Chapter 2

BASICS AND LOGIC FUNCTIONS

In order to understand and to solve the problems in this chapter, it is
recommended to read Chaps. 1, 2 and 3 of [18] and to follow carefully
the introduction into the XBOOLE system. Make sure that you know
the respective definitions and concepts and refer to the given examples.

1. Combinatorial Considerations in B and B"

The use of the definitions for the relation < and the operations A and
V will solve the following problem using the respective tables.

Exercise 2.1 (Relations in B). 1 Show that z < (x Vy) and = > zy.

2 Show that if z; < y; and x2 < yy then z122 < Y132 and (z1 V 22) <
(y1 V y2).

3 Showthat z < (yVz)ifz <yorz <z

4 Show that z < yz is equivalent to (z < y) and (z < z).

We remember that the positions from the right to the left of a binary
vector can be considered as the values xzg,z1,... of a binary number
which have to be multiplied by 22,2, ..., and the products have to be
added. Because of the values 0 and 1, only the values for the positions
with the value 1 have to be added.

Exercise 2.2 (Binary Vectors). 1 Find the decimal equivalent dec(x)
for the vectors (1001) € B4, (01101) € B?, (110010) € BS.

2 Find the vector x € B with dec(x) = 19. Find the vector x for dec(x) =
19 in B®.

3 Find the binary vectors x with 271 < dec(x) < 2.
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4 Let be given the vector x = (10010101) € B®.

(a) Find all y € B® with x <y.

(b) Find all y € B® with y < x.
5 Let be given two vectors x, y € B"™ with x <'y. Find all vectors z with

x<z<y.

This small example can also be used to find a solution based on Logic
Equations. We remember that the relation x < z can be equivalently
translated into the equation z A Z = 0. For two vectors x and z the

equation must hold in each component, hence we get the equivalent
system of equations

1 NzZ1 =0, ..., xo,NZ,=0,
and in the same way
21Ny =0, ..., 2z, ANy,=0.

Now we use, for instance, x = (x1,...,26) = (010101) and y =
(y1,...,ys) = (110111) and insert the constants which results in

OANZ1 =0, 1AZ2=0, 0AZ3=0,
1ANZy =0, 0AZ;=0, 1AZg=0
and
2z1AN0=0, 22AN0=0, 2z3A1=0,
z22N0=0, 25AN0=0, 2zA0=0.
These two sets of equations define the solution immediately, and we
get

21 = —, 22:17 23:07 24:17 25 = —, 26:17
i.e.
z=(—101 -1).
The two values 21 = — and z5 = — are based on the fact that the

coefficients of z; and z5 in both equations are equal to 0 which means

that the equation is identically satisfied without binding the value of z;

and z5. This can also be seen from 1 =0, y; =1 and z5 =0, y5 = 1.
The function ||x|| counts the number of values 1 in a given vector.

Exercise 2.3 (Binary Vectors). Let x and y be two elements of B™. Show
that

L[l =n =[xl

2 vyl = lixll + lyll = llxyll
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3 [xyll = [kl + [lyll =l v yll

Now we consider the shell of a sphere which is given by S;(x,c) =
{x | h(x,c) =i}, for i = 0,...,n, with h as the HAMMING-metric
and c as the center of the sphere. The open and the closed spheres
with center ¢ themselves are given by K;(x,c) = {x | h(x,c) < i} and
Ki(x,c¢) = {x | h(x,c) < i}, resp. (see [18], pp. 33, 34). For closed
spheres, the radius ¢ will also have the values 0, ..., n, for open spheres
we can set Ky = () and allow i = n + 1 since K, = K, ;1.

Exercise 2.4 (Shells and Spheres). 1 Use ¢ = (0000) and find S;(x, c)
for : =0,...,4 with regard to this center.

2 Now use € = (1111) and find S;(x,€),7 = 0,...,4 with regard to this
new center.

3 Confirm that S;(x,c) = Sp,—i(x,C).

4 Let n = 4,¢ = (0000). Show that Ky = 0, K1 = Sp,..., K5 =
Sop U .-+ U Sy. Generalize this relation to any value of n.

5 Let n = 4,¢ = (0000). Show that Ko = Sp,..., K4 = SgU---U Sy.
Generalize this relation to any value of n.

6 What is the relation between spheres with center ¢ and spheres with
center €? Base your considerations on the analogous relation for shells.

2. Logic Functions, Formulas and Expressions

The definition of a logic function is quite easy and fully supported
by the XBOOLE Monitor. After starting the XBOOLE Monitor we use
the sequence Objects — Define Space — Create TVL — Append Ternary
Vector(s).

And now we simply write down all the (ternary) vectors for which the
function to be defined has the value 1. When we are using the variables x1
and x2 and the only ternary vector is selected as (11), then f = x1 A z2.
By clicking on K the representation can change to the Karnaugh map for
this function, the letter changes to T, and when we click on this letter
now, we go back to the representation as TVL with the character K on
the key.

A second XBOOLE possibility is the use of the concept of a Logic
Ezxpression or a Logic Formula. The menu point Extras offers the pos-
sibility Solve Boolean Equation which is, according to the philosophy
of the book, one of the most powerful and sophisticated options of the
monitor. After clicking on this topic a new window opens, and there
the respective expression (formula) can be typed. Hint: the system is
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using as a standard that the right side of an equation is equal to 1. We
type, for instance, 23 & x4 and get the solution vector (11) and an object
number for this solution set. The view is exactly the same as before for
the definition based on TVL. Hence, the two possibilities are completely
equivalent. In this way any formula can be used for the input of the
respective function.

If we want to emphasize that an equation has a value of 1, then we can
type f = 1. The system understands the = as the equivalence function
~, and, since we know that f ~ 1 is equal to f, we get the correct solu-
tion. In the case of an equation f = 0 the system solves (f ~ 0) = 1, and
since f ~ 0 is equal to f, we solve actually f = 1 which means f = 0,
again without any problem. The best way to avoid any confusion: type
the equation to be solved without the value 0 or 1 on the right side and
solve it. If a solution for the value 0 on the right side is required, then
use additionally the set operation complement.

Exercise 2.5 (Definition of Functions). 1 Define the functions

fO(x):fa fl(J:?y):xAy? fg(x,y):a:\/y,
f3($7y):x@y7 f4($,y):33~y, f5($,y):$ﬁy,
fﬁ(xay):xky:ma f7($,y):$ly:m

using TVLs.
2 Define the same set of functions using Solve Boolean Equations ...

3 Which functions are represented by solving the equations (z A y) = 0
and (z Vy) = 0, resp. Use the Karnaugh map to define an appropriate
expression for these functions.

4 Show that the expressions (z @ y) @z =1and z @ (y ® z) = 1 define
the same function?

5 Answer the same question for A, V, ~, —.

Very often the question arises how many functions of a given type
can be found. Problems of this kind are dealt with mostly by methods
from combinatorics. As an example the following question should be
considered.

Exercise 2.6 (Combinatorial Properties). 1 How many functions exist
with f(z1,...,2n) = f(T1,...,Tn)?

2 Two binary vectors x = (z1,...,2,) and y = (y1,...,yn) are called
neighbored if h(x,y) = 1. How many functions exist with f(x) = f(y)
for neighbored vectors x and y?
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3 How many functions of n variables exist with less than k values 1, k£ > 17

Sometimes logic functions can be defined in a given context based on
verbal descriptions. In a very general understanding this can be under-
stood as “logic modeling” and sometimes be very difficult. We start here
with a very simple example.

Exercise 2.7 (Logic Modeling). Find the Karnaugh map, a TVL and a
disjunctive form for the following functions!

1 The function f(z,y, z) has the value 1 either for z =1 or if y # 2 and
the value of z is less than the value of z, otherwise the value of the
function is equal to 0.

2 f(xy,29,23,24) = 0 for such vectors satisfying x1 + o > x3 + 224.
Hint: understand 0 and 1 as integers and + as the addition for integers.

Exercise 2.8 (Definition of Functions by Formulas). Which functions
are defined by the following formulas (equations):

1 (z—y)®((y—2)a(z— )
2 @Vy)V(@2) | (@ ~y);

37— (Z~(ydaz));

4 (((ly)la)y)l=

Give the disjunctive, conjunctive, antivalence and equivalence normal forms
for these functions.

Exercise 2.9 (Normal Forms). Find the disjunctive and the antivalence
normal form of the following functions:

1 f=((z1VaoTsxg)((Ta V x4) — 21T3T4) V x223)(T1 V 24);

2 f=((x1 — wow3)(wowy ® 3) — 217T4) V T1;

3 f=(x1VaoaVasV---VaxgVry)(TtVT2VT3V---VTgVTi);

4 f=(x1VaaVas)(T1 VT2V T3) ©ry @ a5 ® e ®ar s ©xg D 210

Exercise 2.10 (Normal Forms). Find the conjunctive and the equivalence
normal forms of the functions given in the previous question.

Exercise 2.11 (Normal Forms). Generalize the two last items of the
previous question to larger values of n:

1 f:(ZL‘lV.%QV"'\/I‘n)(Tl\/TQ\/-"\/TTL);

2 f=(x1VaaVa3) (T VT2 VT3) Dxg D D xy.
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Exercise 2.12 (Antivalence Polynomial). Find the antivalence polyno-
mial and the equivalence polynomial for the following functions:

1 f = (x1]x2) | a3
2 f=(x1 — x2(z2 | 23));
3 f=((x1— z2) VT3)|21.

Not very often the transformation of a logic function into a “normal”
polynomial is used. This polynomial only uses addition, subtraction and
multiplication. A given elementary conjunction (containing all variables)
will be translated in the following way: each variable remains unchanged,
for negated variables = we write 1 —x, and then all variables are combined
by multiplication. The use of elementary conjunctions ensures that at
most only one conjunction will be equal to 1 for a given set of values,
hence, the expressions for the different conjunctions can be added to form
such a polynomial. As an example see, for instance, C' = x1Tox3T4 =
x1(1 —xo)x3(l —xy4) = x123 — 10374 — T1T2x3 + T1222324. The value of
C will be equal to 1 only for the vector (1010), for all the other vectors
of B* it will be equal to 0.

