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Summary. In this chapter we consider generalizations of kinetic granular gas
models given by Boltzmann equations of Maxwell type. These type of models for non-
linear elastic or inelastic interactions, have many applications in physics, dynamics
of granular gases, economy, etc. We present the problem and develop its form in the
space of characteristic functions, i.e., Fourier transforms of probability measures,
from a very general point of view, including those with arbitrary polynomial non-
linearities and in any dimension space. We find a whole class of generalized Maxwell
models that satisfy properties that characterize the existence and asymptotic of
dynamically scaled or self-similar solutions, often referred as homogeneous cooling
states. Of particular interest is a concept interpreted as an operator generalization of
usual Lipschitz conditions which allows to describe the behavior of solutions to the
corresponding initial value problem. In particular, we present, in the most general
case, existence of self similar solutions and study, in the sense of probability mea-
sures, the convergence of dynamically scaled solutions associated with the Cauchy
problem to those self-similar solutions, as time goes to infinity. In addition we show
that the properties of these self-similar solutions lead to non classical equilibrium
stable states exhibiting power tails. These results apply to different specific problems
related to the Boltzmann equation (with elastic and inelastic interactions) and show
that all physically relevant properties of solutions follow directly from the general
theory developed in this presentation.

1 Introduction

It has been noticed in recent years that a significant non-trivial physical
phenomena in granular gases can be described mathematically by dissipa-
tive Boltzmann type equations, as can be seen in [17] for a review in the
area. As motivated by this particular phenomena of energy dissipation at the
kinetic level, we consider in this chapter the Boltzmann equation for non-linear
interactions of Maxwell type and some generalizations of such models.
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The classical conservative (elastic) Boltzmann equation with the Maxwell-
type interactions is well-studied in the literature (see [5,14] and references
therein). Roughly speaking, this is a mathematical model of a rarefied gas
with binary collisions such that the collision frequency is independent of the
velocities of colliding particles, and even though the intermolecular potentials
are not of those corresponding to hard sphere interactions, still these models
provide a very rich inside to the understanding of kinetic evolution of gases.

Recently, Boltzmann equations of Maxwell type were introduced for mod-
els of granular gases were introduced in [7] in three dimensions, and a bit
earlier in [3] for in one dimension case. Soon after that, these models became
very popular among the community studying granular gases (see, for exam-
ple, the book [13] and references therein). There are two obvious reasons
for such studies The first one is that the inelastic Maxwell-Boltzmann equa-
tion can be essentially simplified by the Fourier transform similarly as done
for the elastic case, where its study becomes more transparent [6,7]. The
second reason is motivated by the special phenomena associated with homo-
geneous cooling behavior, i.e., solutions to the spatially homogeneous inelastic
Maxwell-Boltzmann equation have a non-trivial self-similar asymptotics, and
in addition, the corresponding self-similar solution has a power-like tail for
large velocities. The latter property was conjectured in [16] and later proved
in [9,11]. This is a rather surprising fact, since the Boltzmann equation for
hard spheres inelastic interactions has been shown to have self similar solu-
tions with all moments bounded and large energy tails decaying exponentially.
The conjecture of self-similar (or homogeneous cooling) states for such model
of Maxwell type interactions was initially based on an exact one-dimensional
solution constructed in [1]. It is remarkable that such an asymptotics is absent
in the elastic case (as the elastic Boltzmann equation has too many conserva-
tion laws). Later, the self-similar asymptotics was proved in the elastic case
for initial data with infinite energy [8] by using another mathematical tools
compared to [9] and [12].

Surprisingly, the recently published exact self-similar solutions [12] for
elastic Maxwell type model for a slow down process, derived as a formal
asymptotic limit of a mixture, also is shown to have power-like tails. This fact
definitely suggests that self-similar asymptotics are related to total energy
dissipation rather than local dissipative interactions. As an illustration to
this fact, we mention some recent publications [2,15], where one-dimensional
Maxwell-type models were introduced for non-standard applications such as
models in economics and social interactions, where also self-similar asymp-
totics and power-like tail asymptotic states were found.

Thus all the above discussed models describe qualitatively different
processes in physics or even in economics, however their solutions have a
lot in common from mathematical point of view. It is also clear that some
further generalizations are possible: one can, for example, include in the
model multiple (not just binary) interactions still assuming the constant
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(Maxwell-type) rate of interactions. Will the multi-linear models have similar
properties? The answer is yes, as we shall see below.

Thus, it becomes clear that there must be some general mathematical
properties of Maxwell models, which, in turn, can explain properties of any
particular model. That is to say there must be just one main theorem, from
which one can deduce all above discussed facts and their possible generaliza-
tions. Our goal is to consider Maxwell models from very general point of view
and to establish their key properties that lead to the self-similar asymptotics.

All the results presented in this chapter are mathematically rigorous. Their
full proofs can be found in [10].

After this introduction, we introduce in Sect.2 three specific Maxwell
models of the Boltzmann equation: (A) classical (elastic) Boltzmann equation;
(B) the model (A) in the presence of thermostat; (C) inelastic Boltzmann
equation for Maxwell type interactions. Then, in Sect.3, we perform the
Fourier transform and introduce an equation that includes all the three mod-
els as particular cases. A further generalization is done in Sect. 4, where the
concept of generalized multi-linear Maxwell model (in the Fourier space) is
introduced. Such models and their generalizations are studied in detail in
Sects. 5 and 6. The most important for our approach concept of L-Lipschitz
nonlinear operator is explained in Sect. 4. It is shown (Theorem 4.2) that all
multi-linear Maxwell models satisfy the L-Lipschitz condition. This property
of the models constitutes a basis for the general theory.

The existence and uniqueness of solutions to the initial value problem is
stated in Sect.5.1 (Theorem 5.2). Then, in Sect. 5.2, we present and study
the large time asymptotics under very general conditions that are fulfilled, in
particular, for all our models. It is shown that L-Lipschitz condition leads to
self-similar asymptotics, provided the corresponding self-similar solution does
exist. The existence and uniqueness of such self-similar solutions is stated in
Sect. 5.3 (Theorem 5.12). This theorem can be considered, to some extent, as
the main theorem for general Maxwell-type models. Then, in Sect. 5.4, we go
back to multi-linear models of Sect.4 and study more specific properties of
their self-similar solutions.

We explain in Sect. 6 how to use our theory for applications to any specific
model: it is shown that the results can be expressed in terms of just one func-
tion p(p), p > 0, that depends on spectral properties of the specific model.
General properties (positivity, power-like tails, etc.) self-similar solutions are
studied in Sect. 6.1 and 6.2. It includes also the case of one-dimensional mod-
els, where the Laplace (instead of Fourier) transform is used. In Sect. 6.3, we
formulate, in the unified statement (Theorem 11.1), the main properties of
Maxwell models (A), (B) and (C) of the Boltzmann equation. This result is,
in particular, an essential improvement of earlier results of [7] for the model
(A) and quite new for the model (B).

Applications to one-dimensional models are also briefly discussed at the
end of Sect. 6.3.
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2 Maxwell Models of the Boltzmann Equation

We consider a spatially homogeneous rarefied d-dimensional gas (d = 2,3,...)
of particles having a unit mass. Let f(v,t), where v € R? and t € R, denote
respectively the velocity and time variables, be a one-particle distribution
function with usual normalization

dv f(v,t) = 1. (1)

Rd

Then f(v,t) has an obvious meaning of a time-dependent probability density
in R?. We assume that the collision frequency is independent of the veloc-
ities of the colliding particles (Maxwell-type interactions). We discuss three
different physical models (A), (B) and (C).

(A) Classical Maxwell gas (elastic collisions). In this case f(v,t)
satisfies the usual Boltzmann equation

f=QUf f) = / dwdwg(" @) ') = ) fw)],  (2)

dxSd—1 |’LL|
where the exchange of velocities after a collision are given by

/

1
v'=_(v+w+|ulw), and w’:2(1}—|—w—|u|w)7

o
where . = v —w is the relative velocity and £2 € S?~!. For the sake of brevity
we shall consider below the model non-negative collision kernels g(s) such that
g(s) is integrable on [—1,1]. The argument ¢ of f(v,t) and similar functions
is often omitted below (as in (2)).

