Chapter 2
Structure of Classical Groups

Abstract In this chapter we study the structure of a classical group G and its Lie
algebra. We choose a matrix realization of G such that the diagonal subgroup H C G
is a maximal torus; by elementary linear algebra every conjugacy class of semisim-
ple elements intersects H. Using the unipotent elements in G, we show that the
groups GL(n,C), SL(n,C), SO(n,C), and Sp(n,C) are connected (as Lie groups
and as algebraic groups). We examine the group SL(2,C), find its irreducible rep-
resentations, and show that every regular representation decomposes as the direct
sum of irreducible representations. This group and its Lie algebra play a basic role
in the structure of the other classical groups and Lie algebras. We decompose the
Lie algebra of a classical group under the adjoint action of a maximal torus and
find the invariant subspaces (called root spaces) and the corresponding characters
(called roots). The commutation relations of the root spaces are encoded by the set
of roots; we use this information to prove that the classical (trace-zero) Lie algebras
are simple (or semisimple). In the final section of the chapter we develop some gen-
eral Lie algebra methods (solvable Lie algebras, Killing form) and show that every
semisimple Lie algebra has a root-space decomposition with the same properties as
those of the classical Lie algebras.

2.1 Semisimple Elements

A semisimple matrix can be diagonalized, relative to a suitable basis. In this sec-
tion we show that a maximal set of mutually commuting semisimple elements in a
classical group can be simultaneously diagonalized by an element of the group.

R. Goodman, N.R. Wallach, Symmetry, Representations, and Invariants, 69
Graduate Texts in Mathematics 255, DOI 10.1007/978-0-387-79852-3 2,
© Roe Goodman and Nolan R. Wallach 2009
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2.1.1 Toral Groups

Recall that an (algebraic) torus is an algebraic group T isomorphic to (C*); the
integer [ is called the rank of T. The rank is uniquely determined by the algebraic
group structure of 7" (this follows from Lemma 2.1.2 below or Exercises 1.4.5 #1).

Definition 2.1.1. A rational character of a linear algebraic group K is a regular
homomorphism y : K —=C*.

The set X(K) of rational characters of K has the natural structure of an abelian
group with (x1x2)(k) = x1(k)x2(k) for k € K. The identity element of X(K) is the
trivial character Yo(k) = 1 for all k € K.

Lemma 2.1.2. Let T be an algebraic torus of rank 1. The group X(T) is isomorphic
to 7!. Furthermore, X(T) is a basis for O[T| as a vector space over C.

Proof. We may assume that 7 = (C*)! with coordinate functions xi,...,x;. Thus
O[T] :(C[xl,...,xl,x;],...,x;l]. Fort =[xi(¢),...,x;(t)] €T and A = [py,...,p)] €
7! we set
!
= JETOL (2.1)
k=1

Then 7 — t* is a rational character of T', which we will denote by x, . Since AtH =
t*tH for A, u € Z!, the map A — J; is an injective group homomorphism from Z/
to X(T). Clearly, the set of functions {y; : A € Z'} is a basis for O[T] as a vector
space over C.

Conversely, let y be a rational character of 7. Then for k = 1,...,/ the function

72— @(z) = x(1,...,z,...,1)  (zin kth coordinate)

is a one-dimensional regular representation of C*. From Lemma 1.6.4 we have
¢ (z) = 7P« for some py € Z. Hence

1
-x17 <5 X H x}L Xlyenns l) 5
where A = [py, ..., p;|. Thus every rational character of T is of the form J;, for some
AeZl. O

Proposition 2.1.3. Let T be an algebraic torus. Suppose (p,V) is a regular repre-
sentation of T. Then there exists a finite subset W C X(T) such that

V=V, (2.2)

W

where V() ={veV :pt)v=yx(t)v forallt € T} is the y weight space of T on
V. If g € End(V) commutes with p(t) for allt € T, then gV (x) C V(x).
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Proof. Since (C*)! =2 C* x (C*)!~!, the existence of the decomposition (2.2) fol-
lows from Lemma 1.6.4 by induction on /. The last statement is clear from the
definition of V(). O

Lemma 2.1.4. Let T be an algebraic torus. Then there exists an elementt € T with
the following property: If f € O[T] and f(t") = 0 for all n € Z, then f = 0.

Proof. We may assume T = (C*)’. Choose t € T such that its coordinates t; = x;(t)
satisfy
/'t £ 1 forall (pi,...,p) € Z'\{0} . (2.3)

This is always possible; for example we can take #1,...,# to be algebraically inde-
pendent over the rationals.

Let f € O[T] satisfy f(¢") = 0 for all n € Z. Replacing f by (x;---x;)"f for a
suitably large », we may assume that

f: Z aKxK

|K|<p

for some positive integer p, where the exponents K are in N. Since f(¢") = 0 for all
n € 7, the coefficients {ag } satisfy the equations

Y ax (i)' =0 forallneZ. (2.4)
K
We claim that the numbers {¢X : K € N'} are all distinct. Indeed, if t = - for some
K,L € N with K # L, then t* = 1, where P = K — L # 0, which would violate (2.3).

Enumerate the coefficients ax of f as by,...,b, and the corresponding character
values tX as y1,...,y,. Then (2.4) implies that

Y bi(y;)'=0  forn=0,1,....r—1.
j=1

We view these equations as a homogeneous linear system for by, ..., b,. The coeffi-
cient matrix is the r X r Vandermonde matrix:

y{‘: y{‘i eyl

Yy Yy y2 1
Vi(y) = : oo

y;_l y;—Z eyl

The determinant of this matrix is the Vandermonde determinant T <;< j<,(yi — ;)
(see Exercises 2.1.3). Since y; # y; for i # j, the determinant is nonzero, and hence
bx =0 for all K. Thus f=0. O
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2.1.2 Maximal Torus in a Classical Group

If G is a linear algebraic group, then a torus H C G is maximal if it is not con-
tained in any larger torus in G. When G is one of the classical linear algebraic
groups GL(n,C), SL(n,C), Sp(C", ), SO(C",B) (where £ is a nondegenerate
skew-symmetric bilinear form and B is a nondegenerate symmetric bilinear form)
we would like the subgroup H of diagonal matrices in G to be a maximal torus. For
this purpose we make the following choices of B and 2:

We denote by s; the [ x [ matrix

00---01
00---10
sp= |t (2.5)
01---00
10---00
with 1 on the skew diagonal and 0 elsewhere. Let n = 2/ be even, set
- 0 S o 0 S
Gl B i
and define the bilinear forms
B(x,y) =x'J.y, Q(x,y)=x'J_y for x,yeC". (2.6)

The form B is nondegenerate and symmetric, and the form €2 is nondegenerate and
skew-symmetric. From equation (1.8) we calculate that the Lie algebra s0(C? | B) of
SO(C?,B) consists of all matrices

A:[a b ]’ {a,b,céMl((C), 7

c —sia's b = —sibs;, ¢ = —sjcs;

(thus b and c are skew-symmetric around the skew diagonal). Likewise, the Lie
algebra sp(C?, Q) of Sp(C%, Q) consists of all matrices

la b aJ?,CEMl((C),
A= L —slatsl} ’ {b’ =sibs;, " =sjcsy (2.8)

(b and ¢ are symmetric around the skew diagonal).
Finally, we consider the orthogonal group on C" when n =2/ 41 is odd. We take
the symmetric bilinear form

B(x,y) = Z xiy; forx,yeC". (2.9)
i+ j=n+1

We can write this form as B(x,y) = x'Sy, where the n x n symmetric matrix S = 5241
has block form
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OOSI
S=1010
SIOO

Writing the elements of M,,(C) in the same block form and making a matrix calcula-
tion from equation (1.8), we find that the Lie algebra so(C**!, B) of SO(C**! B)
consists of all matrices

a w b a,b,ce M;(C),
A=|u 0 —ws |, b = —sibs;, " =—sics, (2.10)
c —sju —s;a's; and u,weCl.

Suppose now that G is GL(n,C), SL(n,C), Sp(C",Q), or SO(C",B) with Q
and B chosen as above. Let H be the subgroup of diagonal matrices in G; write
g = Lie(G) and h = Lie(H). By Example 1 of Section 1.4.3 and (1.39) we know
that b consists of all diagonal matrices that are in g. We have the following case-by-
case description of H and h:

1. When G = SL(/+1,C) (we say that G is of type A;), then

H= {diag[x]a"'rxla('xl "'xl)il] HRES (CX} )
Lie(H) = {diag[ai,...,a;11] : a; €C, Y;a;=0}.

2. When G = Sp(C%, Q) (we say that G is of type C;) or G = SO(C?,B) (we say
that G is of type Dy), then by ( 2.7) and (2.8),

H= {diag[xl,...,xl,xfl,...,xfl] tx; €CT}
h = {diag[ay,...,a;,—ay,...,—ai] : a; € C} .

3. When G = SO(C?*! B) (we say that G is of type B), then by (2.10),

H= {diag[xl,...,xl,l,xfl,...,xfl] cx; €C*},
h= {diag[al,...,al,O,fal,...,fal] Da; EC}

In all cases H is isomorphic as an algebraic group to the product of / copies of
C*, so it is a torus of rank /. The Lie algebra b is isomorphic to the vector space
C! with all Lie brackets zero. Define coordinate functions xi,...,x; on H as above.
Then O[H| = C[xl,...,xl,xl_l,...7xl_1].

Theorem 2.1.5. Let G be GL(n,C), SL(n,C), SO(C",B) or Sp(C*, Q) in the form
given above, where H is the diagonal subgroup in G. Suppose g € G and gh = hg
forallh € H. Then g € H.

Proof. We have G C GL(n,C). An element 4 € H acts on the standard basis
{ei,...,en} for C" by he; = 6;(h)e;. Here the characters 6; are given as follows
in terms of the coordinate functions xy,...,x; on H:

1. G=GL(,C): 6;=x; fori=1,...,l.
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2. G=SL(I+1,C): 6 =x; fori=1,...,0 and 6,1 = (x;---x)"".
3. G=S0(C*,B)or Sp(C*,Q): G =x; and Oy ;=x; ' fori=1,....1.
4, G:SO(C2]+1,B)Z 0, = x;, 92[_;,_2_,':)6;1 for i=1,...,/, and 6, =1.

Since the characters 0y, ..., 8, are all distinct, the weight space decomposition (2.2)
of C" under H is given by the one-dimensional subspaces Ce;. If gh = hg for all
h € H, then g preserves the weight spaces and hence is a diagonal matrix. O

Corollary 2.1.6. Let G and H be as in Theorem 2.1.5. Suppose T C G is an abelian
subgroup (not assumed to be algebraic). If H C T then H=T. In particular, H is a
maximal torus in G.

The choice of the maximal torus H depended on choosing a particular matrix
form of G. We shall prove that if 7' is any maximal torus in G then there exists an
element y € G such that T = yHy~!. We begin by conjugating individual semisimple
elements into H.

Theorem 2.1.7. (Notation as in Theorem 2.1.5) If g € G is semisimple then there
exists vy € G such that ygy~' € H.

Proof. When G is GL(n,C) or SL(n,C), let {vy,...,v,} be a basis of eigenvectors
for g and define yv; = ¢;, where {e;} is the standard basis for C". Multiplying v; by
a suitable constant, we can arrange that dety = 1. Then y € G and ygy~! € H.

If g € SL(n,C) is semisimple and preserves a nondegenerate bilinear form @ on
C", then there is an eigenspace decomposition

C'=EPVy, gv=~Av forveV,. (2.11)
Furthermore, ®(u,v) = o(gu,gv) = Apu ®(u,v) foru €V, andv € V,. Hence
oV, Vy)=0 if Ap#1. (2.12)
Since o is nondegenerate, it follows from (2.11) and (2.12) that
dimV;;, =dimVj . (2.13)

Let up,..., 4 be the (distinct) eigenvalues of g that are not 1. From (2.13) we see
that k = 2r is even and that we can take /Jlfl =UWsifori=1,....r

Recall that a subspace W C C" is o isotropic if @(u,v) = 0 for all u,v € W
(see Appendix B.2.1). By (2.12) the subspaces V,, and V; /,, are @ isotropic and the
restriction of @ to V,, x Vy,,, is nondegenerate. Let W; =V, & Vy ), fori=1,....r.
Then

(a) the subspaces Vi, V_;, and W; are mutually orthogonal relative to the form ®,
and the restriction of @ to each of these subspaces is nondegenerate;

bOC"=VioV 1 0W D---OW, ;

(c) detg = (— 1)k, where k = dimV_; .
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Now suppose @ =  is the skew-symmetric form (2.6) and g € Sp(C¥, Q).
From (a) we see that dimV; and dimV_; are even. By Lemma 1.1.5 we can find
canonical symplectic bases in each of the subspaces in decomposition (b); in the

case of W; we may take a basis vy,...,v, for V;;, and an Q-dual basis v_y,...,v_g
for Vy,,,. Altogether, these bases give a canonical symplectic basis for C?'. We may
enumerate it as vy,...,v;, v_i,...,v_j, so that

gvi=Avi, gv_i= lflv,i fori=1,...,1.

The linear transformation Y such that yv; = e; and yv_; = ey fori=1,...,l is
in G due to the choice (2.6) of the matrix for €. Furthermore,

yg,y—l :diag[ll,...,)u[,z.l_l,...,)bl_l} €EH.

This proves the theorem in the symplectic case.

Now assume that G is the orthogonal group for the form B in (2.6) or (2.9).
Since detg = 1, we see from (c) that dimV_; = 2q is even, and by (2.13) dimW; is
even. Hence 7 is odd if and only if dim V| is odd. Just as in the symplectic case, we
construct canonical B-isotropic bases in each of the subspaces in decomposition (b)
(see Section B.2.1); the union of these bases gives an isotropic basis for C". When
n =2l and dimV; = 2r we can enumerate this basis so that

gvi=Avi, gv_i= lflv,i fori=1,...,1.

The linear transformation y such that yv; = ¢; and yv_; = e, —; is in O(C",B), and
we can interchange v; and v_; if necessary to get dety = 1. Then

,}/g,y—l :diag[ﬁ,l,...,)u[,z.l_l,...,)bl_l} cH.

When n = 2] + 1 we know that A = 1 occurs as an eigenvalue of g, so we can
enumerate this basis so that

gvo=vo, gvi=Avi, gv,izlflv,i fori=1,...,1.

The linear transformation 7y such that yvo = e;41, Yvi =e;, and yv_; = e, 4+1—; is in
O(C",B). Replacing y by —v if necessary, we have ¥ € SO(C",B) and

ygy ! :diag[lh...7)4,1,),['7...,11*'] €H.
This completes the proof of the theorem. a

Corollary 2.1.8. If T is any torus in G, then there exists Yy € G such that yTy~' C H.
In particular, if T is a maximal torus in G, then yTy~! = H.

Proof. Choose t € T satisfying the condition of Lemma 2.1.4. By Theorem 2.1.7
there exists ¥ € G such that y1y~! € H. We want to show that yxy~' € H for all
x € T. To prove this, take any function ¢ € Jy and define a regular function f on
T by f(x) = @(yxy~!). Then f(t”) = 0 for all p € Z, since yt”y~' € H. Hence



76 2 Structure of Classical Groups

Lemma 2.1.4 implies that f(x) =0 for all x € T. Since ¢ was any function in Jp,
we conclude that yxy~! € H. If T is a maximal torus then so is Y7y !. Hence
yTy~! = H in this case. O

From Corollary 2.1.8, we see that the integer / = dim H does not depend on the
choice of a particular maximal torus in G. We call [ the rank of G.

2.1.3 Exercises

1. Verify that the Lie algebras of the orthogonal and symplectic groups are given in
the matrix forms (2.7), (2.8), and (2.10).
2. Let V,(y) be the Vandermonde matrix, as in Section 2.1.2. Prove that

detV,(y) = [ Gi—v)j)-

1<i<j<r

(HINT: Fix y;,...,y, and consider detV,(y) as a polynomial in y;. Show that
it has degree r — 1 with roots ys,...,y, and that the coefficient of yfl is the
Vandermonde determinant for y,...,y,. Now use induction on r.)

3. Let H be a torus of rank n. Let X, (H) be the set of all regular homomorphisms
from C* into H. Define a group structure on X..(H) by pointwise multiplication:
(7517172)(2) =T (Z)ﬂz(z) for my,m € DC*(H)

(a) Prove that X, (H) is isomorphic to Z" as an abstract group. (HINT: Use
Lemma 1.6.4.)
(b) Prove that if 7 € X.(H) and ) € X(H) then there is an integer (7, ) € Z
such that

x(7(z)) =% forallze C* .

(c) Show that the pairing 7, ¥ — (7, x) is additive in each variable (relative to the
abelian group structures on X(H) and X, (H)) and is nondegenerate (this means
that if (7, ) = 0 for all  then = = 1, and similarly for ).

4. Let G C GL(n,C) be a classical group with Lie algebra g C gl(n,C) (for the
orthogonal and symplectic groups use the bilinear forms (2.6) and (2.9)). Define
0(g)=(¢') ' forgeG.

