Chapter 2
Basic Predictor Feedback

In this chapter we introduce the basic idea of a PDE backstepping design for
systems with input delay. We treat the input delay as a transport PDE, an elementary
first-order hyperbolic PDE. Our design yields a classical control formula obtained
through various other approaches—modified Smith predictor (mSP), finite spec-
trum assignment (FSA), and the Artstein—-Kwon—Pierson “reduction” approach. The
backstepping approach is distinct because it provides a construction of an infinite-
dimensional transformation of the actuator state, which yields a cascade system of
transformed stable actuator dynamics and stabilized plant dynamics. Our design
results in the construction of an explicit Lyapunov—Krasovskii functional and an
explicit exponential stability estimate.

The basic ideas introduced in this chapter are the core for all the developments in
the rest of the book. They are made parameter-adaptive, when the delay is unknown,
in Part II, extended to nonlinear plants in Part III, and extended to PDE plants in
Part IV. They are also converted to solve dual problems, such as observer design in
the presence of sensor delay in Chapter 3.

We do not deal with the original “Smith predictor” (SP) [201] in detail in this
chapter, as it is a rather different tool than the mSP/FSA/reduction approach. While
these approaches are inspired mainly by full-state feedback considerations (though
they do extend to output feedback problems), the original Smith predictor is a
frequency-domainidea, inspired by different considerations than the ones we pursue
here. However, in Sections 3.4 and 3.5 we present a side discussion that connects
an observer-based predictor feedback design for systems with input delay with the
classical Smith predictor.

We start with a basic idea of predictor feedback in Section 2.1. We then introduce
a backstepping-based predictor design in Section 2.2 and explain in Section 2.3 that
it results in the same controller as the mSP/FSA/reduction approaches, but with an
additional benefit of providing a Lyapunov function. The predictor feedback design
is illustrated with examples in Section 2.5. The heart of this chapter is stability
analysis, which is presented in Section 2.4, with the aid of a backstepping-based
Lyapunov function, and in Section 2.6 without using a Lyapunov function.
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18 2 Basic Predictor Feedback

2.1 Basic Idea of Predictor Feedback Design for ODE Systems
with Actuator Delay

We consider the linear infinite-dimensional system
X(t)=AX(t)+BU(t—D), (2.1

where X € R", (A, B) is a controllable pair, and the input signal U (¢) is delayed by
D units of time.

Given a stabilizing gain vector K for the undelayed system, namely, given a
vector K such that the matrix A + BK is Hurwitz, our wish is to have a control
that achieves

U(t—D)=KX(1). (2.2)

This control can be alternatively written as
U(t)=KX(t+D), (2.3)

and it appears to be nonimplementable since it requires future values of the state.
However, with the variation-of-constants formula, treating the current state X (¢) as
the initial condition, we have

X(t+D)=e"PX (1) + / A=9) gy (0)de, Vi > 0. (2.4)
This yields a feedback law
Ult) = [ADX +/ At=9) By (0)d6 |, Vi>0, (2.5)

which is implementable, but it is infinite-dimensional, since it contains the distri-
buted delay term involving past controls, [ ;,e*=9)BU(0)d8. The closed-loop
system is delay-compensated,

X(t)=(A+BK)X(t), t>D, (2.6)

but this is true only after the control “kicks in” at # = D. During the interval z € [0, D],
the system state is governed by

X (1) =e"X(0) + /0 teA(”’)BU(TfD)dT, Vi € [0,D]. 2.7)

The feedback law (2.5) was introduced within the framework of “finite spectrum
assignment” [121, 135] and the “reduction approach” [8]. In the next section we
derive the same control law, but in a considerably more complicated way, which
will pay dividends later on by providing us with an explicit Lyapunov—Krasovskii
function and the ability to conduct stability analysis in the time domain.
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Fig. 2.1 Linear system X (t) = AX(¢) + BU (t — D) with actuator delay D.

2.2 Backstepping Design Via the Transport PDE

The delay in the system (2.1) can be modeled by the following first-order hyperbolic
PDE, also referred to as the “transport PDE”:

ut(xat) :ux(x7t)a (2.3)
u(D,t) =U(t). 2.9
The solution to this equation is
u(x,t) =U(t+x—D), (2.10)
and therefore the output
u(0,1) =U(t— D) (2.11)

gives the delayed input. The system (2.1) can now be written as
X(t) = AX(t) + Bu(0,1). (2.12)

Equations (2.8)—(2.12) form an ODE-PDE cascade that is driven by the input U
from the boundary of the PDE (Fig. 2.1).

