Chapter 2
Norm comparison theorems

In the previous chapter, we have discussed various versions of the Hardy—
Littlewood inequality for a pair of solutions w and v of the conjugate
A-harmonic equation. The purpose of this chapter is to present some norm
comparison inequalities for differential forms satisfying the conjugate
A-harmonic equations, which have been recently established in [104]. Since
the proofs display a general method to obtain LP-estimates, we include most
of them in this chapter. Also, we always assume that 1 < p < oo and
p~ ' 4+ ¢~ =1 throughout this chapter.

2.1 Introduction

In the first chapter, we have introduced the following conjugate A-harmonic
equation:
Az, du) = d*v. (2.1.1)

In this chapter, we study a more general type of the conjugate A-harmonic
equation: the nonhomogeneous conjugate A-harmonic equation

A(z,g+du) = h+d*v (2.1.2)

for differential forms, where g,h € D'(2, Al) and A : 2 x Al(R™) — AL(R™)
satisfies the following conditions:

[A(z,€)] < alg]P™" and < A(,€),6 > > [ (2.1.3)

for almost every z € 2 and all £ € AY(R"). Here a > 0 is a constant and
1 < p < o0 is a fixed exponent associated with (2.1.2). Some results re-
lated to equation (2.1.2) have been obtained in [105]. In this chapter, we first
present some local norm inequalities in Section 2.2. Then, we obtain some
A, (£2)-weighted estimates and the global norm inequalities for solutions of
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the nonhomogeneous conjugate A-harmonic equation in Sections 2.3 and 2.4,
respectively. Finally, as applications of the results discussed in Sections 2.2,
2.3, and 2.4, we prove the global Sobolev—Poincaré-type imbedding inequal-
ity and derive some global LP-estimates for the gradient operator V and the
homotopy operator T from the Banach space L*(D, A!) to the Sobolev space
Whs(D, A1), 1 = 1,2,...,n. Some of the results presented in this chapter
have nice symmetric properties. These results enrich the LP-theory of differ-
ential forms and can be used to estimate the integrals of differential forms and
to study the integrability of differential forms, also to explore the properties
of the operators V and T'.

2.2 The local unweighted estimates

We develop some unweighted norm inequalities for solutions of conjugate
A-harmonic equations (2.1.1) and (2.1.2). These inequalities have rich sym-
metric properties and play important role in this chapter.

2.2.1 Basic LP-inequalities

In this section, we present some local norm inequalities which will be ex-
tended into the weighted cases and the global cases in next two sections.
We first discuss the following norm comparison theorem which describes the
relationship between the norm of du and the norm of d*v.

Theorem 2.2.1. Let u and v be a pair of solutions to the monhomo-
geneous conjugate A-harmonic equation (2.1.2) in a domain 2 C R™. If
g € LP(B,AY) and h € LY(B,A), then du € LP(B,A) if and only if
d*v € LY(B,A). Moreover, there exist constants Cy,Cy, independent of u
and v, such that

ld*ollg 5 < Crllhllg 5 + llg

b T ldull) ), (2.2.1)
Idull® 5 < Co(IRlI 5 + gl 5 + ld*v]|2 5) (2.2.2)
for all balls B with B C 2 C R™. Herep~' +¢ ' = 1.

Proof. We only need to prove (2.2.1) and (2.2.2). From equation (2.1.2) and
condition (2.1.3), we have

|h 4+ d*v| = |A(z, g + du)| < alg + du|P~". (2.2.3)

Hence, we obtain
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|d*v| = |d*v + h — h| < |h| + |d*v + h| < |h| + a|g + duP~. (2.2.4)

Using the elementary inequality

N N
Y P < NS (2.2.5)
=1 i=1

we find that
|d*v|® < (|h] + alg + dulP~1)9

< 21N (Al7 + atlg + dul7-19)
=2971(|h|7 + aflg + dul?) (2.2.6)
< 2071([h)7 + 277 ad(|glP + |dul?))
< Cu([h]? + gl + |dul?).
Integrating the above inequality over B, we obtain
ld*vllg, s < Cr(llRlg 5 + lgllp 5 + ldully 5)-

This completes the proof of inequality (2.2.1). From (2.1.3) and Schwartz
inequality, we have

g+ dul? << A(z,g + du),g + du >
=< h+dv,g+du>
< |h+d*v| - |g + du.

