Chapter 2
Origin of Macroscopic Approach

With the birth of quantum optics in the 1960s it became clear that it would be easy
to describe the interaction between the electromagnetic field and the matter in a
cavity even on elimination of matter degrees of freedom. A similar travelling-wave
description for the electromagnetic field—matter interaction was considered to be
possible in terms of a virtual cavity and a momentum operator of the field.

This approach to quantization was rather distant from the quantum theory of
the electromagnetic field. On a fundamental level the theory of the electromagnetic
field in the free space does not differ from the theory of this field in the matter.
Macroscopic approaches to quantization of the electromagnetic field are not funda-
mental theories and modify the free-space electromagnetic-field theory. Especially,
quantization of the field power has been assumed.

Although the virtual cavity has been beaten, the momentum operator has still
enabled one to study quantum aspects of nonlinear optical processes. Quantization
restrictions of any kind such as the frequency dispersion of the refractive index were
apparent on published work.

Efforts emerged to formulate so simple a quantum theory of the electromagnetic
field that it allows one to recognize the role of the momentum operator. Formalisms
were presented which, to the contrary, did not consider the momentum operator.
With the progress in (classical) optics interest in the quantization of the field power
in quantum optics has increased.

Not always is it necessary to utilize the formalism of the electromagnetic field
in the matter. For description of experiments with correlated photons it suffices to
describe the electromagnetic field between optical devices and to know the input—
output relations for the optical elements, both passive and active, with which the
radiation is transformed.

2.1 Lossless Nonlinear Dielectric

An approach to the quantum theory of light propagation was considered stan-
dard until the critique by Hillery and Mlodinow (1984) and is still. Concerning
this approach, let us consider papers by Shen (1967, 1969). Shen (1967) studied
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quantum statistics of nonlinear optics. He contributed to the contemporary research
(Glauber 1965). Quantum theory of radiation had long been formulated (Heitler
1954). For investigation of properties of a medium, incoherent scattering has been a
useful tool. For nonlinear optics, coherent scattering has been interesting as well or
more.

Weak nonlinearity has a significant effect on light only after a longer interaction
distance. Light can cover a longer distance easily when contained in a cavity res-
onator. Quantum statistics has been determined using descriptions suited to the case
of a cavity.

In principle, the same treatment can be applied to problems of light propagation
in media (Shen 1967). But for coherent scattering, it becomes difficult. This case
should be treated by the method of many-body transport theory (Ter Haar 1961). In
quantum optics, the cavity treatment of the problems of light propagation in media
seems to be valid on the following assumption. Photon fields may be quantized
in a box of finite volume, which moves in the z direction with a light velocity ¢
(% in Shen 1969). One is advised to imagine a box of length ¢T', where T is the
counting time of photodetectors. A partial interaction of the light with the medium
can be approximated with no interaction and a complete interaction, which lasts
for a time ¢. The finite medium can be extended to infinity. The resultant change
of statistical properties of fields in the box can now be calculated using the cavity
treatment (Shen 1967).

In nonlinear optics a number of classical descriptions have been developed both
as a cavity problem and as a steady-state propagation problem. Then a cavity
problem can be converted to a corresponding steady-state propagation problem by
replacing # by —£ in the field amplitudes and the latter problem can be changed to
the former one by replacing z by —ct when e; is the direction of propagation. It

raises expectations that the same is true in the quantum treatment. Shen (1969) pays

attention to replacing ¢ by —*TE and to replacing z by %

Here the dependence on the time seems to be more fundamental. It is evident that
one is interested in a conversion of a cavity problem to a corresponding steady-state
propagation problem. The operators will be space dependent (localized) instead
of time dependent. Transformations will be generated with a localized momentum
operator instead of the Hamiltonian operator.

On quantizing in a volume L3 and assuming that the field does not vary appre-
ciably over a distance d large compared with the wavelength, and associating the
discrete values of the wave vector k with d (instead of L), the localized annihilation
and creation operators by (z) and B;; (z) have been proposed. An appropriate compo-
nent of the vector-potential operator has the expansion of the form

. | h .
Az, 1) =c Z e {bi(2) expl—i(wpt — kz)] + Hee.}, 2.1)
k

where wy is the frequency, £ is the Planck constant divided by 27, €, = €(wy) is
the value of the dielectric function € at wy, and H.c. denotes the term Hermitian
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conjugate to the previous one. The annihilation and creation operators by(z) and
IA),JE (z), respectively, satisfy the equal-space commutation relation

[bx(2), b} (2)] = S 1. (2.2)

The small variation of the field has been formulated as that of the normally ordered

2mn
d 9

There is a difficulty. The above picture of a moving box requires a light velocity
¢ independent of the frequency wy. Shen (1969) utilizes the notation ‘T for this

moments <l3km(z)l3,’<‘(z)>. It is also specified that k = where 7 is an integer.

velocity. Here it is replaced by the phase velocity f with ¢ = ¢, the free-space

speed of light. There is another difficulty in view of this picture that d has been used
instead of ¢T'. The localized photon-number operator is realized as a configuration-
space photon-number operator (Mandel 1966)

Ad A
i) = 5 ) b@h(). (2.3)
k

where A is the cross-sectional area of the beam.
A Hamiltonian density H(z, t) is considered. The Hamiltonian is

() = L? / H(Z, 1)d7. (2.4)
L

A third difficulty is that the localized momentum operator is defined as £ (j” ) essen-
tially, not by using an integration with respect to time. It has been assumed that

k= 27;” not that w; = 2’;”. For free fields, the localized momentum operator is

Py =Y ik [Bl@bi(a) + 1] 2.5)
k

For interacting fields, the localized momentum operator has the form of a Hamilto-
nian, but with bk(z) and bk(z) replacing d(¢) and ak(t)

A momentum operator should have the form eZP(z) be a vector, but in fact one
does not utilize this. The momentum operator generates translations

d .
—bk<z> [bk(z) P@)]. (2.6)

The electric strength vector is derived from the vector potential according to the
relation

A 10 .,
E(z, 1) = —EEA(z,t). 2.7)
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We decompose this operator as
E(z,) = EP @ 0+ E7@, 0, (2.8)

where  E™(z,1) (E“)(z,1)) contains the functions exp(—iwyt)
(exp(iw?)). In Shen (1967) the opposite convention is used. Then

%EH)(L =~ [EDP(, 1), P(2)]. (2.9)

St

Something is more suitable for propagation problem: We define all the quantities at
a given plane z = zq for all times and try to obtain the propagation towards z > z;.
According to equations (2.6) and (2.9), the unitary translation operator is

U(z, z0) = Sexp [% / P) dz’] , (2.10)

where S is the space-ordering operation. The space-ordered product has a similar
definition as the time-ordered product. Field operators at different spatial points z,
z0 are connected by this unitary operator:

E(z,t) = U'(z, 20)E(z0, 1)U (2, 20). (2.11)

There are indications that any “alternative” quantum theory is avoided. Such an
indication is the fact that the localized momentum operator has been derived from
the Hamiltonian density. With this in mind, we pass from the “spatial Heisenberg
picture” to a spatial Schrodinger picture. In the latter picture, a localized density
matrix (statistical operator) progresses:

p(2) = U(z,00p(0)U'(z, 0). (2.12)

Here p(0) is a given statistical operator. Then the correlation function of fields at
different times is expressed in two forms:

(EDGC 1) ... ED t)EP (@ 1) ... EP(z, 1)
=Tr{pOET @ 1) ... ED@ ) ED (@ 1) ... EP(z, 1))
=Tr{p@ET0,11)... ET(0, t,)ET(0, 1,) ... EP(0, 1)} . (2.13)

The equation of motion for a statistical operator p(z) is

iy —i[ﬁ)A ] 2.14)
a—zp(z)—ﬁ (2), p(2)] - 2.

With the help of these localized operators, the calculations for steady-state propa-
gation in a medium become the same as the corresponding calculations for a cavity
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with ¢ replaced by —£ (Shen 1967) and by Z(ﬁ (Shen 1969). The problem of beam
splitting was mentioned. Essentially, the same proposal has been included in Shen
(1969).

2.2 Nondispersive Lossless Linear Dielectric

The study of nonlinear optical phenomena and their inclusion in an effective non-
linear theory of the electromagnetic field has utilized the asymmetry of most optical
media, which are nonlinear with respect to the electric-field, but linear relative to
the magnetic field. The canonical momentum should be the magnetic induction in
place of the more usual electric-field strength. Such a theory may not be capable of
describing the Bohm—Aharonov effect. Besides such a theory we expound a simple
quantization connected to considerations of the role of the Poynting vector operator
and the momentum operator.

A description of the field distribution in space must be completed with a quantum
state of the field in quantum physics. A renewed interest in the spatio-temporal
description leads to the study of the wave functional of the electromagnetic field des-
pite the doubts of the pioneers of theoretical physics of the photonic wave
function.

On neglecting dispersion and nonlinearity, a macroscopic theory of the quantized
electromagnetic field in a medium can be very close to the usual theory of this field
in free space. In contrast to this, solutions have been disseminated, which include
the dispersion and the nonlinearity at least approximately.

2.2.1 Quantization in Terms of a Dual Potential

According to a pioneering paper of Hillery and Mlodinow (1984), the standard
macroscopic quantum theory of electrodynamics in a nonlinear medium is due to
Shen (1967) and has been elaborated upon by Tucker and Walls (1969). Hillery and
Mlodinow (1984) have pointed out some problems with the standard theory, above
all that it is not consistent with the macroscopic Maxwell equations.

One approach to the derivation of a macroscopic quantum theory would be to
begin from a quantum microscopic theory as explored in the linear case by Hopfield
(1958). The other approach is to take the expression for the energy of the radiation in
nonlinear medium, which differs from the free-field Hamiltonian in part, and to keep
interpreting the electric-field (up to the sign) as the canonically conjugated variable
to the vector potential. Then, this macroscopic classical theory is quantized. (Let us
note that it differs from Shen (1969)). The Hamiltonian formulation of the theory
consists in the noncanonical Hamiltonian

A

Hnoncan = I:IEM + I:IInoncan’ (215)
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where
a 1 2 P2\ 13
HEMZE (E°+B°)d’x, (2.16)
N 1 PN
Hinonean = E / E. PdSX, 2.17)

with E being the electric field strength operator and P being the polarization of the
medium, and the Heaviside—Lorentz units having been used. The polarization is a
function of the electric field which may be written as a power series. This theory may
be called standard. It can easily be seen that, as an undesirable “quantum effect”,
we obtain an improper expression for the time derivative of the magnetic-induction
field B.

It is assumed that the medium is lossless, nondispersive, and homogeneous. A
Lagrangian is considered which gives proper equations of motion. The electric and
magnetic fields are expressed in terms of the vector potential A and the scalar poten-
tial Ag:

IA
E=-—"—VA.B=VxA (2.18)

The appropriate Lagrangian density depends on the first partial derivatives of the
four-vector A = (Ap, A). The momentum canonical to A is IT1 = (I1y, IT), where
[Ty = 0. The vanishing of Iy indicates that the system is constrained. It has been
shown how to utilize the Dirac quantization procedure for constrained Hamiltonian
systems (Dirac 1964). It can be derived that the canonical momentum is IT = —D.
The canonical Hamiltonian has the form

H = Hgm + Hi, (2.19)

where

1
Hy = / E. [P— / P(AE)dk] &x. (2.20)

0

In order to simplify the quantization of the macroscopic Maxwell theory, the dual
potential A has been introduced along with A and A, which we call the dual vector
and scalar potentials. The relation (2.18) is replaced by

IA
D=V xA B=-—+VA,. 2.21)

It can be shown that the canonical momentum is IT* = B. Upon expressing
the canonical Hamiltonian functional in terms of the electric-displacement and
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magnetic-induction fields, the results are the same:
H=H"*. (2.22)

Then, the usual Hamiltonian theory for the electromagnetic field in a nonlinear
dielectric medium and the alternative have been quantized in the ordinary way. We
can compare

[Aix, 1), T;(x, )] = i85(x —x)1, (2.23)
with
[Aix, 0), T} (X, )] = i85 (x — xH1. (2.24)

The transverse & function has been used and made a reference to Bjorken and
Drell (1965). Hillery and Mlodinow (1984) do not mention propagation except a
paragraph on the interpretation problems, where they recommend to confine the
medium to part of the quantization volume and to place the field source and the
detector outside of the medium, being aware that they require the consideration of
propagation.

It is added that different diagonalizations indicated by the quadratic part of
the total Hamiltonian generate different kinds of normal ordering. A doubt is
expressed that there is an appropriate kind and the microscopic approach is pro-
pounded. Dispersion is also considered a reason for a microscopic theory to be
contemplated.

2.2.2 Momentum Operator as Translation Operator

In the late 1980s, the problem of propagation did not seem to be typical of quantum
optics. Abram addressed the problem of light propagation through a linear nondis-
persive lossless medium (Abram 1987). Although this model can be an appropriate
limit of the Huttner—Barnett model, we expound the main ideas of Abram (1987).
Abram criticized the modal Hamiltonian formalism, especially the inclusion of the
linear polarization term in the Hamiltonian:

2 1
nil / (E* + H* + 4y EY)dV, (2.25)
8 Vv

where E (H) is the magnitude of the electrical (magnetic) field strength, x is the
(linear) susceptibility of the material, and V is a quantization volume. This would
lead to an incorrect result, mainly to a change of the frequencies of the modes
which does not occur. He decided to extend the traditional theory of quantum
optics to describe propagation phenomena without invoking the modal Hamilto-
nian. According to him one of the propagation phenomena, refraction, suggests
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the momentum as the concept appropriate for the description of these phenomena.
Quantum mechanically, space and momentum are canonically conjugate variables.
Let us remark that microscopic models demonstrate that a Hamiltonian including
light-matter interaction can be considered. These are a good antidote against the
idea that “space and momentum are canonically conjugate variables like time and
energy’’.

Propagation of the electromagnetic field is described by the Maxwell equations:

19D

VxH=-—, (2.26)
c ot
190B
VXE=———, (2.27)
c ot
V-B=0, (2.28)
V-D=0, (2.29)

where D = E+4xP is the electric displacement, B is the magnetic induction, E and
H are the electric and magnetic field strengths, respectively, P is the (linear and non-
linear) polarization induced in the medium, and c is the speed of light. We assume
that there are no free charges or currents and that we are dealing with nonmagnetic
materials, so that B = H.

For simplicity, we shall consider only the case of plane waves propagating along
the z-axis, with the electric field polarized along the x-axis and the magnetic field
along the y-axis. This reduces the Maxwell equations to scalar differential equa-
tions, the directions of all vectors being implicit. We shall further assume that light
is propagating in a linear dielectric, where the induced polarization is at all times
proportional to the incident electric field:

P =yE, (2.30)

where we assume the susceptibility of the material for simplicity to be a scalar
(neglecting its tensorial properties), independent of frequency (no dispersion). It is
convenient to define also the dielectric function € of the material

e=1+4my, (2.31)

and the refractive index n,
n = €. (2.32)
The change in the total energy which is given by the integrated energy flux (the
Poynting vector) over the surface of a body or volume is proposed in Abram (1987)

as the proper quantum-mechanical Hamiltonian. The change in the total momentum
is given as the integrated flux of the Maxwell stress tensor. The momentum is treated
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on the same footing as the Hamiltonian. However, the enigma of the Hamiltonian
(2.25) is solved. We may consider a square pulse which enters a dielectric. The total
energy is conserved, but the energy density is increased by a factor of n, because
the volume V reduces to V/ = % In volume V'’ the wavelengths of the modes
become A = %, but the oscillator frequencies remain unchanged. It is interesting
that in the absence of reflection, the electric and magnetic fields of the transmitted
(T) waves in the dielectric are related to the corresponding incident (1) fields in free
space by

Er = —E,, (2.33)

Hr = \/nH,. (2.34)

This change in the energy density implies a similar increase for the total momentum
of the pulse, the components of which are always proportional to the wave vectors
of the excited modes. In propagation along the z-axis the Maxwell stress tensor is
replaced by the energy density.

When the propagation along the +-z-axis in free space is considered with the elec-
tric field polarized along the x-axis and the magnetic field along the y-axis (x = 0,
€ = 1), the electromagnetic vector-potential operator A = A(z, t) is usually written
as(h=1)

1
~ 27 \?2 - . . .
Az.n=c) (—Vw) (a}e'w/"—‘kﬂ + a‘,e—“"ﬂﬂkﬂ) : (2.35)
; J
J

where &}, a; are the creation, annihilation operators, respectively, for a photon in
the jth mode of the wave vector k; (with k_; = —k;) and the frequency w; = cl|k/|
fulfilling the Bose commutation relations. To simplify the notation, we omit unit
vectors. It is convenient to rearrange equation (2.35) in a manner that is familiar to
solid-state physicists,

1
~ 2 2 L . .
Azn=cY (V—Z> (a}e'wf’ ta ,-e—'wf’) ki, (2.36)
i J
J

The electric and magnetic field operators may be obtained as

. 19,
E@n=—-—A@n=3 %
J

2w\ s -
:_iZ< ”V“)’> (B b)), (2.37)
J
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and

=—i) s <2’”"f>2 (b +5_)). (2.38)

where s; = sgn j and
Bj = ajemiontike (2.39)
When products of these operators are encountered, we suppose that they are sym-

metrized. The Hermiticity of the operators E = E(z,t) and H = H(z, 1) can be
verified using the relations

ol =2, (2.40)
hj =h_;. (2.41)
The energy density operator can be written as
P (E* + £7) (2.42)
8w
= it (2.43)
J
1 A A A
=% (éje-j +hjh_;)
J
1 Aba oAb A A
i ]
=37 2o, (16 +51 b +1) (2.44)
J
1 ta 1.
=v 2% bjbj+§1 . (2.45)

The energy fluxes due to the forward (backward) waves alone can be expressed
uniquely:

A @ (15 L5\ - i (3th, + 14
u+=l Vj<bjbj+§1),u—=27](bjbj+§1 . (2.46)
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The total momentum operator G is then
.V ata 1.
- 0 ho) — Apth. =
G=—(,—0)= Zk, (bjb, + 21) . (2.47)
J

It is important to understand the relations (3.9) and (3.10) in Abram (1987) well.
We interpret (3.9) concerning elementary quantum mechanics as

a
(2lp:=l¥) = —ih—{zl¥). (2.48)
Z

where |z) are position coordinate states and |y/) is an arbitrary pure state. The simi-
larity with equation (3.10) from Abram (1987)

99 _ 6. 0. (2.49)
0z

where Q is any operator, fades. We would prefer a definition of the operator Q. Let
us consider

0=0(@1=0[Ez1), Hz 1), (2.50)

where Q[e, o] is a formal series in £ and H. Since the differential operator aa_z is
just as differentiation as the superoperator —i[G, ], it suffices to verify the relation
(2.49) for O = E, H. Itis true at least in the situations treated in Abram (1987).

