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Theorem 8.7.3. Let ∇m−1−jϕj ∈ MW l
p(R

n), where 0 < l < 1, 1 ≤ p ≤ ∞.
Then there exists one and only one solution of the Dirichlet problem such that

∇m−1U ∈ MW k
p,k−l−1/p(R

n+1
+ ), k ≥ 1.

This solution satisfies the estimate

‖∇m−1U ; Rn+1
+ ‖MW k

p,k−l−1/p
≤ K

m−1∑

j=0

‖∇m−1−jϕj ; Rn‖MW l
p
,

where K is a constant which depends on L and n, p,m, k, l.

Proof. If U ∈ MW k
p,k−l−1/p(R

n+1
+ ) is a solution of the homogeneous problem,

then
‖∇m−lU ; Rn+1

+ ‖L∞ < ∞
and hence U = 0 (see, for instance, [ADN1], Ch. I, §2).

According to the same reference, the existence of a solution follows from
the assumption

∇m−1−jϕj ∈ L∞(Rn), j = 0, 1, . . . ,m − 1,

and the solution satisfies the equality

Dα
x

∂i

∂yi
U(x, y) =

m−1∑

j=0

∑

|β|=m−1−j

∫

Rn

Ki,j,β(x − ξ, y)Dβ
ξ ϕj(ξ) dξ ,

where 0 ≤ i ≤ m−1, α is any multi-index of order m−1− i and Ki,j,β(z) are
positive homogeneous functions of order −n, smooth in R

n+1\{0} and such
that Ki,j,β(x, 0) = 0 for x �= 0. These conditions imply the estimate

(|x|2 + y2)1/2|∇xKi,j,β(x, y)| + |Ki,j,β(x, y)| ≤ c y(|x|2 + y2)−(n+1)/2

which shows that the function ζ(x) = Ki,j,β(x, 1) satisfies (8.7.10) for s = 0,
0 < l < 1. It remains to make use of Theorem 8.7.2. �	

8.8 Traces of Functions in MW l
p(R

n+m) on R
n

In this section we show that the space of restrictions of functions in
MW l

p(R
n+m) (lp > n, l − m/p is a noninteger) to R

n coincides with

MW
l−m/p
p (Rn).
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8.8.1 Auxiliary Assertions

We use the extension operator T defined in Sect. 8.7.2. Let us assume that
the conditions (8.7.10) and (8.7.11) for k = [l], s = 1 are fulfilled.

Lemma 8.8.1. Let σ ∈ (0, l] and let p ∈ [1,∞). Then

(∫

2|η|<|y|
|∇[σ],y(T γ)(x, y + η) −∇[σ],y(T γ)(x, y)|p|η|−m−p{σ} dη

)1/p

≤ c C[l]+1,l+1 |y|−σ‖γ; Rn‖L∞ , (8.8.1)

and
(∫

Rn

|∇[σ],x(T γ)(x + h, y) −∇[σ],x(T γ)(x, y)|p|h|−n−p{σ} dh
)1/p

≤ c C[l]+1,l+1|y|−σ‖γ; Rn‖L∞ , (8.8.2)

where C[l]+1,l+1 is defined by (8.7.10).

Proof. Let Ay and Bx denote the left-hand sides of (8.8.1) and (8.8.2). One
verifies directly that

Ay ≤ ‖γ; Rn‖L∞

{∫

2|η|<|y|

(∫

Rn

∣∣∣∇[σ],y

[
ζ
( ξ − x

|y + η|
)
|y + η|−n

−ζ
(ξ − x

|y|
)
|y|−n

]∣∣∣ dξ
)p

|η|−m−p{σ} dη
}

≤ ‖γ; Rn‖L∞

{∫

2|η|<|y|

|η|p dη

|η|m+p{σ}

×
(∫ 1

0

dz

∫

Rn

∣∣ϕ(σ+1)
ξ−x [|y| + z(|y + η| − |y|)]

∣∣ dξ
)p}1/p

,

where

ϕ
(l)
ξ−x(t) = − ∂[l]

∂t[l]

(
t−nζ

(ξ − x

t

))
.

Therefore,

Ay ≤ c C[l]+1,l+1‖γ; Rn‖L∞

×
{∫

2|η|<|y|
|η|p(1−{σ})−m dη

(∫ 1

0

(
|y| + z(|y + η| − |y|)

)−[σ]−1
dz

)p}1/p

≤ c C[l]+1,l+1‖γ; Rn‖L∞ |y|−σ .

The inequality (8.8.1) is proved.
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Making the change of variables

ξ − x = |y|Ξ, h = |y|H,

we obtain

Bx ≤ |y|−σ
{∫

Rn

(∫

Rn

∣∣∇[σ],Ξ [ζ(Ξ + H) − ζ(Ξ)]
∣∣ dΞ

)p

|H|−n−p{σ} dH
}1/p

.