Therefore, we obtain
lg + dulP~ < |h + d*v| < |h| + |d*v]. (2.2.7)

Hence,
g+ dul? = |g + dul1P™V < (|b| + |d*v])7.
Using the elementary inequality (2.2.5) again, we find that
|dulP = |du+ g — g|?
< 207 (|du + g|P + |g[")
< 2271 (|g[P + (|h] + |d*v])?) (2.2.8)
< 207 (|g|P + 2971 (|A|7 + |d*v]7))
< Ca(lgl” + [T + |d*v]?).

Integrating inequality (2.2.8) over B, we obtain (2.2.2). |
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Note that (2.2.1) and (2.2.2) can be used to estimate the integrals of
differential forms and to study the integrability of differential forms. From
the proof of Theorem 2.2.1, the following corollary is immediate.

Corollary 2.2.2. Let u and v be a pair of solutions to the nonhomogeneous
conjugate A-harmonic equation (2.1.2) in a domain 2 C R™. Then,

1A+ d*[|g 5 < Cillg + dully, s,
lg + dully 5 < Caollh + d*v|[g 5

for all balls B with B C 2 C R™.

2.2.2 Special cases
Applying Theorem 2.2.1 with ¢ = 0 and h = 0, we obtain the following
corollary immediately.

Corollary 2.2.3. Let u and v be a pair of solutions to the conjugate
A-harmonic equation (2.1.1) in a domain 2 C R". Then, du € LP(B,A)
if and only if d*v € L1(B,A'). Moreover, there exist constants C1,Cs, inde-
pendent of u and v, such that

Cilldully g < ld*vllg 5 < Colldully 5 (2.2.9)
for all balls B with B C {2 C R".

Theorem 2.2.4. Let u and v be a pair of solutions to the conjugate A-
harmonic equation (2.1.1) in a domain 2 C R™. Then, there exists a constant
C, independent of u and v, such that

ld*o]2 ; < Cdiam(B)"|lu — €| (2.2.10)

for all balls B with cB C {2 C R™. Here c is any closed form and o is a
constant with o > 1.

Note that (2.2.10) can be written as

|d*v]lg.5 < Cdiam(B)~?/1|ju — c|[?/2. (2.2.11)

Proof. Since u and v are a pair of solutions to the conjugate A-harmonic
equation
Az, du) = d*v,

it follows that w is a solution to the A-harmonic equation

d* Az, du) = 0.
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Hence, the Caccioppoli inequality is applicable to w. Using Theorem 2.4.1
with a = 1 in [180] and Theorem 2.2.1 with g = 0 and h = 0, we obtain

ld*0llg 5 < Clldully, 5 < Cdiam(B) ™" |lu—clf} , - n

Theorem 2.2.5. Let u and v be a pair of solutions to the conjugate A-
harmonic equation (2.1.1) in a domain 2 C R™. Then, there exists a constant
C, independent of u and v, such that

|lu — UB”Z,B < Cdmm(B)pHd*UHgﬁB (2.2.12)
for all balls B with cB C {2 C R", where o is a constant with o > 1.
Proof. Similar to the case in Theorem 2.2.4, using Poincaré inequality (The-
orem 2.12 with w(z) = 1 in [201]) to u, and Theorem 2.2.1 with ¢ = 0 and
h = 0, we obtain

lu —uplly p < Cdiam(B)||dull; , 5 < Cdiam(B)?||d"v]g ,5- n

Combining Theorems 2.2.4 and 2.2.5, we have the following norm com-
parison inequality which has nice symmetric properties. It can be used to
estimate the norm of d*v in terms of u or u — c.

Theorem 2.2.6. Let u and v be a pair of solutions to the conjugate A-
harmonic equation (2.1.1) in a domain 2 C R™. Then, there exist constants
C4,Cy, independent of u and v, such that

Cydiam(B)~P||lu — up|

§7B < Hd*UHg«nB < Cadiam(B) ™" |lu — CH;@B

for all balls B with c9oB C 2 C R"™. Here c is any closed form and p,q, 01,02
are constants with oo > o1 > 1.

