
2

QUANTUM ELECTRODYNAMICS

2.1. BASIC LAGRANGIAN AND
HAMILTONIAN FORMALISM FOR THE
ELECTROMAGNETIC FIELD

The author studied the dynamics of the electromagnetic field in a la-
grangian framework; the Lagrangian density L was deduced from a least
action principle and, following a canonical formalism, the Hamiltonian
density H was then obtained.

δ

∫
Ldsdt = 0,

1
c
ϕ̇ + ∇ ·A = 0,

L =
1
8π

{
− 1

c2
ϕ̇2 + |∇ ϕ|2 +

1
c2

(Ȧ2
x + Ȧ2

y + Ȧ2
z)

− |∇ Ax|2 − |∇ Ay|2 − |∇ Az|2
}

.

ϕ, P0 = − 1
4πc2

ϕ̇,

Ax, Px =
1

4πc2
Ȧx,

Ay, Py =
1

4πc2
Ȧy,

Az, Pz =
1

4πc2
Ȧz,

�ϕ = 0,

�A = 0.

57
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E = −∇ ϕ − 1
c
Ȧ.

H = ∇×A.

H = P0ϕ̇ + PxȦx + PyȦy + PzȦz − L

=
1
8π

{
− 1

c2
ϕ̇2 − |∇ ϕ|2 +

1
c2

(Ȧ2
x + Ȧ2

y + Ȧ2
z) + |∇ Ax|2

+ |∇ Ay|2 + |∇ Az|2
}

= 2πc2(−P 2
0 + P 2

x + P 2
y + P 2

z )

+
1
8π

(
−|∇ ϕ|2 + |∇ Ax|2 + |∇ Ay|2 + |∇ Az|2

)
,

4πcP0 = ∇ ·A,

1
c
ϕ̇ + ∇ ·A = 0,

∇2 ϕ +
1
c
∇ · Ȧ = 0.

∫
H ds =

1
8π

∫ {
−(∇ ·A)2 − |∇ ϕ|2 +

1
c2

(Ȧ2
x + Ȧ2

y + Ȧ2
z)

+ |∇ A2
x| + |∇ Ay|2 + |∇ Az|2

}
ds

=
1
8π

∫ {
−(∇ ·A)2 + ϕ∇2 ϕ +

1
c2

(Ȧ2
x + Ȧ2

y + Ȧ2
z)

− A · ∇2 A

}
ds.

E = −∇ ϕ − 1
c
Ȧ,

∫
E2ds =

∫ {
|∇ ϕ|2 +

2
c
(∇ ϕ) · Ȧ +

1
c2

(Ȧ2
x + Ȧ2

y + Ȧ2
z)
}

ds

=
∫ {

−ϕ∇2 ϕ − 2
c
ϕ∇ · Ȧ +

1
c2

(Ȧ2
x + Ȧ2

y + Ȧ2
z)
}

ds

=
∫ {

ϕ∇2 ϕ +
1
c2

(Ȧ2
x + Ȧ2

y + Ȧ2
z)
}

ds,
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H = ∇×A,∫
H2ds =

∫
|∇×A|2ds =

∫
A · ∇×∇×A ds

=
∫ {

A · ∇ (∇ ·A) − A · ∇2 A
}

ds

=
∫ {

−(∇ ·A)2 − A · ∇2 A
}

ds,

[1]

∫
H ds =

1
8π

∫
(E2 + H2) ds.

2.2. ANALOGY BETWEEN THE
ELECTROMAGNETIC FIELD AND THE
DIRAC FIELD

In the following pages, the author explored the possibility of describ-
ing the electromagnetic field in full analogy with what usually done for
a Dirac field. In a three-dimensional formalism, he then introduced a
wavefunction ψ in terms of the electric and magnetic fields E,H (and,
more specifically, in terms of quantities E ± iH), and its dynamics (for
free fields) was developed in close analogy with the Dirac procedure for
spin-1/2 fields. Commutation (rather than anticommutation) rules for
Dirac-like matrices were adopted, and energy eigenvalues and eigenvec-
tors were calculated.
For further details, see R. Mignani, M. Baldo and E. Recami, Lett.
Nuovo Cim. 11 (1974) 568; E. Giannetto, Atti del IX Congresso Nazio-
nale di Storia della Fisica, edited by F. Bevilacqua (Milan, 1988) 173;
S. Esposito, Found. Phys. 28 (1998) 231.

1@ In the original manuscript, the author pointed out that, from:

1

c
ϕ̇ + ∇ ·A = 0, �ϕ = 0,

it follows that:

∇2 ϕ +
1

c
∇ · Ȧ = 0.
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4πρ − ∇ ·E = 0, ∇ ·H = 0,

4πI +
1
c

∂E

∂t
= ∇×H, −1

c

∂H

∂t
= ∇×E.

ψ1 = E1 − iH1 = Ex − iHx,

ψ2 = E2 − iH2 = Ey − iHy,

ψ3 = E3 − iH3 = Ez − iHz.

∇ ·ψ = ∇ ·E − i∇ ·H = 4πρ. (1)

∇×ψ = ∇×E − i∇×H = −1
c

∂H

∂t
− 1

c

∂E

∂t
− 4πiI

= − i

c

(
∂E

∂t
− i

∂H

∂t

)
− 4πiI,

4πI +
1
c

∂ψ

∂t
= +i∇×ψ. (2)

——————–

The Maxwell equations are given by:

1
c

∂ψ

∂t
− i∇×ψ + 4πI = 0,

∇ ·ψ − 4πρ = 0.

1
c

∂ψ1

∂t
− i

∂ψ3

∂y
+ i

∂ψ2

∂z
+ 4πIx = 0,

1
c

∂ψ2

∂t
− i

∂ψ1

∂z
+ i

∂ψ3

∂x
+ 4πIy = 0,

1
c

∂ψ3

∂t
− i

∂ψ2

∂x
+ i

∂ψ1

∂y
+ 4πIz = 0,

∂ψ1

∂x
+

∂ψ2

∂y
+

∂ψ3

∂z
− 4πρ = 0.
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Without charge:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

W

c
ψ1 + ipyψ3 − ipzψ2 = 0,

W

c
ψ2 + ipzψ1 − ipxψ3 = 0,

W

c
ψ3 + ipxψ2 − ipyψ1 = 0,

pxψ1 + pyψ2 + pzψ3 = 0.

[2]
(

W

c
+ αxpx + αypy + αzpz

)
ψ = 0. (3)

αx =

∣∣∣∣∣∣
0 0 0
0 0 −i
0 +i 0

∣∣∣∣∣∣ , αy =

∣∣∣∣∣∣
0 0 +i
0 0 0
−i 0 0

∣∣∣∣∣∣ ,

αz =

∣∣∣∣∣∣
0 −i 0
+i 0 0
0 0 0

∣∣∣∣∣∣ , 1 =

∣∣∣∣∣∣
1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣ .

[3]

αxαy − αyαx = −iαz,

[αx, αz]− = +iαy,

[αy, αz]− = iαx.

βx = |1 0 0|, βy = |0 1 0|, βz = |0 0 1|.

(βxpx + βypy + βzpz) ψ = 0. (4)

Following the Dirac method, the eigenvalues of the Maxwell equation are
obtained from:

2@ The line before the fourth equation means that it is deduced from the previous three
equations.
3@ Note that the signs on the RHS of the following two equations were wrong: correctly, we
have αxαy − αyαx = iαz and [αx, αz ]− = −iαy.



62 E. MAJORANA: RESEARCH NOTES ON THEORETICAL PHYSICS

∣∣∣∣∣∣
W/c −ipz ipy

ipz W/c −ipx

−ipy ipx W/c

∣∣∣∣∣∣ = 0,

(
W

c

)3

− p2 W

c
= 0,

W

c
=

⎧⎨
⎩

p,
−p,

0,

p =
√

p2
x + p2

y + p2
z.

W/c ψ1 ψ2 ψ3

p p2
y + p2

z −pxpy − ippz −pxpz + ippy

−p p2
y + p2

z −pxpy + ippz −pxpz − ippy

0 px py pz

——————–

For t = 0:

ψ1 = a δ(x − x0)δ′(y − y0)δ′(r − r0),
ψ2 = b δ′(x − x0)δ(y − y0)δ′(z − z0),
ψ3 = −(a + b) δ′(x − x0)δ′(y − y0)δ(z − z0).

∂ψ1

∂x
+

∂ψ2

∂y
+

∂ψ3

∂z
= 0.

ψ1(x, y, z) =
∫

A(x0, y0, z0) δ(x − x0)δ′(y − y0)δ′(z − z0) dx0dy0dz0,

ψ2(x, y, z) =
∫

B(x0, y0, z0) δ′(x − x0)δ(y − y0)δ′(z − z0) dx0dy0dz0,

ψ3(x, y, z) =
∫
−(A + B) δ′(x − x0)δ′(y − y0)δ(z − z0) dx0dy0dz0.

ψ1 =
∂2A

∂y∂z
, ψ2 =

∂2B

∂z∂x
, ψ3 = −∂2(A + B)

∂x∂y
;
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∂ψ1

∂x
=

∂3A

∂x∂y∂z
,

∂ψ2

∂y
=

∂2B

∂x∂y∂z
,

∂ψ3

∂z
= −∂2(A + B)

∂x∂y∂z
.

——————–

∂′A

∂y∂z
= ψ1,

∂A

∂y
=
∫

ψ1dz + fy,

A = A0 + F1(x, y) + F2(x, z);
∂2B

∂z∂x
= ψ2,

B = B0 + F3(x, y) + F4(y, z).

ψ3 = −∂2(A + B)
∂x∂y

= −∂2(A0 + B0)
∂x∂y

+ F (x, y).

By substituting the expressions:

ψ1 =
∂2A

∂y∂z
, ψ2 =

∂2B

∂z∂x
, ψ3 =

∂2C

∂x∂y
,

into the Maxwell equations, we get:

1
c

∂3A

∂y∂z∂t
− i

∂3C

∂x∂2y
+ i

∂2B

∂x∂2z
= 0,

1
c

∂3B

∂z∂x∂t
− i

∂3A

∂y∂2z
+ i

∂3C

∂y∂2x
= 0,

1
c

∂3C

∂x∂y∂t
− i

∂3B

∂z∂2x
+ i

∂3A

∂z∂2y
= 0;

∂3(A + B + C)
∂x∂y∂z

= 0.

A + B + C = 0.

∂

∂y

(
1
c

∂2

∂z∂t
+ i

∂2

∂x∂y

)
A + i

∂

∂x

(
∂2

∂2y
+

∂2

∂2z

)
B = 0,

∂

∂x

(
1
c

∂2

∂z∂t
− i

∂2

∂x∂y

)
B − i

∂

∂y

(
∂2

∂2x
+

∂2

∂2z

)
A = 0,
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[
∂

∂y

(
1
c

∂2

∂x∂t
− i

∂2

∂y∂z

)
A − ∂

∂x

(
1
c

∂2

∂y∂t
+ i

∂2

∂x∂z

)
B = 0.

]

——————–

A = −a ei(γ1x+γ2y+γ3z),

B = −b ei(γ1x+γ2y+γ3z),

C = −c ei(γ1x+γ2y+γ3z);

ψ1 = a γ2γ3 ei(γ1x+γ2y+γ3z),

ψ2 = b γ3γ1 ei(γ1x+γ2y+γ3z),

ψ3 = c γ1γ2 ei(γ1x+γ2y+γ3z).

2.3. ELECTROMAGNETIC FIELD: PLANE
WAVE OPERATORS

Plane wave expansion of the electromagnetic field was considered in a
way similar to what is usually done for a Dirac or a Klein-Gordon field.
In the second part, the author again introduced a sort of photon wave
field Ψ, in close analogy to the Dirac field for a spin-1/2 particle and
in a full Lorentz-invariant formalism. The properties of this field are
deduced from general group-theoretic arguments.

ϕ, P0 = − 1
4πc2

ϕ̇, ϕ̇ = 4πc2P0;

Ax, Px =
1

4πc2
Ȧx, Ȧx = 4πc2Px;

Ay, Py =
1

4πc2
Ȧy, Ȧy = 4πc2Py;

Az, Pz = − 1
4πc2

Ȧz, Ȧz = 4πc2Pz;

P0, −ϕ, Ṗ0 = − 1
4π

∇2 ϕ;

Px, −Ax, Ṗx =
1
4π

∇2 Ax;

Py, −Ay, Ṗy =
1
4π

∇2 Ay;

Pz, −Az Ṗz =
1
4π

∇2 Az.
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[4]

U0(γ) =
∫

e−2πi(γ1x+γ2y+γ3z)ϕ(x, y, z) dxdy dz,

Ux(γ) =
∫

e−2πiγ ·qAx(q) dq.