Exercise 2.13 (Arithmetic Representation). Transform the following
functions into the respective arithmetic polynomials:

1 f=21® 1 ® 13
2 f= (11— x2) — x3;
3 f=x1x0n3 V T1T2T3.

Sometimes the question arises whether a given formula represents a
tautology, or as also can be said whether the function represented by
a given formula is always equal to 1. Again the use of the XBOOLE
monitor makes this kind of questions very easy. The formula has to be
entered, and the solution of the respective equation answers this ques-
tion immediately. Since, however, many different TVLs can represent a
tautology, it is elegant and efficient to use the complement, because this
complement must be the empty set, independent on the representation
of the tautology.

Exercise 2.14 (Tautologies). Which one of the following formulas defines
a tautology?

1 (z—=y) = (zVz) = (yV2));

2 ((x@y) ~2)(z —yz);
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3(@vyl@ey)e(z—7) —(TVy)
4 (zVvy)z — ((z ~ 2) & y))(z(y2)).

Very often we find simple or complex identities with the meaning that
one side of such an identity defines the same function as the other side.
In this case the two formulas can be considered as equivalent. A simple
example is the expression

a(bVe)=abV ac,

the function defined by a(bV ¢) is supposed to be the same function as
the function defined by ab V ac. The solution of these problems can be
achieved in two ways:

s We take the XBOOLE Monitor facility for solving equations and
solve the two equations left side = 1 and right side = 1 and store the
solution sets. Then we compare the solution sets using the symmetric
difference. If the result is the empty set, then the identity is correct,
otherwise not.

m We type the suspected identity as it is. The system understands the
= as the equivalence, and since the equivalence is equal to 1 for 0 = 0
and 1 = 1, we also get all the vectors for which the identity holds,
and if the set of all these vectors is equal to the respective B™, the
identity is valid. This means that we ask the question whether the
given expression represents a tautology.

Exercise 2.15 (Identities). Are the following pairs of formulas equivalent
— try to prove this equivalence by building the disjunctive normal form of
the two formulas.

1 i=(xVyVz)—(xVyl(zVz), fo=x~z;
2 fi=@—y) —zfa=a—(y—2)
3 fi=lzey) - @Vyll@—y) = (@oyl 2=y

4 ir=(x=y)V(z =2y fo=(27)([7 — 22).

Correct identities (or equivalent formulas) can be used as a possibility
for the transformation (simplification, normalization) of formulas and
should be well known for this purpose. They can be used from the left
to the right or from the right to the left (dependent on the respective
effect).

Exercise 2.16 (Transformation Rules). Can the following rules be used?
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lazV(y~z)=(xVy) ~(zV2);

2z —(y~z)=@—-y) ~@—2);
3zA(y~z)=(xAy)~ (zAz2);
4a—(yve)=(r—y V- 2);
Su—(yNz)=(r—y) A —2);
6rxd((@y—2)=((@dy) — (xd2);

Tr—y—z)=@—y) —(@—2).

The composition of functions is a powerful mechanism that can and
will be used very often. The basic idea is the implementation of “smaller”
functions and its combination by other functions. As an illustration an-
swer the following question.

Exercise 2.17 (Composition of Functions). Let be given f(a,b) =a Vb
and g(x3,24) = 23 ~ 24.

1 Find all vectors (zg, x3, z4) with h(xa, x3,24) = f(g(z3,24), z2).

2 Find all vectors (x1,x2,x3,24) with h(zy,zo,x3,24) = f(x1,22) V
9(5537564)'

3 Find all vectors (x1,x2,x3,24) with h(zy,ze,x3,24) = f(x1,22) A
g($3,$4).

3. Special Functions and Representations

One of the most interesting problems is the question whether a func-
tion (given by a formula, a description, a table) is an element of a special
class of functions (is linear or monotone or linearly degenerated etc.).
This question will be dealt with in Chapter 4 using operations of the
Boolean Differential Calculus. Here we will give some examples for these
functions using the XBOOLE Monitor.

Exercise 2.18 (Special Formulas). Show the TVL and the Karnaugh map
of the following functions:

1 f1 = 212203040526 T7T8T9T10;
2 fo=x1VaaVrozVayVesVagVerVegVxgV T,
3 f3=21Dx2P 230 24D 5D 6D w7 D8 DT9 D T10;

4 for=121~ Ty~ T3~ Ty~ Ty~ T~ Ty~ Ty~ Tg ~ T1.
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Exercise 2.19 (Implication). 1 Find the TVLs for the functions f =
(x —y)—zandg=z— (y — 2).

2 Which function is the XBOOLE Monitor using for x — y — z.

3 Discuss the result received for fi = x1 — 22 — 23 — x4 — 5 — g —
Ty — Xy — T9 — T10.

Exercise 2.20 (NAND and NOR). 1 Compare the two functions f =

(zly)|z = (xAy) Nz and g =z|(y|lz) =z A (Y A 2).

2 Compare f = (z | y) | z=(xVy Vzwithg=2z | (y | 2) =

zV(yV z).

3 What can be said about f = x1|za|zs|zg and g = 1 | o | 3 | 247

The construction of disjunctive and conjunctive forms and normal
forms is easy when the XBOOLE Monitor will be used. Again a given
overlap with the concept of logic equations exists and can be successfully
used.

Exercise 2.21 (Conjunctive and Disjunctive Normal Forms). Find a
disjunctive and a conjunctive form for the following functions:

1 fi=(zVvyz)(zV2),
2 fo=((z1V 22T324) (T2 V 24) — 21T3T4) V 223) V (T1 V 24);
3 f3=((z1 — wox3)(x224 ® 23) — T1T4) V T1.

In order to find the disjunctive normal form, any ternary vector with
the value — at a given position will be replaced by two vectors with the
values 0 and 1 at this position, resp. Sometimes the function might be
given by means of a vector of the function values, such as (01101100) or
(10001110). In this case the assignment of the argument vectors to the
positions of the vector of the function values must be known. The given
functions can, for instance, be represented by the following table:

[
)

HEREROOOOS
[l e Nl e Nen] N
HO OO O|N
OO = O Ol
O == OO O |
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Very often this order of the assignment of the vector components of f
to the vectors for the variables (zyz) from the left to the right is assumed,
more or less as a standard, any other assignment of the variables to
the positions of the vector of the function values must be mentioned
appropriately. This arrangement is very popular because the decimal
equivalent of the respective vectors corresponds to the integer numbers
0,1,...,7 or to 0,1,...,2" — 1 for n variables. Therefore we can also
write f; = (01101100), fo = (10001110).

Exercise 2.22 (Function Vectors). 1 Find the disjunctive and the con-
junctive normal forms for the two given function vectors.

2 Find shorter disjunctive and conjunctive forms using the Karnaugh map.

3 Use the items 0BB Orthogonal Block Building and OBBC Orthogo-
nal Block Building and Change of the XBOOLE Monitor in order
to find shorter versions.

Exercise 2.23 (Special Normal Forms). How many disjunctions (con-

junctions) will be used for the conjunctive (disjunctive) normal forms of the
following functions:

1 f=2 @22 ® Dty
2 g:(l‘lv.rg\/"'\/l‘n)(fl\/TQ\/"'\/TH);

3h=(x1VaaVa3)(T1VT2VT3) Dryg®as® - D xy. Start your
considerations with n =4, n =5, n = 6 and try to find a general rule.

Since the property of orthogonality is one of the fundamental prin-
ciples of the solution process for Boolean equations, it is very easy to
find antivalence forms of functions. We simply solve the equation f =1
for any function f. Since the solution is given as a set of conjunctions
K1, K, ... with the additional property that K; A K; =0 for ¢ # j (or-
thogonality), we can simply calculate the disjunctive form of the solution
set and replace the V by &.

Exercise 2.24 (Antivalence Normal Forms). Find an antivalence form
for the following functions:

1 fi=(zVvyz)(zV 2),
2 fo= ((.Il V $2f3$4)((f2 V £U4) — Ilfgle) V fL‘QI‘g) V (fl V $4);
3 f3= ((."L‘l — 1‘2133)(1132$4 D 133) — 1:134) V.

In order to find antivalence forms without complemented variables
(Shegalkin polynomials), we remember the two rules T = 1 @ x and
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z(1®y) = z ® xy. That means that each value 0 in a conjunction of an
antivalence form results in two conjunctions, one without this variable
and the other one with the value 1.

Exercise 2.25 (Shegalkin Polynomials). 1 Transform the antivalence
forms of the previous problem into Shegalkin polynomials.

2 Find the Shegalkin polynomial for f = x1 V 29 V x3.

The concept of a subfunction can be interesting if only some parts of a
function are important in a given context. Any subfunction can be found
by specifying the values of some variables. One very clear way is the
definition of the function and the intersection with the respective value,
the other possibility inserts the values of some variables as a constant
into the formula and calculates the respective subfunction. Observe that
the subfunctions do not depend on the variables that have now a fixed
value.

Exercise 2.26 (Subfunctions). 1 For f = ((z1 — x2T3) @ x2)T2, find
subfunctions fi(z2,23) = f(z1 = 1,22,23), fa(x1,23) = f(z1,22 =
1,23), fas(xs) = f(x1 = 1,29 = 0,x3) using the intersection and the
insertion of constants.

2 Which functions f(x1,x2) do not change the value when 21 and x5 are
exchanging their positions?
When we speak about special logic functions, then very often three
questions have to be answered, mostly in a different context:

= how many functions of this special nature can be found (combinatorial
considerations);

= find some (all) functions with this property (constructive aspect);

»  check whether a given function is an element of this class (analytical
aspect).

Exercise 2.27 (Degeneration of Functions). 1 Find all conjunctively
degenerated functions of three and four variables. Explain the construc-
tion! What is the common property of these functions?

2 Find all disjunctively degenerated functions of three and four variables.
Explain the construction! What is the common property of these func-
tions?