(a) Show that 0 is a regular automorphism of G and that d6(X) = —X' for X € g.
(b) Define K = {g € G : 6(g) = g} and let £ be the Lie algebra of K. Show that
t={Xecg:do(X)=X}.

(c) Definep={X €g:d0(X)=—X}. Show that Ad(K)p C p, g=EtDp, [¢,p] C
p, and [p,p] C &. (HINT: dO is a derivation of g and has eigenvalues +1.).

(d) Determine the explicit matrix form of € and p when G = Sp(C*, Q), with Q
given by (2.6). Show that £ is isomorphic to gl(/,C) in this case. (HINT: Write
X € g in block form [4 8] and show that the map X — A +iBs; gives a Lie
algebra isomorphism from ¢ to gl(Z,C).)
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2.2 Unipotent Elements

Unipotent elements give an algebraic relation between a linear algebraic group and
its Lie algebra, since they are exponentials of nilpotent elements and the exponential
map is a polynomial function on nilpotent matrices. In this section we exploit this
property to prove the connectedness of the classical groups.

2.2.1 Low-Rank Examples

We shall show that the classical groups SL(n,C), SO(n,C), and Sp(n,C) are gen-
erated by their unipotent elements. We begin with the basic case G = SL(2,C). Let
Nt ={u(z) : z€ C} and N~ = {v(z) : z € C}, where

u(z) = Ll)ﬂ and v(z) = [10].

z1
The groups N and N~ are isomorphic to the additive group of the field C.
Lemma 2.2.1. The group SL(2,C) is generated by N* UN™.

Proof. Let g = [g 2} with ad —bc = 1. If a # 0 we can use elementary row and
column operations to factor

1 01[a O 1 a'b
_a’lcl 0a’l 0 1 ’

If a = 0 then ¢ # 0 and we can likewise factor

CJo=1][c 0 ][1c'a
E=lro]locflo 1 |-

g:

Finally, we factor
33]- (3]
gagl} - [(1)_161} [(a_ﬂ_l) (1)] {H halw H ’
|

to complete the proof. O

The orthogonal and symplectic groups of low rank are closely related to GL(1,C)
and SL(2,C), as follows. Define a skew-symmetric bilinear form £ on C? by

Q(v,w) = detly, w] ,
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where [v, w] € M»(C) has columns v,w. We have det[e;,e] = det[ez,e2] = 0 and
det[e;,ep] = 1, showing that the form Q is nondegenerate. Since the determinant
function is multiplicative, the form € satisfies

Q(gv,gw) = (detg)Q(v,w) forge GL(2,C).

Hence g preserves  if and only if detg = 1. This proves that Sp(C?, Q) =
SL(2,C).

Next, consider the group SO(C?,B) with B the bilinear form with matrix s, in
(2.5). We calculate that

2ac ad—|—bc] [ab
for g=

f —
98 = [aderc 2bd cd] €SL2,C).

Since ad — be = 1, it follows that ad + bc = 2ad — 1. Hence g's,g = s, if and only
if ad = 1 and b = ¢ = 0. Thus SO(C?, B) consists of the matrices

{g aol] for aeC*.

This furnishes an isomorphism SO(C?,B) = GL(1,C).

Now consider the group G = SO(C?, B), where B is the bilinear form on C* with
matrix s3 as in (2.5). From Section 2.1.2 we know that the subgroup

H = {diag[x,1,x7 '] : x€ C*}
of diagonal matrices in G is a maximal torus. Set G= SL(2,C) and let
H = {diag[x,x '] : xe C*}

be the subgroup of diagonal matrices in G: B
We now define a homomorphism p : G—— G that maps H onto H. Set

V={XeM(QC): uX)=0}

and let G act on V by p(g)X = gXg ' (this is the adjoint representation of G ). The
symmetric bilinear form

o(X,Y) = %tr(XY)

is obviously invariant under p(G), since tr(XY) = tr(YX) for all X,¥ € M, (C). The

basis /3
{10 _10v2 100
O e A e e

for V is w isotropic. We identify V with C3 via the map vy — ep, vy — ez, and
v_1 +— e3. Then w becomes B. From Corollary 1.6.3 we know that any element of
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the subgroup N* or N~ in Lemma 2.2.1 is carried by the homomorphism p to a
unipotent matrix. Hence by Lemma 2.2.1 we conclude that det(p(g)) = 1 for all
g € G. Hence p(G) C G by Lemma 2.2.1. If h = diag[x,x '] € H, then p(h) has
the matrix diag[x?,1,x72], relative to the ordered basis {v,vo,v_1} for V. Thus
p(H)=H.

Finally, we consider G = SO(C*, B), where B is the symmetric bilinear form on
C* with matrix s4 as in (2.5). From Section 2.1.2 we know that the subgroup

H = {diag[x1,x2,%, ", x7 "]« x1,x0 € C*}

of diagonal matrices in G is a maximal torus. Set G = SL(2, C) xSL(2,C) and let
H be the product of the diagonal subgroups of the factors of G. We now define a
homomorphism 7 : G — G that maps H onto H, as follows. Set V = M>(C) and
let G act on V by m(a,b)X = aXb™'. From the quadratic form Q(X) = 2detX on V
we obtain the symmetric bilinear form S (X,Y) =det(X +Y) —detX —detY. Set

vi=ey, v2=epp, vi=—ey,and vyg=en.

Clearly B(m(g)X,m(g)Y) = B(X,Y) for g € G. The vectors v; are B-isotropic and
B(vi,vs) = B(v2,v3) = 1. If we identify V with C* via the basis {v1,v2,v3,v4}, then
B becomes the form B.

Let g € G be of the form (,b) or (b,I), where b is either in the subgroup N or
in the subgroup N~ of Lemma 2.2.1. From Corollary 1.6.3 we know that 7(g) is a
unipotent matrix, and so from Lemma 2.2.1 we conclude that det(7(g)) = 1 for all
g € G. Hence 71(G) € SO(C*,B). Given h = (diag[xy,x; '], diag[x2,x; 1)) € H, we
have

m(h) = diagxix; ', v, x;7 g x )

Since the map (x1, x2) = (x1x; ', x1x2) from (C*)? to (C*)? is surjective, we have
shown that 7(H) = H.

2.2.2 Unipotent Generation of Classical Groups

The differential of a regular representation of an algebraic group G gives a repre-
sentation of Lie(G). On the nilpotent elements in Lie(G) the exponential map is
algebraic and maps them to unipotent elements in G. This gives an algebraic link
from Lie algebra representations to group representations, provided the unipotent
elements generate G. We now prove that this is the case for the following families
of classical groups.

Theorem 2.2.2. Suppse that G is SL(1+1,C), SO(2[+1,C), or Sp(I,C) with1 > 1,
or that G is SO(21,C) with | > 2. Then G is generated by its unipotent elements.
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Proof. We have G C GL(n,C) (where n = [+ 1,21, or 2] + 1). Let G’ be the sub-
group generated by the unipotent elements of G. Since the conjugate of a unipotent
element is unipotent, we see that G’ is a normal subgroup of G. In the orthogonal
or symplectic case we take the matrix form of G as in Theorem 2.1.5 so that the
subgroup H of diagonal matrices is a maximal torus in G. To prove the theorem, it
suffices by Theorems 1.6.5 and 2.1.7 to show that H C G'.

Type A: When G = SL(2,C), we have G’ = G by Lemma 2.2.1. For G =SL(n, C)
with n > 3 and h = diag[xy,...,x,] € H we factor h = h'h”, where

W =diaglx;, x; ', 1, .., 1], B =diag[l, x1x2, %3, ..., %] -

Let G| = SL(2,C) be the subgroup of matrices in block form diag[a, I,_»]| with
a € SL(2,C), and let G, = SL(n — 1,C) be the subgroup of matrices in block form
diag[l, b] withb € SL(n—1,C). Then /' € G, and 1" € G,. By induction on n, we
may assume that 4’ and 4" are products of unipotent elements. Hence # is also, so
we conclude that G = G'.

Type C: Let Q be the symplectic form (2.6). From Section 2.2.1 we know that
Sp(C?,2) = SL(2,C). Hence from Lemma 2.2.1 we conclude that Sp(C?, Q)
is generated by its unipotent elements. For G = Sp(C?*,Q) with [ > 1 and h =
diag[xy,... ,xl,xfl ,-.»X; '] € H, we factor h = h'h", where

W = diaglx,1,...,1,x, '], W' = diag[1,x2,...,.x,x " oxp L ]

We split C?' = V| @ V,, where V| = Span{ey, e } and V5 = Span{ey,...,ex 1 }. The
restrictions of the symplectic form € to V| and to V, are nondegenerate. Define

G ={ge€G:gVi=V, and g=1 on V»},
Gy={geG:g=1onV, and gV, =V»}.

Then G| = Sp(1,C), while G, = Sp(! — 1,C), and we have ' € Gy and i € G;. By
induction on /, we may assume that 4’ and 4" are products of unipotent elements.
Hence £ is also, so we conclude that G = G'.

Types B and D: Let B be the symmetric form (2.9) on C". Suppose first that
G = SO(C?,B). Let G = SL(2,C). In Section 2.2.1 we constructed a regular ho-
momorphism p : G—> SO(C3, B) that maps the diagonal subgroup H C G onto
the diagonal subgroup H C G. Since every element of H is a product of unipotent
elements, the same is true for H. Hence G = SO(3,C) is generated by its unipotent
elements. _

Now let G = SO(C*,B) and set G = SL(2,C) x SL(2,C). Let H be the diagonal
subgroup of G and let H be the product of the diagonal subgroups of the factors of
G. In Section 2.2.1 we constructed a regular homomorphism 7 : G — SO(C*,B)
that maps H onto H. Hence the argument just given for SO(3,C) applies in this
case, and we conclude that SO(4, C) is generated by its unipotent elements.
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Finally, we consider the groups G = SO(C",B) with n > 5. Embed SO(C%,B)
into SO(C?*! B) by the regular homomorphism

ab a0b
Ld} — [010] . (2.14)
c0d

The diagonal subgroup of SO(C?,B) is isomorphic to the diagonal subgroup of
SO(C?*! B) via this embedding, so it suffices to prove that every diagonal element
in SO(C", B) is a product of unipotent elements when 7 is even. We just proved this
to be the case when n = 4, so we may assume n = 2/ > 6. For

h = diag[xy,... ,xl,xl_l, . ,xl_l] €H

we factor h = h'h", where

W = diag[x;,x,1,...,1,x, " 171,

n' = diag[1, 1,x3,...,x1,xf1,...,x§1, 1,1].
We split C" = V| @ V,, where

V) = Span{ej,ez,e,—1,€n} , V, = Span{es,...,e,—2} .

The restriction of the symmetric form B to V; is nondegenerate. If we set

Gi={geG:gVi=Viandg=IonV,},
then 1 € G; 2 S0(4,C). Let W, = Span{ey, e, } and W, = Span{e»,...,e,_1 }. Set

Gy={g€G:g=IonW, and gW, =W,} .

We have G, = SO(2] —2,C) and h" € G;. Since 2/ —2 > 4, we may assume by
induction that 4’ and 4" are products of unipotent elements. Hence / is also a product
of unipotent elements, proving that G = G'. a

2.2.3 Connected Groups

Definition 2.2.3. A linear algebraic group G is connected (in the sense of algebraic
groups) if the ring O[G] has no zero divisors.

Examples

1. The rings C[t] and Clt,#~!] obviously have no zero divisors; hence the additive
group C and the multiplicative group C* are connected. Likewise, the torus D,
of diagonal matrices and the group N, of upper-triangular unipotent matrices are
connected (see Examples 1 and 2 of Section 1.4.2).
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2. If G and H are connected linear algebraic groups, then the group G x H is con-
nected, since O[G x H] = O[G] ® O[H].

3. If G is a connected linear algebraic group and there is a surjective regular homo-
morphism p : G—H, then H is connected, since p* : O[H] — O[G] is injective.

Theorem 2.2.4. Let G be a linear algebraic group that is generated by unipotent
elements. Then G is connected as an algebraic group and as a Lie group.

Proof. Suppose f1,f> € O[G], fi # 0, and f1f, = 0. We must show that f, = 0.
Translating f; and f, by an element of G if necessary, we may assume that f; (I) #
0. Let g € G. Since g is a product of unipotent elements, Theorem 1.6.2 implies
that there exist nilpotent elements Xj, ..., X, in g such that g = exp(X;) - - -exp(X;).
Define ¢(t) = exp(tX;)---exp(tX,) for t € C. The entries in the matrix ¢(¢) are
polynomials in #, and ¢(1) = g. Since X is nilpotent, we have det(¢(¢)) = 1 for all
t. Hence the functions p;(t) = f1(¢(¢)) and px(¢) = f>(¢(¢)) are polynomials in .
Since p1(0) # 0 while p;(¢)pa(¢) = 0 for all ¢, it follows that p,(¢) = 0 for all ¢. In
particular, f>(g) = 0. This holds for all g € G, so f» = 0, proving that G is connected
as a linear algebraic group. This argument also shows that G is arcwise connected,
and hence connected, as a Lie group. a

Theorem 2.2.5. The groups GL(n,C), SL(n,C), SO(n,C), and Sp(n,C) are con-
nected (as linear algebraic groups and Lie groups) for all n > 1.

Proof. The homomorphism A, g +— Ag from C* x SL(n,C) to GL(n,C) is surjec-
tive. Hence the connectedness of GL(n,C) will follow from the connectedness of
C* and SL(n,C), as in Examples 2 and 3 above. The groups SL(1,C) and SO(1,C)
are trivial, and we showed in Section 2.2.1 that SO(2, C) is isomorphic to C*, hence
connected. For the remaining cases use Theorems 2.2.2 and 2.2.4. a

Remark 2.2.6. The regular homomorphisms p : SL(2,C) — SO(3,C) and 7 :
SL(2,C) x SL(2,C) —=S0O(4,C) constructed in Section 2.2.1 have kernels +/;
hence dp and dr are bijective by dimensional considerations. Since SO(n,C) is
connected, it follows that these homomorphisms are surjective. After we intro-
duce the spin groups in Chapter 6, we will see that SL(2,C) = Spin(3,C) and
SL(2,C) x SL(2,C) = Spin(4,C).

We shall study regular representations of a linear algebraic group in terms of the
associated representations of its Lie algebra. The following theorem will be a basic
tool.

Theorem 2.2.7. Suppose G is a linear algebraic group with Lie algebra g. Let
(m,V) be a regular representation of G and W C 'V a subspace.

1. Ifw(g)W C W forall g € G then dn(A)W C W forall A € g.

2. Assume that G is generated by unipotent elements. If dm(X)W C W forallX € g
then w(g)W C W for all g € G. Hence V is irreducible under the action of G if
and only if it is irreducible under the action of g.
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Proof. This follows by the same argument as in Proposition 1.7.7, using the expo-
nentials of nilpotent elements of g to generate G in part (2). ad

Remark 2.2.8. In Chapter 11 we shall show that the algebraic notion of connected-
ness can be expressed in terms of the Zariski topology, and that a connected linear
algebraic group is also connected relative to its topology as a Lie group (Theorem
11.2.9). Since a connected Lie group is generated by {expX : X € g}, this will imply
part (2) of Theorem 2.2.7 without assuming unipotent generation of G.

2.2.4 Exercises

1. (Cayley Parameters) Let G be SO(n,C) or Sp(n,C) and let g = Lie(G). Define
Voe={ge€G: det(1+g)7é0}ad\7 ={Xeg:det(I-X)#0}.ForX eV,
define the Cayley transform c¢(X) = (I+X)(I —X)~'. (Recall that ¢(X) € G by
Exercises 1.4.5 #5.)

(a) Show that c is a bijection from V4 onto V.

(b) Show that V is invariant under the adjoint action of G on g, and show that
gc(X)g ' =c(gXg ') forge Gand X € V.

(c) Suppose that f € O[G] and f vanishes on V. Prove that f = 0.

(HINT: Consider the function g + f(g)det(/ + g) and use Theorem 2.2.5.)

2. Let p : SL(2,C) — SO(C?,B) as in Section 2.2.1. Let H (resp. H) be the
diagonal subgroup in SO(C?,B) (resp. SL(2,C)). Let p* : X(H) —= X(H) be
the homomorphism of the character groups given by ) — x o p. Determine the
image of p*. (HINT: X(H) and X(H ) are isomorphic to the additive group Z, and
the image of p* can be identified with a subgroup of Z.)

3. Let w: SL(2,C) x SL(2,C) — SO(C*,B) as in Section 2.2.1. Repeat the cal-
culations of the previous exercise in this case. (HINT: Now X(H) and X(H) are
isomorphic to the additive group Z?, and the image of 7* can be identified with
a lattice in Z2.)