2.3 The local weighted estimates

Here we generalize the inequalities established in the previous section to the
A, (£2)-weighted versions. We begin with L®-estimates for d*v.

2.3.1 L®-estimates for d*v

We first discuss L*-estimates for d*v in terms of g, h and du that appear in
equation (2.1.2).

Theorem 2.3.1. Let u and v be a pair of solutions to the nonhomogeneous
conjugate A-harmonic equation (2.1.2) in a domain 2 C R™. Assume that
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w € A.(£2) for some r > 1. Then, there exists a constant C, independent of
u and v, such that
|[d*vlls,B,we

< C|BJor/(||h (23.1)

lt,Bwarre + 91PNl aweers + [dulP 4l g ayeess)

for all balls B with B C {2 C R". Here « is any positive constant with 1 > ar,
s=(l—a)q, andt =s/(1 —ar)=qs/(s — aq(r —1)).
Note that (2.3.1) can be written in the following symmetric form:
B [ld* 05, .we
< CIBITY (bl s + gl

|75,B,w‘“/S + H |du|p/q”t,B,wat/s).

(2.3.1)

Proof. Since s = (1 — a))q < ¢, using the Holder inequality, we have

|d*v

s 1/s
o = (S (1d70]we/?)" do)
S —s ( _5)/ s
< ([ [d*v|2dz) "/ (fB (we/s) =/ )dx> U (2.3.9)

¢,B (fB wdx)

afls

< [|d*v|

Applying the elementary inequality | Zi\; ti|m < NT1 Zi\;l [t;|” and Theo-
rem 2.2.1, we obtain

I@lg. < Cr (Illg.5+ lgl/5 + laul3). (233)
Since t = gs/(s — ag(r — 1)) > ¢, using the Holder inequality again, we find

that

1/q
Wl = (f (1Pl 50=o/7) " o)

agt/s(t— (t—q)/qt
< (/s |h‘twat/sdx)1/t (fB (w) . dx) (2.3.4)

r— a(r=1)/s
=l ot (J (3)77 o) .

Now, choose
sp 4 apt(r — 1 apt(r —1
K s( : ! (s )’

so that k£ > p. Once again using the Holder inequality, we have
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lgllp.5 = ([ lglPwet/Esw=at/ks ) /P

apt/s(k— (k—p)/k
< (g ot (J, ()70 )

1/(r—1 (k—p)/kp
<Nl e (S ()"0 do) |

After a simple computation, we find that

kE—p a(r—1) st ~aq(r—1)
kp 5 ps+apt(r —1) ps
and hence
1/(r—1) a(r—1)/s
P/q p/a 1
||g||p7B < Hng7B,wat/s ' (/B <E> dl’) .
Note that
« S /k
19128 s = (fi lglFuwt/oda)” ™

_ (fB ‘g|(sp—‘rozpt(r—1))/swat/sdaj)ps/(pquLo‘pqt(ril))

= (fy lgl/awet/>d) "

= [[lg|P/®

o5 et

Combination of (2.3.6) and (2.3.7) yields

) 1 1/(r—1) a(r—1)/s
91278 < gl e - < L) dv’”) ~

Using a similar method, we have

1/(r—1) a(r—1)/s
1
2/ < NI/, - ( [(3) dx) |

Combination of (2.3.2) and (2.3.3) gives

afs
00l e < Cs (Il + a8 + V) ([ war)

63

(2.3.5)

(2.3.6)

(2.3.7)

(2.3.8)

(2.3.9)

(2.3.10)



64 2 Norm comparison theorems

Substituting (2.3.4), (2.3.8), and (2.3.9) into (2.3.10), we find that
ld*vlls,5we < C1 (1l B werre + gl Ui waers + dulP 9], g e )

als r— a(r—1)/s
x (fywda)® (f ()" do) -

(2.3.11)
Since w(x) € A,(£2), it follows that

afs 1/(r—1) a(r—1)/s
(fp wa) ™" ([ ()" o)
s afs 1/(r—1) a(r—1)/s
= 1B/ (hy fpwdz) " (b fp () do) (2312)
< C2|B|a7/5
Finally, using (2.3.12) and (2.3.11), we obtain

[[d*v]

s,B,w

< Cs|B|*"/*(|h

twetss g7 g werrs + [ldulP @, g yerss). B

2.3.2 L?-estimates for du

Similar to the proof of Theorem 2.3.1, we have the following weighted L?*-
estimate for du.