3 Find all linearly degenerated functions of three and four variables using
the antivalence. Explain the construction! What is the common property
of these functions?
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4 Find all linearly degenerated functions of three and four variables using
the equivalence. Explain the construction! What is the common property
of these functions?

Exercise 2.28 (Dual and Self-Dual Functions). Let be given the following
functions:
n f = (11100111);
= f, = (01110001);
s f3 = (11001101);
B fy =270 \/TQ(ZL'g D 134).
Find for each function its dual function! Is one of these functions a self-dual
function?
Exercise 2.29 (Symmetric Functions). 1 Find functions f(z1,z2,x3)
symmetric in (z1, z2).
2 Find functions f(x1,x2,x3) symmetric in (x2,x3).

3 What can be said about the intersection of these two sets?

Exercise 2.30 (Symmetric Functions). 1 Find the number of functions
f(z1,...,x,) which are symmetric in (z1,x2), n > 2.

2 Find all functions that do not change their values for any permutation
of the variables.

Exercise 2.31 (Monotone Functions). Which functions of the given set
are monotone? Check the increasing as well as the decreasing possibility.

1 fi=@—(x—y)—(y—2);

2 fo=x129 B X123 B X124 D T2x3 D T2xg D T3X4;
3 f3 = (0000000010111111);

4 f, = (0001010101010111).

Monotone functions are in a very strict sense considered as mono-
tonely increasing and monotonely decreasing. However, this difference is
not so important since it is easy to see that a function f(x) is monotonely
increasing if and only if f(x) is monotonely decreasing and vice versa.
Therefore most of the time it is sufficient to deal with one of these
properties or to assume the consideration of increasing functions more
or less as a standard.
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Exercise 2.32 (Monotone Functions). For which value of n are the fol-
lowing functions monotone?

1 fi(z1,...,2p) = 12 V X123 V - - - Tp_12y, (the disjunctions of all con-
junctions consisting of two non-negated variables);

2 fo(x1,...,mp) =129 .. . Tp_1Ty — (T1 D T2 B -+ B Tp1 D Tp).

Exercise 2.33 (Monotone Functions). For each monotone function, we
have

f(x)=zif(x; =1)V f(z; = 0),
and
f(x) = (2 V flzi=0)) A fz; =1).
Prove these identities.

Exercise 2.34 (Monotone Functions). Let be given f(z1,x2, 23, 24) such
that £(0,1,1,0) = 1, f(1,1,0,0) = 1, f(1,0,1,0) = 0, £(0,0,1,1) = 1,
£(0,1,0,1) = 0.

1 Can this definition be used to build monotone functions with these val-
ues?

2 How many different monotone functions with these values can be built?
3 Represent these functions by disjunctive forms without negated variables.

Exercise 2.35 (Functional Constraints). Find all functions satisfying the
following conditions:

1 £(1,0,0,0) =1, £(0,1,1,1) = 0;

2 £(1,0,0,0) =1, f linear in one or more variables;

3 £(0,1,0,0) # f(1,0,1,1), f symmetric (consider all possibilities);
4 f(1,0,0,1) =0, f self-dual.

4. Minimization

In Chap. 2, Sect. 4 of [18] the Method of BLAKE and the Algorithm
of QUINE-MCCLUSKEY are represented; they give the prime impli-
cants of a function and all irredundant disjunctive forms for a given
function f.

We remember that an implicant of a function f is a conjunction K
with the property K < f,ie. KV f = fand KA f = K. A prime
implicant is an implicant where this property will be lost if one of the
variables in the conjunction is deleted.
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Exercise 2.36 (Prime Implicants). Find the prime implicants of the fol-
lowing functions:

1 f(z,y,2z) = (00101111);
2 f(z,y,2) = (01111110);
3 f(x1, 22,73, 24) = (1010111001011110).

Exercise 2.37 (Minimized Disjunctive Normal Form). What can be said
about the minimization of the following functions:

l fi=21Dx2@ 3B 24 D 255

2 fo=(r1VaaVas)(T1 VT2V T3)Dry® s,

3 fs=(xr1VaaVas)(T VT2V Ts)(xs®xs);

4 fy= (11D x2®x3)(T4 ® T5 D 76);

5 fs=(xr1VaaVasVaeyVasVag)(ryVaeyVayVTyVTsVT)?

The XBOOLE Monitor is very flexible with regard to the variables
which are used for a function. We can type, for instance, f = a V b and
g = bV ¢ as equations to be solved and consider fV g which is solved by
the union of the sets of ternary vectors for f and g, respectively. And
when we check the solution sets then we see that the result depends on a,
b and c¢. What has been happening in the background, is the extension of
functions by variables or the embedding of functions in larger spaces. For
the variables (a,b) and (b, ¢), we would need a space (a, b, ¢) in order to
work with the two functions simultaneously. In the sense of the formulas
this can be done in the following way:

f=(aVvb)=(aVb)(cVve) and g=(aVa)(bVec).

Now both f and g depend on (a,b,c). It can be seen that f(a,b,c =
0) = f(a,b,c = 1) and g(a = 0,b,¢) = g(a = 1,b,c). The variables ¢ or
a, respectively, are not essential.

Sometimes it is also desirable to find out which variables are not essen-
tial, because if this is the case, then it is possible to find a formula with-
out this variable which makes the respective expressions shorter. This
will be done most efficiently using the first derivative, after the knowl-
edge of the Boolean Differential Calculus is available (see Chap. 4). Here
we will only use the two subfunctions directly. We build, for instance, the
subfunction f(z; = 1) by means of the intersection of f and the ternary
vector for x; = 1, the subfunction f(x; = 0) in the same way and check
the equality by using the symmetric difference. The two subfunctions are
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equal to each other, if the symmetric difference is equal to the empty
set.

Sometimes it might even be possible to get (by using algebraic trans-
formations of formulas or minimization algorithms) expressions without
a variable; then this variable is not an essential variable. The equality of
the subfunctions can be seen directly.

Exercise 2.38 (Essential Variables). Find the essential or non-essential
variables of the following functions and find formulas without non-essential
variables:

1 f(w1,3:2,:c3) = (z1 = (21 V x2)) — @3;
x1,m2) = (21 V 23) — x2);
x1,22,I3, I4) (1‘1 VxoVIyxsV Tlfzfg)lq;

r1,22) = (11 © 22) (21 | 22);

€1 :B2,$3) (((1‘1 V .I‘Q)(.’El V Tg) — 51) — $253)$2;

I
I
I
f(z1 :U2,:E3) (((xg — x2) V1) (22 — 21)23T1) D '3;
i
f(z1, 29,3, 24) = (1011100111001010);

I

21, %9, 3, 24) = (0011110011000011).

5. Complete Systems of Functions

We already know that the systems consisting of conjunction, disjunc-
tion and negation are complete systems of functions, i.e. each function
can be represented by using these functions only. This can be confirmed
when we remember that each function can be represented as a conjunc-
tive or disjunctive normal form. But it can be seen that there are also
other complete systems of logic functions, sometimes consisting only of
one single function.

Exercise 2.39. Show that the following systems of functions are complete
systems:

1 {x |y}

2 {zy @z, (x ~y) ® 2}
3{zr—yxzPydz}

4 {x — y,(1100001100111100)};
5 {0,zyVazVyz,1®&zdyd z};
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6 {(1011),(1111110011000000)}.

Since the functions of the previous exercise are complete systems,
it must be possible that each function can be expressed by the other
functions.

Exercise 2.40. Express every function that appears in Exercise 2.39 by all
the other complete systems of functions of this exercise.

Exercise 2.41. Represent every function of this exercise using all the com-
plete systems given in Exercise 2.39.

l fi=21Dx2@ 3B 24 D 255

2 fo=(r1VaaVas)(T1 VT2V T3)Dryd s,

3 fs=(x1VaaVas)(T1 VIV IT3)(xs P xs);

4 f1=(x1 ®xa®x3)(xg ® 5 D 6);

5 fs=(r1VaaVasVaeyVasVa)(ryVaeyVasVTyVTsVT)?

6 fo = TawawsVxoTaxsV (24D x5)(T12203 V 2139T3) V 21 T2T3(T4 ~ T5).
7 fr= (1 ®x2) N (23 ~ T4 ~ T5).

8 fs =x1To V xoT3 V x3T4 V x4T1.

9 fo = (w1]walzs) | (x4 | xs).

10 fio = (@1 — @2) ~ (2 — x3) ~ (23 — x4) ~ (x4 — x5) ~
(x5 — x1).

Sometimes some functions can be allowed to be used in a given con-
text. They will not be a complete system, but they can be used to build
new functions. As an example we consider the system of functions {0, Z}.
It can be assumed that these two functions are given and can be used
several times, according to our convenience. Which functions can be built
by using these two functions?

z f
0 0 1
1 0

By using the function f2 two times, it is possible to build

f3(x) = fa(fo(x)) =2 and  fa(z) = fo(fi(z)) = 1.

Therefore the whole system of functions that is available consists of
the functions {0, 1, z, T}, since f1(f1(x)) = fi(f2(x)) = 0. Here the given
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function had only one argument; when several arguments have to be
considered, then the space B™ also has to be given. We will simply say
that the arguments x1, x2, 3 or x1, s, 3, x4 can be used — see the next
example. It can be seen later that this approach is also very typical for
the design of circuits. A special function is given, and the problem has
to be solved what can be done with this circuit or this gate, and how can
it be done. The complete systems are particularly interesting because in
this case it is known that each function can be implemented by means
of this system.

Exercise 2.42. 1 Let be given the set of functions {1,z @ y}. Which
functions can be built using these two functions for M; = {x1,z2,z3}
and for My = {x1, 9,3, 24}.

2 Which functions can be built using {z V y,zyz}?

3 Which system of functions can be built by {zVy, zyz,xVyz, (xVy)z}?
4 Can xy be built using the set {0,1,z,y,Z,7}?

5 Which set can be built using the functions of the previous item?

6 Which set can be built using the given set {0, 1, z,y, T, 7} together with
fi(z,y,z) = (11101000) or fa(z,y,z) = (01111111) or f3(x,y,z) =
(10011001).

