Chapter 2

Fourier-Mukai functors

Introduction

According to a fundamental theorem due to D. Orlov, any equivalence between
derived categories of coherent sheaves of two smooth projective varieties is an inte-
gral functor. This “representability” result — which lies at the heart of the current
chapter — opens the way to the investigation of the geometric consequences of
the equivalence between the derived categories of two varieties.

Section 2.1 is quite technical; it presents and develops the notions of span-
ning class, ample sequence and convolution (of a complex of objects in the derived
category). These will be mainly used in the next section and may at first be given
little attention, concentrating on definitions and main results, leaving proofs and
details to a second reading. Section 2.2 pivots around Orlov’s theorem. An im-
portant ingredient of the proof that we provide for this result is a construction of
the resolution of the diagonal of a projective variety which generalizes Beilinson’s
resolution of the diagonal of projective space. This generalization is originally due
to Kapustin, Kuznetsov and Orlov and has been further formalized by Kawamata.
In Section 2.3 we specialize our attention to those integral functors which estab-
lish an equivalence of categories. We call such functors Fourier-Mukai functors,
reserving the term Fourier-Mukai transforms to the cases where the associated
kernel is a concentrated complex (i.e., it is a sheaf). One of the main objectives
of the section is to state and prove (basically following [61]) a criterion for testing
whether a fully faithful integral functor is a Fourier-Mukai functor. The existence
of an equivalence between the derived categories of two varieties of course severely
constrains their geometry, and indeed one proves that whenever two smooth pro-
jective varieties have equivalent derived categories, and one of them has an ample
canonical bundle, then they are isomorphic. The section also provides other geo-
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32 Chapter 2. Fourier-Mukai functors

metric applications, some of them concerning moduli spaces of sheaves.

2.1 Spanning classes and equivalences

We introduce the notion (due to Bridgeland [61] but already implicit in [48]) of
spanning class for a triangulated category.

Definition 2.1. Let 2 be a triangulated category. A subclass ¥ C Ob(2) is a
spanning class if the following two properties are satisfied:

1. if Homy(0,a) = 0 for all o € ¥ and all i € Z, then a = 0;
2. if Homi(b,0) = 0 for all o € ¥ and all i € Z, then b = 0.

A

Example 2.2. The skyscraper sheaves O, form a spanning class for the derived
category D°(X) of a smooth projective variety, as we shall see in Proposition 2.52.
Moreover, if £ is an ample sheaf, then {£'};c7 is also a spanning class for D°(X)
by virtue of Proposition 2.9. In particular {Opr () };cz is a spanning class for the
bounded derived category of the projective n-space. (Actually, for any m € Z the
collection {£%};~,, is a spanning class as well.) A

Definition 2.3. A triangulated category 21 is decomposable if there exist two trian-
gulated nontrivial full subcategories 24, 25 such that

1. For every object a in 2 there exist objects a; in 2; and a triangle

a1—>a—>a2£>a1[1];

2. For every pair of objects ay,as in 2,2y one has

Homb (a1, az) = Homly(ag,a1) =0, for any i € Z.

We then write 2 ~ 2(; & 2. A triangulated category 2 is indecomposable if it is
not decomposable. A

Lemma 2.4. Let F: A — B be an exact fully faithful functor with a right adjoint
H and a left adjoint G. Assume that B is indecomposable and that 2 is nontrivial.
Then F is an equivalence if and only if the condition H(c) = 0 for an object ¢ in

B implies G(c) = 0.
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Proof. If F' is an equivalence, then G ~ H, and there is nothing to prove. For the
converse, define full subcategories 981, B, consisting of the objects b in B such
that FH(b) ~ b and H(b) = 0 respectively. If by, by are objects in By, B, one has

Homb (b1, b2) ~ Homiy (FH(by),by) ~ Hom (H (b1), H(bz)) =0

and
Homg (bo, by) ~ Homy (b, FH(by)) =~ Homly (G (b2), H(b1)) =0

because G(by) = 0 by hypothesis. Moreover, for any object b in B the counit
morphism €(b): FH(b) — b can be embedded into a triangle
e(b) s
FH(b) —b—c— FH(b)[1].
Applying H we get H(c) = 0; in fact, H(e(b)): HF H(b) — H(b) is an isomorphism

since F is fully faithful. Then FH(b) is an object of B4 and ¢ is in Bo. Moreover the

composition of 0 = H(c) 2O, HFH(b)[1] ~ Hb[1] is the morphism corresponding

by adjunction to ¢ 9, FH(b)[1], and then § = 0. Since B is indecomposable, either
B or B is trivial. If By is trivial, then By = B so that H = 0; then for every
object a of 2 we have Homgy(a, a) ~ Homey (F'(a), F'(a)) ~ Homg (a, H(F(a))) =0
and this implies that 2 is trivial. But this is impossible, and therefore B, is
trivial, which means that ¢ = 0 and e(b): FH(b)= b for any object b in 8. Thus
FH ~1dg, and F is an equivalence. ]

As shown in Corollary 1.18, exact equivalences of categories intertwine Serre
functors. Whenever this intertwining property holds true for all objects in a span-
ning class, under some additional assumptions one has a converse statement.

Proposition 2.5. Let F': A — B be an exact fully faithful functor of triangulated
categories with Serre functors Sy, S . Assume that B is indecomposable, A is not
trivial and that F' has a right adjoint H. Then F is an equivalence if and only if
Se F(0) = FSy(o) for all o in some spanning class ¥ C Ob(2A).

Proof. By Lemma 1.17, F' has a left adjoint given by G = SQIl o H o Sy. For any
object b in B, any ¢ € ¥ and any i € Z, we have

Homl (o, G(b)) ~ Hom (G(b), Se(0))* ~ Homiy (b, FSe(c))*
~ Hom (b, S F(0))* ~ Homly (F(c),b) ~ Homly (o), H(b)).

Then G(b) = 0 if and only if H(b) = 0, so that F is an equivalence by Lemma
2.4. ]

Spanning classes may be used to test whether a functor is fully faithful.
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Theorem 2.6. [61] Let F': 2l — B be an ezact functor of triangulated categories,
admitting a left and a right adjoint. The functor F' is fully faithful if and only if
the morphism

F: Homy (0, 7) — Homls (F(c), F(T))

1s an isomorphism for every o, in some spanning class ¥ for 2.

Proof. Let H,G be a right and a left adjoint to F' and consider the corresponding
units and counits

n:Idyg — Ho F €: FoH — Idg
£ 1dy — FoG 0: GoF — Idy

We have a commutative diagram

Homg(a, T) SR Homg (0, H o F(1))

6(o>*l \ 5l~ (2.1)

Homél(G o F(o),T) %> Home (F(o),F(T))

where o = §(F(0))* o F and 8 = €(F(7))« o F are the isomorphisms given by
adjunction. Since F' is an isomorphism for all o, 7 € ¥, all morphisms in diagram
2.1 are isomorphisms for all o, 7 € 3. Taking this into account we proceed in three
steps:

(1) We prove that §(o): G o F(o) — o is an isomorphism for every o € X.

Indeed, 6(o) fits into the triangle G o F(o) @, 5 p — G o F(o)[1]. For every

7 € U we have an exact sequence

- — Homy (o, 7) 3, Homy ' (G o F(0),7) —

Homg(p, 7) — Homgy (o, 7) 3y, Homg (G o F(o),7) — ...

Ifrex, then all morphisms d(o)* in this exact sequence are isomorphisms, so
that Homgy (p, 7) = 0 for every i € Z and p = 0. Thus d(¢) is an isomorphism.

(2) Next we show that n(7): 7 — H o F(1) is an isomorphism for every
7 € Ob(2). We can embed n(7) into the triangle 7 ISRy 08 F(r) — p— 7[1] and

get for every o € X the exact sequence

- — Homgy (0, T) e, Homg( (o, H o F(1)) — Homgy(c, p) —

Homy, (o, 7) SN Homy (o, Ho F(1)) — ...
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As o € X, by (1) 6(0) is an isomorphism, hence d(¢)* is an isomorphism. By
diagram (2.1) F is an isomorphism, so that n(7). is an isomorphism as well for
every o € X, 7 € Ob(2l). By the above exact sequence one has Homy (o, p) = 0 for
every i € Z, o € ¥ and thus p = 0 and 7(7) is an isomorphism.

(3) Finally, we prove that F' is fully faithful. Since n(7) is an isomorphism
for every 7 € Ob(2(), (7). is an isomorphism for every o,7 € Ob(2l), and then F
is an isomorphism by diagram (2.1). |

2.1.1 Ample sequences

Let 2 be a k-linear Abelian category.

Definition 2.7. A sequence {P;};cz of objects in 2 is said to be ample if for every
object C' of A there is an integer ig = io(C) such that the following conditions
hold for i < ig:

1. the natural morphism Homg (P;,C') ® P; — C' is surjective;

2. Hom’

Db(gl)(PLaC) =0 fOI‘j 7é O;

Condition 1 is equivalent to the existence of an exact sequence
PP 2 PR L A 0.

The most important example is provided by the sequence {L'};cz in the
category of quasi-coherent sheaves on a projective variety where £ is an ample
line bundle (here P; = £L7%).

The following results are used in the proof of Orlov’s representability theorem
2.15.

Lemma 2.8. [242] Let {P,;}icz be an ample sequence in 2. An object A* of D®(2)
is isomorphic to an object of A (i.e., it is isomorphic in DY) to a complex
concentrated in degree zero) if and only if HomJDb(m)(Pi,A‘) =0 for j # 0 and
1< 0.

Proof. The “only if” part is clear by the definition of ample sequence. Now assume

that Homgb(m)(Pi, A*) =0forj # 0and i < 0. Embed 2 into an Abelian category

with enough injectives, so that Homfjb(g‘) (P;,C) = Ext/(P;,C), where the Exts
are computed in the larger category. Since A° has bounded cohomology, we can
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find i < 0 such that Ext? (P;, H9(A*)) = 0 for every ¢q. Then there is a convergent
spectral sequence EY? = ExtP(P;, H1(A*)) with ELF? = Hom%t‘(zm)(Pi,A'). If
H4(A*) # 0, we have Ey = Hom(P;, H1(A*)) # 0 for i < 0 by the first condition
in Definition 2.7, so that any nonzero element in Eg "% survives to infinity yielding
a nonzero element in E% = Home(QL (P;, A*). Thus ¢ = 0 and A* ~ H°(A*) in

Db (). O

Proposition 2.9. Let {P;};cz be an ample sequence in A. Assume that D®() has
a Serre functor. Then the class ¥ = {P;};cz C Ob(D®(2)) is a spanning class for
D).

Proof. Let A* be an object of D’(2) and assume that Home(m)(Pi,.A‘) =0
for every ¢ and j. By Lemma 2.8, A® is isomorphic to an object A in 2. By
the first condition in Deﬁnition 2.7, one has A = 0. Now take a complex A* in
DP(2A) such that Hom?,, (A’ P;) =0 for every i and j. If S is the Serre functor
of the category D(2A), then Home(Q‘) (Pi, S(A*)) =~ Homps (g (P;, S(A*[]])) =~
Hom pe oy (A*[j], P;)" =~ Home(m)(A°, P,)* = 0 for every ¢ and j. Then by the
previous argument we have S(A*[j]) = 0 for every j, so that A* = 0. O

We shall also denote by X the full subcategory of D?(2l) whose objects are
{Pi}iez.

Proposition 2.10. [242, Prop. 2.16] Let {P;};cz be an ample sequence of objects in
2. Let F: D*(A) — D) be an ezact equivalence. Every isomorphism h: Idsg =~
Fis, can be extended to an isomorphism Idpy (g =5 F on D°(2).

Proof. We have for every ¢ an isomorphism hp,: P, = F(P;) depending functori-
ally on P;. Our task is to extend these isomorphisms to functorial isomorphisms
hae: A — F(A*) for every object A® in D°(). We divide this rather long proof
into four steps.

(1) A* ~ &}_, P, . In this case F(A*) ~ ¢}_, P, and we simply set h4e to be
the direct sum of the given hp, .

(2) A* is isomorphic to an object A of 2. We first note that F'(A) is an object of
2 since
P, F(A)) ~ Hom?,, o (F(P;), F(A)) ~ Hom’,

Hom (Pm A)

Db(m)( Db ()

due to P; ~ F(P;), and we can apply Lemma 2.8. By definition of ample sequence
there is an exact sequence

PP & PR L A0
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for i, j < 0. We then have a diagram

Ds o k P
P; P# A 0
Nih;j N\Lh’}i
sy Fla) ~ F(p)
F(PP*) —=> F(P,)® —"> F(A).

Since F(p) o hk, o a = F(p)o F(a)o hp, = F(poa)ohp =0, there is an iso-
morphism h: A F(A) which completes the diagram. Moreover h,4 is unique
as Hom(A, F(A)) — Hom(F(P;)®*, F(A)). This also implies that h4 is indepen-
dent of the choice of the surjection Pi@k £, A — 0. One can easily check that h,
depends functorially on A.

(3) A* ~ A[n] for an object A of . Since F(A[n]) ~ F(A)[n] we simply set
hA[n] = hA[’I’L]

(4) A* is any object in D*(2). We proceed by induction on the length N =
£(A®), which is the number of nonzero cohomology objects of A*. The case N =1
corresponds to the objects of 2l and has been considered in the previous steps. Let

us then take N > 1.
Let ¢ be the maximum of the integers such that H%(.A*) # 0. Then we can
find an index ¢ and a surjective morphism Pi@k — kerd, inducing a morphism

¢: PPF[—q] — A*<, ~ A* in the derived category. We can also choose the index
i so that:

(a) the induced morphism H9(¢): P®* — HI(A*) is surjective;

(b) Hom?,, o (Pi, HP(A*)) = 0 for all j # 0 and for all p;
(c) Hom%b(m)(Hq(A'),Pi) =0 for all j # 0 and for all g.

