Chapter 2.
Valuations and Linear Disjointness

Sections 2.1-2.4 introduce the basic elements of the theory of valuations,
especially discrete valuations, and of Dedekind domains. These sections are
primarily a survey. We prove that an overring of a Dedekind domain is again
a Dedekind domain (Proposition 2.4.7).

The rest of the chapter centers around the notion of linear disjointness of
fields. We use this notion to define separable, regular, and primary extensions
of fields. In particular, we prove that an extension F/K with a K-rational
place is regular. Section 2.8 gives a useful criterion for separability with
derivatives.

2.1 Valuations, Places, and Valuation Rings

The literature treats arithmetic theory of fields through three intimately con-
nected classes of objects: valuations, places, and valuation rings. We briefly
review the basic definitions.

Call an Abelian (additive) group I" with a binary relation < an ordered
group if the following statements hold for all «, 3,y € T.

(la) Either a < 8, or a =3, or 8 < av.
(1b) If @« < B and B < 7, then o < .
(le) If @ < B, then v + v < 5+ 7.

Some examples of ordered groups are the additive groups Z, R, and Z&®Z
with the order (m,n) < (m/,n’) if either m < m/ or m = m’ and n < n’ (the
lexicographic order).

A valuation v of a field F is a map of F into a set I' U {co}, where I is
an ordered group, with these properties:

(2a) v(ab) = v(a) + v(b).

(2b) v(a + b) > min (v(a), v(b)).

(2¢) v(a) = oo if and only if a = 0.

(2d) There exists a € F* with v(a) # 0.

By definition the symbol co satisfies these rules:
(3a) co+00=a+ 0o =00+ a = o0; and
(3b) a < oo for each av € T

Condition (2) implies several more properties of v:

(4a) v(1) =0, v(—a) = v(a).

(4b) If v(a) < v(b), then v(a + b) = v(a) (Use the identity a = (a +b) — b
and (2b));

(4c) If -1 ;a; = 0, then there exist ¢ # j such that v(a;) = v(a;) and
v(a;) = min(v(ay),...,v(a,)) (Use (2b) and (4b)).

We refer to the pair (F,v) as a valued field.
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The subgroup I', = v(F*) of I is the value group of v. The set
O, ={a € F| v(a) > 0} is the valuation ring of v. It has a unique maximal
ideal m, = {a € F| v(a) > 0}. Refer to the residue field F, = O,/m, as
the residue field of F' at v. Likewise, whenever there is no ambiguity, we
denote the coset a + m, by a and call it the residue of a at v.

Two valuations vy, vs of a field F' with value groups I'1,I's are equiva-
lent if there exists an isomorphism f: I'y — I'y with vo = f owv;. Starting
from Section 2.2, we abuse our language and say that v; and v are distinct
if they are inequivalent.

A place of a field F is a map ¢ of F into a set M U {oco}, where M is a
field, with these properties:

(ba) @(a+b) = p(a) + o (b).
(5b) p(ab) = ¢(a)p(b).
(5¢) There exist a,b € F with ¢(a) = co and ¢(b) # 0, co.

By definition the symbol oo satisfies the following rules:
(6a) x4+ 0o =00+ x = oo for each x € M.
(6b) z-00 =00 2 =00-00 =00 for each x € M*.
(6¢) Neither oo + oo, nor 0 - oo are defined.

It is understood that (5a) and (5b) hold whenever the right hand side
is defined. These conditions imply that (1) = 1, ¢(0) = 0 and ¢(z~ 1) =
@(z)~t. In particular, if = # 0, then ¢(z) = 0 if and only if p(z71) = cc.

We call an element x € F with ¢(x) # co finite at ¢, and say that ¢ is
finite at x. The subring of all elements finite at ¢, O, = {a € F'| ¢(a) # oo},
is the valuation ring of ¢. It has a unique maximal ideal m, = {a €
F| ¢(a) = 0}. The quotient ring O,/m,, is a field which is canonically
isomorphic to the residue field F, = {p(a)| a € O,} of F at ¢. The latter
is a subfield of M. Call ¢ a K-place if K is a subfield of F' and ¢(a) = a for
each a € K.

Two places ¢; and @y of a field F' with residue fields M; and M are
equivalent if there exists an isomorphism A\: M7 — My with ¢ = X o ;.

A valuation ring of a field F' is a proper subring O of F' such that if
x € F* then z € O or z7! € O. The subset m = {x € O| 27! ¢ O} is
the unique maximal ideal of O (Exercise 1). The map ¢: F — O/m U {oc}
which maps = € O onto its residue class modulo m and maps x € F O
onto oo is a place of F' with valuation ring O. Denote the units of O by
U={ze€O|xt €0} Then F*/U is a multiplicative group ordered by
the rule 2U < yU <= yz~! € O. The map x +— zU defines a valuation of F
with O being its valuation ring.

These definitions easily give a bijective correspondence between the val-
uation classes, the place classes and the valuation rings of a field F'.

An isomorphism o: F' — F’ of fields induces a bijective map of the
valuations and places of F' onto those of F’ according to the following rule:
If v is a valuation of F', then o(v) is defined by o(v)(z) = v(oc~'z) for every

x € F'. If ¢ is a place of F, then o(¢)(x) = p(c~tx). In particular, o
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induces an isomorphism Fq, =~ F’ of residue fields. It is also clear that if

()
 corresponds to v, then o(p) corresponds to o(v).

A valuation v of a field F is real (or of rank 1) if I, is isomorphic to
a subgroup of R. Real valuations satisfy the so called weak approxima-
tion theorem, a generalization of the Chinese remainder theorem [Cassels-

Frohlich, p. 48]:

ProprosITION 2.1.1: Consider the following objects: inequivalent real val-
uations vy, ...,v, of a field F, elements x1,...,x, of F, and real numbers
Y1y yYn. Then there exists x € F with v;(x —x;) > v, i =1,...,n.

2.2 Discrete Valuations

A valuation v of a field F' is discrete if v(F'*) 2 Z. In this case we normalize
v by replacing it with an equivalent valuation such that v(F*) = Z. Each
element 7 € F with v(7) =1 is a prime element of O,.

Prime elements of a unique factorization domain R produce discrete
valuations of F' = Quot(R). If p is a prime element of R, then every element
x of F* has a unique representation as x = up™, where u is relatively prime
to p and m € Z. Define v,(x) to be m. Then v, is a discrete valuation of F.
Suppose p’ is another prime element of R. Then v, is equivalent to v, if and
only if p’ R = pR, that is if p’ = up with u € R*.

Example 2.2.1: Basic examples of discrete valuations.

(a) The ring of integers Z is a unique factorization domain. For each
prime number p the residue field of Q at v, is F,. When p ranges over all
prime numbers, v, ranges over all valuations of Q (Exercise 3).

(b) Let R = K[t] be the ring of polynomials in an indeterminate ¢ over
a field K. Then R is a unique factorization domain. Then prime elements of
R are the irreducible polynomials p over K. Units of R are the elements u of
K>, so vy(u) = 0 and we say v, is trivial on K. The residue field of K(¢)
at vy, is isomorphic to the field K(a), where a is a root of p.

There is one additionalfvaluation, Voo, Of K (t) which is trivial on K.

It is defined for a quotient ¢ of elements of K[t] by the formula voo(g) =

deg(g) — deg(f). The set of v,’s and v give all valuation of K (t) trivial on
K. Thus, all valuations of K (t) which are trivial on K are discrete (Exercise
4).

An arbitrary irreducible polynomial p may have several roots a € K.
Each of them defines a place ¢,: K (t) — KU{co} by 4 (t) = a and @, (c) = ¢
for each ¢ € K. These places are equivalent. If p(t) =t — a, then ¢, is the
unique place of K (t) corresponding to v,. Similarly, there is a unique place
Yoo corresponding to vs. It is defined by ¢ (t) = co.

We may view each f(t) € K(t) as a function from K U {oco} into it-

self: f(a) = @a(f(t)). Explicitly, write f(t) = % with ¢g,h € K[X] and

ged(g,h) = 1. Let a € K. Then f(a) = Z%Z; if h(a) # 0 and f(a) = oo
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if h(a) = 0. To compute f(oc) let u = ¢t~1 and write f(t) = ii(&; with

g1, € K[X] and ged(g1,h1) = 1. Then f(o0) = £ if hy(0) # 0 and
f(o0) = o0 if hy(0) = 0.

Suppose for example f(t) € K[t] and f # 0. Then f maps K into itself
and f(oo) = co. Now suppose f(t) = ‘leig with ad — bc # 0 and ¢ # 0, then
floo) = 2.

When K is algebraically closed, each irreducible polynomial is linear.
Hence, each valuation of K (¢) which is trivial over K is either v;_, for some
a € K or vs. O

More examples of discrete valuations arise through extensions of the
basic examples (Section 2.3).

LEMMA 2.2.2: Every discrete valuation ring R is a principal ideal domain.

Proof:  Let v be the valuation of K = Quot(R) with O, = R and v(K*) = Z.
Choose a prime element 7 of R. Now consider a nonzero ideal a of R. Then
the minimal integer m with 7 € a is positive. It satisfies, a = 7" R. O

As a consequence of Lemma 2.2.2, finitely generated modules over R
have a simple structure.

PROPOSITION 2.2.3: Let R be a discrete valuation ring, p a prime element
of R, K = Quot(R), and M a finitely generated R-module. Put K = R/pR.
Let r = dimg M @ K, n=dimg M/pM, and m =n —r. Then there is a
unique m-tuple of positive integers (ki,ka, ..., k) with ky < ks <--- <k,
and M = R/p*"R®---® R/p** R® R". Moreover, r is the maximal number
of elements of M which are linearly independent over R and n is the minimal
number of generators of M.

Proof: By Lemma 2.2.2, R is a principal ideal domain, so M = M, & N,
where Mo, = {m € M| rm = 0 for some r € R, r # 0} and N is a free
R-module [Lang?7, p. 147, Thm. 7.3]. Both M., and N are finitely generated
[Lang7, p. 147, Cor. 7.2]. In particular, N = R?® for some integer s > 0.
Suppose m € Mo, and am = 0 witha € R, a # 0. Then, m®1 = am®é =0.
Hence, Mo, g K =0 and M @ K = K*. Therefore, s = r.

By [Lang7, p. 151, Thm. 7.7], Moy = R/qm R @ --- & R/q1 R where
q1,- .-, qm are elements of R which are neither zero nor units and ¢;|g;+1,
i=1,...,m' — 1. Multiplying each ¢; by a unit, we may assume ¢; = p*i
with k; an integer and 1 < ky < ko < --- < kyyr. Moreover, the above
cited theorem assures Rq, ..., Rq, are uniquely determined by the above
conditions. Hence, k1, ..., k,, are also uniquely determined.

Combining the first two paragraphs gives:

M=R/p*"R®---®R/p"R® R".

Hence, M/pM = (R/pR)™*" = K™ *" son =m/ +r and m’ = m.
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Now recall that elements vy,...,vs of M are linearly independent
over R if Zleaivi = 0 with ay,...,as € R implies a; = --- = a5 = 0.
Alternatively, v ® 1,...,vs ® 1 are linearly independent over K. Thus, r is

the maximal number of R-linearly independent elements of M.
Finally, by Nakayama’s lemma [Lang7, p. 425, Lemma 4.3], n is the
minimal number of generators of M. 0

Definition 2.2.4: Let R be an integral domain with quotient field F. An
overring of R is a ring R C R’ C F. It is said to be proper if R # R’
O

LEMMA 2.2.5: A discrete valuation ring O has no proper overrings.