Uy(γ) =
∫

e−2πiγ ·qAy(q) dq,

Uz(γ) =
∫

e−2πiγ ·qAz(q) dq.

∫
L(q) dq =

∫
M(γ) dγ,

[5]

M =
1
8π

{
− 1

c2
U̇0U̇0 + 4π2γ2U0U0 +

1
c2

(U̇xU̇x + U̇yU̇y + U̇zU̇z)

− 4π2γ2(UxUx + UyUy + U zUz)
}

.

U0, V0 = − 1
4πc2

U̇0,

Ux, Vx =
1

4πc2
U̇x,

Uy, Vy =
1

4πc2
U̇y,

Uz, Vz =
1

4πc2
U̇ z.

U = (Ux, Uy, Uz), V = (Vx, Vy, Vz),

U̇ = (U̇x, U̇y, U̇z), V̇ = (V̇x, V̇y, V̇z),

4@ In the original manuscript, the author considered in what follows the role of the operators
∇2 = L2 and L =

√
∇2. He denoted with q the vector (x, y, z).

5@ A bar over a quantity denotes complex conjugation.
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U0(γ) = U0(−γ),

U̇0(γ) = U̇0(−γ),

U(γ) = U(−γ),

U̇(γ) = U̇(−γ),

V (γ) = V (−γ),

V̇ (γ) = V̇ (−γ),

V 0(γ) = V0(−γ),

V̇ 0(γ) = V̇0(−γ).

1
c2

Ü0 + 4π2γ2U0 = 0,

1
c2

Ü + 4π2γ2U = 0,

1
c
U̇0 + 2πi(γ1Ux + γ2Uy + γ3Uz) = 0,

2πiγ2U0 +
1
c
(γ1U̇x + γ2U̇y + γ3U̇z) = 0.

[6]

ψ0(γ) =
∫

e−2πiγ ·q · 1
2c
√

h

(√
2πγc ϕ(q) +

i√
2πγc

ϕ̇(q)
)

dq,

ψx(γ) =
∫

e−2πi(γ ·q · 1
2c
√

h

(√
2πγc Ax(q) +

i√
2πγc

Ȧx(q)
)

dq,

ψy(γ) =
∫

e−2πiγ ·q · 1
2c
√

h

(√
2πγc Ay(q) +

i√
2πγc

Ȧy(q)
)

dq,

ψz(γ) =
∫

e−2πiγ ·q · 1
2c
√

h

(√
2πγc Az(q) +

i√
2πγc

Ȧz(q)
)

dq.

ϕ(q) = c
√

h

∫
1√

2πγc
[ψ0(γ) + ψ0(−γ)] e2πiγ ·qdγ,

ϕ̇(q) =
c
√

h

i

∫ √
2πγc [ψ0(γ) − ψ0(−γ)] e2πiγ ·qdγ,

6@ Probably, the author proceeded in analogy with the Dirac field .
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Ax(q) = c
√

h

∫
1√

2πγc
[ψx(γ) + ψx(−γ)] e2πiγ ·qdγ,

. . . ,

Ȧx(q) =
c
√

h

i

∫ √
2πγc [ψx(γ) − ψx(−γ)] e2πiγ ·qdγ,

. . . ,

[7]

�ϕ =
1
c2

ϕ̈ − ∇2 ϕ

=

√
h

c i

∫ √
2πγc

{
ψ̇0(γ) − ψ̇0(−γ)

+ 2πγc i ψ0(γ) + 2πγc i ψ0(−γ)
}

e2πiγ ·qdγ.

ψ0(γ) = −2πγc i ψ0(γ), ψ̇0(γ) = 2πγc i ψ0(γ),

ψ̇(γ) = −2πγc i ψx(γ), ψ̇x(γ) = 2πγc i ψx(γ),
. . . .

1
8π

∫ {
− 1

c2
ϕ̇2 − |∇ ϕ|2 +

1
c2

(Ȧ2
x + Ȧ2

y + Ȧ2
z)

+ |∇ Ax|2 + |∇ Ay|2 + |∇ Az|2
}

dq

=
∫

hγc

{
−ψ0(γ)ψ0(γ) + ψ0(γ)ψ0(γ)

2
+

ψx(γ)ψx(γ) + ψx(γ)ψx(γ)
2

+
ψy(γ)ψy(γ) + ψy(γ)ψy(γ)

2
+

ψz(γ)ψz(γ) + ψz(γ)ψz(γ)
2

}
dγ,

W =
∫

hγc
{
−ψ0(γ)ψ0(γ) + ψx(γ)ψx(γ)

+ ψy(γ)ψy(γ) + ψz(γ)ψz(γ)
}

dγ.

7@ In the original manuscript, the author also cited the following (seeming) identity, whose
meaning in this general framework is not clear:

0 = ϕ̇(q) − ϕ̇(q)

= c
√

h

Z

1
√

2πγc

n

ψ̇0(γ) + ψ̇0(−γ) + 2πγc i ψ0(q) − 2πγc i ψ0(−γ)
o

e2πiγ·qdγ.
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ψ0(γ)ψ0(γ′) − ψ0(γ′)ψ0(γ) = −δ(γ − γ′),

ψx(γ)ψx(γ′) − ψx(γ′)ψx(γ) = +δ(γ − γ′),

. . . .

∇2 ϕ +
1
c
∇ · Ȧ =

= c
√

h

∫
2π

√
2πγ

c

{
−γ[ψ0(γ) + ψ0(−γ)] + γx[ψx(γ) − ψx(−γ)]

+ γy[ψy(γ) − ψy(−γ)] + γz[ψz(γ) − ψz(−γ)]
}

e2πiγ ·qdγ,

1
c
ϕ̇ + ∇ ·A

=
ch√

i

∫ √
2π

γc

{
γ[ψ0(γ) − ψ0(−γ)] − γx[ψx(γ) − ψx(−γ)]

− γy[ψy(γ) − ψy(−γ)] − γz[ψz(γ) − ψz(−γ)]
}

e2πiγ ·qdγ,

γψ0 − γxψx − γyψy − γzψz = 0,

γψ0 − γxψx − γyψy − γzψz = 0,

ψ0 = ψ0(γ), ψx = ψx(γ), . . ., ψ0 = ψ0(γ), ψx = ψx(γ), . . ..

2.3.1 Dirac Formalism

Ψ = (ψ0, ψx, ψy, ψz),

H = − h

2πi

∂

∂t
, px =

h

2πi

∂

∂x
, pz =

h

2πi

∂

∂y
, pz =

h

2πi

∂

∂z
;

Sx =

∣∣∣∣∣∣∣∣

0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0

∣∣∣∣∣∣∣∣
, Sy =

∣∣∣∣∣∣∣∣

0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

∣∣∣∣∣∣∣∣
,

Sz =

∣∣∣∣∣∣∣∣

0 0 0 0
0 0 −1 0
0 1 0 0
0 0 1 0

∣∣∣∣∣∣∣∣
;
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Tx =

∣∣∣∣∣∣∣∣

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

∣∣∣∣∣∣∣∣
, Ty =

∣∣∣∣∣∣∣∣

0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

∣∣∣∣∣∣∣∣
,

Tz =

∣∣∣∣∣∣∣∣

0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

∣∣∣∣∣∣∣∣
.

1) Ψ′ = HΨ = hγcΨ

2) Ψ′ = pxΨ = hγxΨ

3) Ψ′ = pyΨ = hγyΨ

4) Ψ′ = pzΨ = hγzΨ

5) Ψ′ = SxΨ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−γy

∂

∂γz
+ γz

∂

∂γy
+

∣∣∣∣∣∣∣∣∣∣

0 0 0 0

0 0 0 0

0 0 0 −1

0 0 1 0

∣∣∣∣∣∣∣∣∣∣

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

Ψ

6) Ψ′ = SyΨ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−γz

∂

∂γz
+ γx

∂

∂γz
+

∣∣∣∣∣∣∣∣∣∣

0 0 0 0

0 0 0 1

0 0 0 0

0 −1 0 0

∣∣∣∣∣∣∣∣∣∣

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

Ψ

7) Ψ′ = SzΨ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−γx

∂

∂γy
+ γy

∂

∂γx
+

∣∣∣∣∣∣∣∣∣∣

0 0 0 0

0 0 −1 0

0 1 0 0

0 0 0 0

∣∣∣∣∣∣∣∣∣∣

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

Ψ

8) Ψ′ = TxΨ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−γ

∂

∂γx
− γx

2γ
+

∣∣∣∣∣∣∣∣∣∣

0 0 0 0

1 −γx/γ 0 0

0 −γy/γ 0 0

0 −γz/γ 0 0

∣∣∣∣∣∣∣∣∣∣
− 2πi ct γx

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

Ψ
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9) Ψ′ = TyΨ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−γ

∂

∂γy
− γy

2γ
+

∣∣∣∣∣∣∣∣∣∣

0 0 0 0

0 0 −γx/γ 0

1 0 −γy/γ 0

0 0 −γz/γ 0

∣∣∣∣∣∣∣∣∣∣
− 2πi ct γy

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

Ψ

10) Ψ′ = TzΨ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−γ

∂

∂γz
− γz

2γ
+

∣∣∣∣∣∣∣∣∣∣

0 0 0 0

0 0 0 −γx/γ

0 0 0 −γy/γ

1 0 0 −γz/γ

∣∣∣∣∣∣∣∣∣∣
− 2πi ct γz

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

Ψ

ψ0 = 0,
Ψ = (ψx, ψy, ψz).

γ = (γx, γy, γz), γ =
√

γ2
x + γ2

y + γ2
z .

(γ′, γ′
x, γ′

y, γ′
z) = C(γ, γx, γy, γz),

C = ‖cik‖ (i, k = 0, 1, 2, 3)

c2
00 −

3∑
i=1

c2
0i = 1,

c00 ci0 −
3∑

k=1

c0k cik = 0, (i = 1, 2, 3),

ci0 ck0 −
3∑

k=10

cik cki = −∂ik, (i, k = 1, 2, 3).

Ψ′(γ′) = e−2πic(γ′−γ)t

√
γ

γ′ D Ψ(γ),

D = ‖dik‖ (i, k = 1, 2, 3)

d11 = c11 −
γ′

x

γ′ c01, d21 = c21 −
γ′

y

γ′ c01, d31 = c31 −
γ′

z

γ′ c01,

d12 = c12 −
γ′

x

γ′ c02, d22 = c22 −
γ′

y

γ′ c02, d32 = c32 −
γ′

z

γ′ c02,

d13 = c13 −
γ′

x

γ′ c03, d23 = c23 −
γ′

y

γ′ c03, d33 = c33 −
γ′

z

γ′ c03.
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γ′
xΨ′

x + γ′
yΨ

′
y + γ′

zΨ
′
z =

√
γ

γ′ e−2πc(γ′−γ)t (γxΨx + γyΨy + γzΨz).

Sx = −γy
∂

∂γz
+ γz

∂

∂γy
+

∣∣∣∣∣∣
0 0 0
0 0 −1
0 1 0

∣∣∣∣∣∣ ,

Sy = −γz
∂

∂γx
+ γx

∂

∂γz
+

∣∣∣∣∣∣
0 0 1
0 0 0

−1 0 0

∣∣∣∣∣∣ ,

Sz = −γx
∂

∂γy
+ γy

∂

∂γx
+

∣∣∣∣∣∣
0 −1 0
1 0 0
0 0 0

∣∣∣∣∣∣ ,

Tx = −γ
∂

∂γx
− γx

2γ
− 2πi c γxt −

∣∣∣∣∣∣∣

γx/γ 0 0

γy/γ 0 0

γz/γ 0 0

∣∣∣∣∣∣∣
,

Ty = −γ
∂

∂γy
− γy

2γ
− 2πi c γyt −

∣∣∣∣∣∣∣

0 γx/γ 0

0 γy/γ 0

0 γy/γ 0

∣∣∣∣∣∣∣
,

Tz = −γ
∂

∂γz
− γz

2γ
− 2πi cγzt −

∣∣∣∣∣∣∣

0 0 γx/γ

0 0 γy/γ

0 0 γz/γ

∣∣∣∣∣∣∣
,

γxψx + γyψy + γzψz = 0.

2.4. QUANTIZATION OF THE
ELECTROMAGNETIC FIELD

In what follows,8 the author considered the quantization of the electro-
magnetic field inside a box, obtaining the usual equations in terms of

8@ In the original manuscript, the title of this section is “Dispersion”.
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oscillators. Particular care was devoted to distinguish the role of the
right-handed polarized states from that of the left-handed ones.

∇ ·E = ∇ ·C = 0.

dS = dxdy dz:

1
8π

∫ (
E2 − H2

)
dS dt = minimum,

ϕ = 0.

E = −1
c

∂C

∂t
, H = ∇×C;

δE = −1
c

∂

∂t
δC, δH = ∇× δC.

