Chapter 2
Smooth Spaces

2.1 Introduction

In this chapter, we introduce the class of smooth spaces. We remark imme-
diately that there is a duality relationship between uniform smoothness and
uniform convexity. In the sequel, we shall examine this relationship. We begin
with the following definition.

Definition 2.1. A normed space X is called smooth if for every z € X ||z|| =
1, there exists a unique x* in X* such that ||z*|| = 1 and (x, 2*) = ||z]|.

2.2 The Modulus of Smoothness

In this section, we shall define a function called the modulus of smoothness
of a normed space X (denoted by px : [0,00) — [0,00)) and prove three
important properties of the function that will be used in the sequel, namely:

1. (Proposition 2.3) For every normed space X, the modulus of smoothness,
px, s a conver and continuous function.

2. (Theorem 2.5) A normed space X is uniformly smooth if and only if
im 20
t—0t t

3. (Corollary 2.8) For every normed space,
on [0,00) and px(t) <t ¥ t>0.

px(t)
t

is a nondecreasing function

There exists a complete dual notion to uniformly smooth space which plays
a central role in the structure of Banach spaces (see, Diestel [206]). In this
section, we present this duality. Recall that a Banach space is called smooth
if for every x in X with ||z| = 1, there exists a unique x* in X* such that
|lz*]] = (x,2*) = 1. Assume now that X is not smooth and take x in X
and u*, v* in X* such that ||z|| = ||u*| = ||[v*|| = (z,uv*) = (z,v*) =1 and
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12 2 Smooth Spaces

u* # v*. Let y in X be such that ||y|| =1, (y,v*) > 0 and (y,v*) < 0. Then
for every t > 0 we have

L+ t(y,u”) = (z +ty,u") < |[lz +tyl|,

1—t{y,v") = (z —ty,v") < ||z -ty
which imply 2 < 2 +t((y, u*) — (y,v*)) < ||z +ty|| + ||z — ty|| or, equivalently

< o(wh =ty okl ety
2 2
With this motivation we introduce the following definition.

Definition 2.2. Let X be a normed space with dim X > 2. The modulus of
smoothness of X is the function px : [0,00) — [0,00) defined by

eyl + o~
px(r) 1= sup { EFIEIE =y 1y = )

o+ ryll + e = 7y
= sup { : ~ 1l = 1=yl }-

Note that evidently px(0) = 0. The following results explore some prop-
erties of the modulus of smoothness. We begin with the following important
proposition.

Proposition 2.3. For every normed space X, the modulus of smoothness,
px, s a convexr and continuous function.

Proof. Fix x and y with ||z|| = ||y|| = 1 and consider

T+ ty|| + ||l —ty
ol = 20l

Then for A in [0, 1]

foy(At+ (1 —N)s)
_ e+ e+ A = Ns)yll + flz = (At + 1 = Ns)yll
2
< Azt tyll + (= Vlle + syl + Mle = tyl + (L= Mllz = syl _
- 2
= My (t) + (1 = A) fay(s).
Therefore f, , is a convex function, for every choice of z and y.
Now for arbitrary € > 0, there exist z, y with ||z|| = ||y|| = 1 such that

1
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px( M+ (1 —=N)s) —e < fo (At +(1—=N)s)
< Afac,y(t) + (1 - /\)fac,y(s)
< Apx (1) + (1= A)px(s).

Therefore px is a convex function since ¢ is arbitrary. The continuity follows
from lemma 1.9. O

Definition 2.4. A normed space X is said to be uniformly smooth whenever
given € > 0 there exists > 0 such that for all z,y € X with [|z|| = 1 and
lyll < 5. then

Iz +yll + [l — yll <2+ ellyll.

As the modulus of convexity characterizes the uniformly convex spaces, the
modulus of smoothness can be used to characterize the uniformly smooth
spaces. This is the manner of the following theorem.

Theorem 2.5. A normed space X is uniformly smooth if and only if

i PX® g,
t—0+ t

Proof. If X uniformly smooth and £ > 0 then, there exists § > 0 such that

lz +yll + ||z -y
2

3
—1< <yl
—lyl

for every x,y € X such that [|z|| = 1, ||ly|| = 6. This implies px (t) < 5t for
every t < 0.

Conversely, let ¢ > 0, and suppose there exists § > 0 such that px(t) <
iet, for every t < 4. Let ||z| = 1, |ly| = 6. Then with ¢ = ||y|| we have
|z +yll + ||z — y|| <2+ €lly]| and the space is uniformly smooth. 0

Proposition 2.6. Every uniformly smooth normed space X is smooth.