We can now embed ¢ into an exact triangle B* — P¥[—q] LA B [1]. Since

¢(B*) = N — 1, induction provides a commutative diagram

¢ P

B*[-1] — P[] A 5
~ | hpge[—1] :ih};i@k[q] ~ | hge
F(B*)[-1] — F(PE*)[—q| ~2s F(A") —L F(B").

Then there exists an isomorphism h4e: A* = F(A*) making the above diagram
into a morphism of triangles. Moreover, this morphism is the only one satisfying
the condition F'(¢)) o hge = hpe 01, as

Hom pb (g (A°, F(Pi@k) [—q]) =~ Hompegy(A*, Pi@k [—q]

Hom?, .. (A*, PPF)

)
Db () 0

R
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Again, one easily proves that the morphism h4e does not depend on the
choice of the morphism ¢: Pi@k[—q] — A<y > A

Finally, we prove that this construction is functorial. Let us take a morphism
w: A* — C* with £(C*) < N. We must prove that the diagram

w

A* ce

FN<£>@ ;(lc) (22)

is commutative. Let ¢ be as above the maximum of the integers such that H9(.A®) #
0 and p the maximum of the integers such that H?(C*) # 0. We consider separately
the cases p < g and p > q.

The case p < q. We take as above a morphism ¢: Pi@k — A* and the
corresponding exact triangle

PO [—q & A+ L B — PEF—q +1].

We can assume Hom p o) (Pi, H7(C*)) = 0 for all j, so that Hom pe g (P;,C*) = 0.
Then w factors through a morphism p: B* — C*. Since £(B*) = ((A*) — 1, the
diagram

B —"—c

ﬁith ﬁihco

FB) 2% pcey

commutes by induction. Then (2.2) is commutative as well.

The case p > q. We proceed by induction on p — ¢, the case p — ¢ = —1
being included in the preceding case. We can find an index 7 and a surjective
morphism P°¥ — kerd,. This gives a morphism ¢: PZ*[—p] — C*<, ~ C* in
the derived category. Moreover, the induced morphism HP(¢): P®¥ — HP(C*) is
surjective. We can also assume that Hom po g (HI(A*), Pi@k) = 0 for all j, so that
Hom s (90 (A°, P®*[—p]) = 0. We have an exact triangle

Pi@k[—p] ﬂco i./\/l' _>Pi®k[_p+1]

and the maximum of the integers p with HP(M?*) # 0 is smaller than p. Let us
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consider the diagram

M.
lhc-

Ae ZhMu
3

F(Bow

~

F(A

By induction, the rectangular-shaped subdiagram is commutative, and by the
construction of the morphisms hAce the lozenge-shaped subdiagram on the right
is commutative as well. Then F(83) o (hge 0 w — F(w) o hys) = 0 and since
Home(m)(Hp(A’),Pi@k) = 0 we obtain that hce 0 w — F(w) o hge = 0, that
is, the diagram (2.2) is commutative. O

Proposition 2.11. [176, Lemma 6.5] Let F,F: D*(A) — B, be exact functors,
where B is a k-linear triangulated category. Assume that:

1. DY) has a Serre functor;

2. F,F have left adjoint functors G and G and right adjoint functors H, H
(note that by Lemma 1.17, if B has a Serre functor, then right adjoints if
and only if left adjoints exist);

3. F is fully faithful;

4. there is an ample sequence {P;}icz of objects of A and an isomorphism of
functors fs: Fis, = F|E, where ¥ is the full subcategory of D®(21) whose
objects are {P;}icz.

Then there is an isomorphism of functors f: F S5 F extending f..

Proof. Since the restrictions of F' and F to ¥ are isomorphic and {P;};cz is a
spanning class by Proposition 2.9, Theorem 2.6 implies that F is fully faithful.
Since I and F are fully faithful, there are functor isomorphisms Id pr(y — HF
and GFL\; IdDb(g[).

Now, G'F is left adjoint to H F. Since both composed functors are isomorphic
to the identity when rectricted to X, again by Theorem 2.6 they are fully faithful.
Whenever a fully faithful functor admits a left adjoint which is fully faithful, then it
is an equivalence of categories. Thus, HF is an exact equivalence. By Proposition
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2.10, the isomorphism Idy = HF |5 can be extended to a functor isomorphism
Idps o X HF. Composing from the left with F' and using adjunction, we have a
morphism f: F — F extending f.

Let us check that f is an isomorphism. For any object A* in D®(A), let
FAY) 2% FAs) — ¢ — F(A")[1]
be an exact triangle. Since H(f 4¢) is an isomorphism we have H(c¢) = 0 and then
Hom po o) (P, H(c)) = Homsy (F(P;), ¢)
~ Homg (F'(F;), ¢) =~ Hom pu g (P, H(c)) = 0

for every i, so that H(c) = 0. Thus Homg (F(A*),c) =0, and F(A*) ~ F(A*) @ ¢
from the above exact triangle. Since Homg (F'(A*), c) ~ Homp (g (A®, H(c)) =0
we deduce that ¢ = 0 and then f4. is an isomorphism. ]

2.1.2 Convolutions

Given an object in Abelian category, we are used to associate with it a complex
of objects in the derived category; we also know how to associate an object of
the derived category with a double complex. Sometimes, dealing with (bounded)
complexes of objects in the derived category

(A.)—m d,—m) (A.)—m+1 d—m+1 RPN (A.)—l d;l) (.A')O7

one wishes to construct objects a of the derived category which somehow represent
them; one also requires that when the objects of the complex we start with are in
the original Abelian category,

d_ d_ d_
A =A"m m A7m+1 m+1 ~o~—>A71 1 AO

the new object a is just the image A* of the complex in the derived category.

This is possible under very mild requirements, and the process is called con-
volution. Let us consider at first a complex

Av = AL 40

of objects of 2. If Cone(d_) is the cone of d_;, the natural morphism A% —
Cone(d_1) induces an isomorphism in the derived category

A* S Cone(d_q).
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Then Cone(d_;) represents the complex A* in the derived category D?(21). This
is definitely a trivial observation, but this “cone construction” may be straightfor-
wardly extended to complexes of objects in the derived category: given a complex
d_
(Ao)fl _1> (Ao)O
of objects of D?(21), we can take a cone Cone(d_;) of d_; and we have a natural
morphism (A*)? — Cone(d_1) and an exact triangle
d_
(A7) ™ = (A")" — Come(d_y) — (A")7'[1].

We can iterate this process to define the right convolution of a bounded complex
of objects of the derived category. Actually, we do not need to work with a derived
category, since any triangulated category will do.

Let then B be a triangulated category and

d_ d_(m— —(m— _q d-—
o™ Ly gm(mm1) ) —(m=2) -1 420 (2.3)

a complex of objects of B (that is, the composition of any two consecutive mor-
phisms vanishes). Assume also that one has

Homg (a P[r],a”?) =0, forevery p>qand r > 0. (2.4)

Following Orlov and Kawamata [242, 176] we can define the right convolution
of the complex 2.3 as the pair formed by the object a of B and the morphism
dy: ag — a constructed by induction on the length m as follows:

o If m =0, then a = ag and dj is the identity.

«Ifm > 1, welet a= (™= = Cone(d_,,), so that there is an exact triangle
PN G D Gt I (/S DRI a”™[1].
After taking homomorphisms we have an exact sequence
Homgs ("™ [1],a=(™~?) — Homg (a~ M~V ¢~ (m=2))
Homy (a_(m_l), a_(m_2)) — Homg (a™™, a_(m_2)) )

Since d,;,_2 0 dp,—1 = 0 there is a morphism d,,_1: a~(m=1 _ =(m=2) guch that
dy—10Ggm—1 = dp_1; due to condition (2.4) one also has Homg (a="[1], a=(m=2))
= 0 and then the morphism is unique. Hence, we obtain a new complex

d_q 0

af(mfl) m a*(m*Q) .o Y 2L g (25)

which also fulfils condition (2.4).
« We iterate the previous steps from this new complex.

Note that a” remains unchanged during the process. Summing up, we have
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Lemma 2.12. Let

d_(m—
N G el G DN ) RS B s BN |

be a complex of objects of B that fulfil the condition (2.4). There exists a right
convolution dy: a — a in B, which is uniquely determined up to isomorphism.

When one works with the derived category 8 = D’(2) of an Abelian category
and the objects a™? of D®(2A) are just objects A~ of the Abelian category 2, then
any complex

d*’ln
——

A* =A™ A*(mfl) d_(m-1) A—(m72) NN Afl d—1 AO

fulfils the condition (2.4) and the right convolution a of A* is the complex A*
itself, together with the obvious morphism A° — a = A°.
Lemma 2.13. Let

d_ d_(m—1) d_1

a~m B a—(m—l) . a*l aO
lf—m if(mm if—l lfo
d_m (If(vnfl) d_y
p—m —— p—(m—-1) ce bt po

be a morphism between complezxes of objects of B fulfilling condition (2.4) and let
do: ag — a, do: bg — b be right convolutions. If one has

Homgp (a7 P[r],b79) =0 for every p > q and r > 0, (2.6)
then for any morphism h: b — U there exists a morphism f:a — b in B such
that the diagram

do
ap —— a
e N\ (27)
bo Dyt
18 commutative. Moreover, if
Homg (a P[r],b') =0 for every p >0 andr >0, (2.8)

then the morphism f is the only satisfying that property.

Proof. The morphism f is constructed inductively. If m = 0, then f = hfy. If
m > 1, we have a commutative diagram

g — g—(m-)"""0 (1) a=" 1]

lf’m lfﬁnl) lfﬂl[l]

b= —— () IS 1) s 1]
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where a= (™= and b=("=1 are cones of the corresponding differentials as before.
By the axioms of the triangulated categories, there exists a morphism (not uniquely
determined) f~(m=1: a=(m=1) _ Hb=("=1) completing the diagram. If we consider
the morphisms d=("=1: a=(m=1 — g=(m=2) apq d-(m=1; p=(m-1) _, p=(m-2)

constructed above, we have
a—(m—l)f—(m—l)g—(m—l) = a—(m—1)§—(m—1)f—(m—1) = J—(m—l)f—(m—l)
= [—m-2)d—(m-1) = f-(m-2)d—(m-1)9—(m—1)

and then a,(m,l)f,(m,l) = f,(m,g)a,(m,l). Thus, we have a morphism of com-
plexes

d_(m_ d_(m— _
a-(m-1) —50 —(m-2) (m=2 . a1 do a0
if_(m—m J{f—(m—Q) lf—l lfﬂ
d_(m— d—(m— d_
bf(mfl) (Hl.)bf(mfz) (m=2 ce bt d- Bo .

One easily checks that this morphism of complexes fulfils condition (2.6), and
then we obtain the morphism f: a — ¥ by induction. If the condition (2.8) is
satisfied, f is uniquely determined by the commutativity of diagram (2.7) because
fo: a® — bY does not change during the process. O

Since right convolutions are constructed out of exact triangles and composi-
tions of morphisms, they are compatible with exact functors.

Remark 2.14. Let

d_q 0

d_(m—
—m dom o (me1) CoOne) (me2) -1 A

a
be a complex of objects of B fulfilling condition (2.4) and let do: a®° — a be
the right convolution. If F': 6 — € is an exact functor to another triangulated
category and the complex

)

F(a—m) F( F(dfl)

Fla™™ ) = o Fla™) 252 Fa)

of objects of € also fulfils condition (2.4), then its right convolution is F(dy): F(a®)
— F(a). This happens for instance if F is fully faithful, because in this case

Homy, (F(a™P)[r], F(a™9)) ~ Homg(a P[r],a™ %) = 0.
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2.2 Orlov’s representability theorem

This section is devoted to the proof of the following fundamental result by Orlov
[242, Thm. 2.2] and some related issues.

Theorem 2.15. Let X and Y be smooth projective varieties. Any fully faithful exzact
functor ¥: D*(X) — D®(Y) is an integral functor.

This is indeed a deep result since in general functors between triangulated cat-
egories are quite difficult to describe. It should be pointed out that much stronger
results than Orlov’s theorem hold true in the more flexible setting of dg-categories,
which provide an enhancement of the usual derived categories. In this framework,
roughly speaking, all functors are integral functors, as Theorem A.57 and, more
in particular, Equation A.10 show (see Section A.4.4 and the “Notes and further
reading” at the end of the current chapter).

Remark 2.16. In our proof of Theorem 2.15 we shall use the fact that any exact
functor D’(X) — DY(Y') has aright adjoint (and hence, since the categories D®(X)
and D?(Y) have Serre functors, a left adjoint as well). This has been proved by
Bondal and Van den Bergh [52]. The original result by Orlov was weaker in that
this property was assumed in the hypotheses of the theorem. VAN

2.2.1 Resolution of the diagonal

One of the first important results about derived categories is Beilinson’s construc-
tion of a resolution of the structure sheaf of the diagonal of the product P™ x P"
of two copies of the projective space [33, 34], and its implications for the compu-
tation of the derived category DP(P™). We present here Beilinson’s resolution as
a particular case of the Koszul sequence associated to certain sections of a locally
free sheaf.

Let £ be a locally free sheaf of rank n on an algebraic variety X and e: Ox —
& a global section. The zero locus of e is the closed subvariety Z of X defined by
the exact sequence

& 0y -0y —0.

We have a Koszul complex

n n—1
0 A& \N& .. 5 S 0x—>0;—0 (2.9)

where i, is the inner product with e, i.e., for every affine open subset U and
sections ey, ...,e, on U of & and QP on U of A" £*, we have

(1) (€1, ..., ep) = QP(eyeq,...,ep).

