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More about Algebraic Geometry Codes

In Chapter 2 we studied algebraic geometry (AG) codes associated with divi-
sors of an algebraic function field over IFq. Here we continue their investigation.
Let us fix some notation for the whole of Chapter 8.

F/IFq is an algebraic function field of genus g and IFq is the full con-
stant field of F .
P1, . . . , Pn ∈ IPF are pairwise distinct places of degree one.
D = P1 + . . . + Pn.
G is a divisor of F with suppG ∩ suppD = ∅.
CL (D,G) = {(x(P1), . . . , x(Pn)) ∈ IFn

q |x ∈ L (G)} is the algebraic
geometry code associated with D and G.
CΩ(D,G) = {(ωP1(1), . . . , ωPn

(1)) |ω ∈ ΩF (G − D)} is the dual code
of CL (D,G).

8.1 The Residue Representation of CΩ(D, G)

Let P ∈ IPF be a place of degree one and let ω ∈ ΩF be a Weil differential.
In Chapter 4 we identified ΩF with the differential module ∆F (cf. Remark
4.3.7(a)). Via this identification the local component of ω at the place P can
be evaluated by means of the residue of ω at P , namely ωP (u) = resP (uω) for
all u ∈ F (Theorem 4.3.2(d)). In particular we have ωP (1) = resP (ω). Hence
we have the following alternative description of the code CΩ(D,G).

Proposition 8.1.1.

CΩ(D,G) = {(resP1(ω), . . . , resPn
(ω)) |ω ∈ ΩF (G−D)} .

It is this representation that is most commonly used in the literature to define
the code CΩ(D,G).
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By Proposition 2.2.10 the code CΩ(D,G) can also be written as CL (D,H)
where H = D−G+(η) and η is a differential with vPi

(η) = −1 and ηPi
(1) = 1

for i = 1, . . . , n. Using results from Chapter 4 one can easily construct such a
differential η.

Proposition 8.1.2. Let t be an element of F such that vPi
(t) = 1 for i =

1, . . . , n. Then the following hold:
(a) The differential η := dt/t satisfies vPi

(η) = −1 and resPi
(η) = 1 for

i = 1, . . . , n.
(b) CΩ(D,G) = CL

(
D,D −G + (dt) − (t)

)
.

Proof. (a) Since t is a prime element of P := Pi, the P -adic power series of
η = dt/t with respect to t is

η =
1
t

dt .

Hence vP (η) = −1 and resP (η) = 1.
(b) Follows immediately from (a) and Proposition 2.2.10. �	

Corollary 8.1.3. Suppose that t ∈ F is a prime element for all places
P1, ..., Pn.
(a) If 2G−D ≤ (dt/t) then the code CL (D,G) is self-orthogonal; i.e.,

CL (D,G) ⊆ CL (D,G)⊥ .

(b) If 2G−D = (dt/t) then CL (D,G) is self-dual.

Proof. This is an immediate consequence of Corollary 2.2.11. �	

8.2 Automorphisms of AG Codes

The symmetric group Sn (whose elements are the permutations of the set
{1, . . . , n}) acts on the vector space IFn

q via

π(c1, . . . , cn) := (cπ(1), . . . , cπ(n))

for π ∈ Sn and c = (c1, . . . , cn) ∈ IFn
q .

Definition 8.2.1. The automorphism group of a code C ⊆ IFn
q is defined by

Aut(C) := {π ∈ Sn |π(C) = C} .
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Obviously Aut(C) is a subgroup of Sn. Many interesting codes have a non-
trivial automorphism group. In this section we study automorphisms of alge-
braic geometry codes that are induced by automorphisms of the corresponding
function field.