6. Partially Defined Functions

Very often the values of a function are not completely specified, they
are given only for a given set of values of the argument vectors. We will
see this property very often when the design of circuits or finite-state
machines will be considered.

Such a function always can be seen as a ternary vector where only
some of the values are given, the remaining positions are equal to — and
can be replaced by values 0 or 1 (as we have seen already very often).

Exercise 2.43. Let be given the function(s) (10 — — 010 — 11000101).
1 Find the set of functions that can be derived from this partial definition.

2 Find for every function the antivalence normal form and compare the
different representations.

3 Find for every function the conjunctive normal form and compare the
different representations.

The range of values for the variables with specified values can be de-
scribed by a function (x) which is equal to 0 for the vectors of variables



40 2 BASICS AND LOGIC FUNCTIONS

with specified values of the function and equal to 1 otherwise, i.e. for
vectors with unspecified values. Later two more functions will be used
in this context: the function ¢(x) is equal to 1 for all vectors with f =1
(the ON-set) and 0 otherwise. The function r(x) is equal to 1 for all
vectors with f = 0 (the OFF-set) and 0 otherwise.

Exercise 2.44. Find the function ¢(x1, 2, x3,24) for the following defi-
nition ranges:

1 The function f(z1,x2,x3,24) is defined only for vectors with one or
three values 1.

2 The function f(x1,x2,x3,24) is not defined for all vectors with two
values 1.

3 The function f(z1,x2,x3,24) is not defined for the vectors (1110) and
(1111).

Exercise 2.45. Let be given the function f(z1, z2, z3,24) = 21T2VaoT3V
x3T4 V x4T1. However, it is not defined for (1110) and (1111).

1 Find the set of four functions that meet this partial specification.
2 Find the function ¢(z1, z2, z3,24) for this situation.
3 Represent the four possible functions by means of f(z1,x2,x3,24) and

@(xtha zs3, .%'4)-

7. Solutions

Exercise 2.1.

1 z y zVy z<zxzVy ANy >Ny
0 0 O yes 0 yes
0 1 1 yes 0 yes
1 0 1 yes 0 yes
1 1 1 yes 1 yes

2 Here the same table will help: use four columns for zi1, 2, y1 and y2. Mark the
rows where x1 < y1 and x2 < y2 and check the relations for the conjunctions and
disjunctions.

3 Use a table with the same procedure.

4 Here the transformation of < into an equation can be used: z < (yz) = ¥z =
z(gVZzZ) = 2y Vaz = 0. The disjunction is equal to 0 if and only if both con-
junctions are equal to 0: z7 = 0 and zZ = 0 which is equivalent to x < y and
x <z

Exercise 2.2.
1 9,13 and 50.

2 (010011) € B°,(00010011) € B®.
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3 The vector x = (10...0) € B" represents the number 2"~ '. The first bit with the
value 1 is kept, all the other bits are successively replaced by values 1, possibly in
lexicographic order: (10...00), (10...01), (10...10), (10...11) etc. This results
in 277! different numbers from 2"~ ! until 2" — 1. The number 2" itself would
require one more bit, i.e. it will be represented by x = (10...0) € Bt
An elegant way to describe the set of all these vectors is the use of ternary vectors.
We keep the 1 in the first position and replace all the values 0 by —: (1——...—)
represents the set of all these vectors x with 2"7! < dec(x) < 2" since every —
can be replaced by 0 or 1. When only the value 0 is used, then we get the original
number 2", when only the value 1 is selected, then the resulting number is equal
to 2" — 1.

4 In the first case the positions with z; = 1 remain unchanged. In order to increase
the given vector, the values 0 can change to 1, hence, the ternary vector (1——1—
1 — 1) represents all the desired vectors. Actually we build the interval between
the given vector x = (10010101) and the largest vector (11...11).
In the second case the positions with z; = 0 remain unchanged, the values 1
can change to 0, hence, the ternary vector (—00 — 0 — 0—) represents the desired
vectors, the interval (00000000) <y < x.

5 Let x = (010101), y =(110111). Using the considerations of the previous item, all
vectors z with z > x are given by (—1 — 1 — 1), the ternary vector (— —0— — —)
describes the set of all vectors z with z < y. The intersection of these two sets
(intervals) will be the desired set which is given by {(—101 —1)}.

(a) We click on Objects and select Define Space. This is our first space, and 32
variables are sufficient because we need only six.

(b) Now we go back to Objects and define two T'VLs as objects 1 and 2, and we
assign the variables z1,...,z6 to both of them. As Form predicate we select
0DA; this is an assumption for the application of set operations.

(¢) For the next step we use Objects again, followed by the item Append Ternary
Vector(s). The vector (—1 — 1 — 1) will be appended to TVL1, the vector
(——0———) to TVL2.

(d) The final step is the intersection of these two ternary vectors which can be
understood as the intersection of the respective sets of binary vectors. We
select Sets and ISC Intersection and get the desired result after specifying
the two operands.

Exercise 2.3.

1 The complement X exchanges the values 0 and 1. Hence, if x has k values 1 and
n — k values 0, then the complement must have n — k values 1 and k values 0.

2 The subtraction is necessary because some of the values 1 are counted twice on
the right side.

3 This relation follows from 2 by transformation of the equation.

This norm function which is accessing the components of a (binary or ternary)
vector is not available in the XBOOLE monitor. If it is required very often, then you
can rely on the XBOOLE library, or you write your own C-routines to be added to
the existing system.
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Exercise 2.4.

1

3
4
5

6

¢ = (0000)
(a) h=0: Sy = {(0000)}
(b

This problem will now start with So = {(1111)}, followed by S1 = {(0111), (1011),
(1101), (1110)} etc.

This can be seen immediately by inspecting the previous results.
i—1 n

Ko = (Z), KZ' = Uk:o Sk, Kn+1 = Uk:o Sk

Ro =50, K= Uy 56 Kn = UL, St

This follows directly from item 3, 4 and 5.

Exercise 2.5.

1

This item simply repeats the definition of the elementary functions. Ensure that
you remember these functions well and use the steps mentioned above.

Use the sequence Objects, Define Space. .., Extras and Solve Boolean Equa-
tion. Then you type the respective formulas for fi to fr and solve these equations
which will give the same results.

3 f(x,y):fV§:m/\y. f(x,y)zf/\@zx\/y.

We solve the two equations (z @ y) @ z and x & (y @ z) — the right sides are equal
to 1 — and compare the solution sets. When we store these two solutions as two
different sets, then their symmetric difference would be empty (which means that
the two sets are equal).

When we explore, for instance, the two expressions (z — y) — zand z — (y — z),
then the symmetric difference of the solution sets will show that the functions are
different for the two vectors (000) and (011).

Exercise 2.6.

1

Instead of 2™ argument vectors of the function now only 2"~ ! pairs of arguments
have to be considered. Therefore we get 22" functions with this property.

The construction of these functions can start at any point. We use x = (0, ...,0)
with £(0,...,0) = 0. Then for all vectors x with ||x|| = 1 the value of the function
must be equal to 1, the value for all vectors x with [|x|| = 2 must be equal to 0
etc. This means that the value for x = (0,...,0) defines the value for all other
vectors in a unique way. Since f(0,...,0) = 1 is the second possibility, we only
have two such functions.

The definition of the function indicates that the value 1 can be assigned to vectors

x with |[x]| = 0,...,k — 1. It is known from combinatorics that m vectors with
the value 1 can be selected from 2" possibilities, using the binomial coefficient
(?ﬂ) = % Therefore, the number of functions with this property is equal

to () + () +-+ ()
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Exercise 2.7.

1 The condition z = 1 can be expressed by the vector (1 — —), y # z defines the
two possibilities y = 0,z = 1 and y = 1,z = 0, but only in the first case x = 0
is less than z = 1. Therefore we have the two ternary vectors (1 — —) and (001)
as the result. The Karnaugh map follows from the change of the view after the
TVL with these two vectors has been created. f = x V gz is the corresponding
disjunctive form.

2 The given assumption changes the point of view and introduces or uses different
algebraic concepts: the addition and the calculation of 2x4 takes the values 0
and 1 simply as numbers, and for those vectors where the values of the variables
satisfy the condition the value 0 will be entered. By checking all 16 vectors, we
get the following four vectors with f = 0: (0100), (1000), (1100) and (1110). In
order to find a disjunctive form, a TVL with these four vectors can be created.
The complement of this set results in a set that can be used for the disjunctive
form, and we get, for instance, f = x4 V Z1%T2 V T1x3 V Tax3.

Exercise 2.8.

1 By using the BOOLE Monitor we get f = 1 for the two vectors (000) and (111),

hence, f = TyZ V zyz. It will also be a good exercise to find the disjunctive or
conjunctive normal form by algebraic transformations of the given formula. Use,
for instance, the following sequence of transformations:
T —y=TVYy=ThydTy=1020y0(1dz)y=1020ydydry = 1Gzdy.
We can also use the disjunctive form of this function: f = TyzZV axyz =Tyz &
zyz = 1®xdyPzPry®rz@yz. An equivalent conjunctive form can be found when
we are using the complement of the set {(000), (111)}. After using the XBOOLE
Monitor for the original formula, the solution set is stored as an object. We can
also create a TVL and enter the two vectors directly. The use of the items Sets and
CPL Complement results in the set of ternary vectors {(100), (011), (—10), (—01)}.
The corresponding disjunctions can be used for a conjunctive form of this function:
f=@VyVvz)(zVvyVz)(yVz)(yVZ). Since the set operations are always based
on orthogonal sets of vectors, we get the equivalence normal form immediately:
f=F&VyVvz)~(@VyVz) ~ (yVz)~ (yVz). The conjunctive form f =
(TVy)([GV z)(zVZ) would be shorter.

