QUANTUM ELECTRODYNAMICS

2.1. BASIC LAGRANGIAN AND
HAMILTONIAN FORMALISM FOR THE
ELECTROMAGNETIC FIELD

The author studied the dynamics of the electromagnetic field in a la-
grangian framework; the Lagrangian density L was deduced from a least
action principle and, following a canonical formalism, the Hamiltonian
density H was then obtained.
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H = VXA,
/H2ds = /|V><A2ds=/A.VxVxAds

_ /{A~V(V-A)—A-V2A}ds

= /{_(V-A)Q—A-VQA}ds,

1
/Hds = —/(52+H2)d3.
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2.2. ANALOGY BETWEEN THE
ELECTROMAGNETIC FIELD AND THE
DIRAC FIELD

In the following pages, the author explored the possibility of describ-
ing the electromagnetic field in full analogy with what usually done for
a Dirac field. In a three-dimensional formalism, he then introduced a
wavefunction v in terms of the electric and magnetic fields E, H (and,
more specifically, in terms of quantities E +iH ), and its dynamics (for
free fields) was developed in close analogy with the Dirac procedure for
spin-1/2 fields. Commutation (rather than anticommutation) rules for
Dirac-like matrices were adopted, and energy eigenvalues and eigenvec-
tors were calculated.

For further details, see R. Mignani, M. Baldo and E. Recami, Lett.
Nuovo Cim. 11 (1974) 568; E. Giannetto, Atti del IX Congresso Nazio-
nale di Storia della Fisica, edited by F. Bevilacqua (Milan, 1988) 173;
S. Esposito, Found. Phys. 28 (1998) 231.

L@ In the original manuscript, the author pointed out that, from:
1,
-p+V-A=0, Op=0,
c

it follows that:
1 .
Vip+-V-A=0.
c
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The Maxwell equations are given by:

1oy B
EE—ZVX¢+47TI = 0,
V- —4mp = 0.

1Oy O | O
c Ot 28y+282+ﬂx 0
L0y 000 30 yer, = o,

c Ot 0z ox
10ys O .0y _
cot op Tigy T =0

Oy | OYo | Oy
—4 = 0.
Oz + oy + 0z P 0




QUANTUM ELECTRODYNAMICS

Without charge:
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(4)

Following the Dirac method, the eigenvalues of the Maxwell equation are

obtained from:

2@ The line before the fourth equation means that it is deduced from the previous three

equations.

3@ Note that the signs on the RHS of the following two equations were wrong: correctly, we

have agoy — ayag =io; and (o, az] = —ioy.
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By substituting the expressions:
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into the Maxwell equations, we get:

1 034 _0%C . 0°B

- —1 + 1 =0,
cOyozot  0xd?y  0xd?z

1 2*B _03A 930 0

¢ 0z070t Oy02z * Zaya%
1 9C . 8B . 0A
¢ dxdyot Y9202z + Z(‘?zazy -
PA+B+0C)
0xdydz

[A+B+C=0.

0 (1 N, 0 (0 &N\,
oy (Eazat “amay) e (a—y * a—) B=0,
0

e

1 02 0? o (02 0?
S\ L (LT 4
<c D20t Z(?m@y) Z@y <82x + 8Qz> 0

63



64 E. MAJORANA: RESEARCH NOTES ON THEORETICAL PHYSICS
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2.3. ELECTROMAGNETIC FIELD: PLANE
WAVE OPERATORS

Plane wave expansion of the electromagnetic field was considered in a
way similar to what is usually done for a Dirac or a Klein-Gordon field.
In the second part, the author again introduced a sort of photon wave
field ¥, in close analogy to the Dirac field for a spin-1/2 particle and
i a full Lorentz-invariant formalism. The properties of this field are
deduced from general group-theoretic arguments.
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]
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4@ In the original manuscript, the author considered in what follows the role of the operators
V? = L? and L = VV2. He denoted with q the vector (z,vy, 2).
5@ A bar over a quantity denotes complex conjugation.
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U(y) =U(—),
U(y) = U(—),
V(7) = V(-7).
V() = V(=)
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Vo(y) = Vo(=7)

1 ..
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6@ Probably, the author proceeded in analogy with the Dirac field .
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7@ In the original manuscript, the author also cited the following (seeming) identity, whose
meaning in this general framework is not clear:

0 @(q) — ¢(q)
C\/E/ —\/217r—'yc {?/'10(’)’) + go(—’y) + 2mycio(q) — 2”7“%0(—7)} 2™V Ay,
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Do) — Yo(¥ )00 () = =0(v =),
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Yo(7)
V()

1 .
V290+EV-A:

= Vi [ 22 (= lun() + B+ 2lba(2) ~ Tul-)
+ [y (1) = by (=] + 2[00 (7) — ()]} €7V dy,
s
ch 27 — _
= % % {’YWJO(V) = Po(=M)] = Y2z (7) — ¥u (=]
— Y[ty (V) — Dy (=7)] = V2l (7) = %, (=)} 27 Udy,
Yo — Yathe — Vyy — V202 =0,
Vo = Vay — Yyt — V21, = 0,
Yo = Yo(V)s Yr = Yu(V)s +- s Yo = Vo (V) Yy = Vu(V)s -+ -

2.3.1 Dirac Formalism
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2.4. QUANTIZATION OF THE
ELECTROMAGNETIC FIELD

In what follows,® the author considered the quantization of the electro-
magnetic field inside a box, obtaining the usual equations in terms of

8@ In the original manuscript, the title of this section is “Dispersion”.
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oscillators. Particular care was devoted to distinguish the role of the
right-handed polarized states from that of the left-handed ones.

\V-E=V-C=0]

dS = daxdydz:
1

o (E2 — H2) dS dt = minimum,

E:—E%, H =V xC,
c Ot

oF = —1250, OH =V x46C.
cOot

10H
S22 L VXE = 0,

c Ot
10FE
Eaa_t = VxH=VxVxC=V(V-C)-V3C
= -Vic.

Conjugate variables:

- E,.
dre

_ L 2 | 12
H_87T/(E + H?) ds.

Let us consider the electromagnetic field confined inside a cube with side
k, its volume being S = k>:

_m _ M2 _ M
71—k7 72—k, 73—k-
dN = 2k3 dvy; dyo dys.

v =Y.
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v
Y=\ B =

A; = kicos2m(yiz + Y2y + v32) + ko sin 2w (y1z + 2y + V32),
A% = —Eysin27m(yix + oy + y32) + k2 cos 2m(y1x + Yoy + 732),
Ag’ = kjcos2m(yiz + Y2y + 732) — ko sin 2w (y12 + Y2y + V32),
Al = Eysin27m(yiz + yoy + 732) 4 k2 cos 2w (i + Yoy + Y32);

A; and Ag correspond to right-handed, circularly polarized waves, while
A? and A% correspond to the left-handed ones.

The direction of s = (v1,v2,v3) is defined by the right-handed direction
of k1, k2. Note that 1, 9, v3 are given apart from a simultaneous change
of sign!

s — —s,

ki, ko — ko, k1.

Al = A2
A% = A,
Al = A,
At = A2

k1| =1,|ks| =1; S = k>

C =) aA
E=) Al
Notice that, in these sums, the terms corresponding to s and those cor-
responding to —s give the same contribution: s = —s. The terms with s

and —s are counted only once; the sign of s is defined by the right-handed
rotation of k1, ko!