Let F/IFq be a function field and let Aut(F/IFq) be the group of automor-
phisms of F over IFq (i.e., σ(a) = a for σ ∈ Aut(F/IFq) and a ∈ IFq). The
group Aut(F/IFq) acts on IPF by setting σ(P ) := {σ(x) |x ∈ P}, cf. Lemma
3.5.2. The corresponding valuations vP and vσ(P ) are related as follows:

vσ(P )(y) = vP (σ−1(y)) for all y ∈ F . (8.1)

Moreover, deg σ(P ) = degP since σ induces an isomorphism of the residue
class fields of P and σ(P ) given by σ(z(P )) := σ(z)(σ(P )). The action of
Aut(F/IFq) on IPF extends to an action on the divisor group by setting

σ
(∑

nPP
)

:=
∑

nPσ(P ) .

As before we consider divisors D = P1 + . . . + Pn and G of F/IFq where
P1, . . . , Pn are distinct places of degree one and suppG ∩ suppD = ∅.

Definition 8.2.2. We define

AutD,G(F/IFq) := {σ ∈ Aut(F/IFq) |σ(D) = D and σ(G) = G} .

Observe that an automorphism σ ∈ AutD,G(F/IFq) need not fix the places
P1, . . . , Pn, but it yields a permutation of P1, . . . , Pn. From (8.1) it follows
easily that

σ(L (G)) = L (G) (8.2)

for σ ∈ AutD,G(F/IFq), because σ(G) = G. Now we show that every auto-
morphism σ ∈ AutD,G(F/IFq) induces an automorphism of the corresponding
code CL (D,G).

Proposition 8.2.3. (a) AutD,G(F/IFq) acts on the code CL (D,G) by

σ((x(P1), . . . , x(Pn))) := (x(σ(P1)), . . . , x(σ(Pn)))

(for x ∈ L (G)). This yields a homomorphism from AutD,G(F/IFq) into
Aut(CL (D,G)).
(b) If n > 2g+2, the above homomorphism is injective. Hence AutD,G(F/IFq)
can be regarded as a subgroup of Aut(CL (D,G)).

Proof. (a) We begin with the following assertion: given a place P of degree
one and an element y ∈ F with vP (y) ≥ 0, we have

σ(y)(σ(P )) = y(P ) . (8.3)
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In fact, setting a := y(P ) ∈ IFq, we obtain y − a ∈ P . Hence σ(y) − a =
σ(y − a) ∈ σ(P ), and (8.3) follows.

For the proof of (a) we have to show that for every x ∈ L (G) and
σ ∈ AutD,G(F/IFq) the vector (x(σ(P1)), . . . , x(σ(Pn))) is in CL (D,G). As
L (G) = σ(L (G)) by (8.2), we can write x = σ(y) with y ∈ L (G), so

(x(σ(P1)), . . . , x(σ(Pn))) = (y(P1), . . . , y(Pn)) ∈ CL (D,G) ,

by (8.3).
(b) It is sufficient to prove that the only automorphism of F/IFq fixing
more than 2g + 2 places of degree one is the identity. So we assume that
σ(Q) = Q and σ(Qi) = Qi for i = 1, . . . , 2g + 2, where σ ∈ Aut(F/IFq)
and Q,Q1, . . . , Q2g+2 are distinct places of degree one. Choose x, z ∈ F such
that (x)∞ = 2gQ and (z)∞ = (2g + 1)Q (this is possible by the Riemann-
Roch Theorem). Then IFq(x, z) = F since the degrees [F : IFq(x)] = 2g and
[F : IFq(z)] = 2g + 1 are relatively prime. The elements x− σ(x) and z− σ(z)
have at least 2g + 2 zeros (namely Q1, . . . , Q2g+2) but their pole divisor has
degree ≤ 2g + 1 because Q is their only pole. We conclude σ(x) = x and
σ(z) = z, hence σ is the identity. �	

Example 8.2.4. As an example we consider a BCH code C of length n over IFq.
As shown in Section 2.3, C can be realized as a subfield subcode of a rational
AG code as follows: let n | (qm − 1) and let β ∈ IFqm be a primitive n-th root
of unity. Consider the rational function field F = IFqm(z). For i = 1, . . . , n let
Pi be the zero of z − βi−1, and set Dβ := P1 + . . . + Pn. Denote by P0 resp.
P∞ the zero resp. the pole of z in F . Then

C = CL (Dβ , rP0 + sP∞) |IFq

with r, s ∈ ZZ (see Proposition 2.3.9). The automorphism σ ∈ Aut(F/IFqm)
given by σ(z) = β−1z leaves the places P0 and P∞ invariant, and we have

σ(Pi) = Pi+1 (i = 1, . . . , n− 1) and σ(Pn) = P1 .