2 Since the operator | has not been implemented in the XBOOLE Monitor, we must
use the definition z | y = x Vy = T Ay before the input of the equation. This is
easy to do: we replace the | by V and the complement:

@Vvy)V(zz) | (z~y)=EVy)V(2Z)V(z~y)
=ZVy V@Z)A(x~y)=(TVyVaz)(zDy).

= 1 for the two ternary vectors (01—) and (100), hence, f = Ty V ayz =
VZ)(zVy)(TV7Y) ete.
3 f=xzVyzVyz=(zVyVZ)(xVyV2).
4 Here z | y = Ty = T V7 must be used as well, and we get after some steps the
expression zyz which already shows that f = 1 only for the vector (110).
This type of formulas is also a good possibility to use the XBOOLE Monitor,
particularly the possibility of manipulating sets of ternary vectors. a8 can be cal-
culated by creating objects for o and [, respectively, followed by the intersection of
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these two objects and the complement of the intersection. The NOR-operation will
be implemented by the union of the two parts and the complement of the result.

Exercise 2.9.

1 The set of ternary vectors with f = 1 is equal to {(0110), (0111), (1111)} (given
by the XBOOLE Monitor) or, after using the orthogonal block building, equal to
{(011—), (1111)}, and this results in the disjunctive normal form f = Tizsx3 V
T1X2X3T4.

2 This expression describes the function 1(x1,z2, z3, x4) which is constant equal to
1 for all vectors (z1, z2, 23, 4).

3 When the expression is checked carefully, then it can be seen that this is already
the conjunctive normal form of the function f. It is equal to 0 only for the two
vectors (0000000000) and (1111111111). For the remaining 2'°~2 vectors the func-
tion would be equal to 1, hence, it would be hardly possible to write down the
disjunctive or antivalence normal forms. However, the XBOOLE Monitor needs
(only) 18 vectors for the representation of this function.

4 Using the definitions involved in this expression, two parts of the formula can
be considered: fiery = (21 V @2 V 23)(T1 V T2 V T3) and fright = T4 D 5 D 26 D
T7 ® xg B x9 B T10, and f = fiest B frigns. According to the definition of the
antivalence, f = 1 if fiex, = 0 and frighe = 1 and vice versa. Therefore, the
solution vectors have the vectors (000) and (111) for (z1,x2,z3) together with
all vectors (x4, x5, x6, T7, T3, To, T10) having an odd number of components with
the value 1. All the other vectors (z1,x2,x3) can be paired with those vectors
(x4, x5, 6, 27, T8, T9, X10) having an even number of components with the value 1.
The XBOOLE Monitor shows 384 ternary vectors for the representation of this
function.

Exercise 2.10.

The simplest way is the use of the set of ternary vectors that is already known
followed by the correct interpretation of the vectors as disjunctions of a conjunc-
tive normal form. We create, for instance, a list of ternary vectors with the vectors
(0110), (0111), (1111). The complement of this set followed by an orthogonal mini-
mization results in three vectors (—0— —), (—=10—), (1110), and the respective orthog-
onal conjunctive normal form can be written as f = z2(T2 V 23)(T1 VT2 V T3 V 24).
The respective forms for the other functions can be found by using the same ap-
proach.

Exercise 2.11.

This more general problem uses the same ideas as the problem before. Since n is not
specified, XBOOLE cannot be used immediately. However, the following considera-
tions can be used for any special n after the value has been defined.

1 This conjunctive normal form shows that f = 0 for two vectors. For all the other
vectors we get f = 1. The easiest way to get these vectors is the input of these
two vectors followed by the complement.

2 For any n > 4 the two vectors (000) and (111) will be combined with all the vectors
Z4...%Tn with an odd number of values 1, all the other vectors for (z1, z2, z3) will
be combined with all the vectors with an even number of values 1. The number
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of vectors with f = 1 is equal to the number of vectors with f = 0, i.e. equal
to 2771,

Exercise 2.12.
1 f=z122T3 = z122(1 ® w3) = 172 ® T1T2T3;
2 f =71 =1®x;

3 f =1 for the two vectors (0 — —), (101), hence f =71 D x1T2w3 = 1 Dx1 D T123 D
X1T2X3.

Exercise 2.13.
1 f = T1T2T3 + (1 — CIZ’1)(1 — .TQ).Tg + (1 — $1)$2(1 — Ig) —+ $1(1 — a)z)(l — :Ifg) =
4dx1x0T3 + X1 + X2 + X3 — 2172 — 20123 — 2T2X3.
Check the value of f, for instance, for z; = 1,22 = 1,23 = 1.

2 We use Solve Boolean Equation... and deal with each elementary conjunction
as in the previous item. In order to avoid ternary vectors, the Karnaugh map
could be used.

3 Here we have two conjunctions that can be transformed as before.

Exercise 2.14.
1 The solution of this equation shows that this is a tautology.
2 We get f =1 only for the vectors (000) and (011).
3 Tautology.

4 This function is always equal to 0, i.e. it is the negation of a tautology.

Exercise 2.15.

1 We use again the option of Solve Boolean Equation, for the first expression we
get three solution vectors (1——), (011), (000), for the second formula, however, we
get two solution vectors (00), (11). When we now check the variables then we can
easily see that for the first formula the variables allocated are x, y and z, for the
second, however, only x and z are used. It might be useful to know a possibility
to adjust the variables in such a way that both formulas depend on the same sets
of variables.

The first possibility is a bit tricky. We use the knowledge about the functions:
(xvVZ) =1and (z ~ 1) =z and replace the equation z ~ z by z ~ z ~ (y V7)
which obviously has the same set of solutions, but depends now on z,y and z.
The resulting solution set is now equal to {(0 —0), (1 —1)}.

The second possibility corresponds more to the theoretical understanding of binary
functions and equations. We use Create TVL and Append Ternary Vector(s),
and we append the vector (— — —) only. This vector naturally describes the whole
B3?. The intersection of this object with the solution vectors (00) and (11) consid-
ers the correct allocation of variables and results in the correct solutions (0 — 0)
and (1 —1).

By comparing now the two resulting solution sets, it can be seen that these two
formulas are not equivalent. This can be done in the most correct way (particularly
for large sets depending on many variables) by using the Symmetric Difference
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which would be empty if the two solution sets are equal. In this example the
solution sets are different, hence, the formulas are not equivalent.

2 The two formulas are not equivalent.
3 The two formulas are equivalent.

4 The two formulas are not equivalent. The two solution vectors (10—) and (100)
describe different solution sets.

Exercise 2.16.
The solution of the respective equations shows that only the cases 3 and 6 cannot be
used as a rule.

Exercise 2.17.

1 In the times of cut and paste it is the easiest way to insert the expressions for a
and b (first and second argument) into the formula:

f:a\/l_?Z(ZC:;Nl‘AL)\/fz.

The resulting set of orthogonal ternary vectors is equal to {(0 — —), (100), (111)}
for (z2,x3,x4). Later on we will deal with the application of logic equations in
many different places. It might be useful to see that already for the composition of
logic functions the equations can be a very useful tool. The problem shows us that
the first argument a has to be equal to x3 ~ x4, hence, we write a = (x3 ~ x4),
or, in the language of the XBOOLE Monitor, a = (23 = z4). We are adding
b= 22 and also f = a Vb, i.e. a+!b as a formula of the XBOOLE Monitor. By
using the topics Extras and Solve Boolean Equation of the XBOOLE Monitor
we create the solution sets of these three equations, and the intersection of the
three respective objects results in solution vectors for (a,b, x2,x3,24), and if we
are interested only in values for xs, x3, x4, then the components for a and b can
be omitted, and only the different vectors for (x2,x3,x4) must be used. In spite
of the small example the methodology should be studied carefully, because many
much larger applications can be handled in the same way.

2 Use the same approach and get successively (1—), (00) for (z1,z2), (00), (11) for
(z3,24) and use the union. Watch that the lists of ternary vectors have the
predicate 0DA; this can be achieved by using Matrices — Orthogonalization.
Even when the vectors remain unchanged, still the predicate changes, and ODA is
the assumption for the application of the set operations. The orthogonal mini-
mization can be used directly to get simpler representations, such as {(1 — ——),
(00 — —), (0100), (0111) } in this case.

3 This problem can be solved in the same way. Here the intersection of the two
solution sets has to be used and results in {(0011), (0000), (1 — 00), (1 — 11)}.

Exercise 2.18.
1 Only one vector (out of 1024) satisfies this conjunction, x = (1111111111).

2 The TVL of the solution set shows very nicely the advantages of the orthogonal
representation. Ten ternary vectors are sufficient for the representation of the
solution set, each solution vector is represented by precisely one ternary vector.
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The last two cases show the problem of representing linear functions. The anti-
valence as well as the equivalence expression represent two sets of 512 vectors.
Each vector must be represented by a full conjunction or disjunction with all ten
variables. No simplification is possible.

Already covered by the previous items.

Exercise 2.19.

1

By solving the respective equations directly, we get f = z V a2y with 5 solution
vectors for f =1 and g = TVyV z with 7 solution vectors for g = 1. By comparing
the function values, it can be seen that f < g.

The XBOOLE Monitor uses the — from the left to the right.

The solution is given as follows:

r1 T2 I3 X4 Xz Te X7 I L9 10

o o o o0 o o0 o o0 0 o0
-1 0 0 o0 0 O 0 0 ©0
- - -1 0 0 0 0 0 O
- - - - -1 0 0 0 O
1 0 0

1

Exercise 2.20.
1 It holds that (z|y)|z =ZV zyz = Z V zy whereas z|(y|z) =TV ayz =T V yz.

The transformation into the respective disjunctive forms can be based on alge-
braic transformations such as © Ay = T V¥, but it is also a good opportunity to
get accustomed to the consideration of solution sets. The following steps must be
performed, they are more or less trivial at this point of time, but a good possibil-
ity to get a better understanding for the transformation of a logic function into
(solution) sets of binary vectors.

m  We create three objects (TVLs) containing the vectors (1 ——), (—=1—), (——1)
representing x, y and z, resp. Each TVL must be orthogonal by using Matrices
— Orthogonalization. The matrices do not change because they contain only
one vector, but they are now marked as ODA which is an assumption for the
application of set operations.

m  The sequence 1N2 — 4,4 — 5, 5N3 — 6, 6 — 7 represents 4 = = Ay,

5=xAy,6=(rAy)Az and 6 = (x Ay) A z is the final solution represented
by the two vectors (111) and (— — 0).

