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Theorem 8.7.3. Let Vi,_1_jp; € MW](R™), where 0 <1< 1,1 <p < co.
Then there exists one and only one solution of the Dirichlet problem such that

ViU € MWy, o, REFY, k> 1

This solution satisfies the estimate
-1
|

m
Vi1 U R | gy <K

pk—l—1/p — |vW—1—j@j;Rn”MWIQ )

§=0
where K is a constant which depends on L and n,p,m, k1.

Proof. If U € MWZ’ik_l_l/p (R’j_“) is a solution of the homogeneous problem,
then
va,lU;R’frHHLw < 00

and hence U = 0 (see, for instance, [ADN1], Ch. I, §2).
According to the same reference, the existence of a solution follows from
the assumption

Vm—l—j‘Pj ELOO(Rn)y j:0717"'7m_17

and the solution satisfies the equality

ai m—1
Dg 8:1]1 U(llf,y) = Z Z ‘/R” Ki»jﬁ(x - §7y)Dg§0j(§) df,

i=0 |Bl=m—1-

where 0 < ¢ < m—1, a is any multi-index of order m —1—1 and K ; g(2) are
positive homogeneous functions of order —n, smooth in R"*1\{0} and such
that K; ; g(x,0) = 0 for x # 0. These conditions imply the estimate

(J2? + ") 2V K2, 9)] + | Kija(@,y)] < cy(laf® +y?) =72

which shows that the function ((x) = K; ; g(x,1) satisfies (8.7.10) for s = 0,
0 <! < 1. It remains to make use of Theorem 8.7.2. O

8.8 Traces of Functions in MW;,(R”“”) on R™

In this section we show that the space of restrictions of functions in
MWJ(R™™) (Ip > n, I — m/p is a noninteger) to R" coincides with
MW™P(R™).
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8.8.1 Auxiliary Assertions

We use the extension operator 7 defined in Sect.8.7.2. Let us assume that
the conditions (8.7.10) and (8.7.11) for k = [I], s = 1 are fulfilled.

Lemma 8.8.1. Let o € (0,1] and let p € [1,00). Then
P, |—m—p{o} 1/p
( 2nl<|yl |v[0],y(7’7)($7y + 7]) - V[(,Ly(T’Y)(va/” |77‘ dn)
ni<|y

< eCrprir [yl R |y (8.8.1)

and
—n—p{o} 1/p
(., 1¥ie1T2) o + b = Vi T2) 5} P17 )

< eChprralyl ™ v R e (8.8.2)
where Cpjq1,41 18 defined by (8.7.10).

Proof. Let A, and B, denote the left-hand sides of (8.8.1) and (8.8.2). One
verifies directly that

<l {f ([
(S5l ) e a)
<lrele [ O

nl<lyl [P}

x (/01 dz /R [T Iyl + 2y +nl = 1y dg)p}l/p’

0,0 =~ 2 (e (22))).

Viely [C(ﬁ) ly +n|™"

where

Therefore,

Ay < cChpyrip R o

1 o »
X{/ Inl”“‘{"})‘mdn(/ (Il + =(ly +nl = y) ™" )"}
2|l <yl 0

< cCptria 1 Rl Loyl ™7 -

1/p

The inequality (8.8.1) is proved.
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Making the change of variables

we obtain

Bl { [ ([ [Vislo(@ + 1) - c(@)|az) v am)

Now we divide the exterior integral into two integrals, the first of which is
over the ball B;. We have

n 1 9 »
SoH, / o Vi =((5 + 2H) dz| a2 ) ||
=1 0 3:2

fo= f (L

ENPEAN —n+(l—{o
< (/}R Vio11¢(5)]dZ) /B [H[THOAPA < el

Finally,

/n\B = /n\B (/"(IV[U]C(EJFH)\+|v[g]<(5)\)dg)”|H|fnfp{g} iH

= =\? —n—p{o
=2 ([ wmeE)az)" [ L T S

The proof is complete. a

Let d; denote the number of all derivatives of order j with respect to the
variables y1, ...,y and let [Wg(R”)}di be the Cartesian product of d; copies
of the space W (IR™). It is known (see [Usp] that there exists an extension
operator F defined on vector-functions (¢, ¢4, - . -, <p[lfm/p]), where ¢; is the
d;-tuple vector-function. This operator maps into a space of scalar functions
and has the following properties.