(B) Elastic model with a thermostat. This case corresponds to model
(A) in the presence of a thermostat that consists of Maxwell particles with
mass m > 0 having the Maxwellian distribution

M) = )2 (") @

with a constant temperature 7' > 0. Then the evolution equation for f(z,t)
becomes

u-w

|ul

where 6 > 0 is a coupling constant, and the exchange of velocities is now

fi=Q 1) + G/dw dog(" )M (W) = f(0)M(w)], (4)

U,:v+m(w+|u|w)7 and w,:v+mw—|u|w7
1+m 1+m

with u = v — w the relative velocity, and w € S41.
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Equation (4) was derived in [12] as a certain limiting case of a binary
mixture of weakly interacting Maxwell gases.

(C) Maxwell model for inelastic particles. We consider this model
in the form given in [9]. Then the inelastic Boltzmann equation in the weak
form reads

0
)= [ dvdwds f@)fw)

dxRdx Sd—1 |’LL|

u-wl

[W(@') =), (5)

where 1 (v) is a bounded and continuous test function,

1+e

) wwe, (6)

(f, ) = /dvf(v,t)¢(v), u=v—w, we S v =0v-—
Rd
the constant parameter 0 < e < 1 denotes the restitution coefficient. Note
that the model (C) with e = 1 is equivalent to the model (A) with some
kernel g(s).
All three models can be simplified (in the mathematical sense) by taking
the Fourier transform.
We denote .
f(kvt):}-[f] = (f7e_lk.v)v kERdv (7)

and obtain (by using the same trick as in [6] for the model (A)) for all three
models the following equations:

() = QU0 = [ doo’ KD - FfO)L

0
where ki =} (k + |klw), w € 5971, f(0)=1.
®  fi= QD0 [ vl FEDI) - FATO)L

o)
where M(k) = e~ 3 ky = "4 ok we 591 f(0) = 1.
(© fo= [ a0 F) = Fa o)L (10)

where f(0) =1, k; = e (k-w)w, k- = k—ky, with w € S9! is the direction
containing the two centers of the particles at the time of the interaction.
Equivalently, one may alternative write k_ = '1¢(k—|k|n@), and ky = k—k_,
where now @ € S9! is the direction of the post collisional relative velocity,
and the term “T,':‘)‘ dw is replaced by a function g("“,f")dcb

Case (B) can be simplified by the substitution

Tk

Flot) =70 expl— ) )
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leading, omitting tildes, to the equation

®) =+ [ ool 2l

Sd—1

) = f(k)), (12)

i.e., the model for (B) with T' = 0, or equivalently a linear collisional term the
background singular distribution. Therefore, we shall consider below just the
case (B'), assuming nevertheless that f(k,¢) in (12) is the Fourier transform
(7) of a probability density f(v,t).

3 Isotropic Maxwell Model in the Fourier
Representation

We shall see that these three models (A), (B) and (C) admit a class of isotropic
solutions with distribution functions f = f(|v],¢). Indeed, according to (7)

we look for solutions f = f (|k],t) to the corresponding isotropic Fourier
transformed problem, given by
w= kP ol t) = (k) = F[f (o], 0)], (13)

where ¢(x,t) solves the following initial value problem

1
op = / ds G(s) {pla(s)zlolb(s)z] — o(z)} +
0

+ [ st (s) folets)al o)} (1)
0

Pt=0 = (p0($)7 90(07t) =1,

where a(s), b(s), ¢(s) are non-negative continuous functions on [0, 1], whereas
G(s) and H(s) are generalized non-negative functions such that

/01 ds G(s) < oo, /01 ds H(s) < . (15)

Thus, we do not exclude such functions as G = (s — sp), 0 < sp < 1, etc.
We shall see below that, for isotropic solutions (13), each of the three
equations (8), (10), (12) is a particular case of (14).

Let us first consider (8) with f(k,t) = ¢(z,t) in the notation (13). In that
case
|k|21:|:(w0-w) k

, = " estl a=2 ...,
2 O |k

and the integral in (8) reads

ks |* =

14wy w 1 —woy-w

/Sd_l dw g(wo - w)ep {x ) } o [x ) ] , (16)
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It is easy to verify the identity

/ dwF(w~w0):|Sd_2|/ dz F(2)(1 — 22)"3" (17)
Sd—1 -1

where |S972| denotes the “area” of the unit sphere in R4~! for d > 3 and
|S9) = 2. The identity (17) holds for any function F(z) provided the integral
as defined in the right-hand side of (17) exists.

The integral (16) now reads

d—3
2

1+2 1—2
T

592 [ a0 =) S pta et ") -

:/O ds G(s)p(sz)pl(1l — s)x],

where
G(s) = 2472|9972 |g(1 — 25)[s(1 — 5)] 2",  d=2,3,....  (18)
Hence, in this case we obtain (14), where
(A) a(s) = s, b(s) = 1—s, H(s) =0,

(19)
G(s) is given in (18).
Two other models (B’) and (C), described by (12), (10) respectively, can
be considered quite similarly. In both cases we obtain (14), where

(B) a(s)=s, b(s)=1—3s, c(s)=1-— (1 j—TZn)Q&
H(s) =0G(s),
(20)
G(s) is given in (18):
(©) as) = (126) s b(s)=1-— (”61(3_6) s o

H(s)=0, G(s)=|S"2(1—5)"".

Hence, all three models are described by (14) where 0 < a(s), b(s), c(s) <1
are non-negative linear functions. One can also find in recent publications
some other useful equations that can be reduced after Fourier or Laplace
transformations to (14) (see, for example, [2,15] that correspond to the case
G=46(s—sp), H=0).

Equation (14) with H(s) = 0 first appeared in its general form in [9] in
connection with models (A) and (C). The consideration of the problem of
self-similar asymptotics for (14) in that paper made it quite clear that the
most important properties of “physical” solutions depend very weakly on the
specific functions G(s), a(s) and b(s).
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4 Models with Multiple Interactions

We present now a general framework to study solutions to the type of problems
introduced in the previous section.

We assume, without loss of generality, (scaling transformations ¢ = at,
a = const.) that

1
/0 ds[G(s) + H(s)] = 1 (22)

n (14). Then (14) can be considered as a particular case of the following
equation for a function u(x,t)

ur +u = I"(u), x>0,t>0, (23)

where

N

I'(u) = Zanf(")(u), Zan =1, a, >0,

2

n=1 n=1
F(")(u):/dal.../danAn(al,...,an)Hu(akx), n=1,...,N.
0 0 k=1

We assume that

An(a) = Anla, ... an) >0, /Odal.../o da, Alas,...,a,) =1,

(25)
where A, (a) = A,(a1,...,a,) is a generalized density of a probability mea-
sure in R} for any n = 1,...,N. We also assume that all A, (a) have a
compact support, i.e.,

An(ar,...,a,) =0 if Y af >R’ n=1,.. N, (26)
k=1
for sufficiently large 0 < R < oo.
Equation (14) is a particular case of (23) with
1 1
N=2 o :/ ds H(s), oo :/ ds G(s)
0 0
1
M) = / ds H(s)3a1 — ()] @7)
0

As(ay,az) = ;2 /0 ds G(s)d[ar — a(s)]0[az — b(s)].

It is clear that (23) can be considered as a generalized Fourier transformed
isotropic Maxwell model with multiple interactions provided u(0,¢) = 1, the
case N = oo in (24) can be treated in the same way.
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4.1 Statement of the General Problem

The general problem we consider below can be formulated in the following
way. We study the initial value problem

ug+u=1I(u), uyp—=uo(r), x>0, t>0, (28)
in the Banach space B = C(R.) of continuous functions u(z) with the norm

[[ull = sup [u(z)]. (29)
x>0

It is usually assumed that ||ug|| < 1 and that the operator I is given by
(24). On the other hand, there are just a few properties of I'(u) that are essen-
tial for existence, uniqueness and large time asymptotics of the solution u(x,t)
of the problem (28). Therefore, in many cases the results can be applied to
more general classes of operators I" in (28) and more general functional space,
for example B = C(R?) (anisotropic models). That is why we study below the
class (24) of operators I' as the most important example, but simultaneously
indicate which properties of I" are relevant in each case. In particular, most
of the results of Sects.4-6 do not use a specific form (24) of I' and, in fact,
are valid for a more general class of operators.