Although the operators 13_,- = B_,-(z, t) are studied using (2.49), the Heisenberg
equation of motion, and the initial condition

b;(0,0) = a; (2.51)
as appropriate for any operator Q(z, ), we perceive that the operators do not obey

our definition of the operator Q.
We may calculate the Poynting vector operator as

N N c o oa
S = EEHza;ejh,j (2.52)
_ cwj (a4 1.
_;sJ-T (bjb,-+51). (2.53)

The Poynting vector operators due to the forward (backward) waves alone can be
expressed uniquely:

A cw; [ nata 1. o cw; [ ata 1.
S, =3 71 <bj.bj+§1), S == 71 <bj.bj+§1). (2.54)

Jj(>0) J(<0)
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The total energy operator of the free field inside the volume of quantization is thus

ZOZZ(S+—§_)=ij (13}13,~+%i>. (2.55)
J

g

c

The investigation of the case x # 0, € # 1 does not lead to any new expansions
of the field operators £ and A . The individual components of the rearranged elec-
tric and magnetic field operators according to (2.37) and (2.38) satisfy a modified
operator algebra with respect to that of the harmonic oscillator:

(. &1 = [hj, h1=0, (2.56)

. a drw; A
[, l=s_; ( v ! ) S_jil, (2.57)

where 6 ; is the Kronecker § function. The knowledge of these commutators and of
the generalized total momentum operator G, the derivation of (2.42) through (2.47),
should have been generalized accordingly, e.g. the relation (2.42) becoming

Y

= (B4 )
1 -
=— ) (etje_;+h;h_), (2.58)

8w
J

which enables us to derive the Maxwell equations both via the temporal derivatives
and via the spatial derivatives.

The energy density operator (2.58) can be generalized. In the expansion (2.43)
we can set il j = il j refr,

[ON] AL A ~ ~ ~ ~ ~ A
et = 5 {16+, —2mx (B —b5) (b1, - b))} @59

The energy density operator ii..;; may be diagonalized through a Bogoliubov trans-
formation. To this end we introduce an anti-Hermitian operator R of the form

R=Y"(bjb; - blb.)) (2.60)
and introduce the operators
Ej = e_VRlAJjeVR = (cosh y)l3j — (sinh y)lAat_j, (2.61)

where

1
y = Zlne = —Inn. (2.62)
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On substitution

by = e"®Bje "R = (coshy)B; + (sinh ) B , (2.63)
the operator R takes the form
R=Y" (BB, - BjB.,). (2.64)
J
and the energy density operator has the diagonal form
N nOj (ptp B gt
ot = 5o (BB +B,BL)). (2.65)
The momentum operator is then given by
R v . Sta 1.
Grefrz?(m—uf):ZK, BiB;+31). (2.66)
J

with K; = nk; and the Hamiltonian can be calculated as

STRL
Hiete = Zw, <B B; 1) (2.67)

By inserting (2.63) into (2.37) and (2.38), respectively, we can obtain the electric
and magnetic field operators inside the dielectric:

A 2nw; A B
B 1= —iZ( Zé)’> (B - B_)) (2.68)
J

and

R 2rnwi\? as o
H(Z,t)z—iZsj( ”3"”) (Bl + B_)). (2.69)
J

Similarly as above, this relation can be interpreted as a result of the replacement
b j > B ; and a consequence of the quantized classical equations (2.33) and (2.34).

For normal incidence on a sharp vacuum-—dielectric interface, both reflection and
diffraction occur. We will not treat this more general case according to
Abram (1987).
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2.2.3 Wave Functional Description of Gaussian States

Bialynicka-Birula and Biatynicki-Birula (1987) have tried first to define the squeez-
ing that is a generalization of the standard definition for one mode of radia-
tion. This definition can be reformulated with respect to Biatynicki-Birula (2000).
The Riemann-Silberstein—Kramers complex vector has been introduced

1 [D(r,t) .B(raf)} (2.70)

F(r, 1) 7 NG +1 N
where we have divided by ./€q, /ito, as is appropriate with SI units. It has been
shown how the Green function method can be used for solving linear equations for
the field operator F(r, ¢). This approach allows that the medium under investigation
is inhomogeneous and time dependent. It is not clear whether the complex vector
(2.70) is then useful. It has been suggested that the periodicity of the electric per-
mittivity tensor €(r, ¢) or the magnetic permeability wu(r, ¢) can be important for
the generation of squeezed states. Only the dispersion of the medium has not been
considered. It has been derived that photon pair production is a necessary condition
for squeezing.

It is tempting to generalize the concept of a Gaussian state of the finite-
dimensional harmonic oscillator to the case of an infinite oscillator. Biatynicka-
Birula and Bialynicki-Birula (1987) treat the time development of the Gaussian
states in the free-field case. There the Schrodinger picture is adopted and an ana-
logue of the Schrodinger representation in quantum mechanics has been introduced.
Let us recall the quadrature representation in quantum optics. This representation is
a wave functional W[A, ¢]. Let us observe that contrary to the operator A(r, t), the
argument A(r) of the wave functional does not depend on ¢, but the wave functional
does depend on ¢. The Hamiltonian in this representation has the form

H—lf{—h—zi+i[v A( )]2}d3 2.71)
= . 5A(l‘)2 0 X r r. .

In Bialynicka-Birula and Biatynicki-Birula (1987), the wave functional of the vac-
uum state, i.e. the simplest Gaussian state of the electromagnetic field, can be found,
as well as that of the “most general”. Thus, the exposition is confined to pure
Gaussian states while it is possible to generalize it also to mixed Gaussian states
of the electromagnetic field. The pure Gaussian state is determined by a complex
matrix kernel, i.e. by two real matrix kernels. It is shown that the expectation values
B) = Band (D) = D (equivalently, (E) = &) evolve according to the free-field
Maxwell equations and also the equations which the complex matrix kernel obeys
can be found there.

The whole electromagnetic field is treated as a huge infinite-dimensional har-
monic oscillator. The wave function and the corresponding Wigner function become
then functionals of the field variables. Mréwczyriski and Miiller (1994) have
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considered only the scalar field. Biatynicki-Birula (2000) starts from the wave func-
tional of the vacuum state (Misner et al. 1970)

WolA] = Cexp[ s \/?" / / (r) S - B@) drd’r ] (2.72)

and from the wave functional (we change A —> —-D)

\ilo[—D]zCexp[ 2h\/m/[ () /|2 D(r/)d3rd3r’]. (2.73)

The normalization constant C is an issue and it has not been completely solved in
Biatynicki-Birula (2000). The analogy with the one-dimensional harmonic oscilla-
tor leads to other notions. The Wigner functional of the electromagnetic field in the
ground state is

WolA, —D] = exp{—2NI[A, —D]}, (2.74)

where

_ b OB B
N[A, —D]_4”2hf/[ MOB(r)|r_r/|2 B(r)
+ By ——— . pa )} drd’r. (2.75)
€0 Ir —r'|?

The expression (2.75) also plays the role of a norm for the photon wave function
(Biatynicki-Birula 1996a,b). The Wigner functional for the thermal state of the elec-
tromagnetic field has been presented. This state is mixed and it even has infinitely
many photons in the whole field. In each of the subsequent cases, the wave func-
tional and the Wigner functional have been introduced. The exception, the mixed
state, has no wave functional. Let us remark that for (the statistical operator of) such
a state the matrix element can be considered which is a functional of two arguments,
Aand A'.

In particular, the Wigner functional for the coherent state of the electromagnetic
field | A, —D) has been presented, where A(r), D(r) are the vector potential and the
electric displacement vector, respectively, which characterize the state. The exposi-
tion is related to the hot topic of the superpositions of coherent states of the electro-
magnetic field. The exposition continues with the Wigner functionals for the states
of the electromagnetic field that describe a definite number of photons. An example
of the functional for the one-photon state with the photon mode function f(r) has
been included.

The norm (2.75) has not been related to any inner product of the photon wave
functions, but these notions are connected. In contrast to Biatynicka-Birula and
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Biatynicki-Birula (1987), we introduce quadrature operators as

X,[D] = / D(r, 0) - f(r) d’r, (2.76)
X,[B] = / B(r, 0) - g(r) &r, (2.77)
where
fr) = / Mo 1 pnydir (2.78)
472h € [r—r|? ’ ’
— 1 3.0
8(r) = 472h / PTEE FoppoEer 2.79)

The commutator of the X 1 and X 2 operators is
[X1[D], X2[B]] = ih / f(r) - [V x g)]d’r. (2.80)

Let us note that the right-hand sides of (2.78) and (2.79) comprise the operator |V|~!
up to a certain factor (cf. Milburn et al. 1984). Without resorting to this notation, we
obtain that

[X,[D], K2(B1] / Dry) - Ay &r . 2381)

We see easily that the usual commutator —%ii is yielded by the field (D, B) (or
(A, —D)) with the property

/ [—=D(r))] - A(r)) d’r; = 2h. (2.82)

We have not deepened the contrast by introducing the notation X 1[—=D] and X 5[ A]
on the left-hand sides of (2.76) and (2.77).
Biatynicki-Birula (2000) presents the Wigner functional for the squeezed vacuum

state:
1 €0 ,
qu[A, —D] =exXp|—+ —B- KBB -B
h Ko
+ /"D . Kpp - D' +B - Kgp .D/> d3rd3r’], (2.83)
€0

where Kgg, Kpp, and Kgp are real matrix kernels. The kernel Kgp is not inde-
pendent of Kgg and Kpp, but it must obey the condition that is reminiscent
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of the Schrodinger—Robertson uncertainty relation (Bialynicki-Birula 1998). The
problem of the time evolution is also discussed. It has been conceded that the
Wigner function is not a very powerful tool for making detailed calculations. Just
as in the field theory, the symmetric ordering is vexed. Another open question
is how the projection of this Wigner functional onto Wigner functions of any
orthogonal (complete or incomplete) modal system looks out. It is appropriate to
mention here work concerning the photon wave function (Inagaki 1998, Hawton
1999, Kobe 1999), although it is relevant mainly to the electromagnetic field in
vacuo.

Using a straightforward procedure, Mendonca et al. (2000) have quantized the
linearized equations for an electromagnetic field in a plasma. They have determined
an effective mass for the transverse photons. An extension of the quantization pro-
cedure leads to the definition of a photon charge operator. Zalesny (2001) has found
that the influence of a medium on a photon can be described by some scalar and
vector potentials. He has extended the concept of the vector potential to relativistic
velocities of the medium. He has derived formulae for the mass of photon in resting
and moving dielectric and the velocity of the photon as a particle.

2.2.4 Source-Field Operator

Knoll et al. (1987) have compared the problem of quantum-mechanical treatment
of action of optical devices with the input—output formalism (Collett and Gardiner
1984, Gardiner and Collett 1985, Yamamoto and Imoto 1986, Nilsson et al. 1986, cf.
also Gea-Banacloche et al. 1990a,b). Apart from the fact that only a very particular
setup is considered in the input—output formalism, the theory does not take into
account the full space—time structure of the field.

Knoll et al. (1987) have elaborated on the approach developed on the basis of
quantum field theory and applied to the problem of spectral filtering of light (Knoll
et al. 1986). The only assumptions are that the interaction between sources and
light is linear in the vector potential and the optical system is lossless and that the
condition of sufficiently small dispersion is fulfilled. First, the classical Maxwell
equations with sources and optical devices are formulated and solved by the proce-
dure of mode expansion and the quantized version is derived. The classical Maxwell
equations comprise the relative permittivity

e(r) = n’(r), (2.84)

where n(r) is the space-dependent refractive index. The mode functions A, (r) are
introduced as the solutions of equation

2
V 5 (V x A1) — €2 A, () = 0, (2.85)
.
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where w? is the separation constant for each A, from which the gauge condition can
be derived

V - [e(r)A; ()] = 0. (2.86)

It is assumed that these solutions are normalized and orthogonal in the sense of
equation

/ (DAL - Ay (r)dr = 8,0 1. (2.87)

In terms of these functions, the vector potential can be decomposed. In the standard
manner the destruction and creation operators @, and &I are defined, which have the
properties

[y, &i/] =&ul,

[0y, a,] =0 =1a),al,]. (2.88)

On inserting the operators @, and &l into the decomposition of the vector potential,
the operator of the vector potential A(r, ¢) is defined:

Awn =Y Am[am+aln)]. (2.89)
A

The source quantities r, and p, are considered as the operators ¥, and p,, which
obey the standard commutation relations

[fkaa ﬁk’u’] = ihaaa’Skk’ia
[Fkas Frarl = 0 = [Pkas Pral, (2.90)

and the commutation relations

] [
[(Pra> @] = 0 = [pra, @] 1. 2.91)

The operator A(r, 1) can be used for the derivation of the electric-field strength
operator which is associated with the radiation field by the relation

E(r, 1) = —%A(r, 1) (2.92)

and for the derivation of the magnetic field strength operator

B(r,1) =V x A(r, 1). (2.93)
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Nevertheless, the mode functions are redefined so that they obey the normalization
condition

/ e(mA,(r) - Ay (r)d’r = U Srar. (2.94)
2€qwy,

The form of the normalization conditions (2.87) and (2.94) is tailored to real-
mode functions and the necessity of modification of some fundamental relations
is commented on by Knoll et al. (1987). All of these field operators may be written
in the form

Fen=Y [Fx(r)&,\(t) T Fj(r)&,\(t)] . (2.95)

A

In dependence on the choice of the operator I:’(r, t), the functions F,(r) can be
derived from the mode functions of the vector potential A; (r).

It is often convenient to decompose a given field operator F(r, 7) into two parts
by the relation

F(r, 1) = FP@, 1) + FO@, 1), (2.96)
where
FO@, )= Fu@a, ). (2.97)
A
FOr, 1) = [FP(r, 0. (2.98)

Further, the Heisenberg equations of motion for the field operators are derived,
so that the field operators can be expressed in terms of free-field and source-field
operators. It is typical of the approach of Knoll et al. (1987) that any field oper-
ator I:“k(ﬂ is decomposed into a free-field operator and a source-field operator as
follows:

FP@ 0= EGLx 0+ B, 1), (2.99)
where
ED 0 =3 Fo e, (2.100)
A
F(r, 1) = / / 0t — K (r, 1,1, 1) T (', t) & dr’. (2.101)

Here vector components are labelled by the index k and repeated indices k" mean
summation.
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Unfortunately, the operator d; () was not defined, so that we may only guess
that djgree(?)|,—;, = ax(to) for t = 1o, and the dynamics for ¢ > fy can be found

in Knoll et al. (1987). In equation (2.101), the kernel Kj; is defined by the
relation

/ / 1 / . /
Kige(r, 120, 1) = — o Y Fua ) Af, () expl—iwy (¢ — 1)]. (2.102)
A

Inserting equation (2.99) yields the following representation of F, k(+):
)
= f / 0t — 1)Ky (r, 130, 1) Jp (o, 1) ' dr’ + ) (x, 1), (2.103)

In particular, if £, ,§+) is identified with the vector potential AP it holds that Fy, =
Ay, and the kernel K takes the form

/ ’ 1 / : /
K (r 60 1) = = 3~ A (DAL, () expl—ion(t — ). (2.104)
s

Analogously, if one is interested in the electric-field strength of the radiation E,i”,
the appropriate form of the kernel Ky is

’oL 1 % .
K (r,t;r', 1) = -z Za),\Ak,\(r)Ak,A(r’) expl—iw,(t — t)]. (2.105)
A

So the symmetry relations
Kio (e ' 1) = FKu (', 1'sr, 1) (2.106)

are valid for Af’) and IA:",((H, respectively. The information on the action of the opti-
cal instruments on the source field is contained in the space—time structure of the
kernel Ky, which may be regarded as the apparatus function also used in classical
optics.

Further, the commutation relations for various combinations of field operators at
different times are studied and relationships between field commutators and source-
quantity commutators are derived. The following abbreviations of the notation are
used:

X ={r.1} (2.107)
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and others, by which the superscripts +, — are introduced also for Ji(x) and
Ky (x, x"). With these generalizations, it holds that

EP @) = Efpeo + B, = +. - (2.108)
F(x) = / 0t — YK (x, )P () d'. (2.109)

When appropriate, the time ordering symbols 7. and 7_ are used. Let us consider
any operator product A;(#;) Ax(t)...A,(t,). The symbol 7. introduces the time
ordering of the operators A, (#;) with the latest time to the far left:

L ALt As(02)... A (1)
= Ail(til)Aiz(tiz)'-'Ain (Z‘,‘n) with ty, >ti, > >1, (2.110)

and the symbol 7_ introduces time ordering of the operators A,-(ti) with the latest
time to the far right:

T A\ (1) Ay(1r)... A (1)
= A, ()AL (). A, (1) with 1, < 1, < --- < 1;,. (2.111)
From (2.91) it follows that
(F ), B ()] = [ (), B (x0)]
+ Dy, x0) — DY (x, x1), (2.112)
where
DI (xy, x0) = — / / 0(ty — 1))0(ty — 1)0(t] — 17)

®K,E{,1{); (x1, x;)K,gZ(xz, x;)[},j{”(x;), ],gz)(x;)] dx! dux}. (2.113)

From an inspection of equation (2.113), we readily learn that
DI (xy,x0) = 0if 1y > 1. (2.114)

The commutators in (2.112) are

[F ), B )] =0, j =+, —. (2.115)
[ET) (), FS) (o) = F i 2.116
ki free 1) kofree xz)] - k]kg(-xlv x2) ’ ( . )
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where

Fioio(x1, X2) = Y Fia (0 F, () expl—iws (t — 1)]. (2.117)
A

It would be interesting to find the particular forms of the commutators between A
and E or between A and £,

Further, these commutation relations are used to express field correlation func-
tions of free-field operators and source-field operators and to describe the effect of
the optical system on the quantum properties of light fields.

