Chapter 2

Approaches to Robust 72, Controller Synthesis
of Nonlinear Discrete-time-delay Systems via
Takagi-Sugeno Fuzzy Models

Jianbin Qiu, Gang Feng and Jie Yang

Abstract This chapter investigates the problem of robust 7, piecewise state-
feedback control for a class of nonlinear discrete-time-delay systems via Takagi-
Sugeno (T-S) fuzzy models. The state delay is assumed to be time-varying and of an
interval-like type with the lower and upper bounds. The parameter uncertainties are
assumed to have a structured linear-fractional form. Based on two novel piecewise
Lyapunov-Krasovskii functionals and some matrix inequality convexifying tech-
niques, both delay-independent and delay-dependent controller design approaches
are developed in terms of a set of linear matrix inequalities (LMIs). Numerical ex-
amples are also provided to illustrate the effectiveness and less conservatism of the
proposed methods.

2.1 Introduction

Fuzzy logic control is a simple and effective approach to the control of many com-
plex nonlinear systems [1-7]. During the past decades, a great number of industrial
applications of fuzzy logic control have been reported in the open literature [1-4].
Among various model-based fuzzy control approaches, in particular, the method
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based on Takagi-Sugeno (T-S) model is well suited to model-based nonlinear con-
trol [5-7]. A T-S fuzzy model consists of a set of local linear models in different
premise variable space regions which are blended through fuzzy membership func-
tions.

During the past few years, significant research efforts have been devoted to the
stability analysis and controller design of T-S fuzzy systems. The reader can refer
to the survey papers [8, 9] and the references cited therein for the most recent ad-
vances on this topic. The appeal of T-S fuzzy models is that the stability analysis
and controller synthesis of the overall fuzzy systems can be carried out in the Lya-
punov function based framework. It has been shown in [5-11] that the stability and
stabilization of the T-S fuzzy systems can be determined by searching for a com-
mon positive definite Lyapunov matrix. However, there are many fuzzy systems that
do not admit a common Lyapunov function, whereas they may still be asymptoti-
cally stable [12, 14]. Recently, there have appeared some results on stability anal-
ysis and controller synthesis of fuzzy systems based on piecewise/fuzzy Lyapunov
functions instead of a common Lyapunov function [12-20]. It has been shown that
piecewise/fuzzy Lyapunov functions are much richer classes of Lyapunov function
candidates than a common Lyapunov function candidate, and thus are able to deal
with a larger class of fuzzy dynamic systems. The analysis and design results based
on piecewise/fuzzy Lyapunov functions are generally less conservative than those
based on a common Lyapunov function.

On the other hand, it is well-known that time-delays are frequently encountered
in various complex nonlinear systems, such as chemical systems, mechanical sys-
tems, and communication networks. It has been well recognized that the presence
of time-delays may result in instability, chaotic mode, and/or poor performance
of control systems [21-27]. Control of dynamic systems with time-delays is a re-
search subject of great practical and theoretical significance, which has received
considerable attention in the past decades. Over the past few years, increasing at-
tention has been drawn to the study of stability analysis and controller design for
T-S fuzzy systems with time-delays [28—43]. In the context of discrete-time T-S
fuzzy delay systems, some sufficient conditions for the solvability of stability anal-
ysis, state-feedback/output-feedback stabilization/7Z, control problems were ob-
tained in [28, 30, 31] in terms of LMIs. It is known that since the delay-dependent
conditions include the information on the size of delays, they are usually less con-
servative than the delay-independent ones, especially when the size of delays is
small. To reduce the design conservatism, recently, based on a piecewise Lyapunov-
Krasovskii functional, the authors in [32] studied the problems of delay-dependent
stability analysis and controller synthesis for a class of discrete-time T-S fuzzy sys-
tems with time-delays and it was shown that the obtained delay-dependent results
are less conservative than the existing delay-independent ones. However, it is noted
that the delay-dependent approaches presented in [32] suffer from a couple of draw-
backs. Firstly, the delay-dependent criteria was realized by utilizing a system model
transformation technique incorporating Moon’s bounding inequality [21] to esti-
mate the inner product of the involved crossing terms, which would lead to signif-
icant conservatism. Secondly, the results given in [32] only considered the case of
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time-invariant delays. Those results are unfortunately not applicable to the case of
time-varying delays. In addition, the system parameter uncertainties were not taken
into account in [32]. These motivate the present research.

In this chapter, we revisit the problem of robust J#, piecewise state-feedback
control for a class of nonlinear discrete-time-delay systems via T-S fuzzy models.
The state delay is assumed to be time-varying and of an interval-like type with the
lower and upper bounds. The parameter uncertainties are assumed to have a struc-
tured linear-fractional form. Based on two novel piecewise Lyapunov-Krasovskii
functionals combined with some matrix inequality convexifying techniques, both
delay-independent and delay-dependent controller design approaches have been de-
veloped. It is shown that the controller gains can be obtained by solving a set of
LMIs. Two simulation examples are also provided to illustrate the effectiveness and
less conservatism of the proposed methods.

The rest of this chapter is structured as follows. Section 2.2 is devoted to the
model description and problem formulation. The main results for robust 7%, piece-
wise controller designs are given in Section 2.3. Two simulation examples are pre-
sented in Section 2.4 to demonstrate the applicability of the proposed approaches.
In Section 2.5, some conclusions are presented.

The notations used throughout this chapter are standard. Z* denotes the set of
nonnegative integer number. R” denotes the n-dimensional Euclidean space. R"*"™
denotes the set of n x m real matrices. A real symmetric matrix P > 0(> 0) denotes
P being positive definite (or being positive semi-definite). For a matrix A € R"*",
A~ and AT are the inverse and transpose of the matrix A, respectively, and A~
denotes (A~1)T. Sym{A} is the shorthand notation for A +A”. I, and 0,,, are
used to denote the n x n identity matrix and n X m zero matrix, respectively. The
subscripts n and n x m are omitted when the size is not relevant or can be determined
from the context. diag{---} denotes a block-diagonal matrix. The notation x in a
symmetric matrix always denotes the symmetric block in the matrix. /5[0, ) refers
to the space of square summable infinite vector sequences with the Euclidean norm
|| ®||2. Matrices, if not explicitly stated, are assumed to have compatible dimensions
for algebraic operations.