As a consequence of the theory of Koszul complexes we get the following result.
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Corollary 2.17. Assume that every point x of Z has an affine neighborhood in
X where £ has a local basis (w1, . ..,wy) such that (wi(e),...,wn(e)) is a regular
sequence in Ox (U). Then the Koszul complex (2.9) is exact, thus providing a finite
resolution of the structure sheaf Oz of the zero locus of e by locally free sheaves.

Now take X = P" x P" and write P" as the projective spectrum of the
symmetric algebra Sym(V'), where V is a k-vector space of dimension n + 1. Let
us write for simplicity O(m) = Opn(m) and ©Q = Qpn. One has the Euler exact
sequence

0—-Q(1) S V@0 —0(1)—0 (2.10)

and taking duals
0= O(=1) = V* @, 0 25 Q% (—1) — 0.
This gives I'(P", O(1)) =~ V and T'(P™, Q*(—1)) =~ V* so that
NX,7701) @ 73" (—1)) 2V @ V' ~ End(V),

where 71, 7o are the projections onto the two factors. It follows that the identity
on V defines a global section e of & = 77O(1) ® 73Q2*(—1) to which we can apply
the precedent discussion on Koszul complexes.

If we take a basis (xq,...,x,) of V, in the open subset U; where the ho-

mogenous coordinate x; do not vanish, we have affine coordinates y,(;) = xp/x;.

On U; the morphism « is given by dyg) ® xf — xp — yéi)xi (h # i) and on
U; x U; alocal basis for £* is {n](z}) ® r;(dyﬁf) ® x;)}. Since the identity e on
V as a section of £ is e = >, 77 (x¢) ® 75 ((6en — y}(Lj)ﬁyéﬂ ® x7), computing the
morphism e*: £ — Ox on U; x U; we see that the ideal of the zero set Z of
e is generated by ﬂ‘(y,(f)) ®1—77 (y§i)) ® w;(yﬁf)) (h # 7), and then Z is the
diagonal A of X = P"™ x P". Moreover, on U; x U; we get that those elements are
771‘ (y,(f)) R1-1®7ms (y,(f)), and they form a regular sequence. Corollary 2.17 implies
the existence of a resolution of the diagonal, usually called Beilinson resolution of
the diagonal of the projective space.

Proposition 2.18. There is an exact sequence
0— 10(—n) @m5Q"(n) = 11O0(—(n — 1)) @75 H(n—1) — ...
— TO(-1) @ Q1) — Ox 25 Oa — 0.

This provides a resolution of the structure sheaf of the diagonal A — X = P"™ x P™
by locally free sheaves.
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Let 7 > 0 be a positive integer and consider the exact sequence

0—7m10(—n) @m0 (n+j) — 77O(—(n — 1)) ®7T;Q"71(n —14j)—...
— 1 O(-1) @ w1+ j) » 1O ® T0(j) T Oa @ T3O(j) — 0,

obtained as the tensor product of the Beilinson resolution by 75O(j). Since all the
sheaves QP(p + j) (0 < p < n) are acyclic, after taking direct images by 7 we
have an exact sequence

0 — O(—n) @ H(P", Q" (n + j)) —
O(—(n—1)) @ H(P", Q" H(n — 1+ j)) —
c = O(=1) @ HO(P", Q(1 + 7))
— O H(P",0(j)) — O(j) — 0,

so that there is an exact sequence
0—0(—j) = ViaO—Vi@001) ...
-V @O —1)—=VIiepOm)—0 (2.11)
where V;J = HO(P", Q% (p + j))*. We shall use this resolution of O(—j) later on.

Beilinson’s resolution has been generalized by Kapustin, Kuznetsov and Orlov
in [171] and further formalized and studied by Kawamata [176, Theorem 3.2]. We
shall consider here Kawamata’s formulation in a way which is sufficient to our pur-
poses. In order to state and prove this generalization we need some preliminaries.
Let A = ®,enA, be a graded k-algebra, with Ay = k. Let us define recursively
vector spaces By, with n € N, as the kernels

B, =ker(B,-1 ® A1 — B2 ® As)
for n > 2, and B,, = A,, for n = 0, 1. There are natural homomorphisms
B, ® A[-n] — B,_1 ® A[-n+1]
where A[n]| is the shifted module A[n],, = Anim.

Definition 2.19. The graded algebra A is Koszul if the sequence

-+ — B, ® A[-n] - Bp1 @ A[-n+1] —
=B ®A[-1]-A—-k—0 (212)

is exact. A
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A line bundle £ on a projective variety X is said to be Koszul if its associated
homogeneous coordinate ring

A= H (X, nL)
neN

is Koszul. Theorem 2 in [33] implies that £* is Koszul for k big enough if £ is
ample.

By composing the morphisms B,, — B, _1 ® A; (tensored by Ox) and A; ®
Ox — L, one has morphisms v¢,,: B,, ® Ox — B,,_1 ® L. So we can define sheaves
R, on X (with n € N) as R,, = ker,,. We have an exact sequence

0—-Rp—B,280x 5B, 1®L— - =B L' L"—-0. (213)
Lemma 2.20. [176] There is an exact sequence

0—= AR, A1 Q9Rp1—  — A 1QR1 — A, 3Ry — L — 0. (214)

Proof. For any given n > 0 we introduce a double complex of sheaves

P,q _

(n) =

Ap@anpf(I@»Cq for Pa%n_p_qzo
0 otherwise.

The differentials d1, dy are induced by the morphisms in the sequences (2.12) and
(2.13). If one studies the associated spectral sequences 'E(,, "E(,) one sees that
the second spectral sequence degenerates at the first step, and

i _ L forp=0,qg=n
(m)1 0 otherwise.

Therefore the cohomology of the total complex 7° is H"(7°*) = L™ in degree n
and 0 otherwise.

The first spectral sequence at first step is

P {AP @Rn—p forg=0

()t = 0 otherwise

and degenerates at the second step. This implies that
ker(Ay ® Ry 25 App1 @ Ry p 1) = 1m(Ap 1 ® Ry pi1 > Ay @ Ry y)
for p < n, and
Lr =~ (A, ® Ro)/im(An_1 ® Ry 25 A, ® Ro)

so that the exactness of (2.14) follows. O
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Proposition 2.21. [176] Let X be a projective variety, A — X x X the diagonal of
the product, and let L be a Koszul line bundle on X . Define sheaves R, for every
integer m > 0 as before. Then there is an eract sequence

_ dpm (m—
o LT Q@ TRy o i LT Y @ TRy

d'mfl

—

d _ d s
Lt eomR B ni0x @ 150x 5 Oa — 0

of coherent sheaves on X x X. Moreover, we can choose L so that H (X, L%) =0
for everi >0 and s > 1.

Proof. Let us define the complex F*

Fm o= miL"M @R, for m<—1
FO = Oa
F" = 0 for m>0.

Let mg be a (nonpositive) integer such that H™(F*) # 0 and let k be an integer
which is big enough to ensure that

RPry (HU(F ) @niLF) =0 for p>0,q>my—dimX
HP(X, M) =0 for p>0,g>mp—dimX
RO, (H™ (F*) @ wi LF) # 0.

We may associate two spectral sequences to these data. The first has second term
B = RPmo, (HY(F) @ pi )

and converges to R*ma, (F* @ 77 L¥). One has 'EY? = 0 for p > 0 and ¢ > mg —
dim X while ‘ES"™ # 0, so that R™0my, (F* @ i LF) # 0.

The second sequence has first term
"EP = Ry, (FP @ 7 L)

and converges to R*ma. (F* @ 77 LF). One has

rk forp=0and ¢g=0
"EPVY = HI(X, LEPT Y @R, forp< -1
0 otherwise.

As a consequence, "EP = Ay 11 @R,y for p< —1and "EP9 =0 for p+1>
mo—dim X and ¢ > 0. However Lemma 2.20 implies that "E%*? = 0 for p+q = my,
a contradiction. ]
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By reasons that will be evident later on, we need to consider the truncated
complex
C'tm)y =m L " @MRm Am, .

Lt e mR S 10 @ M 0x . (2.15)

Let T5,, = kerd,, (m > 1) and let ay,: Tp,[m] — C® () be the morphism induced
by the immersion T, — 7 L™ ® 73 R,. Then the cone Cone(w,,) is isomorphic
to the complex

_ dm d _ d
T = T LT QTR — ... S i LT @R 5 11 0x @ 13 0x

with T}, at the —(m + 1)-th place, and is then quasi-isomorphic to Oa.
Assume now that X is smooth and choose m > 2dim X. Then in the exact
triangle
Trn[m] =2 C* (1) — Cone(ayy,) = Op — Trp[m + 1]

the last morphism vanishes, since Homp(x)(Oa, Ty, [m+1]) ~ Ext™ ™ (Oa, Trn) =
0 because m+1 > 2dim X and X is smooth. As a consequence, C*(,,) is a biproduct
of Oa and T;,,[m] in the derived category,

C*m) =~ O @ Ton[m].

Moreover if we call do: Oxxx — C(y) the convolution of C*(,,) in Db(X x X)
(which is C*(,,) itself, see Section 2.1.2), we can write the above formula in the
following form, which we shall shortly use.

Cim) ~ Oa ®© Tpp[m]. (2.16)
Let us consider now the complex
d/

WTL:SIC ® C.(m) ~ ﬂ_icskfm ® W;Rm LN
B, sl R, Wk g 0y, (2.17)

where d;, = 1 ® dp,. By Remark 2.14 we have

TiL* @ T Ox d—0>7r’1k£8k ® C(m)

~(m{ L ® Oa) & (1L @ Tn)[ml) |

where dj = 1 ® dy, is a convolution of 7L ® C*(m)-
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Now fix a value of m (to be specified later) and let s > m. Then all sheaves
L5%=P (0 < p < m) are acyclic, so that after applying Rmo. to the complex
Lk ® C* (m) we obtain the complex

Rio, (1 L7 @ C* (1)) =~ D(X, L35F™) @ Ry, o)

() xR e Ry 2, DX ) 0y Ox . (2.18)
Again by Remark 2.14,

Rira. (dp)
—

F()(7 ,CSk) Rk Ox Rﬂ'g*(ﬂ'fﬁ‘gk & C(m))

~ L% @ Ry, (77 L% @ Ty [m))

is a convolution of R, (77 L% @ C*(,,)). Recall that the isomorphism in the for-
mula holds when X is smooth and m > 2dim X — 1.

We finish this section with a lemma that generalizes the argument used in
the proof of (2.16).

Lemma 2.22. Let X be a smooth variety.

1. If &, F* are objects of D*(X) such that H'(£*) = 0 fori > z and HI(F*) =
0 for ¢ < z+2dim X for an integer z, then Homp(x)(F*,E*) = 0.

2. Let £* be an object of D*(X). If there exist integers z and s > 2dim X such
that H'(E*) = 0 for z < i < z + s, then for every p € [z,z + s| one has an
isomorphism

&) DE >

in D*(X).

Proof. 1. We proceed by induction on the sum n = ¢(€*) + ¢(F*) of the lengths
of £* and F* (recall that the length is the number of nonzero cohomology sheaves
of £ and F*). The first case is n = 2, since we can assume that £° and F* are
nonzero. Then £°* ~ &[—¢| for ¢ < z and F* ~ F[—m] for m > z+2dim X, where
& and F are sheaves. It follows that Homp(x)(F*,€*) ~ Hompx)(F,Em —q]) ~
Ext'y 9(F,€) and this is zero because m — ¢ > 2dim X and X is smooth.

Take n > 2. Then either £° or F* have at least two nonzero cohomology
sheaves. If £(F*) > 2, let qo be the first of the indexes ¢ such that H?(F*) # 0.
Then there is a exact triangle

F*<q L F S Cone(a) — F*<q[1].
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Now H%(F*<q,) = 0 for g # go and H?(Cone(a)) = 0 for ¢ < go, so that they are in
the same hypotheses as F*. Moreover £(E°)+4(F*<q,) = (E°)+1 < nand ((E°)+
£(Cone(ar) = n—1. Then Hompx)(Cone(a),E*) = 0 and Hompx)(F*<g,,E®) =0
by induction so that Homp(x)(F*,€*) = 0. If £(£°) > 2, we take iq as the first of
the integers i such that H*(£°*) # 0 and proceed as above using the exact triangle

E*<iy = € — Cone(a) — £« [1]
2. There is a exact triangle
E'<p 5 & — Conela) ~ %5, — E°<,[1],

where the isomorphism Cone(a) ~ £°>,, is a consequence of H”(€*) = 0. Moreover
HU(E <p[1]) ~ HF(E<p) = 0 for i > z and HI(E*s,) = 0 for ¢ < z+ s <
z 4 2dim X. Thus Homp(x)(E°>p,E°<p[1]) = 0 by the first part, and then &£*
decomposes as a biproduct in the derived category as claimed. O

2.2.2 Uniqueness of the kernel

As a first step in the proof of Orlov’s theorem, and for later use, we want to prove
that an integral functor completely determines its kernel. More precisely, let C®
be a kernel in D~ (X x Y'); we denote simply by ® the associated integral functor
(I>’§:y. By using Proposition 1.10 and the base change compatibility of the integral
functors (Proposition 1.8), we shall prove that * is completely determined by ®.

To do so we slightly change notation from Section 1.2. Let us write m;; for
the projection of X x X x Y onto its (i, j)-th factor. Then by Proposition 1.10 the
kernel KC* can be recovered as

Ko~ ‘Df(;ff;xw(@A) = &*X(0,)

. . *IC® . « .
where we have written ®*% = ®%23 | for simplicity.