74

E. MAJORANA: RESEARCH NOTES ON THEORETICAL PHYSICS

: 2hc
asbfs, — béaf;, = F
1., ; 1
=T T g

pi

s*

bi, + 4n242c2 = 0,

v i

s = _CbS’ .
(3 — 1
b. = 4n’y%cdl.

4 12 sz
H= Z Amita 07 o
i 47108_H b 4mwe OH
s 8 b’ 5 S dd
vSwm ., | S b
he % s dwvhe
he _ [4mvhe
vSt N S -
H=3 g0
B ps qs
pidt — il ==, albl —blal = =2
7 S
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e~ SR R
-s — P = pg\;gq;’ % = q?\%/—ﬁp;’ pRaf — ¢fpf, = %
s —  pk= pg\;;g, k= q;l:/%pg, pral —qlpl = %
—s —  pko= pgﬁq;l, ¢t = qg\J/rip‘;, proats -t = %

From now on, the terms with s are distinct from those with —s!

1 1
pla —afvd =< plal —aipd =~

B el R ek
S \/i S \/5
o PSPy gy

asay —ajas =1 | bsbs —bsbs =1

1
fas = =(pP?+¢P?) -

“ 2

1 1
bibs = §(p52+qs‘?2)— 5

N =

*

atas =ns, (ns=0,1,2,...) | bbs =n

as(ng,ns +1) = /ns + 1| bs(nl,n., +1) = /n. +1

ar(ns,ns — 1) = /ns | bs(nl,n._,) = +/n.
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1 1 - ,
2 Z ith(pZSZ + Q;Z)

s,0
1 D2 D2 1 S2 S2
= Zihys(ps +qs )+§s:§hys(ps +qs )

S
= Z hvs(ns + n)) (4 an infinite constant).
S

1 _ pi+dl -

Ds T, qs

poPhtal

S \/§ Y S

P = plo+qk "

S \/§ J S
L L

p;l — P—s =+ q_g 4

\/§ ) QS_

q;ﬂ - p}Es

\/i )

q]js - psl,%

\/5 9

qu B p.g

75

qg B pés

V2

(in the LHS s and —s are gathered together, while on the RHS they are

kept distinct).

1 . .
p; = 5[(13 +1a_g + CLZ; - Z&ts], q;
2 1 . * . x 2
ps = §[a_s +ias +a* , —ia}), qs
3 1 . * -7 % 3
s = §[b_s+zb5—i—bfs—zbs], q;

—
W

= 5 lbs +ib_s + b5 — D],

s = ..., .

bs=..., a*=...

E[ias —a_s —iay —a* ],

1
—lias — as — ia} — a}],

2

1
5 ibos = by — b, = b,

] %
b=

In what follows, the orthogonal functions A% are defined for all the values
of s (see page 73); the indices of kq, ko are given in such a way that the
vectors k1, ko, s form a right-handed trihedron. The vectors k; and ko
transform one into the other by changing s into —s. Each function A’

is counted twice, due to the relations:
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_ E ﬂ L * 1 . % 2
C = 2\/7TSZS:\/V,S[(aS+aS)AS+Z(a5 ay) Az
+i(bs — b}) A2 + (bs + b%) A,

[Th . *\ Al 2
E = F ; \/73[2(0,5 - a’s)As - (as + a:)As
— (bs + b%) AZ +i(bs — ) AJ).

as(ns;ns—l—l) =/ns+ 17 bS(niwn{H—l) = ng + 17
a;(nSans—l) = \/Wsa bs(ngvngfl) = \/n_/s’
asal —atas =1, bsbs — b3bs =1,

atas = ng, bibs = nl.

1
W = 1 Z hug[ 42+ 432 + asal + alas— 42— 422 + asa’ + alas
S

— Bi— B + bl + bibet Bi+ B2+ bsbl + biby]
= Z hvs(ns +n, ) = Z hvs(ns + Ns) |+ an infinite constant,

with:

ok
Ng = Qg0s,

Ns - b:bs

By absorbing the infinite constant into W, we have:

WR = Zhl/s(ns +N’s)

We have used N instead of n;: ng corresponds to right-handed polarized
waves, while Ny to the left-handed ones.
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2.5. CONTINUATION I: ANGULAR
MOMENTUM

The author continued® to study the quantization of the electromagnetic
field, obtaining explicit expressions for the matrix elements of the cre-
ation and the annihilation operators (in the number operator representa-
tion) and for the angular momentum of the field. Transformation prop-
erties of the n-photon states v were quickly outlined at the end of this

Section.
2hc
¢ = Z \/ Tpkfk’
k
E = Y V2hckqpfy.
k
qk = kepg,  pr = —kcqy.
10C [2h . S
¢ ot = Z Epk:fk =—-FE= —Z 2hck qi £
k k

10FE 2Rk
—= = Z«/qusz—VQCZZk‘\/QthPkfk-
k k

oW
qk = h Opy
3114
P = T B

1 h 1
W = Zhuk §(p% + q/%) = Z gdf 5(17% + qi%)-
k

9@ In the original manuscript, the title of this section is “Irradiation”.
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) 271

. = —T(QkW - Waq),

. 271

P = —T(pkw - WQk)§

ow

iGW —Waq) = 22,
(qk ) o
) ow

—Z(pkW - ka) = 8—%7
—i(qrpr — Prar) = 1,
+i(prar — qepr) = 1.

Prqk — qkPr = ;-

L o Pk tigr pr —iqe 1

2
i+ a}) = + 2,
2(pk Qk) \/5 \/5 5
ak:pk—i% a*:kariQk

v2 V2

7
apay, — apay = i(kak — qkPr + Prqk — qePk) = 1.

apap = ng,
agay, = nj + 1.

an — PRk pkiak—kak
k—i =

Vi V2
« _ Dk TGk _ap —ag
ak—iﬂ ) k. = i
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SO OO OO

I}

N

N

N

O —-H O O O O

ap =

* =2

arag

S —= O

0
—1

i/V2

0

_Z/\/i

0

ar =

1

=F+eSE.

E/

C'=C+eSC,

=gqr + 52 Srsqs-
S

/
r
Srs = _SST'

pr+e€ Z SrsDs, @
s

b, =



QUANTUM ELECTRODYNAMICS 81
Y =1(ny,na,...),
W=+ Ty
d:q+§@T—T®,

p=p+- @T Tp).

prT - Tpr = 7/2 Srsp&
¢T —Tq = 'LZ Srsqs-

T = Z Srs Prgs-

rSs

T is the angular momentum in units h/27.

T = Z Srsprqs = Z Srs(prqs - pSQT>'

r<s

1
* % * *
Pr4s — Psqr = Q_Z.(aras — GrQGg — Q.05 + Qrag

k ok * *
—asa, — asay + aia, — asa;)

= ;(ara: —asa).

T = Z CLT asa )Srs‘

’I"<S
For n photons:

b =w(m,na,.. )0 (3 ni—n).

Forn =1, ¥ = 1¢(n1,na,...) and all n; but one vanish, and the non-zero
number is equal to 1:

¥(1,0,0,0,0,...) = c1,

¥(0,1,0,0,0,...) = o,
¥(0,0,1,0,0,...) = cs,
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‘¢ = (617027637' )‘

-
Z Srs(aray —asay) = Z Srslray,
r<s 7,8

1
fzsrsaraw = (6/170,27"')'
rs

c = %ZS}SCT = iZSSTcT.