Following this way of study, we first consider the problem (28) with I’
given by (24) and point out the most important properties of I'.

We simplify notations and omit in most of the cases below the argument z
of the function u(z,t). The notation w(t) (instead of u(x,t)) means then the
function of the real variable ¢ > 0 with values in the space B = C(Ry).

Remark 1. We shall omit below the argument = € R of functions u(zx), v(x),
ete., in all cases when this does not cause a misunderstanding. In particular,
inequalities of the kind |u| < |v| should be understood as a point-wise control
in absolute value, i.e., “lu(z)| < |v(z)| for any > 0”7 and so on.

We first start by giving the following general definition for operators acting
on a unit ball of a Banach space B denoted by

U={ueB:|u|| <1} (30)

Definition 1. The operator I" = I'(u) is called an L-Lipschitz operator if
there exists a linear bounded operator L : B — B such that the inequality

11" (u1) — I'(uz2)| < L(Jur — ual) (31)

holds for any pair of functions uy 2 in U.
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Remark 2. Note that the L-Lipschitz condition (31) holds, by definition, at
any point z € Ry (or z € R? if B = C(R?)). Thus, condition (31) is much
stronger than the classical Lipschitz condition

HF(’LLl) — F(UQ)H < CHu1 — UQH if Uy € U (32)

which obviously follows from (31) with the constant C' = ||L|| g, the norm of
the operator L in the space of bounded operators acting in B. In other words,
the terminology “L-Lipschitz condition” means the point-wise Lipschitz con-
dition with respect to an specific linear operator L.

We assume, without loss of generality, that the kernels A,(ai,...,a,)
in (24) are symmetric with respect to any permutation of the arguments
(a1y...,an), n=2,3,...,N.

The next lemma states that the operator I'(u) defined in (24), which
satisfies I'(1) = 1 (mass conservation) and maps U into itself, satisfies an
L-Lipschitz condition, where the linear operator L is the one given by the
linearization of I" near the unity. See [10] for its proof.

Theorem 1. The operator I'(u) defined in (24) maps U into itself and
satisfies the L-Lipschitz condition (31), where the linear operator L is given by

Lu= / da K (a)u(ax), (33)
0
with
N
K(a) = ZnanKn(a),
n=1
. . N (34)
where K, (a) = / das . / da, An(a,as, ... a,) and Zan =
0 0 n=1

for symmetric kernels A, (a,as,...,a,),n=2,...N.

And the following corollary holds.

Corollary 1. The Lipschitz condition (32) is fulfilled for I'(u) given in (24)
with the constant

N [e'S)
C=|L|= Znan, Zan =1, (35)
n=1 n=1

where || L is the norm of L in B.

It can also be shown that the L-Lipschitz condition holds in B = C(R%)
for “gain-operators” in Fourier transformed Boltzmann equations (8), (9)
and (10).
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5 The General Problem in Fourier Representation

5.1 Existence and Uniqueness of Solutions

It is possible to show, with minimal requirements, the existence and unique-
ness results associated with the initial value problem (28) in the Banach space
(B, |- ]), where the norm associated to B is defined in (29). In fact, this exis-
tence and uniqueness result is an application of the classical Picard iteration
scheme and holds for any operator I" which satisfies the usual Lipschitz condi-
tion (32) and transforms the unit ball U into itself. The proof of all statements
below can be found in [10].

Lemma 1 (Picard Iteration scheme). The operator I'(u) maps U into
itself and satisfies the L-Lipschitz condition (32), then the initial value prob-
lem (28) with arbitrary ug € U has a unique solution u(t) such that u(t) € U
for any t > 0.

Next, we observe that the L-Lipschitz condition yields an estimate for the
difference of any two solutions of the problems in terms of their initial states.
This is a key fact in the development of the further studies of the self similar
asymptotics.

Theorem 2. Consider the Cauchy problem (28) with ||ugl| < 1 and assume
that the operator I' : B — B

(a) Maps the closed unit ball U C B to itself, and
(b) Satisfies a L-Lipschitz condition (31) for some positive bounded linear
operator L : B — B.

Then

(i) There exists a unique solution u(t) of the problem (28) such that ||u(t)]] <1
for any t > 0;

(ii) Any two solutions u(t) and w(t) of problem (28) with initial data in the
unit ball U satisfy the inequality

u(t) = w(t)] < exp{t(L — 1)}(|uo — wo)- (36)

Note that under the same conditions as in Theorem 1 the operator I" given
in (24) satisfies necessary conditions for the Theorem 2.

We remind to the reader that the initial value problem (28) appeared as
a generalization of the initial value problem (14) for a characteristic function
o(x,t), i.e., for the Fourier transform of a probability measure (see (13), (1)).
It is important therefore to show that the solution u(x,t) of the problem (28)
is a characteristic function for any ¢ > 0 provided this is so for ¢ = 0, which
is addressed in the following statement.
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Lemma 2. Let U’ C U C B be any closed convex subset of the unit ball U
(i.e.,; w = (1—0)us+Oug € U’ for any ur o € U and 0 € [0,1]). If ug € U’ in
(28) and U is replaced by U’ in the condition (1) of Theorem 2, the theorem
holds and u(t) € U' for any t > 0.

Remark 8.1t is well-known (see, for example, the textbook [18]) that the
set U’ C U of Fourier transforms of probability measures in R? (Laplace
transforms in the case of Ry ) is convex and closed with respect to uniform
convergence. On the other hand, it is easy to verify that the inclusion I'(U") C
U’, where I' is given in (24), holds in both cases of Fourier and Laplace
transforms. Hence, all results obtained for (23), (24) can be interpreted in
terms of “physical” (positive and satisfying the condition (1)) solutions of
corresponding Boltzmann-like equations with multi-linear structure of any
order.

We also point out that all results of this section remain valid for operators
I" satisfying conditions (24), with a more general condition such as

N
dan<l, e >0, (37)
n=1

so that I'(1) < 1 and so the mass may not be conserved. The only difference
in this case is that the operator L satisfying conditions (33), (34) is not a
linearization of I'(w) near the unity, but nevertheless Theorem 1 remains true.
The inequality (37) is typical for Fourier (Laplace) transformed Smoluchowski-
type equations where the total number of particles is decreasing in time (see
[21,22] for related work).

In the next three sections we study in more detail the solutions to the initial
value problem (28)-(29) constructed in Theorem 2 and, in particular, their
long time behavior, existence, uniqueness, and properties of the self-similar
solutions.

5.2 Large Time Asymptotics

The long time asymptotics results are a consequence of some very general
properties of operators I', namely, that I" maps the unit ball U of the Banach
space B = C'(Ry) into itself, I" is an L-Lipschitz operator (i.e., satisfies (31))
and that I" is invariant under dilations.

These three properties are sufficient to study self-similar solutions and
large time asymptotic behavior for the solution to the Cauchy problem (28)
in the unit ball U of the Banach space C'(R.).
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Main properties of the operator [ :

(a) I' maps the unit ball U of the Banach space B = C'(Ry.) into itself, that is
|II(w)|| <1 for any we C(Ry) such that |jul <1. (38)

(b) I' is an L-Lipschitz operator (i.e., satisfies (31)) with L from (33), i.e.,

[T (ur) =TI (ug)|(z) < L(jur—uzl)(z) = /OOO daK (a)|u1(ax)—usz(az)],

(39)
for K(a) > 0, for all x > 0 and for any two functions uy2 € C(Ry) such
that ||U172H S 1.

(¢) I' is invariant under dilations:

e Pr(u) =I(Pu), D=z 0 ePu(z) = u(ze™), TER. (40)

No specific information about I" beyond these three conditions will be used
in this section.

It was already shown in Theorem 2 that the conditions (a) and (b) guar-
antee existence and uniqueness of the solution u(x,t) to the initial value
problem (28)-(29). The property (b) yields the estimate (36) that is very
important for large time asymptotics, as we shall see below. The property (c)
suggests a special class of self-similar solutions to (28).