Now we divide the exterior integral into two integrals, the first of which is
over the ball B1. We have

∫

B1

≤
∫

B1

(∫

Rn

∣∣∣
n∑

i=1

Hi

∫ 1

0

∂

∂Ξi
∇[σ],Ξζ(Ξ + zH) dz

∣∣∣ dΞ
)p

|H|−n−p{σ} dH

≤
(∫

Rn

|∇[σ]+1ζ(Ξ)| dΞ
)p

∫

B1

|H|−n+(1−{σ})pdH ≤ c Cp
[l]+1,l+1 .

Finally,
∫

Rn\B1

≤
∫

Rn\B1

(∫

Rn

(|∇[σ]ζ(Ξ + H)| + |∇[σ]ζ(Ξ)|) dΞ
)p

|H|−n−p{σ} dH

= 2p
(∫

Rn

|∇[σ]ζ(Ξ)| dΞ
)p

∫

Rn\B1

|H|−n−p{σ} dH ≤ c Cp
[l]+1,l+1 .

The proof is complete. �	

Let dj denote the number of all derivatives of order j with respect to the
variables y1, . . . , ym and let [W σ

p (Rn)]dj be the Cartesian product of dj copies
of the space Wσ

p (Rn). It is known (see [Usp] that there exists an extension
operator E defined on vector-functions (ϕ0,ϕ1, . . . ,ϕ[l−m/p]), where ϕj is the
dj-tuple vector-function. This operator maps into a space of scalar functions
and has the following properties.

(i) E is a continuous operator:

[l−m/p]∏

j=0

[W [l−j−m/p]
p (Rn)]dj → W k

p,k−l(R
n+m) . (8.8.3)

(ii) The relation

(∇jEϕ)(x, 0) = ϕj(x) with j = 0, 1, . . . , [l − m/p]

holds.
In what follows we use the fact that W

[l]+1
p,1−{l}(R

n+m) is imbedded into
W l

p(R
n+m) (see [Usp]). We also apply the Hardy-type inequality
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∫

Rm

|y|−pl|V (x, y)|p dy ≤ c ‖V (x, ·); Rm‖p
W l

p
, (8.8.4)

where V is a function in W l
p(R

m) subject to the conditions

(∇jV )(x, 0) = 0 , j = 0, 1, . . . , [l − m/p] . (8.8.5)

Moreover, we make use of the following norm in W l
p(R

n+m):

‖U ; Rn+m‖W l
p

∼
(∫

Rn

dx

∫

Rm

dy

∫

Rm

|∇[l],yU(x, y + η) −∇[l],yU(x, y)|p|η|−m−p{l} dη
)1/p

+
(∫

Rm

dy

∫

Rn

dx

∫

Rn

|∇[l],xU(x + h, y) −∇[l],xU(x, y)|p|h|−n−p{l} dh
)1/p

+‖U ; Rn+m‖Lp
(8.8.6)

(see Proposition 4.2.3).

8.8.2 Trace and Extension Theorem

Theorem 8.8.1. (i) Let lp > n, 1 ≤ p < ∞ and l − m/p be noninteger.
Further, let Γ ∈ MW l

p(R
n+m) and γ(x) = Γ (x, 0). Then γ ∈ MW

l−m/p
p (Rn)

and

‖γ; Rn‖
MW

l−m/p
p

≤ c ‖Γ ; Rn+m‖MW l
p
. (8.8.7)

(ii) Let the kernel ζ satisfy (8.7.10) and (8.7.11). If γ ∈ MW
l−m/p
p (Rn)

with lp > m, 1 ≤ p < ∞ and noninteger l − m/p, then T γ ∈ MW l
p(R

n+m)
and

‖T γ : R
n+m‖MW l

p
≤ c C[l]+1,l+1‖γ; Rn‖

MW
l−m/p
p

. (8.8.8)

Proof. (i) Let U ∈ W l
p(R

n+m), U(x, 0) = u(x). We have

‖γu; Rn‖
W

l−m/p
p

≤ c ‖ΓU ; Rn+m‖W l
p
≤ c ‖Γ ; Rn+m‖MW l

p
‖U ; Rn+m‖W l

p

which implies (8.8.7).
(ii) It is sufficient to assume that l is a noninteger, since for integer l the

result is contained in Theorem 8.7.1.
Let U ∈ W l

p(R
n+m) and

ϕ(x) = (U(x, 0), (∇y(U)(x, 0), . . . , (∇[l−m/p],yU)(x, 0)) .
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We introduce the function V = U − Eϕ, where E is the extension operator
which was considered in Sect. 8.8.1. Then

‖UT γ; Rn+m‖W l
p
≤ ‖(T γ)Eϕ; Rn+m‖W l

p
+ ‖V T γ; Rn+m‖W l

p
.

