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Abstract
In this paper, using G. Leitmann’s direct sufficiency method, extended for

differential games, we present sufficient conditions for open loop strategies for
a class of continuous time variational games. The result presented here is an
extension of the classical Weierstrass sufficiency results for free problems in
the calculus of variations.
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1 Introduction

The study of calculus of variations is mainly focused on “single-player” games
and has not concerned itself, for the most part, with the case of n-player games.
The first exception to this case is the papers of C. F. Roos in the 1920’s, which
through a series of papers explored what we refer to here as variational games. In
particular, we mention his 1925 paper in which he considers the mathematical the-
ory of competition in the context of a dynamic economic growth model [13]. The
culmination of these works appears to be his 1927 paper “Generalized Lagrange
Problems in the Calculus of Variations” that appeared in the Transactions of the
American Mathematical Society [14]. In this latter paper, he considers a general
two-player game in the form of two coupled Lagrange problems in the calculus of
variations. He presents a rather complete theory for what we now call a Nash equi-
librium (some 25 years before Nash’s theorem!) providing analogues of the clas-
sical necessary conditions, including the Euler-Lagrange equations, Weierstrass
necessary conditions, Legendre conditions, as well as transversality conditions.
The paper concludes with analogues of the classical sufficient conditions in the
spirit of Weierstrass and Legendre for weak and strong local minimizers. Unfortu-
nately, he includes no examples illustrating the application of his work. Moreover,
with the advent of optimal control and differential games, much of this classical
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theory has been neglected. Indeed, the only reference I am aware of regarding
this early work is a reference to the 1925 paper in the textbook by Kamien and
Schwartz [9], although I am sure there are others.

In the work presented here, we consider a class of variational games with the
idea of presenting a version of Weierstrass’s sufficiency theorem and the classical
field theory. Our approach is to present, via the direct method of G. Leitmann, a
theorem which allows us to conclude that when a solution of the Euler-Lagrange
equations can be embedded in a family of extremals then it is indeed an open loop
Nash equilibrium. The direct method of G. Leitmann is a non-variational method
which utilizes coordinate transformations to construct an “equivalent variational
problem” for which the solution may be obtained easily (often by inspection).
Once the equivalent problem is solved, the inverse coordinate transformation gives
a solution to the original problem. The original formulation by Leitmann has been
generalized to dynamic games and additionally has incorporated the notion of an
equivalent problem arising in the work of C. Carathéodory for single-player games.

The plan of our paper is as follows. In Sec. 2 we introduce the class of variational
games we are concerned with. Section 3 introduces the direct method presenting
the fundamental lemma. In Sec. 4 we introduce the notion of a field of extremals
and present our sufficient conditions for an open loop Nash equilibrium. Section 5
we give a presentation of the “classical presentation” of field theory illustrating
the connections between the results of Sec. 4 with those of the classical variational
theory. Finally, in Sec. 6 we conclude with two elementary examples illustrating
our result.

2 The Class of Games Considered

We consider an N -person game in which the state of player j = 1, 2, . . . N is a
real-valued function xj(·) : [a, b] → R with fixed initial value xj(a) = xaj and
fixed terminal value xj(b) = xbj . The objective of each player is to minimize a
Lagrange type functional,

Ij(x(·)) =
∫ b

a

Lj(t,x(t), ẋj(t)) dt, (1)

over all of his possible admissible strategies (see below), ẋj(·). The notation used
here is that x = (x1, x2, . . . xN ) ∈

∏N
j=1 R

.= R
N . We assume that Lj : Aj → R

is a continuous function defined on the open set Aj ⊂ R × R
N × R with the

additional properties thatLj(t, ·, ·) is twice continuously differentiable onAj(t)
.=

{(x, pj) : (t,x, pj) ∈ Aj}.
Clearly, the strategies of the other players influences the decision of the j-

th player and so each player is unable to minimize independently of the other
players. As a consequence, the players seek to play a Nash equilibrium instead.
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To introduce this concept we first introduce the following notation. For each fixed
j = 1, 2, . . . , N , x = (x1, x2, . . . , xN ) ∈ R

N , and yj ∈ R we use the notation,

[xj , yj ]
.= (x1, x2, . . . , xj−1, yj , xj+1, . . . xN ).

With this notation we have the following definitions.

Definition 2.1. We say a function x(·) = (x1(·), x2(·), . . . , xN (·)) : [a, b] →
R

N is admissible if it is continuous, has a piecewise continuous first derivative,
satisfies the fixed initial and terminal conditions

xj(a) = xaj and xj(b) = xbj , j = 1, 2, . . . N, (2)

and (t, xj(t), ẋj(t)) ∈ Aj for all t ∈ [a, b].

Definition 2.2. Given an admissible function x(·) we say a function yj(·) :
[a, b] → R is admissible for player j relative to x(·) if the function [xj , yj ](·) is
admissible.

With these definitions we can now give the definition of a Nash equilibrium.

Definition 2.3. An admissible function x∗(·) : [a, b] → R
N is a Nash equilib-

rium if for each player j = 1, 2, . . . N and each function yj(·) : [a, b] → R that is
admissible for player j relative to x∗(·) one has:

Ij(x∗(·)) =
∫ b

a

Lj(t,x∗(t), ẋ∗
j (t)) dt

≤
∫ b

a

Lj(t, [x∗(t)j , yj(t)], ẏj(t)) dt

= Ij([x∗j , yj ](·)). (3)

Remark 2.1. From the above definition it is clear that when all of the players
“play” a Nash equilibrium, then each player’s strategy is his best response to that
of the other players. In other words, if player j applies any other strategy, than the
equilibrium strategy, his cost functional will not decrease.