We recall the usual meaning of the notation y = O(2P) (often used below):
y = O(aP) if and only if there exists a positive constant C' such that

ly(z)| < CaxP  for any x > 0. (41)

In order to study long time stability properties to solutions whose initial
data differs in terms of O(zP), we will need some spectral properties of the
linear operator L.

Definition 2. Let L be the positive linear operator given in (33), (34), then
La? = \(p)aP, 0< Ap) = / da K(a)a? < oo, p>0, (42)
0

and the spectral function u(p) is defined by

Alp) — 1

u(p) = »

(43)

An immediate consequence of properties (a) and (b), as stated in (39), is
that one can obtain a criterion for a point-wise in x estimate of the difference
of two solutions to the initial value problem (28) yielding decay properties
depending on the spectrum of L, as the following statement and its corollary
assert.



36 A.V. Bobylev et al.

Lemma 3. Let uy2(x,t) be any two classical solutions of the problem (28)
with initial data satisfying the conditions

lu1,2(z,0)] <1, |ug(2,0) —us(z,0)]| < C 2P, x>0 (44)
for some positive constant C and p. Then
[uy (2, 1) — ug(z,t)| < CaP e tA=AP) for all t>0 (45)

Corollary 2. The minimal constant C' for which condition (44) is satisfied is

Co = sup |y (2,0) — ua(x,0)] _ ul(a:,O)—uQ(a:,O)|’ 7 (46)
>0 xP xP
and the following estimate holds
U,l(l‘,t) —U2($,t)| H < e—t(l—)\(p)) 11,1(1‘,0) _UZ(x70)|H (47)
xP xP

for any p > 0.

A result similar to Lemma 3 was first obtained in [9] for the inelastic
Boltzmann equation whose Fourier transform is given in example (C), (10).
Its corollary in the form similar to (47) for (10) was stated later in [11] and
was interpreted there as “the contraction property of the Boltzmann operator”
(note that the left-hand side of (47) can be understood as a distance between
two solutions). Independently of the terminology. the key reason for estimates
(45)—(47) is the Lipschitz property of the operator I'. It is remarkable that
the large time asymptotics of u(z,t), satisfying the problem (28) with such
I', can be explicitly expressed through spectral characteristics of the linear
operator L.

In order to study the large time asymptotics of u(z,t) in more detail we
distinguish two different kinds of asymptotic behavior:

(1) Convergence to stationary solutions
(2) Convergence to self-similar solutions provided the condition (c), of the
main properties on I, is satisfied

The case (1) is relatively simple. Any stationary solution @(z) of the
problem (28) satisfies the equation

I'(u) = a, e CRy), |u <1. (48)

If the stationary solution u(x) does exists (note, for example, that I'(0) = 0
and I'(1) = 1 for I" given in (24)) then the large time asymptotics of some
classes of initial data wug(z) in (28) can be studied directly on the basis of
Lemma 3. It is enough to assume that |ug(z) — u(x)| satisfies (44) with p such
that A\(p) < 1. Then u(x,t) — @(zx) as t — oo, for any x > 0.
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This simple consideration, however, does not answer at least two questions:

(A) What happens with w(z,t) if the inequality (44) for |ug(z) — a(x)| is
satisfied with such p that A\(p) > 17

(B) What happens with u(x,t) for large « (note that the estimate (45)
becomes trivial if © — 00).

In order to address these questions we consider a special class of solutions
of (28), the so-called self-similar solutions. Indeed the property (c) of I" shows
that (28) admits a class of formal solutions wus(z,t) = w(ze*!) with some
real .. It is convenient for our goals to use a terminology that slightly differs
from the usual one.

Definition 3. The function w(z) is called a self-similar solution associated
with the initial value problem (28) if it satisfies the problem

pDwtw=r(w), ol <1, (49)
in the notation of (40), (24).

The convergence of solutions u(x,t) of the initial value problem (28) to a
stationary solution #(x) can be considered as a special case of the self-similar
asymptotics with p,. = 0.

Under the assumption that self-similar solutions exists (the existence is
proved in the next section), we state the fundamental result on the conver-
gence of solutions u(z,t) of the initial value problem (28) to self-similar ones
(sometimes called in the literature self-similar stability).

Lemma 4. We assume that

(i) For some p. € R, there exists a classical (continuously differentiable if
wr # 0) solution w(z) of (49) such that ||w|| < 1;
(ii) The initial data u(x,0) = ug in the problem (28) satisfies

uo = w + O(2?), [luoll <1, for p>0 such that u(p) < ps, (50)
where p(p) defined in (43) is the spectral function associated to the
operator L.

Then
lu(ze "t t) — w(x)| = O(aP)e PHH-—HP) (51)
and therefore
tlim u(ze "t t) = w(z), x> 0. (52)

Remark 4. Lemma 4 shows how to find a domain of attraction of any self-
similar solution provided the self-similar solution is itself known. It is remark-
able that the domain of attraction can be expressed in terms of just the
spectral function p(p), p > 0, defined in (43), associated with the linear
operator L for which the operator I satisfies the L-Lipschitz condition.
Generally speaking, the equality (52) can be also fulfilled for some other
values of p with u(p) > u. in (50), but, at least, it always holds if u(p) < ..
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We shall need some properties of the spectral function u(p). Having in
mind further applications, we formulate these properties in terms of the
operator I' given in (24), though they depend only on K (a) in (42)

Lemma 5. The spectral function u(p) has the following properties:

(i) It is positive and unbounded as p — 0T, with asymptotic behavior given by

p(p) ~ A(OL_ R (53)

where, for I' from (24)

oo N N
A0) = / daK(a)=) ann>1, > an=1,0a,>0, (54)
0 n=1 n=1

and therefore A(0) = 1 if and only if the operator I" (24) is linear (N = 1);

(ii) In the case of a multi-linear I' operator, there is not more than one point
0 < po < 00, where the spectral function u(p) achieves its minimum, that
is, 1 (po) = 4% (po) = 0, with u(po) < pu(p) for any p > 0, provided N > 2
and an > 0.

Remark 5. From now on, we shall always assume below that the operator I”
from (24) is multi-linear. Otherwise it is easy to see that the problem (49) has
no solutions (the condition ||w|| < 1 is important!) except for the trivial ones
w=0,1.

The following corollaries are readily obtained from Lemma 5 part (ii) and
its proof.

Corollary 3. For the case of a non-linear I operator, i.e., N > 2, the spectral
function u(p) is always monotone decreasing in the interval (0, po), and pu(p) >
1w(po) for 0 < p < po. This implies that there exists a unique inverse function
p(p) = (u(po), +o0) — (0, po), monotone decreasing in its domain of definition.

Corollary 4. There are precisely four different kinds of qualitative behavior
of u(p) shown on Fig. 1.

Proof. There are two options: u(p) is monotone decreasing function (Fig. 1a)
or u(p) has a minimum at p = py (Fig. 1b-d). In case Fig. la u(p) > 0 for all
p > 0 since p(p) > 1/p. The asymptotics of A(p) (42) is clear:

(1) Ap) —— Ao € Ry if h da K (a) = 0; (55)
p—o0 1+
(2) Ap) —— oo if h da K(a) > 0. (56)

p—00 1+
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)

Fig. 1. Possible profiles of the spectral function u(p)

In the case (1) when u(p) — oo as p — 0, two possible pictures (with
and without minimum) are shown on Fig. 1b and Fig. 1a, respectively. In case
(2), from (42) it is clear that A(p) grows exponentially for large p, therefore
wu(p) — oo as p — oo. Then the minimum always exists and we can distinguish
two cases: u(po) < 0 (Fig. 1d) and u(po) > 0 (Fig. 1c).

We note that, for Maxwell models (A), (B), (C) of Boltzmann equation
(Sects.2 and 3), only cases (a) and (b) of Fig.1 can be possible (actually
this is the case (b)) since the condition (55) holds. Figure 1 gives a clear
graphic representation of the domains of attraction of self-similar solutions
(Lemma 4): it is sufficient to draw the line u(p) = p. = constant, and to
consider a p such that the graph of p(p) lies below this line.