Proof: Let R be an overring of O. Assume there exists x € R~ O. Then z~!
is a nonunit of O. Choose a prime element 7 for O. Then x = un~"™ for some
u € O and a positive integer m. Hence, 7! = u= 7™ 'z € R. Therefore,
u'7% € R for all W/ € O* and k € Z. We conclude that R = Quot(O). O

Composita of places attached to discrete valuations of rational function
fields of one variable give rise to useful places of rational function fields of
several variables.

Construction 2.2.6: Composition of places. Suppose 1 is a place of a field
K with residue field L and ¢ is a place of L with residue field M. Then
¥1(0,) is a valuation ring of K with maximal ideal ¢»~*(m,,) and residue
field = 1(0y) /¥~ (m,) =2 O, /my, = M. Define a map potp: K — M U{oc}
as follows: po(z) = p(¥(z)) if Y(x) # oo and p o YP(z) = oo if Y(x) = 0.
Then ¢ o9 is a homomorphism on ¢~ (O,) and {z € K| po¢(z) = 0o} =
K ~¢71(0,). Therefore, ¢ o1 is a place of K, called the compositum of
Y and ¢, Ogoyp = dfl(Ow), and Myoy = P (my,).

K —~ LU {00} £ MU {o0}
L
Oy —— [ ——> M U{x}

P 7

Owow Osﬂ M
| | |
Moy my i 0
| | |
my —2 s g—F o
In addition, L = I_(w and M = Ep = _ww' |

LEMMA 2.2.7: Let K be a field, ay,...,a, elements of K, ti,...,t, inde-
terminates, and L a finite extension of K. Then there exists a K-place
p: K(t) — K(a) U{oo} such that o(t;) = a;, i = 1,...,7. Moreover, every
extension of ¢ to an L-place of L(t) maps L(t) onto L(a) U {oo}.

Proof:  For each i there is a K(a1,...,a;-1,tit1,...,t.)-place

Pi: K(ala-"7ai717ti7ti+l '-';tT) - K(a17'-'7ai71;ai7ti+l7"'7t’l")
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with ¢;(t;) = a; (Example 2.2.1). The compositum ¢ = @, 0 --- 0y is
a K-place of K(t1,...,t.) with residue field K(a1,...,a,) and o(t;) = a;,
1=1,...,7.

Let now ¢ be an extension of ¢ to an L-place of L(t). Choose a basis
b1,...,b, for L/K. Then by,...,b, is also a basis for L(t)/K(t). Hence,
each f € L(t) has a presentation f = Y 1"  b;f; with f; € K(t). Assume
without loss that % is finite under ¢ for i = 1,...,n. Then f = f1 Y i, %bl
and ¢(f) € L(ay,...,a,) U{oo}. Thus, ¢(L(t)) = L(a) U {oo}. O

2.3 Extensions of Valuations and Places

The examples of Section 2.2 and the following extension results give a handle
on describing valuations of function fields in one variable.

PROPOSITION 2.3.1 (Chevalley [Lang4, p. 8, Thm. 1]): Let ¢o be a homo-
morphism of an integral domain R into an algebraically closed field M and
let F' be a field containing R. Then ¢ extends either to an embedding ¢ of
F into M or to a place ¢ of F' into M U {co}.

When F is algebraic over R, the proposition has a more precise form:

Let f € R[X] be an irreducible polynomial over E = Quot(R) and
f € M[X] the result of applying ¢ to the coefficients of f. Suppose f is
not identically zero. Assume x and Z are roots of f and f in E and M,
respectively. Then yy extends to a place ¢ of E(x) into M U {oo} with
p(x) = Z [Lang4, p. 10, Thm. 2]. Moreover, if @ is injective, so is ¢ [Lang4,
p. 8, Prop. 2].

In particular, suppose v is a valuation of a field F and F' is an extension
of E. Then v extends to a valuation wg of F. Each valuation w of F
which is equivalent to wg lies over v. Thus, w lies over v if and only if
O, € Oy and m, = my, N O,. The number e,,/, = (W(F*) : w(EX)) is the
ramification index of w over v (and also over E). The field degree [F : E]
bounds e, /,, (Exercise 5). Similarly, E, embeds in F,, to give the inequality
fwpw = [Fw : Ey] < [F @ E] (Exercise 7). Both the ramification index and
the residue field degree are multiplicative. Thus, if (F’,w’) is an extension
of (F,w), then e/, = €y /wew/v a0 fuy /1y = furjwfuwjo- I [F 1 E] < oo,
then the number of valuations of F' that lie over v is finite (a consequence of
Proposition 2.3.2).

PROPOSITION 2.3.2: Let F//E be a finite extension of fields and v a valuation

of E. Let wy,...,wy be all inequivalent extensions of v to I'. Then
g
(1) Zewi/vfwi/v < [F : E]
i=1

[Bourbaki2, p. 420, Thm. 1]. If, in addition, v is discrete and F'/E is separa-
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ble, then each w; is discrete and (see [Bourbaki2, p. 425, Cor. 1])

g
(2) Zewi/vfwi/v - [F : E]
i=1

Suppose (F,w)/(E,v) is an extension of discrete valued fields. In par-
ticular, w(a) = v(a) for each a € E. By definition, e,,;, = (w(F*) : v(E*)).
However, as in Section 2.2, it is customary to replace v and w by equivalent
valuations with v(E*) = w(F*) = Z. The new valuations satisfy

w(a) = ey/yv(a) for each ac€ E.

Whenever we speak about an extension of discrete valuations, we mean they
are normalized and satisfy the latter relation.

Suppose F' is a finite Galois extension of F with a Galois group G. Let
w be a discrete valuation of F and let 0 € G. Then, o(w) is a valuation of
F (Section 2.1), both w and o(w) lie over the same valuation v of F, and

Cw/v = Co(w)/v and fw/v = fa(w)/v~

Conversely, suppose w and w’ are two discrete valuations of F' over the
same valuation v of E. Then there exists o € G such that o(w) = w’ (Exercise
9). Thus, if wi,...,w, are all distinct valuations of F' that lie over v, then
they all have the same residue degree f and ramification index e over v. In
this case formula (2) simplifies to

(3) efg=F:El.
The subgroups

Dy =Dy ={0 € G| 00y = Oy}
Iy =1,/ ={0€G| w(x—ox)>0foral zc O}

are the decomposition group and the inertia group, respectively, of w
over E. Obviously I, < D,,. If F},/E, is separable, then [Serre3, p. 33]

(4) |Iw| = Cuw/v and |Dw| = 6w/vfw/v-

Section 2.6 generalizes the notion of separable algebraic extension of
fields to arbitrary extensions of fields. In particular, purely transcendental
extensions of fields are separable. We use this notion in the following defini-
tion. Suppose (F,w)/(E,v) is an arbitrary extension of valued fields. We say
w is unramified (resp. tamely ramified) over v (or also over E) if F,,/E,
is a separable extension and e/, = 1 (resp. char(E,) 1 Cw/v). We say v is
unramified (resp. tamely ramified) in F' if each extension of v to F' is

unramified (resp. tamely ramified) over v.
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Example 2.3.3: Purely transcendental extensions. Let (E,v) be a valued
field. Consider a transcendental element ¢ over E. Extend v to a valuation
v' of E(t) as follows.

First define v' on E[t] by the following rule:

m
(5) o' ( Z a;t") = min (v(ag), ..., v(an))
i=0
for ag, . ..,a, € E. The same argument used to prove Gauss’ Lemma proves

that v'(fg) = v'(f) +v/(g) for all f, g € E[t].
Indeed, let f(t) = 27" a;t" and g(t) = Y27, b;t’. Let r be the minimal

integer with v(a,) = min (v(ag),...,v(a)) and let s be the minimal integer
with v(bs) = min (v(bg),...,v(by)). If i +j =7+ s and (i,5) # (r,s), then
either ¢ < r or j < s. In both cases v(a,) + v(bs) < v(a;) + v(b;). Hence

' ( Z aiti) +o'( Z bjtj) = v(a,) + v(bs)
i—0 j=0

= min ( Z v(ab;)| k=0,...,m+n)

i+j=k
m n
= v'(Zaiti . ijtj),
i=0 j=0

as claimed.

We extend v' to E(t) by the rule v’(g) =v'(f) —v'(g). Then we prove
v/ (ug + ug) > min (v’(ul),v'(uQ)) first for uy,us € Et] and then for uy, us €
E(t). Thus, v" is a valuation of E(t). Note that the residue of ¢ at v’ is
transcendental over F,. Indeed, suppose Z?:o a;t* = 0 for some ag, ..., a, €
O,. Then min (v(ap),...,v(a,)) = V(X yait’) > 0. Hence, a; = 0,
1=0,...,n.

It follows that, E(t),, = E,(f) is a rational function field over E,. By
definition, I,s = I',. In particular, if v is discrete, then so is v and e, , = 1.

Suppose v is another extension of v to E(t) with the residue of ¢ at v”
transcendental over E,. We show that v/ = v’. Indeed, for ag,...,a, € F,
not all zero, choose j between 0 and n with v(a;) = min (v(ao), ..., v(ay)).
Then Y_;"_,a;/a;t" # 0. Therefore,

o (D ait') = wlag) + 0" (3 (as/ay)t)

=0 =0
=min (v(ag), ..., v(an)) = v'( Z a;t'),
i=0

as claimed. O
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LEMMA 2.3.4: Let v be a discrete valuation of a field E, h € O,[X] a monic
irreducible polynomial of degree n, wx a root of h(X) in E, and F' = E(x).
Suppose the residue polynomial h(X) is separable. Then v is unramified in
F.

Proof: By assumption, h(X) = [[/_, h:(X), where h; € E,[X] are distinct
monic irreducible polynomials. For each ¢ between 1 and r choose a root a;
of hi(X) in (E,)s. Use Proposition 2.3.1 to extend the residue map O, — FE,
to a place p; of F with ¢;(x) = a;. Denote the corresponding valuation by
w;. Then E,(a;) C F,,. Since h;(X) and h;(X) have no common root for
1 # 7, the valuations wq,...,w, are mutually inequivalent extensions of v.
Label any further extensions of v to valuations of F' as wy1,...,wy. By (1)

T

T g9
n= Zdeg(hi) = Z[E‘v(ai) (B < Z Cw, v fuw; jo < 1
i=1 =1

i=1

Hence, ¢, /,, = 1 and E_’U(ai) = Fwi fori=1,...,r. Moreover, wy,...,w, are
all extensions of v to F' and each of them is unramified over F. Therefore, v
is unramified in F'. O

The converse of Lemma 2.3.4 requires F, to be infinite.

LEMMA 2.3.5: Let v be a discrete valuation of a field E. Let F' be a separable
extension of E of degree n. Suppose v is unramified in F' and E,, is an infinite
field. Then F/E has a primitive element x with irr(z, F) € O,[X] and the
residue of irr(x, E') at v is a separable polynomial.

