CH ‖DtF· − DtF

n
· ‖

2
L 1

H
[0,T ]

whence from (vii) and (iv) we obtain that

En ≤ CHE

(

‖F· − Fn
· ‖

2
L 1

H
[0,T ] +

∫ T

0

E ‖DtF· − DtF
n
· ‖

2
L 1

H
[0,T ] dt

)

≤ CHT 2αE

(

‖F· − Fn
· ‖

2
L2[0,T ] +

∫ T

0

‖DtF· − DtF
n
· ‖

2
L2[0,T ] dt

)

≤ CHT 2α

∫ T

0

E ‖F· − Fn
· ‖

2
1,2 dt

≤ CH,1T
2α
∥
∥
∥F − F (n)

∥
∥
∥

L2([0,T ]×P )
→ 0, n → ∞.
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��

2.3.4 Reduction of Wick Integration w.r.t. Fractional Noise to the
Integration w.r.t. White Noise

Recall that for nonrandom integrands f ∈ LH
2 (R)

∫

R

f(t)dBH
t :=

∫

R

(MH
− f)(t)dBt.

In this subsection we reduce
∫

R
Xt ♦ ḂH

t dt to the corresponding integral
∫

R
(MH

− X)(t)♦ Ḃtdt w.r.t. white noise.

Theorem 2.3.11. Let the following conditions hold:

E

∫

R

|Xt|2dt < ∞ and E

∫

R

((MH
− |Xt|)(t))2dt < ∞.

Then ∫

R

Xt ♦ ḂH
t dt =

∫

R

(MH
− X)(t)♦ Ḃtdt a.s.

Proof. According to Theorem 2.3.1 and Corollary 2.3.2, the condition
E
∫

R
|Xt|2dt < ∞ supplies the equality

∫

R

Xt ♦ ḂH
t dt =

∑

α,k

∫

R

cα(t)MH
+ h̃k(t)dt · Hα+εk

(ω). (2.3.21)

First, replace the operator MH
+ in the last equality. Evidently,

∫

R

f(t)MH
+ g(t)dt =

∫

R

MH
− f(t)g(t)dt (2.3.22)

for f ∈ Lp(R), g ∈ Lq(R) with p > 1, q > 1 and 1
p + 1

q = 1 + α = H + 1/2.

Moreover, h̃k ∈ Lq(R) for any q > 1. Since E
∫

R
|Xt|2dt

=
∑

α
α!
∫

R
c2
α(t)dt < ∞, we can take p = 2, q = 1

H and obtain from (2.3.22)

that ∫

R

cα(t)MH
+ h̃k(t)dt =

∫

R

(MH
− cα)(t)h̃k(t)dt. (2.3.23)

Further, consider the formal expansion Yt :=
∑

α
(MH

− cα)(t)Hα(ω). Again, from

Corollary 2.3.2, the condition

E

∫

R

Y 2
t dt =

∑

α

α!
∫

R

|(MH
− cα)(t)|2dt < ∞ (2.3.24)

ensures the equality
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∫

R

Yt ♦ Ḃtdt =
∑

α,k

∫

R

(MH
− cα)(t)h̃k(t)dtHα+εk

(ω). (2.3.25)

So, we want to know when (2.3.24) holds and we need the equality
Yt = (MH

− X)(t). This follows from the equalities

((MH
− X)(t),Hα(ω))L2(P ) = (MH

− cα)(t) = MH
− (Xt,Hα(ω))L2(P ), (2.3.26)

if they hold for any α ∈ I. Equalities (2.3.26) can be reduced to

∫

Ω

(∫ ∞

t

(x − t)α−1Xx(ω)dx
)
Hα(ω)dP

=
∫ ∞

t

(x − t)α−1
(∫

Ω

Xx(ω)Hα(ω)dP
)
dx (2.3.27)

for a.a. t ∈ R. In turn, the Fubini theorem can be applied to (2.3.27) in the
case when

E
(∫ ∞

t

(x − t)α−1|Xx(ω)|dx
)2

< ∞ for a.a. t ∈ R (2.3.28)

because EH2
α(ω) = α! < ∞. Evidently, the condition E

∫
R
((MH

− |X|)(t))2dt <
∞ ensures both (2.3.24) and (2.3.28). The proof now follows from (2.3.21),
(2.3.23), (2.3.25) and (2.3.26). ��

2.4 Skorohod, Forward, Backward and Symmetric
Integration w.r.t. fBm. Two Approaches to Skorohod
Integration

Taking into account the definition of the integral for nonrandom function
w.r.t. fBm:

∫
R

f(t)dBH
t :=

∫
R
(MH

− f)(t)dBt, and Theorem 2.3.11, it is desir-
able to define the integral

∫
R

f(t)dBH
t for stochastic integrands in a similar

way. Evidently, in this case, even for very simple and natural integrands, such
as f(t) = BH

t , we have that (MH
− BH)(t) = C

(3)
H

∫∞
t

(x − t)α−1BH
x dx is not

adapted. So, we must in this case address the theory of integration of non-
adapted processes. To this end, recall the definition of the Skorohod integral
(see also the pioneer paper (Sko75)).

Let the stochastic process Xt = Xt(ω) be such that

EX2
t < ∞ for all t ∈ R.

Then Xt admits a Wiener–Itô chaos expansion

Xt =
∞∑

n=0

∫

Rn

fn(s1, . . . , sn, t)dB⊗n(s1, . . . , sn),
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where the functions fn(·) ∈ L2(Rn) and are symmetric in variables
(s1, . . . , sn), for n = 0, 1, 2, . . . and for each t ∈ R. See, for example,
(HOUZ96, Theorem 2.2.5). Let f̂n(s1, . . . , sn, sn+1) be the symmetrization
of fn(s1, . . . , sn, sn+1) with respect to (n + 1) variables s1, . . . , sn, sn+1.

Definition 2.4.1. Assume that
∞∑

n=0

(n + 1)!
∥
∥
∥f̂n

∥
∥
∥

L2(Rn+1)
< ∞.

Then we say that the process X is Skorohod integrable, write
X ∈ Dom(δ), denote the Skorohod integral as

∫
R

XtδBt, and define it as
∫

R
XtδBt :=

∞∑

n=0

∫
Rn+1 f̂n(s1, . . . , sn+1)dB⊗(n+1)(s1, . . . , sn+1). The Skorohod

integral belongs to L2(P ),

E

∫

R

XtδBt = 0, and E|
∫

R

XtδBt|2 =
∞∑

n=0

(n + 1)!
∥
∥
∥f̂n

∥
∥
∥

L2(Rn+1)
.

Remark 2.4.2 ((NP95)). Define by L1,2 the class of stochastic processes
X ∈ L2(R × Ω) such that X ∈ D1,2 for almost all t, and there exists a
measurable version of two-parameter process DsXt satisfying the relation
E
∫

R2(DsXt)2ds dt < ∞. Then L1,2 ⊂ Dom(δ).

Definition 2.4.3 ((Ben03a)). Let the stochastic process Xt = Xt(ω) be such
that (MH

− X)(t) exists and belongs to Dom(δ). Then we define the Skorohod
integral with respect to fBm BH as

∫

R

XtδB
H
t :=

∫

R

(MH
− X)(t)δBt

for the underlying Wiener process B.

Evidently, E
∫

R
XtδB

H
t = 0. Of course, we can define in the usual way

the Skorohod integral with finite limits and indefinite integral
∫ t

0
XtδB

H
t , t ∈

[0, T ]. It is easy to compare now the Skorohod and Wick integral w.r.t. fBm.

Theorem 2.4.4. Let MH
− X ∈ Dom(δ), E

∫
R
|Xt|2dt < ∞ and

E
∫

R
((MH

− |X|)(t))2dt < ∞. Then
∫

R

XtδB
H
t =

∫

R

Xt ♦ ḂH
t dt.

Proof. According to (HOUZ96, Theorem 2.5.9), the condition MH
− X ∈

Dom(δ) ensures the existence of
∫

R
(MH

− X)(t)♦ Ḃtdt and the equalities:
∫

R

(MH
− X)(t)♦ Ḃtdt =

∫

R

(MH
− X)(t)δBt =

∫

R

XtδB
H
t .
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Further, according to Theorem 2.3.11, in our case
∫

R

(MH
− X)(t)♦ Ḃtdt =

∫

R

Xt ♦ ḂH
t dt,

whence the proof follows. ��

Remark 2.4.5. Let Y ∈ LH
2 [0, T ]. Then Y is a Skorohod integrable adapted

stochastic process. Indeed, it is nonrandom thus adapted. From (2.3.4) and
(HOUZ96, Theorem 2.5.9), Y (t)♦ ḂM

t is S∗-integrable, and

∫ T

0

Y (t)♦ ḂM
t dt =

∫

R

M−Y (t) · Ḃtdt

=
∫ T

0

M−Y (t)δBt =
∫ T

0

M−Y (t)dBt,

where δ means Skorohod integration, and the last integral is the Itô, and even
the Wiener, integral. Note that, according to Corollary 1.9.4 (for H > 1/2, or
1/H < 2) L2[0, T ] ⊂ LH

2 [0, T ]. We obtain that the S∗-integral for nonrandom
functions from L2[0, T ] coincides with the Wiener integral

∫ T

0
Y (t)dBH

t from
Definition 1.6.1.

Another approach to Skorohod integration w.r.t. fBm was developed in
the papers (AN02), (Nua03), (Nua06). The main idea is to use the basic tools
of a stochastic calculus of variations (Malliavin calculus) with respect to BH .
Recall some of these notions for H ∈ (1/2, 1). (For H ∈ (0, 1/2) see, for
example, (AMN00).)

Let S be a family of smooth random variables of the form

F = f(BH
t1 , . . . , BH

tn
)

with f ∈ C∞
b (Rn) and ti ∈ [0, T ], 1 ≤ i ≤ n. Let H be a closure of the linear

space of step functions defined on [0, T ] with respect to the scalar product

〈1[0,t], 1[0,s]〉H := 2αH

∫ t

0

∫ s

0

|r − u|2α−1du dr.

Then the derivative operator D : S → Lp(Ω,H) for p ≥ 1 is defined as

DHF =
n∑

i=1

∂f

∂xi
(BH

t1 , BH
t2 , . . . , BH

tn
)1[0,ti].

Let Dk,p(H) be the Sobolev space, the closure of S with respect to the norm

‖F‖p
k,p = E(|F |p) +

k∑

j=1

E(‖DνF‖p
H⊗j ),
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where Dj is the jth iteration of D. The Skorohod integral (divergence op-
erator) δH is defined as the adjoint of DH : D1,2(H) ⊂ L2(Ω) → L2(Ω,H),
defined by the means of the duality relationship

E(GδH(u)) = E〈DHG, u〉H, u ∈ L2(Ω,H), G ∈ S.

Its domain is denoted by Dom(δH).
Introduce the Banach space |H| ⊗ |H| as the class of all the measurable

functions ϕ : [0, T ]2 → R such that

‖ϕ‖2
|H|⊗|H|

:= (2αH)2
∫

[0,T ]4
|ϕu,v||ϕs,t||s − u|2α−1|t − v|2α−1du dv ds dt < ∞,

and denote |H| := |RH | with the norm ‖ · ‖|RH |,2 (see (1.6.7)). Denote also

S|H| the family of |H|-valued random variables of the form F =
n∑

i=1

Fihi,

where Fi ∈ S and hi ∈ |H|. Put DkF :=
n∑

i=1

DkFi ⊗ hi, and define the space

Dk,p(|H|) as the completion of S|H| with respect to the norm

‖F‖p
k,p,|H| = E(‖F‖p

|H|) +
k∑

i=1

E(‖DiF‖p
H⊗i⊗|H|).

Then D1,2(|H|) ⊂ Dom(δH). The basic property of the divergence operator is
that for every u ∈ D1,2(|H|) we have

E(|δ(u)|2) ≤ ‖u‖2
D1,2(|H|).

Consider the forward integral w.r.t. fBm ((AN02), (LT02)). It is defined as
∫ t

0

usdBH,−
s := P − lim

ε→0
ε−1

∫ t

0

us(BH
(s+ε)∧t − BH

s )ds. (2.4.1)

(Note that in a similar way the symmetric Stratonovich integral can be de-
fined:

∫ t

0
usdBH,−

s := P − limε→0(2ε)−1
∫ t

0
us(BH

(s+ε)∧t − BH
(s−ε)∧t)ds, and

also backward integral can be defined.) In (LT02) the ucp-limit is consid-
ered instead of the P -limit, where ucp-convergence is uniform convergence
in probability on [0, T ]. Moreover, it is mentioned in (AN02) that forward,
backward and symmetric integrals with integrand u and w.r.t. fBm coin-
cide with each other under the following suppositions: u ∈ D1,2(|H|) with
∫ t

0

∫ t

0
|Dsur||r − s|2α−1ds dr < ∞ a.s.). Also, it was proved that for processes

u ∈ D1,2(|H|) with
∫ t

0

∫ t

0
|Dsur||r− s|2α−1ds dr < ∞ a.s. we have the equality

∫ t

0

usdBH,s
s = δH(u) + 2αH

∫ t

0

∫ t

0

|Dsur||r − s|2α−1drds. (2.4.2)
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Evidently, for u ∈ Cβ [0, T ] with β + H > 1 all the integrals, symmet-
ric, forward, backward, and pathwise, coincide. We use this fact in order to
establish the conditions of coincidence of Skorohod integrals introduced in
(Ben03a) and in (AN02).