1
c

∂H

∂t
+ ∇×E = 0,

1
c

∂E

∂t
= ∇×H = ∇×∇×C = ∇ (∇ ·C) − ∇2 C

= −∇2 C.

Conjugate variables:

Cx, Cy, Cz;

− 1
4πc

Ex, − 1
4πc

Ey, − 1
4πc

Ez.

H =
1
8π

∫
(E2 + H2) dS.

Let us consider the electromagnetic field confined inside a cube with side
k, its volume being S = k3:

γ1 =
n1

k
, γ2 =

n2

k
, γ3 =

n3

k
.

dN = 2k3 dγ1 dγ2 dγ3.

v = cγ.



QUANTUM ELECTRODYNAMICS 73

γ =
√

γ2
1 + γ2

2 + γ2
3 =

v

c
.

A1
s = k1 cos 2π(γ1x + γ2y + γ3z) + k2 sin 2π(γ1x + γ2y + γ3z),

A2
s = −k1 sin 2π(γ1x + γ2y + γ3z) + k2 cos 2π(γ1x + γ2y + γ3z),

A3
s = k1 cos 2π(γ1x + γ2y + γ3z) − k2 sin 2π(γ1x + γ2y + γ3z),

A4
s = k1 sin 2π(γ1x + γ2y + γ3z) + k2 cos 2π(γ1x + γ2y + γ3z);

A1
s and A2

s correspond to right-handed, circularly polarized waves, while
A3

s and A4
s correspond to the left-handed ones.

The direction of s = (v1, v2, v3) is defined by the right-handed direction
of k1, k2. Note that γ1, γ2, γ3 are given apart from a simultaneous change
of sign!

s −→ −s,
k1, k2 −→ k2, k1.

A1
−s = A2

s,

A2
−s = A1

s,

A3
−s = A4

s,

A4
−s = A3

s.

|k1| = 1, |k2| = 1; S = k3.

C =
∑

ai
sA

i
s,

E =
∑

bi
sA

i
s.

Notice that, in these sums, the terms corresponding to s and those cor-
responding to −s give the same contribution: s ≡ −s. The terms with s
and −s are counted only once; the sign of s is defined by the right-handed
rotation of k1,k2 !
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ai
sb

i
s − bi

sa
i
s =

2hc

iS
.

bi
s = −1

c
ȧi

s, ai
s =

1
4πγ2c

ḃi
s.

äi
s + 4π2γ2c2ai

s = 0, b̈i
s + 4π2γ2c2bi

s = 0,

γ2c2 = ν2.

ȧi
s = −cbi

s,

ḃi
s = 4π2γ2c ai

s.

H =
∑
s,i

4π2γ2ai2
s + bi2

s

8π
S.

ȧi
s = −4πc

S

∂H

∂bi
s

, bi
s =

4πc

S

∂H

∂ai
s

.

pi
s =

√
νSπ

hc
ai

s, qi
s =

√
S

4πνhc
bi
s,

ai
s =

√
hc

νSπ
pi

s, bi
s =

√
4πνhc

S
qi
s.

H =
∑
ν,i

1
2
(pi2

s + qi2
s )hν.

pi
sq

i
s − qi

sp
i
s =

1
i
, ai

sb
i
s − bi

sa
i
s =

2hc

iS
.

ṗi
s = −2πνqi

s = −2π

h

∂H

∂qi
s

, q̇i
s = 2πνpi

s =
2π

h

∂H

∂pi
s

.
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s → pR
s =

p′s − q2
s√

2
, qR

s =
q′s + p′s√

2
, pR

s qR
s − qR

s pR
s =

1
i
;

−s → PR
−s =

p2
s − q′s√

2
, qR

−s =
q2
s + p′s√

2
, pR

−sq
R
−s − qR

−sp
R
−s =

1
i
;

s → pL
s =

p4
s − q3

s√
2

, qL
s =

q4
s + p3

s√
2

, pL
s qL

s − qL
s pL

s =
1
i
;

−s → pL
−s =

p3
s − q4

s√
2

, qL
−s =

q3
s + p4

s√
2

, pL
−sq

L
−s − qL

−sp
L
−s =

1
i
.

From now on, the terms with s are distinct from those with −s !

pR
s qR

s − qR
s pR

s =
1
i
, pL

s qL
s − qL

s pL
s =

1
i
.

as =
pR

s − iqR
s√

2
bs =

pL
s − iqL

s√
2

a�
s =

pR
s + iqR

s√
2

b�
s =

pL
s + iqL

s√
2

asa
�
s − a�

sas = 1 bsb
�
s − b�

sbs = 1

a�
sas =

1
2
(pD 2

s + qD 2
s ) − 1

2
b�
sbs =

1
2
(pS 2

s + qS 2
s ) − 1

2

a�
sas = ns, (ns = 0, 1, 2, . . .) b�

sbs = n′
s

as(ns, ns + 1) =
√

ns + 1 bs(n′
s, n

′
s + 1) =

√
n′

s + 1

a�
s(ns, ns − 1) =

√
ns bs(n′

s, n
′
s−1) =

√
n′

s

pR
s =

as + a�
s√

2
, pL

s =
bs + b�

s√
2

;

qR
s = i

as − a�
s√

2
, qL

s = i
bs + b�

s√
2

.
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W =
1
2

∑
s,i

1
2
hνs(pi 2

s + qi 2
s )

=
∑

s

1
2
hνs(pD 2

s + qD 2
s ) +

∑
s

1
2
hνs(pS 2

s + qS 2
s )

=
∑

s

hνs(ns + n′
s) (+ an infinite constant).

p1
s =

pR
s + qR

−s√
2

, q1
s =

qR
s − pR

−s√
2

,

p2
s =

pR
−s + qR

s√
2

, q2
s =

qR
−s − pR

s√
2

,

p3
s =

pL
−s + qL

s√
2

, q3
s =

qL
−s − pL

s√
2

,

p4
s =

pL
−s + qL

−s√
2

, q4
s =

qL
s − pL

−s√
2

(in the LHS s and −s are gathered together, while on the RHS they are
kept distinct).

p1
s =

1
2
[as + ia−s + a�

s − ia�
−s], q1

s =
1
2
[ias − a−s − ia�

s − a�
−s],

p2
s =

1
2
[a−s + ias + a�

−s − ia�
s], q2

s =
1
2
[ias − as − ia�

s − a�
s],

p3
s =

1
2
[b−s + ibs + b�

−s − ib�
s], q3

s =
1
2
[ib−s − bs − ib�

−s − b�
s],

p4
s =

1
2
[bs + ib−s + b�

s − ib�
s], q4

s =
1
2
[ibs − b−s − ib�

s − b�
−s].

ȧs = . . . , ḃs = . . . , ȧ∗s = . . . , ḃ∗s = . . . .

In what follows, the orthogonal functions Ai
s are defined for all the values

of s (see page 73); the indices of k1, k2 are given in such a way that the
vectors k1, k2, s form a right-handed trihedron. The vectors k1 and k2

transform one into the other by changing s into −s. Each function Ai
s

is counted twice, due to the relations:

A1
s = A2

−s, A2
s = A1

−s, A3
s = A4

−s, A4
s = A3

−s.
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C =
c

2

√
h

πS

∑
s

1
√

νs
[(as + a�

s)A
1
s + i(as − a�

s)A
2
s

+ i(bs − b�
s)A

3
s + (bs + b�

s)A
4
s],

E =

√
πh

S

∑
s

√
νs [i(as − a�

s)A
1
s − (as + a�

s)A
2
s

− (bs + b�
s)A

3
s + i(bs − b�

s)A
4
s].

as(ns, ns+1) =
√

ns + 1, bs(n′
s, n

′
s+1) =

√
n′

s + 1,

a�
s(ns, ns−1) =

√
ns, bs(n′

s, n
′
s−1) =

√
n′

s,
asa

�
s − a�

sas = 1, bsb
�
s − b�

sbs = 1,
a�

sas = ns, b�
sbs = n′

s.

W =
1
4

∑
s

hνs[� a2
s+ � a∗2s + asa

∗
s + a∗sas−� a2

s−� a∗2s + asa
∗
s + a∗sas

−� b2
s−� b∗2s + bsb

∗
s + b∗sbs+ � b2

s+ � b∗2s + bsb
∗
s + b∗sbs]

=
∑

s

hνs(ns + n′
s+1) =

∑
s

hνs(ns + Ns) + an infinite constant,

with:

ns = a∗sas,

Ns = b∗sbs.

By absorbing the infinite constant into W , we have:

WR =
∑

s

hνs(ns + Ns).

We have used Ns instead of n′
s: ns corresponds to right-handed polarized

waves, while Ns to the left-handed ones.
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2.5. CONTINUATION I: ANGULAR
MOMENTUM

The author continued9 to study the quantization of the electromagnetic
field, obtaining explicit expressions for the matrix elements of the cre-
ation and the annihilation operators (in the number operator representa-
tion) and for the angular momentum of the field. Transformation prop-
erties of the n-photon states ψ were quickly outlined at the end of this
Section.

C =
∑

k

√
2hc

k
pkfk,

E =
∑

k

√
2hck qkfk.

q̇k = kc pk, ṗk = −kc qk.

1
c

∂C

∂t
=

∑
k

√
2h

ck
ṗkfk = −E = −

∑
k

√
2hck qkfk,

1
c

∂E

∂t
=

∑
k

√
2hk

c
q̇kfk = −∇2 C =

∑
k

k
√

2hck pkfk.

q̇k =
2π

h

∂W

∂pk
,

ṗk = −2π

h

∂W

∂qk
.

W =
∑

hνk
1
2
(p2

k + q2
k) =

∑
k

h

2π
ck

1
2
(p2

k + q2
k).

9@ In the original manuscript, the title of this section is “Irradiation”.
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q̇k = −2πi

h
(qkW − Wqk),

ṗk = −2πi

h
(pkW − Wqk);

i(qkW − Wqk) =
∂W

∂pk
,

−i(pkW − Wpk) =
∂W

∂qk
;

−i(qkpk − pkqk) = 1,

+i(pkqk − qkpk) = 1.

pkqk − qkpk =
1
i
.

W =
∑

k

hνk

(
nk +

1
2

)
=
∑

hνk
p2

k + q2
k

2
.

1
2
(p2

k + q2
k) =

pk + iqk√
2

pk − iqk√
2

+
1
2
,

ak =
pk − iqk√

2
, a∗k =

pk + iqk√
2

.

aka
∗
k − a∗kak =

i

2
(pkqk − qkpk + pkqk − qkpk) = 1.

a∗kak = nk,
aka

∗
k = nk + 1.

ak =
pk − iqk√

i
, pk =

ak + a∗k√
2

,

a∗k =
pk + iqk√

i
, qk =

a∗k − ak

i
√

2
.
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ak =

∣∣∣∣∣∣∣∣∣∣∣∣

0 1 0 0 0 0 . . .

0 0
√

2 0 0 0 . . .

0 0 0
√

3 0 0 . . .

0 0 0 0
√

4 0 . . .

0 0 0 0 0
√

5 . . .
. . . . . . . . . . . . . . . . . . . . .

∣∣∣∣∣∣∣∣∣∣∣∣
,

a∗k =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 0 0 0 . . .
1 0 0 0 0 0 . . .

0
√

2 0 0 0 0 . . .

0 0
√

3 0 0 0 . . .

0 0 0
√

4 0 0 . . .

0 0 0 0
√

5 0 . . .
. . . . . . . . . . . . . . . . . . . . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

;

a∗kak =

∣∣∣∣∣∣∣∣∣∣

0 0 0 0 . . .
0 1 0 0 . . .
0 0 2 0 . . .
0 0 0 3 . . .

. . . . . . . . . . . . . . .

∣∣∣∣∣∣∣∣∣∣
,

aka
∗
k =

∣∣∣∣∣∣∣∣∣∣

1 0 0 0 . . .
0 2 0 0 . . .
0 0 3 0 . . .
0 0 0 4 . . .

. . . . . . . . . . . . . . .

∣∣∣∣∣∣∣∣∣∣
;

pk =

∣∣∣∣∣∣∣∣

0 1/
√

2 0 . . .

1/
√

2 0 1 . . .
0 1 0 . . .

. . . . . . . . . . . .

∣∣∣∣∣∣∣∣
,

qk =

∣∣∣∣∣∣∣∣

0 i/
√

2 0 . . .

−i/
√

2 0 −i . . .
0 i 0 . . .

. . . . . . . . . . . .

∣∣∣∣∣∣∣∣
.

C ′ = C + ε S C, E′ = E + ε S E.

p′r = pr + ε
∑

s

Srsps, q′r = qr + ε
∑

s

Srsqs.