This problem uses the same approach for z | y =z V y.

Representations like this should be avoided according to the previous consider-
ations because they would need a definition of the order in which the opera-
tions have to be applied. It is better (more readable, easier to understand) when
brackets are used for the definition of the sequence of the operations, such as
((z1 | 22) | 23) | z4 or (x1 | (22 | 23)) | 24 etc.
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Exercise 2.21.
1 This function simplifies to fi = «.

2 For f, it is important to consider the structure of the formula in a correct way:
(z1 V z2T3x4) is one disjunction: the next part comprises ((ZT2 V z4) — £1T3T4),
and these two parts must be combined by A, or, if we have already the TVLs for
the two parts, by intersection. Finally xox3 V T1 V 24 must be considered. It can
also be seen from these considerations that the leftmost bracket and the closing
bracket after xox3 are not really necessary. The solution by using set operations or
the solution by solving the equation shows that the vector (1010) for (ziz2x3x4)
is the only vector with f = 1.

3 The calculations for f3 follow the same procedure.

Exercise 2.22.

1 The binary argument vectors for fi = 1 and fi1 = 0 can be translated directly
into the respective conjunctions and disjunctions as we have seen before:
f1=TyzVTyzVayzVayz; fo =TYyzVoyzV ayz V zyz;
f1 = (xVvyVz)(2VGVZE)(ZVEV2)(@VIVE); f2 = (2VyVE)(zVHV2)(2VIVE)(ZVGVE).

2 This can be done by creating a TVL, appending the respective binary vectors
and using the representation as a Karnaugh map. From here we get, for instance
fi=2yVyzVayz, fo=2ZVaryVyz.

3 The results of the orthogonal block building are not as short as a full minimiza-
tion, however, the results are already rather good and orthogonal, i.e. no double
solutions have to be considered. For fi; we get, for instance, f1 = Tyz Vzyz V 3z,
the result of OBBC is equal to fi = ZTyz V 2y V Tyz which has the same size;
fo=ayZVyYzVayz, f2 =2ZVIYZV xyz.

Exercise 2.23.

1 The value f = 1 appears for argument vectors with an odd number of values 1;
therefore we get 2" ! vectors with the value 1, the other half has the value f =0
for an even number of values 1 in the argument vector.

2 The expression for g is already in conjunctive normal form. Therefore we get the
value g = 0 for the two vectors (0...0) and (1...1), for all the other vectors we
have g = 1. Therefore the desired number is equal to 2™ — 2.

3 The two disjunctions (z1 V z2 V 23)(T1 V T2 V T3) result in two values 0 and six
values 1. These values have to be combined with the second part of the formula;
this part includes n— 3 variables, i.e. it describes 2"~ binary vectors, half of them
result in 0, the other half results in 1. Therefore we get 6 x 2"~ % values 1 and
2 x 2"~ values 0 for the given function.

Exercise 2.24.

1 f =z as a border case contains only one variable. However, the solution set in the
XBOOLE monitor is characterized as 0DA which means orthogonal — disjunctive
or antivalence form.

2 The result shows originally ten ternary vectors which could be replaced by the
respective conjunctions and combined by @. The orthogonal block building (min-
imization) results in four vectors representing f = T123T4 D 324 D T1L223T4 DT3.
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3 The solution of the given equation (right side equal to 1) shows that this func-
tion only has the value 1 which means that f = 1 is the respective antivalence
form.

Exercise 2.25.

1 We replace the complemented variables T; by 1®x; and apply the distributive law
as often as necessary. Two identical conjunctions can be deleted. For the second
function we get, for instance, f =1 ® x123 ® x12223 O T1T3T4 D T1T2T3T4.

2 The solution of 1 V 22 V 23 = 1 results in the orthogonal form f = z1 V Ti2z2 V
T1T2x3 = X1 P T1x2 B T1T2x3, and from here we get [ = x1 ® x2 B x3 B 122 D
123 © T2x3 D r1T2T3.

Exercise 2.26.

1 The solution of the equation f(z1,z2,z3) = 1 resultsin f(z1,x2,x3) = T1ZT2 which
does not depend on x3. Therefore, all three required subfunctions are identically
equal to 0. The replacement of the respective variables by the constants and the
solution of these equations will naturally show the same result.

2 The solution can easily be found by stating that in this case f(0,1) must be
equal to f(1,0). The values for f(0,0) and f(1,1) are not restricted. When we are
using ternary vectors, then the two vectors (—00—) and (—11—) for the function
f describe all these functions.

Exercise 2.27.

1 Without loss of generality the representation f(x1,z2,23) = z1 A f'(x2,23) will
be considered. For x1 = 0 the function f is always equal to 0, independent on x2
and x3. For z1 = 1 any function of two variables can be used. Hence, we have 16
functions of three variables which are conjunctively degenerated (in x1):

1 x2 xz3 fo f1 fia  fis
0O 0O 0 0 O 0 0
0O 0O 1 0 o0 0 0
0 1 0 0 O 0 0
0 1 1 0 O 0 0
1 0 0 0 O 1 1
1 0 1 0 O 1 1
1 1 0 0 O 1 1
1 1 1 0 1 0 1

Using some of the functions of two variables, we get, for instance, fo = z1 A0,
f1 = x1(z2x3), fia = x1(T2 V T3), fis = 1 A 1. The characteristic property is the
value 0 for f if 1 = 0. There are 256 functions of three variables, only 16 are
conjunctively degenerated if z; is the selected variable.

2 The construction of disjunctively degenerated functions follows the same idea.
Only the role of 0 and 1 has to be exchanged.

3 For the construction of linearly dependent functions the representation
flz1,22,23) = 21 @ f' (22, 23)

will be used. For 1 = 0 any function f'(acg,xg) can be used; r1 = 1 results in
flz1,m2,23) = 1 ® f'(x2,23) = f'(w2,73). By using subfunctions, this property
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can be expressed by the following equation: f(0,z2,23) = f(1,z2,23). You can
check, for instance, that for f'(z2,z3) = xaxs you get Toxs = T2 V T3, and this
results in f = x1 @ zaxs.

For four variables the same considerations can be applied: f(z1,z2,rs,74) = ©1®
f'(z2, 3, 74). Tt can also be seen that each linear function is linearly degenerated
in each variable that appears in the formula. The same considerations can also be
applied to the equivalence.

Generally a test of this property can use the relation

flxi,..o,2s =0,...,20) = f(@1,. .2 = 1,00 @)
directly. The easiest way to do this is the checking of the equality:

m  create the TVL for f, intersect (ISC) with z; = 0 = object 1;

m  create the TVL for f, intersect (ISC) with z; = 1 = object 2;

m  CPL (complement) of object 2 = object 3;

m  symmetric difference SYD of object 1 and object 3 must be equal to 0.

4 The solution of this problem uses the same approach. Watch the different meaning
of 0, 1 and the equivalence.

Exercise 2.28.

For the given function vectors use the reverse of the vector and the following negation.
When we are using fi = x122 V T2(z3 @ x4), then we can transform the formula
into fa = x122 V T2T3x4 V T223T4, and the mutual exchange of A and V results in
f4* = (Il V xg)(fz VI3V 1,'4)(52 V x3 \/f4),

Exercise 2.29.

1 The definition of a symmetric function results for z; and z2 in f(0,1,z3) =
f(1,0,z3), or by inserting values for x3, in

f(07 170):f(17070)7 f(07171):f(1707 1)'

2 For zo and x3 we get in the same way f(z1,0,1) = f(z1,1,0), or by inserting
values for z1, in

f(0707 1):f(05170)7 f(170’ 1):f(17170)'

3 This means that the function which has both properties is constant for argument
vectors with the same weight. Therefore, for three variables we do not have eight
degrees of freedom, but only four, as can be seen from the following table:

[, 20, 23)

8
N
&
N
8
@

[ S Y o N = N N

= OO HFOO

—FOROR,RORO
N
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The parameters a1, a2, as, as, can take any value, therefore we have 16 such
functions.

Exercise 2.30.

1 The property of symmetry reduces the degrees of freedom from four to three since
£(0,1) = f(1,0) is required. Hence, the number of functions with this property is

equal to 9% — 932" 7%

2 The invariance against all permutations generalizes the property we already have
seen for three variables. For each vector with a given weight the function must
be constant (either equal to 0 or equal to 1). Since there are weights from 0 to n,
their number is equal to 2",

Exercise 2.31.

1 By solving the equation, we get the two vectors (—00) and (— — 1) as solution vec-
tors. By using the Karnaugh-map it can be seen that f1(000) = 1, but f1(010) = 0,
therefore the function is not monotonely increasing. It can also not be monotonely
decreasing, because f1(111) =1 and f1(110) = 0, but f1(100) = 1.

2 We have f2(1111) = 0, but fo(z1, x2, z3,z4) = 1 for several smaller vectors. Hence,
fo(x1, 2, 23, 24) is nOt MoONOtoONE.

3 fa(x1,x2,x3,24) is not monotone because of f3(1000) = 1 and f3(1001) = 0.
4 fa(z1, 22,23, 24) is monotone. Take, for instance, the Karnaugh-map for this func-

tion and draw the graph of the partial order from (0000) to (1111) with the
respective values of the function.

Exercise 2.32.

1 We take n > 2. Then we have the value 0 for f; for all vectors with one component
equal to 1 and for (000...000). These vectors are the two lowest levels of the
graph of the partial order, all the other values of f> are equal to 1, therefore f; is
monotone.

