Preface

Differential forms have been widely studied and used in many fields, such as
physics, general relativity, theory of elasticity, quasiconformal analysis, elec-
tromagnetism, and differential geometry. They can be used to describe various
systems of partial differential equations and to express different geometrical
structures on manifolds. Hence, differential forms have become invaluable
tools for many fields. One of the purposes of this monograph is to present
a series of estimates and inequalities for differential forms, particularly, for
the forms satisfying the homogeneous A-harmonic equations, or the nonho-
mogeneous A-harmonic equations, or the conjugate A-harmonic equations in
R"™, n > 2. These estimates and inequalities are critical tools to investigate
the properties of solutions to the nonlinear differential equations and to con-
trol oscillatory behavior in domains or on manifolds. These results can be
further used to explore the global integrability of differential forms and to
estimate the integrals of differential forms. Throughout this monograph we
always keep in our mind that differential forms are the extensions of functions
(functions are O-forms). Hence, all results about differential forms presented
in this monograph remain valid for functions defined in R™.

In Chapter 1, we study various versions of the Hardy—Littlewood inequal-
ities for differential forms satisfying the conjugate A-harmonic equation. We
first introduce some definitions and notation related to differential forms,
which will be used in this monograph. Then, we discuss different versions of
the A-harmonic equations and weight classes. From Sections 1.5, 1.6, and 1.7,
we present the local and global Hardy—Littlewood inequalities with different
weights in John domains and L®(p)-averaging domains, respectively. We also
give the best integrable exponents in Section 1.8. Finally, we investigate the
Hardy-Littlewood inequalities with Orlicz norms.

In Chapter 2, we concentrate on the LP-estimates for solutions of the non-
homogeneous A-harmonic equation. We also extend these estimates to the
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A, (£2)-weighted cases. We conclude Chapter 2 with the global norm compar-
ison inequalities and some applications to the compositions of operators.

Chapters 3 and 4 treat the Poincaré inequalities and the Caccioppoli in-
equalities, respectively. Specifically, we present the Poincaré inequalities with
LP-norms and Orlicz norms for differential forms. We provide some estimates
for Green’s operator and the projection operator. As applications of the
Poincaré inequalities, we also obtain some estimates for Jacobians of the
Sobolev mappings. We develop both local and global Caccioppoli-type es-
timates with different weights in a domain or on a manifold in Chapter 4.
Roughly speaking, these estimates provide upper bounds for the L*-norm of
Vu (if w is a function) or du (if u is a form) in terms of the L*-norm of
differential form u. We also discuss Caccioppoli-type estimates with Orlicz
norms.

Chapters 5 and 6 are concerned with the imbedding inequalities and the
reverse Holder inequalities, respectively. The imbedding inequalities for func-
tions can be found in almost every book on partial differential equations; see
Sections 7.7 and 7.8 in [63], for example. Hence, we only study the imbedding
inequalities for differential forms in Chapter 5. We also explore the imbed-
ding inequalities for some operators applied to differential forms and discuss
various weighted cases. In Chapter 6, various versions of the reverse Holder
inequalities are established.

Chapter 7 is devoted to the integral estimates for some related operators,
such as the homotopy operator, Laplace—Beltrami operator, and the gradient
operator. We also develop some estimates for the compositions of operators,
including the Hardy-Littlewood maximal operator and the sharp maximal
operator. We know that the Jacobian of a quasiconformal mapping satisfies a
stronger estimate, the reverse Holder inequality. Then, what kind of estimates
can we expect for the Jacobian of a mapping in a Sobolev class? We discuss
the integrability of Jacobians in Chapter 8. Finally, in Chapter 9, we develop
norm comparison theorems related to BM O-norms and Lipschitz norms. We
also prove that the integrability exponents described in the Lipschitz norm
comparison theorem are the best possible.

This monograph presents an up-to-date account of the advances made in
the study of inequalities for differential forms and will hopefully stimulate
further research in this area.
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