2.3 Regular Representations of SL(2,C)

The group G = SL(2,C) and its Lie algebra g = s[(2,C) play central roles in de-
termining the structure of the classical groups and their representations. To find
all the regular representations of G, we begin by finding all the irreducible finite-
dimensional representations of g. Then we show that every such representation is the
differential of an irreducible regular representation of G, thereby obtaining all irre-
ducible regular representations of G. Next we show that an every finite-dimensional
representation of g decomposes as a direct sum of irreducible representations (the
complete reducibility property), and conclude that every regular representation of G
is completely reducible.
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2.3.1 Irreducible Representations of s((2,C)

Recall that a representation of a complex Lie algebra g on a complex vector space
V is a linear map & : g — End(V) such that

n([A,B]) = n(A)n(B) — n(B)n(A) forall A,BEg.

Here the Lie bracket [A, B] on the left is calculated in g, whereas the product on the
right is composition of linear transformations. We shall call V' a g-module and write
mw(A)v simply as Av when v € V, provided that the representation 7 is understood
from the context. Thus, even if g is a Lie subalgebra of M,,(C), an expression such
as Ak, for a nonnegative integer k, means E(A)kv.

Let g =s[(2,C). The matrices x = [J 1], y=[98], h=[} ] are a basis for g
and satisfy the commutation relations

[hx]=2x, [hy]==2y, [x)]=h. (2.15)

Any triple {x,y,h} of nonzero elements in a Lie algebra satisfying (2.15) will be
called a TDS (three-dimensional simple) triple.

Lemma 2.3.1. Let V be a g-module (possibly infinite-dimensional) and let vy € V
be such that xvo = 0 and hvy = Avg for some A € C. Set v; = yivo for j € N and
vj=0for j<0.Thenyv;j =vjii, hv; = (A —2j)v;, and

Proof. The equation for yv; follows by definition, and the equation for /v ; follows
from the commutation relation (proved by induction on j)

hylv=y/hv—2jv forallveVand jeN. (2.17)

From (2.17) and the relation xyv = yxv + hv one proves by induction on j that
xylv=jy/ Y (h—j+1)v+y/xv forallveVand jeN. (2.18)
Taking v = vp and using xvg = 0, we obtain equation (2.16). O

Let V be a finite-dimensional g-module. We decompose V into generalized
eigenspaces for the action of h:

V= @ V(X), where V()= Ker(h—2A)~.
AeC

If v € V(1) then (h— A)*v = 0 for some k > 1. As linear transformations on V,
x(h—2A2)=(h—-2-2)x and y(h—A)=(h—A+2)x.

Hence (h— A —2)*xv =x(h—A)kv =0 and (h— 24 +2)kyv = y(h— A)*v = 0. Thus
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xV(A)CV(A+2) and yV(A)CV(A—2) forallAeC. (2.19)

If V(A) # 0 then A is called a weight of V with weight space V(1).

Lemma 2.3.2. Suppose V is a finite-dimensional g-module and 0 # vy € V satisfies
hvo = Avg and xvo = 0. Let k be the smallest nonnegative integer such that y*vg # 0
and y**t'vy = 0. Then A = k and the space W = Span{vo,yvo, ...,Yvo} is a (k+1)-
dimensional g-module.

Proof. Such an integer k exists by (2.19), since V is finite-dimensional and the
weight spaces are linearly independent. Lemma 2.3.1 implies that W is invariant

under x, y, and h. Furthermore, vy, yvo, ..., YV are eigenvectors for & with respec-
tive eigenvalues A,A —2,... ;4 — 2k. Hence these vectors are a basis for W. By
(2.16),

0=xy"lyy = (k+1)(A —k)ykvo )
Since yfvg # 0, it follows that A = k. O

We can describe the action of g on the subspace W in Lemma 2.3.2 in matrix
form as follows: For k € N define the (k+ 1) x (k+ 1) matrices

[0k 0 0 - 0]
002(k—=1) 0 -0 ?8:::88
00 0 3(k-=2)---0
X = S S R
00 0 0 -k AU
00 0 0 - 0| 0010
and Hy =diaglk,k—2,...,2 —k, —k]. A direct check yields
[Xk,Yk]:Hk, [Hk,Xk]:ZXk, and [Hk,Yk]:fZYk‘

With all of this in place we can classify the irreducible finite-dimensional mod-
ules for g.

Proposition 2.3.3. Let k > 0 be an integer. The representation (py,F®¥) of g on
C**! defined by

Pr(x) =Xi,  pi(h) =Hi, and pi(y) =Yx
is irreducible. Furthermore, if (0,W) is an irreducible representation of g with
dimW = k+1> 0, then (6,W) is equivalent to (py, F®)). In particular, W is equiv-
alent to W* as a g-module.

Proof. Suppose that W € F®) is a nonzero invariant subspace. Since xW (1) C
W (A +2), there must be A with W(A4) # 0 and xW(A4) = 0. But from the eche-
lon form of X; we see that Ker(X;) = Ce;. Hence A = k and W (k) = Ce;. Since
Yiej = ejy1 for 1 < j <k, it follows that W = F%),
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Let (0,W) be any irreducible representation of g with dimW = k+ 1 > 0. There
exists an eigenvalue A of & such that xW(A) = 0 and 0 # wy € W(A) such that
hwo = Awg. By Lemma 2.3.2 we know that A is a nonnegative integer, and the
space spanned by the set {wg,ywo,y*wo, ...} is invariant under g and has dimen-
sion A + 1. But this space is all of W, since o is irreducible. Hence A = k, and by
Lemma 2.3.1 the matrices of the actions of x,y, with respect to the ordered basis
{wo,ywo,...,Y*wo} are X;, Yy, and Hj, respectively. Since W* is an irreducible g-
module of the same dimension as W, it must be equivalent to W. O

Corollary 2.3.4. The weights of a finite-dimensional g-module V are integers.

Proof. There are g-invariant subspaces 0 = Vp C V| C --- C V; =V such that the
quotient modules W; = V;/V,_; are irreducible for j =1,...,k— 1. The weights are
the eigenvalues of 7 on V, and this set is the union of the sets of eigenvalues of & on
the modules W;. Hence all weights are integers by Proposition 2.3.3. a

2.3.2 Irreducible Regular Representations of SL(2,C)

We now turn to the construction of irreducible regular representations of SL(2,C).
Let the subgroups N of upper-triangular unipotent matrices and N~ of lower-
triangular unipotent matrices be as in Section 2.2.1. Set d(a) = diagla,a™'] for
aeC”.

Proposition 2.3.5. For every integer k > 0 there is a unique (up to equivalence)
irreducible regular representation (m,V) of SL(2,C) of dimension k+ 1 whose
differential is the representation py in Proposition 2.3.3. It has the following prop-
erties:

k k=2 —k+2 —k
,ak2 a2 ak

1. The semisimple operator t(d(a)) has eigenvalues a

2. 71(d(a)) acts on by the scalar a* on the one-dimensional space VN of N*-fixed
vectors.

3. (d(a)) acts on by the scalar a=* on the one-dimensional space VN~ of N~ -fixed

vectors.

Proof. Let P(C?) be the polynomial functions on C? and let V = P¥(C?) be the
space of polynomials that are homogeneous of degree k. Here it is convenient to
identify elements of C?> with row vectors x = [x],x] and have G = SL(2,C) act
by multiplication on the right. We then can define a representation of G on V by

m(g)o(x) = @(xg) for ¢ € V. Thus

T(8)@(x1,x2) = @(axy +cx2,bx1 +dxz)  when g = [CCI Z] .

In particular, the one-parameter subgroups d(a), u(z), and v(z) act by
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n(d(a))@(x1,2) = @(axi,a 'x2) |
m(u(2))@(x1,%2) = @(x1, X2 +2x1)

m(v(2))P(x1,%2) = @(x1 +2x2, X2) -
As a basis for V we take the monomials
k! L
Vj(x1,x2) = x/f Ix) forj=0,1,...,k.

(k—j)!

From the formulas above for the action of m(d(a)) we see that these functions are
eigenvectors for (d(a)): '
n(d(a))v; = da"v;.

Also, VN is the space of polynomials depending only on x1, so it consists of mul-
tiples of v, whereas V" is the space of polynomials depending only on x,, so it
consists of multiples of vy.

We now calculate the representation dr of g. Since u(z) = exp(zx) and v(z) =
exp(zy), we have m(u(z)) = exp(zdz(x)) and m(v(z)) = exp(zdz(y)) by Theorem
1.6.2. Taking the z derivative, we obtain

0
dr(x)o(x1,x2) = §Z¢(x17x2 +2x1) =x1872¢(X1,X2),

z=0

0
dz(y)e(x1,x2) = a*Z(P(erm?xz) szafxl@(th)-
z=0

Since dn(h) = dn(x)dn(y) — dz(y)dm(x), we also have

0 0
dn(h)o(x1,x2) = <x1 ™ —xzaxz> O (x1,x2) .

On the basis vectors v; we thus have

M J I\ iy — v
dr(h)v; = = <xlax1 ng)cz) (x 'x3) = (k=2j)v;,

Nk
k! d i . .
dTC()C)Vj = W <x18x2) (_xlf Jxé) = J(k—]+ I)ijl 5
k! d —i
dnj(_x)vj — W (xza)q) ()C’lC Jxé) = Vj+1 .

It follows from Proposition 2.3.3 that dm = py is an irreducible representation of g,
and all irreducible representations of g are obtained this way. Theorem 2.2.7 now
implies that 7 is an irreducible representation of G. Furthermore, 7 is uniquely
determined by dr, since 7(u), for u unipotent, is uniquely determined by d7m(u)
(Theorem 1.6.2) and G is generated by unipotent elements (Lemma 2.2.1). O
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2.3.3 Complete Reducibility of SL(2,C)

Now that we have determined the irreducible regular representations of SL(2,C),
we turn to the problem of finding all the regular representations. We first solve this
problem for finite-dimensional representations of g = s[(2,C).

Theorem 2.3.6. Let V be a finite-dimensional g-module with dimV > 0. Then
there exist integers ki, ...k, (not necessarily distinct) such that V is equivalent to

FRIpFrk)g...Fk),
The key step in the proof of Theorem 2.3.6 is the following result:

Lemma 2.3.7. Suppose W is a g-module with a submodule Z such that Z is equiva-
lent to F®) and W /Z is equivalent to FU. Then W is equivalent to F® @ F®.

Proof. Suppose first that k # [. The lemma is true for W if and only if it is true
for W*. The modules F*) are self-dual, and replacing W by W* interchanges the
submodule and quotient module. Hence we may assume that k < [. By putting 4 in
upper-triangular matrix form, we see that the set of eigenvalues of 2 on W (ignoring
multiplicities) is

(k,k—2, ..., —k+2,—kyU{l,1-2,...,—1+2,—I}.

Thus there exists 0 # ug € W such that hug = lug and xug = 0. Since k < [, the
vector ug is not in Z, so the vectors u; = y/ug are not in Z for j =0,1,...,1 (since
xuj = j(I — j+1)uj_1). By Proposition 2.3.3 these vectors span an irreducible g-
module isomorphic to F () that has zero intersection with Z. Since dimW = k+1+2,
this module is a complement to Z in W.

Now assume that k = /. Then dimW (/) = 2, while dimZ(!) = 1. Thus there exist
nonzero vectors zo € Z(1) and wy € W(I) with wy ¢ Z and

hwo = Iwg +azy forsomea € C .

Set z; = y/z9 and w; = y/wq. Using (2.17) we calculate that

hwi = hylwy = —2jy/wo+yhwy

= —2jw;+y/ (lwy+azo) = (I —2j)w;+az; .
Since W (I +2) = 0, we have xzo = 0 and xwy = 0. Thus equation (2.18) gives xz; =
j(l—j+1)zj— and
awj =y =+ Dwo = j(l—j+ 1)y 'wo+ajy’ 'z
=jl—j+)wj1+ajzj-1 .

It follows by induction on j that {zj,w;} is linearly independent for j =0,1,...,1I.
Since the weight spaces W (I),...,W(—I) are linearly independent, we conclude that
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{zo, 215 - sz, wo, wi, ..., wi}

is a basis for W. Let X}, Y}, and H, be the matrices in Section 2.3.1. Then relative to
this basis the matrices for /4, y, and x are

_ Hl al _ Y[O o XIA
a=lon) r=lon) =[5
respectively, where A = diag[0, a, 2a, ... ,la]. But

H=[XY]= {Hi [A’Yl]] :

0 H

This implies that [A,Y;] = al. Hence 0 = tr(al) = (I + 1)a, so we have a = 0. The
matrices H, Y, and X show that W is equivalent to the direct sum of two copies of
F. i

Proof of Theorem 2.3.6. If dimV = 1 the result is true with r =1 and k; = 0.
Assume that the theorem is true for all g-modules of dimension less than m, and let
V be an m-dimensional g-module.

The eigenvalues of 4 on V are integers by Corollary 2.3.4. Let k; be the biggest
eigenvalue. Then k; > 0 and V(I) = 0 for [ > kj, so we have an injective module
homomorphism of F*1) into V by Lemma 2.3.1. Let Z be the image of F*1), If
Z =V we are done. Otherwise, since dimV /Z < dimV, we can apply the inductive
hypothesis to conclude that V' /Z is equivalent to F k) @p...F*), Let

T:V—sFRg...gFk)

be a surjective intertwining operator with kernel Z. For each i = 2,...,r choose
v; € V(k;) such that

(CTVI-:O@...®F(ki)(ki)®...@0_

Let W; = Z+ Span{v;,yv;,...,y5v;} and T; = T|y,. Then W; is invariant under
g and T; : W; — F (%) is a surjective intertwining operator with kernel Z. Lemma
2.3.7 implies that W; = Z@ U; and T; defines an equivalence between U; and Fki),
Now set U =U, +---+U,. Then

TU)=TUs)++TU,)=FRI ... @Fk)

Thus T |y is surjective. Since dimU < dimU; + - - - +dimU, = dim 7 (U), it follows
that T'|y is bijective. Hence V = Z€ U, completing the induction. ad

Corollary 2.3.8. Let (p,V) be a finite-dimensional representation of s1(2,C). There
exists a regular representation (,W) of SL(2,C) such that (dnw,W) is equivalent
to (p,V). Furthermore, every regular representation of SL(2,C) is a direct sum of
irreducible subrepresentations.
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Proof. By Theorem 2.3.6 we may assume that V = F*1) g F(%2) ... @ F(&) Each
of the summands is the differential of a representation of SL(2,C) by Proposition
2.3.5. O

2.3.4 Exercises

1. Let e;; € M3(C) be the usual elementary matrices. Set x = e13, y = e31, and
h=e —es33.
(a) Verify that {x,y,h} is a TDS triple in s[(3,C).
(b) Let g = Cx+ Cy+Ch = 5[(2,C) and let U = M3(C). Define a representation
pof gonU by p(A)X = [A,X] for A € g and X € M3(C). Show that p(h) is
diagonalizable, with eigenvalues +2 (multiplicity 1), 1 (multiplicity 2), and
0 (multiplicity 3). Find all u € U such that p(h)u = Au and p(x)u = 0, where
A=0,1,2.
(c) Let FY) be the irreducible (k + 1)-dimensional representation of g. Show that

U2FPgFVgr)gr®qr0

as a g-module. (HINT: Use the results of (b) and Theorem 2.3.6.)
2. Let k be a nonnegative integer and let W, be the polynomials in C[x] of degree at
most k. If f € Wy set

01(2)f(x) = (ex+a)kf (‘312) for g = [‘C’ 2} € SL(2,C) .
Show that o (g)Wy = W, and that (oy, W) defines a representation of SL(2,C)
equivalent to the irreducible (k+ 1)-dimensional representation. (HINT: Find an
intertwining operator between this representation and the representation used in
the proof of Proposition 2.3.5.)

3. Find the irreducible regular representations of SO(3,C). (HINT: Use the homo-
morphism p : SL(2,C) —SO(3,C) from Section 2.2.1.)

4. Let V = Clx]. Define operators E and F on V by

1
Ep(x)=—= ) Fo(x)= Exz(p(x) for peV.

Set H = [E,F].

(a) Show that H = —x(d/dx) — 1/2 and that {E,F,H} is a TDS triple.

(b) Find the space VE = {9 €V : Ep = 0}.

(c) Let Veyen C V be the space of even polynomials and Vyqq C V the space of
odd polynomials. Let g C End(V) be the Lie algebra spanned by E,F, H. Show
that each of these spaces is invariant and irreducible under g. (HINT: Use (b) and
Lemma 2.3.1.)
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(d) Show that V' = Veyen @ Voaq and that Veyep is not equivalent to Vigq as a module
for g. (HINT: Show that the operator H is diagonalizable on Veyen and Vogq and
find its eigenvalues.)

5. Let X € M,,(C) be a nilpotent and nonzero. By Exercise 1.6.4 #3 there exist
H,Y € M,(C) such that {X,Y,H} is a TDS triple. Let g = Span{H,X,Y} =
5[(2,C) and consider V = C" as a representation 7 of g by left multiplication of
matrices on column vectors.

(a) Show that 7 is irreducible if and only if the Jordan canonical form of X
consists of a single block.

(b) In the decomposition of V into irreducible subspaces given by Theorem 2.3.6,
let m; be the number of times the representation F (/) occurs. Show that m j 1s the
number of Jordan blocks of size j+ 1 in the Jordan canonical form of X.