Remark 2.2. The above dynamic game clearly is not the most general structure
one can imagine, even in a variational framework. In particular, the cost functionals
are coupled only through their state variables and not through their strategies.
While not the most general, one can argue that this form is general enough to cover
many cases of interest since in a “real-world setting,” an individual player will not
know the strategies of the other players (see e.g., Dockner and Leitmann [8]).

The similarity of the above dynamic game to a free problem in the calculus of
variations begs the question as to how much of the classical variational theory
can be extended to this setting. It is indeed one aspect of this question that partly
motivates this paper. We first recall the classical first-order necessary condition for
this problem, giving the following theorem.
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Theorem 2.1. If x∗(·) is a Nash equilibrium, then the following system of Euler-
Lagrange equations are satisfied:

d

dt

∂Lj

∂ẋj

(
t,x∗(t), ẋ∗

j (t)
)

=
∂Lj

∂xj

(
t,x∗(t), ẋ∗

j (t)
)
, t ∈ [a, b]. (4)

Proof. The proof follows directly from the classical theory of the calculus of
variations upon the recognition that for each j = 1, 2 . . . N the trajectory x∗

j (·)
minimizes the functional,

Ij [x∗j , yj ](·)) =
∫ b

a

Lj(t, [x∗j(t), yj(t)], ẏj(t)) dt

over all continuous functions with piecewise continuous derivatives, yj(·) :
[a, b] → R satisfying the fixed end conditions given by (2). �

Clearly, this is a set of standard necessary conditions and as such only provides
candidates (i.e., the usual suspects!) for a Nash equilibrium. To insure that the can-
didate is indeed a Nash equilibrium, one must show that it satisfies some additional
conditions. In the classical variational theory, these conditions typically mean that
one has to show that the candidate can be embedded in a field of extremals and that
some additional convexity conditions are also satisfied. As we shall see shortly, an
analogous theory can also be developed here.

3 Leitmann’s Direct Method

In this section we briefly outline a coordinate transformation method originally
developed for single-player games in [10] and [11] (see also [2]), and further
extended to N -player games in [8] and [3] which will enable us to derive our
results. In particular, in Leitmann [12] (see also Carlson and Leitmann [3]) we
have the following theorem.

Lemma 3.1. For j = 1, 2, . . . , N let xj = zj(t, x̃j) be a transformation of class
C1 having a unique inverse x̃j = z̃j(t, xj) for all t ∈ [a, b] such that there is
a one-to-one correspondence x(t) ⇔ x̃(t), for all admissible trajectories x(·)
satisfying the boundary conditions (2) and for all x̃(·) satisfying:

x̃j(a) = z̃j(a, xaj) and x̃j(b) = z̃j(b, xbj)

for all j = 1, 2, . . . , N . Further for each j = 1, 2, . . . , N , let L̃j(·, ·, ·) : [a, b] ×
R

N × R → R be a given integrand having the same properties as Lj(·, ·, ·). For a
given admissible x∗(·) : [a, b] → R

N , suppose the transformations xj = zj(t, x̃j)
are such that there existC1 functionsGj(·, ·) : [a, b]×R → R so that the functional
identities

Lj(t, [x∗(t)j , xj(t)], ẋj(t)) − L̃j(t, [x∗(t)j , x̃j(t)], ˙̃xj(t))

=
d

dt
Gj(t, x̃j(t)) (5)
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hold on [a, b]. If x̃∗
j (·) yields an extremum of Ĩj([x∗j(·), ·]) with x̃∗

j (·) satisfying
the transformed boundary conditions, then x∗

j (·) with x∗
j (t) = zj(t, x̃∗(t)) yields

an extremum for Ij([x∗j(·), ·]) with the boundary conditions (2).
Moreover, the function x∗(·) is an open-loop Nash equilibrium for the varia-

tional game.

Proof. Leitmann [12]. �

Remark 3.1. This result has been successfully applied to a number of examples
having applications in mathematical economics and we refer the reader to the
references. Additionally, this lemma has been extended to include various classes
of control systems (e.g., affine in the strategies) [6], infinite horizon models [5],
as well as multiple integral problems [4].

Two immediate and useful corollaries are as follows.

Corollary 3.1. The existence of Gj(·, ·), j = 1, 2 . . . , N , in (5) imply that the
following identities hold for (t, x̃j) ∈ (a, b) × R and q̃j ∈ R for j = 1, 2, . . . , N :

Lj

(
t, [x∗j(t), zj(t, x̃j)],

∂zj(t, x̃j)
∂t

+
∂zj(t, x̃j)
∂x̃j

q̃j

)
− L̃j(t, [x∗j(t), x̃j ], q̃j)

≡ ∂Gj(t, x̃j)
∂t

+
∂Gj(t, x̃j)

∂x̃j
q̃j . (6)

Corollary 3.2. For each j = 1, 2, . . . , N the left-hand side of the identity, (6) is
linear in q̃j , that is, it is of the form,

θj(t, x̃j) + ψj(t, x̃j)q̃j

and,
∂Gj(t, x̃j)

∂t
= θj(t, x̃j) and

∂Gj(t, x̃j)
∂x̃j

= ψ(t, x̃j)

on [a, b] × R.