I .
c. =1 g SysCs.

2.6. CONTINUATION II: INCLUDING THE
MATTER FIELDS

What had been studied in the Sect. 2.4 was tentatively generalized here
to the case of an electromagnetic field interacting with a charged Dirac
field . As above, the scalar potential is assumed to be zero, o =0, and
again the box volume is S = k3.

Dirac equations:
w e
[? +p3o - (p+ ZC> —i—plmc} Y =0.
P = (Pz, Dy, P=). For plane waves, p,, py, p. are constant.

1/}; = (wla 1/}27 ¢37 1/}4) = e(2ﬂi/h)(pzm+pyy+pzz) (617 €2, €3, 64)a

W +v/m2c? + p?, for r =1,2,

¢ —v/m2c2 + p2?, for r = 3, 4.
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The spinor factors are given in the following table:

83

2
61\/25 (1+ %k + 5 ) e/25() e/25 (.
1 0 —W/etp.
Da—1Py _ W/c+p- 0
mc mc
1 0 —Wictp,
Pz —1py _ W/c+p- 0
mc mc
h h h
pm:glz7 py:.92zv pZ:g3E7

91, 92, 93 = 0;:':1,:‘:2,Zl:3, Cee

y

en/25(...)

_ Pztipy
mc

_ Pztipy
mc

s
Hy—ep3so-C = Hy+ Hi.

—cpga"p—plmcz—i—Zhl/s(ns—i—Ns) —ep3o - C

Hy = —ep3o-C. Quantities ng, N are the numbers of the right-handed

and left-handed polarized waves, respectively.

<p,7‘,ni,./\[i‘Ho‘p/,Tl,n/i,/\[i/> = S(p—p)o(r—r)é(n—n")SN —N")

x Whr

electr.

Expression for pso on the states 1/)117, 11}12), 1/13, ¢;‘;:

P30z =

0 O

0 O

0o —11| P30y =
-1 0

OO = O
SO O

+ Zhus(ns + Ns).

O <. OO
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|

—_

o
_— o O O

1
0
P==1¢0 o0 -1
0

w; (1,0,0,0) emi/h)(pzztpyy+pzz)
% = (0,1,0,0) emi/P)(Pertpyy+p=2)
1?; = (0,0,1,0) e/ M) (Pertpyy+p=2)
g = (0,0,0,1) e@m/ M) (Pertpyytpar)

2.7. QUANTUM DYNAMICS OF
ELECTRONS INTERACTING WITH AN
ELECTROMAGNETIC FIELD

The dynamics of a system composed of interacting electrons and pho-
tons is considered in the realm of Quantum Field Theory (Klein-Gordon
theory). The electrons are described by a field ¢ (or P, deduced from
Y ), while the electromagnetic field is described in terms of the potential
(p,C). An expression for the quantized Hamiltonian is given, along with
the commutation rules for creation/annihilation operators.

For a charge —e we have:

h 6 e 2 h a e 2 )
[<_2m'c§+29”> _;<%%+EC}> —m~c*| Y =0.

h? 0  2mi —

P = _ J— JR—
812c?m (8t L 690) v

- h? o 2mi
P - L (2. '
8m2c?m <8t h 690) 4

1 /0 2m \° o 2mi 2 4n?
[z(a‘f‘”’) ‘?(%*%ecﬂf) toEme V=0,
1 /0 2m \2 o  2mi

[:2 (a*?”) ‘?(%‘%ecﬂf)

0 oC, 9%C 9%C 9%C
Co x ¢ + Or? 0xdy 0x0z




QUANTUM ELECTRODYNAMICS 85
R (0 2mi N
Se?m \ot  h *
h? o 2mi 21,
~5 zx: <% + e € C’m> + 3me Y =0,
R (0 2mi N\
se2mcz \ot * h ¥

h? o 2mi SIS B

0 27 —  8?mc?

— 27" — 5
<6t+he>¢ e (5)
0 2w 8m2me? —
(5= 7e0)v="% ©)

he —_ [0 271 0 271 —
P = Imime [‘” &‘E6¢>¢_¢<§+%6¢>¢]’
he —_ /0 271 0 271 —
Zw=—4mmc[¢(%+h— @)iﬁ—w(a‘h—z)i@’

dr =dVdt.

]

10@ Notice that, more appropriately, one should write d*t = d3V dt, since dr denotes the
4-dimensional volume element, while drmV is the 3-dimensional space volume element.
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2 [1 /0 2m —_ (0 2mi
5/{—877% {—2 <a+76@>¢ (a 769”)@”

0 2mix — 0 271
_Z<%— e eC’x>¢ <a—+h—er>¢ (7)
L e, 1 (]1oC c 2\ | g _
5 e ) o (‘c 5 Vo |V x C| dr=0

From this, the variation with respect to v or 1 gives Eq. (1) or (2),
respectively. The variation with respect to ¢ yields:

L0 (09 100
Or \ 0z ' ¢ ot
he — (/0 27m 27 —
_47rimc2[w<a n© )¢ 7!}< ey )1#]—0,
1
—V-E—p=0. (8)
47

The variation with respect to C,. instead gives:
1 9 (0p L1 10C, 110 (oC, 9C,
Amcdt \ Oz ' ¢ Ot 47 |0y \ Oz oy
o [0C, 0C, he [— /[0 271
_$<62 Oz >]_4m’mc [¢ (% h—eC’)q[)

0 2m —
—1 <% - h—C€Cx> ¢] =0,

1 0FE, 1 (0H, OH, . 0 )
— _ iy =
dme Ot ™\ Oy or
and similarly for the other components.
1 10C, dp\*
A = — - —
8m (c ot + 83:)

— ii 80 2+ 1 a(p _|_L aCxa_(p
8712 ox dre - ot ox’

B — 1 9C; 0p
a 47ch 471'0 - ot ox’
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sa - () Lo ()

Without matter fields, the conjugate Hamiltonian variables are:

1
Cey ——FEy
4e
1
Co gy
1
Z __EZ’
C 4re
®, 0
[11] ) a
H:—]VXC\2+ E2+— 6_<p
. OH, 0H,
E =
! C<8y 82)
. Oy ago 10C,
Co Pz = Che ¥ oxr ¢ Ot
o=
0=0= 1VE
0 4n

87

In the following we consider a particle with charge —e and assume ¢ = 0.

) / Ldr =0, with dr =dVdt.

R? 10— 0
6/{871'2771 [02 8tw prad
211 0 27
_Z<———GC)’(/J <8—x+ﬁecx>w]

1 ,— 1 [1]80)?
B LA bl o

1@ In the following, the author looked for the variable conjugate to .
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h2
P= "
¥, 8m2mc? Otw’
— — hr 9
P—_ " Zu
¥, 8m2me (‘%w’
E, 1
C.. By 0C,
Arc  4nc? Ot
o B 100,
v dre 4w Ot
B, 1 oC.
Cz7 - =

dwe  4Ame? Ot

-

8m2mc? 15— h? 0 2m —
PP+ omc i+ Zx: <— - —ecl,) b

1 2 —
PP—|—2mc ¢¢+ V¢-V¢+

<§ @ecm> Y+ (B4 H2>] av,
[8

C-(YVy—yVy)

4mm

= |C Py + o (E2 + H2)} dv.

p = ewp-yP),
. he [— 271 2nC
v _4m'mc [w <V+h—€c>¢_¢<v_h—ec> 7’4
2 J—
= GV V) - O

V-fi,=0, FfA=Von Vie+Ap,=0.