Theorem 2.4.6. Fix a time interval [0, T ]. Let φ ∈ C1(R) and satisfy, to-
gether with its derivative φ′, the growth condition |φ(x)| ≤ C exp(λxb) for
some λ > 0 and 0 < b < 2. Then the integrals δH(φ(BH)) and

∫ t

0
φ(BH

s )δBH
s

coincide on [0, T ] a.s.

Proof. According to Proposition 3.3 (Nua06), under the condition of the
theorem (even under the less restrictive condition |φ(x)| ≤ C exp(λx2) for
λ < (4T 2H)−1), the divergence operator δH(φ(BH)) exists on [0, T ] and sat-
isfies the relation

δH(φ(BH)) =
∫ T

0

φ(BH
s )dBH

s − H

∫ T

0

φ′(BH
s )s2αds a.s.,

where
∫ T

0
φ(BH

s )dBH
s is the pathwise integral. According to Theorem 2.3.7,

under conditions (2.3.10), which evidently hold now, the same equal-
ity is valid for the integral

∫ T

0
φ(BH

s )♦ dBH
s . Therefore, δH(φ(BH)) and

∫ T

0
φ(BH

s )♦ dBH
s coincide a.s. on [0, T ]. Further, the conditions of Theo-

rem 2.4.4 also hold now. Indeed, for example, E
∫

R
((MH

− |X|)(t))2dt can be
bounded in our case by C

∫ T

0
|φ(BH

s )|2ds. Therefore,
∫ T

0
φ(BH

t )δBH
t exists

and equals
∫ T

0
φ(BH

t )♦ ḂH
t dt. Finally, we use Theorem 2.3.1 and Corollary

2.3.2 and obtain the proof.
��

Remark 2.4.7. A general S-transform approach to the stochastic fractional
integration is presented in (Ben03b); see also (CC00) and (Cou07).

2.5 Isometric Approach to Stochastic Integration with
Respect to fBm

2.5.1 The Basic Idea

Some special approach to stochastic integration w.r.t. fBm was considered in
(MV00). We will work with a continuous stochastic process {Xt, 0 ≤ t ≤ T}
defined on a complete probability space (Ω,F , P ). Let Ft := FX

t be the sigma-
field generated by X on [0, t]. We assume that X0 = 0. Given a partition
πn := {ti : 0 = t0 < t1 < · · · < tn = T} and X a stochastic process, define
∆Xi by ∆Xi := Xti

− Xti−1 for 1 ≤ i ≤ n. Assume first that the integrand
f is a simple predictable process: ft =

∑

i

fi1[ti−1,ti)(t), where the random

variables fi are assumed to be Fti−1 measurable and ti ∈ πn; denote the
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class of simple predictable processes by Ls. With such an f ∈ Ls and any
(continuous) process X, define the stochastic integral of f with respect to X
by

(f,X) :=
∑

i

fi∆Xi.

Assume now that |πn| → 0 as n → ∞. If the process X is the standard
Brownian motion B, f := L2(P ⊗λ)- lim fn, where λ is the Lebesgue measure
on [0, T ], one can define the integral (f,B) as the L2-limit of the simple
stochastic integrals (f (n), B) using the classical Itô isometry

E(f (n), B)2 = E

∫ T

0

(f (n)
s )2ds. (2.5.1)

Assume now that the process X is any continuous stochastic process and f is
a simple predictable process. Define now a semi-norm for (f,X) using (2.5.1).
Note that such a semi-norm does not depend on the process X. It is the main
feature of this approach. If the process X is the standard Brownian motion,
then the semi-norm is a norm and the integrals of simple function converge
to the classical stochastic integral defined by Itô. For an arbitrary integrator
X, even if the semi-norm is a norm, it may happen that the integrals of
simple functions of processes have no limit. However, they have a limit in the
completion of the space integral sums with respect to this norm. In this sense
we generalize the Itô construction of stochastic integrals.

In particular, we show that if X is a fractional Brownian motion BH , then
we can define a norm by putting

∥
∥(f,BH)

∥
∥

G
:=
(
E

∫ T

0

f2
s ds
)1/2

in the space G of random variables of the form {g ∈ G : G = (f,BH), f ∈ Ls}.
Even more turns out to be true: for any k ≥ 2 define random variables

(f,X(k)) by the formula

(f,X(k)) :=
∑

i

fi(∆Xi)k

and define again a semi-norm for such random variables by putting

∥
∥
∥(f,X(k))

∥
∥
∥

Gk
:=
(
E

∫ T

0

f2
s ds
)1/2

.

Again, if the process X is a fractional Brownian motion BH , then∥
∥(f, (BH)(k))

∥
∥

Gk is a norm. Denote by Lpr
2 (P ⊗ λ) the space of predictable

process f with the property E
∫ T

0
f2

s ds < ∞. Now, let f ∈ Lpr
2 (P ⊗ λ) be a

predictable process and f (n) a sequence of simple predictable processes such
that
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∥
∥
∥f (n) − f

∥
∥
∥

L2(P⊗λ)
→ 0

as n → ∞. Define the higher-order generalized integral (f, (BH)(k)) as a limit
in the Banach space (J k, ‖·‖Gk), which is the space of some kind of extended
random variables g, which are limits of the sequences of the form (f, (BH)(k))
with respect the norm ‖·‖Gk .

2.5.2 First- and Higher-order Integrals with Respect to X

Wiener Integrals

Further, if (Y, ‖·‖Y ) is a complete metric space, then the Y - lim stands for
the limit on the space Y with respect to the norm ‖·‖Y . Assume that f is a
simple deterministic process, ft =

∑m
i=1 fi1[ti−1,ti)(t). Then ‖·‖G is a norm if

and only if

(f,X) =
m∑

i=1

fi∆Xi = 0 ⇐⇒ fi = 0, 1 ≤ i ≤ m. (2.5.2)

Let X = (Xt)t∈[0,T ] be a square integrable process with EXt = 0,X0 = 0,
and write R(t, s) for the covariance function, R(t, s) = E XtXs. Consider the
quadratic forms

Bm = E((f,X))2

where f ∈ Ls has deterministic coefficients fi, 1 ≤ i ≤ m. Then condition
(2.5.2) is equivalent to the following:

The quadratic form Bm is positive definite for each m ≥ 1. (2.5.3)

We can write Bm in terms of the correlation function R:

Bm =
m∑

i=1

[f2
i (R(ti, ti) − 2R(ti−1, ti) + R(ti−1, ti−1))]

+ 2
∑

i
=j,i,j≤m

fifj [R(ti, tj) − R(ti−1, tj) − R(ti, tj−1) + R(ti−1, tj−1)].

(2.5.4)
Put

δii := R(ti, ti) − 2R(ti−1, ti) + R(ti−1, ti−1)

and
δij := R(ti, tj) − R(ti−1, tj) − R(ti, tj−1) + R(ti−1, tj−1).

Then condition (2.5.3) is equivalent to the property that the matrix (δij)i,j≤m

is positive definite for each m ≥ 1. Assume that condition (2.5.2) is valid for
the process X and assume that f ∈ L2[0, T ]. Then there exists fn ∈ Ls

such that ‖fn − f‖L2[0,T ] → 0 as n → ∞. Moreover, the sequence (fn,X)
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is a Cauchy sequence in the space (Es, ‖·‖Es), where Es is the subspace of
Ls consisting of deterministic simple functions f . Complete Es with respect
the norm ‖·‖Es and denote this Banach space by E. Define now the integral
∫ T

0
fsdXs as the limit of (fn,X) in the space E. We say that

∫ T

0
fsdXs is the

generalized Wiener integral with respect to process X. Note that Ls in dense
in L2[0, T ] and hence also Es is dense in E, by using the isometry.

We clarify the connection between random variables and Wiener integrals
defined above. Let ζn be a sequence of random variables of the form

ζn := (fn,X)

with some fn ∈ Ls. Assume now that ζ = P -limn ζn and ‖f − fn‖L2[0,T ] → 0,
n → ∞. We show later that it may happen that P{|ζ| < ∞} < 1 or even
P{|ζ| < ∞} = 0. But even in the above situation the limit

∫ T

0

fsdXs = E- lim
n

(fn,X)

defines the generalized Wiener integral. In this kind of situation we say that
the random variable ζ is one of the representatives of

∫ T

0
fsdXs in the space

of random variables and
∫ T

0
fsdXs is one of the representatives of the random

variable ζ in the space E: write this as ζ ↔
∫ T

0
fsdXs. It is easy to check that

if X is a process with non-correlated increments and with the property

E X2
t > E X2

s (2.5.5)

where s < t, then condition (2.5.2) is satisfied. Note first that condition (2.5.5)
is equivalent to the condition E(Xt −Xs)2 > 0 for s < t. Since the process X
has non-correlated increments, we have that

E
( m∑

i=1

fi∆Xi

)2

=
m∑

i=1

f2
i E(∆Xi)2 = 0

if and only if fi = 0, i ≤ m. Note that if X is a square integrable martingale
and EX2

t > EX2
s , s < t, then (2.5.2) is satisfied.

Similarly, if X is a stationary process with so-called orthogonal vector mea-
sure ϕ(dλ) such that the spectral measure F (dλ) := E|ϕ(dλ)|2 is equivalent
to the Lebesgue measure, then condition (2.5.2) is satisfied.

If the process X is the standard Brownian motion B, then

‖(f,B)‖Es = E(f,B)2 = ‖f‖L2[0,T ]

and then the limits of simple integrals (f (n), B) in the space E and in L2(P )
are the same. Similarly, if the process X is a continuous square integrable
martingale M with the angle bracket 〈M〉t =

∫ t

0
asds, where 1/K ≤ Eas ≤ K,

the limits in the space E and L2(P ) are the same.
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First-order Stochastic Integrals with Respect to X

Let F := {Ft, t ∈ [0, T ]} be a filtration on (Ω,F , P ) satisfying the usual
conditions of right continuity and completeness.

The notation X ∈ F means that Xt is Ft measurable. So, let X ∈ F be a
process and introduce the space Gs of random variables ξ:

ξ =
m∑

i=1

fi∆Xi

where fi ∈ Fti−1 and fi ∈ L2(P ), 1 ≤ i ≤ m,m ≥ 1. Let f be as above, i.e.,
f ∈ Ls and the coefficients fi, 1 ≤ i ≤ m satisfy fi ∈ Fti−1 and fi ∈ L2(P ).
Then we can define a surjection I from Ls → Gs by

I(f) := (f,X) =
m∑

i=1

fi∆Xi.

Introduce the following semi-norm on Gs:

‖(f,X)‖Gs :=
(
E

m∑

i=1

f2
i (ti − ti−1)

)1/2

. (2.5.6)

It is easy to check that the condition

(f,X) = 0 P -a.s. if and only if fi = 0 P -a.s. for 1 ≤ i ≤ m (2.5.7)

is a necessary and a sufficient condition for I to be a bijection and ‖·‖Gs to
be a norm.

Let X be a square integrable process, which satisfies (2.5.7). Now let f be a
predictable process with E

∫ T

0
f2

s ds < ∞. Then there exist processes fn ∈ Ls

such that

E

∫ T

0

(fs − fn
s )2ds → 0

as n → ∞. Now Ls is the space of elementary “predictable” processes g,
where gt :=

∑m
i=1 fi1[ti−1,ti)(t), and fi ∈ Fti−1 , 1 ≤ i ≤ m. Complete again

the space Gs with respect to the norm ‖·‖Gs . The integral
∫ T

0
fsdXs =: I(f)

is defined using the extension of the isometry I on the completed Banach
space G. The sequence fn is a Cauchy sequence with respect the norm ‖·‖G

and the integral
∫ T

0
fsdXs is the limit of the elementary integrals (fn,X) in

the space (G, ‖·‖G). We say that the integral
∫ T

0
fsdXs defined for predictable

f ∈ Lpr
2 (P ⊗ λ) is the first order generalized stochastic integral with respect

to the process X. Later we will use the notation
∫ T

0
fsdX

(1)
s for this integral.

If ζn be a sequence of random variables of the form

ζn := (fn,X)
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with some fn ∈ Ls and assume that ζ = P -limn ζn and ‖f − fn‖Lpr
2 (P⊗λ) →

0, n → ∞. Hence also
∫ T

0

fsdXs = G- lim
n

(fn,X).

It may happen that P{|ζ| < ∞} < 1 or even P{|ζ| < ∞} = 0. Again the
random variable ζ is one of the representatives of the integral

∫ T

0
fsdX

(1)
s in

the space of random variables and
∫ T

0
fsdX

(1)
s is one of the representatives of

the random variable ζ in the space G: write this again as ζ ↔
∫ T

0
fsdX

(1)
s .

The first-order integral is linear: (af + bg,X) = a(f,X) + b(g,X).