The method of transformation of normal and time orderings is demonstrated for
the following important class of correlation functions:

G%iflk)mﬂ X1y wees Xintn)

m m-+n
(|| |5 T ). e

=l j=m—+1

This transformation is understood in the relation
TEP ) (x0)
=0, [ﬁ;;ﬁee(xl) + F,fl?(xl)] [F,f;ﬂee(m) + Fk(;)(xz)] : (2.119)

In equation (2.119) and the following ones the ordering symbols O, and O_ are
used. The symbol O, introduces the following ordering of operators Fk(:)(x,-),

7 (+) .
ijfree(xj)'
(i) Ordering of the operators F, ,f::)(xi), I:",Sffr)ee(x 7) with the operators F,f;ﬂee(x_j) to

the right of the operators F, k(:g)(x,-).
(ii) Substitution of equation (2.109) for the operators F ,f:)(xi) and 7, time ordering

of the source-quantity operators .7;4 (x}) in the resulting source-quantity operator
products before performing the integrations with respect to #.

The symbol O_ introduces the following operator ordering in products of operators
B, B e (x)):

kjfree

(i) Ordering of the operators f’,fi;)(xi), o) (x;) with the operators F,ff) (x;) to

kjfree Jfree
the left of the operators F, k(;)(x,-).

(i) Substitution of equation (2.109) for the operators F, k(;)(xi) and 7_ time ordering
of the source-quantity operators .72 (x}) in the resulting source-quantity operator

products before performing the integrations with respect to /.



2.2 Nondispersive Lossless Linear Dielectric 29

Equation (2.119) may now be generalized:

T [1570) = 0. [F,f*@ee(x_,-) + F,f;>(x_,-)] , (2.120)
j=1 j=1
T[] @) =0- ]_[ [F,f Do+ ﬁ“;/;)(xj)] . (2.121)

Using relations (2.118), (2.120), and (2.121), we may represent the correlation func-
tions as

G (X1, s X))

m +n

~(fo- T+ #2)

m+n
1o, ] [F,f*fjee(xj)+ﬁ,§_;>(xj)] > (2.122)
j=m+1

When at the points of observation the following conditions are fulfilled

(o i) =0=(FG - ) (2.123)

kfree

then the relation (2.122) can be simplified:

G(m n)m+” (-xl 5 ey xm+n)
m m+n
- < o [[EJep| o [T Blep > (2.124)
j=1 j=m+1

When written in more detail, into the relation (2.124), the complex kernels K, kK, (xj,
x}) are introduced.

It is noted that the effect of the beam splitter that is used for mixing of source
light with the reference beam in the case of homodyne detection is described by the
assumption that the reference light beam is a free field. In Knoll et al. (1987) the
relation (2.122) is specialized to a multimode coherent free field |{«; }),

EE ola)) = F@las)), (2.125)
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that is to say

Gl(crln,nk)er,, 1y ey Xmtn)
- < o T1[7 wnt+ k)]
=1
m+n
®10s [] I:fk,-()cj)l-FF]f/‘:)(xj)] > (2.126)
j=m+1

Finally, the theory is applied to the photocount statistics. Following Glauber’s
theory of photon detection (Glauber 1965, Kelley and Kleiner 1964), the probability
of observing precisely n events in a counting time interval [¢, 4+ At) is given by the
relation

pa(t, At) = <sz ! [[@, An] exp [T, At)]>, (2.127)

n!

where
R t+At t+At . R
Pe.an=>3" f / Sty — ) E (@, )EL (v, ) dr dry, (2.128)
i t t

may be interpreted as the operator of the integrated intensity. Here r; are position
vectors of the detector atoms and S(7) is a response function. Let us note that one
usually assumes that

St — 1) = né(t — 1), (2.129)

with some 7. In relation (2.127), the ordering symbol £ introduces the following
operator ordering:

(i) The normal ordering of the operators E,((_)(x), E,EH(X) with the operators
E,Ef) (x) to the left of the operators IA:",((H (x).

(ii) 7. ordering of the operators E,(f)(x) and 7_ ordering of the operators E,E_)(x).

In analogy with (2.122), relation (2.127) becomes

1 " .
pn(t,At):<O [T, AD)]" exp[—T(t, At)]>, (2.130)

n!
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where the € ordering is simply replaced by the O ordering defined as follows:

(i) The normal ordering of the operators E N (x) EC) (x), E (H x), E (+) (x) with

kfree kfree

the operators E (x) E kfree(x) to the left of the operators E (+)(x) E,((;rrie(x).

(i) O, ordering of the operators E (+)(x) E,Egie(x) and O_ ordering of the opera-

tors E,((S (x), E,({frie(x).
The fulfilling of the conditions (2.123) causes a modification of relation (2.128) as
follows:

. t+At t+At .
F(t,At):Z/ / St — ) E @, )ED (v, ) dn dip. (2.131)
i t t

In the case of mixing the source field light with a coherent free-field reference
beam, there is an analogy with the relation (2.126):

. t+At 1+At
P, an=>%" / / St — 1)
i t t

x [5,:@,-, mi+ £, z.)] [Sk(ri, 1+ EP,, l‘z)] dndn.  (2.132)

A generalization of the Wick theorem on transforming a time-ordered product onto
a sum of normally ordered terms was performed by Agarwal and Wolf (1970).

The quantum theory of the radiation field interacting with atomic sources in
the presence of a linear, dispersionless, and absorptionless dielectric with space-
dependent refractive index has been applied to the description of the action of a
resonator-like cavity with input—output coupling and filled with an active medium
(Knoll and Welsch 1992).

2.2.5 Continuum Frequency-Space Description

Blow et al. (1990) have formulated the quantum theory of optical wave propagation
without recourse to cavity quantization. This approach avoids the introduction of
a box-related mode spacing and enables one to use a continuum frequency-space
description. In this chapter and in that by Blow et al. (1991) a continuous-mode
quantum theory of electromagnetic field has been developed. As usual in the quan-
tum field theory, the box-related modes are considered whose creation and destruc-
tion operators satisfy the usual independent boson commutation relations:

[a;, 411 = ;1. (2.133)

Different modes of the cavity, labelled by i and j, have frequencies given by dif-
ferent integer multiples of the mode spacing Aw. The mode spectrum becomes
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continuous as Aw — 0 and in this limit the transformation to continuous-mode
operators is convenient:

4 — VAo a(w). (2.134)

A complete orthonormal set of functions was considered which may describe states
of finite energy. The set is numerable infinite and to each function in it a destruction
operator is assigned. Such operators have all the usual properties of the operators of
the monochromatic mode.

Further specific states of the field have been treated such as coherent states, num-
ber states, noise and squeezed states. With the use of noncontinuous operators, a
generalization of the single-mode normal ordering theorem was proved. Field quan-
tization in a dielectric has been treated including the material dispersion and the
theory has been applied to the pulse propagation in an optical fibre. A comparison
with results by Drummond (1990, 1994) would be in order.

Let us consider the fields in a lossless dielectric material with the real relative
permittivity €(w) and the refractive index n(w) related by

e(w) = [n(w)]*. (2.135)

Let us recall the definition of the phase velocity

@=2=— (2.136)
vp(w) = — = —— .
F k n(w)
and that of the group velocity vg(w)
1 ok 19
= = - —[wn(w)]. (2.137)

vg(w) T 0 cdw

The normalization of the field operators is fixed by requirement that the normally
ordered total energy density operator U(z, t) has the diagonal form:

o0
Hpree = A/ Uz, t)dz = / hwd!(w)a(w) do. (2.138)
The field operators are obtained in accordance with the relation
() 9 4 +) R 9 4 +)
EY(z,t) = ——A"(z,1), B"(z,t) = —A"(z, 1) (2.139)
at 9z
and with the expansion of the vector-potential operator

R 00 ﬁUG(CU)
-+ = T
ATz, ) = K MW

x Y ek, Mack, ) expl—i(wt — kz)] dk. (2.140)
r=1,2
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Noting that

dk = 22 ak. 3) = Vos@iw). (2.141)
vg(w)

and taking the polarization to be parallel to the x-axis, it follows from (2.139) that
the field operators are

(+)
EPGn = 1/ \/ 4neocAn(a))

X d(w)exp {—w) |: n(w)z] } dw (2.142)
c
and
A hon(w)
(+) _
BMen = 1/ degc3 A
X &(w) exp {—iw [r - ”(w)z]} do. (2.143)
c

Alternatively, the propagation constant can be expanded to the second order in
frequency and a partial differential equation can be obtained (cf. Drummond 1990).
Assuming a narrow bandwidth, the slowly varying field envelope can be represented
by the operator a(z, t), which obeys the equation

" a2

0
— t
1 a(z )+282

a(z,t) = (2.144)

where k” is the second derivative with respect to the frequency of the propagation
constant, evaluated at the central frequency. The equation has been simplified using
the transformation of envelope into a frame moving with the group velocity. This is
necessary for the envelope to be slowly varying. In the classical nonlinear optics the
stationary fields have also envelopes, but they seem to be defined otherwise.

The treatment of this problem in the noncontinuous basis proceeds from the
replacement

az.n =Y ;. 12, (2.145)
J

where ¢;(z, t) are a complete orthonormal set of functions on z and ¢; are destruc-
tion operators obeying the usual commutation relations. The advantage of this treat-
ment is that the functional dependence on z and ¢ is contained in the c-number
functions rather than the operators a(z, t) as in the propagation equation (2.144)
for example. It is not emphasized by Blow et al. (1990) that the solution of
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equation (2.144) preserves the equal-space, not equal-time, commutators. Similarly,
the set of functions ¢;(z, t) enjoys the orthonormality and completeness only as the
equal-space, but not equal-time, properties. The propagation equation (2.144) now
yields the following equations for the noncontinuous basis functions:

9 7 a2
i—¢i(z, 1)+ ——¢;z,1)=0. 2.146
B e S (2.146)

Finally, the process of photodetection in free space is considered and the results
applied to homodyne detection with both local oscillator and signal fields pulsed.
The results of sets of measurements in which the photocurrent is integrated over

periods T can be predicted by the use of an operator

. +T

M= / al(na)dr. (2.147)
Here 7 is the start time of the measurements, the detector is placed at z = 0, and

at) = a(w) exp(—iwt) dw. (2.148)

7
2

Let us further consider a balanced homodyne detector in which the light beam under
study is superposed on a local oscillator by combining them at a 50:50 beam splitter.
The measured quantity is the difference in the photocurrents of two detectors placed

in the output arms of the beam splitter and it can be represented by the operator
(Collett et al. 1987)

+T
0=i / [a'(aL() — a) (na)] dr, (2.149)

where &{(t) and day (¢) are the continuum creation and destruction operators of the
local oscillator field and a'(¢) and éa(t) correspondingly for the signal field.

For homodyne detection of pulsed signals it is advantageous to use a pulsed local
oscillator. The pulsed signal is described by the noncontinuous basis function ¢ (t)
and the local oscillator is described by a normalized function ¢y (¢), the field of the
local oscillator being in the coherent state |{oy (#)}), where

ar(t) = v/ Ny exp(i6L )¢ (1), (2.150)

with N the mean total number of photons in the pulse and 6 the externally con-
trolled local oscillator phase. Let us recall the definition of a coherent state:

l{a()}) = D({a®))I0), (2.151)

with

Dl = exp | f el - a* a1}, (2.152)
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which is close enough to that by Blow et al. (1990) except for the exchange of space
for time. It is assumed that the signal field is described by a set of noncontinuous
operators d; at the output of a nonlinear system and the signal field at the input to
the system is described by a similar set of operators ¢;. The action of the nonlinear
system is defined by the relations

- . A
do = uo + ve,,

di =2¢;,i >0. (2.153)

In the relation (2.149) it is necessary to substitute

a@y ="y _ ¢i(t)d:. (2.154)

In analogy, we consider

au(t) =y gi(én, (2.155)

where the subscript L only modifies the familiar meanings and ¢ (f) = ¢ (¢).

It is shown how the formulation of the quantum field theory is modified for the
one-dimensional optical system. The fields are defined in an infinite waveguide
parallel to the z-axis, but of finite cross-sectional area A of the rectangular form
with sides parallel to the x- and y-axes. The x and y wave-vector components are
thus restricted to discrete values and any three-dimensional integral over this spatial
region is converted according to

2
/d3k—> @m) Z/ dk,. (2.156)
A Ky ky

On the assumption that the modes with k, # 0 or k, # 0 are vacuum ones, a
reduced Hilbert (namely Fock) space can be exploited. The summation in (2.156)
can, therefore, be removed and putting k, = k, the other conversions are

Ok _ K _
sk — K) — (2n)25(k k), (2.157)
ak, A) — —2‘ A&(k, ). (2.158)
T

The vector-potential operator has been modified for the dispersive lossless medium
and compared with Drummond (1990) and Loudon (1963), the positive-frequency
part is
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~ hvG(a))
(+) _ A
AT D = / \ 1673€pcon(w)

x Y ek, Mack, 2)exp[—i(wt — k- 1)] &k, (2.159)
r=1,2
C
0= muq. (2.160)

The expression (2.159) can be converted to the one-dimensional form easily (as
indicated above, cf. (2.140)).

McDonald (2001) has considered a variation of the physical situation of “slow
light” to show that the group velocity can be negative at central frequency. A Gaus-
sian pulse can emerge from the far side of a slab earlier than it hits the near side
and the pulse emission at the far side is accompanied by an antipulse emission, the
antipulse propagating within the slab so as to annihilate the incident pulse at the
near side.

2.3 Quantum Description of Experiments with Stationary Fields

Burnham and Weinberg (1970) found that the measured value of the correlation
time between the two optical photons produced in a parametric process was very
small, an effect of a practical interest. Laboratory techniques for doing experi-
ments with single photons also have advanced. Since 1985, such photon pairs
have become familiar for the study of nonclassical aspects of light (Horne et al.
1990).

The process of optical parametric three-wave mixing in a second-order nonlinear
medium consists of the coherent interaction between pump, signal, and idler waves.
This process may occur as frequency down conversions, specifically as an optical
parametric oscillation and an optical parametric amplification. In a travelling-wave
setting, the optical parametric generation is called a spontaneous parametric down-
conversion. The photon pairs (biphotons) produced in parametric down-conversion
are useful in experiments concerning fundamental questions of quantum theory. The
description of experiments has been facilitated by studies of Campos et al. (1990).
The autocorrelation and cross-correlation properties of the signal and idler beams
produced in the parametric down-conversion have been studied, e.g. in Joobeur et al.
(1994). A unified treatment of the experiment on the interference of a “biphoton with
itself” and of other three experiments has been provided by Casado et al. (1997a).
A fourth-order interference has been obtained in the four cases, and the uniformity
has been achieved also by the use of the Wigner (or Weyl) representation of the
field operators. A similar treatment of the famous experiment and of another one
has been presented by Casado et al. (1997b). A second-order interference has been
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treated in the two cases and the stochastic properties of the pump beam have been
respected.

The studies of the fundamentals of quantum mechanics underlie such interest-
ing applications as quantum cryptography and quantum computing (Bowmeester
et al. 2000). The experiments have become very popular (Shih 2003). Design
of experiments for undergraduate students has become feasible (Galvez et al.
2005).

Here we return from the Wigner to the Hilbert-space formalism as in Pefinova
and Luks (2003). First we consider the three-dimensional expansion of the operator
of a chosen component of the electric vector after Casado et al. (1997a). As in
the schematics of the experiments the field is restricted to paths leading to detec-
tors, we introduce one-dimensional expansions of the electric-field operator. We
attempt to consider orthogonal modal functions, although we cannot define them
everywhere, but only on the paths. We are aware of the dangerous position, where
one cannot evaluate the orthogonality property for the lack of a complete definition.
In this approach we do not start with the description of the process of parametric
down-conversion from a Hamiltonian, but with the response of the output fields of a
nonlinear crystal to the input fields (Casado et al. 1997a) when two paths cross such
a crystal. Such a response depends also on stochastic properties of the pump beam,
which is assumed to be monochromatic however. The experiment on the interference
of signal and idler photons (Ghosh et al. 1986) can do with the simple description,
when the lack of the second-order interference is derived. In the use of two detectors
we consider four paths and modify (double) the description. Nevertheless, we do not
reproduce the well-known result.

Similarly we proceed in the case of the experiment of Rarity and Tapster (1990),
which was also used to test Bell’s inequality using phase and momentum. In con-
trast, in the case of the experiment of Franson (1989) we are allowed to return to the
simple description, as essentially two paths are involved, even though the schematic
is more complicated. This experiment was proposed in order to test a Bell inequality
for energy and time.

