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The Skorohod Integral

The Wiener-It6 chaos expansion is a convenient starting point for the intro-
duction of several important stochastic concepts. In this chapter we focus on
the Skorohod integral. This stochastic integral, introduced for the first time
by A. Skorohod in 1975 [216], may be regarded as an extension of the It6 in-
tegral to integrands that are not necessarily F-adapted, see also, for example,
[30, 31]. The Skorohod integral is also connected to the Malliavin derivative,
which is introduced with full detail in Chap. 3.

As for other extensions of the It6 integral closely related to the Skorohod
integral, we can mention the noncausal integral (also called Ogawa integral)
and refer to [174, 175]; see also [85].

2.1 The Skorohod Integral

Let u = u(t,w), t € [0,T],w € {2, be a measurable stochastic process such
that, for all ¢ € [0,7T], u(t) is a Fpr-measurable random variable and

E[u?(t)] < oc.

Then, for each t € [0, T], we can apply the Wiener—Ité chaos expansion to the
random variable u(t) = u(t,w), w € 2, and thus there exist the symmetric
functions fn; = fui(tis- o tn), (t,..ot,) € [0, 77 in L2([0,T]"), n =
1,2,..., such that

u(t) =Y L(fns)-
n=0

Note that the functions f, ¢, n = 1,2, ..., depend on the parameter ¢ € [0, 7],
and so we can write

fn(t17'°'7tn7t’n+1) = fn(t17~"7t’n7t) = f’n,t(t17"~7tn)
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20 2 The Skorohod Integral

and we may regard f, as a function of n + 1 variables. Since this function
is symmetric with respect to its first n variables, its symmetrization f, is
given by

~ 1

At b :7[“,...,15”

falts +1) n+1f(1 +1)
+fn(t2a---7tn+l7t1)+'"+fn(t1a---7tn—1atn+17tn) ) (21)

see (1.5).

Example 2.1. Let us consider

1
f2,t(t17t2) = fa(t1,t2,1) = 9 [X{t1<t<t2} + X{t2<t<t1}}'

Then the symmetrization fg of fy is given by

~ 171
fa(ti,t2,t3) = 3 [§(X{t1<t3<t2} + X{t2<t3<t1})
1 1
+§(X{t1<t2<t3} + X{t3<t2<t1}) + i(X{t3<t1<t2} + X{t2<t1<t3}) )
which gives

Fa(ty ta,t3) = %- (2.2)

Definition 2.2. Let u(t), t € [0,T], be a measurable stochastic process
such that for all t € [0,T] the random variable u(t) is Fr-measurable and
E[u?(t)] < co. Let its Wiener—Ité chaos expansion be

u(t) = Z In(fn,t) = ZIn(fn(at))
n=0 n=0

Then we define the Skorohod integral of u by
T o0
5(u) = / (W) =3 L () (2.3)
0 n=0

when convergent in L*(P). Here ]?n, n=1,2,..., are the symmetric functions
(2.1) derived from f,(-,t), n =1,2,.... We say that u is Skorohod integrable,
and we write w € Dom(d) if the series in (2.3) converges in L?(P) (see also
Problem 2.2).

Remark 2.3. By (1.17) a stochastic process u belongs to Dom(0) if and only if

o0

ES(w)?) =Y (n+ D falfzgo,zpmey < o0 (2.4)

n=0
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Note that (2.4) naturally implies that

T
||u||%2(P><>\) = E[/o ug(t)dt} < 00,

so Dom(8) C L?(P x )). See Problem 2.1.
Ezxample 2.4. Let us verify that

T
/ W(T)sW (t) = W*(T) —T.
0

T

The Wiener-It6 chaos expansion of the integrand u(t) = W(T) = [1dW (s),
0

t €10,T], is given by fo =0, f1 =1, and f,, = 0 for n > 2. Hence

T ta

5(u) = L(fy) = L(1) = 2//1 AW (12)dW (t2) = W(T) — T.