Proof:  Let wi,...,wy be all extensions of v to F. By (2), [F : E] =

Y [Fu, : E,]. Moreover, for each i the extension F,,/E, is finite and
separable. Hence, we may choose ¢; in F with w;(¢;) = 0 and the residue
¢; of ¢; at w; is a primitive element of F,, /E,. Let h; = irr(¢;, E,). Since
E, is infinite, we may choose c1, .. .,¢q4 such that ¢,...,¢, are mutually
nonconjugate over E,. Thus, hq, ..., hg are relatively prime.

Use Proposition 2.1.1 to find € F with w;(z —¢;) > 0,i=1,...,9.
Then, w;(x) =0,7=1,...,9. Extend each w; to the Galois closure of F'/E.
Then all E-conjugates of x have nonnegative values under each extended
valuation. Hence, the elementary symmetric polynomials in the F-conjugates
of x belong to O,. Therefore, f(X) = irr(z, E) € O,[X].

Let f be the residue of f at v. By construction, f(¢;) = 0, therefore
hi|f,i=1,...,g. Since hi,..., hy are relatively prime, [[?_, h;|f. Hence,

[F:E]= Z[F““ By = Zdeg(hi)

< deg(f) = deg(f) = [E(z) : E] < [F: E].

Consequently, F(x) = F, as desired. 0
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Example 3.5.4 shows the assumption on E, to be infinite is necessary
for Lemma 2.3.5 to hold.

The next lemma says that arbitrary change of the base field preserves
unramified discrete valuations.

LEMMA 2.3.6: Let (E,v) be a discrete valued field. Consider a separable
algebraic extension F of E and a discrete valued field (Fy,v;) which extends
(E,v). Suppose v is unramified in F. Then vy is unramified in FE;.

Proof:  Suppose without loss that [F : E] < co. Let Fy = FE;. Suppose
first that E, is infinite. Choose x as in Lemma 2.3.5 and let f(X) = irr(z, E).
Then F = E(z) and f(X) is separable. Hence, F; = E(z) and f(X) is still
separable. By Lemma 2.3.4, v; is unramified in F3.

In the general case we consider an extension wy of v; to a valuation of
F. Denote the restriction of wy to F' by w. Let ¢ be transcendental over F7.
Example 2.3.3 extends v (resp. w, vy, wy) in a canonical way to a discrete
valuation v’ (resp. w’, vj, w}) of E(t) (resp. F(t), E1(t), Fi(t)). Further,
ev’/v =1 (I‘eSp. ew’/w = 17 evi/vl = 1a ew’l/wl = 1) and E(t)v/ = Ev(ﬂ
(resp. F(t),, = Fu(l), E(t),, = E1 v, (1), Fi(t),, = Fi 4, (1)), where £ is
transcendental over F} ,,,. Moreover, w/ extends w’ and v} extends v’ giving
this diagram:

(F(t),w) (Fi(t), w)
(F,U}) ‘ (Fl,wl)
(E(t),v") (En(t), v1)
/ /
(B, v) ————— (E1,01)

We claim v’ is unramified in F(t). Indeed, F(t),, = F, - E,(t) is a separable
extension of E(t),,. Also, Cw’ Jor = Cul Jur €yl Jyy = Cupt fy = Cut fuCuf = L.
Hence, w’ is unramified over v’. If u* is an arbitrary extension of v’ to
F(t) and w is its restriction to F, then the residue of ¢ at w* is ¢, which is
transcendental over F,. Thus, by uniqueness of the construction in Example
2.3.3, u* = o/, where v’ is the canonical extension of u to F(t). By the above,
u* is unramified over v’.

Since E(t),, is infinite, the first paragraph of the proof implies v is
unramified in Fy(t). Thus, Fi ., (¢€)/E1 ., (f) is a separable extension and
ewl o] = 1. Therefore, Fl,wl/El,vl is a separable extension and

Cwy vy = ewl/vlew’l/wl = ewi/vl = ew’l/v’levi/vl =1.
Consequently, vy is unramified in Fj. O

Combine the multiplicativity of the ramification index and the residue
field degree with Lemma 2.3.6 to prove:
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COROLLARY 2.3.7: Let (E,v) C (E',v") C (E”,v") be a tower of discrete

valued fields. The following hold:

(a) v"/v is unramified if and only if v" /v" and v' /v are unramified.

(b) v is unramified in E” if and only if v is unramified in E’ and each exten-
sion of v to E' is unramified in E".

(¢) Let Fy and Fy be field extensions of E which are contained in a common
field. Suppose Fy/E is separable algebraic and v is unramified in F and
in F5. Then v is unramified in F1 F5.

Example 2.3.8: Radical extensions. Let (E,v) be a discrete valued field and
n a positive integer with char(FE,) { n. Consider an extension F' = F(x) of
degree n of E where " = a is in E. Let w be an extension of v to a valuation

of I and let e = e,,/,,. Assume both v and w are normalized. Then
(6) nw(z) =ev(a) and e <n.

There are three cases to consider:

Case A: ged(n,v(a)) = 1. By (6), nle, so n = e. By (2), w is the unique
extension of v to F'. Therefore, v totally ramifies in F'.

CASE B: ntw(a). By (6), e # 1. Hence, w ramifies over E.

Case C: nfv(a). Choose m € E with v(n) = 1. Write a = br*" with
k € Z and b € FE such that v(b) = 0. Then y = 7" satisfies y" = b
and F = E(y). Moreover, Y — b decomposes over (E,), into distinct linear
factors. Therefore, by Lemma 2.3.4, v is unramified in F. (]

Example 2.3.9: Artin-Schreier Extensions. Let (E,v) be a discrete valued
field of positive characteristic p. An Artin-Schreier extension F of degree
p has the form E(z) where 2P —z = a with a € E. We consider two cases:

CASE A: v(a) < 0 and p { v(a). Let w be an extension of v to F. Then
w(z) must be negative and w(z?) < w(z). Hence, pw(x) = ev(a), where
e = ey /y. Hence, p = e and w(x) = v(a). Thus, v totally ramifies in F.

CaAsE B: v(a) > 0. Then X?— X —a is a separable polynomial. By Lemma
2.3.4, v is unramified in F'. B
In particular, if v(a) > 0, then X? — X = [[Zy (X — i) in E,. Hence, by

Proposition 2.3.2, v has exactly p extensions to F. Label them vy, ...,v,_1
with v;(z—4) > 0,i=0,...,p—1. Since v;(x —1i) < v;((z —i)?), we conclude
from (z — )P — (x — i) = a that v;(z — i) = v(a). O

LeEmMA 2.3.10 (Eisenstein’s Criterion): Let R be a unique factorization do-
main, p a prime element of R, and f(X) = a, X" +a, 1 X" 1+ +ap a
polynomial with coefficients a; € R. Then each of the following conditions
suffices for f to be irreducible over Quot(R):
(a) p1an, p divides ag, .. .,a,_1, and p* { ag.
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(b) ptag, p divides ay,...,a,, and p*{ a,.
Proof of (a): See [Lang7, p. 183].

Proof of (b): By (a), the polynomial X" f(X 1) = a,+a, 1 X +---+ag X"
is irreducible over K. Therefore, f(X) is irreducible. O

Example 2.3.11: Ramification at infinity. Let K be a field, ¢ an indetermi-
nate, and f(X) = a, X" +--- +ap € K[X] with a,, # 0. By Eisenstein crite-

rion, f(X) —t is irreducible over K (t). Choose a root z of f(X) =t in K (t).
Let v = v be the valuation of K (t) with v(t) = —1 which is trivial on K and
let w be a valuation of K(z) lying over v. The relation a,a™ + -+ 4+ ag = ¢
implies w(z) < 0. Hence, —e,/, = w(t) = w(f(z)) = nw(x). Since
ew/w < [K(x) : K(t)] < n, this implies e,,, = [K(z) : K(t)] = n and

w(z) = —1. Hence, v is totally ramified in K(z). In particular, w is the
unique valuation of K(z) lying over K (¢). O

2.4 Integral Extensions and Dedekind Domains

Integral extensions of Z in number fields are Dedekind domains. Although
they are in general not unique factorization domain, their ideals uniquely
factor as products of prime ideals. In this section we survey the concepts of
integral extensions of rings and of Dedekind domains and prove that every
overring of a Dedekind domain is again a Dedekind domain.

Let F' be a field containing an integral domain R. An element z € F' is
integral over R if it satisfies an equation of the form z™ +a, ;2" ' +---+
agp = 0 with aq,...,a, € R. The set of all elements of F which are integral
over R form a ring (e.g. by Proposition 2.4.1 below), the integral closure
of R in F. Call R integrally closed if R coincides with its integral closure
in Quot(R). For example, every valuation ring O of F is integrally closed.
Indeed, assume = € F'~ O and z is integral over O. Then " + a,,_12" ' +
-+ ag =0 for some ag, ...,a,—1 € O. Then z~! is in the maximal ideal m
of Oand 1 +ap_12~ + - -4+ apxz™™ = 0. Thus, 1 € m, a contradiction.

PROPOSITION 2.4.1 ([Lang4, p. 12]): An element = of F is integral over R
if and only if every place of I finite on R is finite at x. Thus, the integral
closure of R in F' is the intersection of all valuation rings of F' which contain
R. In particular, every valuation ring of F' is integrally closed.

Suppose ¢ is a place of a field F' and K is a subfield of F'. We say that ¢
is trivial on K, or also that ¢ is a place of F/K, if p(x) # oo for all x € K.
Then ¢(y) # 0 for all y € K*. Thus, ¢ maps K isomorphically onto ¢(K).

LEMMA 2.4.2: Let K C L C F be a tower of fields and ¢ a place of F.
Suppose @ is trivial on K and L is algebraic over K. Then ¢ is trivial on L.

Proof: Each x € L is integral over K, so by Proposition 2.4.1, p(x) # oo.
Thus, ¢ is also trivial on L. 0
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Let S be a subring of F' containing R. Call S integral over R if every
element of S is integral over R. If S = R[x1,..., ] and S is integral over R,
then S is a finitely generated R-module. Indeed, every element of S is a linear
combination with coefficients in R of the set of monomials x{"z5? - - - z&m

where 0 < o; < deg (irr(z;, Quot(R))). Propositions 2.3.1 and 2.4.1 give the
following:

PRrROPOSITION 2.4.3: Let R C S be integral domains with S finitely gen-

erated as an R-algebra. Suppose S is integral over R. Then the following

hold:

(a) S is finitely generated as an R-module.

(b) Let ¢: R — M be a homomorphism into an algebraically closed field M.
Then the set of all homomorphisms 1: S — M that extend p is finite
and nonempty.

Suppose R; C Ry C R3 are integral domains. Proposition 2.4.1 implies
that R3 is integral over R; if and only if Ry is integral over Ry and Rj3 is
integral over Rs.

Call an integral domain R Noetherian if every ideal of R is finitely
generated. For example, since a discrete valuation ring O is a principal ideal
domain, it is integrally closed and Noetherian.

If R is an integral domain and p is a prime ideal of R, then

Rp:{%| ac€R and beR>p}

is the local ring of R at p. It has a unique maximal ideal, pR,. If R is
a Noetherian domain, then R, is also Noetherian. If R is integrally closed,
then so is R,.