Next we deal with induced coherence and indistinguishability in two-photon
interference (Zou et al. 1991). In this case the schematic comprises two nonlinear
crystals, the number of paths is greater, but since two paths belong to each crystal,
the simple description is appropriate. The lack of induced emission made it a “mind-
boggling” experiment (Greenberger et al. 1993), but the indistinguishability of the
paths along which the signal photon arrives at the detector (in fact, the biphoton
arrives at the two detectors) is still held for the reason of interference. We may
refer to Casado et al. (1997b), where stochastic properties of the pump beam are
taken into account. Two experiments are analysed: frustrated two-photon creation
by interference, and induced coherence and indistinguishability. Coincidences are
not studied and a second-order interference has been obtained in the two cases.
Last we mention the frustrated two-photon creation via interference (Herzog et al.
1994) restricting ourselves to the second-order interference and the monochromatic

pump.
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2.3.1 Spatio-temporal Descriptions of Parametric
Down-Conversion Experiments

In the Hilbert-space representation of the light field, the electric vector is represented
as a sum of two mutually conjugate operators (Casado et al. 1997a)

Er, ) =EP @, n+EO, 1), (2.161)

N h .
EVw =i/ %ek,,\&k,x(t)e‘k'r, (2.162)
k,A

where L3 is the normalization volume, ag»(t) is the annihilation operator for a
photon whose wave vector is k and whose polarization vector is € ;, and wx =
c|k|. Equations (2.161) and (2.162) correspond to the Heisenberg picture, where all
time dependence of the averages comes from the creation and annihilation oper-
ators &;J\(t) and ax ,(¢). In this picture the state of the field is represented by a
time-independent statistical operator .

As we do not study experiments involving polarizing devices, we find it conve-
nient to use a scalar approximation well known in classical optics. When Casado
et al. (1997a) use the subscripts on the (Wigner representations of) field opera-
tors they indicate that the light beam contains frequencies within a range and that
“transverse” components of wave vectors are limited by small upper values. We
believe that such subscripts indicate which part of the field is considered.

The laser theory and, in general, the theory of resonators connect the quantum
field with the annihilation operators not via the complex exponentials, but via more
general modal functions, which are often related to the device. We suppose that
such an approach can be interesting also in our study, after we find modal functions
that are connected to the linear devices used and to the mirrors. Obviously, the free
evolution of operators dy (zeroth-order solution) is transformed into a kind of linear
dynamics of the “relevant” component Eijg(r, t) of the electric vector via the appro-
priate modal functions, with ss being any subscript. This process can be formalized
by a quadratic Hamiltonian, which differs from the free-field Hamiltonian only by
the meaning of the creation and annihilation operators. We restrict ourselves to the
operator p that represents a vacuum state.

We suppose that one or two nonlinear crystals involved in the experiment are
described in terms of interaction Hamiltonians. The action of the scattering operator
on the initial field can be “guessed”. The interaction lasting only for a short time and
being spatially confined to the medium suggests to us an appropriate modification of
the linear dynamics. We modify also the notation for the resulting field by omitting
the initial subscript 0.

(i) The process of parametric down-conversion

We are going to study the process of parametric down-conversion of light in
the Hilbert-space representation. We refer to any of our figures for a sketch of the
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setup used for parametric down-conversion. A nonlinear crystal is pumped by a laser
beam V, producing a continuum of coloured cones around the axis defined by the
pump. In experimental practice two narrow correlated beams, called “signal” E and
“idler” Ei, are selected by means of apertures, filters, or just the detectors. Let us
take the origin of the coordinate system, 0 = 0, at the centre of the crystal. We
treat the pump beam as an intense monochromatic wave represented, in the scalar
approximation, by

V(r, 1) = Ve®or—n 4 ¢cc (2.163)

where V is a complex amplitude of a pump beam, wy is a frequency of the pump
beam, K is an appropriate wave vector, and c.c. means the complex conjugate term
to the previous one. In a product with the identity operator it may be added to the
electric-field operator.

Now, let us consider two narrow correlated beams, called signal and idler, with
average frequencies ws, w; and wave vectors K, kj, respectively, fulfilling the match-
ing conditions

ws + w; = wy, Ks + ki =K. (2.164)

The response E(F)(r, ) and Ei(’)(r, t) of a nonlinear crystal to the input fields
E(():,r)(r, 1) and E(()i_)(r, 1) is as

ED @ =0+ @IVPDED 1)+ e gVGES (x. 1),

S

ECw =gV ED w0+ + g IVEDHES (x. 1), (2.165)

where g is an effective coupling constant, 1is the identity superoperator, G and
J are antilinear and linear superoperators, respectively, which substitute expan-
sions in annihilation (creation) operators for annihilation (creation) operators (5
yields an expansion in the annihilation operators in the first equation and G yields
an expansion in the creation operators in the same equation), and éTE((]:”)(r, 1) =
[éﬁés_)(r, 1)]f. The relation (2.165) can be modified (doubled) so that it relates out-
put fields Eé;”(r, 1), Ei(f_)(r, 1), j = 1,2, to input fields E(():',)(r, 1), E(()i_/)(r, 1, j =

1, 2. Since a pointlike crystal is considered (Casado et al. 199]7b), it may be interest-
ing to imagine Equations (2.165) at r = 0 without the subscript O on the right-hand
side. It can occur, but at the cost of other notation. The interaction does not change
the field just in front of the crystal, so we can interpret the initial field as the “in”
resulting field. As it is almost at the centre of the crystal, it differs negligibly from
the initial field just behind the crystal, which becomes the “out” resulting field.

In order to determine the detection probabilities in the Hilbert-space representa-
tion, we adopt the correlation properties (Casado et al. 1997a). In such a work it has

proved convenient to substitute slowly varying amplitudes f’fr)(r, 1) [FJ(_)(r, t)] for
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the amplitudes E (J+)(r, 1) [13" 57)(r, t)], the relation between them being
FP@, 1) =" ESV 1), ] =5, i. (2.166)

According to Casado et al. (1997a) it is essential to use the following relation,
which is still an approximation:

FO@,, 1) = O (ra, r— r“—b) exp (iwar“—b) , (2.167)
C C

where w, is some frequency appropriate to a light beam and 7% = e, - (r, —r,,), with
e, being the unit vector in the direction of propagation. Since the vectors whose dot
product is taken are usually of the same direction, the magnitude of displacement
vector may be evoked.

If we consider the signal beam emerging from the crystal at different times # and
t', we can use the autocorrelations (Casado et al. 1997a):

(FOw, F P, 1)) = IVPuse' —1), J =s, i. (2.168)
The following autocorrelations, and their complex conjugates, vanish:
(FPa,nF P, 1) =07 =s, i. (2.169)
The relation holds at any point of the outgoing beam, most interestingly just behind
the crystal.

With respect to the cross correlation, we prefer to characterize the signal and
idler field operators just behind the crystal at different times (Casado et al. 1997a):

(FE0 0,0 ED 0, 1) = gV’ —1). (2.170)

iout
It is useful to know that
(FP@, nF 7 1)) = (FO@ nFE P, 1) = 0. (2.171)

In the Hilbert-space formalism, the usual theory of detection (by photon absorp-
tion) is based on the normal ordering. The joint detection rate is given by

Pap(a, 1305, 1) = K'(O|E D (xg, DE (v, (HED (1, 1) ED (o, 1)]0)  (2.172)
in the Heisenberg picture, where K’ = K,K};, and K, (K,) is a constant related to
the efficiency of the detector and the energy of a single photon. The well-known

property of Gaussian random variables A, B, C, and D,

(ABCD) = (AB)(CD) + (AC)(BD) + (AD)(BC), (2.173)
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applies not only in the Weyl (Casado et al. 1997a) but also in the normal ordering
and entails that the joint detection rate is written in three terms. The first two terms
are fourth order in g, while the last term is second order in g. We may discard the
first two terms (Casado et al. 1997a) and finally obtain

Pap(xa, 1515, 1) = K'[(ED (g, 0ED (xy, 1) . (2.174)
We will determine the visibility ) of the intensity interference:

Rabmax - Rabmin

V =
Rabmax + Rabmin

) (2.175)

where

7 7
Rabmax = / Pabmax(T/) d.’:/’ Rabmin = / Pabmin(f/) d‘[,, (2176)
-7

w

with w the coincidence window which we choose to be w = 13 x 1077 s, defined

in terms of the integral
d h , [ , d , h ,
M-, —)=K vit +— vit +—-)|dr
c c —w c c

2

X l {erf|:i (u—i—w)} :Ferf[:Fi (w — d+h>“.
2 V2 c V2 c
(2.177)
Here
erf(x) = N dr, (2.178)
\/E 0

d, h are parameters of an experimental setup, ¢ = 2.998 x 10® ms~! is the speed of
light, v(7) is a Gaussian,

1 /2\ .
v(t) = |v(t)| = o <;> Joe 7T, (2.179)

where 0 = 10'2 s~!. Let us remember that for o ~! <« w, we have erf(£o0) = +1.
Particularly,

(el ] ol )

M0, 0) = erf (%w) . (2.180)
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(ii) Experiment on the interference of signal and idler photons

Let us start with an experiment demonstrating the coherence properties of the
parametric down-conversion photon pairs as proposed in Ghosh et al. (1986). It is
assumed that wg, = w; = % and the signal and idler beams are directed to a screen
by means of two mirrors. There is no second-order interference between the two
beams. When two detectors are put on the screen one can show a fourth-order, or
intensity—intensity, interference. As seen from Fig. 2.1, the tracing of the beams is
not so evident, and we modify the well-known result (Casado et al. 1997a, Ghosh
et al. 1986). A report on the experiment was brief (Ghosh and Mandel 1987).

Fig. 2.1 Experimental setup
on interference on a screen

In what follows, we will specify modal functions and nonlinear dynamics of field
operators. We introduce the notation for the points of reflection OMS/ = (b, 0, M, ),
Ov, = (=b,0,2m,), j = 1,2, where

_ bd _ bd
T2 —x; M T b4

M, , J=12, (2.181)

with d being the distance from the centre of the crystal to the screen and b being the
distance from the axis of the pumping to the mirrors.
We consider the initial electric field in the form

2
EOw 0= v i+ Y [EDw 0+ 0], (2.182)
j=1

where r = (x, y, 2), k = (k,, ky, k;), and

ESJe = )" vu®ag), (2.183)
kelk]s;
EfJ =" vix®aik@), (2.184)

kelkl,
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with the orthonormal systems of functions vy k(r), k € [Kl;, vik(r), k € [K];;,
j = 11 25

llvg k(O[> = / v k(@) &°r = Aoy, k € [k, (2.185)

l[vi k(0> = / v, k(@) &’ = hox, k€ [K];,. (2.186)

The [K];; is a set of integer multiples of the vector —eS , €;; being a unit vector of
the s1gnal beam at the origin. Similarly for [K];. A formal expression for vk (r),
J =sj,i;, j =1, 2, is of the form

fi
Vk(r) = i,/A—L“exp(ik-r) for r |k, z<zm,, kelkly,

. [ ho y , ; /
vk(r) = —iy/ A—L" explik’ - (r — 0/)] for (r—0)) | K

z>z2m,, kelk]ly, (2.187)

where J =s;,1;, j =1, 2 A is the effective transverse area of the beam, 0/, =
(2b,0,0) for J = 51,8, 0, = (=2b,0,0) for J = iy,ip, K = (— kx,ky,k) In
a standard fashion, we assoc1ate the signal and idler modal functions (2.187) with
fields we denote as E(JJ{))(r, N, J =s;,1;,j=12

After switching on the nonlinear interaction, part of the field is not influenced:

ES = Egjg(r, 1), E<+>(r )= E(H(r 1) for z <0, (2.188)

whereas for z > 0 provided that g|V| < 1, the perturbative approximation of the
solution of the Heisenberg equations of motion that retains terms up to g2 can be
written as

ES@w = EQa 0+ e gV G EL w0+ VT E ), (2.189)
EH')(r 1) = E(+)(r t)—i—e_""“’gVG E o, 1)
+SIVPLE @, j=1.2, (2.190)
where

ES) @y = [ES @ 01, B, 0 = [, 0], (2.191)

and G j and J ; are antilinear and linear superoperators, respectively, which substitute
the expansions in annihilation operators (J ; yields an expansion in the annihilation

operators) for annihilation (creation) operators (G ;j yields an expansion in creation
operators). Compare Casado et al. (1997a), where G ; and J; are appropriate linear
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operators acting on functions of the argument r for complex-valued functions. The
superoperators G jand J ; have the properties

2 At
Gjaj(t) = [%: fk, K)u [7(600 — g — U)k’):|

x exp [t (wo — wx — )] @l (1) for k € [Kl;, . (2.192)
Vo) =33 flkK) KK

KT, K],
At At .

X u [T(a)k/ + wgr — a)o)] u |:7(wk~ - a)k)] exp [it(wxr — wi)]

x ajor (1) fork € [K]s,, (2.193)

respectively, with

sin x

u(x) = e, (2.194)

ajok(t) = @jok(0)e . (2.195)

Supposing that in the sense of classical nonlinear optics, f(k, k) is a distribution
with a support determined by the condition

wy) — Wk — wg = 0, (2196)

we easily obtain that

Giajot) =Y fk K)aly () fork € [Kl; . (2.197)
K1,

Tiajo®) =Y " | > fK)f*K K") | ajou(r) fork € [kl (2.198)
(k"1 | KT

which is a great unexpected simplification.
Further we will express the intensity correlations that have been determined in
the experiment. Introducing

FSP, 1) = exp o) E{(x 1), (2.199)

we express the field at a point r;, j = 1, 2, on the screen as

A A Is. wols.
FO@;, 1) = B, (0, - i) exp (i 0 S")
J c 2c

l/'()l.ll

A () ri; . Wori; .
+E (0,[—?>exp<1 - ) i=1,2 (2.200)
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where

ro =) =R 04 Jd = PG —x2 . =12

ry =nt) = [, 0+ d =2, P+ G+ (2.201)
and the subscript out indicates that the field behind the nonlinear crystal is consid-
ered. Hence, we can obtain the relations (2.209) below.

By taking into account the correlation relations
(FEu0, DEL0. 1) = (F30. )LD, 1)
=gVt —1), (2.202)
we get (cf. Casado et al. 1997a)

(F(ry, 1) F Py, 1))
s, Ti, .o

= gV{v (tz -+ —— —) exp [1—0’12 + rsl)]
c c 2c

I, I .
+v (tl —t+ % — j) exp [12—2(ril + rSZ)] } (2.203)

Assuming that the beams with different subscripts j are mutually uncorrelated, we
finally get (cf. Casado et al. 1997a)

Piy(ry, t 4+ 11510, 1 4+ 1) & K'g?|V|?

I's riy\ |2 s i\ |
X ‘v(tz—rl—i——‘——z)‘ —i—‘v(‘tl—fz—i-—z——l)
c ¢ c ¢

Fs, T rg, T
+2Re|:v(r2—t1—|—i—£>v*<rl—r2+ﬁ—i>
c ¢ c

.,
X exp [lz_g(riz + rS] - ri] - rSz):I } }’ (2.204)

where K’ is a constant related to the efficiency of the detectors,

2 2
K/ZK]Kz, I{]:i K—ﬂ

) = ) 2.205
ha)o 2 ha)() ( )

ns, J = 1,2, 1is the efficiency of the detector D;.
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The visibility is expressed by the formula (2.175), where

Rgimax + Rsimin = 282|V|2

sy —ni, TIsy — T, Fy —Ts, Ty — 7Ty,
x| M| —,—+M|—, —]], (2.206)
c c c c
Rsimax - Rsimin =4g2|V|2M (rSIL;rlZ, %) . (2207)

We may ask whether the visibility has its proper meaning for all x;, x,, whether it
is associated only with the extremes of the detection rate, i.e. x; and x, for which
Ry = Rgmax Or Ry = Rgimin- By relation (2.204) and the choice (2.179) we are
interested in C = =1, where

C = cos [% <ri2 tra _TutTe >i| , (2.208)

c Cc

with @y = 3% x 10° Hz.

The original formulae for ry;, ri, (instead of the relation (2.201)) were as (Ghosh

et al. 1986)
s, =ryx;)=,/Qb—x;?+d*>, j=12,
R, =) = /b 4+ x2 +d2 . (2.209)

In Fig. 2.2 a short period of the oscillations of the cosine is depicted after Ghosh
etal. (1986). An equal phase is assumed on any of the lines y, = x, —x; = constant.
The short oscillation period corresponds to the change in the signed distance

Fig. 2.2 The dependence of
the cosine C of the phase on
the position coordinates x;
and x; ford = 1 and b = 0.1.
The analysis of the setup in
Fig. 2.1 after Ghosh et al.
(1986). The cosine C of the
phase depends only on the
signed distance of the
detectors
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Y2 = x; — x1. As obvious from Fig. 2.3, the complement of the visibility, 1 — V',

depends only on the coordinate of the point amid the detectors D1 and D2. An equal
%(xl + x) = constant. For y; = 0.0015

visibility 1’ is assumed on the lines y;
the visibility almost vanishes.

Fig. 2.3 The complement of

the visibility, 1 — ), versus
the position coordinates x; Lg_ ’o’;io.o XXX RRXXRAXERAXXRAXXRON
o sy of hosenp o] (U
asse RACR i
o |
IIAFEAEONRONEOVRONEONEONEOVOVONEAVEONEONEON
02l \
10
OO\

(iii) The experiment of Rarity and Tapster

Rarity and Tapster (1990) demonstrated a violation of Bell’s inequality using
phase and momentum of photon pairs instead of polarization as in previous exper-
iments. They selected two signal beams of the same colour (the frequency w) and
two idler beams also of the same colour (frequency w; # ws). They directed one of
the signal beams and one of the idler beams to a mirror M; and another mirror M,
(see Fig. 2.4). On the paths to the mirror M, they increased the phase of the signal
by ¢s and that of the idler by ¢;. They coherently mixed the two signals and idlers.