In the rest of this section we assume that X is smooth and that K* is of
finite Tor-dimension as a complex of Ox-modules (cf. Section 1.2), so that ®
maps D?(X) into D®(Y). Then ®F% maps D*(X x X) into D*(X x Y).

Lemma 2.23. There exist integer numbers p, mg such that for every m > mg, one
has a natural isomorphism

K* = (B (cm)))2p -

Proof. By (2.16), we have X% (Cm)) = DRX (Op)DDF5 (Ths[m)]) for m > 2dim X.
Now, Proposition 1.4 for ®<% implies the existence of integer numbers z and
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n > 0 depending only on ® such that the cohomology sheaves H!(®*% (OA))
vanish for i ¢ [z, z 4+ n] and the cohomology sheaves H*(®*% (T, [m])) vanish for
i ¢ [z—m,z+n—m]. Now take p < z and mo = max{2dim X, z4+n—p}. Then the
natural morphism ®<%(0,) — ( ®FX (OA))sp is an isomorphism in the derived
category and &% X(cm)) — ®F% (0,) induces an isomorphism <I>’C3€(c(m))2p ~
(®FX (O))sp for m > myg as desired. O

Let us prove that &% (C(m)) depends only on ®. Since c(,,) is a convolution
of C* (), we consider the complex

L] )C.
B (17 L @ T Ro) ),

S N A GOy < \
M (LT R MIR) ——— X (1] Ox @ m50x)

of objects of D?(X x Y, obtained by applying ®<% to the complex C*(m)- By
base change (Proposition 1.8) one has isomorphisms

N (LT @ TR ~ LT @ wED(R,)
so that one also has a complex

TLT @ TEB(Ryy) 22,

T e meRy) 2 0y @ me(Ox) . (2.19)

The objects of the complex depend only on ® and not on ®*%; we are going to
show that under appropriate conditions, even the morphisms depend only on .

For every pair of indices p > ¢ and integer r > 0, we have

Hompy (xxy) (M1 £77 @ my ®(Ryp)[r], 71 £79 @ mB(Ry))
~ Hompy (x xy) (M2 ®(Ry)[r], m L7771 © m3 ®(Ry))
(Rp)[r], mou (m7 £777) @ ®(Ry))
)], T(X, LP7) @i ©(Ry))
p)[rl, ®(I(X, LP77) @k Ry))

(
~ Hom po(y (@ (2.20)
ZHOme(Y)( (

) (2(R

where we have used adjunction between inverse and direct images and the projec-

~ Homps(y r

tion formula. Analogously one has

Hom py (x vy (M L7 @ Ry [r], m L7 @ m5R,)
~ Hompo(x vy (Mo Rp[r], i LP79 @ 53 R,)
=~ Hom po vy (Ryp[r], mo« (77 LP79) @ Ry)
~ Hom pe vy (Rp[r], T(X, LP77) @k Ry) -

(2.21)
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Then the natural morphism
Hom o (x) (Ry[r], T(X, £P79) @4 Ry) =
Hompe(y) (®(Ry)[r], (T(X, L77) @k Rq))  (2-22)
induces a morphism
Hompy (x ) (M1 L7 @ 3Ry [r], mi L7 @ m3Ry) =
Hom pi (xxy) (M7 £77 @ w3 ®(Ry)[r], M L7 @ my®(Ry)) - (2.23)

Taking in particular ¢ = p — 1 and r = 0, we see that ®*% (d,,) = ®(d,)). We have
thus proved the following result.

Lemma 2.24. There is an isomorphism

. » @ (dm ) .1 . @ (dy) N N
LT @ TSP (Rm) T LT @ P(R1) ——— 11 Ox @ m5P(Ox)

o _J’ "X (dm) o il X () . l
XX (r1 L™ @ T Rm) ——> - ——= &KX (r1 L7 @ myRy) —> BFX (77 Ox @ 750x)

of complexes of objects of DY(X x Y). As a consequence, the image under L% of
the complex C* (1) given by (2.15) depends only on ® and not on Prx

Assume that @ is fully faithful. Then (2.23) implies that the complex

®(d1)

2l I £ @ m3@(R) S 71 Ox © 159 (Ox)

T LT @D (Ry)

has a convolution, which we denote 77O x @75 P(Ox) D, (1®®)(c(sm))- Moreover,
by Remark 2.14 a convolution of the complex (2.19) exists and is given by

L )C. Ld
O (11 0x © 13 0x) P 9% (¢ ).
Now by Lemma 2.12 there is commutative diagram

71 0x ® TE®(Ox) 2> (1@ B)(Cm)) —=2 (1 ® B)(Cim)))>p

l~ |- o=

. ORX (dy) e asp .
PFX (17 Ox © m5Ox ) —— PFX (c(1m)) ——> (5% () 2p ~ K

for a certain isomorphism 7 (not uniquely determined). Here the last isomorphism
in the bottom row is due to Lemma 2.23 and the morphisms a>, are the natural



54 Chapter 2. Fourier-Mukai functors

epimorphisms to the truncations. Since

Hom po(x vy (M1 £77 @ m32(Ryp)[r], K*)
~ Homps(x xy (13 8(Ry 1)) w3 £7 @ K°)
~ Hom pu vy (P(Ry)[r], Ra,« (17 LF @ £*))
= Hom iy (®(Ry)[r], ®(LF)) =~ Hompex)(Rp[r], L) =0

we deduce from Lemma 2.12 that the composed diagonal morphism o>, o v, =
aspoy: (1®®)(c(m)) — K* is the unique morphism making the diagram commu-
tative. Then, the isomorphism >, is uniquely characterized by the commutativity
of the diagram

a>podg

m10x @m®(Ox) —————= (1@ ®)(c(m)))2p

l: Yop |~ (2.24)

X azpo@ X (do) e
OEX (r{Ox @ 30x) ———= (™ (com)))2p = K°

This eventually implies the desired uniqueness result. Let f<° = V> poaspo
dy.

Theorem 2.25. Let X, Y be projective varieties, K* be a kernel in D™ (X xXY') and
let @ = <I>§;Y be the corresponding integral functor. Assume that X is smooth,
IC* is of finite Tor-dimension as a complex of Ox-modules and that ® is fully
faithful. Then the kernel KC* is uniquely determined by the functor ®. Moreover
if K* is another kernel in D= (X xY), of finite Tor-dimension as a complex of

Ox-modules, such that ® = <I>§:y, there is a unique isomorphism n: K* =~ K in

DY(X x Y) making the diagram

£~
WTOX ®7T§‘I)(Ox) — C*

commutative.

Proof. Since ((1® ®)(c(m)))>p = K* one has that K* is uniquely determined by
®. The second part follows straightforwardly from the above discussion. O

2.2.3 Existence of the kernel

In this section we conclude the proof of Orlov’s Theorem 2.15 by constructing the
kernel that realizes the given fully faithful functor as an integral functor. Let X,
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Y be smooth projective varieties and F': D*(X) — DP(Y) an exact fully faithful
functor. As we shall see in Proposition 2.31, the functor F' is bounded, so that there
exist integer numbers z and n > 0 such that for every coherent sheaf 7 on X, the
cohomology sheaves H!(F(F)) vanish for i ¢ [2,2 + n]. Then F can be extended
to a functor D(X) — D(Y'). We can consider the complex

F(ro,(d
F(Ra (15 £ © C* () = T(X, L) @ F(R,y) Tl

L) oy k1) @, F(Ry) S by £59) @, F(Ox)  (2.25)

of objects in D’(Y'). By Remark 2.14, the morphism

(X, £%) @ F(Ox) —72 %) Ry, (L% @ em))
is a convolution of (2.25). Moreover for m > 2dim X, (2.16) implies that
F(Rmo. (L% @ ¢(m))) ~ F(L) & F(Rag (7 L% © Tp))[m] . (2.26)
Let us fix p < z and choose m > max{z + n — p,2dim X }.

Lemma 2.26. Take s > m such that Ry (7 L% @ T,,) = 0 for i >0 and k > 1.
Then H!(F (R, (L% @ ¢(m)))) = 0 unless i € [z —m,z+n—m] ori € [z,z+n].
Moreover F(Ra. (L% @ ¢())) — F(L*) induces an isomorphism

B+ F(Rmau (L™ @ cmy))zp = F(L)
in D*(Y).
Proof. One has
H(F (R (L5 © ¢my))) = H(E(m2u(ni L% @ Tn))
fori€[z—m,z4+n—mj|,
HY(F (R (L% ® Cim)))) =~ HU(F(L%)) foric[z,2z+n],
HY(F (R (L% @ () = 0
for the remaining values of 3.

The result follows. O

Let us take m > n + 2(1 + dim X + dimY") so that we can apply Lemma
2.26. We consider the truncated complex C®(,,) given by (2.15). Since F is fully
faithful, we have an isomorphism

Hom po (x) (Rp[r], T(X, £779) @5 Ry) —o
Hom pu(y) (F(Rp)[r], F(D(X, LP7) @k Ry)) -
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Then (2.20) remains true if we replace ® by F, and one obtains, as in Section
2.2.2, an isomorphism

F: Hompe(x xy) (M1 L7 @ maRp[r], i1 L7 @ T5Rq) =~
Hom po vy (T £77 @ M3 F(R,)[r], 1L~ @ w5 F(R,)) . (2.27)

Taking in particular ¢ = p — 1 and r = 0, we see that d, induces a morphism
F(dy): m{LP @3 F(R,) — mi L~ P~ @ 13 F(R,_1) and we have a complex

. _ _xp—m * F(dm)
(18 F)(C*uy) = 7 £7 @ m5F(R) 22, .

FL o PRy LY 0y @ miF(Ox)  (2.28)

of objects of D?(X xY'). Furthermore, (2.27) implies that there exists a convolution

F(d
T 0x @ T5F(0x) 22 ey of (1@ F))(C m))-

Analogously for any s and k, one has a complex
* psk . sk—m * F(dm)
T LY @ (1@ F)(C* () = m L QT F(Ry) — -
TR @ i F(Ry) LYY, ek @ mEF(Ox)  (2.29)
of objects of D(X x Y), and 75 L%* @ 75 F(Ox) 18F(d),
convolution of 77 L% @ (1@ F)(C* (1))-

ﬂfﬁSk & FC(m) is a

Lemma 2.27. 1. There is a (not uniquely determined) isomorphism
. aFem) sk * psk ~ * nsk
N Py (ﬁ ) R7T2*(7T1£ ®FC(m))—> F(R?TQ*(ﬂ'lﬁ ®FC(m)))
in the derived category D°(Y') which makes the diagram

Rma. (1QF(d
A Rimy. (77 L7 & Femy)— 0550 (%)

X—Y

Tow (i LF @ T3 F(Ox))

i: 5

F(mo. d&
D(X, £%) 0 F(Ox) — " F(Rimo. (] £ © Fe ()
(2.30)

commutative.

2. H'(Fc(y) = 0 unless i € [z—m, z+n—m] ori € [z, z+n]. Moreover Fc(,,)
can be expressed as a biproduct

Fem) = (Fem))>p ® (Fem))<p
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Proof. 1. By applying Rz, to the complex 7 L% ® (1 ® F)(C* (m)) one obtains
the complex F(Rma, (L* @ C*(;,)) described in (2.25). Then, by Remark 2.14,
we have an isomorphism 7y, : Ra. (77 L5 @ Fe(p)) = F(Rmo (11 L% @ Fe(n)))
between the convolutions which makes the diagram (2.30) commutative.

2. Assume that there is an integer 7 not in the prescribed rank such that
H'(Fc(m))) # 0. Then for k > 0 one has 0 # mo. (T{ L% ® H'(Fe())) ~
Tou(HH (T L5F QF (1)) and Rimo, (1{ LF QH T H(Fe () ~ Rimo, (HH (miLF @
Fc(,,))) = 0for every j > 0. There is a spectral sequence E5? = RPmy, (HY(mi L+ ®
Fc(,,))) converging to B4 = HPTY(Rma. (17 L% ® Fe(y,)). Since B2 =
Eg Al o 0, every nonzero element in Eg “isa cycle that survives to infinity. Then
EJ" 4 0 implies that H(Rara, (1 L5 © Fc(,,))) # 0. If we also take the preceding
part 1 into account, this contradicts Lemma 2.26.

Now, since m —n — 2 > 2(dim X + dimY’) and X x Y is smooth, Lemma
2.22 gives the decomposition Fc(,,) >~ (Fc(n))>p @ (Fem))<p- O

Note that if FF = ®X°_ then K* ~ (Fc(m))>p as we saw in Lemma 2.23. It
is therefore convenient in our general situation to define the following objects of
DY(X xY)

K® ~ (Fc(m))ZP’ Q' ~ (Fc(m))gp (231)

(see Corollary A.35). Then we have an isomorphism of functors

Fc, o .
O~ R o p2

X—=Y X—=Y *

Lemma 2.28. The natural morphism @Ei(;") (L5F) — K" (L£%) induces for every

k an isomorphism
Fein s ° s
B : (q)xi(v (L k))Zp = (I)gﬂy([' k)

Proof. By Lemma 2.27, one has H?(Q*) = 0 for ¢ ¢ [z —m,z +n — m]. Then
RPry . (HI(m% L% @ Q%)) = 0 for ¢ ¢ [z — m,z +n — m + dim X]. Since m >
z+n—p+dim X, one has H(®L", (£5*)) = 0 for i > p and the result follows. [

As a consequence, (2.30) can be completed to a commutative diagram

Rra. (1QF (do)) &>

c Bk . 1.
2+ (11 L8 ® T3 F(Ox)) PR (Lok) —— = o7, (L)

~ Nk | >~ Ve | =
F

F (. (d) B
D(X, L) @y F(Ox) — 2 F(Rimya (n{ L @ Fegn)) > F(L)
(2.32)
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where ,B,f is the isomorphism given by Lemma 2.26 and

fo =00 BE = BE om: Row (L5F) — F(LF).