In view of the imbedding

W
[l]+1
p,1−{l}(R

n+m) ⊂ W l
p(R

n+m),

the first term on the right-hand side does not exceed

c ‖(T γ)Eϕ; Rn+m‖
W

[l]+1
p,1−{l}

which, by Theorem 8.7.1, is not greater than

c C[l]+1,l+1‖γ; Rn‖
MW

l−m/p
p

‖Eϕ; Rn+m‖
W

[l]+1
p,1−{l}

.

Since E performs the continuous mapping (8.8.3), it follows that

‖(T γ)Eϕ; Rn+m‖W l
p

≤ c C[l]+1,l+1‖γ; Rn‖
MW

l−m/p
p

[l−m/p]∑

j=0

‖(∇j,yU)(·, 0); Rn‖
W

l−m/p−j
p

.

Consequently,

‖(T γ)Eϕ; Rn+m‖W l
p
≤ c C[l]+1,l+1‖γ; Rn‖

MW
l−m/p
p

‖U ; Rn+m‖W l
p
. (8.8.9)

Let us prove the inequality

‖V T γ; Rn+m‖W l
p
≤ c C[l]+1,l+1‖γ; Rn‖L∞‖V ; Rn+m‖W l

p
. (8.8.10)

It is easy to see that
(∫

Rn

dx

∫

Rm

dy

∫

2|η|>|y|

∣∣∇[l],y(V T γ))(x, y + η)

−(∇[l],y(V T γ))(x, y)
∣∣p|η|−m−p{l} dη

)1/p

≤ c
(∫

Rn+m

|∇[l],y(V T γ)|p|y|−p{l} dz
)1/p

(8.8.11)

which, by (8.7.15) with s = 0 and µ = 0, does not exceed

c

[l]∑

j=0

(∫

Rn+m

|∇[l]−j,yT γ|p|∇j,yV |p|y|−p{l} dz
)1/p

≤ c C[l]+1,l+1‖γ; Rn‖L∞

[l]∑

j=0

(∫

Rn+m

|∇j,yV |p|y|(j−l)p dz
)1/p

.
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This fact and (8.8.4) show that the left-hand side of (8.8.11) is dominated by

c C[l]+1,l+1‖γ; Rn‖L∞‖V ; Rn+m‖W l
p
.

The expression

(∫

Rn

dx

∫

Rm

dy

∫

2|η|<|y|

∣∣∇[l],y[(V T γ)(x, y+η)−(V T γ)(x, y)]
∣∣p|η|−m−p{l}dη

)1/p

is majorized by

c

[l]∑

j=0

(∫

Rn

dx

∫

Rm

dy

∫

2|η|<|y|
|(∇[l]−j,yT γ)(x, y + η)|p

×|∇j(V (x, y + η) − V (x, y))|p|η|−m−p{l}dη
)1/p

+c

[l]∑

j=0

(∫

Rn

dx

∫

Rm

dy|(∇j,yV )(x, y)|p

×
∫

2|η|<|y|

∣∣∇[l]−j,y

(
T γ(x, y + η) − T γ(x, y)

)∣∣p|η|−m−p{l}dη
)1/p

. (8.8.12)

Since
|(∇[l]−j,yT γ)(x, y + η)| ≤ c C[l]+1,l+1‖γ; Rn‖L∞ |y|j−[l],

the first sum does not exceed

c C[l]+1,l+1‖γ; Rn‖L∞

[l]−1∑

j=0

(∫

Rn

dx

∫

Rm

|y|p(j−[l])

∫

2|η|<|y|
|η|−m+p(1−{l})

×
(∫ 1

0

|∇j+1,yV (x, y+tη)|dt
)p

dη
)1/p

+ c C[l]+1,l+1‖γ; Rn‖L∞‖V ; Rn+m‖W l
p
.

Here we have used the relation (8.8.6). Further, we have

∫

Rn

|y|(j−[l])p

∫

2|η|<|y|
|η|−m+p(1−{l})

(∫ 1

0

|∇j+1,yV (x, y + tη)| dt
)p

dη dy

≤ c

∫ 1

0

dt

∫

Rm

|η|−m+p(1−{l})
∫

2|η|<|y|
|y|(j−[l])p|∇j+1,yV (x, y + tη)|p dy dη

≤ c

∫

Rm

|η|−m+p(1−{l})
∫

|χ|>|η|
|χ|(j−[l])p|∇j+1,χV (x, χ)|p dχ dη

= c

∫

Rm

|χ|p(j+1−l)|∇j+1,χV (x, χ)|p dχ
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which, according to (8.8.4), does not exceed c ‖V (x, ·); Rm‖p
W l

p
for almost all

x ∈ R
n. Thus, the first sum in (8.8.12) is not greater than

c C[l]+1,l+1‖V ; Rn+m‖W l
p
.