2.2 Model Description and Robust .77, Piecewise Control
Problem

The T-S fuzzy dynamic model is described by fuzzy IF-THEN rules, each of which
represents the local linear input-output relationship of nonlinear systems. Similar
to [2-7], a discrete-time T-S fuzzy dynamic model with time-delay and parametric
uncertainties can be described as

Plant Rule R': IF {;(¢) is F} and {(¢) is Fi and --- and ,(¢) is Féf, THEN
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x(t+1)=A;()x(t) +Ag(t)x(t — 7(¢)) + By (¢)u(t) + Dy (t)w(t)
2(r) = Ge)x(t) + Car(1)x(r = (1)) + Bau(t)ua(t) + Doy (1) (1) @1
X(1) = (1), ~1 <1 <0,/ € 2L :={1,2,---,r}

where R denotes the Ith fuzzy inference rule; r is the number of inference rules;
F;(q =1,2,---,g) are fuzzy sets; x(t) € R"™ is the system state; u(z) € R™ is the
control input; z(r) € R’ is the regulated output; w(z) € R™ is the disturbance input
which is assumed to belong to 15[0,%0); {(r) := [{i (1), {a(2), -, L(2)] are some
measurable variables of the system, for example, the state variables; 7(¢) is a positive
integer function representing the time-varying state delay of the system (2.1) and
satisfying the following assumption

n<t()<m (2.2)
with 7; and 7, being two constant positive integers representing the minimum and
maximum time-delay, respectively. In this case, 7(¢) is called an interval-like or
range-like time-varying delay [24,25,37,43]. It is noted that this kind of time-delay
describes the real situation in many practical engineering systems. For example, in
the field of networked control systems, the network transmission induced delays
(either from the sensor to the controller or from the controller to the plant) can be
assumed to satisfy (2.2) without loss of generality [26,27]. ¢ (¢) is a real-valued ini-
tial condition sequence on [—1,0]. A;(¢), Aqi(¢), B1i(¢), Bx(t), Ci(2), Cai(t), Dy;(2)
and Dy (¢), ] € £ are appropriately dimensioned system matrices with time-varying
parametric uncertainties, which are assumed to be of the form

Ay(t) Aa(t) By(z) Dll(l)] _ [Al Aag By Dll]
Ci(t) Car(t) Bau(t) Day(t) C; Car By Dy

+ [Wll] A(t) [Eyi Ex E3 Ey ] (2.3)

W
A(r) = A1) [Iy, —JA ()] (2.4)
0<I,—JJ" (2.5)

where Al, Adl’ BU, Bgl, Cl, Cdl’ D]l, Dgl, W]l, ng, Ell’ Ez[, E3l, E4l and J are known
real constant matrices of appropriate dimensions. A (¢) : Zt — R51°52 is an unknown
real-valued time-varying matrix function with Lesbesgue measurable elements sat-
isfying

AT(OA®) <1,. (2.6)

The parameter uncertainties are said to be admissible if (2.3)-(2.6) hold. It is noted
that interval bounded parameters can also be utilized to describe uncertain systems.
For the discrete-time case, interval model control and applications can be found
in [44] and the references therein.

Remark 2.1. The parametric uncertainties are assumed to have a structured linear-
fractional form. It is noted that this kind of parameter uncertainties has been fairly
investigated in the robust control theory [30,45,46]. It has been shown that every
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rational nonlinear system possesses a linear-fractional representation [46]. Notice
that when J = 0, the linear-fractional form uncertainties reduce to the norm-bounded
ones [21,25,31,37]. Notice also that the condition (2.5) guarantees that I,, — JA ()
is invertible for all A (z) satisfying (2.6).

Let p[E(z )] be the normalized fuzzy-basis function of the inferred fuzzy set F'
where F! H F, "and

q=1
g
1:11 g [Sq(1)] p
wlg) = >0, ¥ wlE@) =1 ex)
p; q]:[ Mpg [Gq(1)] -

where p, [{4(¢)] is the grade of membership of {,(r) in Fql . In the sequel, we will
drop the argument of p;[§(2)] for clarity, i.e., denote ; as w;[£(#)].

By using a center-average defuzzifier, product fuzzy inference and singleton
fuzzifier, the following global T-S fuzzy dynamic model can be obtained

x(t+1) =A(u,0)x(t) +Aa(p,t)x(t — 7(t)) + Bi(u,)u(t) + Dy (u,)w(t)
z(t) = C(u,1)x(t) + Ca(p,t)x(t — T(2)) + Ba (1, t)u(t) + Do, 1) w(t)
x(t)=9(t),-1<t<0
(2.8)
where
ZHIAZ Ag(u,t) Z.UZAdl B (u,1) ZHIBU
=1
)= 2#1321(07 ZHZCI ,Ca(p,1) ZMlCdz
=1
zr: WDy (t),Dy(1,1) zr‘,mDy (2.9

In this chapter, we consider the robust 7. control problem for the uncertain
fuzzy dynamic model (2.8) based on piecewise Lyapunov-Krasovskii functionals. In
order to facilitate the piecewise controller design, we partition the premise variable
space S C RS by the boundaries

98] == {LOIw[CH] = 1,0 <w[l() +8] <1,V0O<[§| < 1,1 € L} (2.10)

where v is the set of the face indexes of the polyhedral hull satisfying dS; =
Uy(dS)),l e Z.

Then, based on the boundaries (2.10), we can get the induced close polyhedral
regions S;,i € .# satisfying

SiNS;=aSy,i#ji,je s led 2.11)
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where .# denotes the set of region indexes. The corresponding open regions are
defined as S;,i € .. It is noted that there are no disjointed interiors in S and Ujc # S;.
In each region S;, i € .7, define

H (i) = {km [C(1)] > 0,k € £,L(t) € Siyi € I} (2.12)

and then the global system (2.8) can be expressed by a blending of k € JZ(i) sub-
systems

x(t+1) = i (1)x(r) + ai(t)x(t — (1)) + Bui(1)u(t) + Dri(t)w(t)
2(t) = Gi(1)x(t) + Gui(t)x(t — T(2)) + Boi(t)u(t) + Doi(t)w(t) (2.13)
x(t)=0(1), -1 <t <0,8(t) €Siic .S
where
= Y wAt), (1) =Y, mAx(t), Bri(t) = Y, wmBu(r),
ket (i) ke%() ke%()
Z1i(t) =Y, wD(t) = Y wC(t), Cu(t) =Y, mCult),
kej() ket (i) keﬂ()
Boi(t):= Y, wBu(t), 20i(t) = Y, wDx(t) (2.14)
keﬂ() keai/()

with 0 < i [S(k)] < 1, e p (i) ik [S(k)] = 1. For each region S;, the set (i)
contains the indexes for the system matrices used in the interpolation within that
subspace. For a crisp subspace, .# (i) contains a single element.