Theorem 2.3.2. Let u and v be a pair of solutions to the nonhomogeneous
conjugate A-harmonic equation (2.1.2) in a domain 2 C R™. Assume that
w € A.(£2) for some r > 1. Then, there exists a constant C, independent of
u and v, such that

”du”s,B,w"
< CIBI**([lglle,,worrs + 11BNt 5 werrs + [|d* 0|7l g aparss)

(2.3.13)
for all balls B with B C {2 C R"™. Here « is any positive constant with 1 > ar,
s=(l—a)p, andt =s/(1 —ar)=ps/(s—ap(r —1)).

Tt is easy to see that inequality (2.3.13) is equivalent to
|BI7* | dul|s, B we
< OBl (llglle,pwerrs + RPNl g aweers + 1A 0|P(ly e )-
(2.3.13)
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2.3.3 The norm comparison between d* and d

Theorem 2.3.3. Let u and v be a pair of solutions to the conjugate A-
harmonic equation (2.1.1) in a domain 2 C R™. Assume that w € A,(12)
for some r > 1. Then, for all balls B with B C 2 C R"™ and any positive
constant o with 1 > ar, there exist constants C1,Cs, independent of u and
v, such that

[d*0ll? e < CLIBI/dull?, (2.3.14)

for s =(1—a)g,t =s/(1 —ar)=gs/(s — aq(r —1)); and

w3

s,B,w™

< Col BT d*0]2, (2.3.15)

fors=(1—-a)p,t =s/(1—ar)=ps/(s—ap(r—1)).

Proof. Applying Theorem 2.3.1 with ¢ = 0 and A = 0, we obtain

ld*v||s, Bwe < C1|B|°”“/S|||du|p/q||t737wm/s. (2.3.16)
Note that
e/l porre = lldullZ0f o i (2.3.17)

Combination of (2.3.16) and (2.3.17) yields

ld*vllg

s,B,w™

< Ol |B|aqr/s ||du||2t/q7B,“)at/s .

Similarly, using Theorem 2.3.2 with ¢ = 0 and h = 0, we have

ldul? e < Col BV [d50] %, e .

Theorem 2.3.4. Let u and v be a pair of solutions to the conjugate A-
harmonic equation (2.1.1) in a domain 2 C R™. Assume that w € A,.(12)
for some r > 1. Then, for all balls B with B C 2 C R™ and any positive
constant o with 1 > ar, there exist constants C1,Cs, independent of u and
v, such that

lu = uplls,pwe < Crdiam(B)|B|*™/*|[|d*0|P, o wyees- (2.3.18)
fors=(1—-a)p,t=s/(1—ar)=ps/(s—ap(r—1)); and
|l e < Codiam(B) P11\ BI2r |l — 4],y e (2:319)

for s = (1 —a)q,t = s/(1 —ar) = gs/(s — agq(r —1)). Here 0 > 1 is a
constant.

Proof. Applying the Holder inequality with p and s = (1 —a)p and Theorem
2.2.5, we find that
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s 1/s
||U — UBlls,B,wO‘ = (fB (|u — uB|wa/s> d$)

S —5 (p—s)/ps
< (fy lu—uplda)"" ([ (/o)™ " da)

<|lu—uglp 5 (fB de)a/s

< Crdiam(B) | d*v|| 975 ([, wda) ™" .
(2.3.20)
Let

sq+ aqgt(r —1 aqt(r — 1
j— 5 qs( ) _ g ogtr—1)

)

so that k > ¢. Using the Holder inequality again, it follows that

||d*v

|q,th

_ (ng |d*v‘qwat/ksw7at/ksdx)1/q

w

n 1/(r—1) (k—q)/kq
< ol o erre (J (2)7 V)

k—q)/k
< (fUB |d*v\kwat/sdx)1/k (ng (l)aqt/s(k—q) dx)( q)/kq (2.3.21)