V2 A+ A2fy =0,
V2l + kA =0.
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[ 3 fxav =t
/ ol dV = s,
/fA-fk v =0;

1 1
[exewav =55 [ £ fx av = o

APy = Uy; /U,\U,\' dV = 6y

P = > [Ax(ea+Qx) +iBa(pa— P A,  (Ax=B)
P = D [Cr(pr+P)+iDx(gr— @) Apx;  (Ca=Dy)

[PPav = Yo [cRoa+ P+ DR (an- @0

Jovar = Y [4a+00*+ B - P

A

1 22, 2 I 2 2 2 2
+5- (mc +A ZA:[AA(QA'f‘QA) +B>\(p>\_P>\)}

1, 1, 1., 1., 12
:z/\:|:§p)\+§Q)\+§P)\+§Q)\ Cc m202+)\2m,
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Bmme? 2 = 1 <m2c2 + )\2h_2> B2,
m ™

h2 2 472
8m2mc? 9 1 9 9 9 h? 9
TD}\ = % <m c” 4+ )\ H) A s

om0
9 [ 22 2
m-c” + )
2 - D2 — h? m2¢2 + )\2_2
A AT 3272me 472

_ 1 me . -
YTV EA: \/Wn%? oA LR O AV

47

h \/m202 + A\2h2 /472 )
P = \/iz;\/ o (oA + P\ +i (ax — d))] ua.

4/i = 2(pagx — oxpa) + 2000\ — APy £ 2i(gagh — ¢han)
F2i(paph — PADA);
0 = (2agx — @apr) — (PAd) — AAP)) + (Pagh — dpa) — (Phax — aaph),
0 = (pxgx — apa) — (PAGA — dAP)) — (Padh — dhpa) — (Phax — axph),
0 = (Padh — d\px) + (Phaxn — aap)) £ (Paph — PADA) £ (rna) — han)-

PAIA = @3Px - = 1/, ha\ —ap\ = 1/i,
PADy = GaPx = 0, o —apy = 0,
Py —Phpa = 0, nd\ — o = 0.
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21

Z = - (P —pP)dV
1 1
= Z<P§+ A 2]9,\2*5
A

- Sl

= ZN,\—N,\ ZZA
A

1 ,2>

1, 1., 1
p,\‘i‘2fh 2)]

H =
Hy =

HM + HRv
HY, + H},

91

where H,; and Hg account for the matter and radiation field contribu-
tion to the Hamiltonian, respectively. H](\)/[ is the free particle Hamil-

tonian, while H}VI
particles and light quanta.

Ny=pe +5dxe — o

1, L,

Ni = St + ke —

2
Zy = Ny — Nj.

)

)

1
2
1
2

1

A

fale \/m202 + )\Qh—z
472

1, 1 1,
z/\: SPA + +§Q>\2 oD% + 5D

72
= Z(N/\ + Ny)ey/m?e? + /\2 5 + zero point energy.
42

7]

describes the particle interaction and that between

12@ In the original manuscript, some expressions were written in terms of v instead of k,
but the warning “use k instead of v” appears. We have therefore chosen to use the symbol

k throughout.
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C = ZAkakaFZBAPAfA’
k A

_E = ZC’kPkfk—ZD,\QAf,\
k A

(Vxfr=0).
/EQdV = > iR +) D3
k A
aC,  oC
H, = A
y 0z’
2
o 9C:\* . (9Cu Q_Qacx%7
oy or oy Ox
aC, dC
2 _ 2 x Yy _ 2722
H® = ;’VCH —%: 3y W—;AI«N Qy-

/HQdV:....

PyQr — QrP = 1/i,
P\Qx—Qx\Pyn = 1/i.

C _ Lhek
8 2271’
A _ Lhek
8t 22’
Dy 1
8t 2
Cr, = V2hck,
2hc

=T

Dy = Vir =27,
he

By, = —

A N
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Ny = (Pk +Q37) —

C = \/ “Qufi + Z —Pyf

_E = Z\/thk‘Pkf; - Z\/EQ/\f,\-
k A

l\Dl'—‘

Hr = —Zh— Q% + Fi) %;Qi
- Z§<Pk+Q%>huk+§ZQi
k A

1
= Nh ~Q3 t :
; uk+;2Q/\+ rest energy

]
Vuy = V gy = My,

1 mc , ) ,
V2 ; \/\/m?c2 X212 JAn? [ax +aa +i(pr = )] AS

1
OV —pVip = _chg\; \/ m2c? + N2h2/472) (m2c? + N h? [472)

X [(px —Ph) (an + d\) — (v — P ) (an + a\)] Nuafy-

Veorfaw =Fr-Fyv—N20apn.

13@ In the original manuscript, the expression Vuy = V Auyx = \fx was written down,
which is evidently incorrect.



94

E. MAJORANA: RESEARCH NOTES ON THEORETICAL PHYSICS

1 me ,
V2 2 \/\/m202 + h2ZN2 47?2 [x + a3 +ilpa =P,
A

h m2c? + h2\2/4m? ,
SR -
A

1 1
- + 3 , b - / + A ,
a \/5(%\ ipx) A \/i(CZ,\ ipy)
= =@ —ip), b= —=(dh — ip))
A—\/§Q>\ DX)s )\—\/QQA Pr)-
[a)\,ﬁu] - [Ekv bu] — [ax, bu] - [EMEM] = 205,
—[E)\,au] + [ba, bu] + [a@x, bu] - [b)\,au] = 20\
[z, y] = 2y F yu,
where the upper/lower sign refers to Einstein/Fermi particles.
[CL)\, CL#] + [E)\,Z_)#] + [CL)\,EM] + [B)\a CL#] = Oa
[5)\,5“] + [b/\7 b,u] + [ﬁ)\, bu] + [bkaau] =0,
[a)\aa,u] + [b>\7 b,u] + [GJ)U bu] + [b)\aa,u] = 07
[aA’a#] + [bM b#] - [5)\, b#] - [bba#] =0,
[a)\ua,u] + [b>\7 b,U«] - [a)\u bu] - [b)\aa,u] = 07
[ax, a#] + [ba, bﬂ] — [ax, bu] — [bx, a#] =0,
[ax; au] — [bx, bu) + by, ap] — [ax, bu] = 0,
[@x, @u) — [bx, bu] + [bx, @] — [@x, bu] = 0.
CONTINUATION

2.8.