Therefore, the following corollary follows directly from the properties of
the spectral function u(p), as characterized by the behaviors in Fig. 1, where
we assume that pu(pg) = 0 for pg = oo, for the case shown on Fig. la.

Corollary 5. Any self-similar solution us(x,t) = w(zet+t) with pu(po) < py <
o0 has a non-empty domain of attraction, where pg is the unique (minimum)
critical point of the spectral function u(p).

Proof. We use Lemma 4 part (ii) on any initial state ug = w + O(2P) with
p > 0 such that p(po) < pu(p) < pe. In particular, (51) and (52) show that

the domain of attraction of w(xet*t) contains any solution to the initial value
problem (28) with the initial state as above.
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It is clear that the inequalities of the kind u; — ug = O(2P) for any p > 0
such that p(p) < s, for any fixed p, > p(po) play an important role. We can
use specific properties of p(p) in order to express such inequalities in more
convenient form.

Lemma 6. For any given . € (u(po),o0) and uq 2(x) such that ||uj 2| < oo,
the following two statements are equivalent:

(i) There exists p > 0 such that

up —ug = O(xP), with p(p) < ps. (57)
(ii) There exists € > 0 such that
ur —up = O(aPH1*9),with p(u.) < po. (58)

where p(p) is the inverse to u(p) function, as defined in Corollary 3.

Finally, to conclude this section, we show a general property of the initial
value problem (28) for any non-linear I" operator satisfying conditions (a) and
(b) given in (38) and (39) respectively. This property gives the control to the
point-wise difference of any two rescaled solutions to (28) in the unit sphere
of B, whose initial states differ by O(«?). It is formulated as follows.

Lemma 7. Consider the problem (28), where I' satisfies the conditions (a)

and (b). Let uya(x,t) are two solutions satisfying the initial conditions
1,2

u1,2(x,0) = uy”(z) such that

||u(1)2|\ <1, uy—ud=0(F), p>0. (59)
then, for any real pu.,
Ay, () = ug(we M1 t) — ug(we ' t) = O(a:p)e_pt[“*_“(p)] (60)

and therefore
lim A,, (z,t) =0, x>0, (61)

t—o0

for any p. > p(p).

Remark 6. There is an important point to understand here. Lemmas 3 and 4
hold for any operator I" that satisfies just the two properties (a) and (b) stated
in (38) and (39). It says that, in some sense, a distance between any two
solutions with initial conditions satisfying (59) tends to zero as t — oo. Such
terminology and corresponding distances were introduced for specific forms of
Maxwell-Boltzmann models in [4,19]. It should be pointed out, however, that
this contraction property may not say much about large time asymptotics of
u(x,t), unless the corresponding self-similar solutions are known, for which
the operator I" must be invariant under dilations (so it satisfies also property
(c) as well, as stated in (40)). In such case one can use estimate (61) to deduce
the convergence in the form (52), (53).

Therefore one must study the problem of existence of self-similar solutions,
which is considered in the next section.
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5.3 Existence of Self-Similar Solutions

We develop now a criteria for existence, uniqueness and self-similar asymp-
totics to the problem (49) for any operator I" that satisfies conditions (a), (b)
and (c) from Sect.6, with the corresponding spectral function wu(p) defined
in (43).

Theorem 3 below shows the criteria for existence and uniqueness of self-
similar solutions for any operator I" that satisfies just conditions (a) and (b).
Then Theorem 4 follows, showing a general criteria to self-similar asymptotics
for the problem (28) for any operator I' that satisfying conditions (a), (b)
and (c).

We consider (49) written in the form

paw'(z) + w(z) = g(z),  g=TI(w), neR, (62)

and, assuming that ||w| < oo, transform this equation to the integral form.
It is easy to verify that the resulting integral equation reads

1
w(x) :/0 dr g(ath). (63)

By means of an iteration scheme, the following result can be proved.

Theorem 3. Consider (62) with arbitrary p € R and the operator I' sat-
isfying the conditions (a) and (b) from Sect. 6. Assume that there exists a
continuous function wo(x), x > 0, such that

(i) [woll <1 and
(i) 1
/0 dr go(xm") = wo(x) + O(a?), go = I'(wo), (64)

with some p > 0 satisfying the inequality

) = 1 [ da K@ 1) < (63)

Then there exists a classical solution w(x) of (62). The solution is unique in
the class of continuous functions satisfying conditions

[wl <1, w(z) =wo(x) + O"), (66)
with any p1 such that p(p1) < p.

Combining Lemmas 1 and 4, the following general statement related to
the self-similar asymptotics for the problem (28) is obtained.
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Theorem 4. Let u(xz,t) be a solution of the problem (28) with |ugl] < 1
and I' satisfying the conditions (a), (b), (c) from Sect. 6. Let ju(p) denote the
spectral function (65) having its minimum (infimum) at p = po (see Fig. 1),
the case pg = 0o is also included. We assume that there exists p € (0,po) and
0 < e < po—p such that

1
/ dr go(a"®)) = ug(z) + 0(xPF*), go = I'(uo), €>0. (67)
0

Then
(i) There exists a unique solution w(z) of (62) with p = u(p) such that

lwlf <1, w(z) = uo(x) + O(a"*%), (68)
(i)
tlg(r)lo u(xe P 1) = w(x), x>0, (69)

where the convergence is uniform on any bounded interval in Ry and
u(x ef“(p)t,t) —w(x) = O(a:p“e*ﬁ(p’a)t), (70)

with B(p,e) = (p+€)(u(p) — p(p+¢)) > 0.

Hence, a general criterion (68) is obtained for the self-similar asymptotics
of u(x,t) with a given initial condition wug(x). The criterion can be applied
to the problem (28) with any operator I' satisfying conditions (a), (b), (c)
from Sect. 5.2. The specific class (24) of operators I" is studied in Sect. 6. We
shall see below that the condition (68) can be essentially simplified for such
operators.

5.4 Properties of Self-Similar Solutions

We now apply the general theory (in particular, Theorem 4) to the partic-
ular case of the multi-linear operators I' considered in Sect. 4, where their
corresponding spectral function u(p) satisfies (65), (34) whose behavior cor-
responds to Fig. 1. We also show that pg = min,~o u(p) > 1 is a necessary
condition for self-similar asymptotics.

In addition, Theorem 5 establish sufficient conditions for which self-similar
solutions of problem (62) will lead to well defined self-similar solutions (dis-
tribution functions) of the original problem after taking the inverse Fourier
transform.

We consider the integral equation (63) written as

w=1TI,(w) :/0 dt g(xth), g=TI(w), peR. (71)

The following two properties of w(x) that are independent of the specific form
(24) of I,
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Lemma 8.

(1) If there exist a closed subset U' C U of the unit ball U in B, such that
I,(U") c U for any p € R, and for some function wy € U’ the conditions
of Theorem 3 are satisfied, then w € U’.

(ii) If the conditions of Theorem & for I' are satisfied and, in addition,
I'(1) = 1, then the solution w, = 1 of (71) is unique in the class of
functions w(x) satisfying the condition

w(z) =1+0("),  plp) <p. (72)

We observe that the statement (ii) can be interpreted as a necessary con-
dition for existence of non-trivial (w # const.) solutions of (71): if there exists
a non-trivial solution w(z) of (71), where I'(1) = 1, such that

[w|=1,  w=140(@"), p>0, then p<pulp). (73

We recall that u(p) satisfies the inequality p(p) > u(po) (Fig.1).

If p > po (provided pg < 00) in (73), then there are no non-trivial solutions
with p > pu(po).

On the other hand, possible solutions with p < p(po) (even if they exist)
are irrelevant for the problem (28) since they have an empty domain of
attraction (Lemma 4).

Therefore we always assume below that pu > pu(po) and, consequently,
p € (0,po) in (73).

Let us consider now the specific class (24)—(25) of operators I, with func-
tions u(z) satisfying the condition u(0) = 1. Then, «(0,¢) = 1 for the solution
u(z,t) of the problem (28).

In addition, the operators (24) are invariant under dilation transforma-
tions (40) (property (c), Sect. 6). Therefore, the problem (28) with the initial
condition wup(x) satisfying

w©0)=1, flull=1; wol)=1-BaP+---, x—0, (74)

can be always reduced to the case 8 = 1 by transformation 2’/ = z3'/?.