Even if 7 is not unique, the morphism ~, is, in view of the following lemma.

Lemma 2.29. The isomorphism v;,: ®° (L) ~ F(L%) in the derived category
D(Y) is uniquely determined by the commutativity of the diagram (2.32). Thus the
morphisms vy, are functorial, in the sense that, for every morphism o: L% — £3¢,

there is a commutative diagram in D°(Y')

K:' Sk) <I>§:Y (O‘) K:‘ Sé
(I)xﬂy(‘c ) - (I)xﬂy (‘C )
F(LH) © L P,

Proof. Since

Hom po (v (o, (T} L5 7P @ w5 F(R,))[r], F(L))
~ Hom po(yy (T(Y, L577) @k F(R,))[r], F(LF))
~ Hompo(x)(D(Y, £57P) @y R, [r], L) = 0

as F' is fully faithful, Lemma 2.12 implies that fj is the unique morphism which
makes the diagram (2.32) commutative. Under this condition the morphism -y is
unique as well. Functoriality follows straightforwardly. ]

Since X and Y are smooth, the categories D*(X) and D’(Y) have Serre
functors. Moreover {£%*}1c7 is an ample sequence in D¥(X), and then we can
apply Proposition 2.11 to obtain an existence result. The uniqueness of the kernel
is given by Theorem 2.25.

Proposition 2.30. Let X, Y be smooth projective varieties and let F: D*(X) —
DY(Y) be an exact fully faithful functor. If F is bounded, then it is an integral
functor and its kernel is uniquely determined in Db(X x Y) up to isomorphism.

Orlov’s representability theorem 2.15 follows from Proposition 2.30 due to
the following result:

Proposition 2.31. If X, Y are projective varieties and X is smooth, every exact
functor F: D*(X) — D*(Y) is bounded.
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Proof. As we have already noticed, the functor F admits a left adjoint G: D*(Y") —
DP(X), cf. Remark 2.16. Take an embedding Y < P induced by a very ample line
bundle L. Pulling back to Y the right resolution (2.11), we have a right resolution

OﬂﬁfjHVOj@)kOXHVf‘@kEH--'H
Vi @ LT S Vi LN -0 (2.33)

for every integer j > 0. Then, for every j > 0 there is a spectral sequence E5? =
HP (V] @pG(L)) = VI @ G(L?)) converging to ELFT = HPT4(G(L77)). Since each
G(L7) is bounded, there exist integers py < p; such that HP(G(L?)) = 0 for every
q € [0,N] if p & [po,p1]. This implies that H*(G(L~7)) = 0 for k ¢ [po,p1 + N]
and for every j > 0. A similar spectral sequence argument implies that for every
sheaf F on X one has

Hom{y, v (L7, F(F)) = HomiDb(X)(G(L*j), F)=0 (2.34)

for i ¢ [=p1 — N,—po + dim X] and for every j > 0, since X is smooth and
then HomiDb(X)(Q,]:) = 0 for any sheaf G on X and any ¢ > dim X. Again, for
every value of j there is a spectral sequence with E5'? = Ext}. (L7, HI(F(F)))
converging to EF2HY = Hom%tzy)(ﬁfj,F(f)). Since F(F) is bounded, for j > 0
one has E5'? = 0 for all values of ¢; then the spectral sequence degenerates yielding
an isomorphism Homy (£77, HI(F(F))) ~ Homqu(Y)(E*j7 F(F)). It HI(F(F)) #
0, we can find j > 0 such that Homy (£77, H9(F(F))) # 0. Thus, (2.34) implies
that H?(F(F)) = 0 unless g € [-p1 — N, —po + dim X]. O

Remark 2.32. Given two kernels K*, G* in D?(X x Y), any morphism f: K* — G*
in the derived category induces a morphism of functors oL, U A
which in turn induces another morphism f: K* — G*. This morphism may fail to
coincide with f. Moreover, the groups Hom ps(x vy (K*,G*) and Hom(®X" @9 )
may not be isomorphic. In other words, the functor that maps the kernel IC* to

the integral functor @’)E;Y is not fully faithful in general.

Take for instance for X = Y an elliptic curve, K* = Oa and G* = Oa[2].
The Serre functor of X x X consists in the shift by 2, so that

Home(Xxx)(OA, OA[2D ~ Home(XxX) (OA, OA)* ~k.

X—=Y
If g: Idpe(xy — Idpe(x)[2] is a functor morphism, then for every sheaf 7 on

X, the induced morphism g(F): F — F[2] is zero since Homps(x)(F, F[2]) =
Ext% (F,F) = 0 because X is a curve. One easily proves that the morphism g(F*)
is also zero for every bounded complex F°; thus g = 0, that is,

On the other hand, ®X° is the identity functor Idps(x) and ®9°, ~ Idps(x)[2]-

Hom(®X",, ®5" ) ~ Hom(Idps(x), Idpe(x)[2]) = 0.
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The fact that the functor mapping kernels to integral functors may fail to be
fully faithful can be regarded as an intrinsic limitation of the triangulated struc-
ture of the derived category. Actually, if we pass to the setting of dg-categories,
the corresponding functor (suitably defined) turns out to be an equivalence. See
Theorem A.57 and the comments in “Notes and further reading.”

A

2.3 Fourier-Mukai functors

The following definition introduces the objects that will be our main concern in
this book.

Definition 2.33. An integral functor ®X° : D¥(X) — DP(Y) is called a Fourier-
Mukai functor if it is an exact equivalence of derived categories. If in addition the
kernel is a concentrated complex, the functor will be said to be a Fourier-Mukai

transform. A

We give now some basic properties of the Fourier-Mukai functors. Later on
we shall describe some geometric applications of Fourier-Mukai functors and shall
establish a criterion for testing whether an integral functor is a Fourier-Mukai
functor.

The composition of two Fourier-Mukai functors is a Fourier-Mukai functor
as well (and, as we know, the kernel of the composition is the convolution of the
two kernels, cf. Proposition 1.3). However, the composition of two Fourier-Mukai
transforms may fail to be a Fourier-Mukai transform, because its kernel may not

be a concentrated complex, as we shall see in Example 2.59.

Fourier-Mukai functors behave well with respect to the WIT condition. Let
d = L . DY(X) — DP(Y) be a Fourier-Mukai functor; the functor i-th coho-
mology sheaf ®%(.) = H'(®(.)) will be called the i-th Fourier-Mukai functor. Given

A

a quasi-inverse ®: D(Y) — D?(X) of ®, we have an isomorphism
O(D(E)) ~ &

in the derived category. When £° is a sheaf £ in degree zero, the above isomorphism
means that there is a convergent spectral sequence

E iftp+qg=0

] (2.35)
0 otherwise.

EYY = 3P(94(E)) = {
Proposition 2.34. If ® is a Fourier-Mukai functor and & is a WIT; sAheaf, then the

unique nonzero Fourier-Mukai sheaf € is a WIT_; sheaf. Moreover € = %‘1(5’) o~

E.
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We shall also need the following result.

Proposition 2.35. Let ®: D*(X) — D®(Y) be a Fourier-Mukai functor and assume
that X is smooth of dimension n. For every (closed) point x € X the following
inequality holds true:

Proof. There is a spectral sequence E5'? = P, Hom%(y)(@((’)m), ®it4(0,)) con-
verging to EZFY = Hom%'{ (®(0,), ®(O,)). The exact sequence of the lower

D(Y)
terms yields 0 — E;° — EL . By the Parseval formula (Proposition 1.34), one
has Homb(y)(q)((’)w), 2(0,)) ~ Hom}j(x)((’)m, 0,) ~ k" O

2.3.1 Some geometric applications of Fourier-Mukai functors

The existence of a Fourier-Mukai functor between the derived categories of two
smooth algebraic varieties (or the equivalent conditions that the two algebraic va-
rieties have equivalent derived categories, cf. Theorem 2.15) imposes strong con-
straints on their geometry. A first manifestation of this fact is Theorem 2.38 which
states that the two (smooth projective) varieties X and Y have the same dimen-
sion, and that their canonical bundles satisfy some stringent conditions. Corol-
lary 2.40 will establish that the rational Chow rings of X and Y are isomorphic
(as Q-vector spaces). According to Theorem 2.49, under a condition on the Ko-
daira dimension of X, the varieties X and Y are birational. If the hypotheses are
strengthened by assuming that X has an ample canonical bundle, then X and Y
are isomorphic (Theorem 2.51).

The following definition is commonly adopted for varieties with equivalent
bounded derived categories.

Definition 2.36. Two projective varieties X and Y are Fourier-Mukai partners if
there is an exact equivalence of triangulated categories F': D*(X)S Db(Y). A

Note that we do not impose that any of the varieties is smooth. However, if
one is smooth, the other is smooth as well.

Lemma 2.37. Let X be a smooth projective variety.

1. Every Fourier-Mukai partner of X is smooth.

2. A projective variety Y is a Fourier-Mukai partner of X if and only if there
is Fourier-Mukai functor ®<° . D(X) = Db(Y).

X=Y *
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Proof. Assume that X is a smooth variety and that there is an equivalence of
categories F': D*(Y) — DY(X). For every (closed) point y € X and every sheaf
F on Y, one has Hom'(0,,F) ~ Hom'(F(0,), F(F)). Since X is smooth and
F(O,) and F(F) are bounded, there is only a finite number of indexes i with
Homi(Oy,f ) # 0. Then O, is of finite homological dimension, and hence Y is
smooth at y by Serre’s Theorem [266], [215, 19.2]. This proves the first part. The
second follows from Orlov’s representability theorem 2.15. O

We briefly recall the notion of determinant bundle for an object M* of D*(X)
where X is a smooth projective variety. This is defined by

det(M*) = R)(det(£7) D’

K3
where £° is any bounded complex of locally free sheaves isomorphic to M* in the
derived category and det(£?) is the highest exterior power of £°.

A direct computation shows that
det(M* ® L) = det(M*) @ LM (2.36)
for every line bundle L.

Theorem 2.38. Let X, Y be smooth projective varieties that are Fourier-Mukai
partners, so that there is a Fourier-Mukai functor ®X°_ . D(X) — DU(Y).

X—Y *©

1. The right and left adjoints to ®<°_ are functorially isomorphic

X—=Y

K*V@rywx[m]  £K*V®@nywy[n]
Y—X — (I)Yﬂx

(here m = dim X and n = dimY ) and they are both quasi-inverses to ®<°_ .

2. X andY have the same dimension, m = n.

3. wx and wy have the same order, that is, W% is trivial if and only if W is
trivial. Thus, wx s trivial if and only if wy is trivial and in this case the

K:.V . L. .
functor o " s a quasi-inverse to ®°_ .

4. W% ~ Ox and w} ~ Oy with r = rk(K*).

Proof. 1. Since a quasi-inverse is both a right and a left adjoint, the uniqueness of
adjoints together with Proposition 1.13 yields the statement.
2. Applying the above functorial isomorphism to the skyscraper sheaf O,

we obtain LjyK*" @ wx[m] =~ Lj;K*"[n]. Since the functors we have applied are
equivalences of categories, both objects are nonzero in D’(X). Then there is an
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integer go which is the minimum of the ¢’s with H?(Lj;K*") # 0 and one gets
qo + m = qo + n so that m = n.

3. Assume for instance that w’)“( is trivial; the other case is proved analogously.
By Corollary 1.18, one has S ~ ®X° o S% o (®X° )~1 where (®X° )~ is a
quasi-inverse to ®X° . Since wk is trivial, S%(F*) ~ F*[kn] and then S& ~
K" o [kn] o (@K )~ ~ [kn]. Therefore wf ~ Oy.

4. Taking determinant bundles in the expression LjjK*" @wx ~ Lj;K*", we
have det(Lj,K*) =~ det(Lj; K*) ®wy with r, = rk(Lj; K*¥) by Equation (2.36),
and therefore wy ~ Ox. Now the functoriality of the Chern classes gives r, =
rk(KC*¥) = r. The proof of the second formula is analogous. O

As we recalled at the beginning of this chapter, when K* is a sheaf Q con-
centrated in degree zero the dual complex may be different from the concentrated
complex given by the dual sheaf Q* in degree zero. This point deserves a comment.

Example 2.39. Take K* = Oa, the structure sheaf of the diagonal A C X x X.
The integral functor ®94, is isomorphic to the identity functor as we have seen
in Example 1.2. We have that O} = 0 because Ox is a torsion sheaf, so that
Qa8 “x["] — ) and this cannot be a quasi-inverse to 24, . The identity functor
is of course a quasi-inverse to itself, and according to Theorem 2.38 it must coincide
with Q%‘?”f‘“x " for ¢ = 1,2. Let us check that this is indeed the case. Since
X is smooth, the diagonal is a regular embedding and then a standard local

computation using the Koszul complex yields the formulas

0 for g #n

(2.37)
0. (wk) for ¢ =n.

Exty, (On,Oxxy) = {

Thus, OX =~ 0.(wx)[—n] in the derived category, and therefore OX ® 7fwx[n]| ~
O so that @Sé?”f“"["] ~ ®94_ is the identity.

Looking at things the other way round, one should say that Theorem 2.38
together with the uniqueness of the kernel (Theorem 2.25) proves OX @ mfwx|[n] ~
Oa and therefore yields the formula 2.37 without resorting to the Koszul complex.

A

Theorem 2.38 allows us to prove an important property of the map f’c'
defined in Equation (1.12).

Corollary 2.40. Let X, Y be smooth projective varieties and let @’)ELY: DV (X) —
DY(Y) be a Fourier-Mukai functor. The induced map f<°: A*(X)@Q — A*(Y)®Q
1s an isomorphism of Q-vector spaces. Moreover, if k = C, the induced f-map in
cohomology f*°: H*(X,Q) — H*(Y,Q) is also an isomorphism of Q-vector spaces
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which induces an isomorphism of vector spaces between the even cohomology rings.