The utility of the above lemma rests in being able to choose not only the trans-
formation z(·, ·) but also the integrand L̃(·, ·, ·). It is this flexibility that will enable
us to extend the classical calculus of variations theory to the class of dynamic
games considered here.

4 A Direct Method Proof of a Classical Sufficiency Condition

In this section we demonstrate how the direct method described above can be used
to extend a classical result from the calculus of variations to the class of variational
games considered here. Moreover, the approach presented here further provides
an elementary proof of this result in the single-player case. We begin by extending
the notion of a field of extremals beginning with the following definition.
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Definition 4.1. For j = 1, 2, . . . N , let ξj(·, ·) : [a, b] × R → R be a set of
twice continuously differentiable functions and put ξ(·, ·) = (ξ1(·, ·), ξ2(·, ·), . . . ,
ξN (·, ·)) : [a, b] × R

N → R
N . We say that ξ(·, ·) is a family of extremals for the

differential game if for each constant vector β = (β1, β2, . . . , βN ) ∈ R
N one has

that the functions t → ξj(t, βj) satisfies the Euler-Lagrange equations

d

dt

∂Lj

∂ẋj
(t, ξ(t, β),

∂ξj(t, βj)
∂t

) =
∂Lj

∂xj
(t, ξ(t, β),

∂ξj(t, βj)
∂t

), t ∈ [a, b], (7)

and that (t, ξj(t, βj),
∂ξj(t,βj)

∂t ) ∈ Aj for t ∈ [a, b] and j = 1, 2 . . . N .

When given a game to solve, one naturally makes an effort to solve the correspond-
ing necessary conditions to obtain candidates of optimality. For the case considered
here, these necessary conditions are the system of Euler-Lagrange equations (4).
Consequently, suppose that we have a candidate for a Nash equilibrium, say x∗(·)
that satisfies the Euler-Lagrange equations as well as the fixed end conditions (2).
The following theorem gives additional conditions that allow us to determine when
this candidate is an open-loop Nash equilibrium

Theorem 4.1. In addition to the hypotheses given in Sec. 1, assume that for each
j = 1, 2, . . . N the functions pj → Lj(t,x, pj) are convex on Aj(t,x) = {pj ∈
R : (x, pj) ∈ Aj(t)}. Furthermore, let x∗(·) be an admissible function for the
dynamic game which satisfies the Euler-Lagrange equation (4) and assume that
there exists a family of extremals, ξ(·, ·) having the following properties.

(1) The transformations xj = ξj(t, βj) are of class C2 with a unique inverse
βj = ξ̃j(t, xj).

(2) There exists a constant vector β∗ ∈ R
N such that x∗

j (t) = ξj(t, β∗
j ) for

t ∈ [a, b] .
(3) The partial derivatives ∂

∂βj
ξj(t, βj) are nonzero for all (t, βj).

Then x∗(·) is an open-loop Nash equilibrium for the dynamic game.

Remark 4.1. To put the above theorem into a classical context, in the one-player
game the family of extremals, assumed to exist in the above theorem, is referred to
as a “field of extremals” in the classic book by Bolza [1] and in this case we have
a direct comparison to the classical sufficiency condition due to Weierstrass and
Hilbert. In the next section we will explore this relationship further by presenting
these results in a more classical manner.

Remark 4.2. A family of extremals satisfying the conditions indicated above
defines a one-to-one correspondence between the admissible trajectories of the
dynamic game considered, say x(·), and a set of functions x̃(·) satisfying the
boundary conditions:

x̃j(a) = ξ̃j(a, xaj) = β∗
j and x̃j(b) = ξ̃(b, xbj) = β∗

j .
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To see this we notice that if x(·) is admissible for the original problem then we have
the function x̃(·) : [a, b] → R

N defined component-wise by x̃j(t) = ξ̃j(t, xj(t)),
for j = 1, 2, . . . N , satisfies the fixed-end conditions

x̃j(a) = ξ̃j(a, xaj) and x̃j(b) = ξ̃j(b, xbj).

Further, since β∗
j = ξ(t, x∗

j (t)) for all t ∈ [a, b], it follows immediately that

β∗
j = ξ̃(a, xaj) = ξ̃(b, xbj) as desired.

Proof of Theorem 4.1. To begin, we note that by Taylor’s theorem, for each
t ∈ [a, b], β ∈ R

N , p̃ = (p̃1, p̃2, . . . p̃N ) ∈ R
N and j = 1, 2, . . . , N there exists

γj(t, β, p̃j) ∈ [0, 1] such that:

Lj

(
t, ξ(t, β),

∂ξj
∂t

(t, βj) +
∂ξj
∂βj

(t, βj)p̃j

)
=

Lj

(
t, ξ(t, β),

∂ξj
∂t

(t, βj)
)

+
∂Lj

∂pj

(
t, ξ(t, β),

∂ξj
∂t

(t, βj)
)
∂ξj
∂βj

(t, βj)p̃j (8)

+
1
2
∂2Lj

∂p2
j

∣∣∣∣∣(
t,ξ(t,β),

∂ξj
∂t (t,βj)+γj(t,β,p̃j)

∂ξj
∂βj

(t,βj)p̃j

)

(
∂ξj
∂βj

(t, βj)
)2

p̃j
2.