Hence, by Proposition 8.2.3, σ induces the following automorphism of the
code CL (Dβ , rP0 + sP∞) :

σ(c1, . . . , cn) = (c2, . . . , cn, c1) . (8.4)

This means (in the usual terminology of coding theory) that BCH codes are
cyclic codes.

8.3 Hermitian Codes

In Chapter 6 we discussed several examples of algebraic function fields. One
can use all these examples for the explicit construction of algebraic geometry
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codes. In this section we investigate some codes which are constructed by
means of the Hermitian function field. This class of codes provides interesting
and non-trivial examples of AG codes. These codes are codes over IFq2 , they
are not too short compared with the size of the alphabet, and their parameters
k and d are fairly good.

First we recall some properties of the Hermitian function field H (cf.
Lemma 6.4.4). H is a function field over IFq2 ; it can be represented as

H = IFq2(x, y) with yq + y = xq+1 . (8.5)

The genus of H is g = q(q− 1)/2, and H has N = 1+ q3 places of degree one,
namely

• the unique common pole Q∞ of x and y, and
• for each pair (α, β) ∈ IFq2 × IFq2 with βq + β = αq+1 there is a unique

place Pα,β ∈ IPH of degree one such that x(Pα,β) = α and y(Pα,β) = β.

Observe that for all α ∈ IFq2 there exist q distinct elements β ∈ IFq2 with
βq + β = αq+1, hence the number of places Pα,β is q3.

Definition 8.3.1. For r ∈ ZZ we define the code

Cr := CL (D, rQ∞) , (8.6)

where
D :=

∑

βq+β=αq+1

Pα,β (8.7)

is the sum of all places of degree one (except Q∞) of the Hermitian function
field H/IFq2 . The codes Cr are called Hermitian codes.

Hermitian codes are codes of length n = q3 over the field IFq2 . For r ≤ s we
obviously have Cr ⊆ Cs. Let us first discuss some trivial cases. For r < 0,
L (rQ∞) = 0 and therefore Cr = 0. For r > q3 + q2 − q − 2 = q3 + (2g − 2),
Theorem 2.2.2 and the Riemann-Roch Theorem yield

dimCr = �(rQ∞) − �(rQ∞ −D)
= (r + 1 − g) − (r − q3 + 1 − g) = q3 = n .

Hence Cr = IFn
q2 in this case, and it remains to study Hermitian codes with

0 ≤ r ≤ q3 + q2 − q − 2.

Proposition 8.3.2. The dual code of Cr is

C⊥
r = Cq3+q2−q−2−r .

Hence Cr is self-orthogonal if 2r ≤ q3 + q2 − q − 2, and Cr is self-dual for
r = (q3 + q2 − q − 2)/2.
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Proof. Consider the element

t :=
∏

α∈IFq2

(x− α) = xq2 − x .

t is a prime element for all places Pα,β ≤ D, and its principal divisor is
(t) = D − q3Q∞. Since dt = d(xq2 − x) = −dx, the differential dt has the
divisor (dt) = (dx) = (q2 − q− 2)Q∞ (Lemma 6.4.4). Now Theorem 2.2.8 and
Proposition 8.1.2 imply

C⊥
r = CΩ(D, rQ∞) = CL

(
D,D − rQ∞ + (dt) − (t)

)

= CL

(
D, (q3 + q2 − q − 2 − r)Q∞

)
= Cq3+q2−q−2−r .

�	

Our next aim is to determine the parameters of Cr. We consider the set I
of pole numbers of Q∞ (cf. Definition 1.6.7); i.e.,

I = {n ≥ 0 | there is an element z ∈ H with (z)∞ = nQ∞ } .