Proof. Suppose that X is not smooth, then there exist z¢ in X and z7, x5
in X* such that a7 # 25, ||z7|| = ||z3]| = 1 and (zo, zT) = ||zol| = (0o, z3).
Evidently we can assume ||zo|| = 1. Let yo in X be such that |yo|| = 1 and
(yo,xy — x3) > 0. For every t > 0 we have

0 < t(yo,z] — 3)
= t({y0, ¥1) — (Y0, 73))
_ (zo + tyo, z7) + (ro — tyo, 3)
2
[z + tyol + llwo — tyoll
2 b

-1

< |

therefore, 0 < (yo, 2 —23) < ”Xt(t) for any ¢ > 0 and then X is not uniformly

smooth. 0
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2.3 Duality Between Spaces

As usual in mathematics, the study of one concept is in close relation with an-
other which reflects its characteristics. This kind of “duality” is present in our
case. Now we state one of the fundamental links between the Lindenstrauss
duality formulas.

Proposition 2.7. Let X be a Banach space. For every 7>0, x in X, ||z|| =1
and x* in X* with ||z*||=1 we have

px-(T) = Sup{Tj —6x(e):0<e< 2},

2
px(T) = sup{%s —ox+(e):0<e< 2}.
Proof. Let 7> 0,0 < e <2, 2, yin X with ||z|| = ||y|| = 1. By Hahn-Banach
Theorem there exist xf, y§ in X* with ||| = ||yS]] = 1 such that

(x+y,a5) = [lz+yl and (z—-y,y5) =[x -yl
Then
lz+yll+7llz —yll -2 =(z+y,25) + 7(z —y,y5) — 2
= (z, 25+ 7Yo) + (¥, 20 — TYo) — 2
< llwg + 7yoll + g — 7ol — 2
<sup{|jlz* + 7y || + ||«* = Ty*|| — 2:
="l = lly"ll = 1} = 2px- (7).
If ¢ <|lz — y|| then, from the last inequality,

TE lz + yll
TE () <1 2T
5 X (7) < 5

Therefore 7= — px-(7) < 0x(¢) and since 0 < € < 2 is arbitrary, we get

Sup{%s —dx(e):0<e< 2} < px+(7).

Now let z*, y* in X* with ||z*|| = ||y*|| = 1 and let § > 0. For a given 7 > 0
there exist xg, yo in X with z¢ # yo and ||zg]] = ||yo|| = 1 such that

2%+ 7y*|| < (w0, 2" +7y") +0 and |lz* —7y"| < (yo, 2" — TY") +6
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(from the definition of ||.|| in X*). From these inequalities, we obtain

[z + 7y + [la* — 7y*| — 2

< (@, 2" +TY") + (Yo, 7" — TY*) =2+ 26
= (20 + yo,2") + 7(x0 — Yo,y") —2+26
< |lzo +yoll — 2 + 7[{zo — yo, y™)| + 26.

Hence, if we define ¢ := [(xo — o, ¥")|, then 0 < g9 < ||zg — yo|| < 2 and

la* + 7y* || + [l2* = 7y~
2

1< %’50 6~ dx (<o)
TE
§6+sup{?—6X(5):0<5§2}.
As § > 0 is arbitrary, we have
TE
px+ (1) < sup{7 —dx(e):0<e< 2},

and the first equation is proved.

In order to prove the second equation, let 7 > 0 and let z*, y* in X* with
[l*] = |ly*|| = 1. For any n > 0, from the definition of ||.|| in X* there exist
x0, Yo in X with ||zl = |lyo|| = 1 such that

lz* +y* | =1 < (xo, 2" +y7), lz" —y"| —n < {yo, 2" —y7).
Then
=" +y* || + 7llz* — y*|| — 2

< (w0, 2" +y") + 7o, z" —y") =2+ (1 +7)
= (w0 + Tyo, ") + (x0 — TY0,y") =2+ (1 + 7).
Since in a Banach space, ||z|| = sup{|(z,z*)| : ||z*|| = 1} we have
" + o[+ 7llz" =y -2
< [lzo + Tyoll + [lzo — Tvoll =2+ n(1 +7)
< sup{|lz + 7yl + [lo — 7yl = 2« [|=]| = [ly]| = 1}
+n(1+47)
=2px (1) +n(l+ 7).
If0<e<|z*—y*|| <2 we have

m* + y*
2

TE
== px(m) =+ <1-|
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which implies that

T px(r) =4 7) < bx-(e).