Higher-order Stochastic Integrals with Respect to X

Let (X,F) be again a stochastic process defined on (Ω,F , P ). Introduce the
space Gs,k of the random variables ξ:

ξ :=
m∑

i=1

fi(∆Xi)k

where k > 1, fi ∈ Fti−1 , fi ∈ L2(P ), 1 ≤ i ≤ m. If f ∈ Ls is a predictable step
function, define a surjection Ik from Ls to Gs,k by putting

Ik(f) := (f,X(k)) :=
m∑

i=1

fi(∆Xi)k.

We suppose that any simple function has different values on the adjoining seg-
ments of the partition. With this assumption only one partition corresponds
to a simple function, we have only one zero function and Ik is a surjection.

Introduce the following semi-norm on Gs,k:

∥
∥
∥(f,X(k))

∥
∥
∥

Gs,k
:=
(
E

m∑

i=1

f2
i (ti − ti−1)

)1/2

= ‖f‖L2(P⊗λ) .

Let f and g be simple predictable processes, defined with respect to different
partitions πf and πg. Consider f + g on the partition π := πf ∪ πg, put
(f,X(k)) + (g,X(k)) := (f + g,X(k)) and see that
∥
∥
∥(f,X(k)) + (g,X(k))

∥
∥
∥

Gs,k
≤
∥
∥
∥(f,X(k))

∥
∥
∥

Gs,k
+
∥
∥
∥(g,X(k))

∥
∥
∥

Gs,k
. (2.5.8)

Again it is easy to check that the condition

(f,X(k)) = 0 P -a.s. if and only if fi = 0 for 1 ≤ i ≤ m,

when f ∈ Ls, f =
m∑

i=1

fi1[ti−1,ti)(·) (2.5.9)
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is a necessary and sufficient condition for Ik to be a bijection, for Gs,k to be
a linear space and for ‖·‖Gs,k to be a norm.

If f is a predictable process from Lpr
2 (P ⊗ λ), take fn ∈ Ls such that

‖f − fn‖L2(P⊗λ) → 0. Assume that property (2.5.9) holds for the process

X with some k > 1. Define the integral
∫ T

0
fsdX

(k)
s := Ik(f) as the limit

of (fn,X(k)) in the completed Banach space (G
k
, ‖·‖

G
k), where G

k
is the

completion of Gs,k with respect to norm ‖·‖Gs,k . We say that such an integral
∫ T

0
fsdX

(k)
s is the kth order generalized stochastic integral of f with respect

to the process X.
Assume now that property (2.5.9) holds for all k ≤ N . Define the Banach

space GN by
GN := G

1 × G
2 × · · · × G

N

and define the norm in GN by

‖·‖GN :=
N∑

k=1

‖·‖
G

k .

In view of (2.5.8), ‖·‖GN satisfies the triangle inequality and hence it is really
a norm.

The elements g ∈ G
N

have the form

g =
N∑

k=1

∫ T

0

fk(s)dX(k)
s

where fk is a predictable process from L2(P ⊗ λ). Note also that there is
a bijection between such a g from G

N
and (f1, . . . , fN ) ∈ ⊗N

k=1L
pr
2 (P ⊗ λ)

equipped with the norm
N∑

k=1

‖fk‖L2(P⊗λ).

The following examples clarify the definition of the generalized integrals
of higher order. We assume that the process X satisfies property (2.5.9) for
each 1 ≤ k ≤ N below.

Processes with bounded variation. Assume that the process X is a contin-
uous process with bounded variation and consider the random variables Xm

T ,
where

Xm
T :=

N∑

l=1

m∑

k=1

(∆Xk)l.

When |π| → 0 we have that Xm
T

P→ XT and the right-hand side converges in
the space G

N
towards the element

N∑

l=1

∫ T

0

dX(l)
s .
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Here the random variable XT is a representative of the integral
∫ T

0
dX

(1)
s and

zero is a representative of the sum
N∑

l=2

∫ T

0
dX

(l)
s .

Standard Brownian Motion. Assume that X is a standard Brownian mo-
tion, X = B. Define again the random variable Xm

T by

Xm
T :=

N∑

l=1

m∑

k=1

(∆Bk)l.

Now, when |π| → 0, Xm
T

P→ BT + T , so the constant T is a representative of

the integral
∫ T

0
dB

(2)
s and zero is a representative of the sum

N∑

l=3

∫ T

0
dB

(l)
s .

2.5.3 Generalized Integrals with Respect to fBm

Fractional Brownian Motion and Property (2.5.7)

Theorem 2.5.1. Property (2.5.7) holds for fBm BH ,H ∈ (0, 1).

Proof. Assume that
∑

i≤m

fi∆BH
i = 0 almost surely. Assume that m0 is the

largest index for which P{fm0 �= 0} > 0. Then from presentations (1.8.17)–
(1.8.18) we have

∆BH
m0

=
∫ tm0

tm0−1

mH(tm0 , s)dWs +
∫ tm0−1

0

(mH(tm0 , s) − mH(tm0−1, s))dWs

= Am0 + Bm0 ,

For the term Bm0 we have Bm0 ∈ Ftm0−1 . Put Ωc := {ω : |fi| ≤ c, i ≤ m0}.
Then Ωc ∈ Ftm0−1 and

m0∑

i=1

1Ωc
fi∆BH

i =
m∑

i=1

1Ωc
fi∆BH

i = 0.

Hence we can conclude the following:

0 = E
( m0∑

i=1

1Ωc
fi∆BH

i

)2

= E

(( ∑

i≤m0−1

1Ωc
fi∆BH

i

)
+ fm01Ωc

Bm0−1 + fm0Am0

)2

.

(2.5.10)

The right-hand side of (2.5.10) is equal to
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E
( ∑

i≤m0−1

(fi∆BH
i 1Ωc

) + fm01Ωc
Bm0−1

)2

+ E
(
f2

m0
1Ωc

∫ tm0

tm0−1

(BH(tm0 , s))
2ds
)
.

Hence, from (2.5.10), since

∫ tm0

tm0−1

(BH(tm0 , s))
2ds > 0

we have that fm01Ωc
= 0 almost surely for any c > 0 and so fm0 = 0 P -a.s.

This shows that condition (2.5.7) is fulfilled. Hence fi = 0 for all i ≤ m. ��

Fractional Brownian Motions and Property (2.5.9)

Theorem 2.5.2. Property (2.5.9) holds for fBm BH ,H ∈ (0, 1).

Proof. We know from Theorem 2.5.1 that the claim holds for k = 1. Assume
now that k > 1 and let m0, Am0 , Bm0 and W be as in the proof of Theo-
rem 2.5.1. Put fc

i := 1Ωc
fi. Note that fc

i ∈ Ftm0−1 for i ≤ m0. Denote by χ
the random variable

χ :=
m0−1∑

i=1

fc
i (∆BH

i )k.

For the random variable χ we have that χ ∈ Ftm0−1 , and this fact is used
below. Assume that

∑

i≤m

fi(∆BH
i )k = 0. With the above notation we have

from this assumption that also

χ + fc
m0

k∑

r=0

(
k
r

)

(Bm0)
k−r(Am0)

r = 0. (2.5.11)

Write the expression in (2.5.11) as
⎛

⎝χ + fc
m0

∑

0≤r≤k, r even

(
k
r

)

(Bm0)
k−r(Am0)

r

⎞

⎠

+

⎛

⎝fc
m0

∑

0≤r≤k, r odd

(
k
r

)

(Bm0)
k−r(Am0)

r

⎞

⎠ =: χ1 + χ2.

(2.5.12)

The random variable Am0 is a Gaussian random variable with zero expectation
and hence for odd r E(Am0)

r = 0 and by conditioning on Ftm0−1 in (2.5.12) it
is easy to see that E(χ1χ2) = 0. So from this we can conclude that Eχ2

2 = 0,
using also (2.5.11) and (2.5.12). But



2.5 Isometric Approach to Stochastic Integration with Respect to fBm 171

χ2
2 = f2

m0
(γ1 + γ2)

with

γ1 :=
∑

0≤r≤k, r odd

((
k
r

)

(Bm0)
k−r(Am0)

r

)2

(2.5.13)

and

γ2 :=
∑

r 
=q, r,q odd

(
k
r

)(
k
q

)

(Bm0)
2k−r−q(Am0)

r+q. (2.5.14)

All the terms in (2.5.13) are nonnegative and since r + q is even, the same
holds for the expression (2.5.14), too. Note also that if r = 1, then

k2(Bm0)
2k−2(Am0)

2 > 0

almost surely. But at the same time E(f2
m0

(γ1 + γ2)) = 0. Hence fm0 = 0
almost surely. From this follows that fi = 0 almost surely for all i ≤ m. We
have shown that fBm BH satisfies property (2.5.9) for all k ≥ 1. ��

Some Properties of the Generalized Integrals

In this subsection we discuss some of the properties of the generalized inte-
grals. At this stage we have results mostly on Wiener integrals.

Assume that BH is again an fBm with index H. Take

fn
s := nγ1(T/2−1/2n,T/2+1/2n](s).

Then ‖fn‖2
L2[0,T ] = n2γ−1. If H ∈ (1/2, 1), 1/2 < γ < H, then ‖fn‖L2[0,T ] →

∞ and the generalized integral does not exist, but E((fn, BH))2 = n2γ−2H →
0, and the limit exists in L2(P ). If H < γ < 1/2, then E((fn, BH))2 → ∞,
but ‖fn‖L2[0,T ] → 0. Hence the integral exists in G and it is = 0, but the limit

does not exist in L2(P ). Note also that here we have that |(fn, BH)| P→ ∞.
L2-integrals and Wiener integrals, H ∈ (1/2, 1). If BH is an fBm with

Hurst index H ∈ (1/2, 1), then according to (1.9.2) we have the following
estimate for L2-integral, valid for any p > 0:

E

∣
∣
∣
∣
∣

∫ T

0

fsdBH
s

∣
∣
∣
∣
∣

p

≤ cH,p ‖f‖p
L 1

H
[0,T ] . (2.5.15)

Hence, if (f (n), BH) converges in G, it also converges in L2(P ).
L2-integrals and Wiener integrals, H ∈ (0, 1/2). Before the continuation,

we prove the following theorem, which is the opposite to (2.5.15).

Theorem 2.5.3. Let f ∈ Ls and BH is an fBm with Hurst index H ∈
(0, 1/2). Then

E

∣
∣
∣
∣
∣

∫ T

0

fsdBH
s

∣
∣
∣
∣
∣

2

≥ C ‖f‖2
L2[0,T ] . (2.5.16)
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Proof. If f ∈ Ls and (f,BH) =
∑

i

fi∆BH
i , then

E(f,BH)2 =
∑

i

(f2
i E∆BH

i )2 +
∑

i
=k

fifkE(∆BH
i ∆BH

k ). (2.5.17)

But E(∆BH
i ∆BH

k ) < 0 and hence

fifkE(∆BH
i ∆BH

k ) ≥ |fi||fk|E(∆BH
i ∆BH

k ).

Use this in (2.5.17) to obtain the inequality

E(f,BH)2 ≥ E

(
∑

i

|fi|∆BH
i

)2

.

Hence we can assume that fi ≥ 0 for all i ≤ n in proving (2.5.16).
Denote by D(R) the space of functions f with the two properties: f ∈

C∞(R) and f has compact support.
Let φ ∈ D(R). Then the Fourier transform φ̂ of φ belongs to S(R) ⊂ FH ⊂

LH
2 (R) (see Lemma 1.6.8), and moreover,

E

∣
∣
∣
∣

∫

R

φtdBH
t

∣
∣
∣
∣

2

= E

∣
∣
∣
∣

∫

R

φ′(t)BH
t dt

∣
∣
∣
∣

2

= cH

∫

R

|φ̂(λ)||λ|−2αdλ, (2.5.18)

where cH is some constant.
We want to prove that there exists a sequence (φn)n≥1, φ

n ∈ D(R) such
that ∫

R

(φn)′(t)BH
t dt

L2(P )→ (f,BH). (2.5.19)

To prove (2.5.19) it is sufficient to prove it for f ∈ Ls, fu = a1[s,t)(u), s <
t ≤ T and a > 0. Take φn ∈ D(R) such that supp(φn) ⊂ [s−1/n, t+1/n] and
φn = a on [s + 1/n, t − 1/n]. Then

∫

R

(φn)′(u)BH
u du =

∫ t+1/n

t−1/n

(φn)′(u)BH
u du +

∫ s+1/n

s−1/n

(φn)′(u)BH
u du

and, for example,
∣
∣
∣
∣
∣
aBH

t+1/n −
∫ t+1/n

t−1/n

(φn)′(u)BH
u du

∣
∣
∣
∣
∣
≤
∣
∣
∣
∣
∣

∫ t+1/n

t−1/n

(φn)′(u)(BH
t+1/n − BH

u )du

∣
∣
∣
∣
∣

≤ a sup
u∈[t−1/n,t+1/n]

|BH
t+1/n − BH

u |.

From self-similarity of BH and Remark 1.10.7 with f = 1, T = 2/n

sup
u∈[t−1/n,t+1/n]

|BH
t+1/n − BH

u | L2(P )−−−−→ 0
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and so
E(f,BH)2 = lim

n

∫

R

|φ̂n(λ)||λ|−2αdλ.