Fig. 2.4 Experimental setup
of Rarity and Tapster

Now we will determine nonlinear dynamics of field operators. We assume the
electric field in the form (2.161), (2.162), and (2.165), with another orthonormal
system of functions vsl.k(r), k e [k]sj, vijk(r), ke [k]i/., Jj = 1, 2. The distinction is
in the sets [k]s, and [K];,, which are appropriate to the experimental setup.
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We will give a specification of vyk(r), J = s;,i;, j = 1, 2. We associate points
05s,, Ops, with the beam splitters. We introduce the notation zgs;, zgs, such that

0gs, = (0, 0, zgs,), Oss, = (0, 0, zgs,)- (2.210)

We respect the phase shifters and the spots of reflection on the mirror M, with the
notation zps,, ZM,, > ZPS,> ZM,, - We have located the phase shifter for the idler beam,
the spot of reflection of the idler beam, the phase shifter for the signal beam, and the
spot of reflection of the signal beam, respectively, at

(‘bﬁ, 0, zPy) ,(=b,0,23,), <_b ol ZPSS) »(=b,0,2um,). (2.211)
M M

i 55
The origin 0 has its image 0;2 =0, = (—2b,0,0) in the mirror M,.

Then we assume that the mirror M; is simple. We respect the spots of reflection
on the mirror M; with the notation ZM;, > IM, - We have located the spot of reflection

of the idler beam and the spot of reflection of the signal beam, respectively, at
(0,0, zm,), (b, 0, 2w, ). (2.212)

The origin 0 has its image 0;] = 0{1 = (2b, 0, 0) in the mirror M, which is assumed
to be simple so far. We specify that

h
v (r) =i‘/%exp(ik~r) for r |k, z<zu,. kelkl. (2.213)
. hwk o/ / wjlax / ’
vy(r) = —i ﬂexp 1k-(r—01)+T for (r—0)) | k',
M, <2< ZBS‘II’ k e [k]j, (2214)

where 8x is a path-length difference, J = sy, 11, Ji = s, 1, K’ = (—ky, ky, k7),

haw
ujk(r)zi,/A—L“exp(ik.r) for r |k, z<zps,. ke [kl (2.215)
(r) = iy "% expliCk - £ + 5] for r ||k
v(r) =1 m expli o, or ,

zps, <z <zm,, kel[k],, (2.216)

. [ ho .
vyk(r) = —1/ A_Ilj expfilk' - (r — 0)) + ¢, 1} for (r—10)) | K,
M, <z <zBs,. ke[kly, (2.217)

where J = s;, 15, J1 = s, 1.
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Beam splitter BS, with the transmissivities t, t; and reflectivities ry, r;: Input
values are

h 0
Vkin(0ps,) = —iy/ % exp [ik/ (Ogs, —0,) + = x} kelkl,, (2218

c

& . ,
Vokin(0ps,) = —iy/ % explilk’ - (Ops, —0.) + il k € [kl (2219)

Under the assumption dx = 0 we can perform the exchange k <> k' and write the
output values for k € [K];,

. [how "y
Vg kout(Ops,) = —iy/ A—L" exp(ik’ - (Ops, — 0))}t,

. [ho ) /
Y A_Lk explilk - (Ops, — 0,,)) + I}, (2.220)
. ha)k o ;
VUs,kout(0Bs,) = —i AL exp{ik’ - (0ps, — 0 )}r
T
_i.f % explilk - (Ops, — 0,) + @sl}t). 2.221)

Performing the exchange k < k' in (2.221), we have for (r — 0;) || K/,
z > zps,,» k€ [Kly,

h
(r) = =iy~ explik’ - (r — 00 )]t

h
—iy/ % explilk’ - (r — Ogs,) + k- (Ops, — 0) + @}l (2.222)

and for (r — 0,)) || k', z > zps,, k € [Kls,,

hw,
Vok(r) = —iy/ A—L“ explilk’ - (r — Ogs,) + k - (05, — 0] )]}x,

—‘,/h‘”“ (i[K - (r — 0 It/ 2.023
W 4z &xpu -(r—0,) + ¢slit,. (2.223)

Beam splitter BS; with the transmissivities t;, t{ and reflectivities rj, r] can be
described analogously: In (2.222) and (2.223) we perform the replacement s < i.
In a standard fashion, we associate the modal functions, e.g. (2.213), (2.214),
(2.215), (2.216), (2.217), (2.222), and (2.223), with fields we denote E%)(r, N, J =
S1, S2, 11, 1. Nonlinear dynamics is described in the same way as for the experiment
on the interference of signal and idler photons by relations (2.188), (2.189), (2.190),
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(2.192), and (2.193). It allows the fields with z < O to stay initial and those with
z > 0 at least to obey the same rules we have used to calculate the modal functions.
We introduce the slowly varying field operators

FP(r, 1) = exp (o, NE(x, 1), (2.224)
where J = sy,82, J| = sand J = 1,1y, J| = i, for expressing the intensity

correlations. The field operators at the signal and idler detectors placed at ry, rj,
respectively, are

A~ (ONE .
FOg, 1) = £ FD, <0 t——+ (ps) exp( LT l(ps)
C w. C

S

+r B (0 r— ?) exp ( “’Cr) (2.225)

F(H(rl, th = t‘E(;l)n (0 t . + Zl ) exp (1— + 1(pl>

) i . Wil
R (Ve ;) exp (17) (2.226)

with 0 the centre of the coordinate system, ry and r; the path lengths of the lower
signal and idler beams, respectively, to the appropriate detector. In the experiment
under consideration both upper paths were modified by éx, since the upper and the
lower mirrors were not at exactly the same distance from the pumping beam axis
(Casado et al. 1997a) . The mirror above the pumping beam axis is not simple, but a
mirror assembly which enables one to change dx (Rarity and Tapster 1990). In the
following, we assume §x = 0.

We will take into account that the signal field f’s(]‘”(r, 1) is correlated with the

idler field IATi(:)(r, t) and also Fs(j)(r, 1) is correlated with Fi(l“ (r, 1), but Fs(jf)(r, 1) is

uncorrelated with £; (+)(r 1), j = 1,2, these pairs not fulfilling matching conditions.

Ti $s Is i

If we consider that the time intervals = — % — woe e S+ % are small in comparison
with the coherence time of signal and idler given by the functlon v(t), we obtain

(ED e, D@, 1)) ~ {rit; exp i (02 + o +0))]
/ . Ts T ’
+ rot]exp [1 (a)s— Faol <pi)] }v(t — 1. (2227)
C C

From this we have

Py(r, t + 151, 1 + 1) = K'g? |V v’ — D)
x [|rit;|2 + |1t + 2Re{rt/rit,* expli(p, — (pi)]}]. (2.228)
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The visibility is expressed by the formula (2.175), where

Rimax + Ryimin = 287V ?M (0, 0) (texil® + |xst{P) . (2.229)

Ryimax — Riimin = 887|V*M (0, 0) |t x| |xst]]. (2.230)

The dependence of the visibility on the beam splitters with the transmissivities
Itl] € [0, 1], |t]| € [0, 1] and the reflectivities |rs| = /1 — |t[|?, |ri|=y/1 — [t]]?
is plotted in Fig. 2.5.

Fig. 2.5 The visibility V'
versus moduli of the
amplitude transmissivities t,
t! from the “lower side” of
the beam splitters for signal
and idler beams for §x = 0

Unfortunately, the quantity under consideration is not dependent on the charac-
teristic of the nonlinear optical process. The surface plotted has a boundary condi-

tion zero. It may be equal to unity in the sense of the equality |t ri| = |t|r,|. The
maximum is attained on the line segment connecting the points [t| =0, |t]| =0
and |t;] = 1, |t]| = . The interference manifests itself as a cosine variation of

the coincidence rate with g5 — ¢;.
(iv) The experiment of Franson

Franson (1989) proposed a test of “Bell’s inequality for energy and time”. He
arranged two Mach—Zehnder interferometers and let a signal and an idler beam
each pass through an interferometer (see Fig. 2.6). The experiment was originally
proposed for an atom and free-space propagation.

The coincidence detection shows a fourth-order interference as a cosine depen-
dence on %(wSALS + wiAL;j), where ALs (AL;) is the length difference between
the long (short) route of the signal (idler) beam through the corresponding inter-
ferometer. In the past few years several groups have performed experiments of that
type. In Tapster et al. (1994) Franson’s experiment has been adapted to parametric
down-conversion and fibres.
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Fig. 2.6 Experimental setup
of Franson’s type. For
simplicity Ej .0 = E;

Ego=LE

[ and

SBS};0

For the description of the nonlinear dynamics of field operators, we consider the
initial electric-field in the form

EP@, 0y =vDPw, ol + EPw, 1)+ EF y(x, 1)

lBS 0

+ES(r, t)+E(Bg o), (2.231)
where

E(H(l‘ t)= Z vk(C)asko(t), J =s, i,ips,,, SBsy;- (2.232)
ke[k],

The modal functions as restricted to linear segments are

h .
Vsk(r) = 1/ %e‘k'r forr || k, z < zgs,,, k € [K];, (2.233)
howyg
Vigs, k(T) = 1/ A—Lke‘k'r for (r — Ogs,,) I k, z > zps,,, k € [Kli, - (2.234)

Here 0Ops,, is the centre of the beam splitter BSys, zps, is the corresponding
z-coordinate, and [k]iles is the set of wave vectors k of the beam corresponding
to the unused input port of this beam splitter.

The modal functions at the output of this beam splitter are

ok . [hox ika—o5g )
V(1) =iy ——e* T iy ——e wiesy,)
sk( ) AL s AL s

forr || k, zps,, <z < zBs,,, k € [K]s, (2.235)
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hox i@—oy ) hox ik
V; r)=1i,/—-e By 41y —— e Tt
1le,k( ) AL S .AL S

for (r — 0gs,) | k, zm,, <z < zBs,,, k € [k]iles’ (2.236)

where 0;35151851s , Oiaslss are chosen such that
k-(r— %S],issls) =k-(r—0gs,)+Kk -0, kel[k], (2.237)
k-(r—0g )=k-(r—0gs,)+Kk  0ps,, ke [kl - (2.238)

Here zy,, is the z-coordinate of the centre of the signal mirror and zgs,, is the
z-coordinate of Ogs,, , the centre of the beam splitter BS.
After the reflection from the first mirror, the modal function is

Chwk oo
Uilesk(r) = —14 ﬂelk « OM'sless)rs
[hox a.g—o, )
—iy/ ——e" "M e for (r — Oy, ) || K
AL s for ( M) |l

My, < 2 < M, K€ [Klig, (2.239)

where zu,, is the z-coordinate of the centre of the second mirror and 0y gg ¢ and
0y, are chosen such that

K - (r— 0y g, ) =K - (r—Op) + K- (O, — 05 ). Kelkly, . (2240)
K- (r—0y )=k (r—0y)+k- Oy, ke Kkl (2.241)

After the reflection from the second mirror, the modal function is

hog  _: /
. —ik-(r—0 )
Vi, k() = W= lLe MasMisBS1ss g

ok e,
+i,/%e KOt for (r — Oy,) || —k.

WMy, < 2 < ZBS,» K € [Kligg s (2.242)

/ /
where Oy, 1 s, s and Oy, ; are chosen such that

—K- (0= 04y vips,s) = —k - (X — Oy
+K - Oy, — Oy, ps, o) K€ [k, (2.243)
—K- (0= 0y ) = —k-(r = Oy)
K - (O, — 04y ). K € [Kiyg, - (2.244)
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The output modal functions for the beam to be detected are

ha)k ik
Vk(T) =1,/ —¢' T2
sk( ) AL S
ha)k ik-(r—0; ha)k ik-(r—0, )
+ |1,/ —e BS1siBs g —|—1 —e BSpsMasMis” | £ 1
[V AL AL o

TRk gero
+i A_L"elk'“ Bosamamnssi)r2 - forr || k, z > zps,. k € [Ks, (2.245)

/ /
where OBstMstlg and OBstMzSMl,BSI,s are chosen such that

k-(r— %stMz,Mls) =k (r—0gs,) — k- (0gs,, — OMZSM“), k € [k, (2.246)
k-(r— O;BSZSMz,.MISBSISs) =k (r—0gs,)
K- (Ops, — 04 ips,e)s K € [ (2.247)

The output modal functions for the second beam are

@ e_ik‘(r_OBSZSBSlsiBSIS )IZ
AL s

+ |:1 /Zf‘)llj —ik-(r=0g, ) +i IZCULk —ik-(r— OMzeMlelee):| Tt
. [ hox =ik =04, v, 2 f, 0 Kk
Hy T aMitl for (r — Ogs,,) | -k,

Z > zBs,,» K€ [Klig, . (2.248)

Vigs, k(X) = 1

/
where OBSZSBSIS'

... and Ogq . are chosen such that
BS|g 258

—k- (I' - OéSszslsiles) =-k- (r - OBSZS)
K - Ops,, — s iy, )0 K € [k (2.249)
k- (r =0, ) = —k- (r—Ops,) + K - Ogs,, ke [k, . (2.250)

In a standard fashion, we associate the modal functions which travel to the above
detector, (2.233), (2.234), (2.235), (2 236) (2.239), (2.242), (2.245), and (2.248),
with fields we denote as Ebg (r, 1), E +) o(r, ). Exchanging s < i, we introduce
modal functions, which travel to the lowlé:r detector. We relate them with fields we
denote as E (+)(r 1), E (HI o(r, ). Switching on the nonlinear interaction, we find the
field to obey the relations (2.189) and (2.190). Counter to propagation the field stays
initial and along with propagation it at least obeys the rules we have used to generate
the modal functions. For simplicity, it is assumed that t; = t/, = r;, =1/, = \/%,

J =s,1.
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For the calculation of intensity correlations determined in the experiment, we
introduce the slowly varying field operators

ESD(, 1) = exp (i) EF(x, 1),
EP(r, 1) = exp (i) E(x, 1). (2.251)
The field operators at the signal and idler detectors placed at ry, rj, respectively, are

FSH_)(I'S, t)

L, Irg — rps, | Lsi Irgs,, | . Ires,l
— Fg((;:i 07 f— S sl Tslong Is exp ( iws Is
2 c c c c
- 2(4) |rs - I'BSZS| Ls,long . Ls,long

1K <0BSISJ - - - exp | iy —=
A Irs — rps, |  Lssn Irgs,, | . Ires,l
+ |:F$L)l (0, t— — a0 b ) exp [ iws—2
c c c c

LA+ Irs — s S| Ls,short . Ls,short
+ lFifssl)sin <0BSISJ - c = — . exp | iwg— =

X exp (iwsw), (2.252)

Cc

f’i(+)(ri, 1= F§+)(rs, 1) (2.253)

s

Let us denote L short (Li short) @ length of the short arm of the interferometer for the
signal (idler) beam. Supposing that ALy = L jong — L short (ALi = L jong — Li short)
is much greater than the coherence length of the signal (idler) in order to avoid the
second-order interference, we get (Casado et al. 1997a)

7 2 1
(FS(rg, t + 1’)Fi(+)(ri, t+1)) = ng
i
X {V(r’ — T)exp |:Za)s (|rBS|s| + L jong + 15 — rBst|)
i
+ Ea)i (|rlei| + Li,long + |r; — rBSZi|)
L c exp ;ws(|rles| + L short

i
+ |rg —rps, |) + e (IrBsy, | + Lishort + Iri — ras, ) } } (2.254)
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provided that |rgs,,| + L shore + |T; — I'Bs,, | is the same for J = s and J = i. We
finally obtain

1
Py(rs, t + 1515, 1 + 7)) = —K’g2|V|2{|v<r’ -7

16
( , AL; — ALS) 2
+vlt -1+ ——-——
C
/ s [ s AL; — AL
—2Rejv(t' —tpw* |t -7+ ——
C

i
X exp [—(wsALs + a)iALi)i| }} (2.255)

C

The visibility is given in (2.175), where
Rsimax + Rsimin

(2.256)

1,0 ALi— AL, AL;— AL
ZggIVI M(0,0)+M " ; " ;

(2.257)

1 20 AL; — ALg
Rgimax — Rgimin = Zg [VI“M | 0, f .

The dependence of the visibility on the difference (AL; — A Ly) is plotted in Fig. 2.7.
The variation of the visibility is due to the function M (%, %), but the function erf
does not contribute to it. The distance between the points of inflection is 22 =
6 x 10~* m. The interference manifests itself as a cosine variation of the coincidence
rate with L(w,ALg + o, AL).

1.0 4

0.8 1

0.6

'& J

0.4 -

. . 0.2 1

Fig. 2.7 The visibility V' |
versus the difference

0.0 T T T T T T T T T 1
AL; — AL .
E_16_3 mfgfmeam din -0.0010 —-0.0006 —0.0002 0.0002 0.0008 0.0010

metres AL;—ALg
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(v) Induced coherence and indistinguishability in two-photon interference

Zou et al. (1991) performed an experiment in which fourth-order interference is
observed in the superposition of signal photons from two coherently pumped para-
metric down-conversion crystals, when the paths of the idler photons are aligned.
The experimental setup is outlined in Fig. 2.8, in which two nonlinear crystals NL1
and NL2 are optically pumped by two mutually coherent, classical pump waves of
complex amplitudes

Vi(r, 1) = Viexplitky - r —axt)l, j=1,2. (2.258)

We assume that V; = V,exp(iky - 0;) = V. On the contrary, there were simi-
lar crystals in the experiment, but we consider more general ones. The parametric
down-conversion occurs at both crystals, each with the emission of a signal photon
and an idler photon. We are interested in the joint detection rate of the detectors Dy
and D; when the trajectories of the two idlers ij, i, are aligned and the path differ-
ence between the two signals is varied slightly. Fourth-order interference disappears
when the idlers are misaligned or separated by a beam stop.