Note that, even if the integrand does not depend on ¢, we have

T T
/ W(T)SW (£) £ W(T) / S (D).
0 0

This last remark illustrates that, for uw € Dom(d), even if G is an Fp-
measurable random variable such that Gu € Dom(d), we have in general that

/ Cu(t)sW (t) £ G / w(t)SW (). (2.5)
0 0

T
Ezample 2.5. What is [ W (t)[W (T) — W (t)|6W () ? Note that
0

ta

/X{t1<t<t2}(t17tQ)dW(tl)dW(t2) = /W(t)X{t<t2}(t2)dW(t2)
0
W

St~

0

Hence
u(t) = W) [W(T) = W(t)] = L(f2(1)),
where
1
foi(ti,t2) = foltr, ta,t) = 5(X{t1<t<t2} + X{t2<t<t1})'
Hence by Example 2.1 we have
1 1

6(u) = Is(f2) = Io(3) = = Ia(1) = % [W3(T) — 37 W(T)]
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2.2 Some Basic Properties of the Skorohod Integral

The reader accustomed with classical analysis and It6 stochastic integration
may find (2.3) to be just a formal definition for an operator, which can hardly
be matched with the general meaning of integral. The purpose of the two
following sections is to motivate Definition 2.2, showing that the operator (2.3)
is a meaningful stochastic integral having strong links with the It6 stochastic
integral itself. In the forthcoming Chaps. 3 and 5, more will be said about the
properties of the Skorohod integral.

First of all we recognize that, just like any integral in classical analysis,
the Skorohod integral (2.3) is a linear operator:

L*(P xA\) 2 Dom(6) >u = 6&(u) € L*(P).

See Problem 2.3.
Another typical property of integrals is the additivity on adjacent intervals
of integration. This also holds for the Skorohod integral.

Proposition 2.6. For any fived t € [0,T] and u € Dom(d) we have X yu €
Dom(6) and X ryu € Dom(d) and

T

/Otu(s)(iW(s) :/UTX(o,t] (s)u(s)dW (s) and /tTu(s)§W(s) :/0 X(t,7) (8)u(s)dW (s),

with

/OT u(s)dW (s) = /Ot u(s)dW (s) + /tTu(s)cSW(s),

Proof The proof, based on the Wiener-It6 chaos expansions and (2.4), is left
as an exercise. See Problem 2.4. O

Proposition 2.7. For any u € Dom(d) the Skorohod integral has zero expec-
tation, that is,
E[5(u)] = 0. (2.6)

Proof This is a trivial consequence of the fact that It6 integrals and thus also
iterated It6 integrals have zero expectation. 0O

Here we address all those who associate the name of “integral” to the
operators resulting from the classical construction, which defines the integral
as some limit of certain finite sums derived from simple functions (e.g., Rieman
integral, Lebesgue integral, and It integral). In some sense also the Skorohod
integral can be regarded as such (see, e.g., [168]). A full characterization in
this sense can be given in the white noise framework, see Theorem 5.20 and
Corollary 5.21.
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2.3 The Skorohod Integral as an Extension
of the It6 Integral

As mentioned earlier, the Skorohod integral is an extension of the It integral.
More precisely, if the integrand u is F-adapted, then the two integrals coincide
as elements of L2(P). To prove this, we need a characterization of adaptedness
with respect to F in terms of the functions f,(-,t), n = 1,2, ..., in the chaos
expansion.

Lemma 2.8. Let u = u(t), t € [0,T], be a measurable stochastic process
such that, for all t € [0,T], the random variable u(t) is Fp-measurable and

E[u?(t)] < co. Let
t) = Zjn(fn(7t))
n=0
be its Wiener-Ité chaos expansion. Then u is F-adapted if and only if

fu(ti, .o tn,t) =0 if t< 1r£11_a§xnti. (2.7)

The above equality is meant a.e. in [0, T)™ with respect to Lebesgue measure.
Proof First note that for any g € L2([0,T]™) we have

E[L(9)|Fi] = n'E[Jn(9)|F]

n

— E /T] / tl,...,tn)dW(tl)---dW(tn)|ft}

0
t

n|0/

'Jn( (tla"'7 ) X{maxt <t})
n(g(tla ) X{maxt <t})