Since for any λ ∈ R f̂(λ) = limn→∞ φ̂n(λ), we have, using the Fatou lemma
and relation (2.5.18),

∫ ∞

−∞
|f̂(λ)|2|λ|−2αdλ ≤ lim inf

n→∞

∫ ∞

−∞
|φ̂n(λ)|2|λ|−2αdλ = E

∣
∣
∣
∣
∣

∑

i

fi∆BH
i

∣
∣
∣
∣
∣

2

.

We have that
∫ ∞

−∞
|f̂(λ)|2|λ|−2αdλ

≥ ε−2α

∫

|λ|>ε

|f̂(λ)|2dλ +
∫

|λ|≤ε

|f̂(λ)|2|λ|−2αdλ.

(2.5.20)

Put ρ(λ) := |λ|−α1[−ε,ε](λ). Since H ∈ (0, 1/2), we have that ρ ∈ L1(R). Also,

ρ̂(t) :=
∫ ∞

−∞
eitλρ(λ)dλ =

∫ ε

−ε

cos(tλ)|λ|−αdλ.

This integral is finite and hence ρ(·) is the Fourier transform of ρ̂(·). Use the
Parceval identity to obtain

∫

|λ|<ε

|f̂(λ)|2|λ|−2αdλ

=
∫

R

∣
∣
∣
∣

∫

R

f(s)
(∫ ε

−ε

cos((t − s)λ)|λ|−αdλ

)

ds

∣
∣
∣
∣

2

dt.

(2.5.21)

Estimate the right-hand side of (2.5.21) from below by

∫ 1

−1

∣
∣
∣
∣
∣

∫ T

0

f(s)
(∫ ε

−ε

cos((t − s)λ)|λ|−αdλ

)

ds

∣
∣
∣
∣
∣

2

dt. (2.5.22)

Take in (2.5.22) such an ε that ε(T + 1) ≤ π/3. Then cos((t− s)λ) ≥ 1/2 and
the left-hand side of inequality (2.5.21) can be estimated from below, using
the estimate (2.5.22) and the chosen ε by the expression

1
2

∣
∣
∣
∣
∣

∫ T

0

f(s)ds

∣
∣
∣
∣
∣

2(∫ ε

−ε

|λ|−αdλ

)2

=
2ε2−2α

(1 − α)2
|f̂(0)|2,

but since f is nonnegative, we also have the estimate |f̂(0)| ≥ |f̂(λ)|. There-
fore, from the above estimates we obtain

∫
|λ|≤ε

|f̂(λ)|2|λ|−2αdλ ≥ ε1−2α

(1−α)2

∫ ε

−ε
|f̂(λ)|2dλ. (2.5.23)
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Take C = min{ε−2α, ε1−2α/(1 − α)2} and use (2.5.23) in (2.5.20) to obtain
∫

R

|f̂(λ)|2|λ|1−2Hdλ ≥ C

∫

R

|f̂(λ)|2dλ = C1 ‖f‖2
L2[0,T ] .

��

Random variables and the corresponding integrals. Assume first that H ∈
(1/2, 1). Let fn ∈ Ls be such that f = L2(P )- lim fn. Put ζn := (fn, BH)
and assume that ζ := L2(P )- lim ζn. Let gn ∈ Ls be another sequence such
that ζ = L2(P )- lim(gn, BH). Use the beginning of this subsection to conclude
that the corresponding integral may not exist, and hence the representative
of the random variable ζ need not to be unique in the space E. On the other
hand, it follows from inequality (2.5.15) that the integral

∫ T

0
fsdBH

s has only
one random variable as a representative.

If H ∈ (0, 1/2) then the picture is the opposite. Namely, a random variable
ζ can represent only one Wiener integral; this follows from Theorem 2.5.3. On
the other hand, the zero Wiener integral has at least two representatives as
extended random variables, namely ζ = 0 and ζ = ∞; this follows again from
the beginning of this subsection.

2.6 Stochastic Fubini Theorem for Stochastic Integrals
w.r.t. Fractional Brownian Motion

In this section we prove the generalization of stochastic Fubini theorem for
the Wiener integrals with respect to fBm (Theorem 1.13.1). First, we con-
sider pathwise integrals and the result is for the most part based on Hölder
properties of fBm and of corresponding integrals. Then, the extension to Wick
and Skorohod integration is more or less evident, due to comparison results
of Sections 2.3 and 2.4.

Definition 2.6.1. The nonrandom function f : R → R is called piecewise
Hölder of order α on the interval [T1, T2] ⊂ R (f ∈ Cα

pw[T1, T2]), if there exists
a finite set of disjoint subintervals {[ai, bi), 1 ≤ i ≤ N |

⋃N
i=1[ai, bi] ∪ T2 =

[T1, T2]} and the function f ∈ Cα[ai, bi) for 1 ≤ i ≤ N .

As before, we denote

‖f‖Cα[ai,bi)
:= sup

ai≤t<bi

|f(t)| + sup
ai≤s<t<bi

|f(t) − f(s)|
|t − s|α .

Definition 2.6.2. For f ∈ Cα
pw[T1, T2], let

‖f‖Cα
pw[T1,T2]

= max
1≤i≤N

‖f‖Cα[ai,bi)
.
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Let f ∈ Cα[a, b], g ∈ Cβ [a, b] with α + β > 1. Then we know that the
Riemann–Stieltjes integral exists,

∫ b

a

f(t)dg(t) := lim
|πn|→0

kn−1∑

k=0

f(tnk )∆g(tnk ), (2.6.1)

where πn = {a = t0k < t1k < · · · < tkn

k = b},∆g(tnk ) = g(tnk+1) − g(tnk ),
πn ⊂ πn+1.

Moreover, according to (FdP01, Theorem 2.1), there exist the se-
quences {fn, gn} ⊂ C(1)[a, b] such that ‖fn − f‖Cα[a,b] → 0, n → ∞,
‖gn − g‖Cβ [a,b] → 0, n → ∞.

We shall use some bounds for integrals involving Hölder functions. They
are proved in the next lemma.

Lemma 2.6.3. Let f ∈ Cα[a, b], g ∈ Cβ [a, b], α + β > 1, fm, gm ∈
C1[a, b],m ≥ 1 and ‖fm − f‖Cα[a,b] → 0, ‖gm − g‖Cβ [a,b] → 0, as m → ∞.

Then 1)
∫ b

a
f(t)dg(t) = limm→∞

∫ b

a
fm(t)g′m(t)dt;

2) the following estimate holds:
∣
∣
∣
∣
∣

∫ b

a

f(t)dg(t)

∣
∣
∣
∣
∣
≤ C ‖f‖Cα[a,b] · ‖g‖Cβ [a,b] · ((b − a)1+ε ∨ (b − a)β);

3) if f(a) = 0, then
∣
∣
∣
∣
∣

∫ b

a

f(t)dg(t)

∣
∣
∣
∣
∣
≤ C ‖f‖Cα[a,b] · ‖g‖Cβ [a,b] · (b − a)1+ε, (2.6.2)

where 0 < ε < α + β − 1, C > 0 is a constant not depending on α and β.

Proof. 1) Evidently,
∣
∣
∣
∣
∣

∫ b

a

f(t)dg(t) −
∫ b

a

fm(t)g′m(t)dt

∣
∣
∣
∣
∣
≤
∣
∣
∣
∣
∣

∫ b

a

f(t)dg(t) −
kn∑

k=1

f(tnk )∆g(tnk )

∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣

∫ b

a

fm(t)g′m(t)dt −
kn∑

k=1

fm(tnk )∆gm(tnk )

∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣

kn∑

k=1

f(tnk )∆g(tnk ) −
kn∑

k=1

fm(tnk )∆gm(tnk )

∣
∣
∣
∣
∣
.

According to (2.6.1), for any fixed δ > 0 we can choose πn in such a way that
∣
∣
∣
∣
∣

∫ b

a

f(t)dg(t) −
kn∑

k=1

f(tnk )∆g(tnk )

∣
∣
∣
∣
∣
< δ. (2.6.3)
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Further, according to (FdP01, Corollary 20),
∣
∣
∣
∣
∣

∫ b

a

fm(t)g′m(t)dt −
kn∑

k=1

fm(tnk )∆gm(tnk )

∣
∣
∣
∣
∣
≤ C |πn|ε · ‖fm‖Cα′ [a,b] · ‖gm‖Cβ′ [a,b] ,

(2.6.4)
where 0 < α′ < α, 0 < β′ < β, and α′ + β′ = 1 + ε. If ‖fn − f‖Cα[a,b] → 0,

m → ∞, then ‖fm − f‖Cα′ [a,b] → 0, m → ∞ for 0 < α′ < α, and
‖fm‖Cα′ [a,b] ≤ C1, where C1 does not depend on m ≥ 1. Similarly,
‖gm‖Cβ′ [a,b] ≤ C2. From these bounds and from (2.6.4) we obtain that

∣
∣
∣
∣
∣

∫ b

a

fm(t)g′m(t)dt −
kn∑

k=1

fm(tnk )∆gm(tnk )

∣
∣
∣
∣
∣
≤ C3 |πn|ε . (2.6.5)

Choose such n that (2.6.3) holds and also C3 |πn|ε < δ; then for such fixed
n we can choose such m that

∣
∣
∣
∣
∣

kn∑

k=1

f(tnk )∆g(tnk ) −
kn∑

k=1

fm(tnk )∆gm(tnk )

∣
∣
∣
∣
∣
< δ. (2.6.6)

It is possible since supt∈[a,b] |gm(t) − g(t)| ≤ ‖gm − g‖Cβ′ [a,b] → 0, and the
same is true for fm.

The proof of the first statement follows now from (2.6.3)–(2.6.6).
The third statement follows from 1) and (FdP01, Lemma 19), which states

that the bound (2.6.2) holds for any f ∈ C
(1)
0 [a, b] (it means that f ∈ C(1)[a, b]

and f(a) = 0) and g ∈ C(1)[a, b].
The second statement follows from 1) and (FdP01, Theorem 22). Indeed,

according to 3)
∣
∣
∣
∣
∣

∫ b

a

(
f(t) − f(0)

)
dg(t)

∣
∣
∣
∣
∣
≤ C ‖f‖Cα[a,b] · ‖g‖Cβ [a,b] · (b − a)1+ε,

whence
∣
∣
∣
∣
∣

∫ b

a

f(t)dg(t)

∣
∣
∣
∣
∣
≤ C ‖f‖Cα[a,b] · ‖g‖Cβ [a,b] · ((b − a)1+ε ∨ (b − a)β).

��

Further we consider H ∈ (1
2 , 1). Let f ∈ Cβ

pw[a, b] with β > 1 − H. In this

case the sum
∑N

i=1

∫ bi

ai
f(t)dBH

t exists. The next result means that this sum
can be represented as a unique integral.

Lemma 2.6.4. Let f be piecewise Hölder of order β > 1−H on the interval
[a, b]. Then there exists the Riemann–Stieltjes integral
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∫ b

a

f(u)dBH
u =

N∑

i=1

∫ bi

ai

f(u)dBH
u

and for an arbitrary sequence πn of partitions of [a, b] it can be represented as
a limit

∫ b

a

f(u)dBH
u = lim

|πn|→0

kn∑

k=1

f(un
k )∆BH

un
k
.

(We suppose that
⋃N

i=1[ai, bi) = [a, b), [ai, bi) are disjoint and f ∈ Cα[ai, bi)).

Proof. Put πi
n := [ai, bi) ∩ πn. Evidently,

∣
∣πi

n

∣
∣ ≤ |πn|. It follows from bound-

edness of f and continuity of BH that

∑

j:un
j ∈πi

n

f(un
j )∆BH

un
j
→
∫ bi

ai

f(u)dBH
u ,

even in the case when πi
n does not contain ai or(and) bi.

Therefore,
∑

k:un
k∈πn

f(un
k )∆BH

un
k

=
∑N

i=1

∑
k:un

k∈πi
n

f(un
k )∆BH

un
k

→
∑N

i=1

∫ bi

ai
f(u)dBH

u =
∫ b

a
f(u)dBH

u , as |πn| → 0. ��

Let 0 < T1 < T2, Φ = Φ(t, u, ω) : PT := [T1, T2]2 × Ω → R be the random
function measurable in all the variables.

Theorem 2.6.5. Let there exist the set Ω′ ⊂ Ω such that P (Ω′) = 1 and let
for any ω ∈ Ω′ the function Φ(s, u, ω) satisfy the conditions:

1) ∀s ∈ (T1, T2) Φ(t, ·, ω) is piecewise Hölder of order β > 1 − H in u ∈
[T1, T2], and there exists C = C(ω) > 0 such that ‖Φ(t, ·, ω)‖Cβ

pw[T1,T2]
≤ C;

2) the function
∫ T2

T1
Φ(t, u, ω)dBH

u is Riemann integrable in the interval
[T1, T2].

Then there exist the repeated integrals

I1 :=
∫ T2

T1

(∫ T2

T1

Φ(t, u, ω)dBH
u

)
dt and I2 :=

∫ T2

T1

(∫ T2

T1

Φ(t, u, ω)dt
)
dBH

u ,

and I1 = I2 P -a.s.