For s ≥ 0 let
I(s) := {n ∈ I |n ≤ s} . (8.8)

Then |I(s)| = �(sQ∞), and the Riemann-Roch Theorem gives

|I(s)| = s + 1 − q(q − 1)/2 for s ≥ 2g − 1 = q(q − 1) − 1 .

From Lemma 6.4.4 we obtain the following description of I(s):

I(s) = {n ≤ s |n = iq + j(q + 1) with i ≥ 0 and 0 ≤ j ≤ q − 1} ,

hence

|I(s)| =
∣∣{ (i, j) ∈ IN0 × IN0 ; j ≤ q − 1 and iq + j(q + 1) ≤ s }

∣∣ .

Proposition 8.3.3. Suppose that 0 ≤ r ≤ q3 + q2 − q− 2. Then the following
hold:
(a) The dimension of Cr is given by

dimCr =

{
|I(r)| for 0 ≤ r < q3 ,

q3 − |I(s)| for q3 ≤ r ≤ q3 + q2 − q − 2 ,

where s := q3 + q2 − q − 2 − r and I(r) is defined by (8.8).
(b) For q2 − q − 2 < r < q3 we have

dimCr = r + 1 − q(q − 1)/2 .
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(c) The minimum distance d of Cr satisfies

d ≥ q3 − r .

If 0 ≤ r < q3 and both numbers r and q3 − r are pole numbers of Q∞, then

d = q3 − r .

Proof. (a) For 0 ≤ r < q3 Corollary 2.2.3 gives

dimCr = dimL (rQ∞) = |I(r)| .

For q3 ≤ r ≤ q3 + q2 − q − 2 we set s := q3 + q2 − q − 2 − r. Then 0 ≤ s ≤
q2 − q − 2 < q3. By Proposition 8.3.2 we obtain

dimCr = q3 − dimCs = q3 − |I(s)| .

(b) For q2 − q − 2 = 2g − 2 < r < q3, Corollary 2.2.3 gives

dimCr = r + 1 − g = r + 1 − q(q − 1)/2 .

(c) The inequality d ≥ q3 − r follows from Theorem 2.2.2. Now let 0 ≤ r < q3

and assume that both numbers r and q3−r are pole numbers of Q∞. In order
to prove the equality d = q3 − r we distinguish three cases.

Case 1: r = q3 − q2. Choose i := q2 − q distinct elements α1, . . . , αi ∈ IFq2 .
Then the element

z :=
i∏

ν=1

(x− αν) ∈ L (rQ∞)

has exactly qi = r distinct zeros Pα,β of degree one, and the weight of the
corresponding codeword evD(z) ∈ Cr is q3 − r. Hence d = q3 − r.

Case 2: r < q3 − q2. We write r = iq + j(q + 1) with i ≥ 0 and 0 ≤ j ≤
q − 1, so i ≤ q2 − q − 1. Fix an element 0 �= γ ∈ IFq and consider the set
A := {α ∈ IFq2 |αq+1 �= γ}. Then |A| = q2 − (q + 1) ≥ i, and we can choose
distinct elements α1, . . . , αi ∈ A. The element

z1 :=
i∏

ν=1

(x− αν)

has iq distinct zeros Pα,β ≤ D. Next we choose j distinct elements β1, . . . , βj ∈
IFq2 with βq

µ + βµ = γ and set

z2 :=
j∏

µ=1

(y − βµ) .
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z2 has j(q + 1) zeros Pα,β ≤ D, and all of them are distinct from the zeros of
z1 because βq

µ + βµ = γ �= αq+1
ν for µ = 1, . . . , j and ν = 1, . . . , i. Hence

z := z1z2 ∈ L
(
(iq + j(q + 1))Q∞

)
= L (rQ∞)

has r distinct zeros Pα,β ≤ D. The corresponding codeword evD(z) ∈ Cr has
weight q3 − r.