Suppose a static state feedback control has been designed for a system with no
delay (i.e., with D = 0) such that

U(t) = KX (1) (2.13)

is a stabilizing controller; i.e., the matrix (A + BK) is Hurwitz. Consider the back-
stepping transformation

X
W) = ux.0) =~ [ gy -y X () (2.14)
with which we want to map the system (2.8)—(2.12) into the target system

X(1) = (A+BK)X(t) + Bw(0,1), (2.15)
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wy(x,1) = wy(x,1), (2.16)
w(D,t) =0. 2.17)

The reason for selecting the transformation (2.14) is the following. The ODE-
PDE system

X(1) = AX(t) + Bu(0,7), (2.18)
u (x,1) = uy(x,1), (2.19)
u(D,t) =U(t) (2.20)

has a block-lower-triangular structure, where the key “off-diagonal” component is
the potentially unstable plant dynamics AX (¢). The transformation (2.14) is selected
also to have a lower-triangular part. This transformation is to be understood as a part
of the complete 2 x 2 transformation

(X,u) — (X,w), (2.21)

which has a lower-triangular form

X p—

Wl =
where [, denotes the identity matrix, |y pj«[o,p] denotes the identity operator on
the functions u(x,7) of the argument x € [0, D], the symbol I" denotes the operator

Inxn 05 [0,D]
' 2+1jopxo.n)

{X } , (2.22)

u

r:X@)—yx)"x(@), (2.23)

and the symbol 2 denotes the Volterra operator

2 u(x,t) — /qu(x,y)u(y,t)dy. (2.24)

So, due to the lower-triangularity of 2, the overall transformation (X,u) — (X,w)
is lower-triangular. Furthermore, the diagonal of this transformation is the identity
operator,

1d = diag{Zuxn, ljo.pjx[0,0] } - (2.25)

Due to the triangular structure, the transformation (2.22) is not only suitable for
converting the system (2.18)—(2.20) into the target form (2.15)—(2.17)—with the
help of an appropriate boundary feedback law—but is also invertible, as we shall
see soon.

Let us now calculate the time and spatial derivatives of the transformation (2.14):

wy(x,1) = uy(x,1) — q(x,x)u(x,1) — /qux(x,y)u(y,t)dy
—Y(x)"X(), (2.26)
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wiler) =)~ [ gley)m(rn)dy
— y(x)" [AX + Bu(0)]
= uy(x,1) — g, x)u(x,1) + g(x,0)u(0,t)

X
+ [ e uundy — 0 WX+ Bu(0.1).
Subtracting (2.26) from (2.28), we get

[ @)+ gy e)utinrdy

+ [q(x,0) = v(x)"B] u(0,1)
+[Y ()" —vx)TA]X (1) =0.

This equation should be valid for all # and X, so we have three conditions:

Qx(xv)’)Jr%’(xay) 07

21

(2.27)

(2.28)

(2.29)

(2.30)
(2.31)
(2.32)

The first two conditions form a first-order hyperbolic PDE and the third one is a
simple ODE. To find the initial condition for this ODE, let us set x = 0 in (2.14),

which gives
w(0,1) = u(0,1) = y(0)"X (r).

Substituting this expression into (2.15), we get
X(t) = AX(t) +Bu(0,t)+ B (K — y(0)") X (t).

Comparing this equation with (2.12), we have

y(0) =KT.
Therefore, the solution to the ODE (2.32) is y(x) = ATXKT  which gives

y(x)" = Ke.
A general solution to (2.30) is
q(x,y) =9(x—y),

where the function ¢ is determined from (2.31). We get

q(x,y) = KeA B,

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)
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We can now plug the gains y(x) and ¢(x,y) into the transformation (2.14) and set
x = D to get the control law:

-D
u(D,t) = / Ke*PY)Bu(y,1)dy + Ke*PX (1) . (2.39)
0

2.3 On the Relation Among the Backstepping Design, the
FSA/Reduction Design, and the Original Smith Controller

The controller (2.39) is given in terms of the transport delay state u(y,7). Using
(2.10), one can also derive the representation in terms of the input signal U (¢):

U(t) = {ADX +/ A=9)BU(6)d0 | (2.40)

which is identical to the controller (2.5) in Section 2.1.

The controller (2.40) was first derived in the years 1978-1982 in the framework
of “finite spectrum assignment” [121, 135] and the “reduction approach” [8]. The
idea of the reduction approach is to introduce the “predictor state”

P(1)=X(t+D), (2.41)

which is alternatively defined as
P(t) =e"PX (1) + / A=0)BU(6)de, (2.42)

and study the control of the reduced finite-dimensional system
P(t)=AP(t)+BU(t), t>0. (2.43)
The resulting control law is simply
U(t)=KP(t), t>0, (2.44)

and it is also written as (2.40). The predictor transformation (2.42) and the sim-
ple, intuitive design based on the reduction approach do not equip the designer
with a tool for Lyapunov—Krasovskii stability analysis. The reason for this is that
the transformation P(r) is only a transformation of the ODE state X (¢), rather than
also providing a suitable change of variable for the infinite-dimensional actuator
state u(x,z). As a result, the analysis in [8, 121, 135] does not capture the entire
system consisting of the ODE plant and the infinite-dimensional subsystem of the
input delay. As we shall see in Section 2.4, the backstepping construction permits a
stability analysis of the complete feedback system with the cascade PDE-ODE plant
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(2.15)—(2.17) and the infinite-dimenasional control law (2.40), resulting in an
exponential stability estimate in the appropriate norm for this system.