~

P (2.8)
/ (b1 ey ta)AW (1) - AW (1)

o\

Now, u is F-adapted if and only if Eu(t)|F;] = u(t). Namely, if and only if
ZZO:O In(fn(-1)) = ZZO:() E[In(fn(vt))l}—t] = ZZO:O In(fn(-51) - X{maxti<t})'
And thus if and only if f,,(t1,...,tn, 1) - X{max t; <t} = falt1, ... tn,t) ae. in
[0,T]™ with respect to Lebesgue measure. By uniqueness of the sequence of
deterministic functions in the Wiener-It6 chaos expansion and since the last
identity is equivalent to (2.7), the lemma is proved. O

Theorem 2.9. Let uw = u(t), t € [0,T], be a measurable F-adapted stochastic

process such that
T
E[/uz(t)dt} < 00.
0
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Then u € Dom(6) and its Skorohod integral coincides with the Ité integral

/ w(t)SW () = / w(t)dW (). (2.9)

Proof Let u(t) =377 In(fn(,t)) be the chaos expansion of u(t). First note
that by (2.1) and Lemma 2.8 we have

1
fn(t17 e atnatn-‘rl) = mfn(tl, e 7tj—1atj+1a s 7tn+1,tj))

where
J = argmax;c;cpyg ti.
Hence

1FallZ2o,rpme1y = (n+1)! / Fa(t1, oty )dty - dty g

Snt1

n+1)!
Z((nJrl))Q / Fa(te, . tnar)dty - - dtnay

Snt1
T ¢
n!
_n+1//
0 0
T T
n!
_n+1//
0 0
1

T
= 1 OBt
0

F2(t1, ..o tp, t)dty - - - dt,dt

OK‘\\§
O%S

f2(t1, ... tp, t)dty - - - dt,dt

n

ok~_\\?
O\S

n+1

again by using Lemma 2.8. Hence, by (1.17),

oo - i
S+ DU by = 3ont [ 15Ol
= n=0 0
T oo
= [ Sl Ol et
o n=0

:E[/TUQ(t)dt} < 00.
0
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This proves that u € Dom(d), see (2.4). Finally, we prove the relationship
(2.9):

T

[utva i/Tfnfn, W)

0 n=07

i n! / Tu(te, ..o tn, 1)dW (ty) - - dW (t,,)dW (t)

T
n=00 o<t <<t <t
T
0

=3 [wwan [ Rttt
n=0 0<t1 <<t <tp41
- dW (t)dW (tn41)
T

Z n -+ 1 'Jn_t,_l fn Zln-i-l fn :/ ( ) (t)

By this the proof is complete. 0O

2.4 Exercises

Problem 2.1. Prove that Dom(8§) € L?(P x \).  [Hint. Use (2.4)].

Problem 2.2. Let u(t),0 < ¢t < T, be a measurable stochastic process such

that
T
/ u2(t)dt1 < 0.
0

Show that there exists a sequence of deterministic measurable kernels
fa(tiy e tn, 1) on [0, T (n > 0), with

E

/ T2ty oy by, t)dty...dt,dt < 00
[0 T}n«i»l

such that all f,, are symmetric with respect to the variables ¢4, ..., t,, and such
that

u(t) = u(w,t) ZI (fn( 1) (w), we N tel0,T),

with convergence in L?(P x )\) [Hint. Consider approximations of u(t), t €
[0, 7], in L*(P x A) of the form > ;" | a;(w)b;(t), m = 1,2, ..., where a; € L*(P)
and b; € L2([0,7]).]

Problem 2.3. Prove the linearity of the Skorohod integral. [Hint. See
Problem 1.2.]
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Problem 2.4. Prove Proposition 2.6.

Problem 2.5. (*) Compute the following Skorohod integrals:

T
(a) [ W(t)oW (t),

0
(b)f fg(s)dW(s))éW(t), for a given function g € L?([0,T7),
0 N0
(c) fTWQ(to)éW(t), where to € [0,T] is fixed,
0
T

(d) [exp{W(T)}éW(t) [Hint. Use Problem 1.3.],
0

(e) fOT FoW (t), where F = fOTg(s)W(s)ds, with g € L?([0,T]) [Hint. Use
Problem 1.3].
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