Case 3: q3− q2 < r < q3. By assumption, s := q3−r is a pole number and
0 < s < q2 ≤ q3 − q2. By case 2 there exists an element z ∈ H with principal
divisor (z) = D′ − sQ∞ where 0 ≤ D′ ≤ D and degD′ = s. The element
u := xq2 − x ∈ H has the divisor (u) = D − q3Q∞, hence

(z−1u) = (D −D′) − (q3 − s)Q∞ = (D −D′) − rQ∞ .

The codeword evD(z−1u) ∈ Cr has weight q3 − r. �	

We mention that the minimum distance of Cr is known also in the re-
maining cases (where r ≥ q3, or one of the numbers r or q3 − r is a gap of
Q∞).

One can easily specify a generator matrix for the Hermitian codes Cr. We
fix an ordering of the set T := {(α, β) ∈ IFq2 × IFq2 |βq + β = αq+1}. For
s = iq + j(q + 1) (where i ≥ 0 and 0 ≤ j ≤ q − 1) we define the vector

us :=
(
αiβj

)
(α,β)∈T

∈ (IFq2)q3
.

Then we have:

Corollary 8.3.4. Suppose that 0 ≤ r < q3. Let 0 = s1 < s2 < . . . < sk ≤ r
be all pole numbers ≤ r of Q∞. Then the k × q3 matrix Mr whose rows are
us1 , . . . , usk

, is a generator matrix of Cr.

Proof. Corollary 2.2.3. �	

In the same manner we obtain a parity check matrix for Cr (for r > q2−q−2),
since the dual of Cr is the code Cs with s = q3 + q2 − q − 2 − r.

Finally we study automorphisms of Hermitian codes. Let H = IFq2(x, y)
as before, cf. (8.5). Let

ε ∈ IFq2 \ {0} , δ ∈ IFq2 and µq + µ = δq+1 . (8.9)

Then µ ∈ IFq2 , and there exists an automorphism σ ∈ Aut(H/IFq2) with

σ(x) = εx + δ and σ(y) = εq+1y + εδqx + µ . (8.10)

(The existence of an automorphism σ satisfying (8.10) follows from the fact
that σ(y) and σ(x) satisfy the equation σ(y)q+σ(y) = σ(x)q+1, which is a con-
sequence of (8.9).) The set of all automorphisms (8.10) of H/IFq2 constitutes
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a group Γ ⊆ Aut(H/IFq2) of order q3(q2 − 1) (as ε �= 0 and δ are arbitrary,
and for each δ there are q possible values of µ). Clearly σ(Q∞) = Q∞ for all
σ ∈ Γ , and σ permutes the places Pα,β of H since they are the only places of
H of degree one other than Q∞. By Proposition 6.3.3, Γ acts as a group of
automorphisms on the Hermitian codes Cr. We have proved:

Proposition 8.3.5. The automorphism group Aut(Cr) of the Hermitian code
Cr contains a subgroup of order q3(q2 − 1).

Remark 8.3.6. It is easily seen that Γ acts transitively on the places Pα,β ; i.e.,
given Pα,β and Pα′,β′ then there exists some σ ∈ Γ with σ(Pα,β) = Pα′,β′ .

8.4 The Tsfasman-Vladut-Zink Theorem

It is well-known in coding theory that large block lengths (hence large dimen-
sion and large minimum distance) are required to achieve reliable transmission
of information. We introduce some notation that will simplify discussion of
asymptotic performance of codes.

Definition 8.4.1. (a) Given an [n, k, d] code C over IFq, we define its infor-
mation rate

R = R(C) := k/n

and its relative minimum distance

δ = δ(C) := d/n .

(b) Let Vq := {(δ(C), R(C)) ∈ [0, 1]2 |C is a code over IFq } and Uq ⊆ [0, 1]2

be the set of limit points of Vq.

This means: a point (δ,R) ∈ IR2 is in Uq if and only if there are codes C over
IFq of arbitrary large length such that the point (δ(C), R(C)) is arbitrarily
close to (δ,R).