LEMMA 2.4.4: Suppose R is an integral domain. Then R = (| Rm, where
m ranges over all maximal ideals of R. More generally, a = (| aRy, for each
ideal a of R.

Proof:  Suppose x belongs to each aRy. For each m, © = an /by, with
am € a and by, € R>m. Denote the ideal generated by all the b,’s by
b. If b # R, then b is contained in a maximal ideal m. Hence, b, € m,
a contradiction. Hence, b = R. In particular, 1 = >,/ bncn where M
is a finite set of maximal ideals, and ¢, € R for each m € M. Therefore

T=em ThmCm = D e GmCm € 0. O

Let R be an integral domain with the quotient field F'. A nonzero R-
submodule a of F' is said to be a fractional ideal of R if there exists a
nonzero x € R with xa C R. In particular, every ideal of R is a fractional
ideal. Define the product, ab, of two fractional ideals a and b to be the
R-submodule generated by the products ab, with a € a and b € b. Define
the inverse of a fractional ideal a as a™! = {z € F'| za C R}. If a € a, then
aa~! C R. Therefore, both ab and a~! are fractional ideals.
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PROPOSITION 2.4.5 ([Cassels-Frohlich, p. 6]): The following conditions on

an integral domain R are equivalent:

(a) R is Noetherian, integrally closed, and its nonzero prime ideals are max-
imal.

(b) R is Noetherian and the local ring, Ry, of every nonzero prime ideal p is
a discrete valuation ring.

(c) Every fractional ideal a is invertible (i.e. aa™! = R).

When these conditions hold, R is called a Dedekind domain.

By Proposition 2.4.5, the set of all fractional ideals of a Dedekind domain
R forms an Abelian group, with R being the unit. One proves that this
group is free and the maximal ideals of R are free generators of this group.
Thus, every ideal a of R has a unique presentation a = p7"'p5'2---p'r as
the product of powers of maximal ideals with positive exponents [Cassels-
Frohlich, p. §].

Every principal ideal domain is a Dedekind domain. Thus, Z and K|z],
where x is a transcendental element over a field K, are Dedekind domains.
By the same reason, every discrete valuation ring is a Dedekind domain.

In the notation of Proposition 2.4.5(b), R, is the valuation ring of a
discrete valuation v, of K = Quot(R). The corresponding place ¢, is finite
on R. Conversely, if ¢ is such a place, then p = {z € R| ¢(z) = 0} is
a nonzero prime ideal of R. Since R, C O,, Lemma 2.2.5 implies that
R, = O,. This establishes a bijection between the nonzero prime ideals of R
and the equivalence classes of places of K finite on R.

PROPOSITION 2.4.6 ([Cassels-Frohlich, p. 13]): Let S be the integral closure
of a Dedekind domain R in a finite algebraic extension of Quot(R). Then S
is also a Dedekind domain.

Let p be a prime ideal of R. Then pS = PT*P352--- P&, where
P, Po, ..., P, are the distinct prime ideals of S that lie over p; that is,
PB.NR=p,i=1,...,r. For each i we have pSy, = P;"Sq,. Hence, e; is
the ramification index of vy, over v,. We say B; is unramified over K if
v, /vp is unramified; that is, e; = 1 and S/9; is a separable extension of
R/p. The prime ideal p is unramified in L if each P; is unramified over K.

By Proposition 2.4.6, the integral closure of Z in a finite extension L of

Q is a Dedekind domain, Oy, called the ring of integers of L.

PROPOSITION 2.4.7 (Noether-Grell): Every overring R’ of a Dedekind do-
main R is a Dedekind domain.

Proof:  'We show that R’ satisfies Condition (b) of Proposition 2.4.5.

PART A: An injective map. If p’ is a nonzero prime ideal of R’ then p =
RNy’ is a nonzero prime ideal of R. Indeed, for 0 # x € p’, write v = ¢,
where a,b € R. Thus, 0 # a =bx € RNy’ =p. Since R, C R;, and R, is a

discrete valuation ring, Lemma 2.2.5 implies that R, = R;,. Hence,

(1) pR, = p'R),.
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In addition, p'R;, N R’ = p’. Therefore, the map p’ — RN p’ from the set
of nonzero prime ideals of R’ into the set of nonzero prime ideals of R is
injective.

PART B: A finiteness condition. Let x be a nonzero element of R/, p’ a
prime ideal of R’ which contains x, and p = RNp’. Then R, = R,. Hence,
vp(x) > 0, where v, is the valuation of Quot(R) corresponding to p. But this
relation holds only for the finitely many prime ideals of R that appear with
positive exponents in the factorization of the fractional ideal xR. Hence, by
Part A, x belongs to only finitely many prime ideals of R’.

PART C: The ring R’ is Noetherian. Let a be a nonzero ideal of R'. Choose
a nonzero element x € a and denote the finite set of prime ideals of R’ that
contain z by P. For each p € P the local ring R; is a discrete valuation
domain. Hence, there exists a, € a such that ClR;J = apR;. Denote the ideal
of R" generated by z and by all a, , for p € P, by ao. It is contained in a.
To show that a is finitely generated, we need only prove that a C ag.
Indeed, consider a prime ideal q of R’ not in P. Then x ¢ ¢, so ag Z q.
Hence, agRy = Ry. It follows from Lemma 2.4.4 that ag = ﬂpeP aoRy,.
aherefore, a C Mpepalty = NpepapBy C MNyep @R, = ao, as desired.

LEMMA 2.4.8: Let (E,v) be a discrete valued field, Fy, F», F finite separable
extensions of E' with F' = F1F, and w an extension of v to I'. Suppose v is
unramified in Fy. Then the residue fields with respect to w satisfy F' = F F5.

Proof:  Choose a finite Galois extension N of E which contains F' and
an extension w’ of w to N. Denote the decomposition groups of w’ over
E,F\,F5,Fby Dg, D, Dp,, Dp, respectively. Let ', F|, F}, F’ be the fixed
fields in N of Dg, Dp,, DF,, D, respectively. Let v' = w’|g/. Since all val-
uations of N lying over v’ are conjugate over E’, the definition of E’ as the
fixed field of D implies that w’ is the unique extension of v’ to N. Also,
Dp, = Gal(N/Fy)N Dg, so F1E' = F|. By Lemma 2.3.6, v’ is unramified in
F|. Finally, by [Serre3, p. 32, Prop. 21(c)], the residue fields of E, Fy, F5, F'
at w coincide with the residue fields of E’, F|, F}, F’ at w’, respectively.

We may therefore replace E, Fy, Fy, F', respectively, by E’, F{, F}, F'  if
necessary, to assume that w|p, is the unique extension of v to F;. Now put
w; = w|p,, i = 1,2. By Proposition 2.4.1, O,,, is the integral closure of O, in
Fy. Since v is unramified in Fy, Proposition 2.3.2 implies [F} : E] = [F} : E],
where the bar denotes reduction modulo w.

Choose x € O,, such that Z is a primitive element for the separable
extension F}/E. Let f = irr(z, E) and p = irr(z, E). Then f € O,[X] and
f(x) = 0. Hence, f(z) = 0 and p|f. Therefore,

[Fy : E] > deg(f) > deg(p) = [F, : E] = [F, : E].

Consequently, p = f, Fy = E(x), and F} = E(z).
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By Lemma 2.3.6, wo is unramified in F. Thus, we may apply the result
of the preceding paragraph to F'/Fy and conclude that F' = F5(Z). Conse-
quently, Fi Fy = E(Z)Fy = F»(Z) = F. O

2.5 Linear Disjointness of Fields

Central to field theory is the concept “linear disjointness of fields”, an analog
of linear independence of vectors.

We repeat the convention made in “Notation and Convention” that
whenever we form the compositum of fields, we tacitly assume they are con-
tained in a common field.

LEMMA 2.5.1: Let E and F be extensions of a field K. The following con-

ditions are equivalent:

(a) Each m-tuple (x1,...,2,,) of elements of E which is linearly independent
over K is also linearly independent over F.

(b) Each n-tuple (y1,...,yn) of elements of F' which is linearly independent
over K is also linearly independent over F.

Proof: It suffices to prove that (a) implies (b). Let y1,...,y, be elements
of F' for which there exist aq,...,a, € E with a1y1 + -+ + apy, = 0. Let
{z;| j € J} be a linear basis for E over K and write a; = Y. ;a;;z; with
a;; elements of K, only finitely many different from 0. Then

Z (iaijyi)xj =0.

jeJ i=1

jeJ

By (a), {z;| j € J} is linearly independent over F. Hence, ) a;;y; = 0 for
every j. If y1,...,ym are linearly independent over K, then a;; = 0 for every
tand j,soa; =0,¢=1,...,m. Thus, y1,...,yn are linearly independent
over E. This proves (b). O

Definition: With E and F field extensions of a field K, refer to F and F' as
linearly disjoint over K if (a) (or (b)) of Lemma 2.5.1 holds. O

COROLLARY 2.5.2: Let E and F be extensions of a field K such that [E :
K] < oco. Then E and F are linearly disjoint over K if and only if [E :
K] = [EF : F]. If in addition [F : K] < oo, then this is equivalent to
[EF: K|=[E: K|[F:K].

Proof: If F and F' are linearly disjoint over K and wi,...,w, is a basis
for E/K, then wy,...,w, is also a basis for EF over F. Hence, [EF :
F] = n = [E : K]. Conversely, suppose [E : K| = [EF : F] and let
Z1y..., Ty € E be linearly independent over K. Extend {x1,...,x,} to
a basis {z1,...,2,} of E/K. Since {z1,...,x,} generates EF over F' and
n=|[EF:F],{x,...,x,} is a basis of EF/F. In particular, z1,...,x,, are
linearly independent over F'. (]
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Let E/K be a finite Galois extension. If ENF = K, then, by Corollary
2.5.2, E and F' are linearly disjoint over K. The condition, ENF = K is
equivalent to “res: Gal(EF/F) — Gal(E/K) is an isomorphism” and also
to “res: Gal(F) — Gal(E/K) is surjective.” For arbitrary extensions this
condition is clearly necessary, but not sufficient. Let L be a degree n > 1
extension of K for which L’ is conjugate to L over K and L’ L = K. Then
[LL : K] < n(n—1). Thus, according to Corollary 2.5.2, L and L’ are not
linearly disjoint over K. For example, Q(€/§) is not linearly disjoint from
Q(¢3+/2) over Q although their intersection is Q.

LeEmMA 2.5.3 (Tower Property): Let K C E and K C L C F be four fields.
Then FE is linearly disjoint from F over K if and only if E is linearly disjoint
from L over K and EL is linearly disjoint from F over L.

Proof: The only nontrivial part is to show that if £ and F are linearly
disjoint over K, then E'L and F are linearly disjoint over L.

Apply Lemma 2.5.1. Suppose that y1, ...,y are elements of F' which
are linearly independent over L, but ai,...,a, are elements of EL such
that Y7 a;y; = 0. Clear denominators to assume that a;, € L[E], so that
a; = Y a;jx; with a;; € L, where {z;| j € J} is a linear basis for £ over K.
Then ZJ(ZI a;;y;)xr; = 0. By assumption, the z; are linearly independent
over F'. Hence, Zj ai;y; = 0, s0 a;; = 0 for all ¢ and j. Consequently, a; = 0,
i=1,...,m. O

LEMMA 2.5.4: Let L be a separable algebraic extension of a field K and
let M be a purely inseparable extension of K. Then L and M are linearly
disjoint over K.