Proof. We fix ω ∈ Ω′ and omit ω throughout the proof. The integral∫ T2

T1
Φ(t, u)dBH

u exists according to Lemma 2.6.4 and condition 1); the re-
peated integral I1 exists according to condition 2). Since Φ(t, ·) is piecewise
Hölder, then from the evident bound

∫ T2

T1
|Φ(t, u1) − Φ(t, u2)| ds ≤ C(T2 −

T1) |u1 − u2|α we obtain that
∫ T2

T1
Φ(t, u)ds is piecewise Hölder of order α in

u ∈ [T1, T2]. Further, since BH is Hölder up to order H > 1
2 and α+H > 1, the

integral I2 also exists. The integral I1 can be presented as a limit of integral
sums,



178 2 Stochastic Integration with Respect to fBm and Related Topics

I1 = lim
|πn|→0

kn−1∑

k=0

∫ T2

T1

Φ(tnk , u)dBH
u ∆tnk . (2.6.7)

For any point tnk ∈ πn, according to condition 1), there exists a finite
number of points {u1,k < u2,k < · · · < ul(k),k} such that Φ(·, u) is Hölder
between them. Denote

{T1 = u0 < u1 < u2 < · · · < uL(n) = T2}

:=
kn⋃

k=1

{u1,k < u2,k < · · · < ul(k),k} ∪ {T1, T2}.

For any interval [ui, ui+1] we consider the sequence of partitions πi,r, r ≥ 1
of the form

πi,r := {ui = u
(0)
i,r < u

(1)
i,r < · · · < u

(mr)
i,r = ui+1}, |πi,r| → 0, r → ∞.

Then π̃r :=
⋃L(n)−1

i=0 πi,r ∪ {T1, T2} := {T1 = u
(0)
r < · · · < u

(Nr)
r = T2}

is a partition of interval [T1, T2] w.r.t. argument u, its diameter |π̃r| =
max1≤i≤L(n)−1 |π|i,r, and |π̃r| → 0, r → ∞.

Estimate the difference |I1 − I2|:

|I1 − I2| ≤

∣
∣
∣
∣
∣
∣
I1 −

kn−1∑

k=0

Nr−1∑

j=0

Φ(tnk , u(j)
r )∆BH

u
(j)
r

∆tnk

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣
I2 −

Nr−1∑

j=0

kn−1∑

k=0

Φ(tnk , u(j)
r )∆tnk∆BH

u
(j)
r

∣
∣
∣
∣
∣
∣
=: ∆n,r

1 + ∆n,r
2 . (2.6.8)

Further,

∆n,r
1 ≤

∣
∣
∣
∣
∣
I1 −

kn−1∑

k=0

∫ T2

T1

Φ(tnk , u)dBH
u · ∆tnk

∣
∣
∣
∣
∣

+
kn−1∑

k=0

∣
∣
∣
∣
∣
∣

∫ T2

T1

Φ(tnk , u)dBH
u −

Nr−1∑

j=0

Φ(tnk , u(j)
r )∆BH

u
(j)
r

∣
∣
∣
∣
∣
∣
∆tnk .

Since Φ is piecewise Hölder, then, according to Lemma 2.6.4,
∣
∣
∣
∣
∣
∣

∫ T2

T1

Φ(tnk , u)dBH
u −

Nr−1∑

j=0

Φ(tnk , u(j)
r )∆BH

u
(j)
r

∣
∣
∣
∣
∣
∣
→ 0, r → ∞.

According to (2.6.7),
∣
∣
∣I1 −

∑kn−1
k=0

∫ T2

T1
Φ(tnk , u)dBH

u · ∆tnk

∣
∣
∣→ 0, n → ∞.

Therefore,
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lim
n→∞

lim
r→∞

∆n,r
1 = 0. (2.6.9)

Further,

∆n,r
2 ≤

∣
∣
∣
∣
∣
∣
I2 −

Nr−1∑

j=0

∫ T2

T1

Φ(t, u(j)
r )dt · ∆BH

u
(j)
r

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

Nr−1∑

j=0

kn−1∑

k=0

∫ tn
k+1

tn
k

(
Φ(t, u(j)

r ) − Φ(tnk , u(j)
r )
)
dt · ∆BH

u
(j)
r

∣
∣
∣
∣
∣
∣
.

(2.6.10)

The second term can be expanded as
∣
∣
∣
∣
∣
∣

kn−1∑

k=0

∫ tn
k+1

tn
k

Nr−1∑

j=0

(
Φ(t, u(j)

r ) − Φ(tnk , u(j)
r )
)
∆BH

u
(j)
r

dt

∣
∣
∣
∣
∣
∣

(2.6.11)

=

∣
∣
∣
∣
∣
∣
∣

kn−1∑

k=0

L(N)−1∑

i=0

∫ tn
k+1

tn
k

∑

u
(j)
r ∈πi,r

(
Φ(t, u(j)

r ) − Φ(tnk , u(j)
r )
)
∆BH

u
(j)
r

dt

∣
∣
∣
∣
∣
∣
∣
.

Since the function Φ(s, u) − Φ(tnk , u) is Hölder on any interval [ui, ui+1), we
have that

lim
|πi,r|→0

∑

u
(j)
r ∈πi,r

(
Φ(t, u(j)

r ) − Φ(tnk , u(j)
r )
)
∆BH

u
(j)
r

=
∫ ui+1

ui

(
Φ(t, u) − Φ(tnk , u)

)
dBH

u . (2.6.12)

Moreover, ∀ 0 ≤ i ≤ L(n) − 1 the sequence fr
i (t, tnk ) :=

∑
u

(j)
r ∈πi,r

(
Φ(t, u(j)

r )

− Φ(tnk , u
(j)
r )
)
∆BH

u
(j)
r

has the integrable dominant. Indeed, we can use the
bounds from (FdP01, Corollary 20), Lemma 2.6.3, and the boundedness of
Hölder norms, and obtain that

|fr
i (t, tnk | ≤

∣
∣
∣
∣
∣
fr

i (t, tnk ) −
∫ u

(j)
r+1

u
(j)
r

(
Φ(t, u) − Φ(tnk , u)

)
dBH

u

∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣

∫ u
(j)
r+1

u
(j)
r

(
Φ(t, u) − Φ(tnk , u)

)
dBH

u

∣
∣
∣
∣
∣

≤ C |πi,r|ε · ‖Φ(t, ·) − Φ(tnk , ·)‖
C[u

(j)
r ,u

(j)
r+1]

β′ ·
∥
∥BH

∥
∥

C[u
(j)
r ,u

(j)
r+1]

H′
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+

∣
∣
∣
∣
∣

∫ u
(j)
r+1

u
(j)
r

(
Φ(t, u) − Φ(tnk , u)

)
dBH

u

∣
∣
∣
∣
∣

≤ C +

∣
∣
∣
∣
∣

∫ u
(j)
r+1

u
(j)
r

(
Φ(t, u) − Φ(tnk , u)

)
dBH

u

∣
∣
∣
∣
∣
,

(2.6.13)

where β′ < β, H ′ < H and β′ + H ′ > 1.
Using the second statement of Lemma 2.6.3 and condition 1) of this the-

orem, we obtain the bound
∣
∣
∣
∣
∣

∫ u
(j)
r+1

u
(j)
r

(
Φ(t, u) − Φ(tnk , u)

)
dBH

u

∣
∣
∣
∣
∣

≤ C ‖Φ(t, ·) − Φ(tnk , ·)‖Cα′
pw[T1,T2]

·
∥
∥BH

∥
∥

CH′ [T1,T2]
≤ C. (2.6.14)

Estimates (2.6.13) and (2.6.14) mean that we can use the Lebesgue dom-
inant convergence theorem and obtain that

lim
r→∞

∫ tn
k+1

tn
k

fr
i (t, tnk )dt =

∫ tn
k+1

tn
k

∫ ui+1

ui

(
Φ(t, u) − Φ(tnk , u)

)
dBH

u dt,

where the integrand
∫ ui+1

ui

(
Φ(t, u)−Φ(tnk , u)

)
dBH

u is measurable and bounded
in t.

Therefore,

lim
r→∞

kn−1∑

k=0

L(n)−1∑

i=0

∫ tn
k+1

tn
k

∑

u
(j)
r ∈ πi,r

(
Φ(t, u(j)

r ) − Φ(tnk , u(j)
r )
)
∆BH

u
(j)
r

dt

=
kn−1∑

k=0

∫ tn
k+1

tn
k

∫ T2

T1

(
Φ(t, u) − Φ(tnk , u)

)
dBH

u dt

=
∫ T2

T1

(∫ T2

T1

Φ(t, u)dBH
u

)
dt −

kn−1∑

k=0

∫ T2

T1

Φ(tnk , u)dBH
u ∆tnk . (2.6.15)

According to condition 2) of this theorem, the integral
∫ T2

T1
Φ(t, u)dBH

u is Rie-
mann integrable in t, therefore

lim
n→∞

kn−1∑

k=0

∫ T2

T1

Φ(tnk , u)dBH
u ∆tnk =

∫ T2

T1

(∫ T2

T1

Φ(t, u)dBH
u

)
dt. (2.6.16)

From Lemma 2.6.4,
∣
∣
∣
∣
∣
∣
I2 −

L(n)−1∑

r=0

∫ T2

T1

Φ(t, u(r)
j )dt · ∆BH

u
(r)
j

∣
∣
∣
∣
∣
∣
→ 0, as n → ∞. (2.6.17)

Now the proof follows from (2.6.8)–(2.6.17). ��
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Let I(t) =
∫ t

0
f(s)dBH

s for some stochastic process f with trajectories
from Cβ [0, T ] with β + H > 1. Consider the integral

(
H ∈ ( 1

2 , 1)
)

J1(t) =
∫ t

0
lH(t, s)I(s)ds that will appear in connection with the Girsanov theorem

and stochastic differential equations in subsections 2.8.2 and 3.2.3, and also,
let J2(t) =

∫ t

0
f(u)

(∫ t

u
lH(t, s)ds

)
dBH

u .

Lemma 2.6.6. Both the integrals, J1 and J2, exist and J1 = J2 P -a.s.

Proof. It follows from (FdP01) that the trajectories of I(t), t ∈ [0, T ] are
Hölder of order H − ε for any 0 < ε < H, whence the existence of J1(t)
follows. Further, elementary calculations
∫ u2

u1

(t − s)−αs−αds ≤ 1
2

[∫ u2

u1

(t − s)−2αds +
∫ u2

u1

s−2αds

]

≤ (u2 − u1)1−2α

demonstrate that the function f(u) ·
∫ t

u
lH(t, s)ds is Hölder up to order β∧(1−

2α) > 1−H, and J2(t) exists. We can present these integrals in the following
way:

J1 =
∫ t

0

(∫ t

0

Φ(s, u)dBH
u

)
ds, J2 =

∫ t

0

(∫ t

0

Φ(s, u)ds
)
dBH

u ,

where Φ(s, u) = lH(t, s)f(u)1{0≤u≤s}.
The function Φ will satisfy both the conditions of Theorem 2.6.5, if we put

T1 = δ and T2 = t − δ for any 0 < δ < t
2 . In particular, Φ(s, ·) is piecewise

Hölder of order β on [δ, t− δ] with one point u = s of Hölder discontinuity for
any s ∈ [δ, t − δ].

Therefore, the following equality holds a.s.:
∫ t−δ

δ

lH(t, s)
∫ s

δ

f(u)dBH
u ds =

∫ t−δ

δ

f(u)
∫ t−δ

u

lH(t, s)dsdBH
u .

The last equality can be rewritten as

J1 − R1 = J2 − R2, (2.6.18)

where

R1 =
∫ δ

0

lH(t, s)
(∫ s

0

f(u)dBH
u

)
ds +

∫ t−δ

δ

lH(t, s)
(∫ δ

0

f(u)dBH
u

)
ds

+
∫ t

t−δ

lH(t, s)
(∫ s

0

f(u)dBH
u

)
ds =: R11 + R12 + R13;

R1 =
∫ δ

0

f(u)
(∫ t

u

lH(t, s)ds
)
dBH

u +
∫ t−δ

δ

f(u)
(∫ t

t−δ

lH(t, s)ds
)
dBH

u

+
∫ t

t−δ

f(u)
(∫ t

u

lH(t, s)ds
)
dBH

u =: R21 + R22 + R23.
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According to (FdP01, Theorem 22), there exists C > 0 such that∣
∣
∫ s

0
f(u)dBH

u

∣
∣ ≤ CsH−ε for any fixed 0 < ε < 1

2 . Therefore,

|R11| ≤ C

∫ δ

0

s
1
2−ε(t − s)−αds ≤ Ct1−α(1 − α)−1δ

1
2−ε → 0 as δ → 0.