P — hi V/m2c? + h2\2 /472
4 S mc

mc _
= me (ay + by) uy,
D o

(@y — by) uy,

4@ In the original manuscript the simple formulas (a — ib)(a + ib) = a? + b + i(ab — ba)
and (a + ib)(a — ib) = a® 4+ b2 —i(ab — ba) are noted on the side.
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95

P =

me "
; \/m202 + h2\2 /472 (@403 s,

hi 2E I JAR
= EZ\/\/ o (ax —bx) ux
)

From the commutation relations reported at the end of the previous Sec-

tion, we deduce that:

[ax, a] + [b2, ] =0,
[ak,b ] + [bx, au] =0,
[ax, @u] + [Br; bu] =0,
[a + [b,\, } = 0,
[@x ]+ [bx, bu] = 0,
[a ]"’ [b)\,au] 0,
[ax; ] + [b, bu] =0,
[bx, ] [aAabu] = 0;
[CL)\,EN] — [5)\ b ] == 25}\!“
[ak,au] — [b)\,b ] = _25>\M
= [a +ib,a +ib] = [a,a] — [b, b] + i[a, b] + i]b, a],
= [a —ib,a — ib] = [a,a] — [b, b] — i[a,b] — i]b, a],
= [a + ib,a — ib] = [a,a] + [b,b] — i[a, b] +i[b, a],
= [a — ib,a + ib] = [a, a] + [b,b] + i[a, b] —i[b, a];
[a,a] = [b,b] = [a,b] = [b,a] =0

2.9.

QUANTIZED RADIATION FIELD

The author again considered the quantization of the electromagnetic field,
but using now another exrpansion in a basis different from that adopted

in Sects.

2.4, 2.5. In the original manuscript, the present Section and

the following four Sections are placed in the Quaderno 17 just after what
has been here reported in Sect. 7.1.

_loc
c Ot’
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Cy, Cy7 Cy;
_ B _Ey _E
Amwe’ 4me’ 4me’
T, V2, V3 = 07 :l:la :l:27 cees
C
v =Vt 8+
h h h
Pz = EVla by = E’}’Zv Pz = E’YS-
el =1, [k = k_s.
f. =k, eQWi(fo/k—i—’ygy/k-‘r’vgz/k) 1 ]
s \/ﬁ
[*°]
C = Z a8f57
E = stfs'
as = a_s,
by = b_g

sty — agrag = 0,

bsby — bybs = 0,

~ ~ 2hc
(Isbsl — bs/as = T(SS’SI.

5@ In the original manuscript, the normalization factor 1/Vk3 is incorrectly treated as a

denominator instead of a numerator.



QUANTUM ELECTRODYNAMICS 97

: . 9 4722
C:—cE:Z—cbsfs; E=—-cV C:Z asfs.

Cc

as = —cbg,

. 4722

bs = as.
c

d c . . &

T <as + i b5> = —cbs — 2mvgias = —27vgE <a8 + m@) ,
d

dt

<a5 ¢ 'bs> = —cbs + 2mv5ias = 2TVt <as _ Lbs> )

2mUgt

C
As = as + ——bs,
2mUst
C
By =as — -bs;
2mVgt

Ay = —2nv4i A,

Bs = 27mvst By;
As = B—s:
B,=A_,
A.B, — BsA, =0,
AyB, — ByA, =0,
AsBs - BSAS = 07
- 2hc?
AsAs - AsAs = c P
TV
S 2hc?
ByBs — BB, = - 2¢
TV,




98 E. MAJORANA: RESEARCH NOTES ON THEORETICAL PHYSICS

AgA — AjAg =0,
BsB; — BiBs =0,
AA - AA =0,
BB, — BB, = 0,
AyB; — ByA, =0,
A,B; — B;A, =0,

~ ~ 2hc?
AsAt - AtAs = 55157
s
~ ~ 2hc?
BsB; — BiBs = — Ost-
TV

1 /nv
Zg =~ =—As.
c\/ 2h

gs%t - %t%s = 07
Zs%t - thS = 07
Ly Ly — Ly Zig = Ost.

ZSZS = Nng.

< ns‘%s‘ns—l-l >=/ns+ 1,
< ng|Zgns—1 >= \/ns.

]

TV

6@ In the original manuscript, the unidentified Ref. 5.45 is here alluded to.
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. _AS+[1_S_C [2h Zs+ Z_4
5 2 Vo, 2 ’

c 2

2 slAs *As . =
by = Vst =i/ 2hnvg (Zs — Z_s).

Ws = i <b bs +47T asas>
8

_ SLW S- 2wy [(Zs — Z-)(Zs — Z-0) + (Zat 2-0)(Zs + Z-)

_ 1 Z hv {222y +27Z_,Z_}

S A +Z_sz_s_z<ns >hys

f _ %/2 e27ri('yf:1:/k+'y§y/k+’y§z/k)k
S I{ S
ffs _ k;31/2 e—27ri('yfx/k+'y§y/k+’y§z/k:) ks _
e2mi sT/k

with r = (z,y, 2).

" (Zuf. 2T,

c=% g
E =) i\2hmv, (Zf, — Z.F,).

fs

99
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2hm
k3
s,t
+ZsZt e*2ﬁi(’75+7t)‘r/k —_ ZsZt e2”i('7s*’7z)-7“/k
~Z,Z, e%i(—vswt)-r/k} .

EQ(T) = vvg ks - Ky {ZsZt o2 (Y Y )T /K

7]

oh ,
HQ(T) - _I{Z—;T Z \% Vsl k; : k; {ZSZt 62ﬂ1(75+7t)'lr/k
s,t
+ZsZt e_QWi(73+7t)'T/k _ ZsZt e?ﬂ'i(")’s—")/t).fr/k

—7.7 ezm(wswt)-r/k} _

2.10. WAVE EQUATION OF LIGHT QUANTA

Quantized fields of the electromagnetic interaction were again considered
in these pages, with an emphasis (the name of this Section is the original
one) on the definition of a wavefunction 1 for the photon. Matriz ele-
ments of the annihilation and creation operators Z,Z were reported in
the subsequent Section, along with quantum expressions for the photon

energy and angular momentum.
%]

C=)> af,, E=) b
as = cy/ ff % bs = i/ 2hmvs (Zs — Z_y).

1 2mwiy®-r/h
fS:We g /k87
Ts:ffs‘

170 ~ (e2™/8,0,0),  H ~ (0, 2mi(v/k) e*™ /%, 0) .
8@ The original manuscript alludes here to the unidentified Ref. 11.20.
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’75 = (71977377‘3)7
Y1,72,738 = Oa:l:]-a:l:27:l:37a
c he
Vs = E’YS, hvg = m 7.

¢:Zzsfs'

101

[oh Z,+7_, [2h Zof,+ Zsfs
ngc - 9 fszgc Vs 9 )

E=> i\2hnv, (Zs—Z_o)f, =Y iN2havs (Zf, — ZsF,)-

2.11. CONTINUATION

v.-C=0.

ocC
ot

v:C

oFE
ot

18E
c ot

10H 10
EW_VXE Ea—VxC

I h .
= ZC Dy (Zsf5+Zsfs)7
h

Y (Zsf s+ Zs ),
- ¥ 2”6”8 V2hvs (Zof . + ZsF.):
= Y i V2hmv, (Z.f - Z.F),
= N i Vehtu, (Zof, - ZF).

—VxVxC——VzC
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iv/2hmy, (ZS — ZL,S) — 2nvgn/2hmvg (Zs + Z,s) =0,

h . B -
5 (Zs+ Z_s) +iN/2hnvs(Zs — Z_5) = 0.
TV
Zs — ZL,S = —2mivs (Zs+ Z,s),
Zo+ 7 g = —2mivg (Zy—Z_,).