Proof. By Theorem 2.38, <I>)§;i®7r;‘wx M s a quasi-inverse to <I>§Ly, so that the
convolution IC* x (K*¥ ® mhwx[m]) is isomorphic to O in the derived category
because of the uniqueness of the kernel (Theorem 2.25). The functoriality of the
map f (cf. Eq. (1.13)) yields fX° o fE7®mxwx[ml — O Gince v(Op) = 6,(1)
by Grothendieck-Riemann-Roch for the diagonal immersion d, we have f©» = Id
(here v is the Mukai vector defined in Eq. (1.1)). One analogously proves that
f’c.v®”§f wx[m] o fK* — Id. The cohomology statement is proved in a similar way.

O

Part 4 of Theorem 2.38 implies that whenever the kernel K* is not of rank
zero, a certain power w' of the canonical bundle of X has to be trivial, with
r # 0. This is a strong geometric constraint: if X is a curve, it has to be elliptic
(and then wy ~ Ox); if X is a surface, it has to be Abelian, K3 (in which cases
wx ~ Ox), Enriques (for which w% ~ Ox) or bielliptic (for which w}? ~ Ox)
(cf. [141, Thm. 6.3]). In dimension 3 the most important example is provided by
Calabi-Yau varieties (for which, by definition, wx ~ Ox). This is the reason why
the Fourier-Mukai transform has been mostly studied for this kind of variety.

However, this by no means implies that if all powers w% (with nonzero expo-
nent) are nontrivial, then Fourier-Mukai functors ®%°_: D?(X) — D(Y) cannot
exist. Rather they do exist, but the kernel K* must be of rank zero, as in the case

of the structure sheaf of the diagonal.

We shall deal with the case of rank zero kernels when in Chapter 6 we shall
study integral transforms for families, or relative integral transforms. Given two
families of varieties X — S and Y — S, we shall define an integral functor
PK° . DY(X) — DP(Y) by means of a relative kernel K* in the derived category
DP(X xgY) of the fiber product. That transform will be defined as the ordinary
integral functor with kernel i, /C*, where i: X XxgY — X X Y is the natural
immersion. Even when the integral functor @’;;Y is an equivalence of categories
we cannot use Theorem 2.38 to get information about wx, because as a complex
in D’(X xY) we have rk(i,K*) = 0. Here one needs a relative version of Theorem
2.38 where the relative canonical sheaves wy,s and wy,s replace the absolute
canonical sheaves.

Let X, Y be smooth projective varieties and <I>§;Y a Fourier-Mukai functor.
By Theorem 2.38, a quasi-inverse is given by @f;j(@ﬂ‘ e @’53(@”;“’/. Let W
and WV be the supports of K* and K*V, respectively (see Definition A.90).

Proposition 2.41. One has W = WV and the two projections xw: W — X,
Tyyw: W =Y are surjective.
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Proof. There is a convergent spectral sequence with Ey! = Exty, (HP(K*),0)
and EPf? = HPI(K*v). This proves that WY C W. Reversing the roles of K*
and K*¥ we get that W C WV, Now, since ®X° _ is an equivalence, ®X°_(0,) =
Lj;K* # 0 for every # € X; this proves that the morphism mxy: W — X is
surjective. The surjectivity of 7y y-: W — Y is proved analogously by using the

fact that ®X° is also a Fourier-Mukai functor by Theorem 2.38. O

Y—X

The existence of a Fourier-Mukai functor ®%°_: D?(X) — DP(Y) (which is
equivalent to the existence of an exact equivalence by Theorem 2.15) has inter-
esting effects on the geometry of X and Y. Our next aim is to prove some strong

results in that direction due to Orlov and Kawamata

We begin by recalling some standard definitions. If X is a smooth projective
variety, and L is a line bundle on X, then for n > 0 the dimension of the global
sections T'(X, £™) of L™ is a polynomial in n of a certain degree d < dim X; the
degree of the null polynomial is —oco by decree. The degree of such polynomial is
called the Kodaira dimension of £ and it is denoted by (X, L). So one knows
that x(X, L) < dim X.

In particular, the Kodaira dimension of X is defined as k(X) = k(X,wx).
One can also define the Kodaira dimension in terms of the projective rational maps
defined by £* (s > 0), assuming that they exist. In that case (which corresponds
to k(X, L) > —00), K(X, L) is the maximum of the dimensions of the images of
those maps, and it is also the transcendence degree of the graded ring R(X, L) =
®s>0l'(X, £%) minus 1.

Lemma 2.42. (Kodaira’s Lemma) If x(X) = dim X (resp. k(X,w%) = dim X ),
there exist an ample divisor H and an integer so such that for any integer s > sq
there is an effective divisor Dy such that wy% ~ Ox(H) ® Ox(Ds) (resp. (w¥)® ~
OX(H) ® OX(DS))

Proof. Assume that k(X) = dim X. Let H < X be a smooth ample divisor, which
exists by Bertini’s theorem [141, 8.18], and consider the exact sequence

O—>w§((—H)—>w§(—>waH—>O.

Since x(X,wY) is a polynomial in s of degree £(X) = dim X, and x(H,wx ) is
a polynomial in s of degree x(H,wx|y) < dim H = dim X — 1, we see that for
s> 0 the line bundle w% (—H) has a section. Thus, w% (—H) ~ Ox(D;) for some
effective divisor Dg. The other case is analogous. (Il

Recall that a line bundle £ on a projective variety is numerically effective
or nef if for any morphism ¢: C' — X where C' is a projective curve, one has
deg ¢*L > 0. We can consider only closed immersions C' — X, because we can
always replace ¢: C' — X by its image.



66 Chapter 2. Fourier-Mukai functors

Lemma 2.43. Let f: Y — X be a projective morphism.

1. If L is a nef line bundle on X, then f*L is nef on Y.

2. If f is surjective, then a line bundle L on X is nef if and only if f*L is nef
onY.

Proof. The first claim is obvious. For the second, let C' be a projective curve,
¢: C — X a morphism and A/ a very ample line bundle for the projective mor-
phism fo: C xy X — C. For n > 0, N has a section which defines a divisor
H < C xy X. The curve C = H" (r = dimY — dim X) intersects every fiber in
a finite number of points, so that the projection m: C' — C' is a finite morphism.
Moreover the composition ¢ o 7: C' — X factors as f o p, where p: C — Y is the
induced morphism. Since f*L is nef, deg p* f*L > 0, then deg ¢*L > 0 as well. [

We can define the numerical Kodaira dimension of a line bundle £ on a
projective variety as the maximum v(X, L) of the integer numbers m such that
there is a proper morphism ¢: T — X from a variety 7' of dimension m with
the property ¢*(c1(£))™ - T # 0. The intersection numbers ¢*(c¢1(£))™ - T can be
defined in terms of the Snapper polynomial. To this end, let us recall that for any
line bundle N on a m-dimensional projective variety T, the Euler characteristic
X(T,N™) of L™ is a polynomial in n of a certain degree d < m, called the Snapper
polynomial [119, Ex. 18.3.6], and that

1
X(T,N") = poars (AM)™ - Tn™ + terms of lower degree.

It is clear that we can define the numerical Kodaira dimension of £ by considering
only closed immersions ¢: T <— X. Moreover, the numerical Kodaira dimension
of any power of a line bundle £ equals that of £, namely, v(X, L) = v(X, L?) for
any s # 0.

When L is nef, the numerical Kodaira dimension is the maximum of the
integers m such that ¢;(£)™ is not numerically trivial. In this case, the numerical
Kodaira dimension is bounded by the Kodaira dimension, v(X, £) < (X, L).

If X is a projective Gorenstein variety, the numerical Kodaira dimension of
X is defined as v(X) = v(X, wx).

Lemma 2.44. Let f: Y — X be a projective morphism and L a line bundle on
X. Then v(Y, f*L) < v(X, L). Moreover, if f is surjective, one has v(Y, f*L) =
v(X,L).

Proof. The first claim is obvious. The proof of the second is similar to that of
Lemma 2.43. Let ¢: T'— X be a proper morphism such that ¢*(£™)-T # 0 with
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m = dim T, and let A/ be a very relatively ample line bundle for the projective
morphism fr: T Xy X — T. For n > 0, N has a section which defines a divisor
H < T xy X. Then T = H" (r = dimY — dim X) intersects every fiber in a
finite number of points, so that the projection 7: T — T is a finite morphism.
Moreover the composition p o 7: T — X factors as f o p, where p: T — Y is the
induced morphism. It follows that p*(f*£™) - T ~ 7*(p*L™) - T # 0, and then
v(X, L) <v(Y, f*L), so that v(Y, f*L) = v(X, L) as claimed. O

Finally, we need a technical result whose proof we include although it is
standard.

Lemma 2.45. Let Z be a normal variety and F a rank r coherent sheaf on Z. If
L1 and Lo are line bundles on Z such that F @ L1 ~ F ® Lq, then L] ~ L5.

Proof. Modding the torsion out we can assume that F is torsion-free. Since Z is
normal there is a codimension two closed subset Z’ such that F is locally free of
rank 7 on U = Z — Z’'. By the theorem on generic smoothness [141, I11.10.7], U
can be assumed to be smooth. Taking determinants, we get det(Fjy) ® E’l"lU ~
det(Fjr) ® L3, and thus L), = L5;;. Since Z is normal and Z' has codimension
2, this isomorphism can be extended to an isomorphism L7 ~ £% (cf. [140, Theorem
3.8]). O

Let X and Y be smooth projective varieties and ®X° a Fourier-Mukai func-
tor. For every irreducible component Z of the support W of K*, we denote by

Z — Z its normalization and by px : 7 — X, py: Z —'Y the induced maps.

Lemma 2.46. One has pw’ =~ pywy for some r > 0. In particular p5 Kx and
py Ky are Q-linearly equivalent. Moreover, we can chose an irreducible compo-
nent Zx(K*) of W such that px = mx |z (k) Zx(K*) — X and then also

Px: Zx(K*) — X, are dominant.

Proof. By Theorem 2.38, one has dimY = dim X and if we denote by n this
dimension, a quasi-inverse to ®X"_ is given by ‘blf;;@m} wxnl @f;j(@ﬁwy " The
uniqueness of the kernel (Theorem 2.25) implies that K*¥ @ niwy ~ K*Y @ nywy,
so that Hi(K*Y) @ mhwy ~ HI(K*Y) @ mhwy for every i. If p: Z — X x Y is the
composition of Z — Z and the immersion Z < X x Y, we see that p*(H!(K*") ®
piwx) ~ p*(HY(K*Y) ® pywy). By Lemma 2.45, pyw’ ~ piw} where r is the
rank of Hi(/C”)lz, which is not zero.

By Proposition 2.41, mx |y : W — X is surjective. Then we can choose an
irreducible component Zx (K*) of W which dominates X. O
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The following Proposition 2.48 and Theorem 2.49 express a result due to
Kawamata, usually known as “D-equivalence implies K-equivalence.” We now
give the precise definition of K-equivalent algebraic varieties.

Definition 2.47. Two smooth projective algebraic varieties X and Y are K-equiva-
lent if there are a normal variety Z and projective birational morphisms px : Z —
X, py: Z — Y such that pxKx and pj Ky are Q-linearly equivalent, that is,
rp% Kx and rpj Ky are linearly equivalent for some r # 0. AN

Notice that if F* is a simple object of D*(Y), i.e., Hompyy(F*, F*) =k, the
support of F* is connected. This can be seen as follows: assume that Supp F* =
Y1 [ Ya; if we represent F* as a finite complex £° of locally free sheaves of finite
rank, the natural map £° — Jj1.j7E° @ j2.J5E° is a quasi-isomorphism. Then

F* =~ j1.J7E° @ JoujsE° in the derived category, so that F* is not simple.

Proposition 2.48. Let Zx (K*) be an irreducible component of W = Supp K* such
that px: Zx(K*) — X is dominant.

1. There is a nonempty open subset U of X such that p%l (x) = 77;(1 ()N W ~
Supp ®X° (0, for every point z € U.

2. If dim Zx (K*) = dim X, then px: Zx(K*) — X and py: Zx(K*) — Y are
birational and p Kx and py, Ky are Q-linearly equivalent. That is, X and
Y are K-equivalent.

Proof. It Zy, ..., Zs are the irreducible components of W other than Z = Zx (K*),
and T = U;(Z N Z;), we take U = X — px(T). Since ®X°_(0,) is simple, its
support Supp ®X°(0,) =~ w3 (x) N W is connected as we have just seen. Then
Supp ®X°_(0,) has to be contained in 73! (x) N Z = py' (z) if 2 € U; this proves
the first part.

‘We now prove the second part. We have to prove that both px and py are
birational. Consider first the projection px: Z — X. Since dim Z = dim X, px
is generically finite. By Zariski’s main theorem [141, 11.4], to prove that it is
birational, we need only to check that it is generically injective. By the first part,
px (z) = 7 (x) N W for generic € X, and then 73! (z) = {(z,11),..-, (z,ys)}
is finite. Thus, Lj*K* = ®X° (0,) is supported at the points yi,...,ys, and
Home(y)(q)g;Y(Ox), dK° (0,)) is of dimension s. By the Parseval formula (cf.
Proposition 1.34), one has

Hom py vy (8K, (0,), O (0,)) =~ Homp x) (04, 0,) =k,

so that s = 1. This proves that px is generically injective.