Similarly,
|R12| ≤ C1δ

H−ε · δ−α · δ1−α → 0 and |R13| ≤ C2t
1
2−εδ1−α → 0 as δ → 0,

where C1 and C2 are some constants, possibly depending on ω.
As mentioned above, the process f(u) ·

∫ t

u
lH(t, s)ds is Hölder of order

β∧(1−2α) > 1−H. Therefore, by using again (FdP01, Theorem 22), we obtain
the bounds |R21| ≤ CδH−ε, |R22| ≤ C1(t− 2δ)H−ε, and |R23| ≤ CδH−ε with
some constants C, C1, depending on ω. Taking in (2.6.18) a limit as δ → 0,
we obtain from all these estimates that J1 = J2 a.s. ��

2.7 The Itô Formula for Fractional Brownian Motion

2.7.1 The Simplest Version

First, we present a very elegant proof of the Itô formula involving fBm from
(Shi01).

Lemma 2.7.1. Let BH be an fBm with H ∈ (1/2, 1), F ∈ C2(R). Then for
any t > 0

F (BH
t ) = F (0) +

∫ t

0

F ′(BH
u )dBH

u .

Proof. The Taylor formula with the reminder term in the integral form gives
us

F (x) = F (y) + F ′(y)(x − y) +
∫ x

y

F ′′(u)(x − u)du.

Let the sequence of partitions πn = {0 = tn0 < tn1 < · · · < tnkn
= t}, |πn| → 0,

n → ∞. Then F (BH
t ) − F (0) =

kn∑

k=1

[
F (tnk ) − F (tnk−1)

]

=
kn∑

k=1

F ′(BH
tn
k−1

)(BH
tn
k
−BH

tn
k−1

)+Rn
t , where Rn

t =
kn∑

k=1

∫ BH
tn
k

BH
tn
k−1

F ′′(u)(BH
tn
k
−u)du.

Further, sup
0�u�t

∣
∣F ′′(BH

u )
∣
∣ < ∞ a.s. and for H ∈ (1/2, 1), and

P -lim
n→∞

kn∑

k=1

∣
∣
∣BH

tn
k
− BH

tn
k−1

∣
∣
∣
2

= 0.

Therefore |Rn
t | � 1

2 sup
0�u�t

∣
∣F ′′(BH

u )
∣
∣

kn∑

k=1

∣
∣
∣BH

tn
k
− BH

tn
k−1

∣
∣
∣
2 P−→ 0. Even if we do

not know that the limit of integral sums
kn∑

k=1

F ′(BH
tn
k−1

)(BH
tn
k
− BH

tn
k−1

) exists
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(but we know it from Theorem 2.1.7), we can obtain this existence now and,
moreover,

F (BH
t ) − F (0) =

∫ t

0

F ′(BH
u )dBH

u .

��

2.7.2 Itô Formula for Linear Combination of Fractional Brownian
Motions with Hi ∈ [1/2, 1) in Terms of Pathwise Integrals and Itô
Integral

Denote Cβ−[a, b] =
⋂

0<γ<β Cγ [a, b].

Theorem 2.7.2. Let the process Xt =
m∑

i=1

σiB
Hi
t , where H1 = 1/2 and

Hi ∈ (1/2, 1) for 2 � i � m. Let the function F ∈ C2(R). Then for any t > 0

F (Xt) = F (0)+σ1

∫ t

0

F ′(Xs)dWs+
m∑

i=2

σi

∫ t

0

F ′(Xs)dBHi
s +

σ2
1

2

∫ t

0

F ′′(Xs)ds.

Proof. Note that
∫ t

0
|F ′(Xs)|2 ds < ∞ and

∫ t

0
|F ′′(Xs)| ds < ∞ a.s., so, the Itô

integral
∫ t

0
F ′(Xs)dWs exists and is a local square-integrable martingale, and

the Lebesgue integral
∫ t

0
F ′′(Xs)ds also exists. As to integrals

∫ t

0
F ′(Xs)dBHi

s

for 2 � i � m, they exist as pathwise integrals because X ∈ C1/2−[0, t],
BHi ∈ CHi−[0, t] and Hi + 1/2 > 1. Further calculations are obvious: we use
the Taylor formula and pass to the limit, as usual, taking into account that
for any 1 � i � m and 2 � j � m

∑kn

k=1

(
BHi

tn
k
− BHi

tn
k−1

)(
B

Hj

tn
k

− B
Hj

tn
k−1

)
P−→ 0

as n → ∞. ��

Now, consider the process Yt =
m∑

i=1

σiB
Hi
t , where Hi ∈ (1/2, 1) for any

1 � i � m. We can forecast that in this case the class C1(R) of functions can
be used.

Theorem 2.7.3. Let Yt =
m∑

i=1

σiB
Hi
t , where Hi ∈ (1/2, 1) for any 1 � i � m.

Let F ∈ C1(R), and F ′ ∈ Cβ [0, t] with (β +1)min Hi > 1 for any t > 0. Then
for any t > 0

F (Yt) − F (0) =
m∑

i=1

σi

∫ t

0

F ′(Ys)dBHi
s . (2.7.1)

Proof. Clearly, condition (β + 1)min Hi > 1 ensures the existence of∫ t

0
F ′(Ys)dBHi

s as the limit of Riemann sums for any i > 1. Consider convo-
lutions Fn = F ∗ ϕn with ϕn from Lemma 2.1.8. Then Fn ∈ C∞(R), formula
(2.7.1) holds for any Fn and for any 1−min Hi < γ < β ·min Hi we have that
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Dγ
0+F ′

n → Dγ
0+F ′ in L1[a, b] as n → ∞ for any a, b ∈ R, which can be proved

similarly to (2.1.10). Therefore,
∣
∣
∣
∣

∫ t

0

(F ′(Ys) − F ′
n(Ys))dBHi

s

∣
∣
∣
∣

� sup
0�s�t

∣
∣
∣D1−γ

t− BHi
t− (s)

∣
∣
∣

sup
0�s�t

|Ys|
∫

− sup
0�s�t

|Ys|

∣
∣Dγ

0+F ′
n(s) − Dγ

0+F ′(s)
∣
∣ ds → 0,

whence the proof follows. ��

Remark 2.7.4. Theorems 2.7.2 and 2.7.3 can be extended to the functions F
of several variables, depending also on t. The Itô formula has the following
form: let Y i

t =
∫ t

0
fi(s)dBHi

s , where H1 = 1/2, Hi ∈ (1/2, 1), 2 � i � m − 1,
Y m

t =
∫ t

0
g(s)ds,

∫ t

0
f2
1 (s)ds < ∞ a.s., fi ∈ Cβi [0, t] a.s. for βi + Hi > 1,

∫ t

0
|g(s)| ds < ∞ a.s., F = F (t, x) : R+ × R

n → R, F ∈ C1(R+) × C2(R)

× C1(Rn−1), the integrals
∫ t

0

(
∂F
∂x1

(Zs)f1(s)
)2

ds < ∞,
∫ t

0

∣
∣∂F

∂t (Zs)
∣
∣ ds < ∞,

∫ t

0

∣
∣
∣∂

2F
∂x2

1
(Zs)

∣
∣
∣ f2

1 (s)ds < ∞, and
∫ t

0

∣
∣
∣ ∂F
∂x1

(Zs)
∣
∣
∣ |g(s)| ds < ∞ a.s, ∂F

∂xi
(Zs)fi

∈ Cγ [0, t] a.s. for γ + Hi > 1 and any t > 0, where Zs = (s, Y 1
s , . . . , Y m

s ).
Then

F (t, Y 1
t , . . . , Y m

t ) = F (0) +
∫ t

0

∂F

∂t
(Zs)ds +

m−1∑

i=1

∫ t

0

∂F

∂xi
(Zs)fi(s)dBHi

s

+
∫ t

0

∂F

∂xm
(Zs)g(s)ds +

1
2

∫ t

0

∂2F

∂x2
1

(Zs)f2
1 (s)ds. (2.7.2)

In particular, for the process Yt =
∫ t

0
a(s)dBH

s +
∫ t

0
b(s)ds we have that

F (t, Yt) = F (0, Y0) +
∫ t

0

F ′
t (s, Ys)ds +

∫ t

0

F ′
x(s, Ys)b(s)ds

+
∫ t

0

F ′
x(s, Ys)a(s)dBH

s , H ∈ (1/2, 1). (2.7.3)

2.7.3 The Itô Formula in Terms of Wick Integrals

The next result is a direct consequence of Theorems 2.3.8 and 2.7.3.

Theorem 2.7.5. Let the function F = F (t, x) : R+ × R → R be con-
tinuously differentiable in t and twice continuously differentiable in x. Let
Yt be as in Theorem 2.7.2, E

∣
∣∂F

∂x (t, Yt)
∣
∣2+ε

< ∞, t > 0 for some ε > 0,

E sup
0�s�t

[
(

∂F
∂x (s, Ys)

)2
+
(

∂2F
∂x2 (s, Ys)

)2
]

< ∞, t > 0. Then
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F (t, Yt) − F (0, 0) =
∫ t

0

∂F

∂t
(s, Ys)ds +

∫ t

0

∂F

∂x
(s, Ys)♦ dYs

+
m∑

i,k=1

σiσkC̃Hi,Hk
(Hi + Hk)

∫ t

0

∂2F

∂x2
(s, Ys)sHi+Hk−1ds. (2.7.4)

2.7.4 The Itô Formula for H ∈ (0, 1/2)

We use the integral representation of fBm via the underlying Wiener process
B on the finite interval [0, t] :

BH
t =

∫ t

0

mH(t, s)dBs

= C
(6)
H tα

∫ t

0

u−α(t−u)αdBu −C
(6)
H α

∫ t

0

sα−1

(∫ s

0

u−α(s − u−α)dBu

)

ds.

Let the function F ∈ C3(R) and we want to expand F (BH
t ). Note that

BH
t = BH

t,t, where for 0 < z < t BH
z,t = C

(6)
H zα

∫ z

0
u−α(t − u)αdBu

− C
(6)
H α

∫ z

0
sα−1

(∫ s

0
u−α(s − u)−αdBu

)
ds. Therefore

F (BH
t ) = F (0) +

∫ t

0

F ′(BH
z,t)dzB

H
z,t +

1
2
(C(6)

H )2
∫ t

0

F ′′(BH
z,t)(t − z)2αdz

= F (0) + αC
(6)
H

∫ t

0

F ′(BH
z,t)z

α−1

∫ z

0

u−α(t − u)αdBudz

+ C
(6)
H

∫ t

0

F ′(BH
z,t)(t − z)αdBz

− αC
(6)
H

∫ t

0

F ′(BH
z,t)z

α−1
(∫ z

0

u−α(t − u−α)dBu

)
dz

+
1
2
(C(6)

H )2
∫ t

0

F ′′(BH
z,t)(t − z)2αdz. (2.7.5)

Further,

BH
z,t = BH

z + αC
(6)
H zα

∫ z

0

u−α

∫ t

z

(v − u)α−1dv dBu

= BH
z + αC

(6)
H zα

∫ t

z

∫ z

0

u−α(v − u)α−1dBudv, (2.7.6)

whence

F ′(BH
z,t) = F ′(BH

z ) +
∫ t

z

F ′′
(
BH

z + αC
(6)
H zα

∫ r

z

∫ z

0

u−α(v − u)α−1dBudv
)

× αC
(6)
H zα

∫ z

0

u−α(r − u)α−1dBudr =: F ′(BH
z ) + φ(F ′′, z, t), (2.7.7)
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and similar relation holds for F ′′(BH
z,t). But

∫ r

z

∫ z

0

u−α(v − u)α−1dBudv =
1
α

∫ z

0

u−α [(r − u)α − (z − u)α] dBu. (2.7.8)

Substituting (2.7.6)–(2.7.8) into (2.7.5), we obtain the following result.

Theorem 2.7.6. Let H ∈ (0, 1/2), BH be an fBm with Hurst index H,
represented as BH

t =
∫ t

0
mH(t, s)dBs. Denote Yr,z := C

(6)
H

∫ z

0
u−α(r−u)αdBu,

0 � z � r, Yz := Yz,z. Then

F (BH
t ) = F (0) +

∫ t

0

F ′(BH
z )αzα−1Yt,zdz + C

(6)
H

∫ t

0

F ′(BH
z )(t − z)αdBz

− α

∫ t

0

F ′(BH
z )zα−1Yt,zdz +

1
2
(C(6)

H )2
∫ t

0

F ′′(BH
z )(t − z)2αdz + Rt,

where

Rt = α

∫ t

0

φ(F ′′, z, t)αzα−1Yt,zdz + C
(6)
H

∫ t

0

φ(F ′′, z, t)(t − z)αdBz

− α

∫ t

0

φ(F ′′, z, t)zα−1Yt,zdz +
1
2
(C(6)

H )2
∫ t

0

φ(F ′′′, z, t)(t − z)2αdz.

Remark 2.7.7. The different approaches to the Itô formula for fBm with
H ∈ (1/2, 1) are contained in the papers (Lin95), (DH96), (DU99), (AN02),
(DHP00), (BO04), (CCM03), (FdP01). An elegant version of the Itô formula
for F (BH

t ) for any H ∈ (0, 1) was obtained by C. Bender in (Ben03a) and
(Ben03c), but in terms of distributions. If the distribution F is of function
type, continuous at 0 and of polynomial growth, the form of such an Itô for-
mula coincides with (2.7.4) for m = 1. For the other forms of the Itô formula
for fBm with H ∈ (0, 1/2) see also (Nua03), (GRV03), (ALN01), (AMN00),
(CN05).