In this chapter, we address the piecewise controller design of fuzzy system (2.13),
thus it is noted that when the state of the system transits from the region S; to S; at
the time 7, the dynamics of the system is governed by the dynamics of the region
model S; at that time. For future use, we also define a new set £2 to represent all
possible region transitions

Q:={(i,j)IC() €8, C(t+1)€S)ije I} (2.15)

where j =i when {(¢) stays in the same region S; and j # i when () transits from
the region §; to S ;.
Now, we consider the following piecewise control law for the fuzzy system (2.13)

u(t) =Kix(1),£(t) €Sii € 7. (2.16)

Substituting (2.16) into system (2.13) leads to the following closed-loop dynam-
ics -
x(t+1) = i(t)x(t) + qi(t)x(t — (1)) + Pri(t)w(t)
2(t) =G (1)x(t) + Ci(t)x(t — ©(2)) + Zoi(t)w(2) (2.17)
x(t)=¢(),—1<t<0,{(t)eS;ic s

where

Ai(t) = (1) + Bri(t)Ki, Ci(t) := Ci(t) + Bai(t)Ki. (2.18)
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The robust %, piecewise control problem to be investigated in this chapter is
stated as follows.

Given an uncertain state-delayed fuzzy system (2.8) and a scalar y > 0, design
a state-feedback piecewise controller of the form (2.16) such that the closed-loop
system (2.17) is robustly asymptotically stable for any fuzzy-basis functions u[(¢)]
satisfying (2.7) when w(¢) = 0, and under zero initial conditions, the /;-gain between
the exogenous input w(z) and the regulated output z(¢) is less than v, i.e., ||z]2 <
¥|lw||2, for any nonzero w € [;[0,0) and all admissible uncertainties. In this case, the
system is said to be robustly asymptotically stable with .7, performance gamma.

Before ending this section, we introduce the following well-known lemmas,
which will be used in the derivation of our main results.

Lemma 2.1. [45] (S-procedure). Suppose that A(t) is given by (2.3)-(2.6), with
matrices M = MT, S and N of appropriate dimensions, the inequality

M+ Sym{SA(t)N} <0
holds if and only if for some scalar € > 0

-1
_IJT _IJ] [e7INT es]" <.

M+ [e'NT eS| [
Lemma 2.2. [45] (Schur Complements). Given constant matrices X1, X, X3 with
3 =3 and 0 < %, = 3T, then 2, + 2T 35123 < 0 if and only if

2 Z3T -3 23
{23 3, <0 or Z3T 5 <0.

2.3 Piecewise .77, Control of T-S Fuzzy Systems with Time-delay

In this section, based on two novel piecewise Lyapunov-Krasovskii functionals com-
bined with some matrix inequality convexifying techniques, both delay-independent
and delay-dependent approaches will be developed to solve the robust .72, control
problem formulated in the previous section. It is shown that the controller gains can
be obtained by solving a set of LMIs.

2.3.1 Delay-independent 7., Controller Design

Theorem 2.1. The closed-loop system (2.17) is robustly asymptotically stable with
He performance y if there exist matrices 0 < U; = U € R>x G; € R,
Kie R je 7, 0< Q)= QlT € R, and a set of positive scalars g;j > 0,
ke (i), (i,]) € Q such that the following LMIs hold
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[=U; 0 AGi+BukKi AuQir Dix 0 0 & Wik T
*x =l GG+ BuKi CixQ1 Doy 0 0 _ €ijWak
x x U—-G—-GF' 0 0 GI' GIEl +K'EL 0
* ok * -0 0 0 QIEY, 0
) T <0.
* ok * * I, 0 E, 0
* ok * * * 12:—%1-1-1 0 0
* * * * * * — 8kijls2 gkijJ
| *  * * * * * * — &l |

ke (i), (i, ) € 2.19)
Moreover, the controller gain for each local region is given by
Ki=KG/lie.s. (2.20)

Proof. Tt is well-known that it suffices to find a Lyapunov function candidate
V(t,x(t)) > 0, Vx(z) # 0 satisfying the following inequality

V(i + Lx(t+1)) = V(t.x(0) + [1z0) |3 = v w(@®) 3 < 0 (2.21)

to prove that the closed-loop system (2.17) is asymptotically stable with 7% perfor-
mance y under zero initial conditions for any nonzero w € [;[0,0) and all admissible
uncertainties.

Consider the following piecewise Lyapunov-Krasovskii functional

Vi) :=Vilt) + Valr) _
Vi(t) =" (1 )PX( ), ¢(t) €Siie S

-1 —

BO= 5 S 0)0w)

S=—Tp vV=t-+s§

(2.22)

where P, = PI-T >0,ie ¥,0 = QIT > 0 are Lyapunov matrices to be determined.
Define AV (¢) := V(¢ + 1) — V(¢) and along the trajectory of system (2.17), one
has

AV (t) = X" (t+ D)Px(t + 1) —x" (t)Px(2), (i, ) € L, (2.23)
-1

AV, (1) = (T2—11+1) (1)01x(2) Z x! 5)01x(s)
S=I—T)p

< (m—n+D)x ()Qux(t) —x" (1 = 7(1))Qix(t — 7(1)).  (2.24)

In addition, it follows from (2.17)

x(t+1) = (1)1 (1), 2(t) = €i(1) &1 (¢) (2.25)

where
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(1) =[x () x" (t —2(0)) w' (1 n]",
() = [%(1) Ai(t) D(t) ],
Gilt) = [Gi(t) Cuilt) 20(1)]. (2.26)

Then, based on the piecewise Lyapunov-Krasovskii functional defined in (2.22) to-
gether with consideration of (2.23)-(2.26), it is easy to see that the following in-
equality implies (2.21),