Fig. 2.8 Experimental setup M,
on induced coherence without
induced emission. For

simplicity, ESBSO =k

SBS;0

In what follows, we will specify modal functions and the nonlinear dynamics of
field operators. We consider the initial electric field in the form

2
EF e, =vPa,nl+ Y ES)e, 0+ EQ @, 0+ EF @0, (2.259)
j=1
where

EQ@.n="Y" vu®amo®). J=si.s.1. sps,. (2.260)
ke(k],

The modal functions as restricted to linear segments are

hoon
Vg k() = i‘/A—Lkelk'r forr |k, z < zm.. k € [K;, (2.261)

how
Vok(r) = iy/ %e‘k'r for (r — 0,) || k, z < zps,. k € [Kls, (2.262)
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hwy o
V() = iy 7 for (r — On) | K,

M, < Z < zgs,, k € [K];. (2.263)
Here 0y, and k' are used as in the definition of modal functions related to Fig. 2.1
and k' has the same meaning. Here, as in the definitions related to Fig. 2.4, we
specify that 0y, has been chosen so that

K-(r—0y)=k (r—0y)+k -0y, kel[k]. (2.264)

Similarly as in (2.222) and (2.223) for t = t’' = f’ =r = \/Li’ we have

hwk 1k (r— 0/ 1 h(,z)k 1k’ (=0l ) i
s k(I — + BSs
v Ik( ) \l .AL \/— l\l .AL \/i

for (r — Oy) || K, z > zgs,. k € [Kl,, (2.265)

haoy 1k(r 055 0.) ha ik-r 1
Vok(r) = —iy/ —— ALE \/_+1‘/AL6 7

for (r — 0,) || k, z > zgs,, k € [KI;, (2.266)

where 0 and Ogg ; have been chosen so that, respectively,

K - (r— 0ps) =K - (r — Ops) + k- O, k € [Kl,, (2.267)

K- (r— Opgn) =k (r—0Ogs) +K 04, ke [kl (2.268)
Ton -

vik(r) = i,/ %elk'f forr | k, z < zps,, k € [Kl;, (2.269)

. Jhok
Vs k(1) = iy | A—L"ek for (r — Ops,) || K, 2 > zps,. k € [Kls . (2.270)

. Aok r . [hox x@—o )
vik(r) =1,/ —e" "t +1,/ —e BSispsi” 1
) =1y 2 VAL

forr || k, z > zgs;, k € [K];, (2.271)
how - , h .
b (1) = iy ) g [ L e
for (r — Ops,) | k, z < zps,, k € [Klg . (2.272)

where k' is defined relative to the beam splitter BS; and Oy ; and Ogg - have been
chosen so that, respectively,

k-(r— 0, ) =Kk-(r—0gs)+k - 0ps,; fork € [k, (2.273)
k- (r— 045 =k (r—0s) +k - Ops, fork € [kl . (2.274)
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The modal functions (2.269), (2.270), (2.271), and (2.272) travel to the lower
detector. We relate them with fields we denote as Ei(r, 1), £ s, 0(T, ). Switching on
the first nonlinear interaction, we find the field to obey the relations (2.189), (2.190),
and (2.191) for j = 1 withi; — i. Counter to propagation the field remains initial
and along with propagation it at least obeys the rules we have used to generate the
modal functions.

Now we would like to interpret the subscript O not as the order of solution but
as a number of the initial stage. Since the stage is followed by the first stage, we
would like to modify the relations (2.189), (2.190), and (2.191) so that they confess
the first-stage operators on the left-hand side, which would lead to the use of the
subscript 1.

Switching on the second nonlinear interaction, we find the field to obey the
relations (2.189), (2.190), and (2.191) for j = 2 with i, — i, but the first-stage
field operators to have been substituted for the operators on the right-hand side. The

action of the operators G, and J, depends on the nonlinear crystal located at 0,.
It also depends on the pump beam at the same crystal. Counter to propagation the
field stays first stage and along with propagation it still at least obeys the rules to
generate the modal functions.

Further we will express the intensity correlations that have been determined in
the experiment. Again, we introduce the operators (2.224), where J = sy, S, 1,
Ji = s, s, i. The field operators at the signal and idler detectors placed at rg, 1,
respectively, are

. 1 a d . d
Fs(;r)(rs, 1) = E[ — 1Fs(l+) (01, t— Z) exp <1a)sz>

7 (+) h . h
+ F7 (02,0 — — Jexp | iws— ) |, (2.275)
C c
. . I !
FP@, 1) = FP <02, /- -) exp (iwi—) (2.276)
C C

We still assume different crystals and derive a slight generalization of the well-
known experiment (Casado et al. 1997a). By taking into account the correlation
relations

(FED0, ) F (05, 1)) = tgVivy (t/ - i) exp <ia)i£>, (2.277)
C C

(E0,, 1) ED 03, 1)) = gVamr(t' — 1), (2.278)
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we get (Casado et al. 1997a)

. N gV
(FO@, nEP (1) = 2=

V2
« |:—itv1 <r’—r _ £ _ i =+ g) exp{é[wsd+wi(l+f)]}

c <

, [ h i
4+t —t——-+—)expi-[wsh + will} | (2.279)

C C C

We finally obtain

. i / _l ) 2
Pi(rs, t + 51, + 1) = 2Kg V|
l d
x{ tv <r’—r———£+—>

c ¢ ¢
, L f d\ .(, I h
+2Imfty |t —T—-—=+ =T —T— =+ —
c ¢ ¢ c <

X exp {é[ws(d —h)+ wif]} “ (2.280)

2
+

We have hopefully corrected the factor, changed a sign with respect to the reflection
from the mirror, and changed signs of the argument of v(7) relying on the identity
v(t) = v(—71), where vi(t) = V(1) = v(7).

The visibility is expressed by the formula (2.175), where ford =1+ f,l =h

Ryimax + Rimin = 7|V I*M (0,0) (|t[* + 1), (2.281)
Ryimax — Rsimin = 28%IV*M (0, 0) |t|. (2.282)

The maximum visibility is equal to unity and, in general, it depends on the transmis-
sivity of the beam splitter, as can be seen from Fig. 2.9. The interference manifests
itself as a cosine variation of the coincidence rate with  f.

(vi) Frustrated two-photon creation via interference

Herzog et al. (1994) performed a simple experiment interpreted as showing inter-
ference of two processes. They placed three mirrors in the three beams, laser, signal,
and idler, that emerge from a nonlinear crystal, NL, and put a detector into the
reflected idler beams (see Fig. 2.10). In the standard quantum interpretation a pair
of correlated photons can be created either by the laser beam travelling from left to
right or when the reflected laser beam travels from right to left. In both cases the
idler photon may arrive at the detector. As the two possibilities are indistinguishable
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Fig. 2.9 The visibility V' 1.0 4
versus the modulus of the ]
amplitude transmissivity 0.8
|t| € [0, 1] of the beam ]
splitter BS;. It is assumed that
d=1+f,l=h i 0.8
A 4
0.4
0.2+
0.0 T T T T T T T T x )
0.0 0.2 0.4 0.6 0.8 1.0
|t
Fig. 2.10 Experimental setup D, M
on frustrated two-photon P y
creation via interference E

they interfere and the counting rate oscillates depending on the position of a chosen
Mmirror.
Accordingly the description of the pump beam is given by
V(Jr)(l' ) = Vei(k(rl‘*wot) _ Vei[*ko(l'*yneo)*wotl
— Vei(kgr—wot) _ Veiqaoei(—ko-r—wot)
forx =0, y =0, z <, (2.283)
where e is the direction vector of the forward-propagating pump beam, ¢y =

2[kollp = 242k,
The modal functions are

. hwk i hwk ol
v =iy e et
forr | k, z < zm.. k € [k],, (2.284)

where ¢ = 2“’%‘, Zm, = €9 - Or,. The modal functions vik(r) are expressed similarly.
Associating the modal functions with quantum fields, we must consider that

EP @, 1) = ESw, 1)+ ES)x, 1), (2.285)
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where

EGown=i) e"“:ko(r)
ke[Kk]
hwk 1
EGorn=—i )\ e e o) (2.286)
kelk]s

are the forward-propagating component and the backward-propagating component,
respectively. The field operators E (+)(r 1), Ef;{f(r t), and Ef;o) (r, t) are expressed
similarly. Nonlinear dynamics is described by the relations

ESO — (- = e, 1) = E5(0, 1),
EP O~ =0, 1) = E 0. 1), (2.287)

where e;, j = s, i, is the direction vector of the forward-propagating signal, idler
beam, respectively:

EDO+ ¢ = 0)ey. 1) = (1 + g2 VIPDE £, t)—i—e_‘w”’gVGElFO(O 1),
EDO + (r = 0)es, 1) = e ' gVGEC)0, 1)+ (1 + g2 VIPDEL 0, 1),

(2.288)
. “ 21
EF O+ =0, 1)=—Ef (0 +(r =0, t — TS)
A A 21
= —(1+2|VPDHES (0 t— —>
C
(@t o) —iwot 17 A (=) 2l
— !\ W1, 0 gVGEiFO 0,1‘ - =), (2289)
C
21
EF O+ =0e,1)=—E (o +(r = 0)e;, t — —)
C
(0ot —iwot 17 A (=) 21;
= =W e VGE L 1 0,1 — —
C
) 2l
—(1+gvP? J)E 0,r—— ), (2.290)
C

EQL0.0 =1+ ZIVEDEG O+ = 0)e.. 1)
+ e gVENGEL 0+ (r = 0)ei, 1),
ED (0.1) = e gV GEQ O+ (r = O)ey, 1)
+ (1 + VEDED O + (r = 0y, 1). (2.291)
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Further we will calculate the quantum mean intensities that have been determined
in the experiment. Introducing the slowly varying field operators
FiPw 0 = Ef e, 0),
FiPw, 0= B, 1),

FPw, 1= ES e, 1), J =s.1, (2.292)

and f’}_)(r, 1), F};)(r, 1), F}g)(r, 1), we express the field operators at the signal and
idler detectors placed at rg, rj, respectively, as

A+ A+ ry .wjry
FSP@y, 0 =F), (0, r— ?> exp (1

), J=s, i. (2.293)

The quantum mean intensity or single photodetection rate in the detector Dy is

Pure. 1) = K <0 ‘ ECO, ) ED(r,, 1) ‘ o) (2.294)
— K <0 ’ FO g, ) FP (g 1) ‘ 0>, (2.295)

where K is a constant related to the efficiency of the detector and the energy of a
single photon. Considering the forward propagation, reflections, and the backward
propagation, we obtain that

(Fs(];)(rs, NE(x, z)> - (Fj];) (0, - %) g (0, - 5))

C
S 21, 214
=2g7|VI" | s(0) + pis T cos(gs + @i — @o) | » (2.296)

where we have relied on the identity us(t) = us(—t). From this,

- 2 2
Py(rs, 1) =2Kg" |V~ | us(0) + ps — cos(ps + @i —wo) | . (2.297)

The photodetection rate in the detector D; is expressed similarly (Casado et al.
1997b).

In conclusion, we have mostly dealt with the fourth-order interference in para-
metric down-conversion experiments. The 1986, 1990, 1994 (adapted back to free
space), and 1991 experiments were chosen according to a review article of other
authors. Coincidence measurements in the various setups are essentially (or suffi-
ciently well) described in terms of the cross correlation between the signal and the
idler.

We have “promoted” the schemes of the experiments, where only paths through
nonlinear and linear optical elements and the free space (with possible reflections
from perfect mirrors) to detectors are drawn, to a reason of a certain neglect of the
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beams’ divergence. We have replaced the usual assumption that the electric field is
expanded in terms of an incomplete set of plane waves, which is relatively com-
plete with respect to the expected direction of propagation, by the hypothesis that
there exists an incomplete or relatively complete system of more complicated modal
functions, which have still been specified only on the paths. We have performed con-
ventional quantization by introducing annihilation operators in place of the classical
complex amplitudes of the modes. We tried to choose sufficiently realistic values of
the parameters for all the four experiments and to find visibilities of the intensity
interference.

2.3.2 From Coupled Quantum Harmonic Oscillators Back
to Interacting Fields

One of the interference experiments we have described in Section 2.3.1, the exper-
iment of Zou et al. (1991) which has been analysed in Wang et al. (1991a,b), has
attracted much attention. The arrangement of two down-converters is pumped by
mutually coherent beams and the two down-converters are connected by the idler
beam. The spontaneous emission from the first nonlinear crystal in the idler serves
as a stimulating idler input to the second nonlinear crystal that acts as an optical
amplifier. The interference of signal beams from both the crystals can be observed.
A beam splitter placed between the two nonlinear crystals in the idler beam can
change the strength of their connection since it attenuates the emerging field.

The parametric down-conversion in the second nonlinear crystal is stimulated by
idler photons when the idler field is strong “per frequency unit”. In this situation,
the polychromatic theory yields results similar to those obtained by the monochro-
matic treatment, i.e. about multiples of the latter. When the idler field is weak per
frequency unit, the second nonlinear crystal is proven to “ignore” the idler photons.
The monochromatic description, even though completed by optimal scaling of its
results, is far from being persuasive here. The assumption of the strong idler field is
implicit in work contributing to the monochromatic theory.

In Rehécek and Pefina (1996) it has been shown that the distribution of photon-
number sum in signal modes interpolates between a Bose—Einstein distribution and a
convolution of two Bose—FEinstein distributions. The latter distribution occurs when
the idler beam is blocked. In general, the photon-number sum is distributed as if it
corresponded to the number of signal degrees of freedom which varied between 1
and 2. A nonclassical distribution of photon-number sums restricted to even sums of
photon numbers cannot occur, because the correlation between the photon numbers
of the two signal beams is not complete. It has been found that the distribution of
phase difference derived from the Q function narrows when the connection of both
the down-converters via the idler mode closes up.

The monochromatic treatment associates each travelling wave with a quantum
harmonic oscillator. The simple formalism of several coupled harmonic oscillators is
useful for an analysis of the travelling-wave setup of interference experiment due to
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Zou et al. (1991) up to suppression of the induced emission. The more complicated
approach used originally for the analysis seems to be unsuitable for treating the
phenomenon of induced emission. We try to formalize here a comparison between
the two approaches.

When the induced emission occurs, it can be utilized. The phenomenon of
induced emission makes the phase of an amplified field adopt the same phase as the
incident locking field (Wang et al. 1991a, Wiseman and Mglmer 2000). The induced
emission can also be used in parametric down-conversion to lock the phase of the
idler and, from this, that of the signal (since the phase sum of the signal and idler is
locked to the pump phase). If the field used to lock the idler of one down-converter
(crystal NL2 in Fig. 2.11) is itself the idler output of another down-converter (crystal
NL1 in Fig. 2.11), the two signal fields will also be locked in phase. Thus, they
will have, in principle, perfect first-order coherence and so will interfere at a final
beam splitter not included in Fig. 2.11. If there is no connection between the two
down-converters, and hence no induced emission, the two signals will be incoherent
and there will be no interference.

Fig. 2.11 Scheme of two ay, (1),05, (2),a5, {;]
parametric processes with e s

aligned idler beams with the = . 19(1).a0(0)

spatial Heisenberg picture s, (0) (1) i Il ~= i (3)
made explicit e s N e

—
(3.2 &(2) T yo B

S -H_""‘“-w
g, (0) 15, (1), (2) ai(3)

Zou et al. (1991) and Wang et al. (1991a) had a negligible probability of both
crystals producing a down-converted photon pair and used a quantum-mechanical
explanation based on indistinguishability of paths to explain the interference they
observed in the experiment. To the contrary, the interference was lost when one
could tell which crystal had emitted each signal photon. Using multimode analysis
of the experiment, they derived that there could be no induced emission in their
experiment. Nonetheless, they found that for perfect matching of idler modes, the
signal fields from NL1 and NL2 show perfect interference.

The multimode approach to the analysis used by Wang et al. (1991a) yields an
explanation involving a sufficient number of realistic parameters. Even though in
the foregoing section the formalism yielded results similar enough to those of Wang
et al. (1991a), here we try to come near their analysis. However, there exists a sim-
ple quantal description that may claim that it conforms to results of the multimode
analysis. Such simple models have been published. Concerning this, we may refer
to Rehacek and Pefina (1996), Wiseman and Mglmer (2000), and Pefinova et al.
(2000) and provide what is a continuation of Pefinova et al. (2000).

(1) Formalism of several modes

We turn to the quantum analysis of the Zou—Wang—Mandel experiment. The
experimental arrangement consists of two parametric down-conversion crystals with
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aligned idler beams, which are partially connected due to the presence of a beam
splitter in between, and is illustrated in Fig. 2.11.

Restricting ourselves to the quasimonochromatic light beams (or quasimonochro-
matic components of these), we can describe the system by four modes, s; (the
signal mode for crystal NL1), i (the idler modes, which are identified), s, (the signal
mode for crystal NL2), and O (the escape mode for the beam splitter) (Pefinova
et al. 2000). We consider the input annihilation operators ds, (0), ao(1), ds,(2), ai(0),
the output annihilation operators ag, (1), ao(2), as,(3), ai(3), and the intermediate
annihilation operators a;i(1), a;(2). Here s, s, stand for the signal mode of crystal
1 and that of crystal 2, respectively, i for the idler mode, and O for the “escape”
mode of the beam splitter. To obtain four-mode unitary transformations between the
stages 0, 1, 2, 3, we consider also the appendage input annihilation operators d(0),
as,(0), ag, (1) and the appendage output annihilation operators dg, (2), ds, (3), do(3).
Of course, in the description of the dynamics below, we will have to be consistent
with the identities ag(0) = do(1), as,(0) = as,(1) = a,,(2), a5, (1) = a,, (2) = a5, (3),
ap(2) = ap(3). Let us consider, in the Hilbert space of these four modes, an arbitrary
operator M(j), j =0, 1,2, 3, a jth-stage operator. We will write the equation giving
the transformation of M ( j) from its value M (0) before the interaction to its value
M (1) after the action of the first down converter, to its value M(2) after the action of
the beam splitter, and to its value M (3) after the action of the second down converter.