Our last step is to show that py : Z — Y is also birational. If we prove that it
is dominant, taking into account that Z is also an irreducible component of WV =
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Supp K*¥ (cf. Proposition 2.41), we deduce as above that py is birational. Since px
is birational, there is an open subset U’ C U such that mx induces an isomorphism
between p}l(U’) = W)_(I(U/) N W and U’. If we assume that py is not dominant,
then dimpy (Z) < dimY and there exist distinct points a1, 2o of U’ such that
y = my (7 (21)NW) = my (75" (x2) "W). Thus, the point y is the support of both
(I’))E:y(om) and (I)I}E;Y(Olgv)v so that HomlDb(Y) ((DI}E;Y(OIl)?q)]}?:»Y(OZQ)) 7é 0 for
some integer ¢. By the Parseval formula, this implies that HomiDb( x) Oz, Oz,) #
0, which is absurd.

Finally, since p\w’ = pywy-, we eventually obtain that p% Kx and pj Ky
are Q-linearly equivalent. (Il

Theorem 2.49. [175, 176] Let X, Y be smooth Fourier-Mukai partners.
1. The line bundle wx (resp. wi ) is nef if and only if wy (resp. w3 ) is nef.
2. X andY have the same numerical Kodaira dimension, v(X) =v(Y).

3. If the Kodaira dimension k(X)) is equal to dim X (or if (X, w%) = dim X ),
then X and 'Y are K-equivalent.

Proof. By Lemma 2.37, there is a Fourier-Mukai functor F = ®X° . Let Zx (K*) be
an irreducible component of the support W of K* which dominates X (cf. Lemma
2.46; we use the same notation as in this lemma).

1. If wy is nef so is wy,, then pj wy. is nef by Lemma 2.43 and since px is
surjective and pyw =~ pj-wy-, the same lemma implies that w’, and hence wyx,
is nef. The case when wj- is nef is proved analogously.

2. By Lemma 2.44, v(X,wx) = v(Zx(K*),pkwx) = v(Zx(K*),pjwy) <
v(Y,wy). Reversing the roles of X and Y one proves the converse statement.

3. Assume first that £(X) = dim X. By Kodaira’s Lemma 2.42, one can take
m > 0 such that the two isomorphisms piw¥ ~ pyw{ and W ~ Ox(H) ®
Ox (D), where H is an ample divisor and D is effective, hold true.

Let us sce that py: Zx(K*) — Y is quasi-finite (i.e., it has finite fibers)
outside ;5)—(1 (D). First note that since px and py are the restrictions to Zx (K*) of
the projections of X x Y onto its factors, no curve can be contracted by both of
them; since normalization is a finite morphism, the same happens for px and py.
Assume now that there is a curve C' contained in a fiber py*(y) and not entirely
contained in ;5;(1 (D); then we have ﬁ;le -C' =0 and

mpy' Ky - C=mpy Kx -C=px'H-C+px'D-C>p'H-C.

Since C' cannot be contracted by px and H is ample, we get mﬁ{,le -C >0,
which is a contradiction. Thus dim Zx (K*) = dim Zx (K*) < n = dimY so that
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dim Zx(K*) = n, and we conclude by Proposition 2.48. The case x(X,w%) =
dim X is analogous. |

Remark 2.50. The variety Zx (K*) in Lemma 2.46 may be assumed to be smooth
possibly by replacing it with a resolution of its singularities. VAN

A consequence of Kawamata’s Theorem 2.49 is a celebrated “reconstruction
theorem” due to Bondal and Orlov [49].

Theorem 2.51. Let X, Y be smooth Fourier-Mukai partners. If either wx or wy
is ample or anti-ample, there is an isomorphism X ~Y .

Proof. Assume that wx is ample or anti-ample. If C' — Zx (K*) is a curve con-
tracted by py, then ﬁ}w}’glc ~ ﬁ;wy‘c ~ O¢, which is impossible because wy is
ample or anti-ample and C' is not contracted by px as we have seen in the proof
of Theorem 2.49. Hence py is an isomorphism and we have a birational morphism
f:Y — X of smooth varieties such that f*w% ~ wy" with m > 0 when wx is
ample. Let us now prove that f is actually an isomorphism. In the exact sequence
of differentials
ox Loy - Qpx -0

the morphism df is injective (because it is injective at the generic point and f*Qx
is locally free); then Qy,x is a torsion sheaf supported by a closed subscheme
Y’ # Y which coincides with the zeroes of the determinant of df. This determinant
is a section of wy ® f*wy'. Then (det(df))™ is a section of (wy ®@ f*wyx')™ =~ Oy
vanishing on Y. Thus Y is empty, so that Qy,x = 0 and f is smooth of relative
dimension zero, and being also birational, it is an isomorphism. O

We have chosen to give a detailed account of this proof of this important
theorem because the techniques introduced and its underlying ideas will be use-
ful elsewhere in this book, in particular when we shall study the Fourier-Mukai
partuners of a variety. However, the original proof by Bondal and Orlov in [49] is
more direct and does not make use of Orlov’s representability theorem 2.15. It
also enlightens how the derived category of a variety encodes information about
its points and the line bundles on it. For this reason we offer here a brief sketch
of that proof.

One starts by defining the point objects and invertible objects in a triangu-
lated category. One shows that when the latter is the derived category D®(X) of
coherent sheaves of a smooth algebraic variety with ample canonical or anticanon-
ical sheaf, the point objects are the complexes of the form O,[i] with i € Z. On
the other hand, when point objects have this form, one shows that the invertible
objects are the objects of the form L[i] with i € Z, where £ is a line bundle.

Assume now that X is a smooth projective algebraic variety with ample or
anti-ample canonical bundle, and Y is a Fourier-Mukai partner of X, i.e., that there
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is an exact equivalence of triangulated categories F': D*(X) — D®(Y). One proves
that F' maps point objects to point objects, and this in turn implies that the point
objects in Y are again exactly the shifted skyscraper sheaves. Along the same lines,
one proves that F' maps invertible objects to invertible objects. The result about
point objects implies now that line bundles are mapped into shifted line bundles.
By suitably redefining the functor F, one can obtain that skyscraper sheaves are
mapped to skyscrapers, thus providing a set-theoretic identification of X with Y,
and that line bundles are mapped to line bundles. The latter property implies
that X and Y are homeomorphic. After redefining F' again, we can assume that
F(Ox) ~ Oy, and since F commutes with the Serre functor, one has F(w’;) ~ wi
for all 7. Since wy is ample or anti-ample, the topology of X has a basis formed
by open sets U, labeled by a € HomX(u&,wﬂ(), 1,J € Z; by definition, U, is the
set of points in X where a does not vanish. The properties of F' that one has so
far proved imply that the open sets V,, C Y defined in the same way in terms of
wy are also a basis of the topology of Y. A theorem by Illusie [158] implies that
wy is ample or anti-ample, respectively.

Moreover, the equivalence F' induces an isomorphism between the graded
canonical algebras @;>oHomy (Ox,w% ) and @®;>oHomy (Oy,wi ). When wy and
wy are ample, this gives rise to an algebraic isomorphism

X =~ Proj(@;>oHomx (Ox,wk)) S Proj(@;>oHomy (Oy,wi)) ~Y .

When wx and wy are anti-ample, one proceeds in a similar way with the algebras
@i>oHomyx (Ox,wy’) and &;>oHomy (Oy,wy"). It is worth saying that this proof
does not makes use of Orlov’s representability theorem 2.15.

2.3.2 Characterization of Fourier-Mukai functors

We have already seen that a spanning class may be used to test if an exact fully
faithful functor is an equivalence of categories. But one can also find a suitable
spanning class for the derived category DP(X) and use it to state conditions for
an integral functor to be a Fourier-Mukai functor.

The results in the first part of this section are valid in arbitrary characteristic,
while starting from Proposition 2.56 we need to assume that the characteristic is
zZero.

The following two propositions are taken from [61].

Proposition 2.52. On a smooth proper variety X the skyscraper sheaves O, form
a spanning class for the derived category D®(X).

Proof. For every M* € D’(X) and every point 2 € X there is a spectral sequence

EYY = Exty (H79(M*),0,) = EXf1 = Hom’l);gg()(./\/lﬂ@x). If M* # 0, then
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there exists an integer ¢ such that H?(M?*) # 0. Let go be the maximum of such
¢’s and let x be a point in the support of H%(M?*). Then we have a nonzero
element e € By ™% = Homp(x)(H%(M?*),O,), and that element survives to give
a nonzero element of £ = HomB’(I"X) (M*,O,). This implies that the skyscraper
sheaves O, form a spanning class on the right for the derived category D°(X),
that is, they satisfy Condition 2 in Definition 2.1. Note that this does not require
X to be smooth, while this is necessary to prove Condition 1. Take then M*® = 0.
Since X is smooth, wy is a line bundle, so that N'* = M* @ wyx # 0 and we can
apply the above argument to N'* and find gy and & such that Ext(_ng (N*,0z)
Homggg() (N*,03z) # 0. By Serre duality Hom%g;o) (02, N'*) ~ Ext P (N*, 05)
0, thus finishing the proof.

Ol

We also need to ascertain when the derived category D?(X) is indecompos-
able.

Proposition 2.53. Let X be a smooth proper variety. Then Db(X) is indecompos-
able if and only if X is connected.

Proof. If X is not connected, write X = X; [[ X2, and then D*(X) ~ Db(X;) ®
DP(X5). Assume now that X is connected and that there exist full nontrivial
subcategories 2y, Ao with D?(X) ~ A; @ Ay. For any integral closed subvariety
Y — X, the sheaf Oy is indecomposable, so that it is isomorphic to an object
either in 24 or 2A,. Moreover, for every point y € Y, the sheaf O, is isomorphic
to an object in the same 2; as Oy, because otherwise Homp(x)(Oy, 0,) = 0 and
this is not true. Let X; be the union of all integral subvarieties Y such that Oy is
isomorphic to an object of 5. Then X7, X5 are closed subsets and X = X; [[ X,
because if y € X1 N Xy, then O, is isomorphic both to an object of &; and an
object of Ay, and this is absurd. Since X is connected, one of the X;’s, say Xg, is
empty. Then for every object K* in D®(X3) one has

HomiD(X)(IC.v 0,)=0, foranyi€Z zeX

and therefore C* ~ 0 because the skyscraper sheaves form a spanning class by
Proposition 2.52. ]

Let X be a smooth projective variety.

Definition 2.54. A sheaf F on X is special if F @ wx ~ F. An object F* of D°(X)
is special if F* @ wy ~ F* in D’(X). A

Then, when the canonical bundle wy is trivial, every object of D?(X) is
special. An object F* of D?(X) is special if and only if its cohomology sheaves
Hi(F*) are special sheaves, as the following proposition shows.
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Proposition 2.55. Let F* be a compler in D*(X) such that all its cohomology
sheaves H'(F*) are special sheaves. If f': HY(F*) — H (F*) ® wx are isomor-
phisms of sheaves, there is an isomorphism f: F* — F* @ wx in the derived
category such that H'(f) = f for every i.

Proof. We proceed by induction on the number of nonzero cohomology sheaves.
If H™(F*) is the highest nonzero cohomology sheaf, we can assume that 7™ = 0
for m > n. Assume that F° has only a nonzero cohomology sheaf. Then F* ~
H™(F*)[m] in D*(X) and we set f = f™[m]: F* — F* ® wx. In the general
case, we can assume by induction that there is an isomorphism f P 1) —
F*<(n—1) @wx in the derived category inducing in cohomology the morphisms f*
for i <n — 1. Consider the exact triangle in K (Qco(X))

F*<(n-1) LF Cone(7) LR f'g(n_l)[l] .

Note that § is homotopic to zero, so § = 0 in K (Qco(X)) and then also in the
derived category. Since Cone(i) ~ H™(F*)[m] in the derived category, we have a
commutative diagram in D?(X) whose arrows are exact triangles

F<(n-1) <> F*— > Cone(i) = F*<n-1y[1]

Zif' zlfm[m] 2if’[1]
. B=0

F* <(n-1) — F* — Cone(i) —— F*<(n_1)[1].

Then, there is an isomorphism f: F* — F* ® wx in D°(X) which completes the
diagram. 0

From this point on, we assume that the base field k has characteristic zero.

Proposition 2.56. [202, 61] Let X and Y be smooth projective varieties of the same
dimension n, and let K* be a kernel in D*(X x Y). The following conditions are
equivalent:

1. ®K°

Y.y 18 a Fourier-Mukai functor;

2. ®X° s fully faithful and Lj*K* is a special object of D*(Y) for all z € X.

In particular, if Q is a sheaf on X x Y strongly simple over X, then ®< . is a
Fourier-Mukai transform if and only if Q, is special for all x € X.

Proof. We can assume that Y is connected so that D’(Y") is indecomposable by
Proposition 2.53. To prove that 2 implies 1, in view of Propositions 2.52 and 2.5 we
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need to show that ®X° Sy (0,) ~ Sy ®X"_(0,) for every closed point z. Indeed,
by the speciality of the complexes Lj>/C®, we have

(I)))E;YSX (Oai) = szlc.[n] = Lj;K:.wY [TL] SYQXHY(O ) .

The fact that 1 implies 2 is proved similarly. ]

The results of the previous proposition will be mostly used in the following
form.

Proposition 2.57. Assume that X andY are smooth projective varieties of the same
dimension with trivial canonical bundles and that K* is an object in D*(X x Y)
strongly simple over X. Then the functor ®X°_ is a Fourier-Mukai functor and

the functor @YH;M

X—=Y
18 a quasi-inverse to <I>XHY In particular, if Q is a locally free
sheaf on X XY strongly simple over X, the functor @Yﬁ)[(] is a quasi-inverse for

P

X—Y *

Corollary 2.58. Let X, Y be as in Proposition 2.57 and let K* be an object in
DY(X x Y) which is strongly simple over X. Then K* is strongly simple over Y

as well and ®K° [n]

v.x s a Fourier-Mukai functor with inverse o’ Xy

Proof. By Proposition 2.57, Yﬂ;[n] is an exact equivalence, and then K*Y is
strongly simple over Y by Theorem 1.27. By Remark 1.26, K* is strongly sim-
ple over Y, so that the statement follows again from Proposition 2.57. |

We are now in a position to show that the composition of two Fourier-Mukai
transforms may fail to be a Fourier-Mukai transform.