Now define L̃j(·, ·, ·) : [a, b] × R
N × R → R by the formula,

L̃j(t, β, p̃j) =
1
2
∂2Lj

∂p2
j

(
∂ξj
∂βj

(t, βj)
)2

p̃j
2,

in which the second partial derivative of Lj in the above is evaluated at(
t, ξ(t, β),

∂ξj
∂t

(t, βj) + γj(t, β, p̃j)
∂ξj
∂βj

(t, βj)p̃j

)
,

and let θ(·, ·) : [a, b] × R
N → R and ψ(·, ·) : [a, b] × R

N → R be given by

θ(t, β) = Lj

(
t, ξ(t, β),

∂ξj
∂t

(t, βj)
)

and

ψ(t, β) =
∂

∂pj
Lj

(
t, ξ(t, β),

∂ξj
∂t

(t, βj)
)
∂ξj
∂βj

(t, βj).

Observe that (8) may now be compactly written as:

Lj(t, ξ(t, β),
∂ξj(t, βj)

∂t
+
∂ξj(t, βj)
∂βj

p̃j) − L̃j(t, β, p̃j)

= θ(t, [βj , βj ]) + ψ(t, [βj , βj ])p̃j . (9)
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To apply the direct method we must show that the right-hand side in (9) is exact,
when viewed as a function of the variables (t, βj). To do this it is sufficient to show
that we have:

∂

∂βj
θ(t, [βj , βj ]) =

∂

∂t
ψ(t, [βj , βj ]).

To this end we observe that since ξj(·, ·), j = 1, 2, . . . N , is a family of extremals
we have:

∂

∂βj
θ(t, [βj , βj ]) =

∂Lj

∂xj
(t, ξ(t, β),

∂ξj
∂t

(t, βj))
∂ξj
∂βj

(t, βj)

+
∂Lj

∂pj
(t, ξ(t, β),

∂ξj
∂t

(t, βj))
∂2ξj
∂βj∂t

(t, βj)

=
∂

∂t

[
∂Lj

∂pj
(t, ξ(t, β),

∂ξj
∂t

(t, βj))
]
∂ξj
∂βj

(t, βj)

+
∂Lj

∂ξj
(t, ξ(t, β),

∂ξj
∂t

(t, βj))
∂2ξj
∂βj∂t

(t, βj)

=
∂

∂t

[
∂

∂ξj
Lj(t, ξ(t, β),

∂ξj
∂t

(t, βj))
]
∂ξj
∂βj

(t, βj)

+
∂

∂ξj
Lj

(
t, ξ(t, β),

∂ξj
∂t

(t, βj)
)

∂2ξj
∂t∂βj

(t, βj)

=
∂

∂t
ψ(t, [βj , βj ]),

where we have used the fact that the family of extremals is twice continuously
differentiable. From this we can conclude that there exists a function Gj(·, ·) :
[a, b] × R

N → R such that:

Lj(t, ξ(t, β),
∂ξj
∂t

(t, x̃j) +
∂ξj
∂xj

(t, x̃j)p̃j) − L̃j(t, β, p̃j)

=
∂Gj

∂t
(t, [βj , x̃j ]) +

∂Gj

∂x̃j
(t, [βj , x̃j ])p̃j .

Thus, for the trajectory x∗(·) = ξ(·, β∗) and any function xj(·) that is admissible
for player j relative to x∗(·) for player j, we have:

Lj(t, [x(t)∗j , xj(t)], ẋj(t)) − L̃j(t, [β∗j , x̃j(t)], ˙̃xj(t)) =
d

dt
G(t, [β∗j , x̃j(t)]),

in which x̃j(·) : [a, b] → R is defined by x̃j(·) = ξ̃j(·, xj(·)). This is precisely
Eq. (5) so that we can apply the direct method. To this end we consider the following
N auxiliary problems of minimizing the functionals:

Ĩj(x̃j(·)) =
∫ b

a

L̃j(t, [β∗j , x̃j(t)], ˙̃xj(t)) dt (10)
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subject to the fixed (constant) end conditions

x̃j(a) = x̃j(b) = β∗
j . (11)

Observe that since Lj is convex in its last argument we have (t, x̃j , p̃j) →
L̃j(t, [β∗j , x̃j ], p̃j) is non-negative and assumes the value zero whenever p̃j = 0.
This means that minimizers for each of the N auxiliary problems are given by
x̃∗

j (t) ≡ β∗
j for j = 1, 2, . . . N . Thus an application of the direct method gives us

that the trajectory x∗(·) is an open-loop Nash equilibrium for the original dynamic
game. �.

5 The Classical Approach to Sufficient Conditions

As indicated earlier, Bolza [1] referred to a family of extremals satisfying the
hypotheses of Theorem 2 as a field of extremals. In other treatments, the notion of
a field of extremals (see e.g., Cesari [7]) is defined in terms of a “slope function.”
To see how this concept arises, suppose that we have a candidate for a Nash equi-
librium, say x∗(·) = (x∗

1(·), . . . , x∗
N (·)), and a family of extremals {ξj(·, ·)}N

j=1
satisfying the following properties.
(i) There is a vector β∗ = (β∗

1 , . . . β
∗
N ) ∈ R

N such that for each j = 1, 2, . . . N
and all for t ∈ [a, b] one has x∗

j (t) = ξj(t, β∗
j ).