It is important also to appreciate the difference between the original Smith
predictor [201] and the modified Smith predictors such as “finite spectrum assign-
ment” [176, 121, 135], the “reduction” approach [8], and the latest incarnation of
the same design, in which it appears in this book—"backstepping.” The original
Smith predictor [201] was a frequency-domain design, so it is not trivial to establish
a parallel between it and the subsequent modifications. However, the main idea of
the Smith predictor, if one were to develop it for a state-space problem, leads to
feedback of the form

U(t) =K [X(t)—i—/oteA(’e)BU(G)dG/IDDeAODe)BU(G)dG . (245)

This feedback law is different than the (modified) predictor feedback pursued in this
book, which is given in the form (2.40). The Smith predictor is suitable for compen-
sating the effect of input delay on set-point regulation problems for stable plants.
However, it is well known that the Smith predictor offers no stability guarantee for
unstable plants.

We do not pursue the explanation for the potential feedback instability under the
original Smith predictor feedback for unstable plants. This argument gets complex
in the same manner as the positive stability argument for the feedback (2.40), which
is given in the next section.

2.4 Stability of Predictor Feedback

Now we study closed-loop stability, both in the transformed variables where expo-
nential stability is nearly obvious, and in the original variables where it is less easily
evident.

From this point on, and throughout the book, we use the following notion of
exponential stability.

Definition 2.1. Consider the (evolution equation) system
() = zt), (2.46)

where z(¢) belongs to a (possibly infinite-dimensional) Banach space 4, and <7 is
the system’s infinitesimal generator. Let || - || 2 denote a norm associated with 2.
The equilibrium z = 0 of system (2.46) is said to be exponentially stable if there
exist positive constants p and ¢ such that

lz(t)ll% < pe™*||z0ll 2, Vi>0, (2.47)

where zq denotes the initial condition z(0).
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Now we state and prove an exponential stability result for the closed-loop system
with the predictor feedback.

Theorem 2.1. The closed-loop system consisting of the plant (2.8), (2.9), (2.12) with
the controller (2.39) is exponentially stable at the origin in the sense of the norm

1/2
(X(t)|2 + /Du(x,l)zdx) . (2.48)
0

Proof. First we prove that the origin of the target system (2.15)—(2.17) is exponen-
tially stable. Consider a Lyapunov—Krasovskii functional

V() =X©)"PX(r) 2/ 1+ x)w(x,1)*dx, (2.49)

where P = PT > 0 is the solution to the Lyapunov equation
P(A+BK)+(A+BK)'P=-Q (2.50)
for some Q = Q7 > 0, and the parameter a > 0 is to be chosen later. We have
V(t)=X()"((A+BK)"P+P(A+BK))X(t)

D
+2X ()T PBw(0,1) — ;lw(O,t)2 - ;l / w(x,1)? dx
0

X(I)TQX(I)Jrz\X(t)TPBFfg/ODw(x,t)zdx. @2.51)
Let us choose ,
4 Amax (PBB' P
o= Am/lm(_ 0 ). (2.52)

where Apin and Amax are the minimum and maximum eigenvalues of the correspond-
ing matrices. Then

V() < _)mez(Q) X0 2/lm;,;(:(BQB)TP) /Dw(x,t)zdx
Amin(Q) 5 2Amax(PBBTP) [P N
< - 2 X ()] 7(1+D))~min(Q>/0 (I +x)w(x,1)"dx
_ lmin(Q) a D
=IO =y, py )
Amin(@) 1
< — mln{zlmax( P) 1 D}V(t). (2.53)

So we obtain
V() <—uv(), (2.54)



2.4 Stability of Predictor Feedback 25

R Afmm(Q) 1
'umm{Zlmax(P)’l—i-D}' (2.55)

Thus, the closed-loop system is exponentially stable in the sense of the full state
norm

where

1/2
(|x(z)2 + / Dw(x,t)zdx> , (2.56)
0

i.e., in the transformed variable (X,w). To show exponential stability in the sense
of the norm (|X (¢)|* + fOD u(x,1)%dx)"/2, we need the inverse of the transformation
(2.14). One can show with calculations similar to (2.28)—(2.38) that such a transfor-
mation is

u(x,t) = w(x,r)+ / KeWHBRIO) Byy(y 1) dy + Ke AT BRIXxX (1) . (2.57)
0

Let us now denote the backstepping transformation and its inverse in compact
form as

w(x,7) = u(x,t) — /Oxm(x —y)u(y,t)dy — KM(x)X (z), (2.58)
u(x,t) =w(x,t)+ /Oxn(x —y)w(y,f)dy+KN(x)X(¢), (2.59)
where
m(s) = KM(s)B, (2.60)
n(s) = KN(s)B, (2.61)
M(x) =™, (2.62)
N(x) = eW+BK)x, (2.63)

or even more compactly as

I
=

(x,1) —m(x) *xu(x,r) — KM(x)X (1), (2.64)
(x,1) +n(x) xw(x,t) + KN(x)X (), (2.65)

w(x,1)

u(x,t)

