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2(Ω) → w−1

2 (Ω)) . . . . . . . . . 416
11.6 Second-Order Differential Operators Acting from w1

2 to w−1
2 . . 421

12 Relativistic Schrödinger Operator
and M(W 1/2

2 → W
−1/2
2 ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 427

12.1 Auxiliary Assertions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 427
12.1.1 Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 436

12.2 Corollaries of the Form Boundedness Criterion and Related
Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 441

13 Multipliers as Solutions to Elliptic Equations . . . . . . . . . . . . . . 445
13.1 The Dirichlet Problem for the Linear Second-Order Elliptic

Equation in the Space of Multipliers . . . . . . . . . . . . . . . . . . . . . . . 445
13.2 Bounded Solutions of Linear Elliptic Equations

as Multipliers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 447
13.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 447
13.2.2 The Case β > 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 448
13.2.3 The Case β = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 452
13.2.4 Solutions as Multipliers from W 1

2,w(ρ)(Ω) into W 1
2,1(Ω) . 454

13.3 Solvability of Quasilinear Elliptic Equations in Spaces
of Multipliers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 456
13.3.1 Scalar Equations in Divergence Form . . . . . . . . . . . . . . . . 457
13.3.2 Systems in Divergence Form . . . . . . . . . . . . . . . . . . . . . . . . 458
13.3.3 Dirichlet Problem for Quasilinear Equations

in Divergence Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 461
13.3.4 Dirichlet Problem for Quasilinear Equations

in Nondivergence Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 463
13.4 Coercive Estimates for Solutions of Elliptic equations

in Spaces of Multipliers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 467
13.4.1 The Case of Operators in R

n . . . . . . . . . . . . . . . . . . . . . . . 467
13.4.2 Boundary Value Problem in a Half-Space . . . . . . . . . . . . . 469
13.4.3 On the L∞-Norm in the Coercive Estimate . . . . . . . . . . . 473

13.5 Smoothness of Solutions to Higher Order Elliptic Semilinear
Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 474
13.5.1 Composition Operator in Classes of Multipliers . . . . . . . 474
13.5.2 Improvement of Smoothness of Solutions to Elliptic

Semilinear Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 477



XII Contents

14 Regularity of the Boundary in Lp-Theory of Elliptic
Boundary Value Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 479
14.1 Description of Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 479
14.2 Change of Variables in Differential Operators . . . . . . . . . . . . . . . 481
14.3 Fredholm Property of the Elliptic Boundary Value Problem . . . 483

14.3.1 Boundaries in the Classes M
l−1/p
p , W

l−1/p
p ,

and M
l−1/p
p (δ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 483

14.3.2 A Priori Lp-Estimate for Solutions and Other
Properties of the Elliptic Boundary Value Problem . . . . 484

14.4 Auxiliary Assertions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 489
14.4.1 Some Properties of the Operator T . . . . . . . . . . . . . . . . . . 489
14.4.2 Properties of the Mappings λ and κ . . . . . . . . . . . . . . . . . 490
14.4.3 Invariance of the Space W l

p ∩ W̊h
p Under a Change

of Variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 492
14.4.4 The Space W−k

p for a Special Lipschitz Domain . . . . . . . 496
14.4.5 Auxiliary Assertions on Differential Operators

in Divergence Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 498
14.5 Solvability of the Dirichlet Problem in W l

p(Ω) . . . . . . . . . . . . . . . 502
14.5.1 Generalized Formulation of the Dirichlet Problem . . . . . 502
14.5.2 A Priori Estimate for Solutions of the Generalized

Dirichlet Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 502
14.5.3 Solvability of the Generalized Dirichlet Problem . . . . . . . 503
14.5.4 The Dirichlet Problem Formulated in Terms of Traces . . 504

14.6 Necessity of Assumptions on the Domain . . . . . . . . . . . . . . . . . . . 507
14.6.1 A Domain Whose Boundary is in M

3/2
2 ∩ C1

but does not Belong to M
3/2
2 (δ) . . . . . . . . . . . . . . . . . . . . . 507

14.6.2 Necessary Conditions for Solvability of the Dirichlet
Problem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 509

14.6.3 Boundaries of the Class M
l−1/p
p (δ) . . . . . . . . . . . . . . . . . . . 510

14.7 Local Characterization of M
l−1/p
p (δ) . . . . . . . . . . . . . . . . . . . . . . . 513

14.7.1 Estimates for a Cutoff Function . . . . . . . . . . . . . . . . . . . . . 513
14.7.2 Description of M

l−1/p
p (δ) Involving a Cutoff Function . . 515

14.7.3 Estimate for s1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 516
14.7.4 Estimate for s2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 520
14.7.5 Estimate for s3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 523

15 Multipliers in the Classical Layer Potential Theory
for Lipschitz Domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 531
15.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 531
15.2 Solvability of Boundary Value Problems in Weighted Sobolev

Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 537
15.2.1 (p, k, α)-Diffeomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . 537
15.2.2 Weak Solvability of the Dirichlet Problem . . . . . . . . . . . . 539
15.2.3 Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 542



Contents XIII

15.3 Continuity Properties of Boundary Integral Operators . . . . . . . . 547
15.4 Proof of Theorems 15.1.1 and 15.1.2 . . . . . . . . . . . . . . . . . . . . . . . 551

15.4.1 Proof of Theorem 15.1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 551
15.4.2 Proof of Theorem 15.1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 557

15.5 Properties of Surfaces in the Class M �
p(δ) . . . . . . . . . . . . . . . . . . . 559

15.6 Sharpness of Conditions Imposed on ∂Ω . . . . . . . . . . . . . . . . . . . . 562
15.6.1 Necessity of the Inclusion ∂Ω ∈ W �

p

in Theorem 15.2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 562
15.6.2 Sharpness of the Condition ∂Ω ∈ B�∞,p . . . . . . . . . . . . . . . 563
15.6.3 Sharpness of the Condition ∂Ω ∈ M �

p(δ)
in Theorem 15.2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 564

15.6.4 Sharpness of the Condition ∂Ω ∈ M �
p(δ)

in Theorem 15.1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 566
15.7 Extension to Boundary Integral Equations of Elasticity . . . . . . . 568

16 Applications of Multipliers to the Theory of Integral
Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 573
16.1 Convolution Operator in Weighted L2-Spaces . . . . . . . . . . . . . . . 573
16.2 Calculus of Singular Integral Operators with Symbols

in Spaces of Multipliers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 575
16.3 Continuity in Sobolev Spaces of Singular Integral Operators

with Symbols Depending on x . . . . . . . . . . . . . . . . . . . . . . . . . . . . 579
16.3.1 Function Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 580
16.3.2 Description of the Space M(Hm,µ → H l,µ) . . . . . . . . . . . 582
16.3.3 Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 585
16.3.4 Corollaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 588

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 591

List of Symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 605

Author and Subject Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 607



http://www.springer.com/978-3-540-69490-8