Srs = −Ssr.
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ψ = ψ(n1, n2, . . .),

ψ′ = ψ +
T

i
εψ;

q′ = q +
ε

i
(qT − Tq),

p′ = p +
ε

i
(pT − Tp).

prT − Tpr = i
∑

Srsps,

qrT − Tqr = i
∑

Srsqs.

T =
∑
rs

Srs prqs.

T is the angular momentum in units h/2π.

T =
∑

Srsprqs =
∑
r<s

Srs(prqs − psqr).

prqs − psqr =
1
2i

(a∗ra
∗
s − aras − a∗ras + ara

∗
s

− a∗sa
∗
r − asar + a∗sar − asa

∗
r)

=
1
i
(ara

∗
s − asa

∗
r).

T =
∑
r<s

1
i
(ara

∗
s − asa

∗
r)Srs.

For n photons:

ψ = ψ(n1, n2, . . .) δ
(∑

ni − n
)

.

For n = 1, ψ = ψ(n1, n2, . . .) and all ni but one vanish, and the non-zero
number is equal to 1:

ψ(1, 0, 0, 0, 0, . . .) = c1,

ψ(0, 1, 0, 0, 0, . . .) = c2,

ψ(0, 0, 1, 0, 0, . . .) = c3,

. . . .
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ψ = (c1, c2, c3, . . .).

ψ′ = Tψ.

∑
r<s

Srs(ara
∗
s − asa

∗
r) =

∑
r,s

Srsara
∗
s,

1
i

∑
rs

Srsara
∗
sψ = (c′1, c

′
2, . . .).

c′s =
1
i

∑
Srscr = i

∑
Ssrcr.

c′r = i
∑

Srscs.

2.6. CONTINUATION II: INCLUDING THE
MATTER FIELDS

What had been studied in the Sect. 2.4 was tentatively generalized here
to the case of an electromagnetic field interacting with a charged Dirac
field ψ. As above, the scalar potential is assumed to be zero, ϕ = 0, and
again the box volume is S = k3.

Dirac equations:
[
W

c
+ ρ3 σ ·

(
p +

e

c
C
)

+ ρ1mc

]
ψ = 0.

p = (px, py, pz). For plane waves, px, py, pz are constant.

ψr
p = (ψ1, ψ2, ψ3, ψ4) = e(2πi/h)(pxx+pyy+pzz)(ε1, ε2, ε3, ε4),

W

c
=

⎧⎨
⎩

+
√

m2c2 + p2, for r = 1, 2,

−
√

m2c2 + p2, for r = 3, 4.
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The spinor factors are given in the following table:

ε1

√
2S

(
1 + W

c
pz

m2c2
+ p2

m2c2

)
ε2

√
2S

(
. . .

)
ε3

√
2S

(
. . .

)
ε4

√
2S

(
. . .

)

1 0 −W/c+pz

mc −px+ipy

mc

px−ipy

mc −W/c+pz

mc 0 1

1 0 −W/c+pz

mc −px+ipy

mc

px−ipy

mc −W/c+pz

mc 0 1

px = g1
h

k
, py = g2

h

k
, pz = g3

h

k
;

g1, g2, g3 = 0,±1,±2,±3, . . . .

H = −cρ3 σ · p − ρ1 mc2 +
∑

s

hνs(ns + Ns) − eρ3 σ · C

= H0 − eρ3 σ · C = H0 + H1.

H1 = −eρ3 σ ·C. Quantities ns, Ns are the numbers of the right-handed
and left-handed polarized waves, respectively.
〈
p, r, ni,Ni|H0|p′, r′, n′

i,N ′
i

〉
= δ(p − p′) δ(r − ri) δ(n − n′) δ(N −N ′)

×W p,r
electr. +

∑
s

hνs(ns + Ns).

——————–

Expression for ρ3σ on the states ψ1
p, ψ

2
p, ψ

3
p, ψ

4
p:

ρ3σx =

∣∣∣∣∣∣∣∣

0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

∣∣∣∣∣∣∣∣
, ρ3σy =

∣∣∣∣∣∣∣∣

0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0

∣∣∣∣∣∣∣∣
,
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ρ3σz =

∣∣∣∣∣∣∣∣

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

∣∣∣∣∣∣∣∣
.

ψ1
p = (1, 0, 0, 0) e(2πi/h)(pxx+pyy+pzz),

ψ2
p = (0, 1, 0, 0) e(2πi/h)(pxx+pyy+pzz),

ψ3
p = (0, 0, 1, 0) e(2πi/h)(pxx+pyy+pzz),

ψ4
p = (0, 0, 0, 1) e(2πi/h)(pxx+pyy+pzr).

2.7. QUANTUM DYNAMICS OF
ELECTRONS INTERACTING WITH AN
ELECTROMAGNETIC FIELD

The dynamics of a system composed of interacting electrons and pho-
tons is considered in the realm of Quantum Field Theory (Klein-Gordon
theory). The electrons are described by a field ψ (or P , deduced from
ψ), while the electromagnetic field is described in terms of the potential
(ϕ,C). An expression for the quantized Hamiltonian is given, along with
the commutation rules for creation/annihilation operators.
For a charge −e we have:

[(
− h

2πic

∂

∂t
+

e

c
ϕ

)2

−
∑

x

(
h

2πi

∂

∂x
+

e

c
Cx

)2

− m2c2

]
ψ = 0.

P =
h2

8π2c2m

(
∂

∂t
+

2πi

h
eϕ

)
ψ,

P =
h2

8π2c2m

(
∂

∂t
− 2πi

h
eϕ

)
ψ.

[
1
c2

(
∂

∂t
− 2πi

h
eϕ

)2

−
∑

x

(
∂

∂x
+

2πi

hc
eCx

)2

+
4π2

h2
m2c2

]
ψ = 0,

[
1
c2

(
∂

∂t
+

2πi

h
eϕ

)2

−
∑

x

(
∂

∂x
− 2πi

hc
eCx

)2

+
4π2

h2
m2c2

]
ψ = 0.

∇2 Cx − ∂

∂x
∇ ·C =

∂Cx

∂y2
+

∂2Cx

∂r2
− ∂2Cy

∂x∂y
− ∂2Cz

∂x∂z
.



QUANTUM ELECTRODYNAMICS 85
[

h2

8π2mc2

(
∂

∂t
− 2πi

h
eϕ

)2

− h2

8π2m

∑
x

(
∂

∂x
+

2πi

hc
eCx

)2

+
1
2
mc2

]
ψ = 0,

(1)

[
h2

8π2mc2

(
∂

∂t
+

2πi

h
eϕ

)2

− h2

8π2m

∑
x

(
∂

∂x
− 2πi

hc
eCx

)2

+
1
2
mc2

]
ψ = 0.

(2)

(
∂

∂t
− 2πi

h
eϕ

)
P = −1

2
mc2ψ +

h2

8π2m

∑
x

(
∂

∂x
+

2πi

hc
eCx

)2

ψ, (3)

(
∂

∂t
+

2πi

h
eϕ

)
P = −1

2
mc2ψ +

h2

8π2m

∑
x

(
∂

∂x
− 2πi

hc
eCx

)
ψ, (4)

(
∂

∂t
+

2πi

h
eϕ

)
ψ =

8π2mc2

h2
P, (5)

(
∂

∂t
− 2πi

h
eϕ

)
ψ =

8π2mc2

h2
P . (6)

ρ =
he

4πimc2

[
ψ

(
∂

∂t
− 2πi

hc
eϕ

)
ψ − ψ

(
∂

∂t
+

2πi

hc
eϕ

)
ψ

]
,

ix = − he

4πimc

[
ψ

(
∂

∂x
+

2πi

hc
eϕ

)
ψ − ψ

(
∂

∂x
− 2πi

hc
dx

)
ψ

]
,

. . . .

——————–

dτ = dV dt.

[10]

10@ Notice that, more appropriately, one should write d4τ = d3V dt, since dτ denotes the
4-dimensional volume element, while drmV is the 3-dimensional space volume element.
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δ

∫ {
h2

8π2m

[
1
c2

(
∂

∂t
+

2πi

h
eϕ

)
ψ

(
∂

∂t
− 2πi

h
eϕ

)
ψ

−
∑

x

(
∂

∂x
− 2πix

hc
eCx

)
ψ ·

(
∂

∂x
+

2πi

hc
eCx

)
ψ

]

− 1
2
mc2ψψ +

1
8π

(∣∣∣∣1c
∂C

∂t
+ ∇ ϕ

∣∣∣∣
2

− |∇×C|2
)}

dτ = 0.

(7)

From this, the variation with respect to ψ or ψ gives Eq. (1) or (2),
respectively. The variation with respect to ϕ yields:

− 1
4π

∑
x

∂

∂x

(
∂ϕ

∂x
+

1
c

∂C

∂t

)

− he

4πimc2

[
ψ

(
∂

∂t
− 2πi

h
eϕ

)
ψ − ψ

(
∂

∂t
+

2πi

h
eϕ

)
ψ

]
= 0,

1
4π

∇ ·E − ρ = 0. (8)

The variation with respect to Cx instead gives:

− 1
4πc

∂

∂t

(
∂ϕ

∂x
+

1
c

∂Cx

∂t

)
− 1

4π

[
∂

∂y

(
∂Cy

∂x
− ∂Cx

∂y

)

− ∂

∂z

(
∂Cx

∂z
− ∂Cz

∂x

)]
− he

4πimc

[
ψ

(
∂

∂x
+

2πi

hc
eCx

)
ψ

−ψ

(
∂

∂x
− 2πi

hc
eCx

)
ψ

]
= 0,

1
4πc

∂Ex

∂t
− 1

4π

(
∂Hz

∂y
− ∂Hy

∂r

)
+ ix = 0, (9)

and similarly for the other components.

A =
1
8π

∑
x

(
1
c

∂Cx

∂t
+

∂ϕ

∂x

)2

=
1
8π

1
c2

∑
x

(
∂Cx

∂t

)2

+
1
8π

(
∂ϕ

∂x

)2

+
1

4πc

∑
x

∂Cx

∂t

∂ϕ

∂x
,

B =
1

4πc2

∑
x

(
∂Cx

∂t

)2

+
1

4πc

∑
x

∂Cx

∂t

∂ϕ

∂x
,
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B − A =
1

8πc2

∑
x

(
∂Cx

∂t

)2

− 1
8π

∑
x

(
∂ϕ

∂x

)2

.

——————–

Without matter fields, the conjugate Hamiltonian variables are:

Cx, − 1
4πc

Ex;

Cy, − 1
4πc

Ey;

Cz, − 1
4πc

Ez;

ϕ, 0

[11]

H =
1
8π

|∇×C|2 +
1
8π

E2 +
1
4π

∑
x

∂ϕ

∂x
Ex,

Ėx = c

(
∂Hz

∂y
− ∂Hy

∂z

)
,

Ċx = −cEx − c
∂ϕ

∂x
, Ex = −∂ϕ

∂x
− 1

c

∂Cx

∂t
,

ϕ̇ = . . .

0̇ = 0 = − 1
4π

∇ ·E.

In the following we consider a particle with charge −e and assume ϕ = 0.

δ

∫
Ldτ = 0, with dτ = dV dt.

δ

∫ {
h2

8π2m

[
1
c2

∂

∂t
ψ

∂

∂t
ψ

−
∑

x

(
∂

∂x
− 2πi

hc
eCx

)
ψ

(
∂

∂x
+

2πi

hc
eCx

)
ψ

]

−1
2
mc2 ψψ +

1
8π

[
1
c

∣∣∣∣∂C

∂t

∣∣∣∣
2

− |∇×C|2
]}

dτ = 0.

(7′)

11@ In the following, the author looked for the variable conjugate to ϕ.
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ψ, P =
h2

8π2mc2

∂

∂t
ψ;

ψ, P =
h2

8π2mc

∂

∂t
ψ;

Cx, − Ex

4πc
=

1
4πc2

∂Cx

∂t
:

Cy, − Ey

4πc
=

1
4πc2

∂Cy

∂t
;

Cz, − Ez

4πc
=

1
4πc2

∂Cz

∂t
.

H =
∫ [

8π2mc2

h2
PP +

1
2
mc2 ψψ +

h2

8π2m

∑
x

(
∂

∂x
− 2πi

hc
eCx

)
ψ

×
(

∂

∂x
+

2πi

hc
eCx

)
ψ +

1
8π

(E2 + H2)
]

dV,

H =
∫ [

8π2mc2

h2
PP +

1
2
mc2 ψψ +

h2

8π2m
∇ψ · ∇ψ+

+
hc

4πimc
C · (ψ∇ ψ − ψ∇ ψ)

+
c2

2mc2
|C|2ψψ +

1
8π

(E2 + H2)
]

dV.