&l 0j(1)&1(1) < 0,8 () #0,(i,j) € 2 (2.27)
where
0;(t) := ! (t)PAi(t) + €] (1) (1)
+diag{~P+ (-1 +1)01,—-01,— 'L, } . (2.28)

Thus, if one can show
0;j(t) <0,(i,j) € 2 (2.29)

then the claimed result follows. To this end, by Schur complements, (2.29) is equiv-
alent to

[P 0 (1) Auit) D) 0
* _I”z %(l) %d,'(l‘) gzi(l‘) 0
* * —P 0 0 | P o
« x % -0 0 0 <0,(i,j) € Q. (2.30)
* * ok x =y, 0
* * ok * * 0,
L T—T1+1

Now, by introducing a nonsingular matrix G; € R™*" and pre- and post-
multiplying (2.30) by diag {L(,+,.),G’, Q7" L, +n,) } and its transpose, together
with consideration of (2.14), yields

—=U; 0 Ap(1)Gi+ By(t )K Adk(t)Ql Dy (1) 0
* =Ly, C(t)Gi+ Box(t)Ki Car(1)Q1 Do(t) 0
* x  =G'u7'G, 0 0 dr
<0,
* % * -0 0 0
* * * * _yzln‘v 0_
A * * * —T;TQllH_

ke (i),i,j) e (231

where U; := P!, U; := Pj_l, 0 := o' K; :=KG;.
Note that

U—Gi— G +GI'U G = (Ui — G)' U (Ui~ Gi) >0 (2.32)
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which implies
~G'U7'Gi<U; -G, —Glics. (2.33)

There, by (2.33), the f0110w1ng inequality implies (2.31)

~U; 0 Ag(1)Gi+Bi()K: Au(1)Q1 Dic(t) 0
x =Ly, G(t)Gi+ Bu(t)K; Car(t)01 Do(t) 0

* * U,' — G,‘ — G;r 0_ 0 GlT
* % * -0 0 0 <0,
* ok * * 1, 0
*  * * * * l
T—T1+1

ke (i), (i,j)eQ (2.34)

and thus it suffices to show (2.34) instead of (2.31).
On the other hand, using the parameter uncertainty relationships (2.3)-(2.6), one
has

—U; 0 A(0)Gi+Bu(t)K; Au(t)Q1 Dut) 0
* —Inz Ck(l)G +Bz]<(l)K ( )Q DZk(t) 0
* ok Ui —G;— lT 0 0 GiT
* ok * -0 0 0
* * * * _'}/21nw 0_
| ox * * ) ) * * Q:—%H
=U; 0 AGi+BukKi_ AuQir D 0
*x =1, G (t)Gi+ ByK; CxQ1 Dy 0
* * Ui — Gi — GlT 0_ 0 GIT
T % % * -0 0 0
* ok * Y S ]
o+ * * * * Q:—glﬂ
Wik
Wox
0 — —
+Sym 0 A(l‘) [0 0 E11G;i+ E31K; ExQq Eg 0] . (2.35)
0
0

Now, by Lemma 2.1, it is easy to see that (2.19) implies (2.35). The proof is thus
completed. 0O

It is noted that in Theorem 2.1, if we set U; = U, i € .#, we will get the corre-
sponding controller design results based on a common Lyapunov-Krasovskii func-
tional, which is summarized in the following corollary.

Corollary 2.1. The closed-loop system (2.17) is robustly asymptotically stable with
I performance v if the LMIs (2.19) hold with U; = U, i € .Z.
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2.3.2 Delay-dependent .. Controller Design

For the case of time-invariant delay, i.e., 7| = 1, it is noted that the results given
in Theorem 2.1 are independent of the delay size. Thus, Theorem 2.1 can be ap-
plicable to the situations when no a priori knowledge about the size of time-delay
is available. On the other hand, it is also well known that the delay-independent re-
sults for time-delay systems are usually more conservative than the delay-dependent
ones especially when the size of time-delays is small. In this subsection, we consider
the delay-dependent robust .77, control of fuzzy system (2.8) based on control law
(2.16) by constructing a new piecewise Lyapunov-Krasovskii functional. The corre-
sponding result is summarized in the following theorem.

Theorem 2.2. The closed-loop system (2.17) is robustly asymptotically stable with
M performance y if there exist matrices 0 < U; = UT € R, M; = {A/—Ih} €

Ma;
< Ny > Ry - _ v X1 Xy
%anxnx, N=|]¢€e g{ZnXxnx’ R =|H| e %anxnx, X =xT = 2] c
' |:N2i:| L " Ra L * X
R, = ¥ = [Yf" ?2" € R, K € R € 7, G e RN, 0 <
22i

Qo = OF € K™, € {1,2,3}, 0 < Zg = Z € R, B € {1,2}, and a set of
positive scalars ;> 0, k € A (i), (i,]) € Q such that the following LMIs hold
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—-Uu; 0 0 0 AyG + ByiK;
* Z1—G—-GT 0 0 V72 (AxG + B ;K — G)
* * Zz—G—GT 0 \/ﬁ(AkG-i-Bl_kKi—G)
* * * _I”z CivG + By K;
* * * * Ilss
* * * * *
* * * * *
* * * * *
* * * * *
* * * * *
* * * * *
Agk D1y 0 0 0 & jWik
VDA VoD 0 0 0 Ve iWik
Vo —TAa Vo -1l 0 0 0 VT — 1€ Wik
Car Doy 0o 0 0 0
Ils6 0 —Ni; R G'E] +KIEl 0
I 0 —Ny; Ry; E2Tk 0 <0,
* —v,, 0 0 ElL 0
* * -0 0 0 0
* * * —03 0 0
* * * * _EkijISQ Ekijj
* * * * * —&ijls,
ke (i), (i, j) € Q (2.36)
[ig]>016f (2.37)
[&jﬁzﬁ&]>016f (2.38)
KIZKJ >0,ic.s (2.39)
where

[Iss .= Ui~ G~ G + (-1 +1)01 + 0, + 03
+M11+M11+72X111+(TZ_TI)YIIH ~

156 —le My — R1l+M2l+T2X12l+(Tz—_Tl)lei,_

g6 ——Q1+N21+N21 Mo — M3, — Ry; — R, + 1Xoni + (12 — 71) Yani.