I
=

where x denotes the convolution operation in x. To derive a stability bound, we need
to relate the norm

(|x(;)|2 + j;)Du(x,t)de) 2

to the norm

(@ + P wenzax) ™
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and then the norm

(K0P + P wixapax)

to

V@) = (XOTPX @)+ 4 [P0 +omienax)

We start from the latter, as it is easier, and obtain

" (X(t)|2—|— /0 Dw(x,t)zdx) <V <w <|X(z)2+ /0 Dw(x,t)zdx> . (2.66)

where

yi = min { Amin(P), 5 }

’a(l—l—D)}.

V) = max {lmax (P) 5

It is easy to show, using (2.64) and (2.65), that
D D
/ w(x,1)2dx < al/ u(x,1)dx+ op|X (1))?,
0 0

D D
/ u(x,1)2dx < By / w(x,1)2dx+ Ba|X (1)),
0 0

where
o =3 (14D|m|?),
oo =3|KM]|?,
Bi=3(1+Dlln?),
B> =3|KN|?,

and || - || denotes the L, [0, D] norm. Hence, we obtain

o (|x<z>2+ | Du(x,wzdx) SXOP+ [ wln?a,

\x(t)|2+/0Dw(x,z)2dx <t <X(t)|2+/0Du(x,t)2dx) ,

where

1
" max {B1, B +1}’
¢ =max{oy,00+1}.

01

(2.67)

(2.68)

(2.69)

(2.70)

2.71)
(2.72)
(2.73)
(2.74)

(2.75)

(2.76)

(2.77)

(2.78)
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Combining the above inequalities, we get

orw (|x<r>2+ / Du(x,r>2dx) <V(1) < b (|x<r>2+ / Du(x,r>2dx)

(2.79)
Hence, with (2.54), we get
D D
X (1)) + / u(o,1)2dx < V2ot (X(O)2 + / u(x, O)de> . (2.80)
0 R 0
which completes the proof of exponential stability. g

Remark 2.1. Tt is clear that the exponential stability estimate (2.80) is conservative.
The decay rate /2, where y is defined in (2.55), seems like it could be much lower
than min; {Re {—A;(A + BK)} }. The overshoot coefficient ¢, y» /¢ y; looks equally
conservative, though it is clear that its value must be large since the plant runs in
an open loop until the control kicks in at ¢+ = D. Despite the conservatism in the
Lyapunov analysis, it does quantitatively capture the dependence on time and on
the initial conditions in the chosen norm (note that this choice is not unique). This
cannot be said for [121, 135, 8], where stability is not even claimed in precise terms,
but, instead, only a statement on eigenvalues is made.

2.5 Examples of Predictor Feedback Design

Example 2.1. Consider the second-order plant

est
Y(s)= S2+1U(s), (2.81)
i.e., the system
ii(t)+n()=U(—D). (2.82)

This is a neutrally stable system with eigenvalues on the imaginary axis. Its state-
space form is

Ei(t) = &(t), (2.83)
E(1)=—E()+U(—D), (2.84)
where
Si=nm, (2.85)
&=1, (2.86)
and

X = E;} ) (2.87)
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The objective with this system would be to add some damping, so the nominal
feedback would be just a simple derivative control,

U(t)=—hn(), h>0; (2.88)
i.e., the nominal feedback gain vector is
K=[0 —hn]. (2.89)

The predictor-based version of this feedback employs a matrix exponential

01
(r—0) .
~10 | cos(t—6)  sin(r—0)
N - {— sin(t—0) cos(t—0) (2.90)
and can be obtained as
1
U(t) = hn (¢)sin(D) — hi](t)cosD—h/ cos(t — O)U(0)dO.  (2.91)
—D

Note that for D = 0, this feedback reduces to U = —h1. The time response of the
closed-loop system (2.83)—(2.91) is given by

n(t) = cos(r)n(0) +sin(¢)n (0) + /tiD sin(r — 0)U(6)d6, (2.92)

1
7(r) = — sin(t)1 (0) + cos(1)i7 (0) + / cos(t — 0)U(6)d6 (2.93)
t—D
until # = D, and then an exponentially damped oscillatory response
0 1

[n(t)] J—l —h

n(t)

Tl e

fort > D.

Example 2.2. Figure 2.2 presents the simulation results for system (2.1) for

A= , (2.95)

(2.96)
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Fig. 2.2 The closed-loop response of the finite-dimensional system with actuator delay. Top: state
evolution with nominal LQR controller in the absence of the delay (dash-dotted); with nominal
LQR controller in the presence of the delay (dashed); with the backstepping controller in the pres-
ence of the delay (solid). Bottom: delayed control input.