Proof: Let L be the Galois closure of L/K. Then L N M = K. Hence, L
and M are linearly disjoint over K. Therefore, by Lemma 2.5.3, L and M
are linearly disjoint over K. O

Let Fq,...,FE, be n extensions of a field K. We say that F1,..., E,
are linearly disjoint over K if Fy---E,,_1 and F,, are linearly disjoint
over K for m = 2,...,n. Induction on n shows that this is the case if
and only if the following condition holds: If w;j,, ji € Ji, are elements of
FE; which are linearly independent over K, i = 1,...,n, then H?:l Wi j,
(J1y-+-yJn) € J1 X -+ X J,, are linearly independent over K.

It follows that FEy,...,FE, are linearly disjoint over K if and only if
the canonical homomorphism of £y Qk -+ kg FE,, into E; --- E, that maps

1 ® - - ®xy, onto xq - - T, is injective. It also follows that if Ey,..., E, are
linearly disjoint over K, then Er (1), ..., Er,) are linearly disjoint over K for
every permutation m of {1,...,n}.

The application of tensor products makes the following lemma an easy
observation.

LEmMMA 2.5.5: Let Ei,...,E, (resp. F1,...,F,) be linearly disjoint field
extensions of K (resp. L). For each i between 1 and n let p;: E; — F;U{o0},
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be either a place or an embedding. Suppose 1, ...,@, coincide on K and
pi(K)=L,i=1,...,n. Let E=FE;,---E, and F = Fy---F,. Then there
exists a place p: E — F U {oo} that extends each of the p;’s. If each p; is
an isomorphism of E; onto F;, then ¢ is an isomorphism of E onto F'.

Proof:  Let O; be the valuation ring of ¢; if ¢; is a place and F; if ¢; is
an isomorphism. By assumption, the map z1-- -z, — 1 ® -+ ® x, is an
isomorphism O;---0,, 2 O ®k -+ @k O, of rings. Hence, there exists a
ring homomorphism ¢g: Oy ---O,, — F such that ¢o(z) = ¢;(z) for each
€0, i=1,...,n Bxtend ¢, to a place ¢: E — F U {oo} (Proposition
2.3.1). If x € E; N O;, then p(x™1) = ¢;(z71) = 0, so p(z) = gi(x) = oco.
We conclude that ¢ coincides with ¢; on E;. ]

Finally, define a family {E;| ¢ € I} of field extensions of K to be lin-
early disjoint over K if every finite subfamily is linearly disjoint over
K. Tt follows from the discussion preceding Lemma 2.5.5 that a sequence
(Ey, Es, E3, . ..) of fields extensions of K is linearly disjoint over K if FE,, is
linearly disjoint from E --- B, for 2,3,4,.... Then, Er, Ex(2), Ex(3),- -
are linearly disjoint for every permutation 7 of N.

LEMMA 2.5.6: Let {L;| ¢ € I} be a linearly disjoint family of Galois exten-
sions of a field K. Then Gal([[,.; Li/K) = [],c; Gal(L;/ K).

Proof:  Since [],.; Gal(L;/K) = (h_mHieIO Gal(L;/K), we may assume [

is finite. In this case, the embedding Gal([[;c; Li/K) — [[;c; Gal(Li/K)
given by o +— (o]|r,)ier is surjective (Lemma 2.5.5). Therefore, it is an
isomorphism. O

LEMMA 2.5.7: Let K be a field, Ky, K5, K3, ... a linearly disjoint sequence
of extensions of K, and L a finite separable extension of K. Then there exists

a positive integer n such that L, K,,, K41, K42, ... are linearly disjoint over
K.

Proof: Replace L by its Galois closure over K, if necessary, to assume L is
Galois over K. Assume for each positive integer n the field L is not linearly
disjoint from K, K, 11 K,42---over K. Then L,, = LNK, K, 11K,42---isa
proper extension of K. Since L has only finitely many extensions that contain
K and since L,, 2 Lyy1 2 Lyyo 2O ---, there is an m such that L, = L,,
for all n > m. Since L,, is a finite extension of K, there is an n > m with
L,, C K, -+ K,_1. Similarly, there exists r > n with L,, C K, - - K,_1.
By assumption, K,, --- K,,_1 and K,, - - - K,._ are linearly disjoint over K. In
particular, their intersection is K. Therefore, L,, = K. This contradiction
proves there exists n such that L, K,,, K, 1, K,,+2,... are linearly disjoint
over K. O

LEMMA 2.5.8: Let v be a discrete valuation of a field K and L, M finite
extensions of K. Suppose v is unramified in L but totally ramified in M.
Then L and M are linearly disjoint over K.
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Proof: Let Ly be the maximal separable extension of K in L and vy an
extension of v to Ly. Then L/Lg is purely inseparable. Hence, vy is ramified
in L. Therefore, L = Ly and L/K is separable.

Since v is unramified in each of the conjugates of L over K it is unram-
ified in their compositum (Corollary 2.3.7). We may therefore replace L by
the Galois closure of L/K, if necessary, to assume L/K is Galois.

Let m = [L N M : K]. Choose an extension w of v to L N M. Then
e(w/v) =1 on one hand and e(w/v) = m on the other hand. Thus, LN M =
K. Therefore, L is linearly disjoint from M over K. (]

Example 2.5.9: Roots of unity. For each n consider the Galois extension
Q(¢n) of Q obtained by adjoining a primitive root of unity of order n. It
is well known that ¢(n) = [Q(¢,) : Q] is the number of integers between 1
and n which are relatively prime to n [Lang7, p. 278, Thm. 3.1]. If m is
relatively prime to n, then ¢(mn) = ¢(m)e(n) [LeVeque, p. 28, Thm. 3-7].
In addition, Q((m, Cn) = Q(Gmn)- Hence, [Q(Gn, Cn) + Q = [Q(Grn) = Q] =
p(mn) = p(m)p((n) = [Q(n) : QQ(¢,) : Q). Tt follows from Corollary 2.5.2
that Q({y,) and Q(¢,) are linearly disjoint over Q. O

Here is an application of linear disjointness to integral closures of do-
mains.

LEMMA 2.5.10: Let K be a field, L a separable algebraic extension of K,
and R an integrally closed integral domain containing K. Let E = Quot(R),
F = FEL, and S the integral closure of R in F'. Suppose E and L are linearly
disjoint over K. Then S = RL = R®g L.

Proof:  Assume without loss L/K is finite. Choose a basis wy,...,w, for
L/K. Let oq,...,0, be the distinct K-embeddings of L into K. Then
det(aiwj) 7é 0.

Each element of L is integral over K, hence over R, so RL C S. Con-

versely, let € S. By the linear disjointness, wy, . . ., w,, form a basis for F'/E.
Hence, z = 2;21 ejw; with e; € B, 7 =1,...,n. Also, each o; extends to
an E-embedding of F into Ey (Lemma 2.5.5). Thus, o,z = 3.7, ejowy,
i = 1,...,n. Apply Kramer’s law to present each ej; as a polynomial in
oix,owj, with 4,5 = 1,...,n, divided by det(o;w;). Thus, e; is an ele-
ment of £ which is integral over R. Since R is integrally closed, e, € R,
k=1,...,n. Consequently, x € RL, as needed. O

We generalize the tower property to families of field extensions:

LEMMA 2.5.11: Let K be a field and I a set. For each i € I let F;/E; be
a field extension with K C E;. Suppose {F;| i € I} is linearly disjoint over
K. Denote the compositum of all E;’s by E. Then the set {F;E| i € I}
is linearly disjoint over E. Moreover, for each i € I, the field F; is linearly
disjoint from E over E;.

Proof: Tt suffices to consider the case where I = {1,2,...,n}. By induction
suppose F;Fq---E,_1,i=1,...,n — 1, are linearly disjoint over E; --- E,.
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By assumption, F} --- F,,_; is linearly disjoint from F;,, over K. Hence, by
the tower property, F} - -+ F},_1 is linearly disjoint from F over Fy, ..., E,_1,

so F;E, 1 =1,...,n— 1, are linearly disjoint over F.

Fy---F, F,---F, \E

FZ'El s En,1 _— FZE
By By E EF,
K E, F,

Moreover, Fy - -- F,,_1 F is linearly disjoint from EF;, over F. Consequently,
FE is linearly disjoint from F,, over E, and F;F, i = 1,...,n are linearly
disjoint over F, as claimed. O

2.6 Separable, Regular, and Primary Extensions

Based on the notion of linear disjointness we define here three type of field
extensions. We say that a field extension ['/K is separable (resp. regular,
primary) if F' is linearly disjoint from Kj,s (resp. K, K,) over K.

SEPARABLE EXTENSIONS. We generalize the notion of “separable algebraic
extension” to arbitrary field extensions.

Let K be a field of positive characteristic p. The field generated over
K by the pth roots of all elements of K is denoted K'/?. We denote the
maximal purely inseparable extension of K by Ki,s (or K'/P7). Let F be
a finitely generated extension of K. A collection ti,...,t. € I of elements
algebraically independent over K is a separating transcendence basis if
F/K(t1,...,t.) is a finite separable extension.

LEMMA 2.6.1: An extension F' of a field K is separable if it satisfies one of
the following equivalent conditions:
(a) F is linearly disjoint from Ki,s over K.
(b) F is linearly disjoint from K'/P over K.
(¢) Every finitely generated extension E of K which is contained in F has a
separating transcendence basis.
Moreover, a separating transcendence basis can be selected from a given
set of generators for F/K.
Proof:  The implications “(a) => (b)” and “(c) => (a)” are immediate
consequences of the tower property (Lemma 2.5.3). For “(b) => (c)” see
[Lang 4, p. 54]. Lemma 19.2.4 gives a constructive proof. O

In particular, every separable algebraic extension satisfies conditions (a),
(b), and (c) of Lemma 2.6.1. Now apply the rules of linear disjointness.
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COROLLARY 2.6.2:

(a) If E/K and F/E are separable extensions, then F/K is also separable.

(b) If F/K is a separable extension, then E/K is separable for every field
KCECF.

(c) Every extension of a perfect field is separable.

(d) If E/K is a purely inseparable extension and F'/K is a separable exten-
sion, then E and F' are linearly disjoint over K.

Example 2.6.3: A separable tower does not imply separable steps. Consider
the tower of fields F), C F,(t?) C F,(t), where t is transcendental over F,.
The extension F,(t)/F, is separable, but F,(¢)/F,(t?) is not. O

REGULAR EXTENSIONS. Finitely generated regular extensions characterize
absolutely irreducible varieties (Section 10.2)

LEMMA 2.6.4: A field extension F/K is regular if it satisfies one of the
following equivalent conditions:

(a) F/K is separable and K is algebraically closed in F'.

(b) F is linearly disjoint from K over K.

Proof: The implication “(b) => (a)” is immediate.

To prove “(a) => (b)”, it suffices to assume that F/K is finitely gen-
erated. Then F/K has a separating transcendence basis, t1,...,t,, which
is also a separating transcendence basis for the extension FK /K. Since
K = (K,)ins, Lemma 2.6.1 implies that F K, is linearly disjoint from K over
K. Also, K,/K is a Galois extension and F'N K, = K. Hence, F is linearly
disjoint from K over K. Therefore, by Lemma 2.5.3, I is linearly disjoint
from K over K. (I

COROLLARY 2.6.5:

(a) If E/K and F/E are regular extensions, then F/K is regular.