Moreover, the controller gain for each local region is given by
Ki=KG lic.s. (2.40)

Proof. Similar to the proof of Theorem 2.1, it suffices to find a Lyapunov function
candidate V (¢,x(r)) > 0, Vx(z) # 0 satisfying (2.21) to prove that the closed-loop
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system (2.17) is asymptotically stable with J#, performance y under zero initial
conditions for any nonzero w € [5[0,0) and all admissible uncertainties.

Define e(t) := x(¢# + 1) — x(z) and consider the following piecewise Lyapunov-
Krasovskii functional

V(t) :==Vi(t) + Va(t) + V3(r) + Va(r)
Vi(t) :=xT (t)Px(t),C(t) € Sii€ I
Bi)= 3 T 2T 0)Q)

S=—Tp V=t+s

V)= 'S ()04 S A (5)0sx(s)

s=t—T7) s=t—T

(2.41)

—11—1 -1

El lil el(m)Zie(m)+ Y Y el (m)Zye(m)

S=—Tp m=t+s S=—Tp m=t+s

=
=
=
=
[

where P, =P/ >0,i€ 7, 0o = Qf, >0, € {1,2,3} and Zg = Z}; >0, B € {1,2}
are Lyapunov matrices to be determined.

Define AV (¢) :=V(t+ 1) — V(z) and along the trajectory of system (2.17), one
has

AVi(t) = x (1 + 1) Px(t + 1) —x" (1) Pix(t), (i, j) € Q (2.42)
AV, (1) < (1 — 1+ D" (1) Q1x(t) — xT (1 — (1)) Qux(r — 7(1)) (2.43)
AV3(t) = x" (1) (Q2+ 03) x(t)

—x! (1 — 1) Qax(t — 1) — xT (1 — 7)) Q3x(t — 71, (2.44)

=1
AVy(t) = ne’ (t)Zie(t) + (o —Ti)e (1) Zae(t) — Y, e’ (m)Zie(m)
m=t—1(t)

1—7(r)—1 -7 -1
-y el (m)(Zy + Zo)e(m) — D el (m)Zye(m). (2.45)

m=t—1 m:If‘L'<l)

In addition, define & (t) := [xT (1) xT (t — 7(1)) | " and from the definition of e(t),
for any appropriately dimensioned matrices M;, N;, R;, X;, Y;, i € . one has
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-1
0 = 2&7 (1)M; [x(t) —x(t—z@)— e(m)] , (2.46)
m=t—1(t)

t—1(t)—1

0= 28 (ON: |2t —1(0)) —x(1—7) = ¥ e(m)] 7 (247)
t—1-1

0=2& ()R |x(t—7)—x(t—t(t))— Y e(m)} , (2.48)
m=t—1(t)

t—1
0=& () [nXi+(m-—m)Y] &) — Y & OX&)

m=t— r(t)

t—1(t)—1 =T —

- X H0O&AN&0)- 2 & ON&0). (249

m o m=t—1(t)

On the other hand, under the following bounding conditions,

[}i]g]”’” (2.50)
[XZ:FY zlli'zz] 20ies 2.51)
K'ZZ} >0,ie.s (2.52)
one has
o< 3, [an] [ [50)
- () [E (X&) + 28] (OMie(m) + € (m)Zem)} .
o< 8 [T [ (5]
=S 00080+ 28 N+ )+ 2l
—1-1 Ty o (2.54)
o< 3 [an] 2] [30)
-

= Y {&OW&) +28 ()Rie(m) + e (m)Zye(m) } . (2.55)

m=t—1(t)
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Thus, based on the piecewise Lyapunov-Krasovskii functional defined in (2.41),
together with consideration of the following relationships,

) .
e(I)ZX(HLl) () A(1)& (1)
= [ ()« (t = (e) T (1) ¥ (1 = 02) T (r = 1) ]
%(1‘) = [JZ{( ) %l( ) ll(t) nrxnx nx><nx]
( [Cgit ngl l() Nz XNy n ><nx] (256)
e) = (A1) - Im Agi(t) D1i(1) Onny Onn, |
M;; Ny Ry;
M; = llNi = [N; Ri:= [R;
X1 X121} Y — Y11i Yioi
* Xio;

* Yy

it is easy to see that the following inequality implies (2.21)

& (1)Z(N & (1) <0,&(r) #£0,(i, /) € Q (2.57)

where

A

2ij(t) = o (0)Prchi(r) + Cfl()‘f()JrTz%T() 17(1)
+(n =) ()22 (1) +

O P, 0 Ny Ru
* Dy 0 —Ny Ry

= x x 7L, 0 0 |,
*  * * -0 0
* ok * * —Q03

@11 = —P+ (2 — 11+ 1)Q1 + Q2 + Q3 + My + Ml; + X115+ (2 — 1) Y1,
@1y := Nyj — My — Rii+ ML+ X2 + (12 — 1) V1o,
@y 1= Nyj+ N3; — Ma; — M3, — Ry; — Ry + 12 X0 + (T2 — 71) Yoo (2.58)

Thus, if one can show (2.50)-(2.52) and
(1) <0,(i,j) € 2 (2.59)

then the claimed result follows. To this end, by Schur complements, (2.59) is equiv-
alent to

—1 2
P10 0 0 (1)

x —=Z;b 00 ymd)

x x ~Z0 0 ymond() | <0,(,))€Q. (2.60)
* * L ‘f,(z)

* * * * ]
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Based on (2.14) and the parameter uncertainty relationships given in (2.3)-(2.6),
by Lemma 2.1, it is easy to see that the following inequalities implies (2.60).