Moreover, the whole class of operators (24) with different kernels
An(aq, ... an), n=1,2,..., is invariant under transformations & = zP, p > 0.
The result of such transformation of I" is another operator I of the same class
(24) with kernels A, (a1,...,a,).

Therefore we fix the initial condition (74) with 5 = 1 and transform the
function (74) and the (28) to new variables £ = aP. Then we omit the tildes
and reduce the problem (28), with initial condition (74) to the case § = 1,
p = 1. We study this case in detail and formulate afterward the results in
terms of initial variables.
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Next, we assume a bit more about the asymptotics of the initial data ug(z)
for small z, namely

lluoll =1, wo(x)=1—2+0'"), = —0, (75)

with some ¢ > 0.

Then, our goal now is to apply the general theory (in particular, Theorem 4
and criterion (67)) to this particular case. We assume that the spectral func-
tion p(p) given by (65), (34), corresponds to one of the four cases shown on
Fig. 1 with pg > 1.

Let us take a typical function uwy = e~% satisfying (75) and apply the
criterion (67), from Theorem 4 or, equivalently, look for such p > 0 that (67)
is satisfied. That is, find possibles values of p > 0 such that

Fugy(e™) — e = 0("™), (76)
in the notation of (71).

It is important to observe that now the spectral function p(p) is closely
connected with the operator I" (see (65) and (34)), since this was not assumed
in the general theory of Sects. 4-7. This connection leads to much more specific
results, than, for example, the general Theorems 3, and 4.

The properties of self-similar solutions to problem (62) for py > 1, and

consequently, for
1
1(p) = pn(po) > P (77)

can be obtained from the structure of I'j,(e™) for any p > —1 using its explicit
formula ((65) and (34)). In particular, for

n

N
L™= an [ dordapAn(an, - an) [xzak} (78)
n=1

T k=1

where

1
Iu(y):/o dte ™", peR, y>0, dan=1.  (79)

the following two statements can be proven.

Lemma 9. The condition (76) is fulfilled if and only if p < 1, and therefore
1(p) > p(1) whenever po > 1 with pu(po) = min,_, pu(p).

Theorem 5. The limiting function w(z) constructed by the iteration scheme
to prove existence in the solution w in Theorem 3 satisfies (T1) with p = pu(1),
where I' is given in (24), u(p) is defined in (65), (34). Then, the following
conditions are fulfilled for w(zx):
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(1) It satisfies

0 << w(z) <1, with w(0) =1 and w'(0) = —1, (80)
w'(x) <0, lw'(z)| < 1, and  w(z) =e "+ O™ W) (81)
with

w(p) =< 2—¢ foranye>0 if,uz%,

Iil if —l1<p<-—,.

(2) Further
e ' <wx) <1, lim w(z) =0, and (82)

xr—00

(3) There ezists a generalized non-negative function R(7), T >0, such that

w(z) = /0  dr R(r)e™ /0 T drR(r) = /0 T AR =1, (83)

The integral representation (83) is important for properties of correspond-
ing distribution functions satisfying Boltzmann-type equations. Now it is easy
to return to initial variables with ug given in (74) and to describe the complete
picture of the self-similar relaxation for the problem (28).

6 Main Results for Maxwell Models with Multiple
Interactions

6.1 Self-Similar Asymptotics

We apply now the results of Sect.6 to the specific case when the Cauchy
problem (28) with a fixed operator I" (24) corresponds to the Fourier transform
problem for Maxwell models with multiple interactions. In particular we study
the time evolution of ug(z) satisfying the conditions

luo| =1; wo=1—2P+O(2P"=), z — 0, (84)

with some positive p and e. Then, from Theorems 3 and 4, there exists a
unique classical solution u(z,t) of the problem (28), (84) such that, for all
t>0,

[uC O =15 ue,t) =1+ 0(@?), ©—0. (85)

First, consider the linearized operator L given in (33)—(34) and construct
the spectral function p(p) given in (65) which will be of one of four kinds
described qualitatively on Fig. 1.

Second, find the value py > 0 that corresponds to minimum (infimum)
of u(p). Note that py = oo just for the case described on Fig. la, otherwise
0 < po < oo. Compare py with the value p from (84). If p < po then the
problem (28), (84) has a self-similar asymptotics (see below).
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In particular, two different cases are possible: (1) p > po provided py < o0;
(2) 0 < p < po. In the first case a behavior of u(x,t) for large ¢t may depend
strictly on initial conditions.

Depending on how p compares with pg, we can obtain. We again use
Lemma 7 with v; = v and uy = u, = w(a:e“(p)t) and obtain for the solution
u(z,t) of the problem (28), (84):

1 if > p(p)
tlirgo u(ze M t) = L p(x) if p= pu(p) (86)
0 if p(p) > p > plp+9),

with sufficiently small § > 0.

We see that ¥(x) = w(xP), where w(z) has all properties described in
Theorem 5. The equalities (86) explain the exact meaning of the approximate
identity,

u(z, t) = h(zet P, t — oo, zet P! = const., (87)

that we call self-similar asymptotics.
In particular, the following statement holds.

Proposition 1. The solution u(z,t) of the problem (28), (84), with I" given
in (24), satisfies either one of the following limiting identities:

(1)
lim u(wve M t) =1, x>0, (88)

t—o0

for any p > pu(po). if p > po for the initial data (84),
(2) Equation (86) provided 0 < p < po.

The convergence in (88), (86) is uniform on any bounded interval 0 < x < R,
and

w(ze! Pt t) —(x) = O(aPTe)e PPt B(p,e) = (p+e) (u(p) — p(p+e)),
for0 <p<py and 0 < e < pg— p-.

Remark 7. There is a connection between self-similar asymptotics and non-
linear wave propagation. It is easy to see that self-similar asymptotics becomes
more transparent in logaritheoremic variables

y=Ihz, wu(zt)=1ua(yt), ¢t)= @(y,t)

Thus, (87) becomes

w(y,t) = vy + p(p)t), t — 00, y+ u(p)t = const., (89)

hence, the self-similar solutions are simply nonlinear waves (note that
(—o0) = 1, Y(+00) = 0) propagating with constant velocities ¢, = —pu(p) to
the right if ¢, > 0 or to the left if ¢, < 0. If ¢, > 0 then the value u(—oo,t) =1
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is transported to any given point y € R when ¢ — o0. If ¢, < 0 then the profile
of the wave looks more naturally for the functions @ =1 — @, ¥ = 1 — 1.

We conclude that (28) can be considered in some sense as the equation for
nonlinear waves. The self-similar asymptotics (89) means a formation of the
traveling wave with a universal profile for a broad class of initial conditions.
This is a purely non-linear phenomenon, it is easy to see that such asymptotics
cannot occur in the particular case (N = 1 in (24)) of the linear operator I.

6.2 Distribution Functions, Moments and Power-Like Tails

We have described above the general picture of behavior of the solutions u(z, t)
to the problem (28), (84). On the other hand, (28) (in particular, its special
case (14)) was obtained as the Fourier transform of the kinetic equation.
Therefore we need to study in more detail the corresponding distribution
functions.

Set up(x) in the problem (28) to be an isotropic characteristic function of
a probability measure in R?, i.e.,

un(e) = Flfol = [

dv fo(|v])e=*, keR? x=|k?, (90)
Rd

where fj is a generalized positive function normalized such that uo(0) = 1
(distribution function). Let U be a closed unit ball in the B = C(Ry) as
defined in (30).

Then, we can apply all results of Sect. 5, and conclude that there exists a
distribution function f(v,t), v € R%, satisfying (1), such that

u(x7t) = ]:[f(Vt)L = |k|27 (91)

for any t > 0, and a similar conclusion can be obtain if we assume the Laplace
(instead of Fourier) transform in (90).
Then there exists a distribution function f(v,t), v > 0, such that

u(z,t) = L[f(-,0)] = /000 dv f(v,t)e™ ™", u(0,t) =1, >0, t>0, (92)

where u(x,t) is the solution of the problem (28) constructed in Theorem 2
and Lemma 2.