Zs = —2mivs s, ZS = 2771'1/328, Z,s = 2mivsd_s.

hv - - S
— 48 (ZsZs+ 77—y — ZyZ—s— Z_oZy)
_ hvs [ ZoZs+ ZsZs  ZsZ—s+ ZsZ—s
- 2 2 2

H? hv
/8_71' dr = Z 48 (Zs + Z—s)(Zs + Z—s)

hvg ~ ~ L.
— Z 1 (ZsZs+ Z_Z s+ ZsZ_s+ Z_sZ)
-y hs ( ZsZs+ ZsZs — ZsZ—s+ ZsZ_s
N 2 2 2

E? + H? Z s+ ZsZs
o dr = Z hvg 5

e (0,0,1) = f,
iLe'l®(0,-1,0) = Vxf,

f o XV xf,=1iL(1,0,0).
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Let us denote with r¢ a unitary vector along the propagation direction:

ExH hvg
o dr = > - o (Zs—Z-)(Zs+ Z)rs

hvs - ; .
- ¥ 2” s (ZsZy— Z-sZ—s— Z_sZy— ZsZ_)
C

_ Iy hv,  ZZs+ ZyZ_,
S 2 .

ZZs— ZZs=1.
Z.7s=X.

ZsX —XZs=(Zs,X)=Z Zi( Xk — X3) =1,

7 X —XZy=(Z26,X)=~Zs,  Zi(Xp— X;) = —1.
<X|ZIX+1> = f(X),
<X +1Z|X > f(X).
<X|ZZ|X> = <X|Z|X -1>< X - 1|Z|X >=|f(X - 1)%,
<X|ZZ|X > = <X|ZIX+1>< X +1Z|X >=[f(X)|%
FXP = X+1,
‘f(XO)F = 17 XU =0.
P = [f(X =D +1,
f(Xo)> = L
<Xo|ZZ|Xo> = 0,
< Xo|ZZ|Xo> = |0

ZsZs = ng, (ng=0,1,2...)

<ns|Zslns +1> = /ns+1,

<ng+1|Zslng > = /ns.
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E? + H? 1
/; dr = Zhus nsg+ = |,
81 2

ExH hvg 1
dnc dr = Z - TS(TL5+§).

2.12. FREE ELECTRON SCATTERING

The interaction between electrons and electromagnetic radiation was here
studied in detail, and expressions for the matriz elements of the inter-
action energy (as well as for the transition probability) were explicitly
obtained. Some care was also devoted to the kinematics of the process
here considered. The material reported in this Section starts with that
present in Quaderno 17 on the page following 151bis, but the complete
study of the subject starts at page 133 of the same Quaderno.

w e

[74—,01 o- (p+EC’) + p3 mc]w:O.
Using Dirac coordinates:

e?wz(F;x/k—f—F;y/k—&—ng/k)

wr = Ur

2
w

uy = (uf, uh, uh, uy), Guu, =1, I'= T+ IS+ 15

h2
E, = +c mzc2+ﬁf2.

H=Hy+1,

Hy=—cpro-p—psmc+ > nshvs,

S

I:—cpla-EC:—eplo'-C’.
c
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. |Hp|...> = Er—l—Znshl/s,

2h

TV

<ring...|Zlr'ins+1...> = —v/ng +

ec | 2h
<ring...|Z|r'ins—1...> = —\/ns —
2V myg

X /% ,010"fs Yy dr,

x /{/?r oo fo by dr

1/] — u 1 27rzF r/k
r — Ur

k3/2
1 271'1F r/k
¢r’ = u’f‘ k3/2 I
1 2miyS-r/k
fs = kS W € g 9
1 —27ri73-r/k‘

ffs:fsme

/QZTpla"fswr/dT = k72 aq, p1 0 - ks up

Uy p1 O - kg Up

> /627ri(FT —i—'ys—FT)-r/de

105

X Up p1 O - kg Up

<ring...|Zlr'ins—1...> = k3/2\/ \/

X Uy p1 O - kg U

k7/2 I, I' 4y
~ dr — Uy p1 O - ks up s
wT’ 1010- : f—s ¢T’ T = k7/2 F'r’ [W/—’Ys‘
. . _
<rmns... | Zlrns+1...> = 2163/2\/7153 7T7/3

FT Iy

/ .
F"‘}FT —Vs
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For t =0: ai 21, ag,...:O.
For t — 0:

. 211 o
i = —— e27rz(El Eq1)t/h Hﬂ;

1 o
@ = Ei—E (eZM(EI O = 1) Hi.
Hyis = 0.
— 27”'2 —1 oniEa—E)t/h [ 2mi(Bi—E)t/h
P T (B — 1) Hat,
2mi 1 2mi(Ey—E1)t/h 2m'(E27E')t/h>
- - DR HyiHyy
h “E;— (e ¢ 2

1 2mi(Ea—E1)t/h
_ ~1
“ Z [(Ei—El)(Eg—El) (¢ )
1 omi(Ba—Ei)t ]
_ e 4 H z'Hz' .
(B2 — E;)(E; — Ev) 2

electron radiation

2 b ntzl
i7" < > =1, ng=1
1 a ng =1

Fa—F’}/S:Fb—I-’)/t :FTZFT,‘F'YS‘F'Yt

s,t label the incident and the scattered quanta, respectively.
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< b;0,1..
<7:0,0...
<b;0,1...
<7r’i1,1..

IZ|r1,1> = ———

AT 0,0> = ——

Z]a;1,0 > = ——

AZla;1,0 > = ———

: ktura

: ksua,

: ks“Ta

. ktua.

sm[ (EQ—El t/h I‘IQZ i1
P =
2 (Ey — E1)2 ZE B
h h
a:_Fa7 T:_Fa 87
Pa = pr= (I +77)
h h
pp= 1" = (07 =)

h? o
E, = c\/m?2c? EF“ ,
h2
Eb = C m2c2 ?I’b%
h? 9
E, = Hc\/m2c? + — (' + %)~

107

The probability for a transition at a time ¢ to occur is (taking into
account only the term with the resonance denominator equal to Fy —
in the expression for ag):

Es
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h2
E; =c\/m?c + ﬁ["ﬂ—i—hljs,

h2
E2 = C \/m202 + E(FCL +’YS —’)/t)Q +th,

12
E; = +c \/m202 + E(Fa — )2 + hvg + huy.

Let us denote by u the spin function for a plane wave with momentum
Dz» Py, P> and by u? that for a wave of zero momentum.

uf = |:f1 :Ff2a ~p] u,
p

where the upper/lower sign refers to positive/negative energy waves.

1+ p?/m2c f2:\/—1+ 1+ p2/m?c2

- 14
! 2¢/1+ p?/m3c? 2y/1 4 p?/m2c?

2+ 13 = 1.

o= pPp10.

& - Dy «-p
up = [f{’— : ]ug, “ [f{q:fg ] o,
Pb DPr

- P / 1O Py
Ug = [ff— 5 ) “] ug, Uy [f{ Ffe T]u,q/.
a r!

We consider positive waves g, Up.
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]
1) Positive u,:

up o - ki uy e - kg ug

- «a-p a-p
=i (- #EP o (- ) o8
by Pr

. a.
i (7= 5P ok, (11 - 5200 ol
T a

_ a-p a-p
= {y [f{’a-ktf;“ - T+ fS pb”a-ktf{] up

T

X [ffa kg Pa g X Py ksff] uf.

a T
2) Negative u,:

up -k Uy Ur - kg Ug

_ a-p a-p
T e e
T

[6 3K [0 28
< i [ffffa N ”“} oL,
Dr Pa
3) Positive u,:

Up - kg U Ut -k ug = ...