(b) If F/K is a regular extension, then E /K is regular for every field E lying
between K and F'.

(¢) Every extension of an algebraically closed field is regular.

(d) Let m be a cardinal number and K,, a < m, an ascending transfinite
sequence of fields such that K., = Ua<v K, for each limit ordinal number
v < m. Suppose K, is a regular extension of K. for all v < m. Then
K,, is a regular extension of each Kz with 3 < m.

Proof of (d): Let § < m be a transfinite number. By transfinite induction
assume [, is regular extension of Kg for all 5 < v < §. Now distinguish
between two cases:

Case A: § is a limit number. Consider 3 < 4, elements ai,...,a, €
K linearly independent over Kz, and elements uj,...,u, € K; satisfying
>i_; aju; = 0. Then there exists an ordinal number v with § <y < § and

uy,...,ur € K. Since K,/Kg is regular, f(ﬁ is linearly disjoint from K,
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over Kg, so a; = --- = a, = 0. Therefore, K is linearly disjoint from f(ﬁ
over Kg.

CASE B: § = v+ 1 is a successor number. By assumption, both K, /Kg
and K,11/K, are regular extensions. Hence, by (a), K5/Kg is a regular
extension. (]

The next lemma gives a criterion for a regular extension F/K to be
linearly disjoint from another extension of K in terms of “algebraic in-
dependence”. To define this notion consider an arbitrary field extension
F/K and a subset T of F. We say that T is algebraically indepen-
dent over K if f(t1,...,t,) # 0 for all ¢1,...,t, € T and for each nonzero
feK[Xy,...,X,]. Ifinaddition F//K(T) is an algebraic extension, then T is
a transcendence base of F'//K. The cardinality of 7' depends only on F'/K.
It is the transcendence degree of F//K. We denote it by trans.deg(F/K).
For example, trans.deg(F/K) = 0 if and only if F'/K is an algebraic exten-
sion. If S is a subset of F' such that F/K(S) is algebraic, then S contains a
transcendence base for F//K [Lang7, p. 356, Thm. 1.1]. In particular, if /K
is finitely generated, then trans.deg(F/K) < oco. The converse is false. For
example, trans.deg(@/ Q) = 0 although @/ Q is not finitely generated.

If T} is a subset of F' which is algebraically independent over K, choose
a transcendence base Ty for F/K(Ty). Then ToNTy = @ and To UT; is a
transcendence base for F//K. This argument also gives the additivity of the
transcendence degree for a tower K C E C F' of fields:

(1) trans.deg(F/K) = trans.deg(E/K) + trans.deg(F/E).

Now consider two extensions E and F' of a field K. We say that E and
F' are algebraically independent over K if
(2) every m-tuple (t1,...,t,) of elements of E which is algebraically inde-
pendent over K is also algebraically independent over F.

It follows that F and F are algebraically independent over K if and
only if Ey and F are algebraically independent over K for every subfield
FEy of E which is finitely generated over K. Hence, in order to prove that
algebraic independence is a symmetric relation, we may consider finitely gen-
erated extensions E and F of K, assume that (2) holds, and prove condi-
tion (2) with the roles of E and F exchanged. Indeed, let uq,...,u, be
elements of F' which are algebraically independent over K. FEnlarge n, if

necessary, to assume that wg,...,u, form a transcendence base of F/K.
Then F/K(u) is algebraic and therefore so is EF/E(u). After reordering
the w;, we may assume uq,...,u,, form a transcendence base for EF/E.

Assumption (2) implies that trans.deg(E/K) = trans.deg(EF/F). Hence,
by (1), m = trans.deg(EF/FE) = trans.deg(EF/K) — trans.deg(E/K) =
trans.deg(EF/K) — trans.deg(EF/F) = trans.deg(F/K) = n. Therefore,
Ui, ..., U, are algebraically independent over FE, as desired.

Like linear disjointness, algebraic independence has the tower property:
Let K CLC M and K/ C L' C M’ be fields with K C K’, L' = K'L and
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M' = L'M. Then trans.deg(M/K) = trans.deg(L/K)+trans.deg(M /L) and
trans.deg(M'/K') = trans.deg(L'/K’) 4 trans.deg(M'/L’). Also,

trans.deg(L'/K") < trans.deg(L/K), trans.deg(M’'/L") < trans.deg(M/L).

Hence, M is algebraically independent from K’ over K if and only if L is
algebraically independent from K’ over K and M is algebraically independent
from L' over L.

By considering monomials in elements z1,...,x, of F, it is clear that
if E and F are linearly disjoint over K, then they are also algebraically
independent over K. The converse, however, is false: Any two extensions of
K one of which is algebraic are algebraically independent over K. Lemma
2.6.7 below gives a partial converse.

LEMMA 2.6.6: Let I and F be fields, T (resp. T) an algebraically indepen-
dent set over F (resp. over F), po: F — F U {oo} a place, and ¢1: T — T a
bijective map. Then there exists a place p: F(T) — F(T) U {oo} extending
both g and ;.

Proof: The case where T' consists of one element ¢ is covered by Example
2.3.3. In the general case well order T and apply transfinite induction. (]

LEMMA 2.6.7: Let E be a regular extension of a field K and let F' be an
extension of K. If E and F are algebraically independent over K, then E
and F are linearly disjoint over K.

Proof (Artin): Let z1,...,2, be elements of E for which there exist
ai,...,an € F, not all zero, such that Y a;x; = 0. Use Proposition 2.3.1
to choose a K-place ¢ of F into K U {oc}. Let T be a transcendence base
for E over K. Then the elements of T" are algebraically independent over F.
Hence, by Lemma 2.6.6, ¢ extends to a K(T')-place of F(T). Since E is an
algebraic extension of K(T'), ¢ extends to an E-place of EF into EU {0}
(Lemma 2.4.2).

With no loss we may divide aq, ..., a, by, say ai, to assume that a; = 1
and that all the a; are finite under ¢. Thus, Y ¢(a;)z; = 0 is a nontrivial
linear combination of the z; over K. But E is linearly disjoint from K over
K. Hence, z1,...,x, are also linearly dependent over K. (]

COROLLARY 2.6.8:

(a) Let E be a regular extension of a field K, algebraically independent from
an extension F' of K. Then EF is a regular extension of F'.

(b) If two regular extensions FE and F of K are algebraically independent,
then EF/K is regular.

Proof: For (a) note that F is also algebraically independent from F over K.

By Lemma 2.6.7, E is linearly disjoint from F over K. Hence, by Lemma

2.5.3, EF is linearly disjoint from F over F. Therefore, EF/F is regular.
For (b) use (a) and Corollary 2.6.5(a). O
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LEMMA 2.6.9: Each of the following conditions on a field extension F'/K

implies that F/K is regular:

(a) For all uy,...,u, € F*, there exists a K-place ¢o: F — K U {oo} with
(), pliin) € KX

(b) There exists a K-place p: F — K U {o0}.

Proof:  'We prove that F'/ K satisfies Condition (b) of Lemma 2.6.4. Consider
wi, ..., w, in K which are linearly independent over K. Assume there exist
Ui, ...,U, in F, not all zero, such that 2?21 u;w; = 0. Omitting the terms
with u; = 0, we may assume u; # 0 for all <. In Case (a) choose a K-place
@: F — K U {oo} with ¢(u;) € K* for each i such that u; # 0. In Case (b)
divide u1,...,u, with one of them, say with ui, to assume that u; = 1 and
that ¢(u;) € K for i = 1,...,n. Now apply Proposition 2.3.1 and extend ¢
to a place ¢: FK — K U {oo} By Lemma 2.4.2, @ is trivial on K. In other
words, the restriction of ¢ to K is an automorphism.

In particular, @g(w;),...,p(w,) are linearly independent over K. Since
St o(ui)@(w;) = 0, this implies p(u;) = 0 for ¢ = 1,...,n. This contra-
diction proves that wy,...,w, are linearly independent over F. We conclude
that F is linearly disjoint from K over K. 0

Example 2.6.10: Purely transcendental extensions. Let t1,...,t, be alge-
braically independent elements over a field K. For each ¢ between 1 and n
the map ¢; — 0 extends to a K(t1,...,t;—1)-place ¢; of K(t1,...,t;) onto
K(ty,...,t;—1) U{oco}. Hence, by Lemma 2.6.9(b),

K(ty,....t:)/K(ty, ... ti_1)

is a regular extension. Therefore, by Corollary 2.6.9(a), K(t)/K is a regular
extension.

Of course, we can also prove the latter result directly: Let f1,..., fm
be elements of K(t) which are linearly dependent over K. Thus, there
are ¢1,...,¢m € K mnot all zero with Sy éfi = 0. Clearing denomina-

tors, we may assume all f; € K[t]. Write fi(t) = 3, agt) - -tir. Then

> (=", éiaij)t]f coetdn =30 G fi(t) = 0. Hence, Y0 &ai; = 0 for all
Jj. Thus, the homogeneous linear system of equations Y ;" X;a;; = 0 with

coefficients a;; € K has a nonzero solution in K™. Therefore, it has a nonzero
solution in K™. In other words, there are c¢y,...,¢, € K not all zero with
S ciaig = 0 for all j. They satisfy >, ¢; f; = 0. Hence, fi,..., fm are
linearly dependent over K. This completes the direct proof that K(t)/K is
a regular extension.

We have not defined composition of places. But if we had, we could
compose the places ¢;: K(t1,...,t;) — K(t1,...,ti—1), i =n,n—1,...,1,
of the first paragraph to a K-place p: K(t) — K satisfying o(t;) = 0,
i =1,...,n. Again, by Lemma 2.6.9(b), this would prove that K(t)/K is
regular. Also, given ay,...,a, € K, we can replace t; by t; — a; to produce
a K-place ¢: K(t) — K with ¢(t;) = a;, i =1,...,n.



2.6 Separable, Regular, and Primary Extensions 43

Let now T be an arbitrary set of algebraically independent elements
over K and ¢p: T'— K a map. Then every finitely generated subextension
of K(T)/K is regular. Therefore, K(T')/K is regular. Moreover, using trans-
finite induction, it is possible to construct a K-place ¢: K(T) — K which
extends ¢g. O

Example 2.6.11: Absolutely irreducible polynomials. Now consider a poly-
nomial f € K[T,...,T,, X]. Suppose f is absolutely irreducible; that

—

is, f is irreducible in IN([Tl, ...y, T, X]. Let 2 be a root of f(t,X) in K(t).
Then [K(t,z) : K(t)] = degy f = [K(t,z) : K(t)]. By Corollary 2.5.2,
K(t, ) is linearly disjoint from K(t) over K(t). By Example 2.6.10, K(t)
is linearly disjoint from K over K. Hence, by the tower property (Lemma
2.5.3), K(t,z) is linearly disjoint from K over K. Therefore, K (t,z)/K is a
regular extension.

Conversely, suppose f is irreducible in K[T, X] and K (t,z)/K is a reg-
ular extension. Reversing the above arguments shows that f is absolutely

irreducible. O

As an application we rephrase Corollary 1.3.4 and supply a new proof.
It is a simplified version of [Leptin].