ρ =
2πi

h
e(ψP − ψP ),

i = − he

4πimc

[
ψ

(
∇ +

2πi

hc
eC

)
ψ − ψ

(
∇ − 2πC

hc
eC

)
ψ

]

= − he

4πimc
(ψ∇ ψ − ψ∇ψ) − c2

mc2
ψψ C.

∇ ·f ′
k = 0, fλ = ∇ ϕλ; ∇2 ϕλ + λ2ϕλ = 0.

{
∇2 fλ + λ2fλ = 0,
∇2 f ′

k + k2f ′
k = 0.
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∫

fλ · fλ′ dV = δλλ′ ,
∫

f ′
k · f ′

k′ dV = δkk′ ,
∫

fλ · fk dV = 0;

∫
ϕλϕλ′ dV =

1
λ′2

∫
fλ · fλ′ dV =

1
λ2

δλλ′ ,

λϕλ = uλ;
∫

uλuλ′ dV = δλλ′ .

ψ =
∑

[Aλ (qλ + Qλ) + iBλ (pλ − Pλ)]λϕλ, (Aλ = Bλ)

P =
∑

[Cλ (pλ + Pλ) + iDλ (qλ − Qλ)]λϕλ; (Cλ = Dλ)

∫
PP dV =

∑[
C2

λ (pλ + Pλ)2 + D2
λ (qλ − Qλ)2

]
,

∫
ψψ dV =

∑[
A2

λ (qλ + Qλ)2 + B2
λ (pλ − Pλ)2

]
.

8π2mc2

h2

∫
PP dV +

1
2m

(
m2c2 + λ2 h2

4π2

)∫
ψψ dV

=
8π2mc2

h2

∑
λ

[
C2

λ (pλ + Pλ)2 + D2
λ (qλ − Qλ)2

]

+
1

2m

(
m2c2 + λ2 h2

4π2

)∑
λ

[
A2

λ (qλ + Qλ)2 + B2
λ (pλ − Pλ)2

]

=
∑

λ

[
1
2
p2

λ +
1
2
q2
λ +

1
2
P 2

λ +
1
2
Q2

λ

]
c

√
m2c2 + λ2

h2

4π2
,

8π2mc2

h2
C2

λ +
1

2m

(
m2c2 + λ2 h2

4π2

)
B2

λ =
1
2
c

√
m2c2 + λ2

h2

4π2
,

8π2mc2

h2
D2

λ +
1

2m

(
m2c2 + λ2 h2

4π2

)
A2

λ =
1
2
c

√
m2c2 + λ2

h2

4π2
,
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8π2mc2

h2
C2

λ =
1

2m

(
m2c2 + λ2 h2

4π2

)
B2

λ,

8π2mc2

h2
D2

λ =
1

2m

(
m2c2 + λ2 h2

4π2

)
A2

λ,

A2
λ = B2

λ =
mc

2

√
m2c2 + λ2 h2

4π2

,

C2
λ = D2

λ =
h2

32π2mc

√
m2c2 + λ2

h2

4π2
.

ψ =
1√
2

∑
λ

√
mc√

m2c2 + λ2h2/4π2

[
qλ + q′λ + i

(
pλ − p′λ

)]
uλ,

P =
h

4π
√

2

∑
λ

√√
m2c2 + λ2h2/4π2

mc

[
pλ + p′λ + i

(
qλ − q′λ

)]
uλ.

4/i = 2(pλqλ − qλpλ) + 2(p′λq′λ − q′λp′λ) ± 2i(qλq′λ − q′λqλ)
∓2i(pλp′λ − p′λpλ),

0 = (pλqλ − qλpλ) − (p′λq′λ − q′λp′λ) + (pλq′λ − q′λpλ) − (p′λqλ − qλp′λ),
0 = (pλqλ − qλpλ) − (p′λq′λ − q′λp′λ) − (pλq′λ − q′λpλ) − (p′λqλ − qλp′λ),
0 = (pλq′λ − q′λpλ) + (p′λqλ − qλp′λ) ± (pλp′λ − p′λpλ) ± (qλq′λ − q′λqλ).

pλqλ − qλpλ = 1/i, p′λq′λ − q′λp′λ = 1/i,
pλq′λ − q′λpλ = 0, p′λqλ − qλp′λ = 0,
pλp′λ − p′λpλ = 0, qλq′λ − q′λqλ = 0.

——————–

−Ze =
∫

ρdV =
2πi

h
e

∫
(ψP − ψ P ) dV,
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Z = −2πi

h

∫
(ψP − ψP ) dV

=
∑

λ

(
1
2
p2

λ +
1
2
q2
λ − 1

2
p
′2
λ − 1

2
q
′2
λ

)

=
∑

λ

[(
1
2
p2

λ +
1
2
q2
λ − 1

2

)
−
(

1
2
p
′2
λ +

1
2
q
′2
λ − 1

2

)]

=
∑

λ

(Nλ − N ′
λ) =

∑
λ

Zλ.

H = HM + HR,
HM = H0

M + H1
M ,

where HM and HR account for the matter and radiation field contribu-
tion to the Hamiltonian, respectively. H0

M is the free particle Hamil-
tonian, while H1

M describes the particle interaction and that between
particles and light quanta.

Nλ =
1
2
pλ2 +

1
2
qλ2 − 1

2
,

N ′
λ =

1
2
p′λ2 +

1
2
q′λ2 −

1
2
,

Zλ = Nλ − N ′
λ.

H0
M =

∑
λ

(
1
2
p2

λ + +
1
2
qλ2

1
2
p′λ2 +

1
2
q′λ2

)
c

√
m2c2 + λ2

h2

4π2

=
∑

λ

(Nλ + N ′
λ)c

√
m2c2 + λ2

h2

4π2
+ zero point energy.

——————–

[12]

12@ In the original manuscript, some expressions were written in terms of ν instead of k,
but the warning “use k instead of ν” appears. We have therefore chosen to use the symbol
k throughout.
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C =
∑

k

AkQkfk +
∑

λ

BλPλfλ,

−E =
∑

k

CkPkfk −
∑

λ

DλQλfλ

(∇×fλ = 0).
∫

E2dV =
∑

k

C2
kP 2

k +
∑

λ

D2
λQ2

λ.

Hx =
∂Cz

∂y
− ∂Cy

∂z
,

H2
x =

(
∂Cz

∂y

)2

+
(

∂CH

∂r

)2

− 2
∂Cx

∂y

∂Cy

∂x
,

H2 =
∑

x

|∇ Cx|2 −
∑
xy

∂Cx

∂y

∂Cy

∂x
=
∑

k

A2
kN

2Q2
k.

∫
H2dV = . . . .

PkQk − QkPk = 1/i,
PλQλ − QλPλ = 1/i.

C2
k

8π
=

1
2

hck

2π
,

A2
k

8π
=

1
2

hck

2π
,

Dλ2

8π
=

1
2
;

Ck =
√

2hck,

Ak =

√
2hc

k
,

Dλ =
√

4π = 2
√

π,

Bλ =
hc√
π

.
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Nk =
1
2
(P 2

k + Q2
k) −

1
2
.

C =
∑

k

√
2hc

k
Qkf

′
k +

∑
λ

hc√
π

Pλfλ,

−E =
∑

k

√
2hckPkf

′
k −

∑
λ

√
4πQλfλ.

νk = c
k

2π
.

HR =
1
2

∑
k

h
ck

2π
(Q2

k + P 2
k ) +

1
2

∑
λ

Q2
λ

=
∑

k

1
2
(P 2

k + Q2
k) hνk +

1
2

∑
λ

Q2
λ

=
∑

k

Nhνk +
∑

λ

1
2
Q2

λ + rest energy.

——————–

[13]
∇ uλ = ∇ λϕλ = λfλ,

∇ ψ =
1√
2

∑
λ

√
mc√

m2c2 + λ2h2/4π2

[
qλ + q′λ + i(pλ − p′λ)

]
λfλ,

ψ∇ ψ − ψ∇ ψ = −imc
∑
λλ′

1
4
√

(m2c2 + λ2h2/4π2) (m2c2 + λ′h2/4π2)

×
[
(pλ − p′λ)(qλ′ + q′λ′)− (pλ′ − p′λ′)(qλ + q′λ)

]
λ′uλfλ′ .

∇ ·ϕλfλ′ = fλ · fλ′ − λ′2ϕλϕλ′ .

13@ In the original manuscript, the expression ∇uλ = ∇λuλ = λfλ was written down,
which is evidently incorrect.
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ψ =
1√
2

∑
λ

√
mc√

m2c2 + h2λ2/4π2

[
qλ + q′λ + i(pλ − p′λ)

]
uλ,

P =
h

4π
√

2

∑
λ

√√
m2c2 + h2λ2/4π2

mc

[
pλ + p′λ + i(qλ − q′λ)

]
uλ.

[14]

aλ =
1√
2
(qλ + ipλ), bλ =

1√
2
(q′λ + ip′λ),

aλ =
1√
2
(qλ − ipλ), bλ =

1√
2
(q′λ − ip′λ).

[aλ, aμ] − [bλ, bμ] − [aλ, bμ] − [bλ, aμ] = 2δλμ,

−[aλ, aμ] + [bλ, bμ] + [aλ, bμ] − [bλ, aμ] = 2δλμ.

[x, y] = xy ∓ yx,

where the upper/lower sign refers to Einstein/Fermi particles.

[aλ, aμ] + [bλ, bμ] + [aλ, bμ] + [bλ, aμ] = 0,
[aλ, aμ] + [bλ, bμ] + [aλ, bμ] + [bλ, aμ] = 0,
[aλ, aμ] + [bλ, bμ] + [aλ, bμ] + [bλ, aμ] = 0,
[aλ, aμ] + [bλ, bμ] − [aλ, bμ] − [bλ, aμ] = 0,
[aλ, aμ] + [bλ, bμ] − [aλ, bμ] − [bλ, aμ] = 0,
[aλ, aμ] + [bλ, bμ] − [aλ, bμ] − [bλ, aμ] = 0,
[aλ, aμ] − [bλ, bμ] + [bλ, aμ] − [aλ, bμ] = 0,
[aλ, aμ] − [bλ, bμ] + [bλ, aμ] − [aλ, bμ] = 0.

2.8. CONTINUATION

ψ =
∑

λ

√
mc√

m2c2 + h2λ2/4π2
mc (aλ + bλ) uλ,

P =
hi

4π

∑
λ

√√
m2c2 + h2λ2/4π2

mc
(aλ − bλ) uλ,

14@ In the original manuscript the simple formulas (a − ib)(a + ib) = a2 + b2 + i(ab − ba)
and (a + ib)(a − ib) = a2 + b2 − i(ab − ba) are noted on the side.
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ψ =
∑

λ

√
mc√

m2c2 + h2λ2/4π2
(aλ + bλ) uλ,

P = − hi

4π

∑
λ

√√
m2c2 + h2λ2/4π2

mc
(aλ − bλ) uλ.

From the commutation relations reported at the end of the previous Sec-
tion, we deduce that:

[aλ, aμ] +
[
bλ, bμ

]
= 0,[

aλ, bμ

]
+
[
bλ, aμ

]
= 0,

[aλ, aμ] +
[
bλ, bμ

]
= 0,

[aλ, bμ] +
[
bλ, aμ

]
= 0,

[aλ, aμ] + [bλ, bμ] = 0,

[aλ, bμ] + [bλ, aμ] = 0,

[aλ, aμ] +
[
bλ, bμ

]
= 0,

[bλ, bμ] + [aλ, bμ] = 0;

[aλ, aμ] −
[
bλ, bμ

]
= 2δλμ,

[aλ, aμ] −
[
bλ, bμ

]
= −2δλμ.

0 = [a + ib, a + ib] = [a, a] − [b, b] + i[a, b] + i[b, a],
0 = [a − ib, a − ib] = [a, a] − [b, b] − i[a, b] − i[b, a],
0 = [a + ib, a − ib] = [a, a] + [b, b] − i[a, b] + i[b, a],
0 = [a − ib, a + ib] = [a, a] + [b, b] + i[a, b] − i[b, a];

[a, a] = [b, b] = [a, b] = [b, a] = 0.

2.9. QUANTIZED RADIATION FIELD

The author again considered the quantization of the electromagnetic field,
but using now another expansion in a basis different from that adopted
in Sects. 2.4, 2.5. In the original manuscript, the present Section and
the following four Sections are placed in the Quaderno 17 just after what
has been here reported in Sect. 7.1.

E = −1
c

∂C

∂t
,

1
c2

∂2C2

∂t2
= ∇2 C = −1

c

∂E

∂t
.
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Cx, Cy, Cz;

− Ex

4πc
, − Ey

4πc
, − Ez

4πc
.

γ1, γ2, γ3 = 0,±1,±2, . . . ;

γ =
c

k

√
γ2

1 + γ2
2 + γ2

3 ;

px =
h

k
γ1, py =

h

k
γ2, pz =

h

k
γ3.

|ks| = 1, ks = k−s.

f s = ks e2πi(γs
i x/k+γs

2y/k+γs
3z/k) 1√

k3
.