(c) Show that & is determined (up to isomorphism) by the eigenvalues (with
multiplicities) of H on Ker(X).

6. Let (p,W) be a finite-dimensional representation of 5[(2,C). For k € Z set f(k) =
dim{w e W : p(h)w = kw}.

(a) Show that f(k) = f(—k).

(b) Let geven(k) = f(2k) and goada(k) = f(2k+ 1). Show that geven and goqq are
unimodal functions from Z to N. Here a function ¢ is called unimodal if there
exists ko such that ¢(a) < ¢(b) forall a < b < ko and ¢(a) > ¢(b) for all ky <
a < b. (HINT: Decompose W into a direct sum of irreducible subspaces and use
Proposition 2.3.3.)

2.4 The Adjoint Representation

We now use the maximal torus in a classical group to decompose the Lie algebra
of the group into eigenspaces, traditionally called root spaces, under the adjoint
representation.

2.4.1 Roots with Respect to a Maximal Torus

Throughout this section G will denote a connected classical group of rank /. Thus G
is GL(1,C), SL(I+1,C), Sp(C%,Q), SO(C*,B), or SO(C**!, B), where we take
as Q and B the bilinear forms (2.6) and (2.9). We set g = Lie(G). The subgroup H
of diagonal matrices in G is a maximal torus of rank /, and we denote its Lie algebra
by b. In this section we will study the regular representation 7= of H on the vector
space g given by 7(h)X = hXh~! forh € Hand X € g.

Let x1,...,x; be the coordinate functions on H used in the proof of Theorem
2.1.5. Using these coordinates we obtain an isomorphism between the group X(H)
of rational characters of H and the additive group Z (see Lemma 2.1.2). Under this
isomorphism, A = [A1,..., 4] € Z corresponds to the character & — h*, where
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l
Wt =[]x(m)*, forheH. (2.20)
k=1

For A, € Z! and h € H we have h* ' = p* 1,
For making calculations it is convenient to fix the following bases for h*:

(a) Let G = GL(/,C). Define (g,A) =aq; for A = diaglaj,...,a;] € h. Then
{€1,...,&} is a basis for h*.

(b) Let G = SL(I+ 1,C). Then h consists of all diagonal matrices of trace zero.
With an abuse of notation we will continue to denote the restrictions to fj of the
linear functionals in (a) by &;. The elements of h* can then be written uniquely
as Y71 4 with 4; € C and Y14 = 0. A basis for h* is furnished by the
functionals

1
g——— (& +--+gu) fori=1,...,1.

I+1
(c) Let G be Sp(C*,Q) or SO(C*,B). For i=1,...,I define (&,A) = a;, where
A =diaglay,...,a;,—ay,...,—aj] € h. Then {g],...,&} is a basis for h*.
(d) Let G = SO(C?*! B). For A = diaglay,...,a;,0,~aj,...,—aj] €h and i=

1,...,1 define (g,A)=a;. Then{gj,...,&} is a basis for h*.

We define P(G) = {d6 : 6 € X(H)} C h*. With the functionals & defined as
above, we have

1
P(G) =P ze . (2.21)
k=1

Indeed, given A = A€ + -+ - + A,& with A; € Z, let e’ denote the rational character
of H determined by [A1,...,4;] € Z! as in (2.20). Every element of X(H) is of this
form, and we claim that de* (A) = (4,A) for A € h. To prove this, recall from Section
1.4.3 that A € b acts by the vector field

! d
XA = i:21<8i’A>Xi(97xi

on Clx; ,xfl gy XX, ! |. By definition of the differential of a representation we have

[
det(A) = Xy (-2 (1) = ;zi (€,A4) = (A,A)

as claimed. This proves (2.21). The map A +— e* is thus an isomorphism between the
additive group P(G) and the character group X(H), by Lemma 2.1.2. From (2.21)
we see that P(G) is a lattice (free abelian subgroup of rank /) in h*, which is called
the weight lattice of G (the notation P(G) is justified, since all maximal tori are
conjugate in G).

We now study the adjoint action of H and  on g. For o € P(G) let
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go = {X g :hXh ' =h%X forall h € H}
={Xeg:[AX]=(a,A)X forall A€ h}.

(The equivalence of these two formulas for g4 is clear from the discussion above.)
For a¢ = 0 we have go = b, by the same argument as in the proof of Theorem 2.1.5.
If ¢ # 0 and go # O then o is called a root of H on g and g, is called a root space.
If o is a root then a nonzero element of g, is called a root vector for o.. We call the
set @ of roots the root system of g. Its definition requires fixing a choice of maximal
torus, so we write @ = ®(g,h) when we want to make this choice explicit. Applying
Proposition 2.1.3, we have the root space decomposition

g=ho P ga- (2.22)

acd

Theorem 2.4.1. Let G C GL(n,C) be a connected classical group, and let H C G
be a maximal torus with Lie algebra by. Let @ C b* be the root system of g.

1. dimgy =1forallac @ .
2. Ifx € @ and ca € P for some ¢ € C thenc = +£1 .
3. The symmetric bilinear form (X,Y) = trea(XY) on g is invariant:

(X,Y],2)=—-(Y,[X,Z]) forX,Y,Z€g.

4. Let o, € @ and o0 # —P. Then (h,94) = 0 and (go,98) = 0.
5. The form (X,Y) on g is nondegenerate.

Proof of (1):  We shall calculate the roots and root vectors for each type of clas-
sical group. We take the Lie algebras in the matrix form of Section 2.1.2. In this
realization the algebras are invariant under the transpose. For A € h and X € g we
have [A,X]" = —[A,X"]. Hence if X is a root vector for the root , then X" is a root
vector for —a.

Type A: Let G be GL(n,C) or SL(n,C). For A = diag[ay,...,a,] € i we have
(A, eij] = (ai —aj)eij = (& — €j, A)eij .
Since the set {¢;; : 1 <i,j <n,i# j}is abasis of g modulo b, the roots are
{£(ei—¢€j) :1<i<j<n},

each with multiplicity 1. The root space g, is Ce;; for A = & — €.

Type C: Let G = Sp(C?, Q). Label the basis for C* as ey,...,es;, where e_; =
e21+1—;. Lete; ; be the matrix that takes the basis vector e; to e; and annihilates e; for
k # j (here i and j range over +1,...,+/). Set Xe,—¢; =e€jj—e—j—ifor1 <i,j<I,
i# j. Then Xg,_¢; € g and

[A7 XE,‘*SJ'] = <8i - 8j7 A>X8i78j ) (223)
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for A € . Hence € — €; is a root. These roots are associated with the embedding
gl(l,C) ——= g given by ¥ — {g ﬂgﬂsl} for Y € gl(/,C), where s; is defined in
(2.5). Set Xgl.Jrgj =e_jtej i, X,gl.,gj =e_ji+tejforl <i<j<I and set
Xog; = e; —; for 1 <i < [. These matrices are in g, and

[A7 Xi(8i+8j)] = :l:<8i + £j, A>Xi(8,'+8j)

for A € h. Hence £(¢& + 8]-) are roots for 1 <i < j <. From the block matrix form
(2.8) of g we see that

{Xi<£i78j)7 Xi(SiJFSj) 1<i<j< l} U {Xizgi 1<i< l}
is a basis for g modulo h. This shows that the roots have multiplicity one and are

+(g—¢;) and £(g+¢€) for 1<i<j<Il, £2g for 1 <k<I.

Type D: Let G = SO(C? B). Label the basis for C* and define Xg,—e; as in the
case of Sp(C?, Q). Then Xe—¢; € g and (2.23) holds for A € b, so & — g is a root.
These roots arise from the same embedding gl(/,C) —— g as in the symplectic
case. Set Xg,.+gj =e;_j—ej_; and X_g,,_g_,. =e_ji—e_;j for 1 <i< j<I[ Then
Xi(€j+£j> € gand

(A, Xo(ge;)) = T(€ + &), A)Xo(g1¢))

for A € by. Thus (¢ + €;) is a root. From the block matrix form (2.7) for g we see
that
{Xi(gi,ej) 1<i<j< l}U{Xi(€i+8j) 1<i<j<l}

is a basis for g modulo h. This shows that the roots have multiplicity one and are

i(é‘i—Sj) and i(&'-i-gj) forl1 <i<j<lI.

Type B: Let G = SO(C**! B). We embed SO(C?,B) into G by equation (2.14).
Since H C SO(C?,B) C G via this embedding, the roots +¢; & €; of ad(h) on
s0(C? | B) also occur for the adjoint action of h on g. We label the basis for C*+!
as {e_l,. .. ,671,60,61,...,81}, where eg = ¢;41 and e_; = ey;10—;. Let e j be the
matrix that takes the basis vector ¢; to ¢; and annihilates e, for k # j (here i and j
range over 0,1, ..., %/). Then the corresponding root vectors from type D are

X&‘,‘f&'j = ei,j - e*j,*l‘? X&‘j*&‘,‘ = ej,i - e*l‘.*j 9

Xepe; =€i—j—€j—i, Xogg=€_ji—€ij,

for 1 <i< j<|I. Define

Xe =eip—eo—i, X g=epi—e_ip,
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for 1 <i <1 Then Xi¢ € g and [A, Xig] = £(€,A)Xe, for A € h. From the
block matrix form (2.10) for g we see that {Xi¢ : 1 <i <[} is a basis for g
modulo s0(C?,B). Hence the results above for s0(C?,B) imply that the roots of
s0(C?*!, B) have multiplicity one and are

+(ei—¢j) and *(g+¢j) for 1 <i<j<I, =g for 1<k<I.

Proof of (2):  This is clear from the calculations above.
Proof of (3):  LetX,Y,Z € g. Since tr(AB) = tr(BA), we have

(X,Y],Z) = e(XYZ - YXZ) = r(YZX — YXZ)
= —uw(Y[X,Z]) = (¥, [X,Z)) .

Proof of (4):  LetX € go, Y € gg, and A € by. Then
0=([A,X],Y)+ (X, [AY]) = (a+B,A)(X.Y).

Since o+ § # 0 we can take A such that (¢ + ,A) # 0. Hence (X,Y) = 0 in this
case. The same argument, but with Y € b, shows that (h,g,) = 0.

Proof of (5): By (4), we only need to show that the restrictions of the trace form
to h x b and to gy X g_qo are nondegenerate for all @ € @. Suppose X,Y € h. Then

tr(XY) = (2.24)

Y, e(X)g(Y) if G=GL(1n,C) or G=SL(n,C),
2Y!  &(X)g(Y)  otherwise.

From this it is clear that the restriction of the trace form to ) x fj is nondegenerate.

For o0 € @ we define X, € g4 for types A, B, C, and D in terms of the elementary
matrices ¢; ; as above. Then XX is given as follows (the case of GL(n,C) is the
same as type A):

Type A: Xg—g;Xej—g; = €iifor 1 <i<j<I+1.

Type B: Xgi,nggj,gi =ejite_j_; and X€i+ng,gj,gl. =eitej; for1 <i<j<I.
Also X X_ ¢ =e;;+epo for 1 <i <1

Type C: Xsi_nggj_gi =ejjite_j_j for1 <i< j<land X£i+ng_gj_£i =eiitej;
for 1 <i<j<l.

Type D: X¢ e Xe;—¢ =¢€ijte—j—jand Xe e X ¢ =eiitejjforl <i<j<l.

From these formulas it is evident that tr(XqX_¢) # 0 for all a € . O

2.4.2 Commutation Relations of Root Spaces

We continue the notation of the previous section (G C GL(n,C) a connected clas-
sical group). Now that we have decomposed the Lie algebra g of G into root spaces
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under the action of a maximal torus, the next step is to find the commutation rela-
tions among the root spaces.
We first observe that

[90,98] C gap fora,Beh”. (2.25)
Indeed, let A € h. Then
A, X, Y]] = [[A,X],Y] + [X,[A,Y]] = (a + B,A)[X,Y]

for X € g and Y € gg. Hence [X,Y] € g4 pg. In particular, if o + 8 is not a root,
then g5 =0, so X and Y commute in this case. We also see from (2.25) that
[00,8-0] Cg0=b.

When a, 8, and & + B are all roots, then it turns out that [gq, gg] 7 0, and hence
the inclusion in (2.25) is an equality (recall that dimgy = 1 for all o € @). One
way to prove this is to calculate all possible commutators for each type of classical
group. Instead of doing this, we shall follow a more conceptual approach using the
representation theory of s[(2,C) and the invariant bilinear form on g from Theorem
2.4.1.

We begin by showing that for each root ¢, the subalgebra of g generated by gq
and g_¢ is isomorphic to s((2,C).

Lemma 2.4.2. (Notation as in Theorem 2.4.1) For each & € P there exist ey € go
and fo € g_q such that the element hy, = [eq, fo] € b satisfies (a,hg) = 2. Hence

[ha,eoc} =2eq, [hocafa] =—2fa,

so that {eq, fo,ha } is a TDS triple.

Proof. By Theorem 2.4.1 we can pick X € g and Y € g_ such that (X,Y) # 0.
Set A = [X,Y] € . Then

AX]={(a,A)X, [AY]=—(a,A)Y. (2.26)
We claim that A # 0. To prove this take any B € b such that (a, B) # 0. Then
(A,B) =([X,Y],B) = (Y,[B,X]) = (a,B)(Y,X) #0. 2.27)
We now prove that (¢, A) # 0. Since A € b, it is a semisimple matrix. For A € C let
V)y={veC": Av=2Av}

be the A eigenspace of A. Assume for the sake of contradiction that (a,A) = 0. Then
from (2.26) we see that X and Y would commute with A, and hence V) would be
invariant under X and Y. But this would imply that

ldlmVA = try, (A) = trV)L([XaY”VA) =0.
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Hence V) = 0 for all A # 0, making A = 0, which is a contradiction.
Now that we know (o, A) # 0, we can rescale X, Y, and A, as follows: Set e, =
sX, fo =tY, and hy = stA, where s,r € C*. Then

ha,eq] = st(ot,A)eq , |ha, fo] = —st(a,A) fa ,
lea, fo] = st[X, Y] =hq .

Thus any choice of s,# such that st{c,A) = 2 gives (&, hy) = 2 and the desired TDS
triple. a

For future calculations it will be useful to have explicit choices of e, and f,; for
each pair of roots £o € @.If {eq, fu, ha } is a TDS triple that satisfies the conditions
in Lemma 2.4.2 for a root &, then { fy,eq, —hy } satisfies the conditions for —a. So
we may take e_o = fy and f_, = ey once we have chosen e, and f;,. We shall
follow the notation of Section 2.4.1.

Type A:
Let a=¢&—E¢j with 1 <i<j<I+1.Set eq = ejj and fy = €ji. Then
]’la = € — ejj .

Type B:
(a) For oo = ¢ — Ej withl <i< j<lsetegq = ejj—e_j_i and fo = eji—€—i_j.
Then hy = ejj—ejjte_j_j—e_j_j.
(b)FOf(X:8i+£j with 1 <i< j<I[seteg =ej_j—¢€j_i and fy =e_ji—e€_jj.
Then hg =e;;i+ejj—e_j_j—e_i_;.
(¢c) For a =g with 1 <i<[ set eq =¢;0—eg—; and fo =2ep; —2e_;p .
Then /’la = 281",' — 2671'7,,' .

Type C:
(a) FOI‘(X:&—EJ' with 1 <i< j<lIseteqy =ejj—€_j_i and fy =eji—€e—_j—j-.
Then hy =e;; — ejjte—j—j—e—i_j.
(b)Fora=¢+¢;withl <i<j<Iseteq=e;_j+e; jand fog=e_j;—e_;;.
Then hy = eiitejj—e_j_j—e_j_j.
(c) For o =2¢ with 1 <i<[ set eq =¢;_; and fog=e_;;.
Then ha =¢€jj—€_j_j.

Type D:
(@)Fora=¢—¢jwithl <i< j<Iseteg=¢;j—e_; ;and fo=ej;i—e_; ;.
Then hg =e¢;j—ejj+e_j _j—e_i ;.
(b) For a = E+E; with 1 <i< j<lIsetey = e _j—€j_j and fy = e_ji—e_jj-
Then hy = ejjitejj—e_j_j—e_j_j.

In all cases it is evident that (¢t,hy) = 2, S0 eq, fy satisfy the conditions of Lemma
2.4.2.

We call hq, the coroot to o. Since the space [gq,§— ] has dimension one, Ay is
uniquely determined by the properties g € [ga, §—o] and (0, hy) =2. For X, Y € g
let the bilinear form (X,Y) be defined as in Theorem 2.4.1. This form is nondegen-
erate on b x b; hence we may use it to identify h with h*. Then (2.27) implies that



98 2 Structure of Classical Groups

hg is proportional to ¢. Furthermore, (hg,hq) = (0, hg)(eq, fo) 7 0. Hence with b

identified with h* we have
2

(ha’ha)

We will also use the notation ¢ for the coroot /.

he . (2.28)

For a0 € @ we denote by s(a) the algebra spanned by {eq, fu,hq}. It is isomor-
phic to s[(2,C) under the map e — ey, f — fo, h — hg. The algebra g becomes a
module for s(¢t) by restricting the adjoint representation of g to s(c). We can thus
apply the results on the representations of s[(2,C) that we obtained in Section 2.3.3
to study commutation relations in g.