2.7.5 Itô Formula for Fractional Brownian Fields

First, we prove one auxiliary result for Hölder two-parameter functions. Let
the function

F : R → R, F ∈ C3(R), F ′′′ is the Lipschitz function, f(t) := F (g(t)),

g ∈ Cµ1µ2(R2
+) with µi > 1/2, i = 1, 2. (2.7.9)

Let the rectangle Pt = [0, t] ⊂ R
2
+ be fixed, πi

n :=
{

0 = ti,n0 < · · · ti,n2n = ti

}
,

where ti,nk = kti

2n , fik = f( it1
2n , kt2

2n ),

∆1
ikf = fi+1k − fik,∆2

ikf = fik+1 − fik,∆ikf = ∆1
ik+1f − ∆1

ikf.
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Lemma 2.7.8. Under assumption (2.7.9) lim
n→∞

In
j = 0, 1 � j � 7, where

In
1 =

2n−1∑

i,k=0

∆1
ikf∆ikg, In

2 =
2n−1∑

i,k=0

∆2
ikf∆ikg, In

3 =
2n−1∑

i,k=0

fik∆ikg∆1
ikg,

In
4 =

2n−1∑

i,k=0

fik∆ikg∆2
ikg, In

5 =
2n−1∑

i,k=0

∆1
ikf(∆2

ikg)2, In
6 =

2n−1∑

i,k=0

(∆1
ikf)2∆2

ikg,

In
7 =

2n−1∑

i,k=0

F ′′′(gi,k)∆1
ikg(∆2

ikg)2.

Proof. Consider In
1 (In

2 is similar). We can rewrite In
1 =

∫
Pt

f̃ndg, where

f̃n = ∆1
ikf for s ∈ ∆n

ik :=
[

it1
2n , (i+1)t1

2n

)
×
[

kt2
2n , (k+1)t2

2n

)
. Further,

∫

Pt

f̃ndg =
∫

Pt

(Dα1α2
0+ f̃n)(s)(D1−α11−α2

1− g1−)(s)ds,

where 1−µ1 < αi < µi, i = 1, 2. Since
∣
∣(D1−α11−α2

1− g1−)(s)
∣
∣ � C for some C >

0, it is sufficient to prove that lim
n→∞

∫
Pt

∣
∣
∣(Dα1α2

0+ f̃n)(s)
∣
∣
∣ ds = 0, and in turn, for

this purpose it is sufficient to prove that
∫
Pt

|φn,i(s)| ds → 0, 1 � i � 4, where
φn,1(s) = s−α

1 s−α
2 f̃n(s), φn,2(s) = s−α2

2

∫ s1

0
(f̃n(s)− f̃n(u, s2))(s1−u)−1−α1du,

φn,3(s) = s−α1
1

∫ s2

0
(f̃n(s) − f̃n(s1, v))(s2 − v)−1−α2dv,

φn,4(s) =
∫
[0,s]

∆u,v f̃n(s)(s1 − u)−1−α1(s2 − v)−1−α2du dv. The relation
∫
Pt

|φn,1(s)| ds → 0 is evident. Further, if it1
2n � s < (i+1)t1

2n , then

|φn,2(s)| � Cs−α2
2

∫ i2−n

0
(s1 − u1)−1−α1du · 2−nµ1 , whence

∫
Pt

|φn,2(s)| ds � C
∫ t2
0

s−α2
2 ds2 · 2n(α1−µ1) → 0, n → ∞. Similarly,

∫
Pt

|φn,3(s)| ds → 0, n → ∞. Finally,
∫
Pt

|φn,4(s)| ds � C2−nµ1

×
2n−1∑

i,k=0

∫
∆n

ik

∫
[0,ti,n

k ]
(s1 − u)−1−α1(s2 − v + 2−n)µ2−α2−1du dv ds1 ds2

= C2n(α1+α2−µ1−µ2) → 0, n → ∞. Of course, similar estimates hold for In
3

and In
4 . As to In

5 , In
6 and In

7 , their estimates resemble each other, so, we con-
sider only In

5 . Note that

lim
n→∞

Sn := lim
n→∞

2n−1∑

i=0

f(tni2n)(∆1
i2ngi+12n)2 � lim

n→∞
C · 2n · 2−2nµ1 = 0.

Now, present the sum Sn as

Sn =
2n−1∑

i,k=0

(fik(∆ikg)2 + 2fik∆ikg∆1
ikg + ∆2

ikf(∆1
ikg)2 + ∆2

ikf(∆ikg)2

+ 2∆2
ikf∆1

ikg∆ikg) =:
∑

1�i�5

Sn,i,
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where Sn,1 � C · 2−2n(µ1+µ2−1) → 0, n → ∞, similarly, Sn,4 → 0, Sn,5 → 0,
n → ∞. According to previous estimates lim

n→∞
Sn,2 = lim

n→∞
In
3 = 0. Therefore,

lim
n→∞

In
5 = lim

n→∞
Sn,3 = 0. ��

Remark 2.7.9. Let F : R → R, F ∈ C3(R) and F ′′′ is the Lipschitz function,
the field g(t) is a linear combination of the fractional Brownian fields,

g(t) =
m∑

i=1

σiB
Hi

1Hi
2

t with Hi
j >

1
2
, j = 1, 2, 1 � i � m.

Clearly, the previous lemma holds for such g(t) and f(t) = F (g(t)).

Theorem 2.7.10. For any t ∈ R
2
+

F (g(t)) = F (0) +
∫

Pt

F ′(g)dg +
∫

Pt

F ′′(g)d1g d2g.

Proof. According to the one-parameter Itô formula (Theorem 2.7.3)

F (g(t)) = F (0) +
∫ t1

0

F ′(g(s1, t2))d1g(s1, t2)

= F (0) + lim
n→∞

2n
∑

i=0

f(tni,2n)∆1
i,2ngi+1,2n a.s.

The prelimit sum can be presented as

2n−1∑

i,k=0

F ′(g(tnik))∆ikg+
2n−1∑

i,k=0

F ′′(g(tnik))∆1
ikg∆2

ikg+
2n−1∑

i,k=0

F ′′(g(sik
n ))∆ikg∆2

ikg

+
1
2

2n−1∑

i,k=0

F ′′′(g(θn
ik))(∆2

ikg)2∆1
ikg +

1
2

2n−1∑

i,k=0

F ′′′(g(θn
ik))(∆2

ikg)2∆ikg,

(2.7.10)

where θn
ik ∈ ∆n

ik. According to Theorem 2.2.9,
2n−1∑

i,k=0

F ′(g(tnik))∆ikg →
∫
Pt

F ′(g)dg a.s. Furthermore, according to Theorem 2.2.17 and Lemma 2.7.8,
2n−1∑

i,k=0

F ′′(g(tnik))∆1
ikg∆2

ikg →
∫
Pt

F ′′(g)d1g d2g,
2n−1∑

i,k=0

F ′′(g(sik
n ))∆ikg∆2

ikg → 0,

1
2

2n−1∑

i,k=0

F ′′′(g(tnik))(∆2
ikg)2∆1

ikg → 0, 1
2

2n−1∑

i,k=0

F ′′′(g(tnik))(∆2
ikg)2∆ikg → 0, and

due to the Lipschitz properties of F ′′′, 1
2

2n−1∑

i,k=0

F ′′′(g(θn
ik))(∆2

ikg)2∆1
ikg → 0,
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1
2

2n−1∑

i,k=0

F ′′′(g(θn
ik))(∆2

ikg)2∆ikg → 0, n → ∞, a.s., and the assertion of the

theorem is proved. ��

Remark 2.7.11. The theorem holds even for F ∈ C2(R), such that F ′′ is the
Lipschitz function. To prove this, we must rewrite the sum of second and

fourth term on the right-hand side of (2.7.10) as
2n−1∑

i,k=0

F ′′(g(θn
ik))∆1

ikg∆2
ikg.

Then we can prove that this sum has a limit
∫
Pt

F ′′(g)d1g d2g, similarly to
Theorem 2.2.17. Also, the sum of third and fifth terms can be rewritten as
2n−1∑

i,k=0

F ′′(g(θn
ik))∆ikg∆2

ikg, and we can prove that its limit is zero.

2.7.6 The Itô Formula for H ∈ (0, 1) in Terms of Isometric
Integrals, and Its Applications

Definitions

If f ∈ L2(P ⊗λ), f is predictable, π is a partition, then fπ is the step function
fπ =

∑

i

f(ti−1)1[ti−1,ti)(t).

Define the class of functions Φ as follows:
−→
f ∈ Φ if the following conditions

are satisfied:
(i)

−→
f := (f i : i ≥ 1), where f i ∈ L2(P ⊗ λ), f i is predictable and∑

i

∥
∥f i
∥
∥

L2(P⊗λ)
< ∞.

(ii)
−→
f is uniformly tight: P{supt≤T supi |f i(t)| > C} → 0 as C → ∞.

(iii) The random variable u defined by u :=
∑

i

(f i
π, (BH)(i)) (for the no-

tations see Section 2.5.2) does not depend on the partition π, and the series
converges absolutely with probability one, when

−→
f ∈ Φ.

Write (
−→
f ,

−−→
BH) for the sum

∑

i

(f i
π, (BH)(i)), and put U := {u : u =

(
−→
f ,

−−→
BH),

−→
f ∈ Φ}. Let Φp be the projection of Φ to the first p coordinates.

The following example shows that U is nonempty.
Example 2.7.12. Assume that f ∈ C∞

b (R): then

f(BH
T ) − f(0) =

n∑

i=1

∆f(BH
ti

)

and if fk := (1/k!)f (k), k ≥ 1, then

f(BH
T ) − f(0) = (

−→
f ,

−−→
BH),

f(BH
T ) − f(0) ∈ U and

−→
f ∈ Φ, (f1, . . . , fp) ∈ Φp for any p ≥ 1.
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Lemma 2.7.13. If u ∈ U , u = (
−→
f ,

−−→
BH) with u = 0, then f i = 0, i ≥ 1.

Proof. Since u does not depend on the partition, take first the partition {0, T}.
The random variable u has a representation

u =
∑

i

f i
0(B

H
T )i, (2.7.11)

where f i
0 are real numbers, since F0 is the trivial σ-algebra. But since u = 0

from (2.7.11) it follows that for almost all y ∈ R we have that
∑

i

f i
0y

i = 0 and

hence f i
0 = 0 for all i ≥ 1.

Next, consider the partition {0, t, T}. We have that

u =
∑

i

f i
0(B

H
t )i +

∑

i

f i
t (B

H
T − BH

t )i = 0.

From the above we get that f i
0 = 0 for all i ≥ 1 and hence also f i

t = 0 for all
i ≥ 1. ��

The Itô Formula for Isometric Integrals

The following is an analogue of the Itô formula in this context.

Theorem 2.7.14. Assume that the Hurst index H satisfies H ∈ (0, 1/2).
There exists one-to-one correspondence between U and the set

V :=
{

v : v :=
[1/H]∑

i=1

(f i, (BH)(i))
}

.

Proof. We must show that there exists one-to-one correspondence between U
and Φ[1/H]. Assume that f ∈ Φ[1/H]. Then there exists a vector −→g ∈ Φ such
that f i = gi for i ≤ [1/H]. Assume that

−→
h is another element from Φ such

that f i = hi for i ≤ [1/H]. Put u := (−→g ,
−−→
BH) and v := (

−→
h ,

−−→
BH). Then

u − v =
∞∑

i=�1/H�+1

(gi − hi, (BH)(i)).

On one hand, since u and v are independent of the partition π, we can take a
partition π such that |π| < 1. Then for any ε > 0 we have that

P{|u − v| > ε} ≤ P (D) + P{|u − v| > ε,Ω \ D} (2.7.12)

and D is the set D := {supt≤T supi |f i
t − gi

t| ≥ C}. But

P{|u − v| > ε,Ω \ D} ≤ C

ε

∑

i>1/H

E
∑

k

|∆BH
k |i
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and since
E
∑

k

|∆BH
k |i ≤ CT (|π|)Hi−1

we have that
P{|u − v| > ε,Ω \ D} → 0

as |π| → 0. By property (iii) of Φ we can choose C such that P (D) < δ for any
δ > 0. Use these estimates in (2.7.12) to conclude that u = v. On the other

hand, if u = (
−→
f ,

−−→
BH) = (

−→
h ,

−−→
BH) we have from Lemma 2.7.13 that

−→
f =

−→
h .

To finish, note that from Example 2.7.12 it follows that the random variable

f(BH
T ) − f(0) is a representative of

[∑

i=1

1/H](1/i!)
∫ T

0
f (i)(xs)dB

H(i)
s . ��

Example 2.7.15 (Fractional Doleans exponent). Assume that [1/H] = 2p,
where p ∈ N. Then the random variable yt = exp(BH

t − t/(2p)!) − 1 is a
representative of

2p−1∑

i=1

1
i!

∫ t

0

ysd(BH
s )(i).

We say that y is the Doleans exponent of BH .