[which is obtained from 1) with the replacements r — /) ks — ki,
kt — ks]

4) Negative u,:
up - kg Upr Upr - Ky Ug = ...

[which is obtained from 1) with the replacements r — 7/, ks — ky,
k‘t — k‘s]

9@ The original manuscript alludes here to the unidentified Ref. 10.40.
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g up -k up Uro - kg ug

positive uy

- r «
= ay [fffza - ky

a-
pr_‘_ffé) pba-kt]
Db

r

T ra « - pa
X [flan'k +f2f1 k’s} Ug
- . o-p, o-
:Ug [ffoU‘ P +f2f1 pb kt]
X [f{fg o'k:} u?

(U'kt)(o-'pr):kt'pr+ia'ktxpr,

(o ki)(o-p,)(oks)(o-p,)
= (kt - p,) (ks p,) +i(ke - p,)(0 - ks X pg)
+i(ks - po)(o - kp xpy) — (0 -kt X p.)(0 - ks X p,)
(kt - p) (ks - p,) +i(ke - p,)(0 - ks X p,)
=| +i(ks - py)(0 ki x p.) — (ki X p,)(ks X P,)
—i[o, (ke x p,) x (ks X p,)].

For ug = uY, p, = 0: f& =1, f¢ =0.

1)
Z Uy o -kt vy Upo - kg ug

positive uy

o P, rO D 0D
— {flfza P T P g

T b T

"o ks ul.

For k, - p, = 0:

(o -ki)(o-p,)(o-p,)(o ks)=pi(o ki)(o-ks)
= pi(ky - ks) +ipZ(o - ky x k),

(0 -py)(o-ki)(o-p,)(0 ks)=(p, ki +io p,xkt)io-p, X ks
—(pp X ki) - (P, ¥ ks) +i(py - ki) (0 - P, X ks)
—io - (py X ki) X (p, X ks).
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2)
Z Uy o -k uy Uy o kg Uy
negative u,
o-p o-p
= b | it = 7P b TP o o
r
3)
Z ﬂba-ks (7 ﬂr/a~ktua
positive u,./
T D 1T D
—Ub I:flfQo' ks —f2f1 b 'ks] fa "ok ug.
! Dyt
4)

g Up - kg wpr U o - Ky Ug
negative u,.,

= iy [fff{/a ks — f5f3

r Pb o-p

ok,

r / 0
]f{a-ktua.

r

Let us denote with 77 the average value with respect to ug and u:

1 Aud|? = a9 Aud Auf) = —ugAAu = —[(AA)H + (AA)g].

A = Ag+ioc- B,
AA = [Ag+io- B|[Ay —io - B]
= A()Zo—i-’iZoO"B—iA00-§+B-B+’iU-BXE.

AA=AyAy+ BB, |u0Au0|2——A0Ao+ 'B.B.

¥s = (75,0,0), ks = (0,0,1), v, = (72 sin 9 cos @, v sin ¥ sin ¢, ¢ cos V).
Near the resonance we have:
VS

Vy = hy .
1+ —2(1 — sind cos )
me

h hvy
Vs (1,0,0), p. = i (sind cos p, sin ¥y, cosvl),
c

P, =
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. th hl/s

pb——<<1+ 2> (1—sin79cosg0),—sim?sincp,—cosﬁ).
c mc

E; = mc2—|—hus,

E} = 4y/m2c* + h2v} + hvs + huy,
E; = +/m2c* + h2u2,

E, ~ Ei.

2.13. BOUND ELECTRON SCATTERING

Let us consider f bound electrons; the unperturbed energy of the system
interacting with an electromagnetic fieldis E,+)  nshvs. Denoting with
Ya(q1, - - -, qy) the electron wavefunction corresponding to energy F,, the
interaction with the electromagnetic field is described by:

h(ns+1)
2T,

x/waz o - fu(qr) vy dr,
=1

<aing...|Ilbyns+1...> = —ec

hng

2y,

<ains...|Ilbyns—1...> = —ec

< [ da 3ol fofa) vy dr
=1

%

i
=p10-

o

In first approximation, A > |¢l;

ks
fs(@i) ~ fs(0) = w3z

For coherent scattering , by labelling with S, ¢ the incident and scattered
quantum, respectively, with wave-vectors kg, k¢, we have:
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<a;0,1,...]Z]b;0,0...> = kS/Q\/;/%Za ke Yy dr,
<b0,1,...|Z]a;1,0...> = k3/2\/;/wb2a kg 1, dr,
for resonant scattering, or otherwise

<a;0,1,...|I|;1,1... > = kw\/;/%zaz kg ¥y dr,
<b1,1,...|70a;1,0... > = k3/2\/;/wb2a kg Y dr.

Fort=0:a1=1, ao =0, n; =0; Hio =0, Hy;, Hy; # 0.
For t ~ 0:
. 2mi i — 1
a; = _TH 2 i(E;—FE1)t/h ﬁai~

o—t/2T

E; — Ey + (h/4miT)

a; = —

<62m'(EifE‘1)t/h+t/2T . 1) H

il

t>T: aq;=

E; — Ey + (h/4miT)

il 2mi(Ei—Er)t/h

_ 27TZ Z HyH e27ri(Ei—E1)t/h
E; — E, + h/4mT) '
HQiHil eQﬁi(EQ*El)t/h -1
@2 = zi:Ei—El—i—(h/élm'T) Ey — Ey




114 E. MAJORANA: RESEARCH NOTES ON THEORETICAL PHYSICS

When a variable magnetic field H = H(t) is included in the interaction,
we have to consider also the diagonal magnetic moments u;. For H, =
H,=0,H,=H(t):

2mi

d1:TH()M1 at,

(27) /by [ HAL
ap = ¢ .

b= 2T omsmyn (T JHAE 1 o
’ h 2T ™" h

, 2mi
a; = e U/2Te@m)/h wifHdt <_%Z ,'1)

) /em@ — BOt/h 4 )27 + (27) /b (1 — i) /Hdtdt .

2
iy — i ZH e2mi(Ea—Et/hg | THW“Z

(2ri/h) o /Hdt

¢ 2mi(Ey — E)t/h— (2mi/h) iy / Hat

ZH%/O e

ag = (—% e

a; de

H = Ho cos 2mvt,
/Hdt — sm 2mvt,

2 H —p—1
;LT(,ul MZ/Hdt WSHIQTFVL
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e(2m'/h)(u1 - ui)/Hdt _ Gi[Ho(p — ) /hv) sin 27wt

—  oiA;sin2mut
- 9

A — Ho(p1 — )
! hv
]
ezA,L- sin27vt _ 66 + c% eQT(VZt + CZ—l e—27r1/1t + 012647rmt + C7'_2 e—47rwt 4.,

w = 27mvt:

elAisinw %eAi(C—Cl)/ZdC'
7

L L -
- Z i ac.
“0 271 Ce ¢

-1 2 —1\ 2 3 _1\ 3
A(C=¢Y/2 _ C=¢ AT (¢—=¢ A} (C—¢
e 1+ A; 5 +2! 5 —|——3! 5 +....