[15]

C =
∑

asf s,

E =
∑

bsf s.

as = ã−s,

bs = b̃−s.

asas′ − as′as = 0,

bsbs′ − bs′bs = 0,

asb̃s′ − b̃s′as =
2hc

i
δs,s′ .

15@ In the original manuscript, the normalization factor 1/
√

k3 is incorrectly treated as a
denominator instead of a numerator.
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Ċ = −cE =
∑

−c bsf s; Ė = −c∇2 C =
∑ 4π2ν2

s

c
asf s.

ȧs = −c bs,

ḃs =
4π2ν2

s

c
as.

d
dt

(
as +

c

2πνsi
bs

)
= −c bs − 2πνsi as = −2πνsi

(
as +

c

2πνsi
bs

)
,

d
dt

(
as −

c

2πνsi
bs

)
= −c bs + 2πνsi as = 2πνsi

(
as −

c

2πνsi
bs

)
.

As = as +
c

2πνsi
bs,

Bs = as −
c

2πνsi
bs;

Ȧs = −2πνsi As,

Ḃs = 2πνsi Bs;

Ãs = B−s,

B̃s = A−s.

AsBs − BsAs = 0,

ÃsB̃s − B̃sÃs = 0,

AsB̃s − B̃sAs = 0,

AsÃs − ÃsAs =
2hc2

πνs
,

BsB̃s − B̃sBs = −2hc2

πνs
.
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AsAt − AtAs = 0,

BsBt − BtBs = 0,

ÃsÃt − ÃtÃs = 0,

B̃sB̃t − B̃tB̃s = 0,

AsB̃t − B̃tAs = 0,

ÃsBt − BtÃs = 0,

AsÃt − ÃtAs =
2hc2

πνs
δst,

BsB̃t − B̃tBs = −2hc2

πνs
δst.

Zs =
1
c

√
πνs

2h
As.

ZsZt − ZtZs = 0,

Z̃sZ̃t − Z̃tZ̃s = 0,

ZsZ̃t − Z̃tZs = δst.

Z̃sZs = ns.

< ns|Zs|ns+1 >=
√

ns + 1,

< ns|Z̃s|ns−1 >=
√

ns.

[16]

As = c

√
2h

πνs
Zs,

16@ In the original manuscript, the unidentified Ref. 5.45 is here alluded to.
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as =
As + Ã−s

2
= c

√
2h

πνs

Zs + Z̃−s

2
,

bs =
2πνsi

c

As − Ãs

2
= i

√
2hπνs (Zs − Z̃−s).

Ws =
1
8π

∑(
b̃sbs +

4π2ν2
s

c2
ãsas

)

=
1
8π

∑
2hπνs

[
(Z̃s − Z−s)(Zs − Z̃−s) + (Z̃s + Z−s)(Zs + Z̃−s)

]

=
1
4

∑
hνs{2Z̃sZs + 2Z−sZ̃−s}

=
∑

hνs
Z̃sZs + Z−sZ̃−s

2
=
∑(

ns +
1
2

)
hνs.

f s =
1

k3/2
e2πi(γs

1x/k+γs
2y/k+γs

3z/k)ks,

f−s =
1

k3/2
e−2πi(γs

1x/k+γs
2y/k+γs

3z/k)ks = f s.

f s =
1

k3/2
e2πiγs·r/kks,

with r = (x, y, z).

C =
∑

s

c

2

√
2h

πνs
(Zsf s + Z̃sf s),

E =
∑

s

i
√

2hπνs (Zsf s − Z̃sf s).
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E2(r) = −2hπ

k3

∑
s,t

√
νsνt ks · kt

{
ZsZt e2πi(γs+γt)·r/k

+Z̃sZ̃t e−2πi(γs+γt)·r/k − ZsZ̃t e2πi(γs−γt)·r/k

−Z̃sZt e2πi(−γs+γt)·r/k
}

.

[17]

H2(r) = −2hπ

k3

∑
s,t

√
νsνt k′

s · k′
t

{
ZsZt e2πi(γs+γt)·r/k

+Z̃sZ̃t e−2πi(γs+γt)·r/k − ZsZ̃t e2πi(γs−γt)·r/k

−Z̃sZt e2πi(−γs+γt)·r/k
}

.

2.10. WAVE EQUATION OF LIGHT QUANTA

Quantized fields of the electromagnetic interaction were again considered
in these pages, with an emphasis (the name of this Section is the original
one) on the definition of a wavefunction ψ for the photon. Matrix ele-
ments of the annihilation and creation operators Z, Z̃ were reported in
the subsequent Section, along with quantum expressions for the photon
energy and angular momentum.
[18]

C =
∑

asf s, E =
∑

bsf s;

as = c

√
2h

πνs

Zs + Z−s

2
, bs = i

√
2hπνs (Zs − Z−s).

f s =
1

k3/2
e2πiγs·r/hks,

f s = f−s.

17C ∼ (e2πiγr/k, 0, 0), H ∼ (0, 2πi(γ/k) e2πγr/k, 0) .
18@ The original manuscript alludes here to the unidentified Ref. 11.20.
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γs = (γs
1, γ

s
2, γ

s
3),

γ1, γ2, γ3 = 0,±1,±2,±3, . . . ;

νs =
c

k
γs, hνs =

hc

k
γs.

ψ =
∑

Zsf s.

C =
∑

s

c

√
2h

πνs

Zs + Z−s

2
f s =

∑
s

c

√
2h

πνs

Zsf s + Zsf s

2
,

E =
∑

s

i
√

2hπνs (Zs − Z−s)f s =
∑

s

i
√

2hπνs (Zsf s − Zsf s).

2.11. CONTINUATION

∇ ·C = 0.

1
c

∂E

∂t
= ∇×∇×C = −∇2 C,

1
c

∂H

∂t
− ∇×E =

1
c

∂

∂t
∇×C.

C =
∑

c

√
h

2πνs
(Zsf s + Z̃sf s),

∂C

∂t
=

∑
c

√
h

2πνs
(Żsf s + ˙̃Zsf s),

∇2 C =
∑ 2πνs

c

√
2hπνs (Zsf s + Z̃sf s);

E =
∑

i
√

2hπνs (Zsf s − Z̃sf s),

∂E

∂t
=

∑
i
√

2hπνs (Żsf s −
˙̃Zsf s).
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i
√

2hπνs (Żs − ˙̃Z−s) − 2πνs

√
2hπνs (Zs + Z̃−s) = 0,√

h

2πνs
(Żs + ˙̃Z−s) + i

√
2hπνs(Zs − Z̃−s) = 0.

Żs − ˙̃Z−s = −2πiνs (Zs + Z̃−s),

Żs + ˙̃Z−s = −2πiνs (Zs − Z̃−s).

Żs = −2πiνsZs,
˙̃Zs = 2πiνsZ̃s,

˙̃Z−s = 2πiνsZ̃−s.

∫
E2

8π
dτ =

∑ hνs

4
(Zs − Z̃−s)(Z̃s − Z−s)

=
∑ hνs

4
(ZsZ̃s + Z̃−sZ−s − ZsZ−s − Z̃−sZ̃s)

=
∑ hνs

2

(
ZsZ̃s + Z̃sZ̃s

2
− ZsZ−s + Z̃sZ̃−s

2

)
.

∫
H2

8π
dτ =

∑ hνs

4
(Zs + Z̃−s)(Z̃s + Z−s)

=
∑ hνs

4
(ZsZ̃s + Z̃−sZ̃−s + ZsZ−s + Z̃−sZ̃s)

=
∑ hνs

2

(
ZsZ̃s + Z̃sZs

2
+

ZsZ−s + Z̃sZ̃−s

2

)
.

∫
E2 + H2

8π
dτ =

∑
hνs

ZsZ̃s + Z̃sZs

2
.

eiLx (0, 0, 1) = f s,

iLeiLx(0,−1, 0) = ∇×f s

f−s × ∇×f s = iL(1, 0, 0).
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Let us denote with rs a unitary vector along the propagation direction:

∫
E × H

4πc
dτ =

∑
−hνs

2c
(Zs − Z̃−s)(Zs + Z̃−s)rs

=
∑ hνs

2c
rs (Z̃sZs − Z−sZ̃−s − Z−sZs − Z̃sZ̃−s)

=
∑ hνs

c
rs

Z̃sZs + ZsZ̃−s

2
.

ZsZ̃s − Z̃sZs = 1.

Z̃sZs = X.

ZsX − XZs = (Zs, X) = Zs, Zik(Xk − Xi) = 1,

Z̃sX − XZ̃s = (Z̃s, X) = −Z̃s, Z̃ik(Xk − Xi) = −1.

< X|Z|X + 1 > = f(X),
< X + 1|Z̃|X > = f̃(X).

< X|Z̃Z|X > = < X|Z̃|X − 1 >< X − 1|Z|X >= |f(X − 1)|2,
< X|ZZ̃|X > = < X|Z|X + 1 >< X + 1|Z̃|X >= |f(X)|2;

|f(X)|2 = X + 1,

|f(X0)|2 = 1, X0 = 0.

|f(X)|2 = |f(X − 1)|2 + 1,

|f(X0)|2 = 1.

< X0|Z̃Z|X0 > = 0,

< X0|ZZ̃|X0 > = |f(0)|2.

Z̃sZs = ns, (ns = 0, 1, 2 . . .)

< ns|Zs|ns + 1 > =
√

ns + 1,

< ns + 1|Z̃s|ns > =
√

ns.
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f s = f−s.

∫
E2 + H2

8π
dτ =

∑
hνs

(
ns +

1
2

)
,

∫
E × H

4πc
dτ =

∑ hνs

c
rs

(
ns +

1
2

)
.

2.12. FREE ELECTRON SCATTERING

The interaction between electrons and electromagnetic radiation was here
studied in detail, and expressions for the matrix elements of the inter-
action energy (as well as for the transition probability) were explicitly
obtained. Some care was also devoted to the kinematics of the process
here considered. The material reported in this Section starts with that
present in Quaderno 17 on the page following 151bis, but the complete
study of the subject starts at page 133 of the same Quaderno.

[
W

c
+ ρ1 σ ·

(
p +

e

c
C
)

+ ρ3 mc

]
ψ = 0.

Using Dirac coordinates:

ψr = ur
1√
k3

e2πi(Γ r
1x/k+Γ r

2y/k+Γ r
3z/k).

ur = (ur
1, ur

2, ur
3, ur

r), ũuur = 1, Γ =
√

Γ r
1 + Γ r

2 + Γ r
3.

Er = ±c

√
m2c2 +

h2

k2
Γ 2 .

H = H0 + I,

H0 = −c ρ1 σ · p − ρ3 mc2 +
∑

s

nshνs,

I = −c ρ1 σ · e

c
C = −e ρ1 σ · C.
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< . . . |H0| . . . > = Er +
∑

nshνs,

< r;ns . . . |I|r′;ns + 1 . . . > = −
√

ns + 1
ec

2

√
2h

πνs

×
∫

ψ̃r ρ1σ · f s ψr′ dτ,

< r;ns . . . |I|r′;ns − 1 . . . > = −√
ns

ec

2

√
2h

πνs

×
∫

ψ̃r ρ1 σ · f−s ψr′ dτ.

ψr = ur
1

k3/2
e2πiΓ r·r/k,

ψr′ = ur′
1

k3/2
e2πiΓ r′ ·r/k,

f s = ks
1

k3/2
e2πiγs·r/k,

f−s = f s

1
k3/2

e−2πiγs·r/k.

ks = k−s.

∫
ψ̃r ρ1σ · f s ψr′ dτ = k−7/2 ũr ρ1 σ · ks ur′

×
∫

e2πi(Γ r′
+γs−Γ r

)·r/kdτ

=
ũr ρ1 σ · ks ur′

k7/2
δΓ r

, Γ r′
+γs

,

∫
ψ̃r ρ1σ · f−s ψr′ dτ =

ũr ρ1 σ · ks ur′

k7/2
δΓ r

, Γ r′−γs
.

< r;ns . . . |I|r′;ns + 1 . . . > = − ec

2k3/2

√
ns + 1

√
2h

πνs

× ũr ρ1 σ · ks ur′ δΓ r
,Γ r′

+γs
,

< r;ns . . . |I|r′;ns − 1 . . . > = − ec

2k3/2

√
ns

√
2h

πνs

× ũr ρ1 σ · ks ur′ δΓ r
,Γ r′−γs

.
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For t = 0: a1 = 1, a2, . . . = 0.
For t → 0:

ȧi = −2πi

h
e2πi(Ei−E1)t/h Hi1;

ai = − 1
Ei − E1

(
e2πi(Ei−E1)t/h − 1

)
Hi1.