Note that
k—q a(r—1) st _ap(r—1)
kg s q+aqtir—1) gs
Thus,
1 1/(r—1) a(r—1)/s
o[22 < 022 s ( [ () dx)  (2322)
' ’ ’ oB \W
Also, we have
O | o Y I (2.3.23)

Combination of (2.3.20), (2.3.22), and (2.3.23) gives

v —usls,Bwe

< Cydiam(B)||[d* 0|97l o 5 orr- - ([ wdz)®'?
e a(r—1)/s
% (J,p ()Y dr) -

Now, using the condition w(x) € A,.(£2), we find that

(2.3.24)
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([ wa)®* (faB (1)1 dx) a(r—1)/s

ar/s o/s 1/(r—1) or=1)/s
< loBl (o fopwda) " (o fp (2)707Y dr)
SCQ|B|O”/S.

(2.3.25)
Finally, substituting (2.3.25) into (2.3.24) we obtain

| — uplls.Bawe < Cadiam(B)|B|*"/%|||d*v|7/P|

t,oBwat/s-

This completes the proof of (2.3.18). The proof of (2.3.19) is similar to that of
(2.3.18). ]

Note. In this section, we have only proved the A, ({2)-weighted norm com-
parison theorems. Using a similar technique, we can obtain the local compar-
ison theorems with other kinds of weights discussed in Section 1.4, including
two-weight, etc.

2.4 The global estimates

We have discussed the weighted local estimates for ||d*v||s g we and ||dul|s, B we
in the previous section. In this section, we prove some global norm comparison
theorems using the local results.

2.4.1 Global estimates for d*v

Using the local weighted estimate developed above, we prove the following
global estimate for d*v.

Theorem 2.4.1. Let u and v be a pair of solutions to the nonhomoge-
neous conjugate A-harmonic equation (2.1.2) in a bounded domain 2 C R™.
Assume that w € A,.(§2) for some r > 1. Then, there exists a constant C,
independent of u and v, such that

[d*vlls,2,w0 < CURN.0aoatrs HIGIF e apatrs H AP/l g paess)s (2.4.1)

where a is any positive constant with 1 > ar, 1 < s = (1 — a)gq, and t =
s/(1—ar)=qs/(s— aq(r—1)).

Proof. Applying Theorem 2.3.1 and the covering lemma (Theorem 1.5.3),
we have
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Hd*U”s,Q,wa
= ([, ldo|*wodz)"/*

< S ey ([ [d=v[fwoda)

ar P L
< C1 T ey 1BIF (Il + ol s + Il o)
ar P P
< O Y ey 1% (Il e + gl F, g + DIl o)
< Gl geers + 1617791, + NP/, o) - N

< Cs (I1hlle,weers + gl Nl @ werre + I dulP/ 9]l g waers)

since 2 is bounded. [ |

If we put ¢ = 0 and h = 0 in Theorem 2.4.1, we obtain the following global
norm comparison result for d*v and du.

Corollary 2.4.2. Let uw and v be a pair of solutions to the conjugate A-
harmonic equation (2.1.1) in a bounded domain 2 C R™. Assume that w €
A.(£2) for some r > 1. Then, there exists a constant C, independent of u and
v, such that

ld*vls,0.we < Cllldu’ |l gt = Clldul? o e, (2.4.2)

where « is any positive constant with 1 > ar, s = (1 — a)q, and t = s/(1 —
ar) =qs/(s — aq(r — 1)).

2.4.2 Global estimates for du

Using Theorem 2.3.2 and the covering lemma, we obtain the following global
Ls-estimate for du.

Theorem 2.4.3. Let u and v be a pair of solutions to the nonhomogeneous
conjugate A-harmonic equation (2.1.2) in a bounded domain 2 C R™. As-
sume that w € A.(£2) for some r > 1. Then, there exists a constant C,
independent of u and v, such that

||du

s.2we < Clglle.gueersHIRIYP |y g aerrsH 1A 0| VP g g speess). (2:4.3)

Here « is any positive constant with 1 > ar, s = (1—«a)p, andt = s/(1—ar) =
ps/(s —ap(r—1)).
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Similarly, if we choose ¢ = 0 and h = 0 in Theorem 2.4.3, we obtain the
following global norm estimate for du in terms of d*v.