Now, since 7 is arbitrary we conclude that

TE

> —px (1) < dx-(e)

for every e in (0, 2] and therefore
TE
sup{7 —dx(e):0<e< 2} < px (7).

Now let z, y be in X with ||z|| = ||y]| = 1 and let 7 > 0. By Hahn-Banach
Theorem there exist xf, y5 in X* with ||af|| = ||yj] = 1 and such that

(x+7y,25) =lle+7yl, (2 —7y,50) = llo — 7y
Then,

[z + 7yl + [l — 7yll = 2 = (z + 7y, 20) + (= — 7Y, 55) — 2
= (@, 25 + o) +7{Y, 75 — yp) — 2
< lleg + yoll + 7l(y, 75 — wo) | — 2.
Hence, if we define go = [{y, z§ — y3)|, then 0 < gg < ||xg — yo|| < 2 and

lz + 7yl + [l — 7yl 25 + yoll + 7ICy, 25 — o)

—-1< —1
2 - 2
_ o0y el
2 2
TE
< 70*5X*(50)

< sup{%&- —dx«(e):0<e< 2}.
Therefore e
px (1) < sup {? —0x-(e): 0<e< 2}
and the second equality holds. O
From the second formula of Proposition 2.7 we get the following corollaries.

).
p%” is mon-

Corollary 2.8 For every Banach space X, the function
decreasing and px (t) < t.

Corollary 2.9 For every Banach space X and for every Hilbert space H we
have
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2
pH(T)sup{§1+m:O<€§2}mlng(T)'

The following result gives the duality between uniformly convex and uni-
formly smooth spaces.

Theorem 2.10. Let X be a Banach space.
(a) X is uniformly smooth if and only if X* is uniformly convez.
(b) X is uniformly convez if and only if X* is uniformly smooth.

Proof. (a) — . If X* is not uniformly convex, there exists eg in (0,2] with
dx+(g9) = 0, and by the second formula in Proposition 2.7, we obtain for
every 7 > 0,
0< 2 < px(D)
2 T
which means that X is not uniformly smooth.
(a) < . Assume that X is not uniformly smooth. Then

. px(t)

lim ——= #0,

t—0t t 7&
that means, there exists € > 0 such that for every § > 0 we can find t5 with
0 <ts <6 and tse < px(ts). Then there exists a sequence (7,,), such that
0<7,<1,7 —0and px(1,) > 57n- By the second formula in Proposition
2.7, for every n there exists &, in (0, 2] such that

€ Tnén

—Th <

P S Ty vl

which implies
0 < dx-(en) < THen—2),

in particular ¢ < g, and 0x+(e,) — 0. Given the fact that dx- is a non-
decreasing function we have dx«(¢) < dx«(e,) — 0. Therefore X* is not
uniformly convex. Note that, interchanging the roles of X and X™ in this
proof, and using the first formula in Proposition 2.7, we get the proof of
part (b). O

The last part of the proof of Theorem 2.10 proves the following result.

Corollary 2.11 Every uniformly smooth space is reflexive.

SUMMARY

For the ease of reference, we summarize the key results obtained in this
chapter. Here px denotes the modulus of smoothness of a Banach space X.
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S1

(a) FEwvery uniformly smooth space is smooth.
(b) FEvery uniformly smooth space is reflexive.
(¢) X is uniformly smooth if and only if X* is uniformly conver.

S2

t
a) X is uniformly smooth if and only if lim+ pXT() =0.
t—0

is a nondecreasing function on [0,00).
(d) px(t) <t forallt > 0.

EXERCISES 2.1

1. Prove Corollaries 2.8 and 2.9.

2. Verify that L, (or [,) spaces, 1 < p < oo, are uniformly smooth (and are
therefore smooth).

3. Prove Corollary 2.11.

(Hint: A Banach space X is reflexive whenever the dual space X* is).
4. Establish the following inequalities. In L, (or l,,) spaces, 1 < p < oo,

1
(I+7P)r —1<g7P, 1<p<2,
T)= P
PLP( ) {p51T2+0(7_2) < 112;17—2’ p>2.

(Hint: See Lindenstrauss and Tzafriri [312]).

2.4 Historical Remarks

Results in this chapter can be found in Beauzamy [26] or Diestel [206]. The
Lindenstrauss duality formulas are proved in Lindenstrauss and Tzafriri [312].
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