H12 = 0.

ȧ2 = −2πi

h

∑
i

−1
Ei − E1

e2πi(E2−Ei)t/h
(
e2πi(Ei−E1)t/h − 1

)
H2iHi1

=
2πi

h

∑
i

1
Ei − E1

(
e2πi(E2−E1)t/h − e2πi(E2−Ei)t/h

)
H2iHi1;

a2 =
∑

i

[
1

(Ei − E1)(E2 − E1)

(
e2πi(E2−E1)t/h − 1

)

− 1
(E2 − Ei)(Ei − E1)

e2πi(E2−Ei)t

]
H2iHi1.

electron radiation

2 b nt = 1

i, i′ r, r′
↗
↘

↘
↗ nt = 1, ns = 1

1 a ns = 1

Γ a + γs = Γ b + γt = Γ r = Γ r′ + γs + γt

s, t label the incident and the scattered quanta, respectively.
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< b; 0, 1 . . . |I|r; 0, 0 > = − ec

2k3/2

√
2h

πνt
ũb ρ1σ · ktur,

< r′; 0, 0 . . . |I|a; 1, 0 > = − ec

2k3/2

√
2h

πνs
ũr′ρ1σ · ksua,

< b; 0, 1 . . . |I|r; 1, 1 > = − ec

2k3/2

√
2h

πνs
ũb ρ1σ · ksur,

< r′; 1, 1 . . . |I|a; 1, 0 > = − ec

2k3/2

√
2h

πνt
ũr′ρ1σ · ktua.

The probability for a transition at a time t to occur is (taking into
account only the term with the resonance denominator equal to E1−E2

in the expression for a2):

P12 =
sin2[π(E2 − E1)t/h]

(E2 − E1)2
· 4

∣∣∣∣∣
∑

i

H2iHi1

Ei − E1

∣∣∣∣∣
2

.

pa =
h

k
Γ a, pr =

h

k
(Γ a + γs),

pb =
h

k
Γ b, pr′ =

h

k
(Γ b − γt).

Γ = Γ a + γs = Γ b + γt,

Γ b = Γ a + γs − γt.

Ea = c

√
m2c2 +

h2

k2
Γ a2,

Eb = c

√
m2c2 +

h2

k2
Γ b2,

Er = ±c

√
m2c2 +

h2

k2
(Γ a + γs)2,

Er′ = ±c

√
m2c2 +

h2

k2

(
Γ b − γt

)2
.
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E1 = c

√
m2c2 +

h2

k2
Γ a2 + hνs,

E2 = c

√
m2c2 +

h2

k2
(Γ a + γs − γt)2 + hνt,

Ei = ±c

√
m2c2 +

h2

k2
(Γ a + γs)2,

Ei′ = ±c

√
m2c2 +

h2

k2
(Γ a − γt)2 + hνs + hνt.

Let us denote by u the spin function for a plane wave with momentum
px, py, pz and by u0 that for a wave of zero momentum.

up =
[
f1 ∓ f2

α · p
p

]
u0,

where the upper/lower sign refers to positive/negative energy waves.

f1 =

√
1 +

√
1 + p2/m2c2

2
√

1 + p2/m2c2
, f2 =

√
−1 +

√
1 + p2/m2c2

2
√

1 + p2/m2c2
;

|f2
1 | + |f2

2 | = 1.

α = ρ1 σ.

ub =
[
f b
1 − f b

2

α · pb

pb

]
u0

b , ur

[
f r
1 ∓ f r

2

α · pr

pr

]
u0

r ,

ua =
[
fa
1 − f b

2

α · pa

pa

]
u0

a, ur′

[
f r′
1 ∓ f r′

2

α · pr′

pr′

]
u0

r′ .

We consider positive waves ua, ub.
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[19]

1) Positive ur:

ũb α · kt ur ũr α · ks ua

= ũ0
b

(
f b
1 − f b

2

α · pb

pb

)
α · kt

(
f r
1 − f r

2

α · pr

pr

)
u0

r

× ũ0
r

(
f r
1 − f r

2

α · pr

pr

)
α · ks

(
fa
1 − fa

2

α · pa

pa

)
u0

a

= ũ0
b

[
f b
1α · ktf

r
2

α · pr

pr
+ f b

2

α · pb

pb
α · ktf

r
1

]
u0

r

× ũ0
r

[
f r
1α · ksf

a
2

α · pa

pa
+ f r

2

α · pr

pr
α · ksf

a
1

]
u0

a.

2) Negative ur:

ũb α · kt ur ũr α · ks ua

= ũ0
b

[
f b
1f r

1α · kt − f b
2f r

2

α · pb

pb
α · kt

α · pr

pr

]
u0

r

× ũ0
r

[
f r
1fa

1 α · ks − f r
2fa

2

α · pr

pr
α · ks

α · pa

pa

]
u0

r .

3) Positive ur′ :

ũb α · ks ur′ ũr′α · kt ua = . . .

[which is obtained from 1) with the replacements r → r′, ks → kt,
kt → ks].

4) Negative ur′ :

ũb α · ks ur′ ũr′ α · kt ua = . . .

[which is obtained from 1) with the replacements r → r′, ks → kt,
kt → ks].

19@ The original manuscript alludes here to the unidentified Ref. 10.40.
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1) ∑
positive ur

ũb α · kt ur ũrα · ks ua

= ũ0
b

[
f b
1f r

2α · kt
α · pr

pr
+ f r

1f b
2

α · pb

pb
α · kt

]

×
[
f r
1fa

2 α · ks
α · pa

pa
+ f r

2fa
1

α · pr

pr
α · ks

]
u0

a

= ũ0
b

[
f b
1f r

2σ · kt
σ · pr

pr
+ f b

2f r
1

σ · pb

pb
σ · kt

]

×
[
f r
1fa

2 σ · ks
σ · pa

pa
+ f r

2fa
1

σ · pr

pr
σ · ks

]
u0

a.

(σ · kt)(σ · pr) = kt · pr + iσ · kt × pr,

(σ · kt)(σ · pr)(σ · ks)(σ · pr)
= (kt · pr)(ks · pa) + i(kt · pr)(σ · ks × pa)

+ i(ks · pa)(σ · kp × pr) − (σ · kt × pr)(σ · ks × pa)

=
(kt · pr)(ks · pa) + i(kt · pr)(σ · ks × pa)
+i(ks · pa)(σ · kt × pr) − (kt × pr)(ks × pa)
−i[σ, (kt × pr) × (ks × pa)].

For ua = u0
a, pa = 0: fa

1 = 1, fa
2 = 0.

——————–

1)∑
positive ur

ũb α · kt ur ũrα · ks ua

= ũ0
b

[
f b
1f r

2σ · kt
σ · pr

pr
+ f b

2f r
1

σ · pb

pb
σ · kt

]
f r
2

σ · pr

pr
σ · ks u0

a.

For ks · pr = 0:

(σ · kt)(σ · pr)(σ · pr)(σ · ks) = p2
r(σ · kt)(σ · ks)

= p2
r(kt · ks) + ip2

r(σ · kt × ks),

(σ · pb)(σ · kt)(σ · pr)(σ · ks) = (pb · kt + iσ · pb × kt) iσ · pr × ks

= −(pb × kt) · (pr × ks) + i(pb · kt)(σ · pr × ks)
− iσ · (pb × kt) × (pr × ks).
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2)
∑

negative ur

ũb α · kt ur ũr α · ks ua

= ũ0
b

[
f b
1f b

1σ · kt − f b
2f b

2

σ · pb

pb
σ · kt

σ · pr

pr

]
f r
1σ · ksu

0
a.

3)
∑

positive ur′

ũb α · ks ur′ ũr′ α · kt ua

= ũ0
b

[
f b
1f r′

2 σ · ks
σ · pr′

pr′
− f b

2f r′
1

σ · pb

pb
σ · ks

]
f r′
2

σ · pr′

pr′
σ · kt u0

a.

4)
∑

negative ur′

ũb α · ks ur′ ũr′ α · kt ua

= ũ0
b

[
f b
1f r′

1 σ · ks − f b
2f r′

2

σ · pb

pb
σ · ks

σ · pr

pr

]
f r′
1 σ · kt u0

a.

——————–

Let us denote with η the average value with respect to u0
b and u0

a:

|ũ0
bAu0

a|2 = ũ0
bAu0

aÃu0
b =

1
2
ũ0

bAÃu0
a =

1
4
[(AÃ)11 + (AÃ)22].

A = A0 + iσ · B,

AÃ = [A0 + iσ · B][A0 − iσ · B]
= A0A0 + iA0σ · B − iA0σ · B + B · B̃ + iσ · B × B.

AÃ = A0A0 + B · B, |ũb
0Aua

0|2 =
1
2
A0A0 +

1
2
B · B.

γs = (γs, 0, 0), ks = (0, 0, 1), γt = (γt sin ϑ cos ϕ, γt sin ϑ sin ϕ, γt cos ϑ).
Near the resonance we have:

νt =
νs

1 +
hνs

mc2
(1 − sin ϑ cos ϕ)

.

pr =
hνs

c
(1, 0, 0), pr′ = −hνt

c
(sin ϑ cos ϕ, sin ϑϕ, cos ϑ),
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pb =
hνt

c

((
1 +

hνs

mc2

)
(1 − sin ϑ cos ϕ), − sin ϑ sin ϕ, − cos ϑ

)
.

E1 = mc2 + hνs,

E′
1 = ±

√
m2c4 + h2ν2

t + hνs + hνt,

Ei = ±
√

m2c4 + h2ν2
s ,

Er ∼ E1.

2.13. BOUND ELECTRON SCATTERING

Let us consider f bound electrons; the unperturbed energy of the system
interacting with an electromagnetic field is En+

∑
s nshνs. Denoting with

ψa(q1, . . . , qf ) the electron wavefunction corresponding to energy Ea, the
interaction with the electromagnetic field is described by:

< a;ns . . . |I|b;ns + 1 . . . > = −e c

√
h(ns + 1)

2πνs

×
∫

ψ̃a

f∑
i=1

αi · f s(q1) ψf dτ,

< a;ns . . . |I|b;ns − 1 . . . > = −e c

√
hns

2πνs

×
∫

ψ̃a

f∑
i=1

αi,f s(q1) ψf dτ.

αi = ρi
1 σi.

In first approximation, λ � |qi|;

fs(qi) ∼ fs(0) =
ks

k3/2
.

For coherent scattering , by labelling with S, t the incident and scattered
quantum, respectively, with wave-vectors ks, kt, we have:



QUANTUM ELECTRODYNAMICS 113

< a; 0, 1, . . . |I|b; 0, 0 . . . > = − e c

k3/2

√
h

2πνt

∫
ψ̃a

f∑
i=1

αi · kt ψb dτ,

< b; 0, 1, . . . |I|a; 1, 0 . . . > = − e c

k3/2

√
h

2πνs

∫
ψ̃b

f∑
i=1

αi · ks ψa dτ,

for resonant scattering, or otherwise

< a; 0, 1, . . . |I|b; 1, 1 . . . > = − e c

k3/2

√
h

2πνs

∫
ψ̃a

f∑
i=1

αi · ks ψb dτ,

< b; 1, 1, . . . |I|a; 1, 0 . . . > = − e c

k3/2

√
h

2πνt

∫
ψ̃b

f∑
i=1

αi · kt ψa dτ.

For t = 0: a1 = 1, a2 = 0, ni = 0; H12 = 0, H1i,H2i �= 0.
For t ∼ 0:

ȧi = −2πi

h
Hi1 e2πi(Ei−E1)t/h − 1

2T
ai.

ai = − e−t/2T

Ei − E1 + (h/4πiT )

(
e2πi(Ei−E1)t/h+t/2T − 1

)
Hi1.

t � T : ai =
−Hi1

Ei − E1 + (h/4πiT )
e2πi(Ei−E1)t/h.

ȧ2 =
2πi

h

∑
i

H2iHi1

Ei − E1 + (h/4πiT )
e2πi(Ei−E1)t/h.

a2 =

(∑
i

H2iHi1

Ei − E1 + (h/4πiT )

)
e2πi(E2−E1)t/h − 1

E2 − E1
.

——————–
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When a variable magnetic field H = H(t) is included in the interaction,
we have to consider also the diagonal magnetic moments μi. For Hx =
Hy = 0,Hz = H(t):

ȧ1 =
2πi

h
H(t) μ1 a1,

a1 = e
(2πi)/h μ1

∫
Hdt

.

ȧi = −2πi

h
Hi1 e2πi(Ei−E1)t/h e

(2πi)/h μ1

∫
Hdt

− 1
2T

ai +
2πi

h
H μi ai.

ai = e−t/2T e(2πi)/h μi

R

Hdt

(
−2πi

h
Hi1

)

×

⎡
⎢⎣
∫

e
2πi(Ei − E1)t/h + t/2T + (2πi)/h (μ1 − μi)

∫
Hdt

dt + C

⎤
⎥⎦ .