Corollary 2.4.4. Let u and v be a pair of solutions to the conjugate A-
harmonic equation (2.1.1) in a bounded domain 2 C R™. Assume that w €
A (2) for some r > 1. Then, there exists a constant C, independent of u and
v, such that

ldullsin < OVl g pocre = [d50]%2 ) e (244)

Here o is any positive constant with 1 > ar, s = (1—a)p, andt = s/(1—ar) =
ps/(s —ap(r —1)).

2.4.3 Global LP-estimates

We denote the space of all [-forms that are L®-integrable in (2 with respect
to the measure pu by L*(£2, A, ). Now we prove the following theorem that
characterizes the integrability of a pair du and d*v.

Theorem 2.4.5. Let u and v be a pair of solutions to the nonhomogeneous
conjugate A-harmonic equation (2.1.2) in a bounded domain 2 C R™. If
g € LP(B,N,, 1) and h € LB, A, i), then du € LP(B,A', 1) if and only if
d*v € LY(B, A, 1), where the measure y is defined by du = w(z)*dr, w(x) €
A (2) for some r > 1. Moreover, there exist constants C1,Cy, independent
of w and v, such that

102 e < CLURI e + NI e + Ul )y (245)
[dull?, g e < CollRlZ e+ 911 e + 0] o) (246)

for any real number o with « > 0.

Proof. We only need to prove (2.4.5) and (2.4.6). Multiplying (2.2.6) by w®,
we have
|[d*v|Tw® < C1(|h|w® + |g[Pw® + |du|Pw®) (2.4.7)

since w® > 0. Integrating (2.4.7) over (2 we find that (2.4.5) holds. Similarly,
from (2.2.8), we obtain

|du|Pw® < Co(|g|Pw® + |h|Tw + |d*v|Tw®). (2.4.8)
Hence, inequality (2.4.6) follows immediately. |

Setting ¢ = 0 and h = 0 in Theorem 2.4.5, we have the following global
norm comparison theorem that provides a powerful tool for the study of the
global integrability of differential forms du and d*v.
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Corollary 2.4.6. Let u and v be a pair of solutions to the conjugate
A-harmonic equation (2.1.1) in a bounded domain 2 C R™. Then, du €
LP(2, A, 1) if and only if d*v € L1(2, A\, 1), where the measure p is defined
by dp = w(x)*dx, w € A.(2) for somer > 1. Moreover, there exist constants
C4,Cy, independent of u and v, such that

Crlldully g uwe < 170G e < Calldully (2.4.9)

p,2,w>
for any real number o with o > 0.

Using Theorem 2.3.4 and the covering lemma, we find the following norm
comparison theorem for u — ¢ and d*v.

Theorem 2.4.7. Let u and v be a pair of solutions to the conjugate A-
harmonic equation (2.1.1) in a bounded domain 2 C R™. Assume that w(x) €
A, (82) for some r > 1. Then, for any positive constant o with 1 > ar, there
exist constants Cy,Csy, independent of u and v, such that

lu—uplls,@uwe < Cillld 0|l ot (2.4.10)
fors=(1—a)p,t =s/(1—ar)=ps/(s—ap(r—1)); and
ld*lls 0w < Colllu = ey g uperrs (2.4.11)

fors=(1—-a)q,t=s/(1—ar)=qs/(s—aq(r—1)).

2.4.4 Global L*-estimates

We have obtained the LP-estimate for du and the L?-estimate for d*v with
p~' +¢ ' =1 in Theorem 2.4.5. However, in applications, we often need
L#-estimates for some s with 1 < s < co. Hence, we now state and prove the
following L*-norm comparison theorem.

Theorem 2.4.8. Let u and v be a pair of solutions to the nonhomogeneous
conjugate A-harmonic equation (2.1.2) in a bounded domain 2 C R™ and
1 < s < o0. Assume that w € A, (§2) for some r > 1. Then,

ld*0lls, 2,00 < Crllblls, e + 112G 1) 0w + 14Ul 1) o pe)s (24:12)

(lglls, 2w + 1AL ) e + 10T ) o pe)s (2413)

where Cy,Cy are constants.