The approximate equation (87) in terms of distribution functions (91)
reads

Flv],t) = e 2F@E (jple™ 24PV ¢ — 0o, |u]e”2#P) ! = const.,  (93)
where F,(|v|) is a distribution function such that

"/}p(w) = ]:[Fp]v L= |k|27 (94)
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with 1, given by
us(x,t) = (e P (95)

(the notation 1, is used in order to stress that ¢ defined in (95), depends
on p). The factor 1/2 in (93) is due to the notation x = |k|?. Similarly, for
the Laplace transform, we obtain

f(v,t) ~ e HPEP (pe=HP)t) t — oo, ve P! = const., (96)

where
V() = L[Py)]. (97)

The positivity and some other properties of F,(|v|) follow from the fact
that ¢p,(z) = wy(2P), where wy(x) satisfies Theorem 5. Hence

Yp(x) = /0 T R,(T)e™ ™", /0 T Ry(7) = /0 T Ry(T)T =1, (98)

where R, (), 7 > 0, is a non-negative generalized function (of course, both
1, and R, depend on p).

In particular we can conclude that the self-similar asymptotics (93) for any
initial data fo > 0 occurs if pg > 1, otherwise it occurs for p € (0,po) C (0,1).
Therefore, for any spectral function p(p) (Fig.1), the approximate equality
(93) holds for sufficiently small 0 < p < 1. In addition,

m2:/ dv fo(lo))|v]* < 0 if p=1
R

and mgo = oo if p < 1. Similar conclusions can be made for the Laplace
transforms.

The positivity of F(|v|) in (94)—(97) follows from the integral representa-
tion (98) with p <1, since it is well-known that

2

F e ™My>0, £ ™) >0

for any 0 < p < 1 (the so-called infinitely divisible distributions [18]).
Thus, (98) explains the connection of the self-similar solutions of generalized
Maxwell models with infinitely divisible distributions.

Using standard formulas for the inverse Fourier (Laplace) transforms,
denote by (d =1,2,... is fixed)

1 —|k|?P+ik-v
Mp(|v|): (Qﬂ)d /Rddke [k[*P +ik 7

1 a+i00 v
N,(v) = 27”_/ dwe ™ T 0<p<l,

—100
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we obtain the self-similar solutions (distribution functions) are given in (96),
(98) (right-hand sides), by

Fy(Jol) = / dr Ry (r)r= 3 My (|ulr— ),
N (100)
®,(v) = /0 dr Ry(r)r »N,(vr"»), ©>0,0<p<l.

Note that M (|v]) is the standard Maxwellian in R?. The functions N, (v) (99)
are studied in detail in the literature [18,20]. Thus, for given 0 < p < 1, the
kernel R(7), 7 > 0, is the only unknown function that is needed to describe
the distribution functions F(Jv|) and @(v). See [10] for a study of R(7) in
more detail.

Now, from (34), (42), and recalling ;o = p(1), we can show the moments
equation can be written in the form

N
(sp(1) = A(s) + Vs = Y anln(s), (101)
n=2
where

L,(s) = [day...dan,Aay,...,ay) [dri...,d7, g,(f)(alﬁ, ey AnTh) H R(rj)

Ri Ri i}
n\s n (102)
gr(lS)(ylvvyn):<Zyk) _Zy]i7 n=12....
k=1 k=1
and, due to the properties of R(7), one gets ggs) = 0 for any s > 0 and

mop = my = 1.

Our aim is to study the moments m, defined in (92), for s > 1, on the
basis of (101). The approach is similar to the one used in [15] for a simplified
version of (101) with N = 2. The main results are formulated below in terms
of the spectral function u(p) (see Fig. 1) under assumption that py > 1.

Proposition 2.

(i) If the equation p(s) = p(1) has the only solution s =1, then ms < oo for
any s > 0.
(i) If this equation has two solutions s =1 and s = s. > 1, then my < 00
for s < s, and ms = 0o for s > s..
(iii) ms, < oo only if I,(s.) =0 in (101) for alln =2,...,N.
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Now we can draw some conclusions concerning the moments of the
distribution functions (100) as follows. Denote by

ms(Pp) = /000 dv @, (v)v®, ms(Ry) = /000 dr R, (T)7°,

mgs(Fp):/Rd dva(|v|)|v|257 s>0,0<p<l,

and use similar notations for N,(v) and M,(|v|) in (100). Then, by formal
integration of (100), we obtain

ms (qﬁp) = mS(Np)ms/p(Rp)
mas (Fp) = Mas (Mp)ms/p (Rp)a
where M, and N, are given in (99) and we show that finite only for s < p < 1.

In the remaining case p = 1 all moments of functions

2
M (o) = (4~ ep [~ ], v e R,

Ni(v) =6(v—1), veRy,

are finite. Therefore, everything depends on moments of R; in with p =1, so
it only needs to apply Proposition 2.

In particular, the following statement holds for the moments of the
distribution functions (93), (96).

Proposition 3.
(i) If 0 < p < 1, then mas(F)) and ms(P,) are finite if and only if 0 < s < p.
(ii) If p = 1, then Proposition 2 holds for ms = mas(F1) and forms = mg(P1).

Remark 8. Proposition 3 can be interpreted in other words: the distribution
functions F,(|v|) and @,(v), 0 < p < 1, can have finite moments of all orders
in the only case when two conditions are satisfied

(1) p=1, and
(2) The equation u(s) = u(1) (see Fig. 1) has the unique solution s = 1.

In all other cases, the maximal order s of finite moments mas(F},) and ms(2))
is bounded.

This fact means that the distribution functions £}, and @, have power-like
tails.
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6.3 Applications to the Conservative or Dissipative
Boltzmann Equation

We recall the three specific Maxwell models (A), (B), (C) of the Boltzmann
equation from Sect. 2. Our goal in this section is to study isotropic solutions
f(|v],t),v € RY of (2), (4), and (5) respectively. All three cases are considered
below from a unified point of view. First we perform the Fourier transform
and denote

w( t) = FIf (ol )] = /

dv f(lol, )™ *v, @ = k%, u(0,t)=1. (103)
R4

It was already said at the beginning of Sect. 4 that u(x,t) satisfies (in all three
cases) (23), where N = 2 and all notations are given in (27), (14), (18)—(21).
Hence, all results of our general theory are applicable to these specific models.
In all three cases (A), (B), (C) we assume that the initial distribution function

Fo.0) = follo) =0 [ dv folu) = 1. (104)
and the corresponding characteristic function
u(0,t) = uo(x) = Flfo(lo])], == [k[%, (105)
are given. Moreover, let ug(x) be such that
ug(r) =1 — ax? + O(2P9), x — 0, 0<p<l, (106)

with some o > 0 and ¢ > 0. We distinguish below the initial data with finite
energy (second moment)

Eo = / v ol fo(lo]) < o0 (107)

implies p = 1 in (106) and the in-data with infinite energy Fy = oo. If p < 1
in (106) then

m® = [ do ol < oc (108)

only for ¢ < p < 1 (see [18,20]).

Also, the case p > 1 in (106) is not possible for fo(|v|) > 0.

In addition, note that the coefficient a > 0 in (106) can always be changed
to @ = 1 by the scaling transformation # = «'/Pz. Then, without loss of
generality, we set & = 1 in (106).

Since it is known that the operator I'(u) in all three cases belongs to the
class (24), we can apply Theorem 5 and state that self-similar solutions of
(23) are given by

ug(x,t) = W(x et P, U(x) = w(aP), (109)
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where w(z) is given in Theorem 5 and 0 < p < pg (the spectral function u(p),
defined in (43), and its critical point py depends on the specific model.)

According to Sects. 6.1-6.2, we just need to find the spectral function p(p).
In order to do this we first define the linearized operator L = I''(1) for I'(u)
given in (24), (27). One should be careful at this point since As(ay,as) in
(27) is not symmetric and therefore (32) cannot be used. A straight-forward
computation leads to

Lu(zx) :/0 dsG(s)(u(a(s)x)—|—u(b(3)a:))—|—/0 dsH(s)u(c(s)x),  (110)

in the notation (18)-(21). Then, the eigenvalue A(p) is given by

LazP = A(p) 2P which implies

1 1 111
A) = [ ds G (e + () + [ dsH()elo) )
and the spectral function (43) reads
up) = ") 1 (112)
P

Note that the normalization (22) is assumed.