(ii) For each j = 1, 2 . . . N , there exists a set Sj that is a subset of a set of the form
{(t, xj) : t ∈ [a, b], x∗

j (t)−k < xj < x∗
j (t)+k, k ∈ R+} such that the equation

xj = ξj(t, x̃j) implicitly defines a function x̃j : Sj → R having continuous first
partial derivatives on S (i.e. x̃j = ξ̃j(t, xj)).
(iii) For each j = 1, 2, . . . N the functions ξj(·, ·) are twice continuously differ-
entiable in an interval of the form [a, b]× [Aj , Bj ] such that β∗

j is an interior point
of [Aj , Bj ].
For each j, we view the function ξj(·, βj) as a set of curves that cover Sj with
exactly one curve through each point of Sj .

Now define a family of slope functions πj : Sj → R, j = 1, 2, . . . N by the
equations:

πj(t, xj) =
∂ξj
∂t

(t, ξ̃j(t, xj)), (t, xj) ∈ Sj , j = 1, 2, . . . N. (12)

Observe that at a point (t, xj) ∈ Sj , πj(t, xj) is a tangent vector of the unique
curve ξj(·, βj) that passes through the point (t, xj). Hence, one has

πj(t, ξj(t, βj)) =
∂ξj
∂t

(t, βj), (13)

which, as a consequence of (iii), implies that πj has continuous first partial deriva-
tives. Differentiating (13) yields:

∂πj

∂t
(t, ξj(t, βj)) +

∂πj

∂xj
(t, ξj(t, βj))

∂ξj
∂t

(t, βj) =
∂2ξj
∂t2

(t, ξj(t, βj)) (14)
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which becomes, via (13),

∂πj

∂t
(t, xj) + πj(t, xj)

∂πj

∂xj
(t, xj) =

∂2ξj
∂t2

(t, xj). (15)

Letting S = S1 ×· · ·SN and π(·, ·) = (π1(·, ·), . . . πN (·, ·)) (viewed as a function
from [a, b] × S into R

N ) we refer to the pair (S, π) as a field F about x∗(·) and
say that the trajectory x∗(·) is embedded in the field F . To continue this further,
and to recapture Hilbert’s theory we assume that the integrands Lj are smooth
enough so that all the partial derivatives taken below exist and are continuous.
Let x∗(·) be a twice continuously differentiable function that is embedded in field
F and consider the functionals, for j = 1, 2, . . . N , Jj defined on Yj = {y ∈
C2([a, b]; R) : (t, [x∗j(t), y(t)], ẏ(t)) ∈ Aj , a ≤ t ≤ b} by

Jj(y(·)) =
∫ b

a

{
Lj(t, [x∗(t)j , y(t)], πj(t, y(t)))

+[ẏ(t) − πj(t, y(t))]
∂Lj

∂pj
(t, [x∗(t)j , y(t)], πj(t, y(t)))

}
dt

=
∫

σ

{
Lj(t, [x∗(t)j , y], πj(t, y))

−πj(t, y)
∂Lj

∂pj
(t, [x∗(t)j , y], πj(t, y))

}
dt

+
∂Lj

∂pj
(t, [x∗(t)j , y], πj(t, y)) dy (16)

in which σ = {(t, y(t)) : a ≤ t ≤ b} ⊂ R
2 is viewed as a curve in the plane and

the last integral is interpreted as a line integral. From classical calculus, this line
integral is path independent (i.e., depends only endpoints (a, y(a)), (b, y(b)) ∈ R

2

if and only if one has:

∂

∂xj

{
Lj(t, [x∗(t)j , y], πj(t, y)) − πj(t, y)

∂Lj

∂pj
(t, [x∗(t)j , y], πj(t, y))

}
=

∂

∂t

{∂Lj

∂pj
(t, [x∗(t)j , y], πj(t, y))

}
. (17)

Expanding the left side of the above gives us:

∂

∂xj

{
Lj(t, [x∗(t)j , y], πj(t, y)) − πj(t, y)

∂Lj

∂pj
(t, [x∗(t)j , y], πj(t, y))

}
=

∂Lj

∂xj
− πj

[
∂2Lj

∂xj∂pj
+
∂2Lj

∂p2
j

∂πj

∂xj

]
(18)

in which (t, [x∗(t)j , y], πj(t, y)) are the arguments ofLj and its partial derivatives
(t, y) are the arguments πj and its partial derivatives. Similarly, expanding the
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right side gives us:

∂

∂t

{∂Lj

∂pj
(t, [x∗(t)j , y], πj(t, y))

}
=

∂2Lj

∂t∂pj
+
∑
i�=j

∂2Lj

∂xi∂pj
ẋ∗

j (t) +
∂2Lj

∂p2
j

∂πj

∂t
,

(19)
with the same convention regarding arguments as above. In view of the compu-
tations regarding the field, for each (t, y) ∈ Sj there is a parameter β so that
y = ξj(t, β) and πj(t, y) = ∂ξj

∂t (t, β). Moreover, we also have for each i �= j
that ẋ∗

i (t) = πi(t, x ∗i (t)). Thus, using these facts, by equating (18) and (19) and
arranging terms we arrive at the fact that (17) is equivalent to having,