Proposition 8.4.2. There is a continuous function αq : [0, 1] → [0, 1] such
that

Uq = {(δ,R) | 0 ≤ δ ≤ 1 and 0 ≤ R ≤ αq(δ)} .

Moreover the following hold: αq(0) = 1, αq(δ) = 0 for 1 − q−1 ≤ δ ≤ 1, and
αq is decreasing in the interval 0 ≤ δ ≤ 1 − q−1.

The proof of this proposition requires only elementary techniques of coding
theory; we refer to [29].
For 0 < δ < 1 − q−1 the exact value of αq(δ) is unknown. However, several
upper and lower bounds are available. In the following propositions we state
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some of these bounds. Proofs can be found in most books on coding theory,
e.g. in [28]. The q-ary entropy function Hq : [0, 1 − q−1] → IR is defined by
Hq(0) := 0 and

Hq(x) := x logq(q − 1) − x logq(x) − (1 − x) logq(1 − x)

for 0 < x ≤ 1 − q−1.

Proposition 8.4.3. The following upper bounds for αq(δ) hold:
(a) (Plotkin Bound) For 0 ≤ δ ≤ 1 − q−1,

αq(δ) ≤ 1 − q

q − 1
· δ .

(b) (Hamming Bound) For 0 ≤ δ ≤ 1,

αq(δ) ≤ 1 −Hq(δ/2) .

(c) (Bassalygo-Elias Bound) For 0 ≤ δ ≤ θ := 1 − q−1,

αq(δ) ≤ 1 −Hq

(
θ −

√
θ(θ − δ)

)
.

Out of the upper bounds in Proposition 8.4.3, the Bassalygo-Elias Bound
is always the best, see Figure 8.1 below; an even better upper bound (which
is more complicated to state and more difficult to prove) is the McEliece-
Rodemich-Rumsey-Welch Bound, see [28],[32].
Perhaps more important than upper bounds are lower bounds for αq(δ), be-
cause every non-trivial lower bound for αq(δ) guarantees the existence of ar-
bitrary long codes with good parameters (δ(C), R(C)).

Proposition 8.4.4 (Gilbert-Varshamov Bound). For 0 ≤ δ ≤ 1 − q−1,

αq(δ) ≥ 1 −Hq(δ) .

The Gilbert-Varshamov bound is the best lower bound for αq(δ) which is
known from elementary coding theory. However, its proof is not constructive
(i.e., it does not provide a simple algebraic algorithm for the construction of
good long codes).

Our aim is to construct algebraic geometry codes of large length in order
to improve the Gilbert-Varshamov Bound. Given an algebraic function field
F/IFq with N = N(F ) places of degree one, the length of any AG code
CL (D,G) (resp. CΩ(D,G)) associated with divisors D and G of F is bounded
by N , since D is a sum of places of degree one. In fact, this is the only
restriction on the length of an AG code which can be constructed by means
of the function field F .



8.4 The Tsfasman-Vladut-Zink Theorem 299

�

� δ

R

1

10.50

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�

�
��

Gilbert-Varshamov

�
�

�
��

Bassalygo-Elias

�
�

�
�

�

Plotkin

�
�

�
�

Hamming

Fig. 8.1. Bounds for q = 2.

Lemma 8.4.5. Suppose that P1, . . . , Pn are distinct places of F/IFq of degree
one. Then there exists, for each r ≥ 0, a divisor G such that degG = r and
Pi �∈ suppG (for i = 1, . . . , n).

Proof. The lemma is trivial if there is another place Q of degree one, different
from P1, . . . , Pn. In this case we set G := rQ. If P1, . . . , Pn are all the places of
F/IFq of degree one, we choose a divisor G ∼ rP1 (i.e., G is equivalent to rP1)
such that vPi

(G) = 0 for i = 1, . . . , n. This is possible by the Approximation
Theorem. �	

According to Lemma 8.4.5 one needs function fields over IFq having many
rational places in order to construct long AG codes. We recall the definition
of Ihara’s constant A(q) given in Chapter 7. For g ≥ 0 let

Nq(g) := max{N(F ) |F is a function field over IFq of genus g } ,

where N(F ) denotes the number of places of F/IFq of degree one. Then A(q)
is defined as

A(q) = lim sup
g→∞

Nq(g)
g

.
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Proposition 8.4.6. Suppose that A(q) > 1. Then

αq(δ) ≥ (1 −A(q)−1) − δ

in the interval 0 ≤ δ ≤ 1 −A(q)−1.