2 We transform the given formula: fi = ZT1 VT2V Tn1 VT V(21 Dx2® - D xp).
The value of the disjunction of the complemented variables is 0 if and only if all
the values of z1 ...z, are equal to 1. Now it depends: if n is odd, then we get

fo(z1,...,zn) is constant equal to 1 because then the antivalence is equal to 1. If
n is even, then the value of f(1,1,...,1,1) = 0, and the function is monotonely
decreasing.

Exercise 2.33.

1 We remember the theorem that monotone functions have a disjunctive (normal)
form without negated variables. We can split the set of all conjunctions of this
normal form into two orthogonal subsets: one subset with conjunctions with the
variable x;, the other subset with all conjunctions without this variable. The in-
verse use of the distributive law transforms the disjunctive form already into the
desired format.

2 This is the equivalent format derived by transformation into the equivalent con-
junctive form.
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Exercise 2.34.

1 We can use the properties of monotone functions in the following way: if there is
the value 1 for a given vector, then all larger vectors must also have the value 1.
Therefore, f(0,1,1,0) = 1 means that f = 1 also for the vectors (1110), (0111)
and (1111). It can be derived from f(1,1,0,0) =1 that f =1 also for the vectors
(1110), (1101) and (1111). On the other side the value 0 for a given vector implies
this value for all smaller vectors. Therefore, f(1,0,1,0) = 0 means that f = 0 also
for the vectors (0010), (1000) and (0000). For the last two values we get f = 1
for the vectors (1011), (0111) and (1111) and f = 0 for the vectors (0001), (0100)
and (0000). When we put all these values together, then it can be seen that only
the value f(1,0,0,1) has not been defined. The graph of the function shows that
it can be set to 0 or to 1, in both cases we get a monotone function.

2 See the previous item.

3 The creation of the two respective TVLs and minimization show the respec-
tive disjunctive forms. When we set, for instance, f(1,0,0,1) = 0, then we get
f(rl,acg,:c37:c4) =122 V x2x3 V T1X3T4.

Exercise 2.35.

1 This constraint is not very demanding. Two values of a function f have been set.
The remaining 14 positions of the vector of the function values (16 bits) can be
set arbitrarily (which results in 2'* different possibilities).

2 Here the value 1 is given for the vector (1000). Take, for instance, the nice view
that the values of a linear function look like a chessboard, then you will see that
this setting defines f = z1 ® x2 @ x3 D 4. the definition f(1,0,0,0) = 0 would
result in the complement f =1 & x1 & 2 P x3 D 24.

3 As an example we explore the symmetry with regard to (z1,z2) (other symme-
tries can be checked in the same way). The problem requires that f(0,1,0,0) #
f(1,0,1,1). This will be achieved by setting f(0,1,0,0) = «, f(1,0,1,1) = @. Be-
cause of the symmetry we get two more values: f(1,0,0,0) = « and
f(0,1,1,1) = @. The symmetry implies two more equalities: f(0,1,0,1) =
f(1,0,0,1) = ~, f(0,1,1,0) = f(1,0,1,0) = 6. Up to now there are three pa-
rameters «, 3 and v in the solution which results in 2% possibilities. These eight
possibilities can be combined with the 2% possibilities that exist for (z1,z2) = (00)
and (x1,z2) = (11). Therefore we get 2'! different solutions of this problem.

4 The condition f(1,0,0,1) = 0 implies for a self-dual function that f(0,1,1,0) = 1.
For the remaining seven pairs of vectors always the setting f(x1,x2,x3,24) =
f(T1,T2,T3,T4) has to be used.

Exercise 2.36.

1 See item 3.

2 See item 3.

3 We will mention here a special possibility that will be based on the properties
of the XBOOLE Monitor. Instead of starting with the elementary conjunctions
and a comprehensive use of the Method of Blake we create a TVL and enter the
respective vectors with the value 1; for the third problem we would enter

(0000), (0010, (0100), (0101), (0110), (1001), (1011), (1100), (1101), (1110).
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Then do not forget to use the topic Matrices and there the item Orthogonaliza-
tion. This will not change the TVL itself, but the predicate of the list from D
to ODA. And now OBB Orthogonal Block Building or 0BBC Orthogonal Block
Building and Change can be used. In this case it will not really make a difference.
We get (00—0), (10—1), (—110), (—10—), and the Method of Blake can start here,
and the procedure is much shorter and results in f = Z17T4 V x2T3V x2T4 V £1T224.

Exercise 2.37.

1 The input of this expression and the finding of the values for 1 Do B rsPrsPrs =
1 shows 16 Vectors, i.e. 16 conjunctions, and no further simplification is possible.
This is a very typical property of linear functions.

2 The use of the XBOOLE Monitor shows 12 ternary vectors, the orthogonal min-
imization does not change the number of ternary vectors. Again the Method of
BLAKE will show that there are no further simplifications. Check it out!

Here would also be a possibility to check whether a conjunction C' is a prime
implicant or not. The conjunction C' is a prime implicant if C'V f = f. Now we
take, for instance, C' = Tixsxsxs and omit x3 which results in C' = Zizqws. In
order to check the relation, we create a TVL with (0 — —11) as the only vector,
change the predicate to ODA (using orthogonalization for Matrices) and perform
the union of f and this single vector. The sets for f and fV C can be compared by
using the symmetric difference. This difference must be equal to @ if the equality
holds which is not the case for the situation considered. Therefore C' = Z1z4x5 is
not a prime implicant.

The general idea can be understood as follows: the omission of one variable creates
larger intervals with the value 1 for the function. In order to make this shorter
conjunction an implicant and even more a prime implicant f must not be extended
(falsified), the relation C' < f must still hold.

3 Here we get 8 solution vectors, no simplifications.

4 The solution vectors will have an even number of values 1, because z1 Pr2®rs = 1
only holds for an odd number of values 1, and the same holds for x4 G zs B xs = 1,
and the addition of the odd number gives an even number (2, 4 or 6).

5 The homogeneous orthogonal structure of the XBOOLE solution can be simplified
and results in f(x1, T2, T3, 4, T5,26) = 1 VX2 V T3V 4Ts V 24Ts V Tas V Tale V
T5xe V T5X6.

Exercise 2.38.
The solutions of these problems is not difficult, however, they should be studied
carefully to get a good understanding of the underlying concepts.

1 (1= (@x1Vae) mx3=@T1 Vo1 Va) >x3=1—>23 =0V 23 = 25.
2 (£E1 \/132)—>1’225152\/1’2:fl V x2.

3 This is a good possibility to see the application of BLAKFE’s rule. After some steps
it can be seen that the expression in brackets is identically equal to 1; therefore
we have f = x4.

4 f is identically equal to 0.

5 The use of the XBOOLE monitor for this function shows directly the result
f(x1,x2,23) = x3, therefore x1 and z2 are non-essential variables. The sequence
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of transformations shows the same result: f(z1,22,z3) = (((x3 — z2) V z1)(22 —
21)x3T1) Dxg = (z1 Va2 VT3)(x1 VT2)T123) @ x3 = x3. Another possibility is the
checking of subfunctions; we insert the values 1 = 0 and =1 = 1 and compare the
resulting subfunctions. In the same way we check the variables x2 and x3 and get
finally the same result.

6 The same considerations result in f(z1,z2,x3) = z122 V 22T3, and the considera-
tion of the respective subfunctions shows that all three variables are essential.

7 In order to find a solution for this problem, variables have to be assigned to the
components of the vector with the values of the function. One possible coding is
shown by the following representation:

f 1011 100111001010
z 0101 010101010101
2z 00 1 1 0 01 1 00110011
zz 0 0 001 1 1 10O0O0O0T1 111
2w 0 0O0O0O0OO0OO0OO0OT1TT1TT1T11111

Now there are several possibilities. It would be, for instance, possible to enter
the argument vectors with f = 1 into a list of ternary vectors, and to get a
shorter description by using OBB or OBBC. Thereafter, we could again build the
subfunctions f(x1 = 0) and f(x1 = 1), etc., and compare these subfunctions by
means of the symmetric difference SYD.

But there is also another possibility for this kind of representation. In the first and
second column, we have o = 0,23 = 0,24 = 0, and z; changes its value from 0 to
1. The function value of f also changes from 1 to 0 which means that f(z1 = 1)
cannot be equal to f(z1 = 0), and this means naturally that z; is an essential
variable. The same can be seen by comparing the columns 2 and 4 (counted from
the left) with regard to z2, by comparing the columns 3 and 7 with regard to s,
and finally by comparing the columns 3 and 11 with regard to x4. All the variables
are essential variables. This method is successfully working for small numbers of
variables only, however, it shows very well the essence of these concepts.

8 This item can be dealt with in the same way as the previous one.

Exercise 2.39.

It is general practice to show that the given new functions are able to build other
functions that are already known as contributing to a complete system of functions.
Her we assume the knowledge that T, Ay and = V y are sufficient to implement any
function (see, for instance, the concepts of disjunctive and conjunctive normal form).

1 In the first case the function f(z,y) = x | y =  Vy will be used to implement
these three functions:

r|x=xVr=T,
(zly)l(@zly)=2VyvaVy=(Vy A(xVy) =zVy,

(@1a) | (YY) =FVavyvy=(Va)AyVy) =zAy.
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When the expression h(z,y) = x | y is used, then the three functions can be
expressed by using the function h(z,y) alone:

T=h(z,2),

rVy= h(h(xv y)’ h(l‘, y))v
TNY= h(h’(mv x)v h(y7 y))

Only the function h(z,y) has been used.

2 We use the same strategy: hi(z,y,2) = 2y @ z, hi(z,z,2) =z @ z, ha(z,y,2) =
(z~y)Pz=0dy®zd1, ho(z, hi(z,z,2),2) =1, hi(z,y, hao(z, hi(z,2,2),2)) =
2y ® 1 = Ty = z|y. This function is the NAND-function which itself is a complete
system. Please, watch that only applications of h; and h2 have been used.

3 Weuse (t —y) >y=xVyand x @z ®z =7, and by combination of these two
functions z | ¥ can be implemented which has been explored before.