∂Lj

∂xj
=

∂2Lj

∂t∂pj
+
∑
i �=j

∂2Lj

∂xi∂pj

∂ξi
∂t

(t, β∗
i ) +

∂2Lj

∂xj∂pj

∂ξj
∂t

(t, β)

+
∂2Lj

∂p2
j

∂2ξj
∂t2

(t, β)

=
d

dt

∂Lj

∂pj
(t, [x∗(t)j , ξj(t, β)],

∂ξj
∂t

(t, β)), (20)

which holds since we are assuming that ξ(·, ·) is a field of extremals. In the above
computations we have used Eq. (15). Thus, in this setting we have shown the
following version of the Hilbert invariant integral theorem.

Theorem 5.1. Let x∗(·) be any trajectory that can be embedded in a field F , and
suppose that for j = 1, 2, . . ., fixed we have two piecewise smooth functions y1(·)
and y2(·) such that the plane curves (t, yi(t)) ∈ Sj for i = 1, 2 have common
endpoints. Then it is the case that Jj(y1(·)) = Jj(y2(·)).

Now define, for a fixed trajectory x∗(·) embedded in a field F , the “Weierstrass
excess functions” Ej(·, ·, ·, ·) : Sj × R × R → R by the formula:

Ej(t, y, q, p) = Lj(t, [x∗(t)j , y], p) − Lj(t, [x∗(t)j , y], q)

−(p− q)
∂Lj

∂pj
(t, [x∗(t)j , y], q). (21)

Using this notation one can easily show the following result.

Theorem 5.2. Let x∗(·) be a smooth admissible trajectory embedded in a field
F = (S, π) and for each j = 1, 2, . . . , N let yj(·) be any function defined on
[a, b] such that (t, yj(t)) ∈ Sj for all t ∈ [a, b] and such that yj(a) = x∗

j (a) and
yj(b) = x∗

j (b) (i.e., yj(·) is admissible for player j relative to x∗(·)). Then one
has:

Ij([x∗(·)j , yj(·)]) − Ij(x∗(·)) =
∫ b

a

Ej(t, yj(t), πj(t, yj(t)), ẏj(t)) dt.
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Proof. We first observe that from the definition of the Weierstrass excess func-
tions we immediately have for each j = 1, 2, . . . N that Jj(x∗

j (·)) = Ij(x∗(·))
since, ẋ∗

j (·) = πj(·, x∗
j (·)). Further, from the above theorem we also have that

Jj(yj(·)) = Jj(x∗
j (·)). Thus we have:

Ij([x∗(·)j , yj(t)]) − Ij(x∗(·)) = Ij([x∗(·)j , yj(t)]) − Jj(x∗
j (·))

= Ij([x∗(·)j , yj(t)]) − Jj(yj(·))

=
∫ b

a

Lj(t, [x∗(t)j , yj(t)], ẏj(t)) dt−∫ b

a

{
Lj(t, [x∗(t)j , y(t)], πj(t, y(t)))

+ [ẏ(t) − πj(t, y(t))]
∂Lj

∂pj
(t, [x∗(t)j , y(t)], πj(t, y(t)))

}
dt

=
∫ b

a

Ej(t, yj(t), πj(t, yj(t)), ẏj(t)) dt,

as desired. �

From this last theorem we immediately have the following game-theoretic ver-
sion of the classical Weierstrass-Hilbert sufficiency theorem.

Theorem 5.3. If x∗(·) is a smooth admissible trajectory of the variational game
(1)–(2) which can be embedded in a field F = (S,p), and if for each j =
1, 2, . . . , N and yj : [a, b] → R that is admissible for player j relative to x∗(·)
one has

Ej(t, yj(t), πj(t, yj(t)), ẏj(t)) ≥ 0 for all t ∈ [a, b],

then Ij(x∗(·)) ≤ Ij([x∗(·)j , yj(t)]), which implies that x∗(·) is an open-loop
Nash equilibrium for the game (1)–(2).

Proof. The proof follows immediately from the previous theorem. �

Remark 5.1. To compare the Weierstrass-Hilbert sufficiency theorem to our
result in the previous section we observe that Eq. (8) may be rewritten, for βi = β∗

i

for i �= j as:

Ej

(
t, ξj(t, βj),

∂ξj
∂t

(t, βj),
∂ξj
∂t

(t, βj) +
∂ξj
∂βj

(t, βj)p̃j

)
=

1
2
∂2Lj

∂p2
j

∣∣∣∣∣(
t,ξ(t,β),

∂ξj
∂t (t,βj)+γj(t,β)

∂ξj
∂βj

(t,βj)p̃j

)

(
∂ξj
∂βj

(t, βj)
)2

p̃2
j

≥ 0

due to our convexity assumption on the integrand pj → Lj(t,x, pj).
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Remark 5.2. Generally speaking, embedding a candidate for a Nash equilib-
rium, say x∗(·), satisfying the Euler-Lagrange equations into a field F can only
be guaranteed locally. As a consequence, the resulting sufficient condition only
yields a local open-loop Nash equilibrium. In practice, for elementary examples it
is possible to construct “global fields” which allows one to conclude that the can-
didate is a global Nash equilibrium. Sufficient conditions that insure the existence
of an appropriate field for open-loop dynamic games are presently unavailable.
We conjecture that theorems similar to those from the classical variational calcu-
lus can be appropriately modified to provide such conditions. One concept which
will need to be addressed in this regard will be the notion of conjugate points. We
leave these ideas for future research.