2.8 The Girsanov Theorem for fBm and Its Applications

2.8.1 The Girsanov Theorem for fBm

Consider the kernel lH(t, s) = C
(5)
H s−α(t − s)−α, 0 < s < t. Let

Ft = σ
{
BH

s , 0 � s � t
}

= σ {Bs, 0 � s � t}, where B is underlying Wiener
process in the representation

MH
t =

∫ t

0

lH(t, s)dBH
s , Bt = α̂

∫ t

0

sαdMH
s .

Assume that the random process {φt, t � 0} is adapted to filtration Ft and
satisfies ∫ t

0

lH(t, s) |φs| ds < ∞, t > 0, P -a.s. (2.8.1)

Assume also that we have the representation
∫ t

0

lH(t, s)φsds = α̃

∫ t

0

δsds, t > 0, (2.8.2)

with some Ft-adapted process δ satisfying
∫ t

0

|δs| ds < ∞, P -a.s., t > 0, (2.8.3)
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and

E

∫ t

0

s2αδ2
sds < ∞, t > 0. (2.8.4)

Define a square-integrable martingale L by Lt :=
∫ t

0
sαδsdBs.

Theorem 2.8.1. Assume that we have (2.8.1)–(2.8.4) and the martingale L
satisfies

E exp {Lt − 1/2〈L〉t} = 1, t > 0.

Then the process B̃H
t := BH

t −
∫ t

0
φsds is an fBm with respect to measure

Q, where the measure Q is defined by

dQ

dP

∣
∣
∣
∣
Ft

= exp
{

Lt −
1
2
〈L〉t

}

.

Proof. Note first that the integral

M̃H
t :=

∫ t

0

lH(t, s)dB̃H
s =

∫ t

0

lH(t, s)dBH
s −

∫ t

0

lH(t, s)φsds (2.8.5)

exists, since both integrals exist as pathwise integrals (the first integral was
studied in Section 1.8 and (2.8.2) ensures the existence of the second integral).
Moreover, from (2.8.2) it follows that

M̃H
t = MH

t − α̃

∫ t

0

δsds = α̃
(∫ t

0

s−αdBs −
∫ t

0

δsds
)
.

Evidently,
[
M̃H

]

t
:= P -lim

|π|→0

∑

ti∈π
(M̃H

ti
− M̃H

ti−1
)2 exists and equals

[
M̃H

]

t
=

t1−2α. Therefore, for any θ ∈ R we have for M̂H
t := α̂M̃H

t that

θM̂H
t − θ2

2

[
M̂H

]

t
+ Lt −

1
2
〈L〉t = θ

∫ t

0

s−αdBs − θ

∫ t

0

δsds − θ2

2
t1−2α

1 − 2α

+
∫ t

0

sαδsdBs −
1
2

∫ t

0

s2αδ2
sds =

∫ t

0

(θs−α + sαδs)dBs

− 1
2

∫ t

0

(θ2s−2α − 2δsθ + δ2
ss2α)ds =: Rt −

1
2
〈R〉t, (2.8.6)

where R is a square-integrable martingale given by Rt :=
∫ t

0
(θs−α+sαδs)dBs.

But (2.8.6) means that the process

Kt := exp
{

θM̂H
t − θ2

2

[
M̂H

]

t
+ Lt −

1
2
〈L〉t

}

is a local P -martingale. This implies, in turn, that the process
exp

{
θM̂H

t − θ2

2

[
M̂H

]

t

}
is a local Q-martingale. From (Ell82, Theorem
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13.22), we can conclude that M̂H is a local Q-martingale with the angle
bracket 〈M̂H〉t =

∫ t

0
s−2αds and so M̃t = α̃

∫ t

0
s−αdB̃s, where B̃ is a standard

Brownian motion with respect to Q (and is obtained from B by subtracting
a drift). This means that

∫ t

0

lH(t, s)dB̃H
s = α̃

∫ t

0

s−αdB̃s. (2.8.7)

Now, using two representations for B̃H , (2.8.5) and (2.8.7), we can obtain
(1.8.17) for B̃H and then conclude from Remark 1.8.2 that it is the fBm with
respect to the measure Q. ��

2.8.2 When the Conditions of the Girsanov Theorem Are
Fulfilled? Differentiability of the Fractional Integrals

If we analyze the conditions of the Girsanov theorem, we see that condition
(2.8.2) is a principal concern. Now we shall establish that in one particular but
important case this condition holds. Let the process I(t) :=

∫ t

0
lH(t, s)φ(s)ds

with φ(t) =
∫ t

0
a(s, ω)dBH

s , where the integrand a = a(s, ω) : R × Ω → R

is measurable in its variables and for a.a. ω ∈ Ω is Hölder in s with some
index β ∈ (1/2, 1). According to Theorem 2.1.7, the integral φ(t) exists as
a pathwise integral for ω ∈ Ω′, P (Ω′) = 1. Moreover, according to Lemma
2.6.6, there exists a repeated integral J(t) :=

∫ t

0
a(u, ω)

∫ t

u
lH(t, s)ds dBH

u and
the equality I(t) = J(t) holds for ω ∈ Ω′.

Lemma 2.8.2. Let a ∈ Cρ[0, t] for any t > 0 and for any ω ∈ Ω′, P (Ω′) = 1,
ρ ∈ (1/2, 1). Then for any t > 0 I(t) admits the representation

I(t) = C
(5)
H t1−2α

∫ t

0

δsds,

where δs = s2α−2
∫ s

0
u1−α(s−u)−αa(u, ω)dBH

u , and δ ∈ L1[0, t] for any t > 0,
ω ∈ Ω′.

Proof. Further we suppose everywhere that ω ∈ Ω′ and argument ω will be
omitted. We rewrite J(t) as

J(t) = t1−2α

∫ t

0

∫ 1

u/t

a(u)lH(1, s)ds dBH
u

= C
(5)
H t1−2α

∫ t

0

∫ t

u

s2α−2(s − u)−αu1−αa(u)ds dBH
u =: C

(5)
H t1−2αM(t).

Consider now the function

N(t) :=
∫ t

0

s2α−2

∫ s

0

(s − u)−αu1−αa(u)dBH
u ds.
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The following results ensure its existence:
(i) According to (NVV99, Lemma 2.1), for the function g ∈ Cβ [0, T ] with
0 < γ + β < 1, f(0) = 0 the integral

∫ t

0
(t − u)γdg(u) exists and equals

∫ t

0

(t − u)γdg(u) = lim
ε→0

(εγ(g(t − ε) − g(t))

+ tγg(t) + γ

∫ t−ε

0

(g(u) − g(t))(t − u)γ−1du). (2.8.8)

(ii) According to Lemma 2.6.3, for f ∈ Cγ [a, b], g ∈ Cβ [a, b], γ + β > 1,
0 < ε′ < γ + β − 1

∣
∣
∣
∣
∣

∫ b

a

f(t)dg(t)

∣
∣
∣
∣
∣
� C ‖f‖Cγ [a,b] ‖g‖Cβ [a,b] ((b − a)1+ε′ ∨ (b − a)β), (2.8.9)

where C does not depend of f and g. Using (2.8.8)–(2.8.9), we obtain the
following estimates for 0 < s1 < s2 < t:
∣
∣
∣
∣

∫ s2

s1

a(z)(s2 − z)−αdBH
z

∣
∣
∣
∣ =

∣
∣
∣
∣ limε→0

(

−ε

∫ s2

s2−ε

a(v)dBH
v

+ (s2 − s1)−α

∫ s2

s1

a(z)dBH
z + α

∫ s2−ε

s1

(s2 − z)−1−α

∫ s2

z

a(v)dBH
v dz

)∣
∣
∣
∣

� lim
ε→0

(
C ‖a‖Cρ[0,t]

∥
∥BH

∥
∥

CH′ [0,t]

(
(s2 − s1)1−α+ε′ ∨ (s2 − s1)−α+H′

)

+ α

∫ s2−ε

s1

(s2 − z)−1−α
(
(s2 − z)1+ε′ ∨ (s2 − z)H′

)
dz

)

, (2.8.10)

where H ′ is any constant not exceeding H and 0 < ε < ρ + H − 1. Evidently,
the right-hand side of (2.8.10) can be estimated by CK1(t)(s2 − s1)−α+H′

,
where K1(t) � ‖a‖Cρ[0,t]

∥
∥BH

∥
∥

CH′ [0,t]
(t ∨ 1)1+ε−H′

, C does not depend on
ρ,BH , t. Further,
∫ s2

s1

(s2 − u)−αu1−αa(u)dBH
u =

∫ s2

s1

u1−αd

(∫ u

s1

(s2 − z)−αa(z)dBH
z

)

= s1−α
2

∫ s2

s1

(s2 − z)−αa(z)dBH
z − (1 − α)

∫ s2

s1

u−α

∫ u

s1

(s2 − z)−αa(z)dBH
z du

=: L(s1, s2).

The estimate

|L(s1, s2)| � Cs1−α
2 K1(t)(s2 − s1)−α+H′

+ C(1 − α)K1(t)
∫ s2

s1

u−α(u − s1)−α+H′
du

� CK1(t)
(
s1−α
2 (s2 − s1)−α+H′

+ (s2 − s1)1−2α+H′
)

(2.8.11)
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means that |L(0, s)| � CK1(t)s1−2α+H′
.

Now it is clear that

|Nt| � CK1(t)
∫ t

0

s2α−2s1−2α+H′
ds � CK1(t)tH

′
< ∞.

Consider the function

Nε(t) :=
∫ t

0

s2α−21{s∈[ε,t]}

∫ s−ε

0

u1−α(s − u)−αa(u)dBH
u ds.

Evidently, for any ε > 0 the function

φε(s, u) := 1{s∈[ε,t],0�u�s−ε}s
2α−2u1−α(s − u)−αa(u)

is piecewise-Hölder in u with index ρ ∧ (1 − α) > 1/2 (u = s − ε is the point
of Hölder discontinuity), and the function

ψε(s) :=
∫ t

0

φε(s, u)dBH
u = s2α−21{s∈[ε,t]}

∫ s−ε

0

(s − u)−αu1−αa(u)dBH
u

is Riemann integrable on [0, t]. Therefore, φε(s, u) satisfies the conditions of
the stochastic Fubini Theorem 2.6.5, whence Nε(t) exists and equals

Mε(t) :=
∫ t−ε

0

u1−αa(u)
∫ t

u+ε

s2α−2(s − u)−αds dBH
u .

Further,

|N(t) − Nε(t)| �
∣
∣
∣
∣

∫ t

ε

s2α−2

∫ s

s−ε

u1−α(s − u)−αa(u)dBH
u ds

∣
∣
∣
∣

+
∣
∣
∣
∣

∫ ε

0

s2α−2

∫ s

0

u1−α(s − u)−αa(u)dBH
u ds

∣
∣
∣
∣

�
∫ t

ε

s2α−2CK1(t)(s1−αε−α+H′
+ ε1−2α+H′

)ds

+
∫ ε

0

s2α−2CK1(t)s1−2α+H′
ds

≤ CK1(t)(ε−α+H′
+ εH′

) → 0, ε → 0.

For M(t) − Mε(t) we use one of the integral transformations from (NVV99,
Lemma 2.2): for µ ∈ R, ν > −1, c > 1 the integral

∫ c

1
tµ(t − 1)νdt

=
∫ 1−1/c

0
sν(1 − s)−µ−ν−2ds, and as a result obtain the bound
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|M(t) − Mε(t)| � C

∣
∣
∣
∣

∫ t−ε

0

a(u)u1−α

∫ u+ε

u

s2α−2(s − u)−αds dBH
u

∣
∣
∣
∣

+ C

∣
∣
∣
∣

∫ t

t−ε

a(u)u1−α

∫ t

u

s2α−2(s − u)−αds dBH
u

∣
∣
∣
∣

= C

∣
∣
∣
∣
∣

∫ t−ε

0

a(u)
∫ ε

u+ε

0

s−α(1 − s)−αds dBH
u

∣
∣
∣
∣
∣

+ C

∣
∣
∣
∣
∣

∫ t

t−ε

a(u)
∫ 1−u

t

0

s−α(1 − s)−αds dBH
u

∣
∣
∣
∣
∣
=: A1(ε) + A2(ε).

According to the stochastic Fubini theorem 2.6.5,

A1(ε) = C

∫ ε/t

0

s−α(1 − s)−α

∫ t−ε

0

a(u)dBH
u ds

+ C

∫ t

ε/t

s−α(1 − s)−α

∫ ε(1−s)
s

0

a(u)dBH
u ds

and

A2(ε) = C

∫ ε/t

0

s−α(1 − s)−α

∫ t(1−s)

t−ε

a(u)dBH
u ds.

Therefore,

|A1(ε)| � C

∣
∣
∣
∣

∫ t−ε

0

a(u)sBH
u

∣
∣
∣
∣

(
1 − ε

t

)−α (ε

t

)1−α

+ CK1(t)
∫ 1

ε/t

s−α(1 − s)α

(
ε(1 − s)

s

)H′

ds → 0, ε → 0,

and

|A2(ε)| � CK1(t)
∫ ε/t

0

s−α(1 − s)−α(ε − ts)H′
ds → 0, ε → 0.

Therefore, N(t) = M(t), and our lemma is proved. ��
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