This system is unstable at the origin with eigenvalues given by

o1 =2, (2.97)
Or3=—15+14j. (2.98)



30 2 Basic Predictor Feedback

One can see that the nominal LQR controller, with

0 =Ihys, (2.99)
R=1, (2.100)

does not stabilize the system when a small delay
D=023 (2.101)

is present. The predictor controller (2.39), which compensates the input delay,
stabilizes the system. The larger transient is due to the fact that in the beginning
the input to the system is zero because of the delay.

2.6 Stability Proof Without a Lyapunov Function

In this section we consider the problem of stability analysis without relying on
the backstepping transformation and on a Lyapunov—Krasovskii function. This is
a somewhat more compact proof of exponential stability; however, it comes with
two caveats:

e This form of stability analysis does not extend from delay systems to systems
involving more complex PDEs.

e A stability proof that avoids a construction of a Lyapunov function deprives the
designer from the usual benefits of having a Lyapunov function—a study of
robustness to modeling uncertainties, quantification of disturbance attenuation
gains, inverse optimal redesign, and adaptive control design.

Nevertheless, we present this stability analysis so that the reader is aware of mul-
tiple options and alternatives for obtaining time-domain estimates for exponential
stability.

We consider the closed-loop system

X(t) = AX(1) + BU(t — D), (2.102)
Ut) = [ADX +/ A9 BU(0)d0 (2.103)

and prove the following result.

Theorem 2.2. Let A + BK be a Hurwitz matrix such that

‘C(AH;K)(FtO) < Gefg(tfto)’ Yt > 1, (2.104)

where g > 0, G > 1, and ty has any finite value. The solutions to system (2.102),
(2.103) satisfy
E(t)<Te ®=(0), vt>0, (2.105)
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where Z(t) denotes

()= |X(10)|+ sup |U(T)| (2.106)

te[t—D ]

and the overshoot coefficient I is given by
I =(1+|B|D) (1+(1+\K|)Ge‘A|D) esD (2.107)
Proof. With the variation-of-constants formula, we write the solution to (2.102) as
1
X(1) =X, +/ eA"IBU(1—D)dr. (2.108)
0

Taking a 2-norm of both sides, we obtain
1
X < (1l + [ 11U (- D)lae)
0

<M { |Xo| +[Blr sup |U(O)]), Vr>0. (2.109)
0c[—D,t—D]

This yields

IX(t)SeA'D<Xo+BD sup U(9)>
6€[-D,0|

SeA|D<X0+BD sup u<e>>eg<D'>, welo,n), (2110
6c[-D,0]

and, in particular,

X (D)| < ellP <|XO+BD sup |U((-))|>. (2.111)
0€[—D,0]

With the predictor feedback (2.103), we have
X(t)=(A+BK)X(t), Vt>D. (2.112)
Hence, with (2.104), we have
X ()| < GIX(D)|e #""P) | Vi >D. (2.113)

Substituting (2.111), we get

X ()] < GelAIP <X0|—|—|B|D sup U(G))eg(D’), Vi>D. (2114
0€[-D,0
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Since G > 0, in view of (2.110), the same inequality holds for ¢ € [0, D], so we obtain
X (1)] < GeWlP (Xo +[B|D sup U(G)) eSP) v >0. (2.115)
0<€[—D,0]

We have arrived at an inequality from which one immediately gets an exponentially
decaying (in time) bound on |X (¢)] in terms of the norm =(0). However, we need a
bound on Z(¢) that incorporates the entire state of the closed-loop system. Toward
this end, we observe that the control input (2.103) actually represents

U(t)=KX(t+D), Vt>0. (2.116)
With (2.115), we get
U(1)] < G|K]|eHIP <|XO+BD sup |U(9)|> e ¥, Yr>0.  (2.117)
0<€[—D,0]

However, we need an estimate in terms of supgc,_p ) [U(8)|. For t > D, such an
estimate immediately follows from (2.117), namely,

sup |U(0) <GIK[e"P [ [Xo|+|BID sup |U(B)]|esP"), Vi>D.
0clr—D.] 0c[-D.0]

(2.118)
Now we turn our attention to estimating supgc;,_p, |U(6)| overt € [0,D]. We split
the interval [t — D, ¢] in the following manner:

sup [U(6)] < sup [U(8)[+ sup [U(6)]

0elt—Dt] 0elr—D,0] 0e[0,]
< sup |U(O)|+ sup |U(0)]
0c[—D,0] 6¢(0.]