ȧ2 = −2πi

h

∑
i

H2i e2πi(E2−E1)t/hai +
2πi

h
Hμ2a2.

a2 =
(
−2πi

h

)
e
(2πi/h) μ2

∫
Hdt

×

⎡
⎢⎣∑H2i

∫ t

0
e
2πi(E2 − Ei)t/h − (2πi/h) μ2

∫
Hdt

ai dt

⎤
⎥⎦ .

H = H0 cos 2πνt,∫
Hdt =

H0

2πν
sin 2πνt,

2π

h
(μ1 − μi)

∫
Hdt =

H0(μ1 − μ − i)
hν

sin 2πνt,
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e
(2πi/h)(μ1 − μi)

∫
Hdt

= ei[H0(μ1 − μi)/hν] sin 2πνt

= eiAi sin 2πνt,

Ai =
H0(μ1 − μi)

hν
.

[20]

eiAi sin 2πνt = ci
0 + ci

i e2πνit + ci
−1 e−2πνit + ci

2e
4πνit + ci

−2 e−4πνit + . . . .

ω = 2πνt:

eiAi sin ω = ci
0 + ci

1 eiω + ci
−1 e−iω + ci

2 e2iω + ci
−2 e−2iω + . . . .

ci
0 =

1
2π

∫ 2π

0
eiAi sin ω dω.

ζ = eiω, sin ω =
ζ − ζ−1

2i
, dζ = iζdω, dω = −i

dζ

ζ
;

eiAi sin ωdω =
1
iζ

eAi(ζ−ζ−1)/2dζ.

ci
0 =

1
2πi

∮
1
ζ
eAi(ζ−ζ−1)/2dζ.

eAi(ζ−ζ−1)/2 = 1+Ai
ζ − ζ−1

2
+

A2
i

2!

(
ζ − ζ−1

2

)2

+
A3

i

3!

(
ζ − ζ−1

2

)3

+ . . . .

(
ζ − ζ−1

)n =
n∑

r=0

ζn−2r

(
n
r

)
(−1)r,

20@ The original manuscript alludes here to the unidentified Ref. 11.05.
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(
ζ − ζ−1

)2n =
2n∑

r=0

(−1)rζ2n−2r

(
2n
r

)

=
n∑

s=−n

(−1)n

(
2n

n + s

)
ζ−2s(−1)s(−1)n

(
2n
n

)

=
(2n)!
n!2

(−1)n.

ci
0 = 1 − A2

i

1 · 22
+

A4
i

2!2 · 24
− . . . = I0(Ai).

2.14. RETARDED FIELDS

The possibility is considered, in the following pages, of introducing an
intrinsic constant time delay τ (or an intrinsic space constant ε = cτ)
in the expressions for the electromagnetic retarded fields, generically de-
noted with f(x, y, z, t).

f = f(x, y, z, t).

ϕ(x, y, z, t) = f
(
x, y, z, t − r

c

)
= f(x, y, z, t).

ϕ′
x(x, y, z, t) = f ′

x

(
x, y, z, t − r

c

)
− x

rc
f ′

t

(
x, y, z, t − r

c

)

= f ′
x(x, y, z, t) − x

rc
f ′

t(x, y, z, t),

ϕ
′′
x(x, y, z, t) = f

′′

x2

(
x, y, z, t − r

c

)
− 2x

rc
f

′′
xt

(
x, y, z, t − r

c

)

+
x2

r2c2
f

′′
tt

(
x, y, z,−r

c

)
− r2 − x2

r3c
f ′

t

(
x, y, z, t − r

c

)

= f ′′
xx(x, y, z, t) − 2x

rc
f

′′
xt(x, y, z, t) +

x2

r2c2
f

′′
tt(x, y, z, t)

−r2 − x2

r3c
f ′

t(x, y, z, t).

ϕ′
t(x, y, z, t) = f ′

t

(
x, y, z, t − r

c

)
= f ′

t(x, y, z, t),

ϕ
′′
tt(x, y, z, t) = f

′′
t

(
x, y, z, t − r

c

)
= f

′′
tt(x, y, z, t).
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� = ∇2 − 1
c2

∂2

∂t2
:

�ϕ(x, y, z, t) = ∇2 f
(
x, y, z, t − r

c

)
− 2

c

∂2

∂r∂t
(x, y, z, t)

− 2
rc

f ′
t(x, y, z, t),

∂

∂r
ϕ(x, y, z, t) =

∑
x

x

r
f ′

x

(
x, y, z, t − r

c

)
− 1

c
f ′

t

(
x, y, z, t − r

c

)

=
∂

∂z
f(x, y, z, t) − 1

c
f ′

t(x, y, z, t),

∂2

∂r∂t
ϕ(x, y, z, t) =

∂2

∂r∂t
f(x, y, z, t) − 1

c
f

′′
t (x, y, z, t).

�ϕ +
2
c

∂2

∂z∂t
ϕ = ∇2 f − 2

c2
f

′′
t − 2

rc
f ′

t

= �f − 1
c2

f
′′
t − 2

rc
f ′

t.

�f = ∇2 ϕ +
2
rc

ϕ′ +
2
c

∂2

∂z∂t
ϕ.

——————–

ϕ(x, y, z, t) = f

(
x, y, z, t −

√
r2 + ε2

c

)
= f̃(x, y, z, t).

f(x, y, z, t) = ϕ

(
x, y, z, t −

√
r2 + ε2

c

)
,

f ′
x(x, y, z, t) = ϕ′

x

(
x, y, z, t −

√
r2 + ε2

c

)

+
x

c
√

r2 + ε2
ϕ′

t

(
x, y, z, t +

√
r2 + ε2

c2

)
,
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f
′′
xx(x, y, z, t) = ϕ

′′
x

(
x, y, z, t +

√
r2 + ε2

c

)

+
2x

c
√

r2 + ε2
ϕ

′′
xt

(
x, y, z, t +

√
r2 + ε2

c2

)

+
r2 + ε2 − x2

c(r2 + ε2)3/2
ϕ′

t

(
x, y, z, t +

√
r2 + ε2

c

)

+
x2

c2(r2 + ε2)
ϕ

′′
tt

(
x, y, z, t +

√
r2 + ε2

c

)
,

f
′′
tt(x, y, z, t) = ϕ

′′
tt

(
x, y, z, t +

√
r2 + ε2

c

)
.

�f
′′
tt(x, y, z, t) = ∇2 ϕ

(
x, y, z, t +

√
r2 + ε2

c

)

− ε2

c2(r2 + ε2)
ϕ

′′
tt

(
x, y, t +

√
r2 + ε2

c

)

+
2r2 + 3ε2

c(
√

r2 + ε2)3
ϕ′

t

(
x, y, z, t +

√
r2 + ε2

c

)

+
2r

c
√

r2 + ε2

∂2

∂r∂t
ϕ

(
x, y, z, t +

√
r2 + ε2

c

)
.

�̃f = ∇2 ϕ − ε2

c2(r2 + ε2)
ϕ̈ +

2r2 + 3ε2

c(r2 + ε2)3/2
ϕ̇ +

2z

c
√

r2 + ε2

∂2

∂r∂t
ϕ.

2.14.1 Time Delay
With the introduction of a time delay τ , which is a universal constant
(classically τ = 0), by setting

ε = τc ,
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we get:

Φ =
∫

1√
r2 + ε2

S

(
t −

√
z2 + ε2

c
, x, y, z

)
dxdy dz,

and, for ε → 0:

Φ =
∫

1
r
S
(
t − r

c
, x, y, z

)
dxdy dz

−ε2

{∫
1

2r3
S
(
t − r

c
, x, y, z

)
dxdy dz

+
∫

1
2r2c

Ṡ
(
t − r

c
, x, y, z

)
dxdy dz

}
+ . . . .

2.15. MAGNETIC CHARGES

A modification of the classical Maxwell equations was considered in the
following pages, in order to include also the effect of magnetic charges.

A(q) = − 1
4π

∫ ∇ · g(q′)
r

dq′.

g0 = − 1
4π

∇
∫ ∇ · g(q′)

r
dq′,

g1 = g − g0.

g = (δ(q − q0); 0; 0),

∇ · g = δ′(x − x0) δ(y − y0) δ(z − z0).
r = |q′ − q|:∫

δ′(x′ − x0) δ(y − y0) δ(z − z0)
r

dq′

=
∫

δ′(x′ − x0)√
(y0 − y)2 + (z0 − z)2 + (x′ − x)2

dx′

=
∫

δ(x′ − x0)
x′ − x

[(y0 − y)2 + (z0 − z)2 + (x′ − x)2]3/2
dx′

= − x − x0

[(x − x0)2 + (y − y0)2 + (z − z0)2]
3/2

= −x − x0

R3
.
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g0
1 =

3(x − x0)2 − R2

R5
, g0

2 =
3(x − x0)(y − y0)

R5
,

g0
3 =

3(x − x0)(z − z0)
R5

;

g1
1 = δ(q − q0) −

3(x − x0)2 − R2

R5
, g1

2 = −3(x − x0)(y − y0)
R5

,

g1
3 = −3(x − x0)(z − z0)

R5
.

——————–

E =
E′ + E′′

2
, H =

H ′ + H ′′

2
.

4πI
∫

+
1
c

∂E′

∂t
= ∇×H ′, 4πI +

1
c

∂E′′

∂t
= ∇×H ′′,

−4πI − 1
c

∂H ′

∂t
= ∇×E′, 4πI − 1

c

∂H ′′

∂t
= ∇×E′′,

∇ ·E′ = 4πρ, ∇ ·E′′ = 4πρ,

∇ ·H ′ = 4πρ, ∇ ·H ′′ = −4πρ.

⎧⎪⎨
⎪⎩

4πI (1 − i) +
1
c

∂(E′ − iH ′)
∂t

= i∇× (E′ − iH ′),

∇ · (E′ − iH ′) = 4πρ (1 − i),

⎧⎪⎨
⎪⎩

4πI (1 + i) +
1
c

∂(E′′ − iH ′′)
∂t

= i∇× (E′′ − iH ′′),

∇ · (E′′ − iH ′′) = 4πρ (1 + i),
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⎧⎪⎨
⎪⎩

4πI (1 + i) +
1
c

∂(E′ + iH ′)
∂t

= −i∇× (E′ + iH ′),

∇ · (E′ + iH ′) = 4πρ (1 + i),

⎧⎪⎨
⎪⎩

4πI (1 − i) +
1
c

∂(E′′ + iH ′′)
∂t

= −i∇× (E′′ + iH ′′),

∇ · (E′′ + iH ′′) = 4πρ (1 − i),

For E′ = −H ′′, H ′ = E′′ we re-obtain the Maxwell equations:

E =
E′ + H ′

2
, H =

H ′ − E′

2
.

[21]

Appendix:
Potential experienced by an electric charge: a par-
ticular case

For a charge-1 particle:

dV

dt
= − 1

2(a2 + t)(a2 + t)(c2 + t)
= − 1

2(a2 + t)
√

c2 + t
,

21@ The page ended with an attempt to generalize the above results to arbitrary linear com-
binations of the E and H fields (with space-time dependent coefficients), in the case of
Maxwell equations without sources:

E′ = αE + βH, H′ = −βE + αH;

α = α(q, t), β = β(q, t);

1

c

∂E

∂t
= ∇×H, −1

c

∂H

∂t
= ∇×E,

∇ ·E = 0, ∇ ·H = 0;

∇ ·E′ = ∇α · E + ∇β · H,

∇ ·H′ = −∇β · E + ∇α · H.
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−1
c

= V =
∫ ∞

0

dt

2(a2 + t)
√

(c2 + t)

=
∫ ∞

c

dz

z2 + (a2 − c2)
=

1√
a2 − c2

(
π

2
− arctan

c√
a2 − c2

)

=
1√

a2 − c2
arctan

√
a2 − c2

c
.

z =
√

c2 + t,

z2 = c2 + t,

dt = 2z dz,

t = z2 − c2,

a2 + t = z2 + (a2 − c2).

c = a
√

1 − β2, a2 − c2 = a2β2.

1
c

= V =
1
aβ

arctan
β√

1 − r2
=

1
aβ

arcsin β.

c = a
β

arcsin β
; V =

1
c

=
1
a

arcsin β

β
.

(
∂Cx

∂z
− ∂Cz

∂Cx

)2

+
(

∂Cy

∂x
− ∂Cx

∂y

)2

+
(

∂Cz

∂y
− ∂Cy

∂z

)2

= |∇ Cx|2 + |∇ Cy|2 + |∇ Cz|2 −
∑
xy

∂Cx

∂y

∂Cy

∂x
.
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