(i) E is a continuous operator:

[t—m/p]
H (W=7 =m/P R — W, (R™T™). (8.8.3)
j=0

(it) The relation
(ViB@)(,0) = @,(z)  with j=0,1,....[1—m/p]

holds.

In what follows we use the fact that ngl]ltl{l}(R"“‘m) is imbedded into

l n+m . . . . :
W, (R ™) (see [Usp]). We also apply the Hardy-type inequality
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/ TV (@, )P dy < e[V ()i R[5 (8.8.4)
]Rm

where V' is a function in W} (R™) subject to the conditions
(V;V)(z,0) =0, i=0,1,...,[l—m/p]. (8.8.5)
Moreover, we make use of the following norm in W}(R™+™):

||U, Rn-{-'rn ||WIZJ
1/p
~ (/ dl‘/ dy/]R VU, y+n) = Vg Uz, y)[Pln| P4 dn)

S 1/p
([ dy [ de [ VLUt hy) - Vg aUp)lPin om0 dn)

+U;R™ ™1, (8.8.6)

(see Proposition 4.2.3).

8.8.2 Trace and Extension Theorem

Theorem 8.8.1. (i) Let lp > n, 1 < p < oo and Il — m/p be noninteger.
Further, let I' € MW} (R"*™) and v(z) = I'(x,0). Then v € MW,=™/P(Rn)
and

H%R"HMW,‘)*’"‘/” = CHF§Rn+m”MW}, : (8.8.7)

(i7) Let the kernel ¢ satisfy (8.7.10) and (8.7.11). If v € MWzl,fm/p(R")
with Ip > m, 1 < p < oo and noninteger | — m/p, then T € MW;(]R"“"")
and

1Ty R*™ s < eClnraasa |V R [y pyye-mso - (8.8.8)
Proof. (i) Let U € WLR™™), U(z,0) = u(z). We have
s By < € [LUSR™ ™ s < € |15 [y [ U5 R
which implies (8.8.7).
(it) It is sufficient to assume that [ is a noninteger, since for integer [ the
result is contained in Theorem 8.7.1.

Let U € WL(R™™) and

Lp(.T) = (U(I7O), (Vy(U)(l', 0)7 R (V[lfm/p],yU)(lU 0)) :
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We introduce the function V = U — E¢, where FE is the extension operator
which was considered in Sect. 8.8.1. Then

IUTyR™ ™ e < (T EQR™ ™ [l + VT3 Rl -
In view of the imbedding

l 1 n+m n—+m
Wg,]lt{l}(R * )C W;zl;(R + )a

the first term on the right-hand side does not exceed
c(TY)Ee; R* ™| s
p,1—{l}
which, by Theorem 8.7.1, is not greater than

cCpat1l7; R"||1V1W;—m/p||E<P;R"+m||wmltl{l} :

P,

Since F performs the continuous mapping (8.8.3), it follows that

(T E@:;R™ ™ [[w2

[l—=m/p]

< Cc[l]+1,l+1”ry;RnHMWII;_m/P Z ||(vj7yU)('7O);Rn||WI’7'—m/P—j .
=0

Consequently,
||(TV)E¢§Rn+m||W;, < cCpp RnHMWIl;m/vHU;RnJFmHWPl' (8.8.9)

Let us prove the inequality
VT2 Ry < cClpr iR o [VSR™ ™ . (8.810)

It is easy to see that

(/ du / dy / Vi (VT (@, y +1)
n 2[n|>1y|

1/p
—(V[l],y(VT'Y))(x, y) ‘P|n|—m—p{l} dn)

1/p
<c([ IV (vToPll 0 dz) (s.8.11)
R7L+m

which, by (8.7.15) with s = 0 and g = 0, does not exceed

] o,
E: i PIV ; P, |—p{l}
Cj—0</]R"+m V50TV VIPlY| dz)

(7] 4 1/p
< cCurranliR . Do ( / AV VI dz)

Jj=0



8.8 Traces of Functions in MW} (R"*™) on R™ 317
This fact and (8.8.4) show that the left-hand side of (8.8.11) is dominated by
cCprr i1 I RNV R ™