[—P 0 0 0 Ax+ BiiK; Agk
« =Zb 00 A+ Buki—L,)  VDAx
* x 20 0 Vo1 (Ac+Buki—1,) Vi — TiAa
* * L Ci+ By K; Cur
* * * * (DH q)]z
* * * * * Dy
* * * * * *
* * * * * *
* * * * * *
* * * * * *
L * * * * * *
le 0 0 0 gkijwlk
\/Ele 0 0 0 \/Eek,-jWIk
vo—-tuDyg 0 0 0 VT — T1&qi Wik
Dy 0 0 0 0
0 —Ni; Ry El +K!EL 0
0 —Nyi Ry El 0 <0,
L, 0 0 ElL 0
* -0, 0 0 0
* * —Q3 0 0
* * * — gkijISQ gkij-l
* * * * —&;jily,

ke (), (i, ) € Q. (2.61)

It is noted that the conditions given in (2.61) are nonconvex due to the simultane-
ous presence of the Lyapunov matrices P;, Z;, Z, and their inverses Pj_l, Zl_l, Z, L
For the matrix inequality linearization purpose, similar to the proof of Theorem 2.1,
we introduce a nonsingular matrix G € R"*"x and define the following matrices

Upi=P " Uj =P K; == KiG,
)Z = GTXG»X S {Zlv_227Q17QZ?QEvMivNithXiin}7

vl Azli e DA TH = D ST )zlliglzt' = _ )7111'1212;'
Mt_|:M£:|7Nl_|: T 7Rt_ sy AL — * X22i 7Yt_ * Y22i .

(2.62)
Then, pre- and post-multiplying (2.61) by diag {I3,,+s,,G,G,I,,,G,G,I 15, } and

its transpose together with consideration of the following bounding inequalities
leads to (2.36) exactly.
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~-G'"PG<U—-G-G", U =P"! (2.63)
-67;'6" <2,-G6-G",z;' = GZ7'G", (2.64)
-G62,'G" < 7,-G6-G",7z;' =Gz, 'GT. (2.65)

Meanwhile, pre- and post-multiplying (2.50)-(2.52) by diag{G”,G",G" } and its
transpose yields (2.37)-(2.39) directly. The proof is thus completed. O

Remark 2.2. Tt is noted that from the proof of Theorem 2.2, the delay-dependent cri-
terion is realized by using a free-weighting matrix technique [22-25], which enables
one to avoid performing any model transformation to the original system and thus
no bounding technique is employed to estimate the inner product of the involved
crossing terms [21]. Moreover, when treating the time-varying delay and estimat-
ing the upper bound of the difference of Lyapunov functional, some useful terms
such as 2’,,;,@; el (m)(e)e(m) are fully utilized by introducing some additional
terms into the proposed Lyapunov-Krasovskii functional. In addition, by using the
relationships (2.53)-(2.55), the delay upper bound 1, is separated into two parts:
T = [ — 7(¢)] + 7(r) without ignoring any useful terms. Thus, compared with the
existing delay-independent and delay-dependent approaches for discrete-time T-S
fuzzy delay systems [28-33, 36, 37], these features have the potential to enable one
to obtain less conservative results.

From the proof of Theorem 2.2, it is easy to see that the matrix inequality lieariza-
tion procedure is based on the bounding inequalities given in (2.63)-(2.65), where
all three different Lyapunov matrices are constrained by a same slack variable. This
inevitably brings some degree of design conservatism. Another means to solve the
nonlinear matrix inequality problem given in (2.61) is by utilizing the cone comple-
mentarity linearization algorithm [47]. To this end, we define variables U; := Pi_l,
S1:=2; 1S, :=2;!, and by using a cone complementarity technique [47], the
nonconvex feasibility problem given in (2.50)-(2.52), (2.61) is converted to the fol-
lowing nonlinear minimization problem involving LMI conditions:
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2
Minimize Tr ( Yy PU+ Y, zﬂsﬁ> ,subject to (2.50)-(2.52) and
ics p=1

[—-U; 0 0 0 Ay + BuK; Ak
x =851 0 0 /m(A+BukKi—1,) VA
* x =S 0 Voo—1 (Ax+BuKi—1,) V1o — TiAx
x ok ok =y, Cr + BaKi Cark
* * * * (DH (Dlg
*  x Kk ok * by,
* * * * * *
* * * * * *
L * * * * * *
Dy 0o 0 0 &ijWik 1
VoD 00 0 V280 Wik
Vo—tuDy 0 0 0 VT — T1Eq Wik
Do 0 0 0 0
0 —Ni; Ry El,+KTEL 0
0 —Noi Ry; Esz 0 <0,
L, 0 0 EL 0
* —0, 0 0 0
* * —03 0 0
* * * _8kijls2 8kij~]
* * % * — &l |
ke (i),(i,j) €Q. (2.66)
P,->0,U,->O,[P"I”"} >0,ic.s 2.67)
* Ui
Zg > 0,8 >0{Zﬁl"~*}>oﬁe{12} (2.68)
B B T % Sﬁ = ’ '
Qq >0,a € {1,2,3}. (2.69)

Then, for given delay bounds 7; and 7,, the suboptimal performance of ¥ can be
found by the following algorithm. The convergence of this algorithm is guaranteed
in terms of similar results in [21,47].

Algorithm 2.1 Suboptimal performance of y

Step 1. Choose a sufficiently large initial ¥ > 0 such that there exists a feasible
solution to (2.50)-(2.52) and (2.66)-(2.69). Set vy = Y.
Step 2. Find a feasible set

{[)iOvUi()inO?YviOvMi()vNiOvRiO?KiOvi S jvgkij()?k € %(Z)v(lv.]) € ‘Qv }
QaOvZB07SB07a € {17273}76 € {172}
satisfying (2.50)-(2.52) and (2.66)-(2.69). Set o = 0.

Step 3. Solving the following LMlIs problem for the variables P, U;, X;, Yi, M;, N;,
R, K, i€ I, Qu, 0 € {1,2,3}, Zg, Sp, B € {1,2}, &j, k€ A (i), (i,]) € Q:
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2
Minimize Tr < 2 (PoUi+ PUis) + 2 (ZﬁaSB +ZBSﬁG)>
ics B=1

Subject to (2.58)-(2.62) and (2.65)-(2.67).

Set Pygy1) =P, Uor1) = Ui i € I, Zg(541) = Zp, Sp(o+1) = Sp, B € {1,2}.
Step 4. Substituting the controller gains K; obtained in Step 3 into (2.66) and by
some simple algebraic manipulations yield (2.70). Then, if the LMIs (2.50)-(2.52)
and (2.70) are feasible with respect to the variables P; = PiT >0, X;, Y, M;, N, R;,
euijp k€ (i), (i,)) € Q, Q=0 >0, 25 =25 >0, v € {1,2,3}, B € {1,2},
then set Yy = y and return to Step 2 after decreasing y to some extent. If the
conditions (2.50)-(2.52) and (2.70) are infeasible within the maximum number of
iterations allowed, then exit. Otherwise, set 0 = ¢ + 1 and go to Step 3.