6 Examples

In this section we present several examples illustrating the above, theory beginning
first with a one-player game (i.e., a calculus of variations problem).

6.1 Example

Consider the problem:

minimize J(x(·)) =
∫ b

a

ẋ(t)4 dt (22)

over all piecewise smooth functions x(·) : [a, b] → R satisfying the fixed-end
conditions:

x(a) = xa and x(b) = xb. (23)

The Euler-Lagrange equation in this case is:

d

dt
4ẋ(t)3 = 0

which gives rise to the extremals x(t) = αt + β for constants α, β ∈ R. The
candidate for optimality is given as x∗(t) = α∗t + β∗ in which α∗ and β∗ are
chosen so that x∗(·) satisfies the end conditions (22). Explicitly, it is easy to check
thatα∗ = (xa−xb)/(a−b) and thatβ∗ = xa−α∗a = b(xb−xa)/(a−b) = −bα∗.
From this two-parameter family of extremals we must choose a one-parameter
family. The one to choose is to let ξ(t, β) = α∗t+β. Geometrically, the family of
equations x = α∗t+ β is a family of parallel lines that cover the tx-plane with a
unique line (i.e., extremal) passing through each point of the plane. Furthermore,
this gives rise to the desired one-to-one correspondence for the trajectories of the
original problem (i.e., those that satisfy the end conditions (23)) and the piecewise
trajectories x̃(·) : [a, b] → R that satisfy the fixed-end conditions:

x̃(a) = β∗ and x̃(b) = β∗. (24)
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To see, this observe that if x(·) is a trajectory for the original problem then define
x̃(·) by the formula

x̃(t) = x(t) − α∗t, t ∈ [a, b],

and observe that we have x̃(a) = xa − α∗a = β∗ and x̃(b) = xb − α∗b = β∗.
Conversely, if x̃(·) satisfies (24) then we have that:

x(t) = α∗t+ x̃(t)

satisfies x(a) = α∗a + x̃(b) = α∗a + β∗ = xa and x(b) = α∗b + x̃(b) =
α∗b+ β∗ = xb as desired.

Now the Weierstrass sufficiency theorem tells us thatx∗(·) is an optimal solution.
What is new here is our proof of that fact, which is based on the direct method.
To see how this works out in the example, observe that for L(t, x, p) = p4 and
ξ(t, β) = α∗t+ β we have by Taylor’s formula:

L(t, ξ(t, β), ξt(t, β) + ξβ(t, β)p̃) = L(t, z(t, β), ξt(t, β))

+
∂L

∂z
(t, ξ(t, β), ξt(t, β))ξβ(t, β)p̃ (25)

+
1
2
∂2L

∂z2 (t, ξ(t, β), ξt(t, β) + γ(t, β, p̃)ξβ(t, β)p̃)ξβ(t, β)2p̃2,

where γ(t, β, p̃) ∈ [0, 1]. Here the subscripts ξt(·, ·) and ξβ(·, ·) are partial deriva-
tives. From the above we want to choose L̃(·, ·, ·) to be

L̃(t, β, p̃) =
1
2
∂2L

∂p2 (t, ξ(t, β), ξt(t, β) + γ(t, β, p̃)ξβ(t, β)p̃)ξβ(t, β)2p̃2

so that the auxiliary problem becomes:

minimize J̃(x̃(·)) =
∫ b

a

L̃(t, x̃(t), ˙̃x(t)) dt

over all trajectories x̃(·) : [a, b] → R satisfying the end conditions (24). Further
from the above we have the following:

L(t, ξ(t, β), ξt(t, β) + ξβ(t, β)p̃) − L̃(t, β, p̃) =

L(t, ξ(t, β), ξt(t, β)) +
∂L

∂p
(t, ξ(t, β), ξt(t, β))ξβ(t, β)p̃.

To apply the direct method we must show that there exists a functionG(t, β) such
that

Gt(t, β) = L(t, ξ(t, β), ξt(t, β))

and

Gβ(t, β) =
∂L

∂p
(t, ξ(t, β), ξt(t, β))ξβ(t, β)
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both hold. A necessary and sufficient condition for this to hold is thatGtβ(t, β) =
Gβt(t, β) or equivalently that

∂

∂β
L(t, ξ(t, β), ξt(t, β)) =

∂

∂t

(
∂L

∂p
(t, ξ(t, β), ξt(t, β))ξβ(t, β)

)
.

To see that this is the case we observe that (where we have suppressed the (t, β)
arguments for brevity):

∂

∂β
L(t, ξ(t, β), ξt(t, β)) =

∂L

∂x
(t, ξ, ξt) · ξβ +

∂L

∂p
(t, ξ, ξt) · ξtβ

=
∂

∂t

(
∂L

∂x
(t, ξ, ξt)

)
ξβ +

∂L

∂p
(t, ξ, ξt) · ξtβ

=
∂

∂t

(
∂L

∂ξ
(t, ξ(t, β), ξt(t, β))ξβ(t, β)

)
.