Using (8.8.1), we find that the second sum in (8.8.12) has the majorant

c C[l]+1,l+1‖γ; Rn‖L∞

[l]∑

j=0

(∫

Rn+m

|(∇j,yV )(z)|p|y|(j−l)p dz
)1/p

which, by (8.8.4), is dominated by

c C[l]+1,l+1‖γ; Rn‖L∞‖V ; Rn+m‖W l
p
.

To obtain a bound for
(∫

Rm

dy

∫

Rn

dx

∫

Rn

|∇[l],x(V T γ)(x + h, y) − (V T γ)(x, y)]|p|h|−n−p{l}dh
)1/p

,

it suffices to estimate the integrals
∫

Rm

dy

∫

Rn

|∇j,xV (x, y)|p

×
∫

Rn

∣∣∇[l]−j,x[(T γ)(x + h, y) − (T γ)(x, y)]
∣∣p|h|−n−p{l} dh dx ,

∫

Rm

dy

∫

Rn

∣∣[∇[l]−j,x(T γ)](x, y)|p

×
∫

Rn

|∇j,x(V (x + h, y) − V (x, y))
∣∣p|h|−n−p{l} dh dx .

The first integral is estimated by Lemma 8.8.1 and inequality (8.8.4). It does
not exceed

c
(
C[l]+1,l+1‖γ; Rn‖L∞‖V ; Rn+m‖W l

p

)p
.

The second integral is dominated by

c Cp
[l]+1,l+1‖γ; Rn‖p

L∞

∫

Rn

dx

∫

Rn

|h|−n−p{l}

×
∫

Rm

|y|p(j−{l})|∇j,x(V (x + h, y) − V (x, y))|pdydh

≤ c Cp
[l]+1,l+1‖γ; Rn‖p

L∞

∫

Rn

dx

∫

Rn

|h|−n−p{l}

×
∫

Rm

|∇[l],z(V (x + h, y) − V (x, y))|p dydh

≤ c (C[l]+1,l+1‖γ; Rn‖L∞‖V ; Rn+m‖W l
p
)p.
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Here we have used (8.8.4) and (8.8.6). Thus inequality (8.8.10) is proved.
Putting γ = 1, T γ = 1 in (8.8.9), we obtain the estimate

‖Eϕ; Rn+m‖W l
p
≤ c ‖U ; Rn+m‖W l

p

which, together with (8.8.10) and the equality V = U − Eϕ, shows that

‖V T γ; Rn+m‖W l
p
≤ c C[l]+1,l+1‖γ; Rn‖L∞‖U ; Rn+m‖W l

p .

The proof is complete. �	

8.9 Multipliers in the Space of Bessel Potentials
as Traces of Multipliers

The goal of this section is to show that multipliers in the space H l
p(R

n) are
traces of multipliers in a certain class of differentiable functions in R

n+m with
a weighted mixed norm.

8.9.1 Bessel Potentials as Traces

The space Lk
p,β(Rn+m) is defined as the completion of C∞

0 (Rn+m) in the norm
(∫

Rn

(∫

Rm

|y|2β |∇k,zU |2dy
)p/2

dx
)1/p

+
(∫

Rn

(∫

Rm

|y|2β |U |2dy
)p/2

dx
)1/p

.

Let the first term be denoted by < U >p,β,k. For k > r and β > r − m/p,
by Hardy’s inequality one has

< U >p,β−r,k−r≤ c < U >p,β,k . (8.9.1)

The following assertion shows that elements of H l
p(R

n) are traces on R
n

of functions in Lk
p,β(Rn+m) (see [Sh1] for 0 < l < 1, the general case is treated

in a similar way). Below we use the spherical coordinates (ρ, ω) in R
m: ρ = |y|

and ω = y/|y|.
Lemma 8.9.1. (i) Let U ∈ Lk

p,β(Rn+m), where k is an integer, 2β > −m,
and 1 < p < ∞. Then, for almost all x ∈ R

n, the limit

U(x, 0) = lim
ρ→+0

∫

∂B(m)
1

U(x; ρ, ω)dω

exists. Moreover, U(·, 0) ∈ H l
p(R

n) with l = k − β − m/2, {l} > 0 and

‖U(·, 0); Rn‖Hl
p
≤ c ‖U ; Rn+m‖Lk

p,β
. (8.9.2)

(ii) Let u ∈ H l
p(R

n), l > 0, 1 < p < ∞. There exists a linear continuous
extension operator:

H l
p(R

n) 
 u → U ∈ Lk
p,β(Rn+m),

where k is an integer, k > l, and β = k − l − m/2.
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