_—Pj 0 0 0 Pj(Ak+Blei) PiA gy
*x —Z1 0 0 \/T—QZI(Ak—f—Blei—InX) \/T—gzlAdk
*x ok ~Zy 0 Vno—uZy(Ax+Buki—I,) V1 — 11Z2Au
x % ox —I, Ci + ByK; Cak
* * * * (DH (Dlg
*  x k% * (0%
* * * * * *
* * * * * *
* * * * * *
Dix 0 0 0 Wi ]
\/61)1]< 0 0 0 \/EWI/(
Vo—tuDy 0 0 0 VT — T Wik
Dy 0 0 0 0
0 —Nii Ry & (Ef,+K]EL) 0
0 —Noi Ry; Sk,-jE2Tk 0 <0,
—’}/zlnw 0 0 E_']<UE4Tk 0
N —0, 0 0 0
* * —Q3 0 0
* * ok — &/, el
* * * * _gkijlsl

ke ), (i,)) € 2.(2.70)

Remark 2.3. Tt is noted that the results given in Theorem 2.2 and Algorithm 2.1 do
not encompass each other. The results obtained in Theorem 2.2 are very nice in the
sense that these conditions are convex, and thus can be readily solved with commer-
cially available software. The design conservatism of Theorem 2.2 mainly comes
from the bounding inequalities given in (2.67)-(2.69). In the iterative approach, the
conditions given in (2.66)-(2.68) are equivalent to the corresponding performance
analysis results presented in (2.70). This is the main advantage of Algorithm 2.1
over Theorem 2.2. However, the numerical computation cost involved in Algorithm
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2.1 is much larger than that involved in Theorem 2.2, especially when the number
of iterations increases.

Remark 2.4. The results presented in this chapter are obtained by using piecewise
Lyapunov functions [12, 14, 15, 19,32, 33]. However, it is noted that the extension
of the proposed design techniques based on fuzzy Lyapunov functions is straight-
forward. A piecewise Lyapunov function is defined along the partitioned premise
variable space [12, 14, 15, 19, 32, 33], while a fuzzy-basis-dependent Lyapunov
function is based on a mapping from fuzzy-basis functions to a Lyapunov ma-
trix [13, 16-18, 30]. It is hard to theoretically explain which kind of Lyapunov
function is better. However, for discrete-time fuzzy systems, the controller design
procedure based on these two kinds of Lyapunov functions are very similar once the
Lyapunov matrices are separated from the system matrices. The controller designs
for continuous-time fuzzy systems based on piecewise/fuzzy Lyapunov functions
are much more complicated.

2.4 Simulation Examples

In this section, we use two examples to demonstrate the advantages and less conser-
vatism of the controller design methods proposed in this chapter.

Example 2.1. Consider the following modified Henon mapping model with time-
delay and external disturbance borrowed from [33] with some modifications.

{xl (14 1) = —x3(t) +0.04x; (1 — 7(1)) +0.3x2(r) + 1.4 4 0.5w(r) @2.71)

x2(t4+1) =x1(t) — 0.02x1 (r — 7(¢)) + 0.03x2(t — 7(t)) + 0.5w(r)

where the disturbance is given by w(¢) = 0.1e7%¥sin(0.027¢) and the time-delay
7(r) is assumed to satisfy 2 < 7(¢) < 5. With the initial condition ¢ (r) = [0.1 0] r
—5 <t £0, the chaotic behavior of the above system is shown in Figure 2.1. It is
observed from Figure 2.1 that the attractor region is {x(¢)| —2 < x;(¢) < 2}.

Next, we consider the following time-delay T-S fuzzy system to represent the
system (2.71).

Plant Rule R': IF 0, (¢) is F!, THEN

{ O(t+1)=A0(1) +Ag0(t — () + Byyu(t) + Dyyw() 2.72)

Z(t) = CO(t) +CaO(t — T(t)) + Boyul(t)

where z(¢) is the regulated output, 0(¢) := x(t) —xy and xy = [iﬂ ] = [82822}
: 2 .

is one of the fixed points of system (2.71) embedded in the attractor region. The
system parameters are given as follows.
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Fig. 2.1 The chaotic behavior of system (2.71)

403 —40.3 003
A1:|:10:|7A2:|:1 O:|aA3:|:_1O:|7
004 0 0.009 0
A =An = [—0.02 0.03} Ads = { 0.6 0} ’

1 0.5
B =B, = [0] ,B3; = |:0.5:| ,Cl=C=Cy= [0.2 —0.3]7

Ca1 =Cap=Cy3 =1[0.030.01],By; =By, = B3 =0.1.

In the region of {6(¢)| — 15 < 6;(r) < 15}, we define the following membership
functions, which are also shown in Figure 2.2.
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1
0], —15§61(t)<—4—2xf1
0
O 5 1 o Ql(t)-‘rZXfl
: — 4
pa (61 (2)] 01(1)+2xp1 —4—2x5 < 6,(t) <4—2xp
wie] | = 05(1+ T 1= f
3 [01(1)] 0
0
~1
1— (1 +e10—91(”) . 4—2x; < 0,(r) <15,
(1_1_610791(:))*1

It is easy to see that in the region of {6()| —4 — 2xsy < 60y (r) < 4—2xy }, sys-
tem (2.72) describes the error system of (2.71) to the fixed point x;.

Membership functions

Fig. 2.2 Membership functions for the fuzzy system in Example 2.1

The objective is then to design a piecewise controller to stabilize the system
(2.72) to zero with a guaranteed disturbance attenuation level y. Based on the parti-
tion method presented in Section 2.2, there are four boundaries. Thus, the premise
space is divided into three regions as shown in Figure 2.2. Let the JZ., perfor-
mance Y = 3.5 and it has been found that there is no feasible solution based on
the delay-independent method given in Theorem 2.1, or the delay-dependent meth-



2 Robust .7, Control via T-S Fuzzy Models 43

ods by [32,33,36,37] and Theorem 2.2 given in this chapter. However, by applying
Algorithm 2.1 and after 37 iterations, one indeed obtains a feasible solution with
controller gains given by

Ky = [~3.4795 —0.2238] ,K, = [ 1.2401 —0.2879] ,K3 = [2.9863 0.1781] .