The appropriate relations read

MG+ 1) =00, (OWMGH0 (). j=0.1,2. (2.298)

Having prescribed equations of motion of operators, we have adopted a spatial mod-
ified Heisenberg picture of the dynamics. In the Heisenberg picture the input state
does not change, while in the modified Heisenberg picture it changes like that of
the free field. In our case of the “discrete” space (cf. j = 0, 1, 2, 3), the change of
the state cannot be specified satisfactorily, but fortunately, we will not need it. In
(2.298) U j+1(j) for j = 0, 2 describe the down conversion in the undepleted pump
approximation. The crystals are assumed to be identical or distinct and pumps are
assumed to be identical so that

Oin(=expficg, [as, (Dah+He]], j=02  @299)

X
where k; ., = 2v,. |,
LT el

both the nonlinear crystals are made, vp,  are classical complex amplitudes of
1+

X is the quadratic susceptibility of the matter of which

pumping beams, c is the speed of light, llzand [, are the lengths of the first crystal
and the second crystal, respectively. In between the down converters the idler from
crystal NL1 is put through a beam splitter BS and becomes the idler for crystal NL2.
This process is described by

Oa(1) = exp {il@oal(Dao(1) + @ia) (D) + (@) (Da(h) + Heel}
(2.300)
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where
} ( > i _2 £ f(e,t), (2.301)
y = —ir f(t, ), (2.302)

with
fe t)= Arccos‘ ‘ (et er (2.303)

Ji-jeep e e

Here t and r are the transmission and reflection amplitude coefficients, respectively,
for the idler mode and t’ and r’ are those for the “escape” mode. The modulus of
the transmission amplitude coefficient |t| can vary between zero (where the second
emission is spontaneous) and unity (where the second down conversion is stimulated
in the highest degree).

Hence,

ai(2) = U (a1 0,(1) = tai(l) + r'ag(1),
a0(2) = Ul(Hag(H0,(1) = rai(1) + t'ag(1), (2.304)

and the unitarity of the transformation matrix implies that
kP + )P =1, |£P+|t/P=1, tr*+rt*=0. (2.305)

It is advantageous to assume that t’ = t*, and from this r = —r'* (Rehacek and
Pefina 1996), and that Re t > 0. Then

fle, v = ArecosRet) (2.306)
T /T-Rer)? '
Z‘)} +(Imt) f(t, t). (2.307)

On applying the relation (2.298) at the input (j = 0) and at the stage 2 (j = 2),
we obtain that

as, (1) = ag, (0) cosh(ky) + iaf(O) sinh(ky),
a;(1) = i&:l (0) sinh(x) + a;(0) cosh(ky), (2.308)

and

a,(3) = @, (2) cosh(iy) + i/ (2) sinh(k,),
&(3) = iy, (2) sinh(ks) + &;(2) cosh(kz). (2.309)
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Using Equations (2.304), we easily obtain the following relations:

as, (1) = cosh(ic )as, (0) + i sinh(k1)a; (0), (2.310)
as,(3) = t* sinh(x;) sinh(k?)ds, (0) 4 it* cosh(ky) sinh(lcz)&i'r(O)
+it* cosh(k2)a, (2) + ir'™ sinh(i)a)(1). (2.311)

The statistical properties of the system in the Heisenberg picture can be obtained
when we take into account that the initial, in fact, “permanent” statistical operator
of the system is given as p = p(0) and when we average

(M(j)) = Tr{pM(@)}. (2.312)

Here, concretely, the statistical operator is a tensor product of separate vacuum sta-
tistical operators

p= T[] 1001 (2.313)

J=s1.1,52,0

We may introduce also the abbreviations M = M (0) and we consider the Schrodinger
picture, where the relation (2.298) is replaced by the evolution relations

PG+ 1) = Upp(NUL,,. j=0.1.2, (2.314)
with U ;= U ;(0) given in (2.299) and (2.300). The equivalence of both the pictures

can be proved and the statistical properties can be expressed in similar terms as in
(2.312)

(M)(j) = Te(p(jHM} = (M(})). (2.315)

Since all the initial fields are in the vacuum states, it is easy to obtain the expec-
tation values

(@l (Day, (1)) = sinh®(ky), (2.316)
(! (3)as,(3)) = sinh*(kx)[1 + | £ | sinh® ()], (2.317)
(513l (1)as,(3)) = t* sinh(x;) cosh(ky) sinh(xy). (2.318)

We will show in the Heisenberg picture that the input—output relation is con-
nected to the SU(2,2) group. In fact,

&51(3) Mg, Mg i Mg s, Mg, 0 &SI(O)
&1(3) _ | s miomis, mig &j(o) (2.319)
a52(3) mSzS] mSzi m5252 mSzO &52(0) ’ '

ay(3) Mos, Mo Mos, Moo &3(0)
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where

mS]S[
miS]
misz
mszsl
mSzSz

mOsl

= cosh(ky), mg,; = isinh(k), mgs, = mgo =0;

= —it* sinh(k) cosh(k,), m;; = t* cosh(k) cosh(k»),
= —isinh(k,), mj) = r'* cosh(ky);

= t*sinh(k) sinh(ky), ms,i = it™ cosh(k,) sinh(ky),
= cosh(ky), ms,0 = ir”™ sinh(ky);

=ir sinh(xy), mg = —r’ cosh(xy), mes, = 0, mgy = t.

From the form of the relation (2.319) it is evident that the operator

NG = a0() + A6 () — () — o), j =0,3,

69

(2.320)

(2.321)

is independent of j. This conservation law suggests the SU(2,2) group. The coeffi-
cients of the transformation (2.319) verify the pseudoorthogonality relations

Mjs My + M js, My, — M jimgg — mjomy, = &k, J, k =81,1,8,0,

where

We observe that the antinormally ordered moments have the expression

8ik = &jibjk, 8sisi = &ss» = 1, &ii = oo = —1.

(@;(3)a}(3)) = lmjs, I> + Imjs, 1, j =515,

and the normally ordered moments

More generally,

(@t(3)a;(3)) = Imjs,|> + Imjo, |, j =1.0.
(a5, (3)al (3)) = mgm?, + mgom?
(a,(3)al (3)) = (a5, (3al 3)*,

(@] (3)a0(3)) = mig,mis;, + mi,ms,,
(@i3)ai3)) = (@ 3)ar(3))*.

Further nonvanishing moments are

(a;(3ax(3)) = mjsmi, +mj,mi, j=s1,%, k=10,

and

(@h(3)af(3) = (@,3)a3)*.

(2.322)

(2.323)

(2.324)

(2.325)

(2.326)

(2.327)

(2.328)

(2.329)
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The rest second-order moments vanish:

(@;(3)a{(3)) = (al3a3) =0, j=s1.5. k=10, (2.330)
(@;3a(3) = (@ (3aj3) =0. j=si.5. k=55,
and j =1,0, k=1,0. (2.331)

Quantum statistics of radiation in the process under study is that of a four-mode
Gaussian state, starting with the quantum characteristic function:

Cs(ﬂsl s ﬁsw :gi’ ﬂOv 3)
= Tr{p(3) Dy, (Bs,, 0) Dy, (Bs,, 0) Di(Bi, 0)Do(Bo, 0)}
= Tr{p Ds, (Bs, 3) D, (Bs, 3)Di(Bi, 3)Do(Bo, 3)}, (2.332)

where the displacement operators are given by
D;B;. k) = eXp[ﬂj&}(k) = Bia;(k)], j=s1,%,1,0, k=0,3. (2.333)

By the remark above, D i(Bj) = D (B, 0). On substituting into the relation (2.332)
according to (2.319), we obtain that

CS(IBSU IBSZ’ ﬂi’ 130’ 3)
= Tr{p(0) Dy, (B, (3)) Dy, (Bs, 3) Di(Bi(3)) Do(Bo(3))}. (2.334)

where

- ﬂ:l 3) = _Igs*lmslsl - ﬁs*zmsZsl + Bimis, + Bomos, »
_,3:2(3) = _.Bs*lmslsZ - ﬂ:zmsm + Bimis, + Bomos,
Bi(3) = —B; my;i — B, mg,i + Bimii + Bomoi,
Bo(3) = — B ms,0 — Bi,ms,0 + Bimio + Pomoo- (2.335)

From the known quantum characteristic function for the initial vacuum state

1
Cs(Bs, . Bs,» Bis Bo. 0) = exp -3 Z 181>+, (2.336)

J=81,82,1,0

we derive that

CS(:BSp 13827 ﬁir 13053) ZCXP{ - Z |:8]|sz8

J=51,82,i,0

+ | —BuBLBL, — BBIBy+ D> Y BiBCli +cc. } (2.337)

Jj=s1,82 k=i,0
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Here the coefficients Bjs, Bk, Cjx can be expressed in the form

Bjs = (@;3)al3)) — 5. j=si.,

N =)=

Bjs = (al(3)a;(3)) +
By, = (a,(3)al(3)), (2338)

Bio = (@i(3)a}(3)),
Cix = (a;(3ar(3)), j=s1,%, k=1i,0.

) j:isov

Taking into account that (a;(3)) = 0, j = sy, s2, 1, 0, we see that we are consistent
with the more general notation

Bja = (A2;(3)Ad}(3)). j =s1.5%.

Bjy = (A&.§(3)A&j(3)), Jj=1,0, (2.339)
where Ad = a—{(a), and with the coefficients By, Bio, Cjx, j =51,%, k=1,0,
after similar replacement.

We confine ourselves to the study of the signal beams in what follows, which are
described by the reduced statistical operator

Ibsignal(3) - TI'iTI'(){,b(S)}, (2340)
where Tr; and Tr, are partial traces over the idler and escape modes, respectively.

Quantum characteristic function in the state described by the statistical operator
(2.340) can easily be obtained:

CS(ﬁS] ’ /352) = Cs(ﬂsl ’ /3827 3) = Cs(ﬂ& ’ ﬂSZ’ Oa 07 3) (2341)
In Pefinova et al. (2003), the same function has been introduced as

Cs(By» Bors 1, 3) = Tr {p(0) Dy, (B, DDy, (B, 3)}

=exp|— > IBiI’Bjs+ (—B. BB, +cc) |. (2.342)

j:sl.sz

In the following we simplify the notation s;, s, for the signal modes to 1, 2,
respectively. From the characteristic function

Cu(i. B2) = exp [ SUBI + 18| Cs(Br. o). (2:343)

where s = 1,0, —1 in the subscript and also s = N, S, A denote the normal,
symmetrical, and antinormal orderings of field operators, we can establish the @
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quasidistribution related to the respective ordering of field operators

1
D (a1, a2) = —
T

x / Cs(B1, B exp (a1 B — af i + caf; — 3 Bo) d*B1 d*B. (2.344)

After integrating, we obtain

1
CDS s =
(aq, a2) Ko,
1
X exp { X, lo1|*> — Biglan|* + (B 05 + c.c.)]}, (2.345)
12
where
5 1
B4 = cosh™(k1), Bis = Bia — > Bixy = Big— 1,
By 4 = cosh?(k2) + | t| sinh?(k2) sinh?(x),
1
Bys = By — X Bon = By — 1,
B, = t*sinh(k ) cosh(x) sinh(k2), (2.346)
and
Ko = BisBys — |Bpaf*. (2.347)

Especially, for s = —1 it holds that

1
D y(ay, az) = 72 (Ol] s a2|p§1gnal(3)|al , Q2), (2.348)

where |a, o) is the two-mode coherent state, which yields the expansion

1 00 00
D 4oy, ar) = — ex —lo |2 = | |?
Alar, @) = — exp(—lon|” — leaf") o
q=—00 m;=max(0,—q)
o) *(mi+q) _my kny na+q

x Y plmy+q.my g, ny+ q) & i
B Sy + g)lmying(ny + g)!

(2.349)

for any ® 4 quasidistribution that does not depend on a;a,, afo;. Here

p(ny, my, ny, my) = (ny, n2| Psigna(3)|my, ma) (2.350)
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are the usual matrix elements. Equating the expansion coefficients for (2.345) with

s = —1 and those of (2.349), we arrive at the expression
min(m,n;y) ] ] ] ]
POy + g my 1y, 1y + q) = Z Jmy+ g)lmyny!(ny + q)!
pemmo,—qy M1 = P2 = p)Ipl(p + ¢!
(K14 — Bow)™ "(Kioa — B1a)" " B{Y B,
X P , (2.351)
124
while obviously
p(my +q1,my,ny,ny —q2) =0 for g1 # —qo. (2.352)

(ii) Photon-number statistics

Numbers of photons in signal modes complete the picture of the quantum cor-
relation between these beams. The joint photon-number distribution p(ny, n;) can
be expressed in the concise form (Rehacek and Pefina 1996). A substitution into
(2.351) leads to slightly more complicated expression:

p(ni, ny) = p(ny, ny, na, no). (2.353)

This distribution can be seen in Fig. 2.12 for |t| = 1, Bjy = By = 3, |Bi2| = 3.
It differs from the product of pertinent marginal distributions by larger “diagonal”
probabilities. To the contrary for |t| small, the joint photon-number distribution is
approximately the product of its marginal photon-number distributions.

Fig. 2.12 Joint 014
photon-number distribution . (),12
for |[t| = 1; Biy = Boy =3, Cc:v 0,
n; €[0,10],j = 1,2 RS
g %
7 20
04 q
(),02
0,00

As for the experimental arrangement under study, it depends on /y, t, [, whereas
the numerical demonstration is restricted to the case when the length of the first
crystal is kept fixed. Consequently, the mean photon number Bj s in the first sig-
nal mode is constant and this convenient behaviour is, for the sake of illustrations,
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extended also to the second one as a relationship between |t| and 5,

Boy

sinh®(ky) = — =¥ |
) = ey

(2.354)

The Glauber degree of coherence (Pefina 1991) yg) is the complex-valued quan-

tum correlation measure related to the normal ordering:

B}
2) 12
s hY% BINBZN ( )

In the numerical illustration of the quantum correlation measures, we assume k| =
k> = k and find k| by the inversion of the formula

By = sinh’(k)) = (&il(l)&sl(l)) =n(1). (2.356)

The limit case |t| = 1 is interesting, |y1(§)| = Ry = 1, see Fig. 2.13. This maximum
correlation does not correspond to a weaker correlation between the signal photon
numbers. In the multimode analysis (Wang et al. 1991a) of the experiment (Zou et al.

e

Fig. 2.13 Quantum Ry 1.0 -
correlation measure Ry ]
versus the modulus of the 0.8 - d
transmission amplitude ’
coefficient |t| € [0, 1]; it is 1 c
assumed that 0.6 1 b
ni1(1) =102, 1, 10, 100, 10*
(the curves a, b, ¢, d, e, 0.4
respectively)

0.2

0.0

00 02 04 06 08 1.0

1991), the visibility of the interference between the signal fields has been expressed,
the interference manifests itself as oscillations in the counting rate I (see (2.412)
below) when propagation times of the idler beam from NL1 to NL2, of the first
signal beam from NL1 to Dy, and of the second signal beam from NL2 to Dy are
incremented by 87, 871, 672, respectively. Deriving a simplified visibility Vgimpie for
the formalism of several modes provides

2Ry~ Biv Bay

(2.357)
By + Boy

Vsimple =

As /BinyBon < %(Bl N+ Boy), the visibility cannot exceed the correlation measure
Ry and the equality is attained for By = B,y. The maximum obtainable visibility
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between two fields in an experiment is given by the correlation measure Ry, cf.
Wiseman and Mglmer (2000).

On substituting (2.338) with (2.316), (2.317), and (2.318) into (2.355), we find
that

|t] cosh(xq)
N = — .
V14 [t]?sinh? (k1)

(2.358)

Noting that the idler beam, before it enters the beam splitter, has the same statistics
as the output signal 1, we can rewrite (2.358) in terms of the mean photon number

fi;(1) = sinh’(k;) as
_ 14+n(1)
Ry = Itl‘/—1 FTeETTTe (2.359)

Wiseman and Mglmer (2000) considered the relevant limits in this form. The single-
photon regime which is the regime of experiment and theory in Zou et al. (1991)
and Wang et al. (1991a,b) occurs for 77;(1) < 1. Up to the first order in the rescaled
lengths ki, k, of the crystals, we simply obtain Ry = |t|. The probability of a
down conversion at crystal NL1 over interaction time is less than or equal to 72;(1),
or it is small. The probability to have down conversions at both crystals over inter-
action time is less than or equal to <€zil (Das, (1)51;(3)51Sz (3)> = By Bay + |Bi2l?,
or it is negligible. The single-photon regime applies in the multimode analysis of
Wang et al. (1991a), because each of the narrow-bandwidth signal modes (ks,, ws, ),
(ks,, ws,), with directions characterized by ks; and with the frequencies ws;, j =
1, 2, that form broad-band signal fields, receives only a small part of the pumping
photons over interaction time. The same applies to idler modes and idler fields. The
signal fields s; and s, from the two down converters are allowed to come together
and interfere at the detector Dy.