Let o, € @ with o # +3. We observe that 8 + ka # 0, by Theorem 2.4.1 (2).
Hence for every k € Z,

lif B+kac®,

dimgg. o = {0 otherwise.

Let
R(a,B)={B+ko:keZ}iNn®d,

which we call the & root string through 8. The number of elements of a root string
is called the length of the string. Define

Vap= ) O
YER(,B)

Lemma 2.4.3. For every o, 3 € ® with a # £J3, the space Vy g is invariant and
irreducible under ad(s(a.)).

Proof. From (2.25) we have [ga, 0p+ke] C 8p+(k+1)ec a0 [0, 8p1ker] C BB+ (k—1)ars
so we see that V,, g is invariant under ad(s(o)). Denote by 7 the representation of
s(a) on Vg g.

If y=B+ka € @, then w(hg) acts on the one-dimensional space gy by the scalar

(Voha) = (B.ha) + k{0t ha) = (B ha) +2k .

Thus by (2.29) we see that the eigenvalues of 7(hy) are integers and are either all
even or all odd. Furthermore, each eigenvalue occurs with multiplicity one.
Suppose for the sake of contradiction that Vj, g is not irreducible under s(a).
Then by Theorem 2.3.6, V,, g contains nonzero irreducible invariant subspaces U
and W with WNU = {0}. By Proposition 2.3.3 the eigenvalues of hy, on W are n,
n—2,..., —n+2, —n and the eigenvalues of hy on U are m,m—2, ..., —m+2,
—m, where m and n are nonnegative integers. The eigenvalues of 1y on W and on
U are subsets of the set of eigenvalues of m(hgy), so it follows that m and n are
both even or both odd. But this implies that the eigenvalue min(m,n) of w(hy) has
multiplicity greater than one, which is a contradiction. a

Corollary 2.4.4. If o, € @ and a+ B € D, then [ga,9p] = G+ p-
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Proof. Since a+ 8 € @, we have o # £f. Thus V,, g is irreducible under s, and
contains g g. Hence by (2.16) the operator E = 7(e) maps gg onto geg. O

Corollary 2.4.5. Let o, B € ® with B # ta. Let p be the largest integer j > 0 such
that B+ jo € @ and let g be the largest integer k > 0 such that B —ka € . Then

(Bha)=q—peZ,

and B +ra € @ for all integers r with —q < r < p. In particular, B — (B ,hq) 0t € D.

Proof. The largest eigenvalue of 7(hy) is the positive integer n = (f8,hq) + 2p.
Since 7 is irreducible, Proposition 2.3.3 implies that the eigenspaces of 7(hy) are
9p+rq for r=p,p—1,...,—q+1,—q. Hence the a-string through f is B +ra
with r = p,p—1,...,—q+ 1, —q. Furthermore, the smallest eigenvalue of (%) is
—n= (P, hy) —2q. This gives the relation

Hence (B,hq) = g— p. Since p > 0 and ¢ > 0, we see that —g < —(f,hqy) < p.
Thus f — (B, hg)0x € P. O

Remark 2.4.6. From the case-by-case calculations for types A—D made above we
see that
(B,hg) €{0,£1,+£2} forall a,f e P. (2.29)

2.4.3 Structure of Classical Root Systems

In the previous section we saw that the commutation relations in the Lie algebra of a
classical group are controlled by the root system. We now study the root systems in
more detail. Let @ be the root system for a classical Lie algebra g of type A;, B;,C,
or D; (with [ > 3 for D;). Then @ spans h* (this is clear from the descriptions in
Section 2.4.1). Thus we can choose (in many ways) a set of roots that is a basis for
h*. An optimal choice of basis is the following:

Definition 2.4.7. A subset A = {o,...,o;} C @ is a set of simple roots if every
Y € @ can be written uniquely as

Y=n10q+---+mnoy, with ny,...,n; integers all of the same sign. (2.30)

Notice that the requirement of uniqueness in expression (2.30), together with the
fact that @ spans h*, implies that A is a basis for h*. Furthermore, if A is a set of
simple roots, then it partitions @ into two disjoint subsets

D=dTU(—DT),

where @ consists of all the roots for which the coefficients n; in (2.30) are non-
negative. We call Yy € @™ a positive root, relative to A.
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We shall show, with a case-by-case analysis, that @ has a set of simple roots. We
first prove that if A = {a,..., o} is a set of simple roots and i # j, then

<ai7haj> € {0’71,72} .

Indeed, we have already observed that (a,hg) € {0,%1,42} for all roots &, 8. Let
H; = hg, be the coroot to ¢; and define

C,'j: <(Xj,Hi> . (2.31)

Set Yy = a; — C;;j0;. By Corollary 2.4.5 we have y € &@. If C;; > 0 this expansion of
Y would contradict (2.30). Hence C;; < 0 for all i # j.

Remark 2.4.8. The integers C;; in (2.31) are called the Cartan integers, and the [ x [
matrix C = [G;;] is called the Cartan matrix for the set A. Note that the diagonal
entries of C are (0, H;) = 2.

If A is a set of simple roots and B = njay +--- +nyoy is a root, then we define
the height of B (relative to A) as

ht(B)=ni+---+n; .

The positive roots are then the roots f with ht(f8) > 0. A root f3 is called the highest
root of @, relative to a set A of simple roots, if

ht(B) > ht(y) forall roots y# 3.

If such a root exists, it is clearly unique.

We now give a set of simple roots and the associated Cartan matrix and posi-
tive roots for each classical root system, and we show that there is a highest root,
denoted by @ (in type D; we assume [ > 3). We write the coroots H; in terms of
the elementary diagonal matrices E; = ¢;;, as in Section 2.4.1. The Cartan matrix is
very sparse, and it can be efficiently encoded in terms of a Dynkin diagram. This
is a graph with a node for each root ; € A. The nodes corresponding to ¢; and «;
are joined by C;;Cj; lines for i # j. Furthermore, if the two roots are of different
lengths (relative to the inner product for which {&;} is an orthonormal basis), then
an inequality sign is placed on the lines to indicate which root is longer. We give
the Dynkin diagrams and indicate the root corresponding to each node in each case.
Above the node for o; we put the coefficient of ¢; in the highest root.

Type A (G=SL(l+1,C)): Let o; = & — &1 and A = {aqy,..., 04 }. Since
E—E =0+ -+ 0j for 1 <i<j<I+1,
we see that A is a set of simple roots. The associated set of positive roots is

Dt ={g—g:1<i<j<I+1} (2.32)
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and the highest root is @ = & — &1 = o + -+ + oy with ht(&) = [. Here H; =
E;—E; . Thus the Cartan matrix has C;; = —1if |i— j|=1and C;; =0if |i— j| > L.
The Dynkin diagram is shown in Figure 2.1.

1 1 1

Fig. 2.1 Dynkin diagram of o o O
type A;. e1—€2 e2—¢3 e1—€141

Type B (G=SO(2/+1,C)): Let oy = & — €+ for 1 <i<[—1and oy = g. Take
A={oay,...,0q}.For1 <i< j<I, wecanwrite & —€&j = 0 +---+aj_; asin type
A, whereas

gt+e=(g—¢g)+(g—€)+2¢
J j

=0+t +o+-+ o+ 20
O+ 0y + 20+ 420 .

For 1 <i<Iwehave g = (g —¢)+¢€ =+ + 0y. These formulas show that
A is a set of simple roots. The associated set of positive roots is

Ot ={g—¢j,g+¢:1<i<j<I}u{g:1<i<l}. (2.33)

The highest root is & = & + & = a; + 20 + --- + 2y with ht(a) =2/ — 1. The
simple coroots are

Hi=E—E+E ;1 —E; for 1<i<[-1,

and H; = 2E; — 2E_;, where we are using the same enumeration of the basis for
C?*1 as in Section 2.4.1. Thus the Cartan matrix has C;; = —1 if |i — j| = 1 and
i,j <Il—1, whereas C;_;; = —2 and C;;_; = —1. All other nondiagonal entries are
zero. The Dynkin diagram is shown in Figure 2.2 for [ > 2.

1 2 2 5
Fig. 2.2 Dynkin diagram of o O e o—0

type Bl~ £1—€2 £9—E€3 E1—1—€1 =

Type C (G = Sp(/,C)): Let oy = & — €+ for 1 <i<[—1 and oy = 2¢. Take
A ={o,...,0q}. For 1 <i< j<I we can write & —€&; = &+ ---+ oj_1 and
&+¢&g=0;+---+ oy, whereas for 1 <i< j<I—1 we have

g+¢e = (&—¢g)+(gj—¢&)+2¢
J J
=0+t 1+oj+--+0o1+0o
= (Xi+"'+OCj_1+2(Xj+"'+20617]-l-Oll.

For 1 <i<lwehave2g =2(g—¢g)+2¢ =20;+---+20;_1 + ;. These formulas
show that A is a set of simple roots. The associated set of positive roots is
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O ={g—¢,+e:1<i<j<Ju{2g:1<i<l}. (2.34)

The highest root is & = 2&; = 20 +--- + 20y + o with ht(a) = 2] — 1. The
simple coroots are

Hi=Ei—E+E ;1 —E; for 1<i<[-1,

and H, = E; — E_;, where we are using the same enumeration of the basis for C*/*!
as in Section 2.4.1. The Cartan matrix has C;; = —1if [i— j|=1and i,j <[—1,
whereas now C;_;; = —1 and C;;_; = —2. All other nondiagonal entries are zero.
Notice that this is the transpose of the Cartan matrix of type B. If / > 2 the Dynkin
diagram is shown in Figure 2.3. It can be obtained from the Dynkin diagram of
type B; by reversing the arrow on the double bond and reversing the coefficients
of the highest root. In particular, the diagrams B, and C; are identical. (This low-
rank coincidence was already noted in Exercises 1.1.5 #8; it is examined further in
Exercises 2.4.5 #6.)

2 2 2 1
Fig. 2.3 Dynkin diagram of o © o G
type Cl~ £1—€2 £0—E3 El—1—¢€1 2e;

Type D (G =SO(2/,C) with [ > 3): Let oy = & — €41 for 1 <i<[—1 and
oy =¢_1+¢&. Forl <i< j<Iwecanwrite §—€j = @;+---+0;_1 asin type A,
whereas for 1 <i<[—1 we have

E+E 1=0i+-+0y, Et+tg=0;i+--+02+05.
For 1 <i< j<I—2wehave

g+¢e = (&—&-1)+(g—&)+(a-1+8)
=0+t o+0j+--+0g_1+0
=0+ o +20+ -+ 202+ 01+ 0.

These formulas show that A is a set of simple roots. The associated set of positive
roots is
<P+={8i—€j,8i—|-8j21§i<j§l}. (2.35)

The highest rootis @ = & +& = 0 +20 + - +204_ 2+ 0y_1 + o withht( o) =
2] — 3. The simple coroots are

H=E—E_ +E_ —E_ for1<i<l—1,

and H; = E;_; +E;—E_, — E_,. 1, with the same enumeration of the basis for C* as
in type C. Thus the Cartan matrix has C;; = —1if [i— j| = 1 and i, j </ — 1, whereas
Ci_»; = C;j—» = —1. All other nondiagonal entries are zero. The Dynkin diagram
is shown in Figure 2.4. Notice that when / = 2 the diagram is not connected (it is
the diagram for s[(2,C) @ s((2,C); see Remark 2.2.6). When [ = 3 the diagram is
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the same as the diagram for type Asz. This low-rank coincidence was already noted
in Exercises 1.1.5 #7; it is examined further in Exercises 2.4.5 #5.

g1—1+e;

£1—¢€2 €2—E€3 E1—2—€1—-1 1

€l—-1—€1

Fig. 2.4 Dynkin diagram of type D;.

Remark 2.4.9. The Dynkin diagrams of the four types of classical groups are distinct
except in the cases A| = B; = Cy, By = (3, and A3 = Dj3. In these cases there are
corresponding Lie algebra isomorphisms; see Section 2.2.1 for the rank-one sim-
ple algebras and see Exercises 2.4.5 for the isomorphisms so(C’) = sp(C*) and
s[(C*) = 50(C®). We will show in Chapter 3 that all systems of simple roots are
conjugate by the Weyl group; hence the Dynkin diagram is uniquely defined by the
root system and does not depend on the choice of a simple set of roots. Thus the
Dynkin diagram completely determines the Lie algebra up to isomorphism.

For a root system of types A or D, in which all the roots have squared length
two (relative to the trace form inner product on ), the identification of h with h*
takes roots to coroots. For root systems of type B or C, in which the roots have two
lengths, the roots of type B; are identified with the coroots of type C; and vice versa
(e.g., & is identified with the coroot to 2¢; and vice versa). This allows us to transfer
results known for roots to analogous results for coroots. For example, if @ € @+
then

Hy =mH + - +mH,, (2.36)

where m; is a nonnegative integer fori =1,...,[.

Lemma 2.4.10. Let @ be the root system for a classical Lie algebra g of rank | and
type A,B,C, or D (in the case of type D assume that | > 3). Let the system of simple
roots A C @ be chosen as above. Let @ be the positive roots and let & be the
highest root relative to A. Then the following properties hold:

Lifa,pe® " ando+p € D, theno+fp € .

2.If B € @* and B is not a simple root, then there exist v,6 € @ such that B =
Y+ 6.

3 a=nio +---+nmoywithn; > 1fori=1,...,1L

4. For any B € @ with B # « there exists o0 € @ such that a+ 3 € .

S5.1fac ®" and o # Q, then there exist 1 <iy,ip,...,i, <[ such that o =
(A)Z—Oti]—~~~f(x,' and (A)Zfai]—~~~7(Xij€€l§f0ralllgj§r.

r

Proof. Property (1) is clear from the definition of a system of simple roots. Prop-
erties (2)—(5) follow on a case-by-case basis from the calculations made above. We
leave the details as an exercise. a
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We can now state the second structure theorem for g.

Theorem 2.4.11. Let g be the Lie algebra of SL(I+1,C), Sp(C*,Q), or
SO(C**1 B) with | > 1, or the Lie algebra of SO(C*,B) with 1 > 3. Take the set
of simple roots A and the positive roots @ as in Lemma 2.4.10. The subspaces

n+:@ga7 n_:@g*(x

acdt acdt

are Lie subalgebras of g that are invariant under ad(h). The subspace nt +n~
generates g as a Lie algebra. In particular, g = [g, g|. There is a vector space direct
sum decomposition

g=n_+h+n". (2.37)
Furthermore, the iterated Lie brackets of the root spaces 9q,,...,80q, Span n', and
the iterated Lie brackets of the root spaces g ¢, ,...,8 ¢ Spann_.

Proof. The fact that n™ and n™ are subalgebras follows from property (1) in Lemma
2.4.10. Equation (2.37) is clear from Theorem 2.4.1 and the decomposition

=D U(—DT).

For o0 € @ let hy € hh be the coroot. From the calculations above it is clear that
h = Span{hy : & € @}. Since hy € [ga, §—o] by Lemma 2.4.2, we conclude from
(2.37) that n™ +n~ generates g as a Lie algebra.

To verify that n' is generated by the simple root spaces, we use induction on
the height of B € @™ (the simple roots being the roots of height 1). If § is not
simple, then 8 = y+ & for some ¥,6 € @+ (Lemma 2.4.10 (2)). But we know that
[9y, 95] = gp from Corollary 2.4.4. Since the heights of y and § are less than the
height of B, the induction continues. The same argument applies to n™. a

Remark 2.4.12. When g is taken in the matrix form of Section 2.4.1, then n™ consists
of all strictly upper-triangular matrices in g, and n~ consists of all strictly lower-
triangular matrices in g. Furthermore, g is invariant under the map 6(X) = —X’
(negative transpose). This map is an automorphism of g with 62 = Identity. Since
0(H) = —H for H € b, it follows that 6(gy) = g—¢. Indeed, if [H,X] = o/(H)X then

[H,0(X)] = 6(1~H,X]) = —a(H)0(X) .

In particular, @(n™) =n".

2.4.4 Irreducibility of the Adjoint Representation

Now that we have the root space decompositions of the Lie algebras of the classical
groups, we can prove the following fundamental result:
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Theorem 2.4.13. Let G be one of the groups SL(C'*1), Sp(C?), SO(C**1) with
[>1, or SO((CZZ ) with | > 3. Then the adjoint representation of G is irreducible.

Proof. By Theorems 2.2.2 and 2.2.7 it will suffice to show that ad(g) acts irre-
ducibly on g = Lie(G). Let &, @*, A, and & be as in Lemma 2.4.10.

Suppose U is a nonzero ad(g)-invariant subspace of g. We shall prove that U = g.
Since [h,U] C U and each root space g, has dimension one, we have a decomposi-
tion

U= (UN) & (Dgessa)
where S = {a € @ : go C U}. We claim that
(1) Sisnonempty.