With a randomly generated time-varying delay 7(z) between 7 = 2 and 7, = 5,

and initial condition 0 () = [0.1 0] T ,—5 <t <0, the state trajectories of the error
system are shown in Figure 2.3. It can be observed that the performance of the
resulting closed-loop system is satisfactory.

0.12

0.1f 1

0.08f -

0.06

a(t)
o
<

-0.02F

-0.04 1

-0.06

-0.08 ! ; ;
0 5 10 15 20 25 30

Time in samples

Fig. 2.3 Time response of the error system in Example 2.1

Example 2.2. Consider the following uncertain discrete-time state-delayed T-S fuzzy
system of the form (2.1) with three rules.
Plant Rules R': IF x,(¢) is F', THEN

{x(t +1)=A;(t)x(t) + Ag (t)x(t — 7(2)) + By (t)u(t) + Dy (£)w(t)
2(t) = Ci(t)x(t) + Car(t)x(t — (1)) + B (1)u(t) + Da1 (1) w(t)

where
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1 03 1 03 1.20.5
Al:p[o.z 1 }’AZZP[OA 1 }’A3:p{0.2 1 ]
—0.10.05 0.5 0.5
AdledZZAzB:[ 0 0.1}73112[1'5}73122[ 1 },

Bl = {Of] Dy =Dy = D3 = [82] Ci=C;=[030],6=[0.40],

Ca1 =Cpp=Cy3=1[0.20.2],By; =By = By3 =0.1,D; = Dyp = D3 =0,

0.1 —0.03 0.05
W = {—0.22] Wiz = { 0.01 } B [0.01
Eip=[0.10.1],E; = [0.01 0.03] ,Eq3 = [0.03 0.02] , E5; = [0.01 0.02],
Ex =[0.10.04],Ex; = [0.010.02],E3 =0.1,E3 = 0.2,E33 = 0.05,
Ey=Ep=E;3= O.I,JZ 0.2

} yWar = Wa = Wo3 =0,

and p is a scalar parameter. The normalized membership functions are shown in
Figure 2.4. Then, based on the partition method presented in Section 2.2, the premise
variable space can be partitioned into five regions:

2 i={x]| —ee<x <3}, 25 i ={xi| -3 <x < -1},
s ={a—1<x <1}, 2 = {0 |1 <x; <3}, 25 := {x1]3 <x; <o},

The time-varying delay 7(¢) is assumed to satisfy (2.2) with 1) =3, 7, = 8. It is
noted that the open loop system is unstable.

The objective is to design a piecewise controller of the form (2.16) such that
the resulting closed-loop system (2.17) is robustly asymptotically stable with 7,
disturbance attenuation level y. To this end, choosing the scalar p = 1.3, it has
been found that there is no feasible solution based on the delay-dependent meth-
ods by [32,33,36,37] and Theorem 2.2 given in this chapter. However, by applying
Theorem 2.1 given in this chapter, one indeed obtains a set of feasible solutions with
the optimal .77, performance index ymin = 6.3827. The controller gains are given by

Ky = [-1.9770 —0.7920]
K, =[-1.9593 —0.8243] K3 = [ —2.3719 —0.8310],
Ky =[—0.9968 —1.0107] K5 = [ —4.9562 —0.7747] .

With a randomly generated time-varying delay 7(z) between 7 =3 and 7p =9
and initial condition x(r) = [—1.5 3]T, —8 <t <0, the state trajectories of the
closed-loop system are shown in Figure 2.5. It can be observed that the performance
of the resulting closed-loop system is satisfactory.

In addition, we also try to apply Algorithm 2.1 to solve the piecewise control
problem for the above system. Unfortunately, it is observed that there is no feasi-
ble solution based on Algorithm 2.1 even when the maximum number of iterations
allowed is Npax = 500.
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Membership functions

-6 -4 -2 2 4 6
X, (t)
Fig. 2.4 Membership functions for the fuzzy system in Example 2.2
5
X, (1)

ab X,(1) | |

3 L 4
[}
0
s 2f ,
|53
2
g
s |
]
»

o ‘ ‘ ‘ ‘
0 10 20 30 40 50
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Fig. 2.5 State-trajectories of the closed-loop system in Example 2.2
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Table 2.1 7., performance for different cases with 7, = 2, 7, = 3 of Example 2.2

methods |p=09|p=11p=13|p=1.5
[371 1.1092 [ 1.7595 | <o oo
Theorem 2.2 [ 1.0577 | 1.6258 oo oo

Theorem 2.1{0.5792 | 0.7755 | 1.2684 | 2.6634

Corollary 2.1 0.5799 | 0.8028 | 1.4156 | 3.5608

If the time-delay interval is reduced, feasible solutions for the several results
obtained in this chapter and [37] are obtained, a more detailed comparison of the
minimum robust 7, performance indexes i, obtained based on these methods
for variety of cases is summarized in Table 2.1. The results given in this exam-
ple indicate that when treating the controller design problems for time-delay sys-
tems, the delay-independent method sometimes may be more effective than the
corresponding delay-dependent ones, because no matrix bounding inequality con-
straints and/or numerical iteration procedures are involved in the delay-independent
controller synthesis case. From the table, it can also be seen that the piecewise
Lyapunov-Krasovskii functional-based approach produces less conservative results
than the common Lyapunov-Krasovskii functional-based approach.

2.5 Conclusions

In this chapter, based on two novel piecewise Lyapunov-Krasovskii functionals
combined with some matrix inequality convexifying techniques, both delay inde-
pendent and delay-dependent approaches have been developed to study the robust
. piecewise state-feedback control problem for a class of uncertain discrete-time
T-S fuzzy systems with interval-like time-varying state delay. Numerical examples
are presented to demonstrate the applicability of the proposed approaches. It is also
noted that the proposed methods can be extended to solve the output-feedback con-
troller design problems for discrete-time state-delayed T-S fuzzy systems.

Acknowledgements The work described in this paper was partially supported by a grant from the
Research Grants Council of the Hong Kong Special Administrative Region of China under Project
CityU-112806.
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