The second line in the above is a consequence of the fact that t → ξ(t, β) solves
the Euler-Lagrange equation for each β and the last line is just the product rule.
This means we do indeed have the desired function G(·, ·) so that we can write

L(t, ξ(t, β), ξt(t, β) + ξβ(t, β)q̃) − L̃(t, β, p̃) = Gt(t, β) +Gβ(t, β)p̃

which gives the fundamental identity

L(t, x(t), ẋ(t)) + L̃(t, x̃(t), ˙̃x(t))

= Gt(t, x̃(t)) +Gβ(t, x̃(t)) ˙̃x(t) =
d

dt
G(t, x̃(t)),

for each pair of trajectories {x(·), x̃(·)} related through x(t) = ξ(t, x̃(t)). For the
simple example considered here we can explicitly determine all of these functions.
Indeed, since ξt = α∗, ξβ = 1, Lp = 4p3, and Lpp = 12p2 we have that (25)
becomes

(α∗ + p̃)4 = (α∗)4 + 4(α∗)3p̃+
1
2
12(α∗ + γ(t, β, p̃)p̃)2p̃2.

Expanding this last statement and collecting terms it is easy to see that γ =
γ(t, β, p̃) satisfies the quadratic equation

6p̃γ2 + 12α∗p̃γ − p̃2 − 4α∗p̃ = 0

from which γ is easily determined by the quadratic formula. In addition, we also
must haveG(·, ·) satisfyGt(t, β) = (α∗)4 andGβ(t, β) = 4(α∗)3 so that from the
first we must have G(t, β) = (α∗)4t + g(β) so that g′(β) = Gβ(t, β) = 4(α∗)3

which implies that g(β) = 4(α∗)3β + C where C is an arbitrary constant. Thus,
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we have G(t, β) = (α∗)4t + 4(α∗)3β + C for any constant C. Furthermore, we
have that the auxiliary problem consists of minimizing

Ĩ(x̃(·)) =
∫ b

a

6(α∗ + γ(t, x̃(t), ˙̃x(t)) ˙̃x(t))2 ˙̃x(t)2 dt

over all piecewise smooth trajectories x̃(·) : [a, b] → R satisfying the fixed-end
conditions

x̃(a) = β∗ = x̃(b).

Clearly, the integrand is non-negative for all choices of x̃(·) and, moreover, is
identically zero when ˙̃x(t) ≡ 0. Thus, x̃∗(t) ≡ β∗ is an optimal solution and by
the direct method we have x∗(t) = α∗t+β∗ is an optimal solution of the original
problem.

6.2 Example

In this example we consider a two-player game in which the objective of player
j = 1, 2 is to maximize the objective functional

Ij(x1(·), x2(·)) =
∫ 1

0

√
ẋj(t) − x1(t) − x2(t) dt

with the fixed-end conditions

xj(0) = xj0 and xj(1) = xj1.

We first observe that for each j = 1, 2 we have pj → Lj(x1, x2, pj) =√
pj − x1 − x2 is a concave function for fixed (x1, x2) since we have

∂2Lj

∂p2
j

=
−1

4(pj − x1 − x2)
3
2
< 0,

so that our hypotheses apply. In addition, the Euler-Lagrange equations take the
form

d

dt

1√
ẋj(t) − x1(t) − x2(t)

= − 1√
ẋj(t) − x1(t) − x2(t)

, j = 1, 2.

To solve this pair of coupled equations we observe that if we let vj(t) = (ẋj(t) −
x1(t)−x2(t))−1/2 we see that v̇j(t) = −vj(t) which gives us that vj(t) = Aje

−t

for each j = 1, 2. Thus, we have

ẋj(t) − x1(t) − x2(t) = αje
2t, j = 1, 2,

whereαj ≥ 0 is otherwise an arbitrary constant. Adding the two equation together
gives us:

ẋ1(t) + ẋ2(t) − 2(x1(t) + x2(t)) = (α1 + α2)e2t
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which has the general solution

x1(t) + x2(t) = (α1 + α2)te2t + Ce2t,

where C is a constant of integration. From this it follows that for each j = 1, 2 we
have:

ẋj(t) = (αj + C)e2t + (α1 + α2)te2t,

giving us

xj(t) =
[
1
2
(αj + C) +

α1 + α2

2
t− α1 + α2

4

]
e2t + βj ,

in which βj is an arbitrary constant of integration. ChoosingC = α1+α2
2 we obtain

xj(t) =
1
2

[αj + (α1 + α2)t] e2t + βj .

To get a candidate for optimality we need to choose αj and βj so that the fixed-end
conditions are satisfied. It is easy to see that this gives a linear system of equations
for the four unknown constants α1, α2, β1, β2 which is uniquely solvable for any
set of boundary conditions. This means we can find α∗

1, α
∗
2, β

∗
1 , β

∗
2 to give us a

candidate for the optimal solution given by:

x∗
j (t) =

1
2
[
α∗

j + (α∗
1 + α∗

2)t
]
e2t + β∗

j .

From this it is easy to see that if we choose

ξj(t, βj) =
1
2
[
α∗

j + (α∗
1 + α∗

2)t
]
e2t + βj

we obtain a one-parameter family of extremals for the dynamic game which allows
us to conclude that x∗(·) = (x∗

1(·), x∗
2(·)) is an open loop Nash equilibrium for

this dynamic game.
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