< sup U(9)+GK|6A'D<X0|+IBID sup U(9)>
0€[—D,0] 0€[—D,0]

gG|K\elA\D\x0\+(1+G\K|\B\DelA\D) sup |U(6)],
6€[-D,0|

Vi €[0,D]. (2.119)

We upper-bound this expression to achieve uniformity with (2.118):

sup |U(8)| < t(0-1)

GIK|MIP[X,| + (1 +G|K\|B|De\AID) sup |U(0)]
0c[t—Dt]

0€[—D,0]
vt €[0,D]. (2.120)

)
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In fact, the same bound holds for both ¢ € [0,D] (2.120) and > D (2.118):

sup |U(8)| < x(0-1)

G\K|e\AID|x0\+(1+G|K\|B|De‘AID) sup |U(0)]
0c[t—D ]

0c[—D,0|
V> 0. (2.121)

Now adding the bound (2.115), we get

[X(6)[+ sup [U()]
0elt—D,t|

< #2014 K)GelP| x|

+(1+ (1 + KNG PBID) sup [U(6)
0c[—D,0]

. Yt>0. (2.122)

By majorizing this expression to extract a factor of [Xo| + supge[_p g [U(6)] on the
right-hand side, we obtain

[X(1)[+ sup [U(6)]

0c[t—Dt]

< (1+B|D) (1+(1+ \K|)Ge‘A|D) es(P=1) <|Xo|+9 s[u[[))O]|U(9)|> , V>0,
€[=D,

(2.123)
which completes the proof of the theorem. 0O
While Theorem 2.2 establishes exponential stability in terms of the [, x

L[t — D, t] norm [X (t)[ 4 sup;cj_p, |U(7)], one might also be interested in how
stability would be proved in the sense of the l, x Lyt — D,t] norm |X(¢)| +

([_pU*(0)d0) "2 This result is established next.
Theorem 2.3. Let (2.104) hold. Then the solutions to system (2.102), (2.103) satisfy
Y1) <I'e ¥7Y(0), Vt>0, (2.124)

where Y (t) denotes

1 1/2
Y(r)=|X(1)|+ (/,D U2(9)d9) (2.125)

and the overshoot coefficient I' is given by

_ K| D\ gD
r7(1+|B|¢D) (1+(1+\/2g)Ge esP. (2.126)
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Proof. With the variation-of-constants formula and the Cauchy-Schwartz
inequality, we obtain

x| < (ol+ [ sl (e~ D)iae)
(—D 1/2
< el <X0+B\/z (/D Uz(e)de) ) , V>0, (2.127)
This yields
X(0)] <M (1X0] + BIVDIU |y
< eI (|Xo| + |B|\/D||U||L2[,D70]) 00 yre0,p],  (2.128)
and, in particular,
X(D)] < 1P (1ol + |BIVDIU|op-pg)) - (2.129)
With the predictor feedback (2.103), we have for ¢ > D
X (1) < GX(D)[e81~P)
< GellP (\XO\ + \B\\/D||U||L2[,D70]) SO r>p. o (2.130)
Since G > 0, in view of (2.128), the same inequality holds for ¢ € [0, D], so we obtain
X(0)1 < GeMP (X0l +BIVDIU|yi-pgy ) P, wiz0.  @13D)
From (2.116) and with (2.131), we get
U(1)| < G|KelIP (\Xo| + |B|\/DHU\|L2[,D7O]) e, Wr>0.  (2.132)

However, we ultimately need an estimate of [|U ||, —p,- Fort > D, such an estimate
immediately follows from (2.132), namely,

t 1/2
U1 < GIKIEA (1%l +1B1VDIU Ly ) ( [ ae)

1 B B 1/2
= GIKIE® (ol + [BIVDIU o) 5, (070~ e) )

sD-1) v >D.

1
< G|K\e|A‘D (\X0| + |B|\/DHUHL2[*D70]) \/2ge ’

(2.133)
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Now we turn our attention to estimating ||U||1,—p, over ¢ € [0,D]. We split the
interval [f — D,t] in the following manner:

10U sj-p.) < WU Lye-p,0) + [1U | 1041
<N y-p,0) + U |0

' 1/2
< Uy + GIK 1A (1Kol +1BIVDIU 151 </0 ezgrdr)

1
< WU llyp-p + GIKIMP (Kol + BVDIUlsipa)
G G
< K|e"P|Xo| + ( 1 K||B|VDeP ) |U
< g KIPl+ (14 0 KIBVDEN? ) U o
vt €[0,D]. (2.134)

We upper-bound this expression to achieve uniformity with (2.133):

”U”Lz[t—D,t]
<| KA (14 2 KIBIVDEAD) Uy,
V28 V2g :
vt €[0,D]. (2.135)

In fact, the same bound holds for both 7 € [0,D] (2.135) and t > D (2.133):

Ul Ly1-pa)

G
V28
vt >0. (2.136)

G
< { K[eHP1Xo| + (1 + K|B¢DeA'D) |U|L2[D,O]] et 00,
V28
Now adding the bound (2.131), we get
X+ Ul e-pn

_ K|
< esP~1) Kl+ | GellP| x|
- V28

K
+ (1 + <1 + \/2L]> GB\/De|AD) |U|L2[D70]} . V>0, (2.137)