The expression

(/ndx/mdy/mnlqyl!V[z],y[(VTV)(w,y+77)—(VTv)(:v,y)]|p|n|"”"’{”dn)l/p

is majorized by

CZ/ d:v/ dy/ (Vi T (2 y + )P
n m 2[nl<lyl

1/p
XIV5(V(@,y + 1) = V(@,9) ol ™+ )
U

+CZ / dx/ dy|(V; V) (z,y)P

1/p
X/ Vi (T2 + 1) = Ta(a, ) [Pl =Wy ) . (8.8.12)
2[n|<|yl

Since A
(Vi TN (@, y + 1) < cChpprppr |l R Iz |yl 1

the first sum does not exceed

-1
Curriali®le. 3 ([ de [ o [ oo
j=0 “YR" R 2|n|<ly|

! po\1/p
X(/ IVj+1,yV($7y+tn)ldt) dn) +eCpprr a1 R oo VR [y
0

Here we have used the relation (8.8.6). Further, we have
[ [ s ([ 9,0,V ) @) andy
2[n|<lyl
<o i [ e [0,y i dydn
" 2nl<lyl
<o [ gt [ G el ddn
m [xI>1n]

—c / P DI V() P d
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which, according to (8.8.4), does not exceed ¢ ||V (z,-); R™ ||}, for almost all
2 € R™. Thus, the first sum in (8.8.12) is not greater than

CC[1]+1,1+1HV;R”“”HWZQ.
Using (8.8.1), we find that the second sum in (8.8.12) has the majorant
U 4 U
cCarnanli Bl ([ TP )

j=0
which, by (8.8.4), is dominated by
cCupyr i [V R L VR |y

To obtain a bound for
pip —n—pitt g1} /P
(L dv] dr| Nue(VTyG+hy) = (VI ylPlp O an)

it suffices to estimate the integrals

/ dy/ VeV (x, )

X / Vi (TY) (@ + hy) — (T)(2,y)][" |72 dhda,
an

/ dy /R,,LHv[l]fj,z(Tv)](a:,y)V’

< [ Vit o) = V) P dhde,
The first integral is estimated by Lemma 8.8.1 and inequality (8.8.4). It does
not exceed
¢ (Chppr i R 2o VR ™ )"
The second integral is dominated by

cClygrrt IR /Rndx/RJhrn,p{l}

< el ®7E [ do [ o

x / Vi (V (@ + hyy) — V(. y) P dydh

< cCppr i v R VR |y )P
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Here we have used (8.8.4) and (8.8.6). Thus inequality (8.8.10) is proved.
Putting v =1, 7~ = 1 in (8.8.9), we obtain the estimate
|E@; R™ ™y < U3 R™ ™y
which, together with (8.8.10) and the equality V = U — E¢, shows that
VT %R ™Iyt < eCpyppr | R |z [Us R [W
The proof is complete. O

8.9 Multipliers in the Space of Bessel Potentials
as Traces of Multipliers

The goal of this section is to show that multipliers in the space H},(R”) are
traces of multipliers in a certain class of differentiable functions in R"*™ with
a weighted mixed norm.

8.9.1 Bessel Potentials as Traces

The space L} 5(R™*™) is defined as the completion of Cg°(R™*™) in the norm

(/Rn (/Rm |y|26|vk,zU|2dy)p/2dx)1/p + (/n (/]Rm |y|2B|U\2dy)p/2d$) 1/p.

Let the first term be denoted by < U >, 3. For k > r and § > r —m/p,
by Hardy’s inequality one has

<U>pp-—rk—r<c<U>ppk. (8.9.1)

The following assertion shows that elements of HL(R") are traces on R"
of functions in L’;ﬁ(R"*m) (see [Shl] for 0 < I < 1, the general case is treated
in a similar way). Below we use the spherical coordinates (p,w) in R™: p = |y|
and w =y/|yl.

Lemma 8.9.1. (i) Let U € L’;’B(R"“"), where k is an integer, 23 > —m,
and 1 < p < oco. Then, for almost all x € R™, the limit

U(z,0) = pl_lg_lo 5 U(z; p,w)dw

exists. Moreover, U(-,0) € HL(R™) with | =k — 3 —m/2, {l} > 0 and
[T, 05R Ly < TR ™ (39.2)

(i1) Let u € HL(R™), 1 >0, 1 < p < oo. There exists a linear continuous
extension operator:
l k
HL(R™) 5 u— U € LE 4(R"™),

where k is an integer, k > 1, and 8 =k —1 —m/2.



2 Springer
http://www.springer.com/978-3-540-69490-8

Theory of Sobolev Multipliers

with Applications to Differential and Integral Cperators
Maz'ya, V., Shaposhnikova, T.0,

2009, XMV, 614 p. 2 illus., Hardcover

ISBN: 278-3-540-60490-8



