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11.1.4 Künneth Formula and Classification Modulo Torsion . . . . 129

11.2 Chern Character and the Index Theorem . . . . . . . . . . . . . . 130
11.2.1 Chern Character . . . . . . . . . . . . . . . . . . . . . . . . 130
11.2.2 Index Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 131

Case 1. Product of Elements of Even K-Groups . . . . . . . 131
Case 2. Product of Elements of Odd K-Groups . . . . . . . 132

III Examples 137

12 Index Formula on the Noncommutative Torus 139

12.1 Operators on the Noncommutative Torus . . . . . . . . . . . . . . 139
12.2 Index Computation . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

12.2.1 Reduction to the Two-Dimensional Torus . . . . . . . . . . 140
12.2.2 Index of Operators on the 2-Torus . . . . . . . . . . . . . . 141

12.3 Special Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142



Contents ix

13 An Application of Higher Traces 145
13.1 Index with Values in Odd K-Groups . . . . . . . . . . . . . . . . . 145
13.2 Odd Index Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

13.2.1 Suspension . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
13.2.2 Index Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 147

Step 1. Reduction to the Cosphere Bundle and the Chern–
Simons Character . . . . . . . . . . . . . . . . . . 148

Step 2. Desuspension and Integration over S
1 . . . . . . . . 148

13.3 Example of Λ-Index Computation . . . . . . . . . . . . . . . . . . 149

14 Index Formula for a Finite Group Γ 153
14.1 Trajectory Symbol . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
14.2 Index Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

IV Appendices 157

A C∗-Algebras 161
A.1 Basic Notions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

A.1.1 Definitions and Examples . . . . . . . . . . . . . . . . . . . 161
A.1.2 Unital Algebras and Units . . . . . . . . . . . . . . . . . . . 162
A.1.3 Homomorphisms, Ideals, Quotient Algebras, and Extensions 163
A.1.4 Commutative C∗-Algebras . . . . . . . . . . . . . . . . . . . 165
A.1.5 Spectrum and Functional Calculus . . . . . . . . . . . . . . 165
A.1.6 Local C∗-Algebras . . . . . . . . . . . . . . . . . . . . . . . 167
A.1.7 Positive Elements . . . . . . . . . . . . . . . . . . . . . . . . 167
A.1.8 Projections in C∗-Algebras . . . . . . . . . . . . . . . . . . 168

A.2 Representations of C∗-Algebras . . . . . . . . . . . . . . . . . . . . 169
A.2.1 Basic Definitions . . . . . . . . . . . . . . . . . . . . . . . . 169
A.2.2 Existence of Representations . . . . . . . . . . . . . . . . . 172
A.2.3 Representations of Ideals and Quotient Algebras . . . . . . 173
A.2.4 Primitive Ideals . . . . . . . . . . . . . . . . . . . . . . . . . 174
A.2.5 Algebras of Type I . . . . . . . . . . . . . . . . . . . . . . . 175

A.3 Tensor Products and Nuclear Algebras . . . . . . . . . . . . . . . . 176
A.3.1 Minimal and Maximal Tensor Products . . . . . . . . . . . 176
A.3.2 Nuclear Algebras . . . . . . . . . . . . . . . . . . . . . . . . 177
A.3.3 Primitive Ideals in the Tensor Product . . . . . . . . . . . . 178

B K-Theory of Operator Algebras 179
B.1 Covariant K-Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 179

B.1.1 Topological K-Theory . . . . . . . . . . . . . . . . . . . . . 179
B.1.2 Group K0(A) . . . . . . . . . . . . . . . . . . . . . . . . . . 182
B.1.3 Group K1(A) . . . . . . . . . . . . . . . . . . . . . . . . . . 184
B.1.4 Bott Periodicity . . . . . . . . . . . . . . . . . . . . . . . . 186



x Contents

B.1.5 Long Exact Sequence in K-Theory . . . . . . . . . . . . . . 187
Homomorphism ∂1 . . . . . . . . . . . . . . . . . . . . . . . 187
Homomorphism ∂0 . . . . . . . . . . . . . . . . . . . . . . . 188

B.1.6 Stability of K-Groups . . . . . . . . . . . . . . . . . . . . . 188
B.1.7 K-groups of Local C∗-Algebras . . . . . . . . . . . . . . . . 189

B.2 K-Homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
B.2.1 K-Homology of a Topological Space . . . . . . . . . . . . . 189

Even Groups . . . . . . . . . . . . . . . . . . . . . . . . . . 191
Odd Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

B.2.2 K-Homology of Operator Algebras: Definitions . . . . . . . 192
Fredholm Modules . . . . . . . . . . . . . . . . . . . . . . . 192
Dual Algebras . . . . . . . . . . . . . . . . . . . . . . . . . 193
Extensions of C∗-Algebras . . . . . . . . . . . . . . . . . . . 195
Equivalence of Different Definitions . . . . . . . . . . . . . . 196

B.2.3 Suspension and Bott Periodicity . . . . . . . . . . . . . . . 197
B.2.4 Long Exact Sequence in K-Homology . . . . . . . . . . . . 198
B.2.5 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
B.2.6 Duality between K-Homology and K-Theory of Operator

Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
Even Groups . . . . . . . . . . . . . . . . . . . . . . . . . . 199
Odd Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

C Cyclic Homology and Cohomology 201
C.1 Cyclic Cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . 201

C.1.1 Enveloping Differential Algebra . . . . . . . . . . . . . . . . 201
C.1.2 Graded Traces and Cyclic Functionals . . . . . . . . . . . . 203
C.1.3 Cochains, Cyclic Cochains, and the Hochschild Differential 204
C.1.4 Cyclic Cohomology and Hochschild Cohomology . . . . . . 204
C.1.5 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205
C.1.6 Cup Product in Cyclic Cohomology . . . . . . . . . . . . . 206
C.1.7 Periodicity in Cyclic Cohomology . . . . . . . . . . . . . . . 207
C.1.8 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

C.2 Cyclic Homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
C.2.1 Definition of Cyclic Homology . . . . . . . . . . . . . . . . . 209
C.2.2 Periodicity . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
C.2.3 Pairing between Cyclic Homology and Cohomology . . . . . 211
C.2.4 Morita Invariance . . . . . . . . . . . . . . . . . . . . . . . 211
C.2.5 Chern Characters in Homology . . . . . . . . . . . . . . . . 211

Concise Bibliographical Remarks 213

Bibliography 217

Index 222



http://www.springer.com/978-3-7643-8774-7