By majorizing this expression to extract a factor of [Xo| +||U/|,[—p, on the right-
hand side, we obtain
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X+ U Lyje-pa
< (1+18VD) (1 + (1 + \'};g) Ge'“’) ¢~ (1Xo| +[|U | —p,01)
Vi >0, (2.138)

which completes the proof of the theorem. O

2.7 Backstepping Transformation in the Standard Delay
Notation

In Section 2.2 we derived the backstepping transformation and its inverse, respec-
tively, as

w(x,1) = u(x,1) —/. Ke* ") Bu(y,1)dy — Ke™X (1), (2.139)
0

u(x,t) = w(x,t)—i—/ KeWHBRCByy(y 1) dy + Ke“BKXX (1) (2.140)
0

This derivation was performed using the transport PDE representation (2.8), (2.9) of
the delay dynamics, which provides both a physical intuition and a mathematically
clear setting for formulating the backstepping transformation and the subsequent
stability analysis in Section 2.4.

However, as most readers in the field of control of delay systems are not accus-
tomed to the PDE notation, we present here an alternative view of the backstepping
transformation, based purely on standard delay notation. For the reader’s conve-
nience, we repeat here the closed-loop system consisting of the plant

X(t) =AX(t)+BU(t—D) (2.141)

and of the predictor feedback law
U(t) = { ADX (1) +/ A=) BU(0)d6| . (2.142)

We express the future state X (¢ + D) using the current state X (¢) as the initial con-
dition, and using the controls U(0) from the past time window [t — D, ], based on
the variation of constants formula applied to (9.1) as

X(t+D) = e*PX (1) +/ A+D=1) By (n — D)dn

— PX (1) +/ A=9)B1(9)d0 . (2.143)
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Hence, the feedback law (2.142) is simply
U(t)=KX(t+D), forall# > 0. (2.144)

We start by noting that, while U(z) is the value of the control signal at time
t, the function U(0),0 € [r — D,t], namely, the function U(-) on the entire sliding
window [t — D, 1], is the state of the actuator. The state U(0), 0 € [t — D, ¢}, is infinite-
dimensional, since it is a function, rather than a vector. To introduce the backstep-
ping transformation in the standard delay notation, we consider the function

W(0)=U(6)—KX(6+D) (2.145)
attime 6 € [r — D,t]. From (2.144), with 6 =1, it follows that
W(t)=0, for all r > 0. (2.1406)
However, in general we have
W(6)#£0, for 6 € [-D,0]. (2.147)

We develop next an alternative representation of W (0), different than (2.145), which
will serve as a definition of the actuator state for all 6 € [t — D,#] and all # > 0.
Towards that end, similar to (2.143), using the variation-of-constants formula with
initial time 7 — D, initial state X (¢), and current time 6, from (2.141) we obtain

X(0+D) = eA0+P1x +/ A0-9)By (0)do, (2.148)

forall 6 € [t — D,t] and all t > 0.
We are now ready to introduce the backstepping transformation U — W of the
actuator state. By substituting (2.148) into (2.145), we arrive at

0
W(e)U(e)KUDeA<9">Bu(o)dc+eA(9+Df>X(t) . (2.149)

where 6 € [t —D,t] and ¢ > 0. In the transformation (2.149), it is not helpful to view
W(6) as a value of a function but as a transformation of a function W(0), [t — D,t],
into another function U(0),6 € [t — D,t].

Next we introduce a representation of the closed-loop system where U is replaced
by W, which is an alternative representation of the target system (2.18)—(2.20).
Setting 8 = ¢ — D in (2.149), solving the resulting equation as U (t — D) = KX (t) +
W (¢t — D), and substituting this expression into (2.141), we arrive at the target system

X(t) = (A+BK)X(t)+BW(t—D), (2.150)
W(r) =0, (2.151)



38 2 Basic Predictor Feedback

which is satisfied for all # > 0 and where (2.146) is repeated for the sake of clarity
in further exposition. Thanks to the property (2.151), from (2.150) we obtain that

X(t)=(A+BK)X(t),  forallt>D, (2.152)

which means that the delay is perfectly compensated in D seconds, namely, the
system evolves as if the delay were absent after D seconds.