Proof. Let δ ∈ [0, 1 − A(q)−1]. Choose a sequence of function fields Fi/IFq of
genus gi such that

gi → ∞ and ni/gi → A(q) , (8.11)

where ni := N(Fi). Choose ri > 0 such that

ri/ni → 1 − δ . (8.12)

This is possible as ni → ∞ for i → ∞. Let Di be the sum of all places of
Fi/IFq of degree one, thus degDi = ni. By Lemma 8.4.5 there exists a divisor
Gi of Fi/IFq such that degGi = ri and suppGi ∩ suppDi = ∅. Consider the
code Ci := CL (Di, Gi); this is an [ni, ki, di] code whose parameters ki and di

satisfy the inequalities

ki ≥ degGi + 1 − gi = ri + 1 − gi and di ≥ ni − degGi = ni − ri

(cf. Corollary 2.2.3). Hence

Ri := R(Ci) ≥
ri + 1
ni

− gi

ni
and δi := δ(Ci) ≥ 1 − ri

ni
. (8.13)

W.l.o.g. we can assume that the sequences (Ri)i≥1 and (δi)i≥1 are convergent
(otherwise we choose an appropriate subsequence), say Ri → R and δi → δ̃.
From (8.11), (8.12) and (8.13) it follows that R ≥ 1 − δ − A(q)−1 and δ̃ ≥ δ.
So αq(δ̃) ≥ R ≥ 1 − δ −A(q)−1. Since αq is non-increasing, this implies

αq(δ) ≥ αq(δ̃) ≥ 1 − δ −A(q)−1 .

�	

Now we can easily prove the main result of this section.

Theorem 8.4.7 (Tsfasman-Vladut-Zink Bound). Let q = �2 be a
square. Then we have for all δ with 0 ≤ δ ≤ 1 − (q1/2 − 1)−1,

αq(δ) ≥
(

1 − 1
q1/2 − 1

)
− δ .

Proof. By Corollary 7.4.8 we have A(q) = q1/2 − 1 if q is a square. Now the
assertion follows immediately from Proposition 8.4.6. �	

For all q ≥ 49 the Tsfasman-Vladut-Zink Bound improves the Gilbert-
Varshamov Bound in a certain interval, see Figure 8.2 .
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Fig. 8.2. Bounds for q = 64.

Remark 8.4.8. Also if q is not a square one can obtain an improvement of the
Gilbert-Varshamov Bound if a good lower bound for Ihara’s constant A(q)
is available. For instance, let q = �3 be a cube. Then we have for all δ with
0 ≤ δ ≤ 1 − (� + 2)/(2(�2 − 1)) the following lower bound for αq(δ):

αq(δ) ≥
(

1 − � + 2
2(�2 − 1)

)
− δ . (8.14)

The proof of this bound is exactly the same as in Theorem 8.4.7; one just uses
the bound for A(�3) given in Corollary 7.4.18. We note that (8.14) improves
the Gilbert-Varshamov Bound for all cubes q ≥ 73.

In the proof of the Tsfasman-Vladut-Zink Theorem we have only used
that there exists a sequence of function fields Fi/IFq (for q = �2) with
limn→∞ N(Fi)/g(Fi) = � − 1. If the function fields Fi have additional nice
properties, one can hope that the corresponding AG codes also have nice
properties. As an example for this idea we shall prove the existence of long
self-dual codes whose parameters attain the Tsfasman-Vladut-Zink Bound.
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Theorem 8.4.9. Let q = �2 be a square. Then there exists a sequence of
self-dual codes (Ci)i≥0 over IFq with parameters [ni, ki, di] such that ni → ∞
and

lim inf
i→∞

di

ni
≥ 1

2
− 1

�− 1
. (8.15)