Indeed, if U C b, then we would have [U,gy] C UNgy =0 for all o € &. Hence
o(U) = 0 for all roots ¢, which would imply U = 0, since the roots span h*, a
contradiction. This proves (1). Next we prove

Q) UNh#£0.

To see this, take @ € S. Then by Lemma 2.4.2 we have hy = —[fo, eq] € UNH. Now
let o € @. Then we have the following:

(3) If a(UNp)#0 thengy C U .

Indeed, [U Nh, gy = g¢ in this case.

From (3) we see that if & € S then —a € §. Set ST =SN@T. If & € ST and
o # @, then by Lemma 2.4.10 (3) there exists ¥ € & such that o + ¥ € ®. Since
[0, 8y] = Ga+y by Corollary 2.4.4, we see that go+y C U. Hence a4y € ST and
has a height greater than that of a. Thus if § € ST has maximum height among the
elements of ST, then B = &. This proves that & € S™. We can now prove

4 S=o.
By (3) it suffices to show that S = &*. Given o € & choose iy, ...,i, as in Lemma
2.4.10 (5) and set

I ——

; for j=1,...r.

Write F; = f, for the element in Lemma 2.4.2. Then by induction on j and Corollary
2.4.4 we have

9p; =ad(F;;)---ad(F,)gg CU for j=1,....r.

Taking j = r, we conclude that g, C U, which proves (4). Hence U Nl = b, since
f C [nT,n"]. This shows that U = g. 0

Remark 2.4.14. For any Lie algebra g, the subspaces of g that are invariant under
ad(g) are the ideals of g. A Lie algebra is called simple if it is not abelian and
it has no proper ideals. (By this definition the one-dimensional Lie algebra is not
simple, even though it has no proper ideals.) The classical Lie algebras occurring
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in Theorem 2.4.13 are thus simple. Note that their Dynkin diagrams are connected
graphs.

Remark 2.4.15. A Lie algebra is called semisimple if it is a direct sum of simple
Lie algebras. The low-dimensional orthogonal Lie algebras excluded from Theorem
2.4.11 and Theorem 2.4.13 are so(4,C) = 5[(2,C) @ sl(2,C), which is semisimple
(with a disconnected Dynkin diagram), and so(2,C) = gl(1,C), which is abelian
(and has no roots).

2.4.5 Exercises

1. For each type of classical group write out the coroots in terms of the &; (after the
identification of h with h* as in Section 2.4.1). Show that for types A and D the
roots and coroots are the same. Show that for type B the coroots are the same as
the roots for C and vice versa.

2. Let G be a classical group. Let @ be the root system for G, o, ..., 0y the simple
roots, and @™ the positive roots as in Lemma 2.4.10. Verify that the calculations
in Section 2.4.3 can be expressed as follows:

(a) For G of type A;, @™\ A consists of the roots

oi+-+oa; forl<i<j<lI.
(b) For G of type B; with [ > 2, @™\ A consists of the roots

a+-+o;  forl<i<j<lI,
O+ oy 20+ + 20y for 1 <i<j<lI.

(c) For G of type C; with [ > 2, @™\ A consists of the roots

o+ a1 +20+-+20_1+0og  for 1<i<j<I,
204+ +20y_1 + oy for 1 <i<lI.

(d) For G of type D; with [ >3, ®T \ A consists of the roots

oi+--+o; for 1<i<j<l,
o+---+oy for 1<i<I—1,
o+t ao for 1<i<l—1,
O+ 0 20+ 20 2+ 0y +oy for 1<i<j<I—1.

Now use (a)—(d) to prove assertions (2)—(5) in Lemma 2.4.10.



2.4 The Adjoint Representation 107

3. (Assumptions and notation as in Lemma 2.4.10.) Let S C A be any subset that
corresponds to a connected subgraph of the Dynkin diagram of A. Use the previ-
ous exercise to verify that ), ¢ @ is a root.

4. (Assumptions and notation as in Lemma 2.4.2 and Lemma 2.4.10.) Let 1 <i,j <
I with i # j and let C;; be the Cartan integers.

(a) Show that the o root string through @; is ¢, ..., o; — Cj;t;. (HINT: Use the
fact that o — o; is not a root and the proof of Corollary 2.4.5.)
(b) Show that [eaj7e_al.] =0and

ad(eq, ) (eq) #0 fork=0,...,—Cj; ,

]

ad(eoc_/)k(eai) =0 fork=-Cji+1.

(HINT: Use (a) and Corollary 2.4.4.)

5. Consider the representation p of SL(4,C) on A>C*, where p(g)(vi Avy) =
gvi Agvy for g € SL(4,C) and vy, v, € C* Let Q =e; ANea Aes Aey and let B
be the nondegenerate symmetric bilinear form such that a A b = B(a,b)Q for
a,b e N\*C*, as in Exercises 1.1.5 #6 and #7.

(a) Let g € SL(4,C), X € 5[(4,C), and a,b € A>C*. Show that

B(p(g)a,p(g)b) = B(a,b) and B(dp(X)a,b)+B(a, dp(X)b) =0.

(b) Use dp to obtain a Lie algebra isomorphism s[(4,C) 2 so( A’ C* B). (HINT:
s[(4,C) is a simple Lie algebra.)

(c) Show that p : SL(4,C) —= SO(A?C*, B) is surjective, and Ker(p) = {£/}.
(HINT: For the surjectivity, use (b) and Theorem 2.2.2. To determine Ker(p), use
(b) to show that Ad(g) = I for all g € Ker(p), and then use Theorem 2.1.5.)

6. Let B be the symmetric bilinear form on A?>C* and p the representation of
SL(4,C) on /\2(C as in the previous exercise. Let @ = e] A eq + ey A e3. Iden-
tify C* with (C*)* by the inner product (x,y) = x'y, so that  can also be viewed
as a skew-symmetric bilinear form on C*. Define

L={ae \>C*:B(a,w) =0} .

Then p(g)L C L for all g € Sp(C*, w) and \> C* = Cw @ L. Furthermore, if
is the restriction of the bilinear form B to L x L, then 8 is nondegenerate (see
Exercises 1.1.5 #8).

(a) Let @(g) be the restriction of p(g) to the subspace L, for g € Sp(C*, w).
Use d¢ to obtain a Lie algebra isomorphism sp(C* @) 22 s50(C3, B). (HINT:
sp(C* ) is a simple Lie algebra.)

(b) Show that @ : Sp(C* @) —= SO(L, B) is surjective and Ker(¢) = {+I}.
(HINT: For the surjectivity, use Theorem 2.2.2. To determine Ker(¢), use (a) to
show that Ad(g) = I for all g € Ker(¢), and then use Theorem 2.1.5.)
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2.5 Semisimple Lie Algebras

We will show that the structural features of the Lie algebras of the classical groups
studied in Section 2.4 carry over to the class of semisimple Lie algebras. This re-
quires some preliminary general results on Lie algebras. These results will be used
again in Chapters 11 and 12, but the remainder of the current chapter may be omit-
ted by the reader interested only in the classical groups (in fact, it turns out that there
are only five exceptional simple Lie algebras, traditionally labeled Eg, E7, Eg, Fu,
and G, that are not Lie algebras of classical groups).

2.5.1 Solvable Lie Algebras

We begin with a Lie-algebraic condition for nilpotence of a linear transformation.

Lemma 2.5.1. Let V be a finite-dimensional complex vector space and let A €
End(V). Suppose there exist X;,Y; € End(V) such that A = ):ﬁ‘:] [X;,Y:] and
[A,X;] =0 foralli. Then A is nilpotent.

Proof. Let X be the spectrum of A, and let {P) }; <5 be the resolution of the identity
for A (see Lemma B.1.1). Then P, X; = X;P), = P, X;P,, for all i, so

Py [X:, Y|Py = P, X;P,Y;P) — P,Y,P,\ X;P) = [P\ X;P),P,Y;P,] .

Hence tr(P) [X;, Yi]Py) = 0 for all i, so we obtain tr(P; A) = 0 for all L € X. However,
tr(PyA) = A dimV,, where

Vi={veV:@A-2=0 forsomek}.
It follows that V; = 0 for all A # 0, so that A is nilpotent. a

Definition 2.5.2. A finite-dimensional representation (7,V) of a Lie algebra g is
completely reducible if every g-invariant subspace W C V has a g-invariant comple-
mentary subspace U. Thus WNU = {0} and V=W @ U.

Theorem 2.5.3. Let V be a finite-dimensional complex vector space. Suppose g is a
Lie subalgebra of End(V) such that V is completely reducible as a representation of
g Letz={X €g:[X,Y]| =0 forall Y € g} be the center of g. Then

1. every A € 3 is a semisimple linear transformation;
2.1g,9lN3=0;
3. 8/3 has no nonzero abelian ideal.

Proof. Complete reducibility implies that V = €, V;, where each V; is invariant and
irreducible under the action of g. If Z € 3 then the restriction of Z to V; commutes
with the action of g, hence is a scalar by Schur’s lemma (Lemma 4.1.4). This proves
(1). Then (2) follows from (1) and Lemma 2.5.1.
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To prove (3), let a C g/3 be an abelian ideal. Then a = h/3, where b is an ideal in
g such that [, h] C 3. But by (2) this implies that [, ] =0, so b is an abelian ideal
in g. Let B be the associative subalgebra of End(V) generated by [h, g]. By Lemma
2.5.1 we know that the elements of [h, g] are nilpotent endomorphisms of V. Since
[h,g] C b is abelian, it follows that the elements of B are nilpotent endomorphisms.
If we can prove that B = 0, then ) C 3 and hence a = 0, establishing (3).

We now turn to the proof that B = 0. Let A be the associative subalgebra of
End(V) generated by g. We claim that

ABC BA+B. (2.38)

Indeed, for X,Y € g and Z € h we have [X,[Y,Z]] € [g,h] by the Jacobi identity,
since h is an ideal. Hence

X[Y,Z] = [Y,Z]X +[X,[Y,Z]] € BA+B. (2.39)
Let b € B and suppose that Xb € BA + B. Then by (2.39) we have
XY, Zb=1[Y,Z]Xb+[X,[Y,Z]|be [Y,Z|BA+B CBA+B.

Now (2.38) follows from this last relation by induction on the degree (in terms of
the generators from g and [, g]) of the elements in A and B.
We next show that
(AB)* c BFA 4 BF (2.40)

for every positive integer k. This is true for k = 1 by (2.38). Assuming that it holds
for k, we use (2.38) to get the inclusions

(AB)! = (AB)Y(AB) C (B*A+BX)(AB) C BFAB
C BNBA+B) c BFIA L BT

Hence (2.40) holds for all k.

We now complete the proof as follows. Since B* = 0 for k sufficiently large,
the same is true for (AB)* by (2.40). Suppose (AB)**! =0 for some k > 1. Set
€ = (AB)X. Then €> = 0. Set W = €V. Since AC C €, the subspace W is A-
invariant. Hence by complete reducibility of V relative to the action of g, there is an
A-invariant complementary subspace U such that V =W @ U. Now CW = G2V =0
and CU C CV =W. But CU C U also, so CU C UNW = {0}. Hence CV = 0. Thus
€ = 0. It follows (by downward induction on k) that AB = 0. Since I € A, we con-
clude that B = 0. O

For a Lie algebra g we define the derived algebra D(g) = [g,g] and we set
Dk+1(g) = D(D¥(g)) for k = 1,2,... . One shows by induction on k that D*(g) is
invariant under all derivations of g . In particular, Dk(g) is an ideal in g for each £,
and D¥(g) /cD**1(g) is abelian.

Definition 2.5.4. g is solvable if there exists an integer k > 1 such that D¥g = 0.
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It is clear from the definition that a Lie subalgebra of a solvable Lie algebra is
also solvable. Also, if 7 : g — [ is a surjective Lie algebra homomorphism, then

7(D*(g)) = D*(b) .

Hence the solvability of g implies the solvability of fj. Furthermore, if g is a nonzero
solvable Lie algebra and we choose k such that D*(g) # 0 and D¥*1(g) = 0, then
DK (g) is an abelian ideal in g that is invariant under all derivations of g.

Remark 2.5.5. The archetypical example of a solvable Lie algebra is the n x n upper-
triangular matrices b,,. Indeed, we have D(b,,) = n, the Lie algebra of n x n upper-
triangular matrices with zeros on the main diagonal. If n;}, is the Lie subalgebra of
n,; consisting of matrices X = [x;;] such thatx;; =0 for j—i <r—1,thenn =n'

n,1
and [nf,nf ] cnl . forr=1,2,... .Hence D*(b,) C n',, and so D¥(b,) =0 for
k> n.

Corollary 2.5.6. Suppose g C End(V) is a solvable Lie algebra and that V is com-
pletely reducible as a g-module. Then g is abelian. In particular, if V is an irre-
ducible g-module, then dimV = 1.

Proof. Let 3 be the center of g. If 3 # g, then g/3 would be a nonzero solvable
Lie algebra and hence would contain a nonzero abelian ideal. But this would con-
tradict part (3) of Theorem 2.5.3, so we must have 3 = g. Given that g is abelian
and V is completely reducible, we can find a basis for V consisting of simultaneous
eigenvectors for all the transformations X € g; thus V is the direct sum of invariant
one-dimensional subspaces. This implies the last statement of the corollary. a

We can now obtain Cartan’s trace-form criterion for solvability of a Lie algebra.

Theorem 2.5.7. Let V be a finite-dimensional complex vector space. Let g C End(V)
be a Lie subalgebra such that tr(XY) = 0 for all X,Y € g. Then g is solvable.

Proof. We use induction on dimg. A one-dimensional Lie algebra is solvable. Also,
if [g, g is solvable, then so is g, since D¥*1(g) = D¥([g,g]). Thus by induction we
need to consider only the case g = [g, g].

Take any maximal proper Lie subalgebra h C g. Then b is solvable, by induction.
Hence the natural representation of h on g/h has a one-dimensional invariant sub-
space, by Corollary 2.5.6. This means that there exist 0 # Y € g and u € h* such
that

X.¥]=u(X)¥  (mod b)

for all X € h. But this commutation relation implies that CY + f is a Lie subalgebra
of g. Since h was chosen as a maximal subalgebra, we must have CY + h = g.
Furthermore, 1 # 0 because we are assuming g = [g, g].

Given the structure of g as above, we next determine the structure of an arbitrary
irreducible g-module (7, W). By Corollary 2.5.6 again, there exist wop € W and ¢ €
h* such that

T(X)wo=0(X)wy forallXeh.
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Set wi = (Y )*wo and Wy, = Cwy + - - - + Cwy. We claim that for X € b,
T(X)wi = (o(X) +ku(X))wy (mod W;_1) 2.41)

(where W_; = {0}). Indeed, this is true for k = 0 by definition. If it holds for k then
ﬂ(h)Wk C Wy, and

T(X)wir1 = n(X)7(Y)wi = 7(Y)(X)wi + 7 ([X, Y ])wi
= (6(X)+ (k+ Du(X))weps  (mod Wy).

Thus (2.41) holds for all k. Let m be the smallest integer such that W,,, = W,,,..;. Then
Wiy is invariant under g, and hence W,, = W by irreducibility. Thus dimW =m+ 1
and

Zo )+ k(X (m—i—l)(G(X)—&-%u(X))
for all X € b. However, g = [g, g], so tr(w(X)) = 0. Thus
o(X) = —%u(x) forall X € .

From (2.41) again we get

m

w(n(X)?) =Y (k— %)ZM(X)Z forall X € b . (2.42)
k=0

We finally apply these results to the given representation of g on V. Take a com-
position series {0} =Vy C V| C --- C V, =V, where each subspace V; is invariant
under g and W; = V;/V;_; is an irreducible g-module. Write dimW; = m; + 1. Then
(2.42) implies that

room;

LRI WY (k—5m)’
i=lk=
for all X € h. But by assumption, try (X?) = 0 and there exists X € b with p(X) #0.
This forces m; =0 fori=1,...,r. Hence dimW; = 1 for each i. Since g = [g, g, this
implies that gV; C V;_. If we take a basis for V consisting of a nonzero vector from
each W;, then the matrices for g relative to this basis are strictly upper triangular.
Hence g is solvable, by Remark 2.5.5. a

Recall that a finite-dimensional Lie algebra is simple if it is not abelian and has
no proper ideals.

Corollary 2.5.8. Let g be a Lie subalgebra of End(V) that has no nonzero abelian
ideals. Then the bilinear form tr(XY) on g is nondegenerate, and g =g, ®--- B g,
(Lie algebra direct sum), where each g; is a simple Lie algebra.

Proof. Lett={X €g:tr(XY)=0 forallY € g} be the radical of the trace form.
Then v is an ideal in g, and by Cartan’s criterion v is a solvable Lie algebra. Suppose
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t # 0. Then v contains a nonzero abelian ideal a that is invariant under all derivations
of v. Hence a is an abelian ideal in g, which is a contradiction. Thus the trace form
is nondegenerate.