At that point we consider the three models (A), (B), (C) separately and
apply (111) and (112) to each case.

(A) Elastic Boltzmann Equation (2) in R, d > 2. By using (18), (19), and
(22) we obtain

-3

1
Mmzédw%mﬂurww7 Gls) = Aug(l — 25)[s(1 — )] 2",
(113)

where the normalization constant Aq is such that (22) is satisfied with H = 0.
Then

1 1
1(p) = p/ s G(s)(s" + (1= )P —1), p>0. (114)
0
It is easy to verify that pu(p) — 1 as p — 0, u(p) — 0 as p — oo, and
wp) >0 ifp <1 p(p) <0 ifp>1;

1 (115)
u(1) =0, u(2) = n(3) =~ [ dsGl)s(1-9).

0
Hence, p(p) in this case is similar to the function shown on Fig.1b with
2 < pp < 3 and such that p(1) = 0. Then the self-similar asymptotics hold all
0<p<l.
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(B) Elastic Boltzmann Equation in the presence of a thermostat (4) in R?,
d > 2. We consider just the case of a cold thermostat with 7" = 0 in (14),
since the general case T' > 0 can be considered after that with the help of
(11). Again, by using (18), (19), and (22) we obtain

' p _ 5P ' sG(s)(1 — m -,

Ap) _/0 ds G(s)(s” + (1= 5)°) + 0 /0 BEEI= Tl

Gls) = | |y Aug(L—29)[s(L—5)]"%",

with the same constant A4 as in (113). Then
1t
w(p) = dsG(s)(sP + (1 —s)P —0(1 — Bs)? — (14 6)),
b /Zm (117)
b= (1+m)?’ p>0,

and therefore, as in the previous case (A), pu(p) — 1 as p — 0, pu(p) — 0 as
p — 00, with

1
M(1)=—9/3/0 ds G(s) 5. (118)

which again verifies that u(p) is of the same kind as in the elastic case (A) and
shown on Fig. 1b. A position of the critical point pg such that ' (pg) = 0 (see
Fig. 1b) depends on 6. It is important to distinguish two cases: (1) pp > 1 and
(2) po < 1.In case (1) any non-negative initial data (104) has the self-similar
asymptotics. In case (2) such asymptotics holds just for in-data with infinity
energy satisfying (106) with some p < py < 1. A simple criterion to separate
the two cases follows directly from Fig. 1b: it is enough to check the sign of
w(1). If

(1) =XN1)-Xx1)+1<0 (119)

in the notation of (116), then py > 1 and the self-similar asymptotics hold for
any non-negative initial data.

The inequality (119) is equivalent to the following condition on the positive
coupling constant 6

fol ds G(s) (slogs + (1 —s)log(l — s))
Jy dsG(s) (Bs+ (1~ fs) log(1 — Bs))

The right-hand side of this inequality is positive and independent on the nor-
malization of G(s), therefore it does not depend on 0 (see (117). We note that
a new class of exact self-similar solutions to (4) with finite energy was recently
found in [12] for 8 = 1,0 = 4/3 and G(s) = const. A simple calculation of the
integrals in (120) shows that 6, = 2 in that case, therefore the criterion (119)

0<0<0,=— (120)
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is fulfilled for the exact solutions from [12] and they are asymptotic for a wide
class of initial data with finite energy. Similar conclusions can be made in the
same way about exact positive self-similar solutions with infinite energy con-
structed in [12]. Note that the inequality (119) shows the non-linear character
of the self-similar asymptotics: it holds unless the linear term in (4) is “too
large”.

(C) Inelastic Boltzmann Equation (5) in R%. Equations (21) and (22) lead

to
Alp) = /0 dsG(s)((as)? + (1 —bs)P),
where
I L

with such constant Cy that (22) with H = 0 is fulfilled. Hence

<>—1/1d G)((aslP + (1 —bslP —1),  p>0,  (121)
,up—p ; sG(s)((as s ) p )

and once more as in the previous two cases, pu(p) — 1 as p — 0, u(p) — 0
as p — 00, with now

w(l) = . _46 /0 ds G(s) s.

Thus, the same considerations lead to the shape of u(p) shown in Fig. 1b. The
inequality (119) with A(p) given in (121) was proved in [11] (see (4.26) of [11],
where the notation is slightly different from ours). Hence, the inelastic Boltz-
mann equation (5) has self-similar asymptotics for any restitution coefficient
0 < e < 1 and any non-negative initial data.

Hence, the spectral function p(p) in all three cases above is such that
po > 1 provided the inequality (120) holds for the model (B).

Therefore, according to our general theory, all “physical” initial conditions
(104) satisfying (106) with any 0 < p < 1 lead to self-similar asymptotics.
Hence, the main properties of the solutions f(v,t) are qualitatively similar
for all three models (A), (B) and (C), and can be described in one unified
statement: Theorem 6 below.

Before we formulate such general statement, it is worth to clarify one point
related to a special value 0 < p; < 1 such that p(p;) = 0. The reader can see
that on Fig. 1b that the unique root of this equation exits for all models (A),
(B), (C) since u(1) = 0 in the case (A) (energy conservation), and p(1) < 0
in cases (B) and (C) (energy dissipation). If p = p; in (106) then the self-
similar solution (109) is simply a stationary solution of (23). Thus, the time
relaxation to the non-trivial (v # 0,1) stationary solution is automatically
included in Theorem 6 as a particular case of self-similar asymptotics.
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Thus we consider simultaneously (2), (4), (5), with the initial condition
(104) such that (106) is satisfied with some 0 < p <1,e¢ >0 and a = 1. We
also assume that 7' =0 in (4) and the coupling parameter § > 0 satisfies the
condition (120).

In the following Theorem 6, the solution f(|v|,t) is understood in each
case as a generalized density of probability measure in R? and the convergence
fn — [ in the sense of weak convergence of probability measures.

Theorem 6. The following two statements hold

(i) There exists a unique (in the class of probability measures) solution
f(v|,t) to each of (2), (4), (5) satisfying the initial condition (104). The
solution f(|v|,t) has self-similar asymptotics in the following sense:

For any given 0 < p < 1 in (106) there exits a unique non-negative
self-similar solution

FP (o) = e3P (jole310)T), (122)
such that
2t f(lule™ 2P0 1)y Fy([v]), (123)

where p(p) is gwen in (114), (117), (121), respectively, for each of the
three models.
(ii) Except for the special case of the Mazwellian

Fi(v]) = M(jo]) = (4m)=4/2e= " (124)

for (2) with p =1 in (106) (note that u(1) = 0 in this case), the function
F,(Jv|) does not have finite moments of all orders. If 0 < p < 1, then

my = /R dv Fy([v])[v]** < oo only for 0 < g <p. (125)

If p=1in the case of (4), (5), then mqy < 0o only for 0 < q¢ < p., where
px > 1 is the unique mazimal root of the equation u(p.) = p(1), with pu(p)
given in (106), (121) respectively.

In addition, we also we obtain the following corollary.

Corollary 6. Under the same conditions of Theorem 6, the following two
statements hold.

(i) The rate of convergence in (123) is characterized in terms of the corre-
sponding characteristic functions in Proposition 1.

(11) The function Fy,(|v|]) admits the integral representation (100) through
infinitely divisible distributions (99).
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Proof. Tt is enough to note that all results of Sects. 6.1 and 6.2 are valid, in
particular, for (2), (4), (5).

Finally, we mention that the statement similar to Theorem 6, can be easily
derived from general results of Sect. 6.1 in the case of one-dimensional Maxwell
models introduced in [2,15] for applications to economy models (Pareto tails,
etc.). The only difference is that the “kinetic” equation can be transformed to
its canonical form (23)-(24) by the Laplace transform and that the spectral
function pu(p) can have in this case any of the four kind of behaviors shown in
Fig. 1. The only remaining problem for any such one-dimensional models is to
study them for their specific function u(p), and then to apply Propositions 1,
2 and 3.

Thus, the general theory developed in this chapter is applicable to all
existing multi-dimensional isotropic Maxwell models and to one-dimensional
models as well.
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