PROPOSITION 2.6.12: Let G be a profinite group and K a field. Then there
is a Galois extension F'/E with K C E and Gal(F'/E) = G.

Proof: Write G as a projective limit (h_m G, of finite groups G; with 7 ranging

over a directed set I. By definition, G is a closed subgroup of [[,.; Gi.
Suppose we have constructed an algebraic extension F/E with K C E and
Gal(F/E) = [],c; Gi- Let E' be the fixed field of G in F. Then Gal(F/E") =
G.

In order to construct F'//E with Gal(F'/E) = [],.; G:, we choose a family
(x9)ier, 0eq, of algebraically independent elements over K. For each i € I
let F; = K(2¢| o € G;). The group G; acts on F; by the rule (z7)” = 277
and a” = a for a € K. Let E; be the fixed field. Then K C E; and F;/E; is
a Galois extension with Galois group G; [Lang7, p. 264].

Denote the compositum of all E;’s by E and the compositum of all F;’s by
F. By Example 2.6.10, each F; is a regular extension of K. By construction,
the set {F;| ¢ € I} is algebraically independent over K. Hence, by Lemma
2.6.7, the set {F;| i € I} is linearly disjoint over K. It follows from Lemma
2.5.11, that the set {EF;| ¢ € I} is linearly disjoint over E. Moreover, FE is
linearly disjoint from F; over E;. Therefore, Gal(EF;/FE) = Gal(F;/E;) = G;.
It follows from Lemma 2.5.6 that Gal(F/E) =[], ; G, as desired. O

PRIMARY EXTENSIONS. We use primary extensions in the study of C;-fields
(Section 21.2).

LEMMA 2.6.13: A field extension F/K is primary if it satisfies one of the
following equivalent conditions:



44 Chapter 2. Valuations and Linear Disjointness

(a) FNK/K is a purely inseparable extension.
(b) The field F is linearly disjoint from K, over K.

Proof:  Clearly “(b) => (a).” The implication “(a) => (b)” holds since
FNK,=K and K,;/K is a Galois extension. O

COROLLARY 2.6.14:

(a) If E/K and F/E are primary extensions, then so is F'/K.

(b) If F/K is a primary extension, then E/K is primary, for every field
KCECF.

(¢) Every extension of a separably closed field is primary.

(d) An extension F/K is regular if and only if it is separable and primary.

LEMMA 2.6.15:

(a) Let E be a primary extension of a field K which is algebraically inde-
pendent from an extension F' of K. Then EF is a primary extension of
F.

(b) If two primary extensions E and F of K are algebraically independent,
then EF'/K is primary.

Proof: Assertion (b) follows from (a) and from Corollary 2.6.14(a). To prove
(a), choose a transcendence base T for E/K and let M be the maximal sepa-
rable extension of K(7T') in E. Then M is a separable and primary extension
of K. Hence, by Lemma 2.6.14(d), it is regular. Also, M is algebraically
independent from Fy over K. By Lemma 2.6.7, M F' is linearly disjoint from
Fs over F. Since E'F is a purely inseparable extension of M F', it is linearly
disjoint from M Fs. It follows that E'F' is linearly disjoint from Fy over F;
that is, E'F is a primary extension of F'. ]

2.7 The Imperfect Degree of a Field

We classify fields of positive characteristic by their imperfect degree and char-
acterize those fields for which every finite extension has a primitive element
as fields of imperfect degree 1.

Let F be a field of positive characteristic p. Consider a subfield Fjy
of F' that contains the field FP? of all pth powers in F. Observe that for
Z1,...,Ty € F, the set of monomials

(1) 9311133’;;3 0<ip,....in<p—1,

generates Fy(x) over Fy. Hence, [Fy(x) : Fo] < p™. If [Fy(x) : Fo] = p™, then
x1,...,Ty, are said to be p-independent over Fj. Equivalently, each of the
fields Fy(z1),. .., Fo(z,) has degree p over Fy and they are linearly disjoint
over Fy. This means that the set of monomials (1) is linearly independent
over Fy. A subset B of I is p-independent over Fp, if every finite subset
of B is p-independent over Fy. If in addition Fy(B) = F, then B is said to
be a p-basis for F' over Fj. As in the theory of vector spaces, each maximal
p-independent subset of F' over Fy is a p-basis for F' over Fy.
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If 1,...,2, € F are p-independent over FP we call them p-indepen-
dent elements of F. The p-power p™ = [F : F?] is the imperfect degree of
F and n is the imperfect exponent of F'. We say that F is n-imperfect.
Thus, a perfect field has imperfect exponent 0. Both quantities are infinite
if [F': F?] = co. In this case F' is co-imperfect.

LEMMA 2.7.1 (Exchange Principle): Let Fy be a subfield of F' which contains

FP.

(a) Let x1,...,Zm,Y1,--.,Yn € F be such that x1,...,x,, are p-independent
over Fy and z1,...,Zm € Fo(y1,...,yn). Then m < n, and there is a re-
ordering of y1,...,Yn S0 that y1,...,Ym € Fo(@1,. .., Tm, Ymt1s---sYn)-

(b) Every subset of F' which is p-independent over F extends to a p-basis
for F over Fy.

Proof: We use induction on m. Assume the lemma is true for m = k. Thus,
for m = k 4+ 1 we may assume that

Th41 eFO(xla'"axk7yk>+1a"'ayn) :Fl'

Then [F} : Fy] < p™ and there exists [ between k + 1 and n such that

Y € Fo(T1, - oy @hg1s Yktts - - Yi=1)s

since otherwise [F : Fy] > p" T, a contradiction. Thus, y; can be exchanged
for 1. This proves the first part of the lemma for m = k + 1.

For the last part start from a subset A of K which is p-independent over
Fy. Use Zorn’s lemma to prove the existence of a maximal subset B of F'
which contains A and which is p-independent over F;;. Then B is a p-basis
of F' over Fy. O

LEMMA 2.7.2: Suppose F' is a finitely generated extension of transcendence
degree n of a perfect field K of positive characteristic p. Then the imperfect
exponent of F is n.

Proof:  Choose a separating transcendence basis t1,...,t, for F/K. Then
K(t)? = K(tP) and ty,...,t, is a p-basis for K(t)/K(t?); that is, [K(t) :
K (tP)] = p™. Since K(t) is a purely inseparable extension of K (t”) and F? is
a separable extension of K (t?), these extensions of K (t?) are linearly disjoint.
Also, F' is both a separable extension and a purely inseparable extension of
K(t)F?. Hence, F = K (t)F?. Consequently, [F': FP] = [K(t) : K(t?)] = p",
as claimed. ]

LEMMA 2.7.3: Let B a subset of F which is p-independent over FP and
F’ a separable extension of F. Then B is p-independent over (F')P. If, in
addition, F' is separable algebraic over I', then the imperfect degree of F' is
equal to that of F.

Proof: Assume without loss that B consists of n elements. Then [(F')?(B) :
(F")P] = [FP(B) : FP] = p™. Hence, B is p-independent over (F’)P.
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Suppose now F’/F is separably algebraic. Then F’ is both separably
and purely inseparable over F(F')P, so, F' = F(F')P. Hence, [F' : (F')?] =
[F' : FP]. Therefore, the imperfect degree of F” is equal to that of F. O

LEMMA 2.7.4: Let K be a field of positive characteristic p, let a, by, ..., by, be
p-independent elements of K, and let x1, . .., x,, be algebraically independent
over K. Suppose y1,...,Ym satisfy

(2) ar? +biy? =1, i=1,...,m.
Then K is algebraically closed in K (x,y) = K,,.

Proof: We use induction on m.

PArRT A: m =1. Let z = x1, y = y1, and b = b; and assume that u is a
nonzero element of K7 which is algebraic over K. Then u is also algebraic
over K(a'/? b*/?). But K (z,y,a'/? b'/?) = K(x,a'/?,b"/P) is a purely tran-
scendental extension of K (a'/?,b'/P). Hence, u € K (a'/?,b!/P) and therefore
uP € K. Write
ho(x) | ha(x) hi(x)

@) @ TR T )
with k <p—1, h(x),ho(x),...,hp(zx) € K[z] and h(zx), hi(z) # 0. With no
loss we may assume that x does not divide the greatest common divisor of
h(x), ho(x),...,hi(z). Raise (3) to the pth power, multiply it by h(z)? and
substitute y? = (1 — az?)b~! to obtain:

(4)  (h(x)u)? = ho(z)? + hy(z)P(1 — azP)b~" + - + hy(x)P(1 — axP)*b".

If h(0) = 0, then the substitution = 0 in (4) gives
0= ho(0)” + h1(0)Pb~" + - + hg(0)707F,

Therefore, ho(0) = h1(0) = --- = hi(0) = 0, contrary to assumption. Thus,
we may assume h(0) # 0. Then the substitution = 0 in (4) shows that
u € K(b'/?). Similarly, u € K(a'/P). Since a and b are p-independent in K,
u e K(a/?)nK(bY/P) =K.

Thus, K is algebraically closed in K(z,y).

PArT B: Induction. Assume the Lemma is true for m — 1. Then K is
algebraically closed in K,,—1 = K(1,...,Zm—1,Y1,---,Ym—1). If we prove
that a and b,, are p-independent in K,, 1, then with K,, | replacing K in
Part A, K,,_1 is algebraically closed in K,,, so K is algebraically closed in
K,,.

Since x1,...,x,, are algebraically independent over K, the field
K(a'/?, bi/p, o b%p) is linearly disjoint from E,,, 1 = K(z1,...,Zm_1) over
K. Thus,

(5) (B (P, 01/7 . bMP) By y] = p™ T
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Also, from (2)

Km—l - Em—l(yla"'aym—l) and
Km_l(al/p, b},{p) - Em—l(al/pa b}/pa AR b:r{p)

Thus,
(6) [Km—l : Em—l] < pm_l and [Km—l(al/pa b}q»{p) : Km—l] < p2-

Combine (5) and (6) to conclude that (6) consists of equalities. In particular,
a and b, are p-independent in K,, 1. ]

LEMMA 2.7.5: The following conditions on a field K of positive characteristic

p are equivalent:

(a) The imperfect exponent of K is at most 1.

(b) Every finite extension of K has a primitive element.

(¢) If K is algebraically closed in a field extension F, then F' is regular over
K.

Proof: If K is perfect, then (a), (b), and (c) are true. Therefore, we may
assume char(K) = p > 0 and K is imperfect.

Proof of “(a) = (b)”: By assumption, [K'/? : K] = [K : K?] = p. Hence,
K, = K7 is the unique purely inseparable extension of K of degree p.
Moreover, K1 = K(a'/?) for some a € K, so K,, = K(a'/?") is a purely
inseparable extension of K of degree p™.

Assume that for each m < n, K,, is the unique purely inseparable
extension of K of degree p"*. Let L be a purely inseparable extension of K of
degree p" 1. If we prove that L = K,, 1, then we may conclude by induction
that each finite purely inseparable extension of K has a primitive element.

To this end choose z € L K,,. Let m be the smallest positive integer
with 27" € K. Then K (2) is a purely inseparable extension of K of degree
p™. If m < n, then by the induction hypothesis K(z) = K,, C K,, so
x € K,,. This contradiction proves that m =n + 1 and L = K(z).