4 We use again (z+ — y) — y = x Vy and find a formula for the given vector
of a function. When the variables x1, x2,z3, x4 are used together with the vec-
tors (0000) to (1111) from the left to the right, then we get f(z1,z2,z3,24) =
Ty T2 T3 VTi1xax3 V x122T3 V x1T2x3. This function is, in fact, independent on x4,
and therefore the function f(x1,x1,21) = Z1 can be used. Based on the consider-
ations of the first item, the disjunction and the negation can be used to build the
NOR-function which is complete.

5 For fi(z,y,z) = 0, fa(z,y,2) = zy Vxz Vyz and f3(z,y,2) = 1Oz Dy d 2
we find f2(z,y,0) = zy and f3(z,x,z) = T which can be combined to build the
NAND-function.

6 In this case we get fi(x1,22) = x1 V T2 which can be used to build the function
1 by using fi(z1,z1) = 1. The second function is given by fo(z1, 22,23, 24) =
T1T2 V T1T3 V T2T3, and this function produces the NOR-function when the value
1 is inserted: fo(x1,22,1) = T1T2 = 71 V 2.

Exercise 2.40.
As an introduction we show the implemention of z @ y by means of = | y.

T=zVz=(z|z),
y=yVy=(yly),
fi=zAy={(zlz) | [(yly) | ylyl}

=ZAy={[(zlz)] (z]l2)]](yly}
z@y=hLV2=lf)l(lf)

The solution of problems like this is not supported by XBOOLE. If they occur very
often, then it would be advisable to write a special program. Sometimes it might be
helpful to see that the left side of such a representation is equal to the right side —
problems of this kind already have been solved very often.

When we need the constant functions 0(z) and 1(z), then this can be achieved by
using x VT = 1(z) and z AT = 0(z):

O(x)=(z Lx) | ((zlz) | (x]x)),
Wz)=(z | (zlx) ] (z](z]x).
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Finally we can build the NAND by using NOR alone as follows:

sAy=[xlz)] (yly),
sly=zAy=[zlz)l@lylll=zlz)!lyly)l

Several applications of the given equalities are sufficient to implement all the dif-

ferent functions of the previous exercise.

Exercise 2.41.
The solution of this problem uses the same principles that have been used in the
previous item.

Exercise 2.42.

1

We set hi(z,y) =z @y, ha(x,y,2) = 1 and get successively:
hi(zi,21) =0, hi(z1, ho(z1,22,23)) =21 ® 1 =71, hi(z1,0) =z,
hi(z1,22) =21 ® 22, hi(1,T2) = 21 D To,
hi(zi, (x2 D x3)) =21 D x2 B3, hi(T1, (v2 Dxs)) =T1 B z2 B x3.

Some functions that can be built by only changing the name of a variable have
not been mentioned explicitly, it is assumed and quite understandable that they
can be found in the same way (see, for instance hi(x2,23) = z2 @ x3). In each
step we only used the given function(s) and functions that have been constructed
in previous steps.

When the set of variables is extended and the set {x1, x2, x3, x4} will be used, then
all the functions that have been constructed before can be built again; additionally
we get the functions h(z1®x2, x3Dws) = 1 D2 P w3 Dxa and h(T1 D2, 13DTa) =
T D x2 @ x3 D xa.

It can be seen immediately that single variables can be generated by =1 V1 = x1
(the same for z2 and x3), the disjunction of two variables as well, such as z1 V x2
and also z1Vx2Vas. The conjunction allows additionally the generation of z1x2 (as
well as x123 and z2x3) and z1z2x3. Finally the combination of the conjunctions
and disjunctions allows to build z1 V z2x3, x2 V 123, 3 V 122, T122 V T123,
r1T2 V Tows, 123 V xoxs and finally i1z V z1x3 V xexs. All these functions
are monotone functions. It is not possible to get the constant functions 0 and
1, complemented variables also cannot be achieved. The consideration of four
variables follows the same ideas.

Here we use the same considerations as in the previous item.

By means of the given functions the conjunction cannot be implemented.

5 The application of the given functions will not produce new functions. There is

no possibility to extend the given set of functions.

We find for the given function vectors fi(x,y,2) = TyVITZVYZ, fo(z,y,2) =
xVyVzand f3(z,y,z) = xzVyZ. Now we follow the previous approach: We get,
for instance, single negated variables as follows: f(z1,0,1) = Z. Now the negation
can be used to get the single variables x1, x2, 3, and from here several disjunctive
forms can be built. The two other functions and the extension to four variables
follow the same ideas.

As we mentioned before, the XBOOLE Monitor can be used to check the correct-
ness of some of the implemented relations.
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Exercise 2.43.

We will use the variables z1, x2, 3, 4 and start with the vector (0000) from the left.
This means that the function values are not defined for the vectors (0010), (0011) and
(0111).

1 There are eight functions that can be derived from this incomplete specification.
We replace successively the components with a — by all possible combinations of
0 and 1. The XBOOLE Monitor can be used as a tool in the following way: we
define a TVL with the vectors (0000), (0101), (1000), (1001), (1101), (1111). This
is the basic structure for the following steps and describes already the function
generated by using the value 0 for the free components. Thereafter we are adding
to this list the vectors describing additional values 1: if, for instance, the value 1
is used for the vector (0011), then this vector is added to the original TVL. After
the building of these eight TVL we change the predicate of the list by ORTH
and reduce the size of the lists by an orthogonal block building OBB. This finally
results in the following TVLs for the eight functions:

0 0 0 O

01 0 1 — 0 0 O

1 0 0 O 1 0 0 1
folwwz s,z ) =11 g g 1| 7|~ 10 1]

1 1 0 1 1 1 1 1

1 1 1 1

0 0 0 O

01 0 1

1 0 0 O — 0 0 O
fi(z1, 2, 3,24) =1 0 0 1 —><1 0 0 1>,

1 1 0 1 -1 - 1

1 1 1 1

01 1 1

fi(z1, @2, w3, 24) = Tos V T2T3Ta V T1T2T3T4 = ToXa D ToT3Ta B T1T2T3T4.

This is the function with the shortest orthogonal representation. This shows clearly
that partially defined functions offer many optimization possibilities.

00 00

01 0 1 - 0 0 0

1.0 0 0 1 0 01
f2(.’E1,.’E2,ZI}3,:E4) = 1 0 0 1 — — 1 0 1 5

1 1 0 1 1 1 11

11 11 0 011

00 11

0 0 0 O

01 01 - 0 0 O

1.0 0 0 1 0 0 1
f3($1,$2,1‘3,w4) = 1 0 0 1 — — 1 0 1 s

11 0 1 1 1 11

11 11 0 0 1 0

00 1 0
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00 00
010 1
10 0 0 - 0 0 0
; 1001 1 0 0 1
aEnezzse) =10 | o 1o o0 1 1]
111 1 -1 -1
0 1 1 1
00 1 1
0000
01 0 1
10 0 0 - 0 0 0
; 1001 1 0 0 1
5($1,$2,$3,$4)— 1 1 0 1 - 0O 0 1 0]’
11 1 1 -1 -1
0 1 1 1
0010
0000
01 0 1 _ 00 0
10 0 0
1 00 1
10 0 1
fo(x1, 2, 23, 24) = — | - 1 0 11,
11 0 1
1 1 1 1
11 1 1 00 1 —
0 0 1 1
0010
0000
01 0 1
100 0 ~ 0 0 o0
10 0 1 1 0 0 1
fr(w, w2, 03,04) = |1 1 0 1 | —
-1 = 1
11 1 1 00 1 -
0110
00 1 1

o
o
[
o

2 Since the representation consists of orthogonal vectors (i.e. of orthogonal con-
junctions), the antivalence and the disjunctive forms can be derived immediately.
Further minimization possibilities have to be explored.

3 In order to find the conjunctive normal forms, we can use the vectors with f =0

and build the respective disjunctions. The easiest way is the use of the previous
matrix representations together with the complement, such us

ol koo
== =0 O = O
== O OO OO oo
=== O RO
I
o
S =
== o O
— o RO
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f1($1,l’2,.7}3,x4) = (fz V x3 Vl?4)(:C1 Vxa Vs Vf4)(fg V :E4)(LE2 V T3 Vf4).

Exercise 2.44.
The function ¢(z1, 22,3, x4) Will be equal to 1 for the vectors with defined values
and equal to 0 for the vectors with undefined values.

1 o(z1,22,73,74) = 21 ® T2 @ T3 D T4.

2 @(z1,x2,23,24) = 0 for the vectors (0011), (0101), (1001), (0110), (1010) and
(1100). Now there are two possibilities: we use these six vectors to build a con-
junctive form; in this way we get a conjunctive form with six disjunctions of four
variables. The other possibility would be the use of these vectors as a set, build
the complement and try to simplify the result as a disjunctive form.

3 We get @(I1,CE2,$3,$4) =71 VT2 VTs.

Exercise 2.45.

1 The function is equal to 0 only for the vector (0000) and not defined for the two
vectors (1110) and (1111). Therefore the conjunctive form is very appropriate to
represent the four different functions. When we replace the two empty positions
by the four possibilities 00, 01, 10 and 11, then we get successively

fi(z1, 2, 73,24 x1Vx2VI3V Iy

)=( )
4)2(1‘1 Vxo Vs Va&;)(fl VX2 VI3 \/274)7
)=( )(T1 VT2 VT3V Ta),
)=( )(

1 Vxa2VarsVxy)(Tr VT2 Vfg,).

1 xX
x1,T2,T3,T xr1VaxeVrsVry

f3

fa(z1, 2, 23, 24

4

(
f2 (‘T y L2, T3,
(
(
2 o(x1,22,x3,24) =T1 VT2 V Ts.
3 We get four functions f* by using the relation
[ (x1, 22, w3, 24)

= f(z1, 22,23, 04)p(T1, T2, T3, 4) V g(T1, T2, T3, Ta) p(T1, T2, T3, Ta);

g(z1, 22,23, 24) can be any function of four variables. Therefore many choices will
result in the same function f*(z1,x2,2s,24). Only different values for the two
vectors (1110) and (1110) are important.
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