To prove the second assertion, let g; C g be an irreducible subspace for the adjoint
representation of g and define

gy ={X€g:tr(XY)=0 forallY €g}.

Then gf‘ is an ideal in g, and g; N gf‘ is solvable by Cartan’s criterion. Hence
g1 ﬂglL = 0 by the same argument as before. Thus [gl,gll] =0, so we have the
decomposition

g=g0 P gf (direct sum of Lie algebras) .

In particular, g; is irreducible as an ad g;-module. It cannot be abelian, so it is a
simple Lie algebra. Now use induction on dim g. ad

Corollary 2.5.9. Let V be a finite-dimensional complex vector space. Suppose g is
a Lie subalgebra of End(V) such that V is completely reducible as a representation
ofg. Let3={X €g:[X,Y]=0 forall Y € g} be the center of g. Then the derived
Lie algebra [g,g| is semisimple, and g = [g, 9] & 3.

Proof. Theorem 2.5.3 implies that g/3 has no nonzero abelian ideals; hence g/3
is semisimple (Corollary 2.5.8). Since g/3 is a direct sum of simple algebras, it
satisfies [g/3,9/3] = g/3. Let p : g—> g/3 be the natural surjection. If u,v € g then
p([u,v]) = [p(u), p(v)]. Since p is surjective, it follows that g/3 is spanned by the
elements p([u,v]) for u,v € g. Thus p([g,g]) = g/3. Now Theorem 2.5.3 (2) implies
that the restriction of p to [g, g] gives a Lie algebra isomorphism with g/3 and that
dim([g,g]) +dim3 = dimg. Hence g = [g,g] ® 3. 0

Let g be a finite-dimensional complex Lie algebra.

Definition 2.5.10. The Killing form of g is the bilinear form B(X,Y) = tr(ad X adY)
for X,Y € g.

Recall that g is semisimple if it is the direct sum of simple Lie algebras. We now
obtain Cartan’s criterion for semisimplicity.

Theorem 2.5.11. The Lie algebra g is semisimple if and only if its Killing form is
nondegenerate.

Proof. Assume that g is semisimple. Since the adjoint representation of a simple Lie
algebra is faithful, the same is true for a semisimple Lie algebra. Hence a semisimple
Lie algebra g is isomorphic to a Lie subalgebra of End(g). Let

g=0® - Op

(Lie algebra direct sum), where each g; is a simple Lie algebra. If m is an abelian
ideal in g, then m N g; is an abelian ideal in g;, for each i, and hence is zero. Thus
m = 0. Hence B is nondegenerate by Corollary 2.5.8.
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Conversely, suppose the Killing form is nondegenerate. Then the adjoint repre-
sentation is faithful. To show that g is semisimple, it suffices by Corollary 2.5.8 to
show that g has no nonzero abelian ideals.

Suppose a is an ideal in g, X € a, and Y € g. Then adX adY maps g into a and
leaves a invariant. Hence

B(X,Y)=tr(adX|q adY|,) . (2.43)

If a is an abelian ideal, then adX|, = 0. Since B is nondegenerate, (2.43) implies
that X = 0. Thus a = 0. a

Corollary 2.5.12. Suppose g is a semisimple Lie algebra and D € Der(g). Then
there exists X € g such that D = ad X.

Proof. The derivation property D([Y,Z]) = [D(Y),Z] + [Y,D(Z)] can be expressed
as the commutation relation

[D,adY] =adD(Y) forallY €g. (2.44)

Consider the linear functional ¥ — tr(DadY) on g. Since the Killing form is non-
degenerate, there exists X € g such that tr(DadY) = B(X,Y) for all Y € g. Take
Y,Z € g and use the invariance of B to obtain

B(adX(Y),Z) = B(X,[Y,Z]) = tr(Dad[Y,Z]) = tr(D[adY,ad Z])
= tr(DadY adZ) —tr(DadZadY) = tr([D,adY]adZ) .
Hence (2.44) and the nondegeneracy of B give adX = D. ad

For the next result we need the following formula, valid for any elements Y, Z in
a Lie algebra g, any D € Der(g), and any scalars A, u:

0-Grw) w2 =L (})0-vrv.o-ntra. e

(The proof is by induction on k using the derivation property and the inclusion—
exclusion identity for binomial coefficients.)

Corollary 2.5.13. Let g be a semisimple Lie algebra. If X € g and adX =S+ N is
the additive Jordan decomposition in End(g) (with S semisimple, N nilpotent, and
[S,N] =0), then there exist X5, X, € g such that adX; = S and adX, = N.

Proof. Let A € C and set

o (X) = U Ker(adX — A )*
>1

(the generalized A eigenspace of ad X). The Jordan decomposition of ad X then gives
a direct-sum decomposition
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a=PaX),
A

and S acts by A on gy (X). Taking D =adX,Y € g5 (X), Z € gy (X), and k sufficiently
large in (2.45), we see that

[02(X); 80 (X)] C g4 (X)) - (2.46)

Hence S is a derivation of g. By Corollary 2.5.12 there exists X € g such that ad X; =
S. Set X, =X —X,. O

2.5.2 Root Space Decomposition

In this section we shall show that every semisimple Lie algebra has a root space
decomposition with the properties that we established in Section 2.4 for the Lie
algebras of the classical groups. We begin with the following Lie algebra general-
ization of a familiar property of nilpotent linear transformations:

Theorem 2.5.14 (Engel). Let V be a nonzero finite-dimensional vector space and
let g C End(V) be a Lie algebra. Assume that every X € g is a nilpotent linear
transformation. Then there exists a nonzero vector vo € V such that Xvy = 0 for all
Xeg.

Proof. For X € End(V) write Ly and Ry for the linear transformations of End(V)
given by left and right multiplication by X, respectively. Then adX = Ly — Rx and
Lx commutes with Ry. Hence

ax) =1 (1)1 (00 ()
J

by the binomial expansion. If X is nilpotent on V then X" = 0, where n = dimV.

Thus (LX)J (Rx)zn_j =0if 0 < j <2n. Hence (adX)?" =0, so adX is nilpotent on

End(V).

We prove the theorem by induction on dimg (when dimg = 1 the theorem is
clearly true). Take a proper subalgebra ) C g of maximal dimension. Then f acts on
g/b by the adjoint representation. This action is by nilpotent linear transformations,
so the induction hypothesis implies that there exists ¥ ¢ b such that

[X,Y]=0mod h forall Xe€bh.

Thus CY + b is a Lie subalgebra of g, since [Y,h] C h. But h was chosen maximal,
so we must have g = CY +§. Set

W={veV :Xv=0 forall X € h}.

By the induction hypothesis we know that W # 0. If v € W then
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XYv=YXv+[X,Y]yv=0

forall X € b, since [X,Y] € . Thus W is invariant under Y, so there exists a nonzero
vector vy € W such that Yvy = 0. It follows that gvg = 0. O

Corollary 2.5.15. There exists a basis for V in which the elements of g are repre-
sented by strictly upper-triangular matrices.

Proof. This follows by repeated application of Theorem 2.5.14, replacing V by
V /Cvy at each step. O

Corollary 2.5.16. Suppose g is a semisimple Lie algebra. Then there exists a
nonzero element X € g such that adX is semisimple.

Proof. We argue by contradiction. If g contained no nonzero elements X with ad X
semisimple, then Corollary 2.5.13 would imply that ad X is nilpotent for all X € g.
Hence Corollary 2.5.15 would furnish a basis for g such that ad X is strictly upper
triangular. But then ad X adY would also be strictly upper triangular for all X,Y € g,
and hence the Killing form would be zero, contradicting Theorem 2.5.11. ad

For the rest of this section we let g be a semisimple Lie algebra. We call a subal-
gebra h C g a foral subalgebra if ad X is semisimple for all X € h. Corollary 2.5.16
implies the existence of nonzero toral subalgebras.

Lemma 2.5.17. Let b be a toral subalgebra. Then [h,h] = 0.

Proof. Let X € h. Then b is an invariant subspace for the semisimple transformation
adX. If [X,h] # 0 then there would exist an eigenvalue A # 0 and an eigenvector
Y € b such that [X,Y] = AY. But then

(adY)(X)=—AY #0, (adY)*(X)=0,

which would imply that adY is not a semisimple transformation. Hence we must
have [X,h] =0 for all X € b. O

We shall call a toral subalgebra ) C g a Cartan subalgebra if it has maximal di-
mension among all toral subalgebras of g. From Corollary 2.5.16 and Lemma 2.5.17
we see that g contains nonzero Cartan subalgebras and that Cartan subalgebras are
abelian. We fix a choice of a Cartan subalgebra h. For A € h* let

g ={Yeg:[X,Y]=(1,X)Y forall X €h}.

In particular, go ={Y € g : [X,Y] =0 forall X € b} is the centralizer of b in g.
Let @ C g*\ {0} be the set of A such that g; # 0. We call @ the set of roots of h
on g. Since the mutually commuting linear transformations ad X are semisimple (for
X € b), there is a root space decomposition

g=g00®@Pa-
AED
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Let B denote the Killing form of g. By the same arguments used for the classical
groups in Sections 2.4.1 and 2.4.2 (but now using B instead of the trace form on the
defining representation of a classical group), it follows that

Lo (g2, 0u) COntu s

2. B(gy,gu) =0if A+pu#0;

3. the restriction of B to go X go is nondegenerate;

4. if L € @ then —A € & and the restriction of B to g, X g_; is nondegenerate.

New arguments are needed to prove the following key result:
Proposition 2.5.18. A Cartan algebra is its own centralizer in g; thus ) = go.

Proof. Since § is abelian, we have h C go. Let X € gp and let X = X + X, be the
Jordan decomposition of X given by Corollary 2.5.13.

(i) Xyand X, arein g .

Indeed, since [X,h] = 0 and the adjoint representation of g is faithful, we have
[X;,h] = 0. Hence X; € b by the maximality of b, which implies that X,, = X — X is
also in b.

(i) The restriction of B to h x h is nondegenerate.

To prove this, let 0 £ h € hh. Then by property (3) there exists X € go such that
B(h,X) #0. Since X;, € go by (i), we have [i,X,,] = 0 and hence ad had X,, is nilpotent
on g. Thus B(h,X,) = 0 and so B(h,X;) # 0. Since X; € b, this proves (ii).

(i)  [go,80] =0.

For the proof of (iii), we observe that if X € go, then ad X; acts by zero on g, since
X, € h. Hence ad X |, = ad X, |4, is nilpotent. Suppose for the sake of contradiction
that [go,g0] # 0 and consider the adjoint action of gy on the invariant subspace
[g0,90]. By Theorem 2.5.14 there would exist 0 # Z € [go, go] such that [go,Z] = 0.
Then [go,Z,] = 0 and hence adY adZ, is nilpotent for all ¥ € go. This implies that
B(Y,Z,) =0forall Y € gy, so we conclude from (3) that Z, = 0. Thus Z = Z; must
be in h. Now

B(h,[X,Y]) =B([h,X],Y)=0 forall hebh and X,Y € go .

Hence hN[go,g0] = 0 by (ii), and so Z = 0, giving a contradiction.

It is now easy to complete the proof of the proposition. If X, Y € go then ad X;,adY
is nilpotent, since g is abelian by (iii). Hence B(X,,,Y) = 0, and so X,, = 0 by (3).
Thus X = X € b. a

Corollary 2.5.19. Let g be a semisimple Lie algebra and Y a Cartan subalgebra.
Then
g=hoPa,. (2.47)

AED

Hence if Y € g and [Y,b] C b, then Y € Y. In particular, § is a maximal abelian
subalgebra of g.
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Since the form B is nondegenerate on f x 0, it defines a bilinear form on h* that
we denote by (, ).

Theorem 2.5.20. The roots and root spaces satisfy the following properties:

1. @ spans bh* .
2. If o0 € P then dim[gy,8-o] = 1 and there is a unique element hy € [go,9—q]
such that (0t,he) =2 (call hy the coroot to ).

3. Ifoo€ @ andc € Cthen co € P if and only if c = £1. Also dimgy = 1.

4. Let o, 3 € @ with B # ta. Let p be the largest integer j > 0 with B + jo. € ©
and let q be the largest integer k > 0 with B — ko € @. Then

(Bsha)=q—p€eZ (2.48)

and B+ ra € @ for all integers r with —q < r < p. Hence B — (B, hq)a € P.
S.Ifo,Bc®and o+ € D, then [go, 9] = Garip -

Proof. (1):Ifhe€band (o, h) =0forall @ € @, then [, go] = 0 and hence [k, g] = 0.
The center of g is trivial, since g has no abelian ideals, so 7 = 0. Thus & spans h*.

(2):LetX € gg and Y € g_q. Then [X,Y] € go = b and for i € h we have
B X, ¥]) = B(h,X],Y) = (o B(X,Y)

Thus [X,Y] corresponds to B(X,Y)a under the isomorphism h 2 h* given by the
form B. Since B is nondegenerate on gg X g—q, it follows that dim [ge, g—o] = 1.
Suppose B(X,Y) # 0 and set H = [X,Y]. Then 0 # H € h. If (at, H) = 0 then H
would commute with X and Y, and hence ad H would be nilpotent by Lemma 2.5.1,
which is a contradiction. Hence (&, H) # 0 and we can rescale X and Y to obtain
elements ey € go and fy € g—¢ such that (a,hg) = 2, where hg = [eq, fol-

(3): Let s(ax) = Span{eq, fu,ha} =2 s1(2,C) and set

Mg, :Cha+zgca .
c#0

Since [eq, gea) C I(ct+)ao [fos8cal C 9(c—1)a> and [eq, 9-a] = [fa: 8a] = Cha, we
see that My, is invariant under the adjoint action of s(a).

The eigenvalues of ad i, on M, are 2¢ with multiplicity dim g, and O with mul-
tiplicity one. By the complete reducibility of representations of s[(2,C) (Theorem
2.3.6) and the classification of irreducible representations (Proposition 2.3.3) these
eigenvalues must be integers. Hence car € @ implies that 2c¢ is an integer. The eigen-
values in any irreducible representation are all even or all odd. Hence cc is not a
root for any integer ¢ with |c| > 1, since s(o) contains the zero eigenspace in M.
This also proves that the only irreducible component of M, with even eigenvalues
is (o), and it occurs with multiplicity one.

Suppose (p+1/2)o € @ for some positive integer p. Then adf, would have
eigenvalues 2p+1,2p—1,...,3,1 on M, and hence (1/2)a would be a root. But



118 2 Structure of Classical Groups

then o could not be a root, by the argument just given, which is a contradiction.
Thus we conclude that My = Chy + Cey + Cfy. Hence dimgy = 1.

(4): The notion of ¢ root string through f from Section 2.4.2 carries over verba-
tim, as does Lemma 2.4.3. Hence the argument in Corollary 2.4.5 applies.

(5): This follows from the same argument as Corollary 2.4.4. a

2.5.3 Geometry of Root Systems

Let g be a semisimple Lie algebra. Fix a Cartan subalgebra f) and let @ be the set
of roots of h on g. For o0 € @ there is a TDS triple {eq, fu,ho} With (o, ) = 2.
Define

& =ngo, whereng =B(eq,fa) € Z\{0} . (2.49)

Then hy < & under the isomorphism h = h* given by the Killing form B (see the
proof of Theorem 2.5.20 (2)), and we shall call & the coroot to «.

By complete reducibility of representations of s[(2,C) we know that g decom-
poses into the direct sum of irreducible representations under the adjoint action of
s(ot) = Span{eq, fu,ha }. From Proposition 2.3.3 and Theorem 2.3.6 we see that e
and fy act by integer matrices relative to a suitable basis for any finite-dimensional
representation of s[(2,C). Hence the trace of ad(ey ) ad(f) is an integer.

Since Span ® = h* we can choose a basis {1, ..., 04} for h* consisting of roots.
Setting H; = h,;, we see from (2.49) that {H,,...,H,} is a basis for fj. Let

bo = Spang{Hi,....H}, by =Spang{ai,...,qq},
where Q denotes the field of rational numbers.

Lemma 2.5.21. Each root @ € D is in b(’@, and the element hg, is in . Let a,b € ho.
Then B(a,b) € Q and B(a,a) > 0 ifa # 0.

Proof. Set a;; = (aj,H;) and let A = [q;;] be the corresponding / x [ matrix. The
entries of A are integers by Theorem 2.5.20 (4), and the columns of A are linearly
independent. Hence A is invertible. For o € @ we can write @ =Y ; ¢;0; for unique
coefficients ¢; € C. These coefficients satisfy the system of equations

Z“ijcj =(o,H;) fori=1,...,1.
J
Since the right side of this system consists of integers, it follows that c¢; € Q and

hence a € h@' From (2.49) we then see that hy € hg also.
Given a,b € hq, we can write a = };¢;H; and b =} ;d; H; with ¢;,d; € Q. Thus

B(a,b) = tr(ad(a)ad(b)) = Zci djtr(ad(H;) ad(Hj)) .
iJj
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By Theorem 2.5.20 (3) we have

tr(ad(Hy) ad(H)) = Y., (00, Hi) (o0, Hy)

acd

This is an integer by (2.48), so B(a,b) € Q. Likewise,

B(a,a) = tr(ad(a)?) = Z (a,a)?,

acd

and we have just proved that (¢t,a) € Q. If a # 0 then there exists & € P such that
(a,a) # 0, because the center of g is trivial. Hence B(a,a) > 0. O

Corollary 2.5.22. Let hr be the real span of {hg : @ € @} and let b be the real
span of the roots. Then the Killing form is real-valued and positive definite on hp.
Furthermore, hr = by, under the Killing-form duality.