In the spatial interaction picture, the state of the field produced by the crystals is
given by

[¥(3)) = U5(0)02(0)01(0)]0)s, i .05 (2.360)

where U j+1(0) for j = 1,2, 3 are given by relations (2.299) and (2.300), where
the annihilation operators ds l(j) — g, 1(0), a;(j) — @(0), ap(j) — ap(0).
5+ I+

We will drop the argument (0) at the annihilation operators in what follows. Here
10)s,.i.5,.0 = 10)5,10)110)s,10)0 and, in general,

|n81 ’ Vli, nSZ’ nO) = |n51 >S1 |ni>i|n82>52 |7’lQ>0. (2361)

In the Schrodinger picture, the operators do not change and in the interaction picture,
which is the modified Schrodinger picture, they change like the Heisenberg picture
free-field operators. An analogue of relation (2.298) for a discrete space is not used
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in quantum optics (the free-field propagation is absorbed in the interaction). Fortu-
nately, we will use just the interaction-picture annihilation operators. Expanding the
operators U;41(0) according to «; s J = 0, 2, we obtain that

2

[V (3)) = |0)s,.is,.0 +1x2]0, 1, 1,0) + ik (t]1, 1,0,0) +r|1,0,0, 1)), (2.362)

when « iy are small. For |t| = 1 we have a single-photon state in the idler mode
and in the collection of the signal modes. In general, one can infer a conversion at
crystal NL1 after a photocount in the escape mode. We introduce the probability of
the detection

P1.0.01(3) = k1] (2.363)

Let us assume that one infers a conversion at crystal NL2 after no photocounts in the
escape mode. We introduce the probability of a correct inference of the conversion
at crystal NL2

Po.1.1.003) = k2] (2.364)
and that of such a wrong inference
Pr1.003) = k1 PlE]. (2.365)

On a photocount in the escape mode it is certain that the conversion has happened
at NL1. On no photocounts in this mode, the posterior probabilities are

|2
Prob(gsl :Oﬂllsz = 1|21= 10%:0): m, (2366)
p Jie1 |71
rob(ny, = 1N ny, =Oln; = 1 Ny = 0) = (2.367)

lie1 P12 + a2

Here the underlining means a random variable. The counting rate registered by
Dy exhibits perfect interference when the idler fields are perfectly aligned. This may
be regarded as reflecting the intrinsic impossibility of knowing whether the detected
photon comes from NL1 or NL2 (Wang et al. 1991a). The multiphoton conditional
states can be found in Luis and Pefina (1996a).

Let us consider the annihilation operators aS - j = 0, 2. The action of the two

operators on the state |y(3)) is asymptotically for small « iy expressed as

as, |¥(3)) > ik (€0, 1, 0, 0) + r]0, 0,0, 1)), (2.368)
as, | ¥ (3)) > ik20, 1, 0, 0). (2.369)

Hence
(@l ay,) ~ kit (2.370)

(@lag) ~«i, (alag) ~«3. (2.371)
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It can be verified that these relations hold up to the second order in «y, k. We can
find that ;5" = t* in the limit of small x|, j = 0.2. Obviously, the equation
holds up to the zeroth order, but it can be verified that it is valid up to the first order
inx 1, K2.

The opposite regime is that where 7;(1) > 1. Here there are many photons
on average in all of the down-converted beams. That is, the phase of the stage-1
or stage-2 idler mode should lock the phase of the output signal-2 mode for any
nonzero transmission amplitude coefficient t.

(iii) Multimode formalism

In Wang et al. (1991a) the pump beams at each crystal are represented by com-
plex analytic signals V;(¢) and V;(¢) such that |Vj(t)|2 is in units of photons per
second (j = 1, 2). The multimode formalism enables one to respect that the two
crystals are centred at 0; and 0,. The multimode formalism views the electric fields
as temporal-interaction-picture operators

A )
Ef = —2w E am (@) expli(ky, - ¥ —wut)], m=s1,1,%,0, (2.372)
s

(27

where dw is the mode spacing and &,,(w,,) is the photon annihilation operator
for narrow-bandwidth signal m = s;, j = 1,2), idler (m = 1), and “escape”
(m = 0) modes (k,,, w,,) at the frequency w,,. The Hilbert space for the mul-
timode analysis is a tensor product of those Hilbert spaces of separate modes,
whose vacuum states may be designated as |0),,(w,,), m = sj,1,s,,0. We con-
sider photon-flux amplitude operators £ g;*)(t), Jj =1, 2, at the appropriate detector,
Eg;“)(t)sﬁsj(rs, t) = figj?“)(Oj,t — 1), where 7;, j = 1,2, is the propagation time
of s; from NL; to D;.

In order to compare the sophisticated multimode formalism with the simple for-
malism of several modes, we must present another appropriate description of the
dynamics of the same down-conversion experiment. We adopt the temporal interac-
tion picture and combine it with the spatial interaction picture. In this case, the state
produced by the crystal is given by

[¥ (3. 1) = Us(0, U0, 1)UL (0, 1)|0)s, i 5,.0- (2.373)
Here |0)s, is,.0 is the vacuum state of all the narrow-bandwidth signal, idler, and
“escape” modes (ksj, ws;), j = 1,2, (kj, @), (Ko, wp), respectively. U;41(0,1), j =

0, 2, are unitary operators:

U100 = lim_U;11(0,1,10), (2374)
0—>—00

where U j+1(0, 1, 1p) are unitary operators that obey the initial condition

Uj4100,1, 0l,_, = 1, (2.375)



78 2 Origin of Macroscopic Approach

U i+100,1,19) for j = 0,2 describe the parametric down conversion and are
expressed, indirectly, in terms of Eéj’) (r, 1), f?f”(r, 1); U5(0, 1) describes the beam
4+l

splitter and is expressed as

02(0.1) = exp {i Y [@oaf(@"ao(@") + @i (@)

"

+ (y*ao(w”)ai(w”) n H.c.) ] ] (2.376)

In this point we differ from the paper by Wang et al. (1991a), who used the initial
condition at " = ¢ — ¢; and they did not write down the decomposition into stages.
Let 7 denote the time ordering. We will introduce the unitary operator

t
U50,t,t — 1)) = Texp{ / [v2V2(0)6w Z Z d(wy — o, &)
t—t o "

—h

x ¢ o TR0 pilon— =" g ()a (o) — H.c~] d } (2.377)

where v;, j = 1,2, is a constant such that |v;|* gives the fraction of incident pump

photons that is spontaneously down converted in the steady state, w is the frequency
of the monochromatic pump beam, k;, (k") is a wave vector that is determined by
the frequency o;, (") and the direction of the second signal beam (the idler beam).
To the first order in the processes the unitary operator may be expressed as

U50,t,t —t;) =1+ {szZ(O)(Sa) Z Z dwy — ', ")

. 1 ’ ’
i, +i0; SID [3(wo — 0 — &")1]
%(wo —w —w")
t .
X exp [—i(wo - — o) (l - 51)] al (@hal (") — Hc}
(2.378)

X

From this we obtain the vector
W3, 1 — 1) = U300, 1,1 — 1), 1,1 — 1))
= W@ 1,0 = 1)) + 12 V2080 Y D dlwy — o, @)

: 1 ,
ik, +k1-0, ST [3(w0 — &' = ")11]
(@) — @' — ")
t
X exp [_i(wO - C()/ - a)//) <t - %)} |w/>82|a)//)i|0)51,0!
(2.379)

X
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where |w'), and |w”); are frequency eigenstates of the second signal and the idler
beam, respectively, |0), o is the vacuum state of the first signal and escape modes,
and

W@, t,t — 1)) = Ux(0,)U1(0, £, t — 1)]0)s, 50,0
= 0,00, 1)0,(0, 1, 1 — 1)UL (0, 1)]0), 1.5,.0- (2.380)

We transform the vector |y (3, f, ¢ — 1)) to a vector

. )
B0l t.1 = 1) = 12V2(0)/ 5760 ) Y lon— oo

: 1 / "
2o Sin|5(wg — o' — ")t
« K0 [2 ]

%(a)o —o —w")
t
X exXp [—i(a)o —o - (‘L’z — %>:| exp[—i(wg — ")t — 1)]
x |@")i]0)s, 5,0 (2.381)
8(1) 1/ 1/
~ UQVQ(O),/Z Z;mwo — o', o)

00 oin[1 NN
o o0 / sin [2(0)0 o —w )tl]
—0o0

3@ — ' — ")

X eXp [—i(wo —o - o) (rz - %)i| do’ exp[—i(wy — &)t — 12)]

X |@")i]0)s, 55,0 (2.382)
= Vot — ©)|1(02, t — 12))il0)s,.s,.0, (2.383)

where the single-photon state of the idler beam
1, 0)i = V2160 ) plan — 0", ")

% efi(k”-rfw”t) |(,()”)

i (2.384)

$(@", w") is connected with spectral functions ¢;(w’, ®"; w) characterizing the sig-
nal and idler fields at any crystal NL j,

¢ (@, ®) = $1(0, ) = p2(d, W),
¢j(&)//’ (,()”) — (ﬁj(&)”, (1)”;(1)()), ] =1,2. (2385)

The frequency eigenstates are single-photon states:

0"V = &}, (@")|0), (2.386)
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where

100 = Q) 10hm(@"), m =1,0. (2.387)

Unfortunately, the nonvanishing result is obtained only for
O0<m<th. (2.388)

To resolve this, Wang et al. (1991a) let #; — oo. Should #; mean the interaction time,
it is better to change the integration limits, namely not to consider the integration
interval [t — ¢, t], but, for instance,

[t — (K, + Dy, t — Kpty], (2.389)
for
Kty <1 < (Ky 4+ Dy (2.390)
to hold.
We further calculate
E O3t — 1)) = E,OIWQ2, 1.1 —1)). (2.391)

We obtain the appropriate component of the vector [ (2, ¢, ¢ — t;)) by the action of
the unitary operator

t
020, 0010, 1,1 — 1)03(0, 1) = Texp{ / [vl Vi(0)sw
—h

x al (@)t @) + rag(w")] — H.c.] dt’}. (2.392)

The calculation proceeds similarly as in the case of NL2, but we replace ?1;( (") by

tfl;r (@") + rag(@"), |0"); by t|w”)i 4+ rlw”)y and we change all the other subscripts
that underlie to a change, so that

EqO@. 1.t — 1) = v Vi, 1 — 7)[€]1(01, 1 — 71))i[0)s, 5,0
+ [1(01. 1 — 11))0[0)s,is, ] (2.393)
where |0>sl,52,0 = |Yvac)s,.5.0 |O)sl,i,sz = [Yvac)s,is stand for vacuum states,

[1(r, t)); is defined in (2.384), and |1(r, t))¢ stands for single-photon state of the
“escape” beam

1, )0 = V2780 Y plan — o, o) exp[—i(K" - T — "D)]|")o.  (2.394)
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Here a nonvanishing result is obtained only for
O0<1 <H. (2.395)

Considering a change of the integration limits as above, we see that, to the first order
of the processes, no difficulties arise if we change the limits independently of NL2.
We do not consider the integration interval [t — ¢#{, ¢], but, for instance,

[t — (Ky + D, t — Kini], (2.396)
for
Kiti <t <(Ki+ Dty (2.397)

to hold.
In other words, the relations (2.383) and (2.393) can be generalized to provide

A [ESOIWG, 0)] = E, 0y @B, t — Kity, t — (Ki + Diy)), (2.398)
Ay [ESX OB, D) = EqOI (3.t — Koty t — (Ko + D), (2.399)

where 7, is the propagation time of the idler from NL1 to NL2. A ¢ denotes an
attenuation of the field down to the vacuum state outside an interaction length
centred at the distance f from NLI in the direction of propagation of the beam.
The operator A_f compensates for the difference we have caused with the initial
condition at t' = fy — —oo instead of the Wang—Zou-Mandel shortening of the
integration interval. The operator A 7 1s not unitary and is even “slightly” nonlinear.
Its consideration depends on a neglect of the coherence length in comparison with
the interaction length. Using such an operator we can describe, where (within which
interaction length) the single-photon states are localized at the time ¢,

Accl11001, 1 = T))il0)s, 55,01 = 11001, 7 = ©))il0)s, 5,.05 (2.400)
Acel11001, £ = ))0l0)s, o] = 1001, 7 = ))l0)s, i s,- (2.401)

The angular brackets will mean averages and, when operators are involved, the
brackets are supposed to average in the state |/ (3, 1)),

(M) = (Y3, )My 3, 1)), (2.402)

with M being an operator. When the operator is situated inside an interaction length
centred in the propagation distance f from NL1, it also holds that

(M) = A (YB3, DIMA Y3, 1)]. (2.403)

Hence, one may omit the unusual notation when no ambiguities arise.
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Letting ws and w; denote the centre frequency of the signal beam and the idler
beam, respectively, we have wg + w; = wy. Introducing the normalized correlation
function u(t) of the down-converted light

(1(ry, ¢ — 1)|1(r2, t — 12))i = w(to + 72 — T1) expl—iwi(to + 72 — 71)], (2.404)
where

() .
e u(r) =21 / |p(®, w)|>e ™" dw, (2.405)
0

we obtain that the relations (2.370) and (2.371) ought to read

(EOWOED ) = vint™ (Vi — Vit — 1))

X u(to + 72 — 1) expl—iwi(to + 72 — )], (2.406)
(EOWOEL @) = miP (Vi — I,
(EDOED (0) = mlX(IValt — )P, (2.407)

where we introduce E;j‘)(t) = [EST)(I)]T. Hence the modulus of the normalized
correlation function is
HES OES @)
JEDOEDONES 0F @)
_ Vit — )Wt — )
VMG =R (Ve — m)P)

[u(to + 72 — Tl (2.408)

The maximum value is equal to |t|, which is predicted also by equation (2.359).
A linear dependence of visibility on |t|, as seen convincingly in the original work
(Zou et al. 1991, Wang et al. 1991a), is the true signature of induced coherence
without induced emission.

As concerns E(+)(t)|1p(t)> j = 1,2, they are not explicitly presented in Wang
et al. (1991a), but they may be derived. It emerges that the parameters of the beam
splitter do not enter the relation for Eél““)(t)h//(t)). On the contrary, Eéf)(t)hp(t)) in
Wang et al. (1991a) comprises the parameters t*, r'*. Nevertheless, the statistical
properties in Pefinova et al. (2003) coincide with those in Wang et al. (1991a),
because the differences under discussion resemble distinct, yet equivalent pictures.
Especially, considering the photon-flux amplitude operators Eé“(l) at the detector
D, with a quantum efficiency ny (Wang et al. 1991a),

A 1 . -
EP@) = 7 [EP )+ EF 0], (2.409)
substituting into the formula for the average rate of photon counting

= n(YOIESOEL 1)y (1)), (2.410)
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where

F)(4) — [

ED@0 =EP 0N, (2.411)

and taking into account the orthogonality of single-photon states |1(ry, ?)); and
[1(ry, 1))o uniquely results in the relation

1
I = Ens{|v1|2<lV1(t — 1)) + (I Valt — ))
H—ivf v (Vi (t — 1)Va(t — @) t* (o + T2 — 71)e T2 =™) 4 c e ). (2.412)

Pefinovi et al. (2000) have studied quantum statistics of radiation in signal modes
of the two-mode parametric processes with aligned idler beams. They have found
that the signal beams are in the correlated chaotic state. The strength of correla-
tion depends on the degree to which the paths of the idler beams are superposed
and aligned. They have compared different measures of correlation, especially
the entropic or information-based measure with the modulus of the usual degree
of coherence in the dependence on absolute value of the transmission amplitude
coefficient of the beam splitter inserted as an attenuator of the perfect alignment.
Some other measures have been introduced taking into account the symmetrical and
antinormal orderings of field operators. In contrast to the normal ordering, these
orderings do not indicate the maximum correlation for the perfect alignment. The
situation with the photon numbers in the signal modes, whose correlation is not
maximum for the perfect alignment, serves as motivation for such a more general
consideration. The theory of canonical correlation has been applied to the quasidis-
tribution of complex amplitudes related to the symmetrical ordering of field oper-
ators. They have taken into account that the quantum correlation has a significant
effect on the photon-number sum, photon-number difference, and quantum phase-
difference statistics. Essentially, it concerned the variances of number sum and num-
ber difference and the dispersions of quantum phase differences according to vari-
ous definitions. A comparison of distributions of quantum phase difference derived
from the phase-space distributions has shown that the phase-difference uncertainty
increases from the normal ordering, through the symmetrical and antinormal order-
ings, whereas the system of canonical phase related to the antinormal ordering of
exponential phase operators ranges between the symmetrical and antinormal order-
ings, but by no means exactly. The paper (Pefinova et al. 2000) reveals that the
correlated chaotic state is the mixed partial phase-difference state. In addition to
the marginal distributions, the joint number-sum and phase-difference distribution
has been considered, but for the canonical quantum phase difference and the Luis—
Sanchez-Soto phase difference only. The quasidistribution of number difference and
phase difference has been defined with the properties that the marginal distribution
of the phase difference is the canonical one. They have addressed the number sum
and the quantum phase difference as simultaneously measurable observables and
the number difference and the quantum phase difference as canonically conjugate
observables.
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Perinova et al. (2003) have compared the simple formalism of several coupled
harmonic oscillators with multimode formalism in the analysis of an interference
experiment. On focusing on several modes they have been able to study phase prop-
erties of “correlated chaotic beams”. Then they have assumed the single-photon
regime as also previous authors did. They have indicated that, assuming several
coupled harmonic oscillators, the previous authors did not try to include time delays
between optical elements into the analysis. Pefinova et al. (2003) have also formally
expressed, for instance, that one works with a single-photon state of some signal
modes in the several-mode formalism whenever one describes the experiment with
a superposition of single-photon states of modes that form the signal beam.

The utility of a simple single-mode theory has been clarified in the case where
single spatial mode filters and narrow-band optical filters are used to filter the output
state of parametric down-conversion Li et al. 2005).

Pefina and Kiepelka (2005) have derived joint photon-number distributions in
signal and idler modes and have illustrated related concepts taking into account
experimental data. Pefina and Kiepelka (2006) have provided the generalization of
this description to stimulated parametric down-conversion. Pefina et al. (2007) have
reported on a measurement of the joint signal—idler photoelectron distribution of
twin beams. Parameters of the previously published model (Pefina and Kiepelka
2005) have been estimated. The specific result that the joint signal-idler quasidis-
tribution of integrated intensities can be approximated by a well-behaved function
even in the case where the quasidistribution is not an ordinary function has been
comprised. Pefina (2008) has shown that a nonlinear planar waveguide pumped by
a beam orthogonal to its surface may serve as a versatile source of photon pairs.
He considers the pump-pulse duration, pump-beam transverse width, and angular
decomposition of the pump-beam frequency and their effect on characteristics of
a photon pair, such as the spectral widths of signal and idler fields, the pair time
duration, and the degree of entanglement between the two fields.
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