
Preface

Among all computer-generated mathematical images, Julia sets of rational maps
occupy, perhaps, the most prominent position. Their beauty and complexity can be
fascinating. They also hold a deep mathematical content, and numerical experiments
have become a defining feature of the subject of Complex Dynamics.

Computational hardness of Julia sets is the main subject of this book. By defini-
tion, a computable set in the plane can be visualized on a computer screen with an
arbitrarily high magnification. In this definition the running time of the visualization
algorithm is not limited.

Countless programs to visualize Julia sets have been written. Yet, as we will see,

it is possible to constructively produce examples of quadratic polynomials, whose
Julia sets are not computable.

In a way, this result is striking – it says that while a dynamical system can be de-
scribed numerically with an arbitrary precision, the picture of the dynamics cannot
be visualized.

As one indication of how unusual this is, consider the following. Another inter-
esting object for a quadratic polynomial is its filled Julia set. It is obtained by “filling
in” all the holes in the Julia set itself. In doing this, the computable properties of the
picture can change dramatically:

a filled Julia set is always computable.

The non-computability phenomenon is very subtle, and in describing it we will re-
quire a very precise analytic machinery. Many of the techniques we use have only
become available in the last few years. Perversely, we are able to construct non-
computable examples of Julia sets because we understand Julia sets so well.

Non-computability turns out to be rare. Most Julia sets are computable. Their
computational hardness, however, may vary. The running time required to produce
a high-resolution image of a computable Julia set may be prohibitively high. Already
we have seen some further surprises – a class of Julia sets (Julia sets of quadratic
polynomials with parabolic orbits) empirically thought of as hard to compute turns
out to be easy (and with a practical algorithm).
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Our understanding of the computational complexity of Julia sets is in its first
stages. Examples of a truly pathological kind (Julia sets of quadratic polynomials
with Cremer periodic orbits) turn out to always be computable. No informative pic-
tures of this type have ever been produced, as the running time of all presently exist-
ing algorithms renders them impractical. However, it is not known if they are ever
computationally hard. This is probably the case at least sometimes, but it may also
be possible that some of them can be visualized effectively by a clever algorithm.
Many interesting problems await further study here.

The goal of the present book is to summarize our present knowledge about the
computational properties of Julia sets in a fashion that is as self-contained as possi-
ble. While we have found the interplay between theoretical Computer Science and
Dynamical Systems extremely fruitful, it makes the presentation more challenging.
We have striven to make the book accessible and interesting to experts in both fields.
The book assumes no prior knowledge of computability theory, and only a basic fa-
miliarity with complex analysis.

We start the book with an introduction to computability theory (Chapter 1) and a
survey of the basic principles of dynamics of rational maps (Chapter 2). In Chapter
3 we begin the study of the computability and complexity of Julia sets by looking at
some typical examples. We discuss the general positive results in Chapter 4. Non-
computability appears in Chapter 5. Chapter 6 serves to understand the topological
structure of non-computable examples in more detail.

The material we view as “optional reading” is

typeset like this.

It is either not directly related to the main storyline, or is too technical, and is di-
rected towards experts in one of the two fields.
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