Proof. This follows immediately from (2.49) and Lemma 2.5.21. a

Let E = b, with the bilinear form (-,-) defined by the dual of the Killing form.
By Corollary 2.5.22, E is an [-dimensional real Euclidean vector space. We have
& C E, and the coroots are related to the roots by

2
(o, )
by (2.49). Let & = {& : a € ®} be the set of coroots. Then (B,&) € Z for all

a,B € @ by (2.48).
An element & € E is called regular if (o, h) # 0 for all a € &. Since the set

U {heE: (a.h)=0}

acd

a= o foroec®

is a finite union of hyperplanes, regular elements exist. Fix a regular element /g and
define
T ={acd: (a,hy) >0}.

Then @ = @ U (—P ). We call the elements of @ the positive roots. A positive
root « is called indecomposable if there do not exist 8,y € T such that « = § +y
(these definitions depend on the choice of A, of course).

Proposition 2.5.23. Let A be the set of indecomposable positive roots.

1. A is a basis for the vector space E.

2. Every positive root is a linear combination of the elements of A with nonnegative
integer coefficients.

3. If B € @1\ A then there exists o € A such that B —a € PT.
4. If a, B € A then the @ root string through B is

B,B+oa,....B+pa, where p=—(B,&)>0. (2.50)
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Proof. The key to the proof is the following property of root systems:
*) Ifa,pePand (a,p)>0then -0 cP.

This property holds by Theorem 2.5.20 (4): B — (B, &) € ® and (B, ¢) > 1, since
(a,B) > 0; hence f — a € P. It follows from (x) that

(a,B) <0 foralla,feAwitha#p. (2.51)

Indeed, if (o, ) > 0 then (x) would imply that f — o € @. If B — o« € D then
a =B+ (B — a), contradicting the indecomposability of c. Likewise, ¢ — ff € &+
would contradict the indecomposability of B. We now use these results to prove the
assertions of the proposition.

(1): Any real linear relation among the elements of A can be written as

Y coa=) g, (2.52)

oEA] pea,

where Ay and A, are disjoint subsets of A and the coefficients c¢q and dg are non-
negative. Denote the sum in (2.52) by y. Then by (2.51) we have

(Yﬂ Z Z Ctxdﬁ (X ﬁ)

acA| BeA,

Hence y = 0, and so we have

=(1,ho) =Y calo,ho) =Y dg(B,ho).

oEA] Bea,

Since (e, ho) > 0and (B,ho) > 0, it follows that cq = dg = 0 for all o, 8.

(2): The set M = {(a, ho) : & € DT} of positive real numbers is finite and totally
ordered. If my is the smallest number in M, then any o € @ with (&, ho) = mg
is indecomposable; hence a € A. Given B € @\ A, then m = (B,ho) > mg and
B = y+ 6 for some y,8 € ®*. Since (y,hy) < m and (8,ho) < m, we may assume
by induction on m that y and § are nonnegative integral combinations of elements
of A, and hence so is 3.

(3): Let B € @™\ A. There must exist & € A such that (o, §) > 0, since otherwise
the set A U{f} would be linearly independent by the argument at the beginning of
the proof. This is impossible, since A is a basis for E by (1) and (2). Thus y =
B — o € @ by (). Since B # «, there is some § € A that occurs with positive
coefficient in y. Hence y € &,

(4): Since § — a cannot be a root, the a-string through f begins at 5. Now apply
Theorem 2.5.20 (4). a

We call the elements of A the simple roots (relative to the choice of ®@1). Fix
an enumeration Qf,...,04 of A and write E; = ey, F;i= fy, and H; = hg,
for the elements of the TDS triple associated with ¢;. Define the Cartan integers
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Cij = (aj,H;) and the [ x [ Cartan matrix C = [C;j] as in Section 2.4.3. Note that
C,-,»:2andC,-j SOfOI’i#]’.

Theorem 2.5.24. The simple root vectors {Ey,...,E;,Fy,...,F;} generate g. They
satisfy the relations [E;, Fj) = 0 for i # j and [H;,H;] = 0, where H; = [E;, F;. They
also satisfy the following relations determined by the Cartan matrix:

[Hi,Ej] = GijEj , [Hi, Fj] = =CijFy ; (2.53)
ad(E;)) St E; =0 fori# j; (2.54)
ad(F) St F =0 fori#j. (2.55)

Proof. Let g’ be the Lie subalgebra generated by the E; and F;. Since {H\,...,H;}
is a basis for b, we have h C g’. We show that 9 € g’ for all B € @™ by induction
on the height of 3, exactly as in the proof of Theorem 2.4.11. The same argument
with B replaced by — shows that g_g C g’. Hence g’ = g.

The commutation relations in the theorem follow from the definition of the Car-
tan integers and Proposition 2.5.23 (4). a

The proof of Theorem 2.5.24 also gives the following generalization of Theorem
24.11:

Corollary 2.5.25. Define n™ =Y gcp+ gg and v~ =Y gcqp+ 9—o- Then 0™ and n~
are Lie subalgebras of g that are invariant under adb, and g=n"+h-+n".
Furthermore, w" is generated by {E\,...,E;} and w™ is generated by {Fy,...,F}.

Remark 2.5.26. We define the height of a root (relative to the system of positive
roots) just as for the Lie algebras of the classical groups: ht():i Ci (Xi) =Y,;c; (the
coefficients ¢; are integers all of the same sign). Then

n= Y g¢ and nt= ) gq.
ht(a)<0 ht(o)>0

Let b = h+n™. Then b is a maximal solvable subalgebra of g that we call a Borel
subalgebra.

We call the set A of simple roots decomposable if it can be partitioned into
nonempty disjoint subsets A; U Ay, with A; L Ay relative to the inner product on
E. Otherwise, we call A indecomposable.

Theorem 2.5.27. The semisimple Lie algebra g is simple if and only if A is inde-
composable.

Proof. Assume that A = A} U A, is decomposable. Let & € A} and B € A;. Then
p =0in (2.50), since (@, ) = 0. Hence B + « is not a root, and we already know
that B — o is not a root. Thus

[0+a, 94p] =0 forallaw € Ajand B € A, . (2.56)
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Let m be the Lie subalgebra of g generated by the root spaces g1 with o ranging
over A;. It is clear from (2.56) and Theorem 2.5.24 that m is a proper ideal in g.
Hence g is not simple.

Conversely, suppose g is not simple. Then g = g; & --- & g,, where each g; is a
simple Lie algebra. The Cartan subalgebra f) must decompose as h =h; S --- B b,
and by maximality of h we see that b; is a Cartan subalgebra in g;. It is clear from
the definition of the Killing form that the roots of g; are orthogonal to the roots of
g; for i # j. Since A is a basis for h*, it must contain a basis for each b;. Hence A
is decomposable. a

2.5.4 Conjugacy of Cartan Subalgebras

Our results about the semisimple Lie algebra g have been based on the choice of
a particular Cartan subalgebra h C g. We now show that this choice is irrelevant,
generalizing Corollary 2.1.8.

If X € g is nilpotent, then ad X is a nilpotent derivation of g, and exp(adX) is a
Lie algebra automorphism of g, called an elementary automorphism. It satisfies

ad (exp(adX)Y) = exp(adX)adY exp(—adX) forY €g (2.57)

by Proposition 1.3.14. Let Int(g) be the subgroup of Aut(g) generated by the ele-
mentary automorphisms.

Theorem 2.5.28. Let g be a semisimple Lie algebra over C and let by, and b, be
Cartan subalgebras of g. Then there exists an automorphism ¢ € Int(g) such that

®(h1) = ha.

To prove this theorem, we need some preliminary results. Let g =n~ +h-+n" be
the triangular decomposition of g from Corollary 2.5.25 and let b = h +n™ be the
corresponding Borel subalgebra. We shall call an element H € b regularif oc(H) #0
for all roots ¢. From the root space decomposition of g under ad b, we see that this
condition is the same as dimKer(ad H) = dimb.

Lemma 2.5.29. Suppose Z € b is semisimple. Write Z = H+Y, where H € ) and
Y € n". Then dimKer(adZ) = dimKer(ad H) > dimb, with equality if and only if
H is regular.

Proof. Enumerate the positive roots in order of nondecreasing height as {f;, ..., B}
and take an ordered basis for g as

(X g X g Hiooo Hp Xp, oo Xp, ) -

Here Xy € go and {Hy,...,H;} is any basis for fj. Then the matrix for ad Z relative
to this basis is upper triangular and has the same diagonal as ad H, namely
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[*ﬁn(H), ERER) 7ﬁ1<H)a 0, -~-707.BI(H)a 7BH(H)] .
——
1

Since ad Z is semisimple, these diagonal entries are its eigenvalues, repeated accord-
ing to multiplicity. Hence

dimKer(adZ) = dimh +2Card{a € &' : a(H) =0} .

This implies the statement of the lemma. ad

Lemma 2.5.30. Let H € b be regular. Define f(X) = exp(adX)H — H for X € n™.
Then f is a polynomial map of v onto n™.

Proof. Write the elements of n™ as X = Y ¢+ Xo With Xy € gg. Then
1
k!

fX)=Y

k>1

(adX)'H=— Y a(H)Xa+ Y pu(X),

acdt k>2

where py(X) is ahomogeneous polynomial map of degree k on ). Note that p(X) =
0 for all sufficiently large k by the nilpotence of ad X. From this formula it is clear
that f maps a neighborhood of zero in n* bijectively onto some neighborhood U of
zeroinn™,

To show that f is globally surjective, we introduce a one-parameter group of
grading automorphisms of g as follows: Set

go=b, gn= ) g forn#0.
hi(B)=n

This makes g a graded Lie algebra: [gk, 9n] C gin and g = @P,,c7 gn. For t € C*
and X,, € g, define
8 (LX) = L%,
n n

The graded commutation relations imply that & € Aut(g). Thus 7 — & is a regular
homomorphism from C* to Aut(g) (clearly 6,6 = ). Since ;H = H for H € b,
we have & f(X) = f(5X). Now let Y € n™. Since lim, 9 8Y = 0, we can choose ¢
sufficiently small that 8Y € U. Then there exists X € n™ such that §Y = f(X), and
hence Y = 6,1 f(X) = f(6,1X). O

Corollary 2.5.31. Suppose Z € b is semisimple and dimKer(adZ) = dimb. Then
there exist X € w" and a regular element H € b such that exp(adX)H = Z.

Proof. Write Z=H +Y with H € h and Y € n". By Lemma 2.5.29, H is regular,
so by Lemma 2.5.30 there exists X € n* with exp(adX)H =H+Y =Z. O

We now come to the key result relating two Borel subalgebras.

Lemma 2.5.32. Suppose b; = h; +n; are Borel subalgebras of g, for i =1,2. Then

by=biNby+n;. (2.58)
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Proof. The right side of (2.58) is contained in the left side, so it suffices to show that
both sides have the same dimension. For any subspace V C g let V- be the orthog-
onal of V relative to the Killing form on g. Then dimV+ = dimg — dimV, since the
Killing form is nondegenerate. It is easy to see from the root space decomposition
that n; C (b;)*. Since dimn; = dimg — dimb;, it follows that (b;)* = n;. Thus we
have

(b1+b2)" = (b1)" N (b2)" =niNmy. (2.59)

But n, contains all the nilpotent elements of by, so n; Nny = ny N by. Thus (2.59)
implies that
dim(b; + b2) = dimg —dim(n; Nby) . (2.60)

Set d = dim(b; N by +n;). Then by (2.60) we have

d= dim([n n [32) +dimn, —dim(m N bz)
= dim(b; Nby) +dim(b; + by) + dimn; —dimg
= dimb; +dimb, +dimn; —dimg .

Since dim b} +dimn; = dim g, we have shown that d = dim b,. Clearly d < dim by,
so this proves that dimb, < dimb;. Reversing the roles of b; and by, we conclude
that dimb; = dimb, = d, and hence (2.58) holds. a

Proof of Theorem 2.5.28.  'We may assume that dimbh; < dim ;. Choose systems
of positive roots relative to hj; and b, and let b; = j; +n; be the corresponding Borel
subalgebras, for i = 1,2. Let H| be a regular element in ;. By Lemma 2.5.32 there
exist Z € by N by and Y7 € ny such that Hy = Z+Y;. Then by Lemma 2.5.30 there
exists X; € n; with exp(adX;)H; = Z. In particular, Z is a semisimple element of g
and by Lemma 2.5.29 we have

dimKer(adZ) = dimKer(adH;) = dimb; .

But Z € by, so Lemma 2.5.29 gives dimKer(adZ) > dimb,. This proves that
dimb; = dimb,. Now apply Corollary 2.5.31: there exists X, € ny such that

exp(ang)Z =H, e f)z .

Since dimKer(ad H,) = dimKer(adZ) = dim by, we see that H, is regular. Hence
h2 = Ker(ad Hy). Thus the automorphism ¢ = exp(adX,)exp(adX;) € Intg maps
b1 onto by. a

Remark 2.5.33. Let Z € g be a semisimple element. We say that Z is regular if
dimKer(adZ) has the smallest possible value among all elements of g. From The-
orem 2.5.28 we see that this minimal dimension is the rank of g. Furthermore, if Z
is regular then Ker(adZ) is a Cartan subalgebra of g and all Cartan subalgebras are
obtained this way.
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2.5.5 Exercises

1. Let g be a finite-dimensional Lie algebra and let B be the Killing form of g. Show
that B([X,Y],Z) = B(X,[Y,Z]) forall X,Y,Z € g.

2. Let g=CX+CY be the two-dimensional Lie algebra with commutation relations
[X,Y] =Y. Calculate the Killing form of g.

3. Suppose g is a simple Lie algebra and (X ,Y) is an invariant symmetric bilinear
form on g. Show that @ is a multiple of the Killing form B of g. (HINT: Use the
nondegeneracy of B to write ®(X,Y) = B(TX,Y) for some T € End(g). Then
show that the eigenspaces of 7" are invariant under ad g.)

4. Let g = sl(n,C). Show that the Killing form B of g is 2ntrca(XY). (HINT: Cal-
culate B(H,H) for H = diag[1,—1,0,...,0] and then use the previous exercise.)

5. Let g be a finite-dimensional Lie algebra and let ) C g be an ideal. Prove that the
Killing form of b is the restriction to b of the Killing form of g.

6. Prove formula (2.45).

7. Let D be a derivation of a finite-dimensional Lie algebra g. Prove that exp(¢D)
is an automorphism of g for all scalars 7. (HINT: Let X,Y € g and consider the
curves @(r) = exp(tD)[X,Y] and y(¢) = [exp(rD)X,exp(tD)Y] in g. Show that
o(t) and y(¢) satisfy the same differential equation and ¢(0) = y(0).)

2.6 Notes

Section 2.1.2. The proof of the conjugacy of maximal tori for the classical groups
given here takes advantage of a special property of the defining representation of a
classical group, namely that it is multiplicity-free for the maximal torus. In Chapter
11 we will prove the conjugacy of maximal tori in any connected linear algebraic
group using the general structural results developed there.

Section 2.2.2. A linear algebraic group G C GL(n,C) is connected if and only if the
defining ideal for G in C[G] is prime. Weyl [164, Chapter X, Supplement B] gives a
direct argument for this in the case of the symplectic and orthogonal groups.

Sections 2.4.1 and 2.5.2. The roots of a semisimple Lie algebra were introduced
by Killing as the roots of the characteristic polynomial det(ad(x) — AI), forx € g
(by the Jordan decomposition, one may assume that x is semisimple and hence that
x € h). See the Note Historique in Bourbaki [12] and Hawkins [63] for details.

Section 2.3.3. See Borel [17, Chapter II] for the history of the proof of complete
reducibility for representations of SL(2,C). The proof given here is based on argu-
ments first used by Cartan [26].

Sections 2.4.3 and 2.5.3. Using the set of roots to study the structure of g is a
fundamental technique going back to Killing and Cartan. The most thorough ax-
iomatic treatment of root systems is in Bourbaki [12]; for recent developments see
Humphreys [78] and Kane [83]. The notion of a set of simple roots and the associ-
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ated Dynkin diagram was introduced in Dynkin [44], which gives a self-contained
development of the structure of semisimple Lie algebras.

Section 2.5.1. In this section we follow the exposition in Hochschild [68]. The proof
of Theorem 2.5.3 is from Hochschild [68, Theorem XI.1.2], and the proof of Theo-
rem 2.5.7 is from Hochschild [68, Theorem XI.1.6].
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