The same argument implies that 2P € K,,. Hence, with ¢ = p", we have
P = Zg;ol c;a'/P" for some cq, . .., cq—1 € K. Therefore,

1 . n+1 n+1
T = ci/paz/p €K1(a1/p )= Kpnt1.

i

Q
—

I
o

It follows that L C K,.;. As both fields have degree p"*! over K, they
coincide, as desired.

Now let E be a finite extension of K. Denote the maximal separable
extension of K in E by Ey. By the primitive element theorem, Ey = K(x).
Since Ejy is both separable and purely inseparable over K Ef we have Ey =
KE}. Therefore [Ey : Ef] = [K : KP] = p. Apply the first part of the proof
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to Fy and conclude that E = Ey(y), for some element y. Thus, £ = K(x,y)
with 2 separable over K. By [Waerden3, §6.10], £/ K has a primitive element

Proof of “(b) = (¢)”: Let K(x) be a finite extension of K and let f =
irr(z, K). If K is algebraically closed in F, then f remains irreducible over
F'. Otherwise, its factors would have coefficients algebraic over K and in F,
and therefore in K. Thus, F is linearly disjoint from K(z) over K. Hence,
(b) implies that F is regular over K.

Proof of “(c) = (a)”: Assume a and b are p-independent elements of K.
Then [K(a/?,b'/?) : K] = p*. Let 2 and y be transcendental elements over
K with azP +by? = 1. Put F' = K(z,y). By Lemma 2.7.4, K is algebraically
closed in F. Hence, by (c), F' is regular over K. Therefore, [F(a'/?,b/?) :
F] = [K(a'/?,b'/?) : K] = p?>. On the other hand, , F(a'/?) = F(b'/P),
so [F(a'P,bY/P) . F] < p. This contradiction proves that the imperfect
exponent of K is at most 1. O

Remark 2.7.6: Relative algebraic closedness does not imply regularity. Let
K be a field of positive characteristic p. Suppose K has p-independent el-
ements a,b (e.g. K = F,(t,u) where ¢,u are algebraically independent over
F,). Let =,y be transcendental elements over K with az? + by? = 1. Put
F = K(z,y). The proof of “(c) = (a)” then shows that K is algebraically
closed in F but F is not linearly disjoint from K'/? over K. Thus, F is not
a separable extension of K. A fortiori, F//K is not regular. O

2.8 Derivatives
We develop a criterion for a finitely generated field extension of positive
characteristic p to be separable in terms of derivatives..

Definition 2.8.1: A map D: F' — F is called a derivation of the field F if
D(x+y) = D(x) + D(y) and D(zy) = D(x)y + xD(y) for all z,y € F.

If D vanishes on a subfield K of F', then D is a derivation of F' over K
(or a K-derivation). O

Let F(x) be a field extension of F' and f € F[X]. Suppose D extends to
F(x). Then D satisfies the classical chain rule:

(1) D(f(x)) = fP(z) + f'(x) D(x),
where fP is the polynomial obtained by applying D to the coefficients of f
and f’ is the usual derivative of f. There are three cases:

CASE 1: z is separably algebraic over F. Then, with f = irr(z, F), f'(z) #
0. By (1), 0 = fP(z) + f'(z)D(x). Thus, D extends uniquely to F(z).

CASE 2: x is transcendental. Then D extends to F'(x) by rule (1) and D(z)
may be chosen arbitrarily.
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CASE 3: x satisfies 2P = a € F, for some m. Then D extends to F(z) if
and only if D(a) = 0. In this case D(z) may be chosen arbitrarily.

LEMMA 2.8.2: A necessary and sufficient condition for a finitely generated
extension F/K to be separably algebraic is that 0 is the only K-derivation
of F.

Proof: Necessity follows from Case 1.

Now suppose F/K is not separably algebraic. Then we may write F' =
K(z1,...,2,) such that z; is transcendental over K(zq,...,x,-1) for i =
1,...,k, xz;isseparably algebraic over K (z1,...,2;_1) fori = k+1,...,l, and
x; is purely inseparable over K (z1,...,2;_1) for i =1+ 1,...,n. Moreover,
either n >l orn =1and k > 0. If n > [, then Case 1 allows us to extend
the zero derivation of K (x1,...,2,-1) to a nonzero derivation of F. If n =1
and k > 0, then by Case 2, the zero derivation of K (z1,...,zk_1) extends to
a nonzero derivation D of K(x1,...,x). Applying Case 3 several times, we
may then extend D to a derivation of F. O

LEMMA 2.8.3: Let F/K be a finitely generated extension of positive charac-
teristic p and transcendence degree n. Then F'/K is separable if and only if
[F: KFP] = p". In this case ti,...,t, form a p-basis for F over KF? if and
only they form a separating transcendence basis for F/K.

Proof: Suppose first [F': KFP] = p". Let t1,...,t, be a p-basis for F//KF?.
Every derivation D of F vanishes on FP. If D vanishes on K(t), it vanishes
on FF = K(t)- FP. By Lemma 2.8.2, F/K(t) is separably algebraic and
t1,...,l, is a separating transcendence basis for F'/K.

Conversely, suppose F'/K is separable. Let t¢1,...,t, be a separating
transcendence basis for F'/K. The extension F'/K (t)- K F? is both separable
and purely inseparable. Hence, F' = K(t) - KFP. Since FP/K(t)? is sepa-
rably algebraic and since K (tP)F? = KFP, we conclude that K F?/K (tP) is
separably algebraic.

K(t) F
K(t?) KF?
K(t) PP

Therefore, K F? is linearly disjoint from K (t) over K (t?), and [F : KF?] =
[K(t) : K(t?)] = p™. Moreover, t is a p-basis for F'/KF?. O
COROLLARY 2.8.4: Let F'/K be a finitely generated separable extension of
positive characteristic p and let t € F'.

(a) If there exists a derivation D of F/K such that D(t) # 0, then F' is a
separable extension of K (t).
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(b) Ift is transcendental over K and F'/K(t) is separable, then there exists
a derivation D of F'/K such that D(t) # 0.

Proof of (a): By assumption, ¢ ¢ KFP. Let n = trans.deg(F/K). By
Lemma 2.8.3, [F : KFP] = p". Hence, t can be extended to a p-basis
t,to, ..., t, for F/KFP. Again, by Lemma 2.8.3, t,to,...,t, is a separat-
ing transcendence basis for F/K. Therefore, F is a separable extension of
K(t).

Proof of (b): Let ta,...,t, be a separating transcendence basis for F'/K (t).
By Case 2, there exists a derivation Dy of K(t,ta,...,t,)/K such that
Dy(t) = 1, Do(te) = 0, ..., Do(t,) = 0. By Case 1, Dy extends to a
derivation D of F/K. O

Exercises

1. Let O be a valuation ring of a field F' and consider the subset m = {x €
O| 2~ ¢ O}. Show that if # € m and a € O, then ax € m. Prove that m is
closed under addition. Hint: Use the identity z +y = (1 + zy 1)y for y # 0.
Show that m is the unique maximal ideal of O.

2. Use Exercise 1 to prove that every valuation ring is integrally closed.

3. Let v be a valuation of Q. Observe that v(n) > v(1) = 0, for each n € N.
Hence, there exists a smallest p € N such that v(p) > 0. Prove that p is a
prime element of O, and v is equivalent to v,. Hint: If a positive integer m
is relatively prime to p, then there exist =,y € Z such that xp + ym = 1.

4. Let v be a valuation of the rational function field F' = K(¢) which is
trivial on K. Suppose there exists p € K[t] with v(p) > 0. Now suppose
p has smallest degree with this property. Show that v is equivalent to v,.
Otherwise, there exists f € K]Jt] such that v(f(¢)) < 0. Conclude that
v(t) < 0, and that v is equivalent to vn.

5. Let F/E be a field extension, w a valuation of F, and x1,...,z. ele-
ments of F' such that w(z),...,w(x.) represent distinct classes of w(F*)
modulo w(E™). Show that z1,...,z. are linearly independent over E. Thus,

(w(F*) :w(E*)) < [F: E]. Hint: Use (4b) of Section 2.1.

6. Let A be an ordered group containing Z as a subgroup of index e. Show
there exists no positive element § € A such that ed < 1. Conclude that A
contains a smallest positive element and hence that A = Z. Combine this
with Exercise 5 to prove that if the restriction of w to E is discrete, then w
is discrete.

7. In the notation of Exercise 5, let v be the restriction of w to F. Let
Yi,...,ys be elements of F' with w(y1),...,w(ys) > 0 with residue classes
¥1,---, ¥y linearly independent over E,. Show that y,... ,yy are linearly
independent over E. Conclude that [F,, : E,] < [F : E]. Hint: If a1,...,a5 €
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F are not all zero, then there exists j, 1 < j < f such that 'U(%;), . ,v(i—f) >
0.

8. Let v be a discrete valuation of a field K and let w be an extension of v
to a finite Galois extension L of K. Assume that w’ is also an extension of
v to L such that w’ # o(w) for all o € Gal(L/K). Combine Exercise 7 with
Proposition 2.1.1 to produce « € L such that w’(z) > 0 and w(cax—1) > 0 for
all 0 € Gal(L/K). With y = Np/x(z), conclude that the former condition
gives v(y) > 0, while the latter implies v(y — 1) > 0. Use this contradiction
to prove that Gal(L/K) acts transitively on the extensions of v to L.

9. Let L,Kq,...,K, beextensions of a field K. Let L; = K;L,i=1,...,n.
Suppose Kj is linearly disjoint from L over K forv=1,... , nand Ly,..., L,

are linearly disjoint over L. Prove that Ky, ..., K, are linearly disjoint over
K.

10. Let v be a discrete valuation of a field K and let L and M be two finite
extensions of K such that v is unramified in L and totally ramified in M.

Prove that L and M are linearly disjoint over K. Hint: Consider the Galois
hull L of L/K.

11. Let E be a regular extension of a perfect field K and let F' be a purely
inseparable extension of E. Prove that F/K is a regular extension.

12. Let K be a field algebraically closed in an extension F'. Prove that K (z)
is linearly disjoint from F' for every x € K. Hint: Check the irreducibility of
irr(z, K) over F.

13. Prove that a field extension F/K is primary if and only if FKi,s N K =
Kins. Use this criterion to give another proof to Lemma 2.6.14(a).

14. Let F/K be a finitely generated field extension of characteristic p > 0
and of transcendence degree 1. Prove that for each positive integer n, KFP"
is the unique subfield E of F' which contains K such that F/E is a purely
inseparable extension of degree p™.

15.  (Geyer) The following example shows that Lemma 2.4.8 is false for ar-
bitrary real valuations. Consider the field Q5 of 2-adic numbers. Show that
the field K = Q4(3/2| n € N) is a totally ramified extension of Qy with value
group Q. Hence, each extension of K is unramified. Prove that the residue
field of both K (v/3) and K (v/—1) is Fy. However, their compositum contains
K(y/—3) and therefore has Fy as its residue field.

Notes

The terminology “algebraic independence” for field extensions replaces “free-
ness” which we used in [Fried-Jarden3).

Corollary 4 of [Lang4, p. 61] proves Lemma 2.6.15(a) only under the
condition (our notation) that E is a separable extension of K.
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