Note that Inequality (8.6) just says that the sequence (Ci)i≥0 attains the
Tsfasman-Vladut-Zink Bound, because the information rate of a self-dual code
C is R(C) = 1/2. As a consequence we obtain that there are self-dual codes
over IFq (with q = �2 ≥ 49) of arbitrary large length whose performance is
better than the Gilbert-Varshamov bound.
Proof of Theorem 8.4.9. For simplicity we will assume that q is even; i.e.,
char IFq = 2 (the assertion is also true in the case of odd characteristic, but
the proof is then a bit more complicated). We will use the Galois tower G∗ =
(G∗

0, G
∗
1, G

∗
2, ...) of function fields over IFq that was studied in Section 7.4, see

Theorem 7.4.15 and Corollary 7.4.16. We recall briefly the properties of this
tower that will be needed below.
The field G∗

0 = IFq(u0) is a rational function field. For i ≥ 1 we have

ni = [G∗
i : G∗

0] = (�− 1)mi ,

where mi ≥ � is a power of p = char IFq. The zero divisor of u0 in G∗
i has the

form

(u0)
G∗

i
0 = Di =

ni∑

j=1

P
(i)
j (8.16)

with pairwise distinct places P
(i)
j of degree one, and the divisor of the differ-

ential η(i) = du0/u0 in the function field G∗
i is given by

(η(i)) = (�e(0)
i − 2)Ai + (e(∞)

i − 2)Bi −Di (8.17)

with positive divisors Ai, Bi and
(
supp Ai ∪ supp Bi

)
∩ supp Di = ∅ .

Moreover the degrees of the divisors Ai, Bi satisfy

e
(0)
i · degAi = e

(∞)
i · degBi = ni/(�− 1) . (8.18)

with certain integers e
(0)
i , e

(∞)
i . Now we define the divisor Hi ∈ Div(G∗

i ) as

Hi :=
(�e(0)

i − 2
2

)
Ai +

(e(∞)
i − 2

2
)
Bi .

At this point we have used the assumption that q (and hence �) is even. Since
2Hi −Di = (η(i)) by (8.17), it follows from Corollary 8.1.3 that the code
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Ci := CL (Di,Hi) ⊆ IFni
q

is self-dual. By Theorem 2.2.2 its minimum distance di := d(Ci) can be esti-
mated by

di ≥ deg(Di −Hi) = degDi − degHi

= ni −
(�e

(0)
i − 2

2

)
degAi −

(e
(∞)
i − 2

2

)
degBi

≥ ni −
1
2

(
�e

(0)
i degAi + e

(∞)
i degBi

)

= ni −
1
2

(
�

ni

�− 1
+

ni

�− 1

)

= ni

(1
2
− 1

�− 1

)

(here we have used Equations (8.16) and (8.18)). Therefore we obtain

δi := δ(Ci) =
di

ni
≥ 1

2
− 1

�− 1
.

�	

8.5 Decoding AG Codes

For a code to have practical use, it is essential that one has an effective
decoding algorithm. Let us briefly explain what this means. We consider an
[n, k, d] code C ⊆ IFn

q . Then C is t-error correcting for all t ≤ (d − 1)/2, cf.
Section 2.1. Suppose a ∈ IFn

q is an n-tuple such that

a = c + e , (8.19)

where c ∈ C is a codeword and e ∈ IFn
q has weight

wt(e) ≤ (d− 1)/2 . (8.20)

Then c is uniquely determined by a and the conditions (8.19) and (8.20);
it is the unique codeword whose distance to a is minimal. The vector e in
(8.19) is called the error vector of a with respect to C. A decoding algorithm
is an algorithm which calculates for every element a ∈ IFn

q satisfying (8.19)
and (8.20) the corresponding codeword c (or, equivalently, the corresponding
error vector e).

For algebraic geometry codes a very general decoding algorithm is avail-
able. We consider the code

CΩ := CΩ(D,G) (8.21)
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