Ezxample 2.59. Let X be a K3 surface. We shall give an introduction to the geom-
etry of K3 surfaces in Chapter 4; what we shall need here is that wy ~ Ox and
H'(X,0x) = 0. Let us consider the integral functor ® = ®%2_ : D*(X) — D°(X),
where Za is the ideal sheaf of the diagonal in X x X. One easily checks that Za
is strongly simple, so that ® is a Fourier-Mukai functor by Corollary 2.58. Again
a straightforward computation shows that ®(Ox) ~ Ox[—2]. Moreover, if L is a
line bundle on X which has no cohomology in every degree, one has ®(£) ~ L[—1].
Comparing the two results, we see that for k& big enough, the kernel of iterated
composition ®* is not a shifted sheaf. A

Let X and Y be smooth projective varieties and K* a kernel in DU(X xY).

We consider another pair X, Y of smooth prOJectlve varieties and another kernel

K* in DP(X x Y). We then have a kernel K* XlC‘ in D’(X x X xY xY).

Lemma 1.28 about the product of integral functors can be strengthened in
the case of Fourier-Mukai functors.
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Corollary 2.60. If the integral functors ®<°_ and Ny

oy Y v are Fourier-Mukai func-

Lo
tors, then the functor ®° 8K _is o Fourier-Mukai functor as well.

Proof. In view of Lemma 1.28 and Proposition 2.56 we need only to show that for

- L
evey closed point z, ) € X x X the restriction Lj¢, - (K* ) K*) is a special object.

L . L -
From one side, one has the isomorphism Ljsz,i) (K*KK*) ~ LjiKe KLj:Ce. From
the other, as wy ¢ ~ wy Mwy, we have

L . L ~
Lj{, (K BEK") @ wy,p > (LK @ wy) B (LjK* © wy) .
O

In a number of important examples that will be thoroughly investigated in
the next chapters, the hypotheses of Proposition 2.56 are met when Y is a con-
nected component of the moduli spaces of simple sheaves on X, X is a connected
component of the moduli spaces of simple sheaves on Y, and Q is the corresponding
bi-universal family (provided it exists). In the case of surfaces, there are particular
results that will be very useful. We describe here some of them.

Let Y be a smooth projective surface and X a fine moduli space of special
stable sheaves on Y with fixed Mukai vector v (cf. Eq. (1.1)). Let Q be a universal
sheaf on X x Y for the corresponding moduli problem, so that Q is flat over X
and Q. is a stable special sheaf on Y with Mukai vector v. Given closed points x
and z in X, one has x(Q,, Q.) = —v? by Equation (1.7).

The following result can be found in [70].

Proposition 2.61. Assume that X is a projective surface.

1. X is smooth if and only if v* = 0.

2. In this case, the integral functor ®2 . : D*(X) — D(Y) is a Fourier-Mukai
functor.

Proof. Let x be a closed point of X. Since the Homﬁ((Qm, Q) is the tangent space
at x to the moduli space X of the sheaves {Q,} on Y, one has that X is smooth at
x if and only if dim Homﬁ((Qw7 Q) = 2. To compute this dimension, we note that
the sheaf Q, is stable and special, so that Homy (Q,, Q,) ~ k by the stability
and Hom% (Q,, Q.) ~ k by Serre duality. Tt follows that —v? = x(Q,, Q.) =
2 — dim Homk(gm, Q) which proves the first claim.

Assume now that v?2 = 0. If z and z are different closed points of X, one
has that Homy (Q,, Q,) = 0 because Q, and Q. are nonisomorphic stable sheaves
with the same Chern characters. Since the sheaves Qx are special, Serre duality
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gives Hom% (Q,, @.) = 0. Finally, from x(Q,, Q.) = —v? = 0 we deduce that also
Hom} (Q,, Q.) = 0, so that Q is strongly simple over X. The claim follows now
from Proposition 2.56. O

Remark 2.62. Proposition 2.61 holds also true for pure stable sheaves in the sense
of Simpson as described in Section C.2, because pure stable sheaves have the
properties of torsion-free stable sheaves we have used in its proof. A

2.3.3 Fourier-Mukai functors between moduli spaces

We would like to show that in many cases, integral transforms define in a natural
way algebraic morphisms between moduli spaces.

Let ®: D*(X) — D®(Y) be an integral functor, where X and Y are smooth
projective varieties. Let Mx p be the functor associating to any variety 7' the
set of equivalence classes of all coherent sheaves & on T x X, flat over T" and
whose restrictions & = j;& to the fibers X; ~ X of np: T x X — T have
Hilbert polynomial P. Here, two sheaves £ and &’ are considered to be equivalent
if £ ~ &' @ nj.L for a line bundle £ on T'. Furthermore, let M x be a subfunctor of
M x p parameterizing WIT; sheaves for a certain index ¢. Corollary 1.9 implies that
if £ is in Mix(T), the sheaves & = ®i.(€) are flat over T, so that for a fixed i the
fibers (£); ~ &, have the same Hilbert polynomial P. Moreover PL(E @ TEL) ~
P4 (&) @ 1 L. Thus, @4 maps Mx(T) to My, 5(T). The polynomial P can be
computed by the Grothendieck-Riemann-Roch formula in terms of P, the Chern
classes of the kernel K* of ® and the Todd class of X.

By compatibility of integral functors with base change (Proposition 1.8), ®°
induces a morphism of functors
Oy Mx — My 5.
Proposition 2.63. Assume that M x has a coarse moduli scheme Mx .
1. If there is a subfunctor My C My, 5 containing the image of iy that is also

coarsely representable by a moduli scheme My , then the integral functor ®
gives rise to an algebraic morphism of schemes

%, My — My .

2. If ® is a Fourier-Mukai functor, then the image functor My = ®(Mx)
18 coarsely representable by a moduli scheme My, and ® induces a scheme
isomorphism

% My = My .
Moreover Mx is a fine moduli scheme (that is, it represents the moduli
functor Mx ) if and only if My is a fine moduli scheme.
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Proof. 1. Since My is coarsely represented by My, there exists a morphism of
functors My — Hom(—, My ), where the latter is the functor of points of My .
The composition with ®% is a morphism of functors My — Hom(—, My ) which,
by the definition of coarse moduli, factors in a unique way through a morphism of
functors Hom(—, Mx) — Hom(—, My). This corresponds to a scheme morphism
®': My — My. Part 2 is straightforward, due to the uniqueness of the coarse
moduli of a functor. |

An important example is given by the moduli functor of skyscraper sheaves
O, on X. Assume that the skyscraper sheaves are all WIT;; this happens for
instance if the kernel of ® is a concentrated complex, in which case they are
WITj. Then we have:

Corollary 2.64. If ® is a Fourier-Mukai functor, then X is a fine moduli space for
the moduli functor My of the sheaves ®(O,) over Y.

To illustrate another example, let X and Y be polarized smooth projective
varieties (see Section C.2), and let M¥ p, MY p be the corresponding moduli
functors of (Gieseker) semistable sheaves. Assume that all semistable sheaves F
in M p are WIT; and that their images ®*(F) are semistable. We have:

Corollary 2.65. 1. ®' induces a morphism of schemes ®%,: My p— M;sp.

2. If ® is a Fourier-Mukai functor and ®*(M% p) = M5, the induced mor-
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phism is an isomorphism of schemes @Y, : MX’P = MY,P

Corollary 2.65 implies that ®° transforms S-equivalent semistable sheaves
on X to S-equivalent sheaves on Y (for the notion of S-equivalence, see Section
C.2). However, ®' may transform non-S-equivalent semistable sheaves on X to
S-equivalent sheaves on Y, even if ® is a Fourier-Mukai functor. Thus, in general
the morphism ®4,: M§ X.p — M;?, induced by a a Fourier-Mukai functor may fail
to be injective or surjective. There is however a partial result.

Corollary 2.66. If ® is a Fourier-Mukai functor and there is a stable sheaf F
in M3 p such that ®(F) is stable, the functor ®" induces a surjective birational
morphism

(bﬁ\/fi MX — My y
where Mx and My are the irreducible components of My p and M, which

contain [F] and [®1(F)], respectively.

Proof. If G is a semistable sheaf on X and ®%,([G]) = [®'(F)], then ®(G) is S-
equivalent to F, and thus ®*(G) ~ ®(F) because ®(F) is stable. Hence, G ~ F by
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the invertibility of ®, and the fiber of ®%, over the point [®¢(F)] is a single point.
Since M§’ p and M:*, are projective (see Theorem C.6), by Zariski’s main theorem
(136, 4.4.3] there exist open neighborhoods V' of~[<I>i(,7-")] and U = (@4,)" (V) of
[F] such that ®},: U V. Moreover, 3, (M) = My because 4, (M) is irreducible
and contains [®%(F)]. Then ®%,: Mx — My is birational. O

2.4 Notes and further reading

Historical remarks. As we already mentioned, the first instance of a Fourier-Mukai
transform is contained in Mukai’s 1981 paper [224]. A Fourier-Mukai transform
on K3 surfaces was first constructed by the authors of this book in 1994 [24] (see
also [26]). Later a similar construction was done by Mukai [228]. We shall study
Fourier-Mukai transforms on K3 surfaces in Chapter 4. Other examples of Fourier-
Mukai transforms will be described in Chapter 6 as relative integral functors.

The talk by Bondal and Orlov at the 2002 International Congress of Math-
ematicians [50] is a nice review of work done by them and others on equivalences
between derived categories of coherent sheaves.

Spherical objects. Fourier-Mukai functors can be constructed by using the so-
called spherical objects, first introduced by Bondal and Polishchuk [51]. A complex
&+ in Db(X) is spherical if: (i) Homzbb(X)(E', €*) is equal to k for i = 0,dim X and
to zero otherwise; (ii) £° is special, i.e., £* ® wy = £*. For instance, the structure
sheaf of a Calabi-Yau variety is a spherical object. We exploited this property in
Example 2.59, which indeed generalizes to any Calabi-Yau variety.

For any object £* of D?(X), one defines the twist functor Tge as the integral

L
functor whose kernel is the cone of the evaluation morphism £°¥XE°* — Oa.
Whenever £° is spherical, the twist functor Tge is a Fourier-Mukai functor, as
proved by Seidel and Thomas [265].

Results for singular varieties. Kawamata proved a generalization of Orlov’s rep-
resentability theorem 2.15 to stacks associated with normal varieties with quo-
tient singularities [176]. A characterization of Fourier-Mukai functors on Cohen-
Macaulay varieties was given in [144, 143].

An alternative setting: differential graded categories. Though they are a powerful
tool in algebraic geometry as well as in algebraic analysis, representation theory
and several other branches of mathematics, derived categories suffer from a number
of drawbacks. In particular, the underlying triangulated structure appears too poor
to allow for an entirely satisfactory description of functors between these categories
and of natural algebraic or homotopical operations. Bondal and Kapranov [46]
proposed the idea of using differential graded categories as an “enhancement” of
derived categories in order to provide a more flexible and rich environment.
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Differential graded categories — whose first appearance in the literature dates
back to the 1960s [179] — can be thought of as “differential graded algebras with
many objects,” pretty much in the same vein as additive categories can be thought
of as “rings with many objects.” The basics of differential graded categories are
briefly presented in Section A.4.4. For a more detailed overview the reader is
referred to Keller’s beautiful exposition [178]. Here we shall limit ourselves to
focus attention on a few issues that appear to be more relevant to our purposes.

The category dgcat, of small differential graded k-categories (Definition A.50)
admits a structure of model category, whose weak equivalences are the quasi-
equivalences (Theorem A.51). One denotes by Ho(dgcaty) the localization of dgcaty
with respect to quasi-equivalences.

As proved in [105, 284], the monoidal category (Ho(dgcaty), Qlé) admits an
internal Hom-functor RHom (see Theorem A.56). Within this framework, Toén
[284] has recently worked out a version of derived Morita theory, where the mor-
phisms between dg-categories of modules over two dg-categories &, § are described
as the dg-category of (€-F)-bimodules.

As an application of his theory, Toén proved some results that can be viewed
as a strengthening of Orlov’s representability theorem 2.15. Let us consider the
Abelian category Qco(X) of quasi-coherent sheaves on an algebraic variety X. We
shall denote by Dg4(X) the dg-derived category Dgq(Caq(Qco(X))) (see Definition
A.54); one has that the homotopy category H%(Dgy(X)) is equivalent to D(X).
As Theorem A.57 shows, given two algebraic varieties X, Y, there is natural
isomorphism in Ho(dgcaty)

Dgg(X xY) ~RHome(Dgay(X), Dag(Y)),

where RHom, denotes the full subcategory of RHom consisting of coproduct
preserving quasi-functors. In particular, when X and Y are smooth and projective,
it turns out (Equation A.10) that

parf (X xi Y) ~ RHom(parf,,(X), parf,,(V)),

where parf;,(X) is the full sub-dg-category of Dg,(X) whose objects are the per-
fect complexes. We can rephrase this equivalence by saying that, in the dg envi-
ronment, all functors are integral functors.

One should compare these results with the representability theorem [47, 6.8]
proved by Bondal, Larsen, and Lunts. Actually, the dg-category parf dg(X ) can be
viewed as a standard enhancement of the derived category D(X) in the sense of
Definition [47, 5.1].
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