-y =y () e

r=0

20@ The original manuscript alludes here to the unidentified Ref. 11.05.
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- = Fove ()

r=0
- n 2n —2s s nl 2n
- Y <n+8)< (1) (-1) (n)
en)t,
T oTar (=1)".
) A2 A4

2.14. RETARDED FIELDS

The possibility is considered, in the following pages, of introducing an
intrinsic constant time delay T (or an intrinsic space constant € = c1)
in the expressions for the electromagnetic retarded fields, generically de-
noted with f(x,y,z,t).

f = f(x,y,z,t).

r
(p(xvyvzat) = f <:c,y,z,t - E) = f(mvyazvt)’

T X T
gogﬁ(a:,y,z,t) = fglc (xvyaz’t_z)_gft/ (ﬂf,y,Z,t—E)
T
= f:/n(xvyuz)t)_Eft,(xuyazat%
" 7 T 2¢ T
()O:Jc(xvyvz7t) = fo (xﬂy?%t_g)_%fmt (‘7373/72775_;)
2 2 2
X " r r-—x , T
(e )T )
77 2x 77 .’L'2 -, <
= fmz(wayvzat)_Efxt(x7y7zat)+Wftt(wvyazat)
2 2
=X«
*Wft(l“,y,zat)-
r
Sog(xayazat) = ft/ (xayazat_z) :ft/(xvy7zat)7

" " r ———
gptt(xaya Z>t) = ft (x,y,z,t— E) = ftt(xvyazat)'
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1 02
O0=v? - 5.
v c2 Ot?
_ 2 _r _2 92
D(P(xay>zat> - V f(x7yazat C) C@T’at(x Y,z )

2 /
- €, 7Z7t )
rcft( Yy )

0 T r 1 r
or 0 = S h(ewant- )= ofi (mwat =)
8r@(ajvyaza ) - ’I"fx x,Y,z, c Cft x,Y,z, c

0 1
= &f(a"?y)zvt)_Eft,(xvyvzat))

82 82 7 N //7
= t).
a 8t (ZU y7z t) a 8t (.T y,Z t) ft (x7y7z7 )
op+ 2.2, — Vi 22y
LT G 2t et
— 1 ., 2
= Df_c_gft _Eft/'
2 2 02
O 2 =
of=v vt w T
Vr2 +e? ~
So(x,y,z,t):f<x,y,27t_f :f(x7y727t)'
/2 2
f(xayaz7t) = @(a:)ywzvt_,ri%))
C

f{lb(nyJZ7t) = c

P a:)ywzvt_i

c2

x , V242
+730t X yaz7t+7 )
cVr? + g2
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Cc

" " \/7"2+52
fx:r(xayazyt) = Yz <x7y725t+—

2x 7
+—
c /77‘2-#5290%

c2

( \/r2+52>
$7y727t+—

+7“2—|—52—x2 e sz
C(T2—|—62)3/2(pt y Y, 2, c

2

2(r2 + &2

N T, Yy, 2, t+
@tt( Y -

Vr? +€2>
- .

ftt(xvyvzat) = Pu (:U,y,z,t+

17 2 2
Ofy(z,y,2,t) = V2cp <x,y,z,t+ E)
c

82 "
)<Ptt z,y,t+

Ve 42
A(r2 4¢2 c

2r? +3¢2 < \/r2+52>

93;.%2'7754‘ -

c

e(Vr? + 52)3%

2r 0?2 N
+7—(p 1.7 y7 Z7t + - M
e\/r2 + g2 0rot c

g2 54 2r2 + 3¢2 . 2z 0
A1)’ 2P iEy 2 oror”

Of =V -

2.14.1 Time Delay

With the introduction of a time delay 7, which is a universal constant

(classically 7 = 0), by setting
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we get:

1 / 2
d :/—S <t 227_‘_5, x, Y, z> dxdydz,
Ve +e? c

and, fore — 0:

¢ = /15’<t—£,x,y,z)dxdydz

r

1 T
[R—— 2 — —_—
€ {/2T3S<t c,w, v, z) drdydz
1 . r
+/2T205(t—2,x, Y, z)dxdydz}—l—....

2.15. MAGNETIC CHARGES

A modification of the classical Mazxwell equations was considered in the
following pages, in order to include also the effect of magnetic charges.

1 [V-g(d
A(q) Z—E/#dq/-
1 . !
go — o V/V g(Q)dq,,
4 r
0

g = g-g.

r=lq —q|:
/ ¢'(z' — o) 6(y —yo) 6(2 — 20) dq
:/ 8 (' — xg) 4o’
Vo =92+ (20— 2)2 + (@' —x)?
=[5 —=x oo da’
/ ) [(yo — )2 + (20 — 2)2 + (' — 2)2*?
Tr — X _:L' — X
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o 3(x—x0)* — R?
g1 =

o _ 3= —0)(y — %)
=

R5 ) g R5 )
o 3(x—m0)(z—20)
gs = R5 )
3(x — x0)* — R? 3(z — x0)(y — vo)
1 3(x —x0)(z — 20)
93 R5
/ 1/ ! 1/
E:E + F 7 H:H + H
2 2
10FE' 10E"
AnT - =V x H A7T + — =V xH"
/+ ot ’ o S
10H’ 10H"
—47TZ'——8 =VxFE, 47TI——6 =V xE",
c Ot c Ot
V.-E' = 4mp, V -E" = 4mp,
V. -H' = 4rmp, V- -H" = —4mp
10(E —iH'
4wI(1—i)+—%:iVx(E’—iH’),
c

V- (E' —iH') =47p (1 — 1),

/Y & ¢/
ArT (141i) + %w =iV x(E"—-iH"),

YV (E" —iH") = 4rp (1 + 1),
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. 10(E'+iH')
4nT (1 +Z) + ET

=iV x(E' +iH'),
V(B +iH') = 47p (1 +1),

10(E" +iH")
A (1 —1 -
L (1—i)+ c ot

=—iVx(E"+iH"),
V- (E"+iH")=47p (1 —1),
For E' = —H", H' = E" we re-obtain the Maxwell equations:

_E+H H_-F

E ;
2 2

]

Appendix:
Potential experienced by an electric charge: a par-
ticular case

For a charge-1 particle:

v 1 1

dt 2@+ )@+ t)(+1) 2a? + )Vt

21@ The page ended with an attempt to generalize the above results to arbitrary linear com-
binations of the E and H fields (with space-time dependent coefficients), in the case of
Mazwell equations without sources:

E =oE+ 8H, H' = —BE + aH;
a=algt), B=p(g1);
LOE _ 10H

- =V XxH, ———=VXE,
c Ot c Ot

V-E=0, V- -H=0;

V.-E Va-E+V3- H,
V-H = -VB-E+Va- H.
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1 o0 dt
_E:V:/O 2(a?+t)\/(2+ 1)
- 2 _

&0 dz 1 T c
= /c 2= Voo <§ — arctan m)
1 Va2 —c?
= marcmn — Y
z = c2+t,
2 = P4t
dt = 2zdz,
t = 22— 02,
>+t = 22+ (a® - ).

c=a\1-p£2, o —c=d’p2

1 1
=V = — arctan B = — arcsin 3.
c af 1—r2 afB

B g ., 1 Tlarcsinf

~ aresing’ T ¢ a B

0C, 0C:\*  (9C, 9C.,\* (9C. 9C\’
0z  0C, ox oy oy 0z
aC, dC
_ 2 2 2 z by
= |VC2+ |V, + |V, %: By 9o
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