Since W (+) has a finite support [—D, 0] and the X -system (2.150) is exponentially
stable, the target system (2.150), (2.151) is exponentially stable. We proved this fact
in Section 2.4. In order for exponential stability to also hold for the original system,
namely, for the system whose state is X (¢),U(6),60 € [t — D,t], it is necessary that
the transformation (2.149) be invertible. The inverse of (2.149) is given explicitly as

-6
U(9>=W(9)+KU WHBKO=0) B (5)do + W HBKIOD-0x (1) | | (2.153)
t—D

where 6 € [t — D,t] and 7 > 0. Hence, since the target system (2.150), (2.151) is

exponentially stable, the actuator state (2.153) also exponentially converges to zero.
To rigorously prove exponential stability, in the standard delay system notation,

a Lyapunov—Krasovskii functional of the target system (2.150), (2.151) is given as

V() =X ()" PX(1) 2/ 1+60+D—1)W(6)%d6, (2.154)
where A .
x(PBB' P
= Amlm(_ ) ) (2.155)

The Lyapunov functional (2.154) depends on the state variables (X,W) in a
simple diagonal-like manner with no cross-terms involving X and W and with a
dependence on W, which is only a temporally scaled norm of this quantity. However,
V is a functional of the state of the original system X (¢),U(0), 0 € [t — D,], and
its expanded form is far from simple. The dependence of (2.154) on the variables
(X,U), through the transformation (2.149), is

V(1) =X ()" PX (1) 2/ (14 64D —1)U(6)%d6

t
+ ‘Z’XT(t) ( / (1+6+D— t)eAT(9+Df>KTKeA<9+Df>de) X(1)
t—D

t 0 2
+a/ (1+6+D—1) <K/ eA(GG)BU(G)dG) de
2 t—D t—D

t
723/ (1+6+D-1)U K/ A0-9)BU (6)dad6
t—D
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t
- 23 (/ (1+6+D—1) U(e)KeA<9+Df>de) X (1)
t—D

t [°]
+2; </ (1 +9+D—t)1</ eA(e“>BU(c)doKeA<9+D’>de)x(t),
t—D t—D

(2.156)

containing cross terms involving X and several nested integrals of U. A Lyapunov
functional of a form such as (2.156) would not be possible to obtain without first
constructing the backstepping transformation (2.149).

2.8 Notes and References

This chapter is an expanded version of the backstepping desing results for LTI-ODE
systems with input and output delays in [118]. We recover the classical predictor-
based feedback law studied in numerous papers [176, 121, 135, 8, 165, 45, 234, 89]
(see also [60, 193] for recent surveys). The backstepping construction enables a
quantification of exponential stability in a norm suitable for the closed-loop infinite-
dimensional system.

We want to explain our preference for the term “predictor feedback™ over the
rather common term “finite spectrum assignment,” which we consider to be some-
what misleading. It neglects the fact that the system

wy(x,1) = wy(x,1), (2.157)
w(D,t) =0 (2.158)

has its own spectrum, with complex poles whose real parts are at negative infinity.

Even if one accepted that having a spectrum at negative infinity is somehow equi-

valent to not having a spectrum at all, stability characterization based on spectrum
alone is imprecise as it neglects the effect of eigenvectors and eigenfunctions.

Related to the issue of spectrum and stability, one should note that it can be

proved that
< ehP1) 2.159
Iw(O)llz, 00 <e [wollz,(0.0] (2.159)

forany b > 0 and any p € [1, 0] (Section 11.4). This is not a well-known fact, and its
importance is that it reflects the trade-off between the decay rate and the overshoot
coefficient. The decay rate b can be viewed as arbitrarily fast, at the expense of
having a very large overshoot coefficient e”?.

The bound (2.159) is tight for

t=D, (2.160)
p=oo, 2.161)
wo(x) = const. (2.162)
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The bound is very conservative for both + > D and ¢t < D. The conservative-
ness for # 3> D comes from the fact that w(x,7) is identically zero for r > D. The
conservativeness for r < D comes from the fact that

W)z, 0.1 < [Wollz,0.0] (2.163)

actually holds for all t < D.

The stability of the entire infinite-dimensional state of a predictor-based feed-
back system, quantified in Section 2.4 in a 2 X L, norm, can be characterized in the
Lyapunov sense using any of the L, [0, D] norms for the actuator state. For instance,
in Section 2.6 we provided a stability characterization in a 2x L., norm, though not
with the aid of a Lyapunov function. A Lyapunov function can be constructed in
that and other norms using the tools we introduce in Section 11.4.

Sections 2.4 and 2.6 contrast two options we have in performing a time-domain
exponential stability analysis of the feedback system with predictor feedback. The
approach pursued in Section 2.6, which avoids the use of a Lyapunov function with
the help of the facts that

X(r) = (A+BK)X(1), t>D, 2.164)

U(t) = KX(t+D), t>0,
does not extend (in an obvious way) to the case where one encounters some mode-
ling uncertainties (either parametric or additive disturbances) and does not endow
the designer with a tool for inverse optimal redesign or for adaptive control design.
Furthermore, the approach to proving stability without a Lyapunov function, given
in Section 2.6, does not extend to the cases where the delay input dynamics are
replaced by input dynamics modeled by a more complex PDE such as a heat equa-
tion (Chapter 15) or a wave equation (Chapter 16). In those cases we do not have a
finite-time effect of the input dynamics, and therefore the stability analysis cannot
be performed by calculating estimates over two distinct time intervals, [0, D] and
[D, o). In those cases we employ Lyapunov functions constructed using the back-
stepping approach.
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