Proof. From (2.2.4), we know that

|d*v[Sw® < (|h]| + alg + dulP~)5w® (2.4.14)
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for any weight w(x) > 0. Integrating (2.4.14) over {2 and using the Minkowski
inequality, we find that

1
dv]ls.0me < ([o(h] + alg + dulp~!)*weda)"*
< Hh’”S 2,we +a’||g+du||s(p 1 02w

< CalllBllsme + 191G e+ 10675 1) )

This completes the proof of (2.4.12). From (2.2.7), we find that
|9 + dul < |h+d] D,
and hence
|dul*w® = [du+g — g]*w
< (ldu+ g| + [g])*w® (2.4.15)
< (gl + [h+ o /=D

Integrating (2.4.15) over {2 and using (2.2.5) and Minkowski inequality again,
we obtain

s,02,w™

s 1/s
< (S (gl + (] + o) @) wede)

1/s
h|+ |d*v /(=) ey
(Jat

s 1/s
e + (Ca Jo((BYOD 4 @] 0-D) weda)

((f(z |h|s/(p*1)wadx)1/s + (fQ |d*v|s/(p’1)wadx)1/s>
1 1 « 111/(p—1
< Cu (llglls.awe + IBIYETS) o e + 10200 5 L)

< 04(”9”8 2uwe + ”th s(g—1),02,we + ||d*v||s(q 1),92, wa)

since 1/(p—1) =¢q—1. |

Remark. We have extended only few local norm inequalities into the global
ones. Using similar methods, we can generalize other local results into the
global ones. We can also obtain the global comparison theorems with other
weights, including two-weight. Also, we notice that the global comparison
norm inequalities contain a parameter «. Hence, by choosing different value
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of «, we have different versions of the global norm inequalities. For example,
choosing @ =p > 1 in (2.4.5) and (2.4.6), we obtain

1™ 011G, 0.0 < CrlllPllg @ + 19115, 2,uwp + [1dully 2,u»)

and
ldully o e < C2(IRN1E g .we + 1915 0w + 1V o 0w )

respectively.

2.5 Applications

In this section, we discuss some applications of the global norm comparison
theorems. We prove the global Sobolev—Poincaré-type inequality, and obtain
some versions of imbedding theorems for the homotopy operator T and the
gradient operator V.

2.5.1 Imbedding theorems for differential forms

From Corollary 4.1 in [99], for any u € D'(B,A') with du € LP(B, A'*1), we
have
= u o (zaty < CIBlldulp 5. (25.1)

Combining (2.2.9) and (2.5.1), we obtain the following analog of Sobolev—
Poincaré-type imbedding theorem for differential forms satisfying the conju-
gate A-harmonic equation.

Theorem 2.5.1. Let u and v be a pair of solutions to the conjugate A-
harmonic equation (2.1.1) in a domain 2 C R™. Then,

flu — uB||€V1,p(B,Al) < C”d*””g,B (2.5.2)
for all balls B with B C {2, where C is a constant.

Using (2.5.2) and the covering lemma, we prove the following global
Sobolev—Poincaré-type imbedding theorem.

Theorem 2.5.2. Let u € D'(2,A%) and v € D'(£2, A?) be a pair of solutions
to the conjugate A-harmonic equation (2.1.1) in a 6-John domain 2 C R™.
Then,

||u - UB0||€V1»P(_Q7/\1) < C”d*U”Z,Q?

where C is a constant and By C {2 is a fized ball.
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Notes to Chapter 2. (i) We should note that all the results established in
this chapter are about [-forms, [ = 0,1,...,n, and that the real functions in
R"™ are 0-forms.

(i) It is known that if f(z) = (f1, f2,..., f") is K-quasiregular in R", then

w= fldf* NdfEA - AdFTY, 1=1,2,.. 0 -1,

and
v=HfTLTEA A, 1=1,2,.. .0 —1,

are solutions of the conjugate A-harmonic equation (2.1.1). Thus, our results,
such as Theorems 2.5.1 and 2.5.2, can be used to study the K-quasiregular

mapping f.
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